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We calculate the cosmic microwave background B-mode power spectrum resulting from anisotropic
cosmic birefringence, without relying on the thin approximation of the last scattering surface. Specifically,
we consider the influence of anisotropic cosmic birefringence arising from massless axionlike particles.
Comparing our results to those obtained using the thin approximation, we observe a suppression in the
amplitude of the B-mode power spectrum by approximately an order of magnitude at large angular scales
(l≲ 10) and by a factor of 2 at small angular scales (l≳ 100) when not employing the thin approximation.
We also constrain the amplitude of the angular power spectrum of the scale-invariant anisotropic cosmic
birefringence using the SPTpol B-mode power spectrum. We find that the amplitude is constrained as
ACB × 104 ¼ 1.03þ0.91

−0.97 ð2σÞ.
DOI: 10.1103/PhysRevD.109.123521

I. INTRODUCTION

Cosmic birefringence—a rotation of the linear polariza-
tion plane of photons as they travel through space [1]—is a
key observational effect on the cosmic microwave back-
ground (CMB) as it provides a way to search for parity-
violating physics in cosmology [2]. Recent analyses of the
cross-correlation between the even-parity CMB E-modes
and odd-parity CMB B-modes in the Planck polarization
map suggest a tantalizing hint of cosmic birefringence [3–7].
Cosmic birefringence has also been exploredwith non-CMB
sources, including the CrabNebula by POLARBEARwhich
recently placed a median 2σ upper bound of polarization
oscillation amplitude A < 0.065° over the oscillation
frequencies from 0.75 yr−1 to 0.66 h−1 [8].
Cosmic birefringence can be induced by a pseudoscalar

field, such as axionlike particles (ALPs), coupled with
electromagnetic fields through the Chern-Simons term,
L ⊃ −gϕγϕFμνF̃μν=4, where gϕγ represents the coupling
constant, ϕ denotes an ALP field, Fμν stands for the
electromagnetic field tensor, and F̃μν is its dual. Multiple
works have explored cosmic birefringence induced by the
ALP field of dark energy [9–16], early dark energy
[12,17,18], dark matter [19–21], and by topological defects
[22–25], as well as by potential signatures of quantum
gravity [26–28]. Anticipated advancements in CMB experi-
ments, includingBICEP [29,30], SimonsArray [31], Simons
Observatory [32], CMB-S4 [33], and LiteBIRD [34], are
projected to substantially reduce polarization noise, thus
enhancing sensitivity to cosmic birefringence signals.
Several recent studies have shown that the time evolution

of the pseudoscalar fields during recombination and reioni-
zation significantly changes the EB power spectrum

[17–19,35–40]. Measuring the spectral shape of the EB
power spectrumwill provide tomographic informationon the
pseudoscalar fields. We can also constrain the late-time
evolution by observing the polarized Sunyaev-Zel’dovich
effect [41,42] and galaxies [43,44]. This tomographic
method can avoid the degeneracies with the instrumental
miscalibration angle [45–48] and half-wave plate nonideal-
ities [49].
If the ALP fields fluctuate, δϕ, which has a spatial

variation, the polarization rotation will be anisotropic (i.e.,
have different values in different directions in the sky);
indeed, anisotropies in the cosmic birefringence are pro-
duced by many of the types of beyond-the-Standard-Model
physics (see, e.g., [9,50–55]). In this paper, we investigate
the impact of the time evolution of δϕ on the calculation of
anisotropic cosmic birefringence. Specifically, we focus on
the CMB B-mode power spectrum which is most sensitive
to anisotropic cosmic birefringence among the CMB two-
point correlations.
The B-mode power spectrum arising from anisotropic

cosmic birefringence has often been computed using the
approximation of the thin last scattering surface (LSS). This
approximation ignores the time evolution of δϕ during the
recombination (and reionization) epoch to simplify the B-
mode power spectrum [20,52,56–62]. Our main objective is
to demonstrate the significance of considering the thickness
of the LSS when computing the B-mode power spectrum. It
is worth noting that only a few studies have incorporated
the time evolution of δϕ to derive the B-mode power
spectrum without the thin LSS approximation. Pospelov
et al. (2009) [63] (hereafter, P09) derived the expression for
the B-mode power spectrum from time-varying anisotropic
cosmic birefringence and numerically computed the power

