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Anisotropies in the nanohertz gravitational-wave background are a compelling next target for pulsar
timing arrays (PTAs). Measurements or informative upper limits to the anisotropies are expected in the near
future and can offer important clues about the origin of the background and the properties of the sources.
Given that each source is expected (in the simplest scenario of circular inspirals) to emit at a fixed
frequency, the anisotropy will most generally vary from one frequency to another. The main result
presented in this work is an analytical model for the anisotropies produced by a population of inspiralling
supermassive black-hole binaries (SMBHBs). This model can be immediately connected with para-
metrizations of the SMBHB mass function and can be easily expanded to account for new physical
processes taking place within the PTA frequency band. We show that a variety of SMBHB models predict
significant levels of anisotropy at the highest frequencies accessible to PTA observations and that
measurements of anisotropies can offer new information regarding this population beyond the isotropic
component. We also model the impact of additional dynamical effects driving the binary towards merger
and show that, if these processes are relevant within the PTA band, the detectability of anisotropies relative
to the isotropic background will be enhanced. Finally, we use the formalism presented in this work to
predict the level anisotropy of the circular and linear polarizations of the stochastic gravitational-wave
background due to the distribution of binary orientation angles with respect to the line of sight.

DOI: 10.1103/PhysRevD.109.123544

I. INTRODUCTION

A tantalizing detection of a common-spectrum process
has now been reported across all pulsar timing arrays
(PTAs) [1–4], which may be the first hint of low-frequency
(∼1–100 nHz) gravitational waves (GWs). Although a
significant measurement of the angular cross-correlation
described by the Hellings and Downs [5] curve is still
lacking for a conclusive detection, the next few years of
PTA observations are likely to establish the origin of this
common-spectrum process.
Supermassive black holes appear to reside at the center

of most massive galaxies [6] and, albeit a highly uncertain
process, are expected to merge following the merger of
the host galaxies [7]. During their inspiral period, super-
massive black-hole binaries (SMBHBs) will enter the
PTA band and are the most likely sources of low-frequency
gravitational waves. The PTA signal is therefore expected
to be composed of the incoherent superposition of the
gravitational radiation from all SMBHBs in their slow
adiabatic inspiral phase (see, e.g., Ref. [8]). In this
regime, each system is well modeled in the Newtonian
approximation, thus acting as a continuous mono-
chromatic emitter with a frequency that is twice its orbital
frequency.

After a significant detection of an isotropic stochastic
GW background (SGWB) is found, characterizing its
spatial distribution will be a key scientific target to
determine its origin and properties. Because of the finite
number of binaries, anisotropies in the background are
naturally expected from Poisson fluctuations [9,10].
Analytical modeling of such anisotropies has been explored
for sources in the LIGO/Virgo frequency band [11–13]
in intensity and for circular polarization in Ref. [14].
Furthermore, a variety of techniques to predict the impact
of intensity and polarization anisotropies of the SGWB
on the pulsar times of arrival and tools to measure such
signatures from data have been developed [10,15–19],
with first upper limits presented using data from the
European Pulsar Timing Array (EPTA) [20]. While these
analyses decompose the GWB into spherical harmonics,
compelling alternative techniques have been proposed to
search for anisotropies, such as decomposing the GWB into
eigenmaps of the Fisher matrix instead of spherical
harmonics [21,22].
The main result we present in this work is an analytical

prediction for the anisotropy of the SGWB due to shot
noise (given in Sec. III), which we connect with a simple
parametrization of the SMBHB mass function. As one
might expect, we show that the level of anisotropy is
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frequency dependent, since the number of binaries is lower
and therefore the shot noise is higher at higher frequencies,
scaling as Cl>0=C0 ∝ f11=3 in the GW-dominated regime.
While combining all frequency bands in a PTAwashes out
anisotropies, a detection or informative upper limit may
be feasible within the next few years at higher frequencies.
We proceed to explore a variety of signals that impact
the anisotropy of the SGWB and that therefore may be
constrained or measured in the near future as PTA sensi-
tivities improve. These include (i) the SMBHB population,
(ii) additional interactions driving the binary mergers,
and (iii) the circular and linear polarization of the SGWB
due to the distribution of inclination angles of the binary
population.
Provided that the background is indeed produced by

