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We study the properties of the stochastic gravitational-wave background (SGWB) produced by domain
walls (DWs) during inflation without forming a network. We numerically simulate the DW production
caused by a second-order phase transition and calculate the SGWB spectrum using a 1000 × 1000 × 1000

lattice. We show that the SGWB can be observed directly by future terrestrial and space gravitational-wave
detectors and through the B-mode spectrum in the cosmic microwave background. With numerical
simulations, we derive an empirical formula for the strength and qualitative features of the SGWB
spectrum. The details of the SGWB spectrum also contain information about the later evolution of the
Universe.
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I. INTRODUCTION

The direct discovery of gravitational waves (GWs)
produced by black hole binary mergers opened up a new
era of GW astrophysics [1]. GWs can also be produced in
the early Universe via phase transitions, topological
defects, scalar perturbations, and quantum fluctuation
during inflation, forming the stochastic GW background
(SGWB). See Ref. [2] for an excellent review and refer-
ences therein. Once produced, GWs propagate almost
freely through the Universe, bringing us information about
their origin and the evolution of the Universe. Terrestrial
and space-based detectors are proposed to search for
SGWB [3–15]. SGWB with a frequency around 10−8 Hz
can be detected via radio telescopes using the pulsar timing
arrays (PTAs) [11,16,17]. The common noise process
observed by the PTAs might indicate a signal of SGWB
[18–21]. SGWB with longer wavelengths may also imprint
on the cosmic microwave background (CMB) and be
detected via the B-mode spectrum [22–24].
One important source of SGWB that has been exten-

sively studied in the literature is the cosmic domain walls
(DWs) [25–32] (for a review, see [33]). DW-induced GWs
as a test for new physics beyond the standard model have

attracted a lot of interests in the literature [34–42]. DWs are
two-dimensional topological defects created via the spon-
taneous breaking of discrete symmetries. Stable domain
walls will form a network in the radiation-domination (RD)
era and overclose the Universe [25]. Thus, an explicit
symmetry-broken term is usually introduced to ensure
that the DWs annihilate before big bang nucleosynthesis
[26–28]. Traditional studies of SGWB produced by DWs
focus on production through the DW network. Both
qualitative analysis [29] and numerical simulations [30]
show that the GW energy density production rate by the
DW network is constant during RD. Therefore, the GWs
produced right before the annihilation of the DWs dominate
the contribution to the SGWB energy density today since
they are the least redshifted. However, if the DWs anni-
hilate too early, the SGWB signal will be too weak to
induce detectable signals in future GW detectors.
In this paper, we point out that if the DWs were produced

during inflation, theywould generate SGWBduring inflation
without forming a network, and the strength of the SGWB
can reach the sensitivities of theplannedGWdetectors. In flat
space-time or during the RD era, static sources cannot
radiate GWs due to energy conservation. However, during
inflation, the Hubble expansion rate is significant and thus
energy is no longer conserved. Therefore, even comovingly
static sources can produce GWs. If the DWs are produced
about 60 e-folds before the end of inflation, the SGWB will
induce a CMB B-mode spectrum that future CMB observa-
tories can detect. If the phase transition occurs at about
40 e-folds before the end of inflation, the SGWB the DWs
produced will be able to explain the common noise process
observed by PTAs [18–21].
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This paper is organized as follows. In Sec. II we describe
the property of second-order phase transitions and the
formation of DWs during inflation. Then, we show the
numerical results of the SGWB signal in Sec. III and
the semianalytical derivation of the SGWB signal in
Sec. IV. The calculation of the SGWB signal’s redshift
factor for different Universe evolutions is shown in Sec. V.
Next, we discuss the detectability of our SGWB signal in
Sec. VI. Finally, we summarize our results in Sec. VII. In the
Appendix we present the numerical algorithm used in our
simulation.

II. PRODUCTION OF DWs DURING INFLATION

This work studies the phase transition in a spectator
sector during de Sitter inflation. We use comoving coor-
dinates with the conformal time, and the background de
Sitter metric can be written as

ds2 ¼ a2ðτÞðdτ2 − dx2 − dy2 − dz2Þ; ð1Þ

where aðτÞ ¼ −1=Hτ is the scale factor. The Lagrangian of
the spectator can be written as

L ¼ 1

2H2τ2
½σ02 −∇σ · ∇σ� − 1

H4τ4
VðσÞ; ð2Þ

where σ is the spectator field and serves as the order
parameter for the second-order phase transition, and the
primes indicate derivatives with respect to τ. We assume
that the potential is of the Landau-Ginzburg type,