PHYSICAL REVIEW D 109, 123521 (2024)

2470-0010=2024=109(12)=123521(10) 123521-1 © 2024 American Physical Society

https://orcid.org/0000-0003-3070-9240
https://ror.org/02chw6z69
https://ror.org/057zh3y96
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.109.123521&domain=pdf&date_stamp=2024-06-10
https://doi.org/10.1103/PhysRevD.109.123521
https://doi.org/10.1103/PhysRevD.109.123521
https://doi.org/10.1103/PhysRevD.109.123521
https://doi.org/10.1103/PhysRevD.109.123521


spectrum. Greco et al. (2024) [64] also derived the
expression for the B-mode power spectrum but did not
numerically compute it due to numerical challenges. We
further compare our results with the previous numerical
computations by P09.
This paper is organized as follows. In Sec. II, we review

cosmic birefringence and CMB B-mode power spectrum.
In Sec. III, we derive the B-mode power spectrum induced
by anisotropic cosmic birefringence without the thin LSS
approximation and evaluate the B-mode power spectrum
numerically. Section IV is devoted to summary and
conclusion.

II. COSMIC BIREFRINGENCE

A. Cosmic birefringence from massless scalar fields

We first briefly review cosmic birefringence. The pres-
ence of the pseudoscalar fields rotates the polarization
plane of CMB photons. This rotation angle in general
depends on the line-of-sight direction, n̂. The rotation angle
for photons emitted at conformal time η in a line-of-sight
direction n̂ is given by [65–67]1

βðη; n̂Þ ¼ g
2
½ϕ̄ðη0Þ − ϕ̄ðηÞ − δϕðη; χn̂Þ�: ð1Þ

Here, χ ¼ η0 − η is the comoving distance of the source.
The rotation angle is decomposed into the isotropic and
anisotropic components. Anisotropies of the rotation angle
are given by

αðη; n̂Þ≡ −
gϕ
2
δϕðη; χn̂Þ: ð2Þ

Throughout this paper, we consider the massless pseu-
doscalar field as the source of the anisotropic cosmic
birefringence since the time evolution of the pseudoscalar
field is well known and the model can produce a large
signal for the anisotropic cosmic birefringence. In this case,
the isotropic components become zero and the rotation
angle is given by the anisotropic component, βðη; n̂Þ ¼
αðη; n̂Þ [51]. The evolution equation for the massless
pseudoscalar field fluctuations is given by [51]

d2δϕ
dη2

þ 2H
dδϕ
dη

þ k2δϕ ¼ 0; ð3Þ

where H ¼ ðda=dηÞ=a with a being the scale factor. We
introduce the transfer function to characterize the evolution
of the fluctuations,

δϕðη; kÞ ¼ Tðk; ηÞδϕiniðkÞ: ð4Þ
For the massless pseudoscalar case, during the matter
domination epoch, we have

Tðk; ηÞ ¼ 3
j1ðkηÞ
kη

: ð5Þ

The transfer function satisfies Tðk; ηÞ → 1 at the super-
horizon scale. We define the correlation of the pseudoscalar
fluctuations as [71]

hδϕ�
iniðkÞδϕiniðk0Þi ¼

2π2

k3
PϕðkÞð2πÞ3δð3Þðk − k0Þ: ð6Þ

The dimensionless primordial power spectrum for the
pseudoscalar fields originated from the initial vacuum
fluctuations is given by [51]

PϕðkÞ ¼
�
HI

2π

�
2

; ð7Þ

where HI is the expansion rate during inflation.