SMBHBs, we show that measurements of anisotropy will
offer new information about the SMBHB population
beyond what can be inferred from the isotropic component.
In particular, while the isotropic component of the SGWB
corresponds to the mean GW intensity summed over all
SMBHBs (∼

R
Nh2), the anisotropies depend on the second

moment of this distribution (∼
R
Nh4). Hence, measure-

ments or upper limits to anisotropies will be an important
step to maximize the information about the SMBHB
population that can be retrieved from PTA data.
Our derivation also provides a simple framework to

predict anisotropies while relaxing some of the assump-
tions that are typically made in the standard scenario of GW
emission within the PTA band. As a corollary of our results,
we show how the frequency dependence of anisotropies
is modified by additional physical processes driving the
binary inspiral, such as stellar scattering and interactions
with circumbinary gas. These processes might accelerate
the evolution of the binary at the lowest frequencies
accessible to PTA observations. In this scenario, the GW
spectrum is attenuated, but we show that the relative
amplitudes of the anisotropies are enhanced.
Finally, we use this formalism to compute the expected

level of linear and circular polarizations of the SGWB.
Each SMBHB is individually polarized as a function of the
orientation of the orbit with respect to the line of sight.
While the expectation value of the isotropic component of
the linear and circular polarizations are zero, the anisotro-
pies are not, since fluctuations in the numbers of sources
lead to fluctuations on the polarizations at different sky
locations. We show that, given a prediction for the level of
anisotropies in the intensity, the circular polarization is
expected to be comparable to this value (as shown by
Ref. [14]), and the linear polarizations around 3%.
This paper is organized as follows. We discuss the model

for the SGWB produced by a population of inspiralling
SMBHBs in Sec. II, which has been used to compute the
isotropic component. We extend this formalism to compute
the anisotropies of the SGWB in Sec. III due to shot noise.
We present our results in Sec. IV, exploring the dependence

of the anisotropies on the SMBHB population, the physical
processes driving the binary inspiral, and the polarization of
the SGWB. We conclude in Sec. V.

II. SGWB MODEL

A gravitational-wave background is composed from the
sum of all SMBHBs emitting at a given observed fre-
quency. Under the assumption that the evolution of the
systems in the PTA band is stationary and dominated by
GWemission, a model for the background only requires an
additional model for the number density of SMBHBs per
chirp mass and redshift. In this scenario, the characteristic
strain at a frequency f is given by [8,23]

h2cðfÞ ¼
4G

πc2f2

Z
d log10M

Z
dz

1þ z

×
dn

dzd log10M

�
dEgw

d log fr

�����
fr¼ð1þzÞf

; ð1Þ

where dn=dzd log10M is the number density of sources
per redshift and logarithmic chirp mass bin, and
dEgw=d log fr is the rest-frame energy spectrum gener-
ated by individual sources. The relevant redshift and chirp
mass ranges in the integrals above are 0 ≤ z ≤ 5 and
106 ≤ M=M⊙ ≤ 1011.
We adopt a simple model for the SMBHB number

density, described in Ref. [24],

dn
dzd log10M

¼ ṅ0

��
M

107M⊙

�
−α
e−M=M�

�

×
�ð1þ zÞβe−z=z0� dtr

dz
; ð2Þ

where tr is the coordinate time in the source rest frame,
ṅ0 is the normalized merger rate, the parameters β and z0
describe the redshift distribution, and α and M� the chirp
mass distribution.
It will be convenient to describe the total number of bi-

nariesN in a spherical shell of thickness dz, per logarithmic
mass bin, and emitting at a frequency fr. The number
density of binaries in Eq. (2) can be rewritten as

dn
dzd log10M

¼ dN
dzd log10Md log fr

d log fr
dtr

dtr
dz

dz
dVc

: ð3Þ

The change in the emitted frequency over time is assumed
to be only due to the shrinking of the orbital radius from
GW emission and is therefore given by