V ¼ 1

2
m2

effσ
2 þ λ

4
σ4: ð3Þ

We consider two scenarios. In scenario (A), we assume
that the Universe was in RD before inflation. At the
beginning of inflation, the temperature of the thermal plasma
quickly falls and thus a phase transition happens in the
plasma. This scenario has been considered in the context of
grand unification models [43]. In this case, we have
m2

eff ¼ yT2 −m2, whereT is the temperature in the spectator
sector, m is the mass of σ at zero temperature, and y is a
constant parameter. In this scenario, the phase transition
happens at the critical temperature Tc ¼ y−1=2m. In scenario
(B), we consider an inflaton-driven phase transition similar
to the study of first-order phase transitions in Refs. [44,45].
We observe that in large-field inflation models, the excur-
sion of the inflaton field can be as large as the Planck scale.
Thus, if we assume that the spectator fields are directly
coupled to the inflaton field, the evolution of the inflaton
field may induce dramatic changes of the masses or
couplings in the spectator sector and thus lead to phase
transitions during inflation. The effective mass can be
written as m2

eff ¼ yϕ2 −m2, where ϕ is the inflaton field.

Now we describe the qualitative features of evolution
and the DW formation process. The production of the
topological defects can be described by the Kibble-Zurek
mechanism [46,47]. Around the critical time τc, we can use
the potential

VKZ ¼ −
1

2
m3

KZacðτ − τcÞσ2 þ
λ

4
σ4 ð4Þ

to describe the evolution of σ, where ac ≡ aτ¼τc . For
scenarios (A) and (B), the Kibble-Zurek scale mKZ can
be written as [48]

m3
KZðAÞ ¼ −ya−1c

dT2

dτ

����
τ¼τc

¼ 2m2H;

m3
KZðBÞ ¼ −ya−1c

dϕ2
0

dτ
¼ 23=2ε1=2m2HMpl

ϕ0ðτcÞ
; ð5Þ

where ϵ is the slow-roll parameter and ϕ0 is the homo-
geneous part of ϕ. In the simplest slow-roll model,
ϕ0ðτcÞ ≈ Ncð2εÞ1=2Mpl [49], where Nc is the e-folds
between the critical point and the end of inflation.
Therefore, compared to (A), mKZ in (B) is suppressed
by a factor of N1=3

c . In this work, for the phase transition to
complete during inflation, we assume that m is large
enough such that mKZ ≫ H.
To study the dynamics of this second-order phase

transition, we follow the strategy in Ref. [50] and general-
ize the discussions in [50] to de Sitter space.
Right after the phase transition, the nonlinear term λσ4 is

negligible. The Hamiltonian that governs the evolution
of σ is

H ¼
Z

d3x
1

2

�
1

a2
π2 þ a2ð∇σÞ2 þ a4m2

effσ
2

�

¼
Z

d3k
ð2πÞ2

1

2

�
1

a2
π̃2 þ ða2k2 þ a4m2

effÞσ̃2
�
; ð6Þ

where

π ≡ a2σ0 ð7Þ

is the canonical momentum and the tilde denotes the
Fourier transform. The Fourier modes of σ and π satisfy
the Hamiltonian equations of motion

d
dτ

�
π̃

σ̃

�
¼

�
0 −ða2k2 þ a4m2

effÞ
a−2 0

��
π̃

σ̃

�
: ð8Þ

To quantize the theory, we impose the equal-time canonical
commutation relation to σ,

½σðx; τÞ; πðy; τÞ� ¼ iδ3ðx − yÞ: ð9Þ
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We expand σ by ladder operators ak; a
†
−k. The solution can

be expressed as

π̃ðk; τÞ ¼ akaðτÞ2f0ðk; τÞ þ a†−kaðτÞ2f0�ðk; τÞ; ð10Þ

σ̃ðk; τÞ ¼ akfðk; τÞ þ a†−kf
�ðk; τÞ; ð11Þ

where the mode function f depends only on k since the
space is homogeneous and isotropic and satisfies the
equation of motion

f00 −
2f0

τ
þ
�
k2 þ m2

eff

H2τ2

�
f ¼ 0: ð12Þ

We require the ladder operators to satisfy the commu-
tation relation

½ak; a†q� ¼ ð2πÞ3δ3ðk − qÞ: ð13Þ

This leads to the normalization condition for the mode
function,

aðτÞ2ðfðk; τÞf�0ðk; τÞ − f0ðk; τÞf�ðk; τÞÞ ¼ i: ð14Þ

The time scale of the phase transition is determined by
mKZ, which is much larger than H, and thus when setting
the initial condition of f at τc we can neglect the Hubble
expansion. Therefore, just as in [50], we choose

fðk; τcÞ ¼
1

aðτcÞ
1ffiffiffiffiffi
2k

p e−ikτc ;

f0ðk; τcÞ ¼
−i

aðτcÞ

ffiffiffi
k
2

r
e−ikτc ð15Þ

as the initial condition for (12).
The modes become classical when the anticommutator

of σ̃k and π̃k is significantly larger than their commutator,

jh½ ˆ̃σkðτÞ; ˆ̃πkðτÞ�þij ≫ jh½ ˆ̃σkðτÞ; ˆ̃πkðτÞ�ij; ð16Þ

where the expectation value is over the temporary vacuum
state at τc. This is equivalent to requiring