B. B-mode power spectrum with
the thin LSS approximation

Here, we introduce the B-mode power spectrum with the
thin LSS approximation. The polarization plane of the
CMB photon from the LSS is rotated during propagation,
and the Stokes Q and U polarization map is distorted as

½Q� iU�ðn̂Þ ¼ ½Q̄� iŪ�ðn̂Þe�2iαðη�;n̂Þ; ð8Þ

where the bar denotes the CMB anisotropies without the
rotation. The E- and B-mode polarization are then obtained
by [72]

Elm � iBlm ¼ −
Z

d2n̂�2Y
�
lmðn̂Þ½Q� iU�ðn̂Þ; ð9Þ

where �2Ylmðn̂Þ is the spin-2 spherical harmonics.
Similarly with the spin-0 (scalar) spherical harmonics,
Ylmðn̂Þ, the harmonic coefficients of the rotation angle
are defined as

αLMðη�Þ ¼
Z

d2n̂Y�
LMðn̂Þαðη�; n̂Þ: ð10Þ

Expanding the right-hand side of Eq. (8) to first order in the
rotation angle and transforming the StokesQ=U parameters
to E=B-modes using Eq. (9), we obtain the distorted B-
modes by the anisotropic cosmic birefringence as

1We here ignore the gravitational lensing effect which changes
the trajectory of the CMB photons. Even if we include the lensing
effect, the isotropic cosmic birefringence remains unchanged
[68,69]. On the other hand, the anisotropic cosmic birefringence
is modified since the rotation angle depends on δϕ at a slightly
different position from χn̂. This remapping effect would be,
however, negligible in the anisotropic cosmic birefringence if its
angular power spectrum is red; the lensing remapping effect
changes any red spectrum only slightly [70]. Since the model
for the anisotropic cosmic birefringence in this paper has a steep red
spectrum, we ignore the lensing effect on the birefringence angle
throughout the paper.
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Blm ¼ B̄lm þ
X

LMl0m0
ð−1Þm

�
l L l0

−m M m0

�

× αLMðη�Þð−W−
lLl0Ēl0m0 þWþ

lLl0B̄l0m0 Þ: ð11Þ
Here, we define

W�
lLl0 ¼ �2iζ�p∓

lLl0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2Lþ 1Þð2l0 þ 1Þ

4π

r

×

�
l L l0

2 0 −2

�
; ð12Þ

with ζþ ¼ 1, ζ− ¼ i, andp∓
lLl0 ¼ ½1 ∓ ð−1ÞlþLþl0 �=2 is the

result of the parity symmetry. The B-mode power spectrum
with the thin LSS approximation is given by (e.g., [56])

CBB
l ¼hjBlmj2i¼

X
l0L

1

2lþ1
Cαα
L ðη�;η�Þ

× ½jW−
lLl0 j2CĒĒ

l0 þ jWþ
lLl0 j2CB̄B̄

l0 �

¼ 4
X
l0L

ð2l0 þ1Þð2Lþ1Þ
4π

�
l L l0

2 0 −2

�
2

×Cαα
L ðη�;η�Þ½pþ

lLl0CĒĒ
l0 þp−

lLl0C
B̄B̄
l0 �:

ð13Þ

Here, we define the angular power spectrum of the aniso-
tropic rotation fields as [71]

Cαα
L ðη; η0Þ ¼ hαLMðηÞα�LMðη0Þi

¼ 4π

Z
d ln kPϕðkÞuLðk; ηÞuLðk; η0Þ; ð14Þ

where we define

uLðk; ηÞ ¼
gϕ
2
jLðkðη0 − ηÞÞTðk; ηÞ: ð15Þ

At large angular scales, L≲ 100, the transfer function is
approximately unity, and the angular power spectrum of the
anisotropic birefringence angle is given by [51]

Cαα
L ≃

2π

LðLþ 1Þ
�
gϕ
2

�
2
�
HI

2π

�
2 ≡ 2π

LðLþ 1ÞACB; ð16Þ

where we introduce a constant ACB and useZ
∞

0

d ln x j2LðxÞ ¼
1

2LðLþ 1Þ : ð17Þ

C. Other contributions

In the above calculation, we made some simplifications.
For example, we ignored the contributions from the higher-

order terms of O½ðCαα
L Þ2� to the B-mode power spectrum.

We also ignore the lensing contributions.
To see the impact of the higher-order terms and lensing,we

compare the caseswith andwithout the higher-order terms or
the lensing effect using the public software package
CLASS_ROT developed by Cai and Guan [61] with the thin
LSS approximation (Fig. 1).We find that these contributions
are less than a few percent at l≲ 1000 and we can
approximate B-mode power spectrum with the perturbed
spectrum without lensing. On the other hand, at very small
scales, l≳ 3000, both contributions become important.