d log fr
dtr

¼ 96

5
π8=3

�
GM
c3

�
5=3

f8=3r ; ð4Þ

and Vc is the comoving volume, and ðdtr=dzÞðdz=dVcÞ ¼
½4πcð1þ zÞD2

A�−1. Under these assumptions, the energy
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spectrum is given by

dEgw

d log fr
¼ 1

3G
ðGMÞ5=3ðπfrÞ2=3; ð5Þ

and the characteristic strain in Eq. (1) can therefore be
rewritten as

h2cðfÞ ¼
Z

d log10M
Z

dz
dN

dzd log10Md log f

× h2ðz;M; fÞ; ð6Þ

where h2 is the time and orientation averaged strain from
binaries within an infinitesimal bin in redshift, mass, and
frequency, such that

h2ðz;M; fÞ ¼ 32π4=3

5c8
ð1þ zÞ10=3

d2LðzÞ
ðGMÞ10=3f4=3; ð7Þ

where dL is the physical (noncomoving) luminosity dis-
tance and all of the frequencies have been expressed in
terms of observed (not rest-frame) frequencies. We note
that Eq. (7) is equivalent to h2 ¼ hh2þ þ h2×it;Ω̂ι

, which can
be shown by using that the total power radiated in GWs is
given by

dEgw

dt
¼ c3d2LðzÞ

16πGð1þ zÞ2
Z

dΩ̂ιhḣ2þ þ ḣ2×it; ð8Þ

and that hḣ2þ þ ḣ2×it ¼ 4π2f2rhh2þ þ h2×i.
We select a range of models that will span lower to

higher levels of anisotropy, but that are normalized to have
the same characteristic strain spectrum hcðfÞ. The param-
eters of Eq. (2) for each model are given in the table below.
We show in Fig. 1 the mean number of SMBHBs per
frequency bin and the contribution to the characteristic

strain from each redshift and chirp mass bin for each of the
models considered. The models range from being domi-
nated by a large number of low-mass sources, with a broad
redshift distribution (blue), to those dominated by a small
number of very massive and loud nearby binaries (red). In
each model, we choose the value of ṅ0 such that the total
hcðfÞ is fixed to a value consistent with the common-
spectrum process recently found in recent PTA observa-
tions, with a value of 2 × 10−15 at a reference frequency
of f ¼ 1 yr−1.
As has been pointed out in Ref. [8], the model described

above overpredicts the characteristic strain at high frequen-
cies. This is due to the fact that the integrals in Eq. (6) sum
over bins in mass and redshift where the mean number of
binaries is less than 1 for certain frequencies. Hence, for
SMBHBs in such bins, any realization of this distribution
will most likely contain zero sources. In other words, while
Eqs. (1) and (6) accurately predict the mean characteristic
strain, the median can potentially be much lower. This can
be accounted for by placing an upper limit in the SMBHB
mass integral M̄ in either equation, where M̄ for each
frequency bin is found by imposing that

Z
∞

M̄
dM

Z
fþΔf=2

f−Δf=2
df

Z
dz

dN
dzdMdf

¼ 1: ð9Þ

FIG. 1. Number of SMBHBs emitting in each frequency bin of a PTA and the contributions of each redshift and chirp mass bin to the
total characteristic strain. In the leftmost plot, we assume that the frequency bin width is fixed by the inverse of the observing time, which
we assume to be 20 yr. Each color corresponds to a different model for the SMBHB mass function, specified in Table I.

TABLE I. Parameters of each SMBHB mass function model
used in Figs. 1 and 3.