III. B-MODE POWER SPECTRUM FROM
ANISOTROPIC COSMIC BIREFRINGENCE

Here, we derive the expression for the B-mode power
spectra from time-varying anisotropic cosmic birefringence
without the thin LSS approximation.

A. B-mode power spectrum without
the thin LSS approximation

We follow Ref. [73] where they derive the B-mode
power spectrum from the Faraday rotation due to the
primordial magnetic fields without the thin LSS approxi-
mation. The derivation is based on the total angular
momentum method of Ref. [74].
The evolution equation for the q Fourier mode of P� ¼

Q� iU is given by [37,73]

dP�
dη

ðη; q; n̂Þ þ iqμP�ðη; q; n̂Þ

¼ τ̇

�
−P�ðη; q; n̂Þ þ

ffiffiffi
6

p
Pð0Þðη; qÞ

ffiffiffiffiffiffi
4π

5

r
�2Y20ðn̂Þ

�

∓ i
dα
dη

ðη; n̂ÞP�ðη; q; n̂Þ: ð18Þ

FIG. 1. Ratio of the B-mode power spectra with and without the
higher-order terms O½ðCαα

L Þ2� (“higher-order”) and with and
without the lensing effect (“lensing”).
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Here, μ ¼ n̂ · q̂, and we define the differential CMB optical
depth τ̇≡ aneσT, with ne and σT being the electron number
density and the Thomson-scattering cross section, respec-
tively. The quantity, Pð0Þ ¼ ðΘ2 −

ffiffiffi
6

p
E2Þ=10, is the polari-

zation source with Θ2 and E2 being the quadrupole of
temperature and E-mode polarization from the scalar
perturbations [74]. The above equation has the following
solution:

P�ðq; n̂Þ¼−
Z

η0

0

dηgvðηÞ
ffiffiffi
6

p
Pð0Þðη;qÞ½1�2iαðη; n̂Þ�

×
X
l

ð−iÞl
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πð2lþ1Þ

p
ϵð0Þl ðqðη0−ηÞÞ�2Yl0ðn̂Þ

þOðα2Þ; ð19Þ

where gvðηÞ is the visibility function and

ϵð0Þl ðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

8

ðlþ 2Þ!
ðl − 2Þ!

s
jlðxÞ
x2

: ð20Þ

Next, we use the total angular momentum method to
derive the expression for the B-mode power spectrum. We
decompose the polarization fields as

P�ðq; n̂Þ ¼
X
l

ð−iÞl
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4π

2lþ 1

r

×
Xl
m¼−l

ðEðmÞ
l ðqÞ � iBðmÞ

l ðqÞÞ�2Ylmðn̂Þ; ð21Þ

with q̂ ¼ ẑ. Note that BðmÞ
l ðqÞ vanishes in the absence of

cosmic birefringence, and the scalar perturbations alone
lead to m ¼ 0. We then invert the above equation with the
spin-2 spherical harmonics and obtain

BðmÞ
l ðqÞ¼ il

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ1

4π

r X
l1

ð−iÞl1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πð2l1þ1Þ

p
ϵð0Þl1

×
Z

d2n̂½2Yl10
ðn̂Þ2Y�

lmðn̂Þþ−2Yl10
ðn̂Þ−2Y�

lmðn̂Þ�

×
Z

η0

0

dηgvðηÞ
ffiffiffi
6

p
Pð0Þðq;ηÞαðη; n̂Þ; ð22Þ

where we use Eq. (19). The B-mode power spectrum is
defined as [74]

CBB
l ¼ 4π

ð2lþ 1Þ2
Z

d3q
ð2πÞ3

Xl
m¼−l

hBðmÞ�
l ðqÞBðmÞ

l ðqÞi: ð23Þ

Substituting Eq. (22) into Eq. (23), the B-mode power
spectrum in the presence of the time-varying anisotropic
cosmic birefringence is given by

CBB
l ¼ 4π

2lþ 1

Xl
m¼−l

Z
d ln qPRðqÞ

X
l1l2

i−l1þl2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l1 þ 1Þð2l2 þ 1Þ

p

×
Z

d2n̂½2Y�
l10

ðn̂Þ2Ylmðn̂Þ þ −2Y
�
l10

ðn̂Þ−2Ylmðn̂Þ�
Z

d2n̂0½2Yl20
ðn̂0Þ2Y�

lmðn̂0Þ þ −2Yl20
ðn̂0Þ−2Y�

lmðn̂0Þ�

×
Z

η0

0

dη
Z

η0

0

dη0sl1ðq; ηÞsl2ðq; η0Þhαðη; n̂Þαðη0; n̂0Þi; ð24Þ

where we relate the correlation of the polarization source to
the primordial curvature power spectrum as

h½Pð0Þðq;ηÞ��Pð0Þðq;η0Þi ¼ 2π2

q3
PRðqÞSðq;ηÞSðq;η0Þ; ð25Þ

and define a projected polarization source function

slðq; ηÞ≡ gvðηÞ
ffiffiffi
6

p
Sðη; qÞϵð0Þl ðqðη0 − ηÞÞ: ð26Þ

Note that in deriving Eq. (24) we assume that the source of
the anisotropic cosmic birefringence does not correlate with

the curvature perturbations. This assumption is valid for the
massless pseudoscalar field model considered in this paper
but does not hold in general.
We use the following expression of the two-point

correlation function of the anisotropic cosmic birefrin-
gence:

hαðη; n̂Þαðη0; n̂0Þi ¼
X
LM

Y�
LMðn̂ÞYLMðn̂0ÞCαα

L ðη; η0Þ: ð27Þ

Substituting Eq. (27) into Eq. (24) and employing the
formulas for the Wigner 3j symbols in the Appendix, we
finally obtain the B-mode power spectrum as
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CBB
l ¼ 4

X
l0L

pþ
lLl0

ð2l0 þ 1Þð2Lþ 1Þ
4π

�
l L l0

2 0 −2

�
2

CEEl0;L;

ð28Þ

where the distorted E-mode power spectrum is defined as

CEEl0;L ≡ 4π

Z
d ln kPϕðkÞCEEl0;LðkÞ: ð29Þ

Here, we define the E-mode power spectrum for each k as

CEEl0;LðkÞ≡ 4π

Z
d ln qPRðqÞ½Δl0;Lðq; kÞ�2; ð30Þ

with

Δl0;Lðq; kÞ ¼
Z

η0

0

dη sl0 ðq; ηÞuLðk; ηÞ: ð31Þ

Note that the thin LSS approximation leads to

Δl0;Lðq; kÞ ≃ uLðk; η�Þ
Z

η0

0

dη sl0 ðq; ηÞ; ð32Þ

and we obtain

CEEl0;L ≃ 4π

Z
d ln kPϕðkÞ½uLðk; η�Þ�2

× 4π

Z
d ln qPRðqÞ

�Z
η0

0

dη sl0 ðq; ηÞ
�
2

¼ Cαα
L ðη�; η�ÞCĒ Ē

l0 ; ð33Þ

where we use Eq. (14) and the expression for the primordial
E-mode power spectrum,

CĒ Ē
l0 ¼ 4π

Z
d ln qPRðqÞ

�Z
η0

0

dη sl0 ðq; ηÞ
�
2

: ð34Þ

Substituting Eq. (33) into Eq. (28) coincides with the
expression for the birefringence-induced B-mode power
spectrum with the thin LSS approximation of Eq. (13) but
without the intrinsic B-mode power spectrum.