Model α M� [M⊙] β z0

(1) 1 3.2 × 107 3 3
(2) 0.5 7.5 × 107 2.5 2.4
(3) 0 1.8 × 108 2 1.8
(4) −0.5 4.2 × 108 1.5 1.1
(5) −1 109 1 0.5
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III. ANISOTROPIC SGWB

Equation (1) corresponds to the total characteristic strain
of gravitational waves and is therefore understood as a sum
across all sources over the entire sky. That is,

h2cðfÞ ¼
Z

dΩ̂h2cðf; Ω̂Þ; ð10Þ

where the characteristic strain h2cðf; Ω̂Þ arriving from a
given angular position Ω̂ depends on the number of sources
at that location on the sky, which we assume to be iso-
tropically distributed (thereby neglecting the effect of
clustering). Hence,

h2cðf; Ω̂Þ ¼
Z

dθ⃗
dN

dθ⃗d log fdΩ̂
ðΩ̂Þh2ðf; θ⃗Þ; ð11Þ

where the variables that characterize the binary (here, z and
log10M) have been abbreviated as θ⃗.
The mean number of SMBHB is assumed to be constant

throughout space, but any realization of the sky can be
modeled as a finite number of discrete sources, sampled from
a Poisson distribution. Thus, the discreteness of the number
of sources induces an inherent fluctuation on the amplitude
of GWemissions as a function of position, which is expected
to be the primary source of anisotropy in the SGWB.
In analogy with shot-noise calculations in the context

large-scale structure, we may divide the sky into a grid
of discrete cells, where Ω̂i denotes the angular position
of the center of each cell i, which contains either
Ni ¼ 0 or 1 objects emitting at a frequency f within
½log f; log f þ d log f�. A useful property that follows
from this is that N2

i ¼ Ni. Since the frequency bin is
determined by the total observing time of the pulsars, it will
be convenient to consider finite frequency bin widths
Δ log f, instead of infinitesimal ones.
The mean number of binaries with parameters θ⃗ within a

given cell i is

hNiiðf; θ⃗Þ ¼
f

4πΔf

Z

Δ log f

d log f̃
dN

dθ⃗d log f̃
dθ⃗

≡ f
4πΔf

dNΔf

dθ⃗
dθ⃗; ð12Þ

where the second line defines the mean number of binaries
in a finite-width frequency bin, and infinitesimal bins of
properties θ⃗. The GW amplitude from such SMBHBs is
therefore given by

h2cðf; θ⃗; Ω̂iÞdθ⃗ ¼ Nih2dθ⃗; ð13Þ

where Ni and h2 are both functions of frequency, and
additional parameters θ⃗. The correlation between the GW

amplitudes emitted from positions Ω̂i and Ω̂j from binaries

with properties θ⃗, θ⃗0 and frequencies f, f0 is therefore

hh2cðf; θ⃗; Ω̂iÞh2cðf0; θ⃗0; Ω̂jÞidθ⃗dθ⃗0 ¼ hNiNjih2h02dθ⃗dθ⃗0:
ð14Þ

When i ≠ j, Ni and Nj are uncorrelated, whereas when
i ¼ j, we may use the fact that there can only be 0 or 1
SMBHBs in the cell. Hence,

hNiNjii≠j ¼ hNiihNji
hNiNjii¼j ¼ hNiiδðθ⃗; θ⃗0Þ: ð15Þ

Substituting this result into Eq. (14) and integrating over all
binary parameters θ⃗ and θ⃗0, we find

hh2cðf; Ω̂iÞh2cðf0; Ω̂jÞi ¼
δðf − f0Þ
ð4πÞ2

�
f
Δf

�
2

×
��Z

dθ⃗
dNΔf

dθ⃗
h2ðf; θ⃗Þ

�
2

þ δij

Z
dθ⃗

dNΔf

dθ⃗
h4ðf; θ⃗Þ

�
: ð16Þ

By decomposing h2cðf; Ω̂Þ into spherical harmonics it is
straightforward to show that the predicted angular power
spectrum is given by

ha�lmðfÞal0m0 ðf0Þi
¼ δll0δmm0δðf − f0ÞClðfÞ

¼ δl0δm0δðf − f0Þ
�

f
4πΔf

Z
dθ⃗

dNΔf

dθ⃗
h2ðf; θ⃗Þ

�
2

þ δll0δmm0δðf − f0Þ
�

f
4πΔf

�
2
Z

dθ⃗
dNΔf

dθ⃗
h4ðf; θ⃗Þ:

ð17Þ

We compare in Fig. 2 the result from the analytical
prediction given in Eq. (17) with the Cl measured from a
simulated SGWBmap. In order to simulate the GW sky, we
compute the predicted number of binaries in each bin in
redshift, mass, and frequency, and obtain the number of
binaries for each realization by sampling a Poisson dis-
tribution with a mean given by this value. Angular positions
on the sky for each binary are then uniformly sampled (in
cos θ and ϕ) and the GW intensity of each binary, computed
using Eq. (7), is then added to the map. In the leftmost
panel of Fig. 2, we find a good agreement between our
theoretical prediction and the measurements from the
simulation. The two panels on the right show the GWB
map for one of the realizations at different frequencies,
illustrating the higher level of anisotropy in the higher
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frequency compared to the lower. Note that the mean
intensity is subtracted from the map.

IV. RESULTS AND DISCUSSION

The derivation presented in Sec. III depends on a number
of astrophysical quantities and assumptions, while being
sufficiently simple so that they can be varied or expanded
upon. In this section, we apply this model of the SGWB for
different models of the SMBHB mass function and con-
sider the presence of additional dynamical interactions
driving the binary inspiral, thereby investigating what a
future detection or upper limit to anisotropies can teach us
about such phenomena. We also quantify the expected level
of polarization of the SGWB, which can serve as an
indicator for the orientation of the binaries with respect
to the line of sight, even if individual sources cannot be

detected, as well as provide a consistency check given a
detection of intensity.

A. SMBHB mass function

Using Eq. (17), we compute the relative level of
anisotropy Cl>0=C0 for each of the models shown in
Fig. 1, which we show in Fig. 3. We emphasize that, since
all models are defined to have identical characteristic
strain values, any detection or upper limit to anisotropy
will offer new information regarding the SMBHB mass
function.We also show precisely what that new information
is: while the monopole depends primarily on the first
moment squared of the GW intensity ∼ðR dθ⃗ dN

dθ h
2Þ2,

anisotropies depend on the second moment of the GW
intensity ∼

R
dθ⃗ dN

dθ h
4.

FIG. 2. Anisotropy of the SGWB from realizations of a Poisson distribution of sources. The panel on the left shows the theoretically
predicted anisotropy from Eq. (17) (thick gray line) and the values obtained from measurements of a simulated sky map (thick orange
lines). The simulations consist of sampling a number of SMBHBs in each mass, redshift, and frequency bin from a Poisson distribution,
uniformly distributing them on the sky, and measuring the spherical harmonic coefficients of this map. The two panels on the right show
maps of the mean subtracted characteristic strain of two different frequency bins of one realization.

FIG. 3. Angular power spectrum of the SGWB relative to the isotropic component for each of the models listed in Table I, adopting the
same legend as Fig. 1. The frequency-dependent anisotropy is shown in the left panel, where the solid lines correspond to frequency bins
set by the total observing time and the dashed lines with dots correspond to one of the frequency parametrizations adopted in Ref. [20].
The panel on the right shows the anisotropy across all frequencies, compared to the threshold for a 3σ detection of the l ¼ 1 multipole
forecasted in Ref. [25].
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The left plot in Fig. 3 shows our prediction for the
anisotropy in each frequency bin, assuming a total observ-
ing time of Tobs ¼ 20 yr and a maximum frequency of
10−7 Hz. The solid line corresponds to the result using the
smallest (linear) frequency bins, set by fmin ¼ 1=Tobs. In
practice, however, PTAs lose sensitivity at higher frequen-
cies and bins are usually combined to mitigate this. The
dashed line with dots marking the bin center corresponds
to one of the approaches to frequency binning adopted in
Ref. [20], which they refer to as frequency-dependent
anisotropy parametrization (ii). In this case, the four lowest
bins are unaltered, while the remaining are combined into a
single bin, illustrating the degree to which this choice of
binning will wash out anisotropies. While a variety of
models predict significant levels of anisotropy within the
PTA band, the sensitivity to higher frequencies and a
careful consideration of the optimal frequency binning
to maximize signal to noise may be crucial to achieve a
detection.
In the panel on the right of Fig. 3, we compute the