B. Impact of the thin LSS approximation

Here, we compare the B-mode power spectra with and
without the thin LSS approximation. To compute the exact
B-mode power spectrum, we first compute the distorted E-
mode power spectrum per wave number given in Eq. (30)
by modifying the Boltzmann code CLASS [75].2 We then
numerically integrate CEEl0;LðkÞ to obtain CEEl0;L from Eq. (29).
We finally obtain the B-mode power spectrum from
Eq. (28) where we employ WIGNERFAMILIES

3 to compute
the Wigner 3j symbols. We choose the amplitude of PϕðkÞ
so that ACB ¼ 3 × 10−5 which corresponds to the current
bound from observations [76–78].
Figure 2 shows the B-mode power spectra with and

without the thin LSS approximation. We ignore the
primordial B-mode power spectrum in Eq. (13). The
amplitude of the B-mode power spectrum is suppressed
by an order of magnitude at l < 10 and by approximately a
factor of 2 at l > 100. We also show the B-mode power
spectrum with the thin LSS approximation (13), but
separating the contribution from the recombination and
reionization, i.e.,

FIG. 2. Comparison of the B-mode power spectra with and without the thin approximation denoted as “exact” and “thin,” respectively
(left), and their ratio (right). For the thin case, we also show the two-source approximation where the B-mode power spectrum is the sum
of the contributions from the recombination (rec) and reionization (rei) epochs. On the left, as a reference, we plot the E-mode power
spectrum in a black solid line and the lensing-induced B-mode power spectrum in a black dashed line.

2https://lesgourg.github.io/class_public/class.html.
3https://github.com/xzackli/WignerFamilies.jl.
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CBB;rec
l þCBB;rei

l ¼ 4
X
l0L

pþ
lLl0

ð2l0 þ1Þð2Lþ1Þ
4π

×

�
l L l0

2 0 −2

�
2 X
x¼rei;rec

Cαα
L ðηx;ηxÞCĒĒ;x

l0 ;

ð35Þ

where we approximate that CĒ Ē;rei
l0 and CĒ Ē;rec

l0 are obtained
from the E-mode power spectrum at l0 ≤ 10 and 10 < l0,
respectively. The exact B-mode power spectrum is still
different from this two-source approximation.
Figure 3 shows the ratio CEEl0;L=C

αα
L for different L. In the

thin LSS limit, this ratio becomes equivalent to the E-mode
power spectrum. The ratio is substantially suppressed at
low-l0. If the B-mode multipole is l≲ 10 in Eq. (28), the
contribution to the B-mode power spectrum comes from
l0 ≃ L due to the property of the Wigner 3j symbol. Since
the rotation field is significant at low-L, the significant
reduction of the amplitude in the low-l B-mode power
spectrum in Fig. 2 would be the result of the substantial
suppression that appeared in CEEl0;L=C

αα
L at low-l0. On the

other hand, the B-modes at high-l are also produced by
high-l0 E-modes, and the suppression in the B-mode power
spectrum becomes mild.

C. Comparison with previous works

Our results show that the B-mode power spectrum is
significantly suppressed if we appropriately include the
time evolution of the pseudoscalar fields. On the other
hand, P09 [63] shows that the B-mode power spectrum at
low-l is rather enhanced significantly. We here discuss
possible sources of the difference between our results and
the previous attempt to compute the B-mode power
spectrum with time-varying anisotropic cosmic birefrin-
gence by P09.

P09 derives the B-mode power spectrum by extending
the formula of Ref. [72]. Choosing a Fourier wave number
of a single scalar perturbation mode being parallel to the z
axis, cosmic birefringence induces the Stokes U polariza-
tion as Uðn̂; ηÞ ¼ 2αðn̂; ηÞQ̄ðn̂; ηÞ at conformal time η at
the lowest order of α. We then obtain the B-mode as

Blm ¼−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl−2Þ!
ðlþ2Þ!

s Z
d2n̂Y�

lmðn̂Þ
ð2þ ð̄2

2
Uðn̂Þ

¼ 3

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl−2Þ!
ðlþ2Þ!

s Z
d2n̂Y�

lmðn̂Þ
Z

d3q

×
Z

η0

0

dη
ð2þ ð̄2

2
eixμαðn̂;ηÞgvðηÞΠðq;ηÞξðqÞ; ð36Þ

where ð and ð̄ are the spin rising and lowering operators,
respectively, x ¼ qðη0 − ηÞ, Πðq; ηÞ is the polarization
source [72], and ξðqÞ is the primordial fluctuations. P09
replaces the spin operators as ðð2 þ ð̄2Þ=2 ¼ m2 − ð1þ
∂
2
xÞ2x2 and obtains the B-modes induced by cosmic
birefringence as