anisotropy for all frequency bands combined and compare
it with the sensitivity expected from NANOGrav in the near
future, computed in Ref. [25]. The black curve corresponds
to the minimum level anisotropy at l ¼ 1 required for a 3σ
detection, as a function of the timing baseline. While an all-
band anisotropy parametrization is often considered in the
literature, Fig. 3 indicates that such a parametrization
makes a detection extremely unlikely in the near future.
We also compare the threshold level of anisotropy from
Ref. [25], considering the 20-yr baseline, to the frequency-
dependent anisotropy in the inset plot in the left panel. We
stress that this comparison is not apples to apples, since
splitting up the data into frequency bins will lead to a loss in
sensitivity, but show this as a rough indication of which
models predict significant levels of anisotropy at each
frequency.

B. GW spectrum

The merger of SMBHBs is expected to occur after a
sequence of dynamical interactions following the merger of
the host galaxies. During the initial stages of the merger,
dynamical friction will drag the SMBHs towards the center
of the merger remnant, which can produce a bound system
when this mechanism is efficient. If embedded in a star- or
gas-rich environment, a variety of dynamical effects can
drive the binary further together, such as the slingshot
mechanism in three-body interactions with stars and
angular momentum transfer between the binary and the
disk. Such dynamical effects can potentially leave imprints
on PTA observations. Reference [26], for instance, showed
that interactions between the SMBHBs and the surrounding
gas can efficiently shrink the binary separations and that the
lowest frequencies in the PTA band may fall near the
transition between the gas- and GW-driven regimes.

In any of these scenarios, binaries shrink faster due to
the additional mechanism, which reduces the number of
sources at lower frequencies relative to the GW-only case.
While this attenuates the GW spectrum, it will enhance the
expected level of anisotropies. Our results offer a straight-
forward model to self-consistently predict the impact of
such effects on both the spectrum and anisotropies of the
SGWB. Following a similar approach as Ref. [27], we can
see from Eq. (6) that the spectrum is proportional to

h2cðfÞ ∝
dN

d log f
h2ðfÞ ∝ dt

d log f

�
1

f2
dE
dt

�
∝ f−4=3; ð18Þ

where the last equality corresponds to the result for the
standard GW-driven scenario. Applying the same analysis
to the predicted level of anisotropies leads us to conclude
that

Cl

C0

ðfÞ ∝ 1

1þ ð dt
d log fh

2Þ2
f dt
d log fh

4

∝
1

1þ ðf=f�Þ−11=3
; ð19Þ

where f� is a critical frequency that depends on the SMBH
mass function. The power law of ∝ f11=3 is precisely what
we observe at low frequencies in Fig. 3.
Different dynamical effects that can alter the binary

inspiral can be accounted for by including additional
contributions (labeled i) to the frequency evolution as [27]

d log f
dt

¼
�
d log f

dt

�

gw
þ
X
i

�
d log f

dt

�

i
: ð20Þ

Starting from Eqs. (1) or (6) as a model for the GW-only
spectrum, which we now rename to h2c;gw, any new
mechanism that drives the inspiral can be generically
included as

h2cðfÞ ¼
�

1

1þ ðfb=fÞκ
�
h2c;gwðfÞ; ð21Þ

where

�
fb
f

�
κ

¼
�
d log f

dt

�

i

�
dt

d log f

�

gw
; ð22Þ

and therefore the “bend” frequency fb is the characteristic
frequency in which one mechanism supersedes the other.
As discussed in Refs. [26,27], κ ¼ 10=3 is a representative
value for stellar scattering and κ ¼ 7=3 for interactions with
the circumbinary gas. Additional dynamical effects there-
fore modify the anisotropies by
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Cl