Blm ¼ 3

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl − 2Þ!
ðlþ 2Þ!

s Z
d2n̂

Z
d3q

Z
d3kY�

lmðn̂Þ

×
Z

η0

0

dη½m2 − ð1þ ∂
2
xÞ2x2�eixμþiyν

× gvðηÞΠðq; ηÞTðk; ηÞξðqÞ
gϕ
2
δϕðkÞ; ð37Þ

where y ¼ kðη0 − ηÞ and ν ¼ n̂ · k̂. The above expression,
however, ignores the operation of the spin operator to
αðn̂; ηÞ. Thus, the expression for the B-mode power
spectrum does not reduce to the B-mode power spectrum
derived in the literature even in the thin LSS approximation.

FIG. 3. The distorted E-mode power spectrum defined in Eq. (29) divided by the anisotropic birefringence power spectrum. Since
CEEl0;L=C

αα
L → CEE

l0 in the thin approximation, we also plot the E-mode power spectrum for comparison.
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This discrepancy would be a source of the difference in the
behavior of the B-mode power spectrum at large angular
scales.

D. Constraints on anisotropic cosmic birefringence
with B-mode power spectrum

We constrain ACB with the SPTpol B-mode power
spectrum [79] since that has the lowest measurement errors
at small angular scales. We use the public data that contain
the auto- and cross-spectra of 150 and 90 GHz, the band
power window function, band power covariance matrix,
and the seven eigenvectors of the beam covariance matrix.
We follow [79] to analyze the data; we model the
theoretical B-mode power spectrum that includes contri-
butions from the anisotropic cosmic birefringence, lensing,
Galactic dust, and Poisson sources. We then multiply the
overall calibration parameters at each frequency and correct
the beam error. In total, we have 15 parameters; ACB, the
overall lensing amplitude, Galactic dust amplitude, Poisson
source amplitude for the three auto- and cross-spectra,
calibration parameters for the two frequencies, and the
seven nuisance parameters for the beam error. We add the
same Gaussian priors for the dust amplitude, calibration
parameters, and beam errors as in [79]. We further add a
Gaussian prior to the lensing amplitude with the mean of 1
and the standard deviation of 0.025 which corresponds to
the current best uncertainty on the lensing amplitude by
Planck [80]. We use the Markov chain Monte Carlo
(MCMC) package of EMCEE

4 to fit the band powers to
the above model.
Figure 4 shows the results of our constraint on ACB. We

also show the angular power spectrum from the cosmic
birefringence and lensing with parameters corresponding to

the best-fit values. We obtain the 2σ constraint as
ACB × 104 ¼ 1.03þ0.91

−0.97 . If we increase the standard
deviation of the lensing amplitude in the Gaussian prior
to 0.1, the constraint becomes ACB × 104 ¼ 1.13þ1.06

−1.10 at 2σ.
Similar to Ref. [79], even if we decrease or increase the
prior on the dust amplitude by 50%, the constraint is almost
unchanged and is mostly driven by the 150 GHz autopower
spectrum.

IV. SUMMARY AND DISCUSSION

We derived the B-mode power spectrum induced by
anisotropic cosmic birefringence without the thin LSS
approximation. We numerically computed the B-mode
power spectrum and found that the power spectrum is
suppressed by an order of magnitude at l≲ 10 and a factor
of 2 at l≳ 100 compared to that with the thin LSS
approximation. We also compared the results of P09 and
the discrepancy in the behavior of the B-mode power
spectrum at low-l would be the ignorance of the spin
operator to the rotation angle which also depends on the
line-of-sight direction. We constrained the anisotropic
birefringence with the SPTpol B-mode power spectrum
and obtained ACB × 104 ¼ 1.03þ0.91

−0.97ð2σÞ.
The SPTpol B-mode power spectrum slightly prefers a

nonzero amplitude of the anisotropic birefringence at
approximately 2σ statistical significance. The results indi-
cate that the SPTpol B-mode power spectrum contains
unknown systematics that was not characterized in
Ref. [79] and/or suggests new physics.
For the former possibility, any E-to-B leakage could bias

the B-mode power spectrum. In Ref. [79], E-to-B leakages
are mitigated with the measured EB cross-power spectrum.
Noise fluctuations in the EB power spectrum could,
however, lead to residuals of the leakage in the B-mode
power spectrum. One of the possible sources of the E-to-B