C0

ðfÞ ∝ 1

1þ ðf=f�Þ−11=3
1þðfb=fÞκ

: ð23Þ

We show this result in Fig. 4 for a few characteristic
values of fb and κ. We find agreement with the qualitative
understanding that, since the presence of additional
dynamical effects will accelerate the binary evolution,
the reduction in the number of sources will boost anisot-
ropies at lower frequencies. This is consistent with the
result found by Ref. [26], which found an increase in the
detection significance for individual sources. We therefore
conclude that if any additional dynamical mechanisms are
at play within the PTA band, the detectability of anisot-
ropies in the SGWB relative to the isotropic component will
be enhanced.
One potentially significant effect that has been neglected

in this study is the role of eccentricity. It is likely that the
presence of the aforementioned dynamical effects would
drive an increase in the eccentricity of the binary, leading
it to radiate in a spectrum of harmonics of the orbital
frequency [28,29]. Since the binaries would no longer be
monochromatic, the GWemission at each frequency would

receive contributions from a larger number of sources,
which would both reduce the level of anisotropy and
enhance the correlation in the anisotropy between different
frequency bands. That being said, GW emission will
circularize the binary and the level of residual eccentricity
is unknown. We leave further investigation of this effect for
future work.

C. Linear and circular polarization of GWs

Finally, we apply the formalism presented in Sec. III to
compute the amplitude of linear and circular polarization
components of the SGWB, relative to its intensity.
Similarly to electromagnetic waves, we may define linear
and circular polarization of gravitational waves through
the phase difference in the oscillations of hþ and h× (see,
e.g., [16,17,30,31]). The gravitational radiation produced
by individual SMBHBs is inherently polarized, as a func-
tion of its orientation with respect to the line of sight, since

hþðtÞ ¼ A

�
1þ cos2ι

2
cosΦðtÞcos2ψ − cos ι sinΦðtÞ sin2ψ

�

≡Re
�
AeiΦðtÞEþ

�
;

h×ðtÞ ¼ A

�
cos ι sinΦðtÞcos2ψ þ 1þ cos2ι

2
cosΦðtÞ sin2ψ

�

≡Re
�
AeiΦðtÞE×

�
; ð24Þ

where ΦðtÞ ¼ ϕ0 þ 2πf, ϕ0 is the initial phase, ψ is the
gravitational-wave polarization angle, ι is the angle
between the plane of the binary orbit and the line of

sight, and A ¼ 4ð1þzÞ5=3
dL

ðGM=c2Þ5=3ðπf=cÞ2=3 is the GW
amplitude.
The model presented in Secs. II and III can be extended

to include a description of the polarization of the SGWB
produced by SMBHBs. Starting again from Eq. (6), we
note that the strain average h2 given in Eq. (7) was defined
in terms of the intensity of the GWs hh2þ þ h2×i. We
expand this definition to describe the circular and linear
polarizations, such that h2X ¼ A2gXðιÞ, where X ¼ I, Q,
U, V, and

gI ≡ jEþj2 þ jE×j2 ¼
1

4
ð1þ cos2ιÞ2 þ cos2ι;

gQ ≡ jEþj2 − jE×j2 ¼
1

4
cos 4ψsin4ι;

gU ≡ 2Re½EþE�
×� ¼

1

4
sin 4ψsin4ι;

gV ≡ −2Im½EþE�
×� ¼

1

2
cos ιð1þ cos2ιÞ: ð25Þ

In principle, the linear polarization field of the SGWB
must be described in terms of spin-4 spherical harmo-
nics [32]. Since we only wish to estimate the amplitude of

FIG. 4. Impact on the GW spectrum and anisotropies of addi-
tional mechanisms driving the binary inspiral. The solid gray line
corresponds to model 3 (same as shown in Figs. 1 and 3), where
the SMBHBs are assumed to shrink only due to GW emission.
The dotted line corresponds to a power law akin to the effect
expected from stellar scattering and the dashed line corresponds
to a model that includes interactions with a gaseous circum-
binary disk.
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the linear polarization anisotropies, we avoid such com-

plications by defining the scalar h2L ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h4Q þ h4U

q
. The

angular dependence of L is then given by

gLðιÞ ¼
sin4 ι
4

: ð26Þ

Each binary is now additionally characterized by its
orientation angle with respect to the line of sight Ω̂ι. Using
Eq. (11), the GW amplitudes for intensity and the polari-
zation content of a population of SMBHBs are therefore
given by

h2c;Xðf; Ω̂Þ ¼
Z

dθ⃗
Z

dΩ̂ι
dN

dθ⃗d log fdΩ̂dΩ̂ι

h2Xðf; Ω̂ιÞ;

ð27Þ

where X ¼ I, V, L and the orientation of the binaries is
assumed to be isotropically distributed. The equation above
recovers the result from Sec. II for the case of intensities,
and predicts a mean value of zero for circular polarization
and each component of linear polarization (although
not for L).
Following through the same calculation presented in

Sec. III, we find from Eq. (16) that the variance of the
intensity and polarization fields are proportional to

hh4c;Ii − hh2c;Ii2 ∝
Z

dΩι

4π
g2I ðιÞ ¼

284

315
;

hh4c;Vi − hh2c;Vi2 ∝
Z

dΩι

4π
g2VðιÞ ¼

92

105
;

hh4c;Li − hh2c;Li2 ∝
Z

dΩι

4π
g2LðιÞ ¼

8

315
: ð28Þ

Hence, for any model prediction of the SGWB, the circular
polarization anisotropy should be comparable to the inten-
sity, and the linear polarization should be around 3%, with
the variance of each component Q and U expected to be
half that of L.

V. CONCLUSIONS

After a detection of the isotropic SGWB is achieved,
anisotropies will become a compelling next target for PTA
measurements. A detection or upper limit on the aniso-
tropies can help establish whether their physical origin is
cosmological or astrophysical, and characterize the proper-
ties of the sources. The primary result presented in this
work is a simple analytical model for the anisotropies of a
background produced by inspiralling SMBHBs that can be
immediately connected with the astrophysical properties of

the sources and modified to account for new physical
processes occurring within the PTA frequency band.
Our results show that anisotropies offer new information

regarding the SMBHB population beyond the isotropic
component, which can break degeneracies present in the
current analysis (see, e.g., Ref. [33]). While indiscrimi-
nately binning in frequency can wash out anisotropies, we
showed that a variety of models predict significant values at
the highest frequencies accessible to PTAs. This indicates
that sensitivity to high frequencies will be crucial to achieve
a detection and that the results presented in this work,
combined with the sensitivity curve of PTA measurements,
can be useful to inform the optimal frequency binning in
order to maximize the chance of detection.
We also investigate the impact of any additional mech-

anisms driving the binary inspiral on the predicted level of
anisotropy, such as interactions with the surrounding stars
or gas. The model derived in this work offers an extension
of Refs. [8,27] to predictions of anisotropy, thereby
enabling both the GW spectrum and its anisotropies to
be predicted in a self-consistent manner. We explicitly
demonstrate that the presence of any additional mecha-
nisms will enhance the detectability of anisotropies relative
to the isotropic component, due to a reduction on the
number of binaries and attenuation of the spectrum of
GWs. While not addressed in this work, alternative theories
of gravity which predict scalar and vector dipole radiation
will similarly alter the binary inspiral, enhancing the level
of anisotropy (see, e.g., Ref. [34]), and can therefore be
probed through measurements of anisotropy.
Finally, we use the model presented in this work to

derive the expected level of polarization of the SGWB. The
background is sourced by a finite number of SMBHBs,
which are each inherently polarized as a function of the
angle between the binary orbit and the line of sight. Hence,
the finite number of binaries will lead to spatial fluctuations
in the SGWB, captured by measurements of anisotropy.
Although the level of anisotropy in circular polarization
has been previously derived in Ref. [14], our results
provide a connection with the sources in the PTA band
and also include the linear polarization component. We
explore the impact of a linearly polarized anisotropic
background on the PTA signal and its detectability in an
upcoming work [35].
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