FIG. 4. Left: the angular power spectrum from the anisotropic cosmic birefringence and lensing with parameters corresponding to the
best-fit values (orange solid), the lensing-only power spectrum (black dashed), and the band power of the SPTpol B-mode power
spectrum. For reference, we also show the B-mode power spectrum from the isotropic polarization rotation of 0.63° with lensing (green
solid) where the angle is estimated from Ref. [77]. Right: the posterior distribution of ACB with 1, 2, and 3σ regions.

4https://emcee.readthedocs.io/en/stable/.
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leakage that can mimic the effect of anisotropic cosmic
birefringence is the miscalibration angle. In Fig. 4, we also
show the B-mode power spectrum induced by the isotropic
rotation of 0.63° which corresponds to the value estimated
in Ref. [77]. The E-to-B leakage from this rotation effect is
simultaneously mitigated by the method described in
Ref. [79], but some residuals might still exist in the B-
mode power spectrum. In the parameter search, if we
replace the B-mode power spectrum from the anisotropic
cosmic birefringence with that from the isotropic rotation,
we obtain 0.84° for the best-fit value of the isotropic
rotation angle. Thus, to explain the slight preference of the
nonzero ACB by the residual B-modes from isotropic
polarization rotation, we need miscalibration-induced B-
modes comparable to that estimated in Ref. [77].
For the latter possibility, we note that ACB has been

constrained by directly reconstructing the anisotropic
birefringence angle from the correlations between CMB
E- and B-modes at different angular scales [81–83]. The
best constraint to date on ACB from the reconstruction is an
order of magnitude smaller than that obtained in this work

[76,78,84–90]. The constraints from the reconstruction,
however, have ignored the effect of the time evolution of
the anisotropic cosmic birefringence and are currently not
possible to directly compare with our result. We leave a
further investigation for the consistency of the constraint on
anisotropic cosmic birefringence from the different observ-
ables for our future work.

The numerical code used in this paper is publicly
available at GitHub [91].

ACKNOWLEDGMENTS

\We thank Eiichiro Komatsu and Thomas Crawford for
the helpful comments. This work is supported in part by
JSPS KAKENHI Grants No. JP20H05859 and
No. JP22K03682. Part of this work uses resources of the
National Energy Research Scientific Computing Center
(NERSC). The Kavli I. P. M. U. is supported by World
Premier International Research Center Initiative (WPI
Initiative), MEXT, Japan.

APPENDIX: USEFUL FORMULA

The spin-weighted spherical harmonics are related to the Wigner 3j symbols as [92]

Z
d2n̂s1Yl1m1

ðn̂Þs2Yl2m2
ðn̂Þs3Yl3m3

ðn̂Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l1 þ 1Þð2l2 þ 1Þð2l3 þ 1Þ

4π

r �
l1 l2 l3

−s1 −s2 −s3

��
l1 l2 l3

m1 m2 m3

�
: ðA1Þ

In particular, we obtain

IlLl1mM ≡
Z

d2n̂½2Y�
l10

ðn̂Þ2Ylmðn̂Þ þ −2Y
�
l10

ðn̂Þ−2Ylmðn̂Þ�Y�
LMðn̂Þ

¼ 2pþ
lLl1

ð−1ÞM
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l1 þ 1Þð2lþ 1Þð2Lþ 1Þ

4π

r �
l L l1

−2 0 2

��
l L l1

m −M 0

�
: ðA2Þ

Using

X
mM

�
l L l1

m −M 0

��
l L l2

m −M 0

�
¼ 1

2l1 þ 1
δl1l2

; ðA3Þ

we obtain

X
mM

IlLl1mM IlLl2mM ¼ 4pþ
lLl1

ð2lþ 1Þð2Lþ 1Þ
4π

�
l L l1

−2 0 2

�
2

δl1l2 : ðA4Þ
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