Fðk; τÞ ≫ 1; ð17Þ

where the function F is defined as

Fðk; τÞ ¼ aðτÞ2Re½f0ðk; τÞf�ðk; τÞ�: ð18Þ

Plots of fðkÞ and FðkÞ are shown in Figs. 1 and 2 for
different values of ka−1c and H separately. In these plots, to
compare with the Minkowski space (H ¼ 0) result in [50],
we use the physical time t in Fig. 2, defined as dt ¼ adτ.
One can see that F grows exponentially after the phase

transition for the modes with ka−1c < OðmKZÞ as long as H
is significantly smaller than mKZ.
Then, the canonical phase-space distribution of the long-

wavelength modes can be described by the Gaussian
ensemble given by the Wigner function [51–53]

Wkðσ̃k; π̃kÞ ¼
1

π2
exp

�
−

jσkj2
jfðk; τÞj2

− 4jfðk; τÞj2
����πk −

Fðk; τÞ
jfðk; τÞj2 σk

����
2
�
: ð19Þ

After τc, due to the tachyonic growth, the nonlinear term
λσ4 becomes more and more important, and then when we
consider the evolution of σ̃ðkÞ we must include the back-
reaction from the long-wavelength modes. Thus, the
linearized equation of motion for σ̃ðkÞ can be written as

σ00k þ 2a0

a
σ0k þ ω2

kðτÞσk ¼ 0; ð20Þ

FIG. 1. Evolution of the mode function fðkÞ as a function of the
physical time t for different values of ka−1c and H.

FIG. 2. FðkÞ as a function of physical time t for different values
of ka−1c and H.
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with

ω2
k ¼ k2 − aðτÞ2ðm3

KZacðτ − τcÞ − 3λhσ2ðτ;xÞiÞ; ð21Þ

where the expectation value of hσ2ðτ;xÞi includes all of the
contributions from the long-wavelength modes that have
grown exponentially. Figure 3 shows the evolution of ω2

for different values of k with H ¼ 0.1mKZ and λ ¼ 0.1.
Note that σðkÞ can grow tachyonically only when ω2 < 0.
Thus, one can see that only modes with k < OðmKZÞ can
grow tachyonically. We should note that the time span for
ω2 < 0 is not sensitive to the value of λ, since after the
phase transition hσ2ðxÞi grows as e½mKZðt−tcÞ�3 .
Around τc, σ is still located at 0; thus, hσ2ðτÞi can be

neglected. Therefore, ω2
k is negative for the infrared modes

with small enough k2, and thus σk grows exponentially.
After a while, when the nonlinear term in the potential
becomes important, the exponential growth stops. Our
numerical simulation shows that only modes with ka−1c <
OðmKZÞ can experience exponential growth. Due to the
exponential growth, the particle numbers for long-wave-
length modes are large. Thus, we can use the classical
Gaussian random field to approximate the quantum modes
to set the initial condition for the nonlinear evolution. Then,
we use a 1000 × 1000 × 1000 lattice to simulate the
nonlinear evolution classically. The details of our numerical
simulation algorithm are presented in the Appendix.
Following [50], we use mKZðt − tcÞ ¼ 2 as the match-

ing point between tachyonic growth and the nonlinear
classical evolution. Specifically, we numerically solve
Eq. (12) with the initial condition (15). Then, at
mKZðt − tcÞ ¼ 2 we randomly generate σ̃ðkÞ and π̃ðkÞ
according to the distribution function (19). Then, from σ̃
and π̃, we calculate the initial configuration of σðxÞ and
πðxÞ for the classical lattice simulation of the nonlinear
evolution.

Figure 4 shows the evolution of the temporary root-
mean-square of σ for scenarios (A) and (B) together with
the temporary vacuum expectation values vtemp≡λ−1=2meff .
The curves for σrms and vtemp are normalized to v ¼ λ−1=2m.
One can see that in (A), since the temperature T redshifts as
a−1, vtemp approaches v after about one e-fold. However, in
(B), since the evolution is driven by ϕ0, vtemp will not reach
v until the end of inflation. At the beginning of the phase
transition, the growth of σrms lags behind vtemp, which
causes the oscillations of σrms around vtemp. As a result, σrms

oscillates around vtemp in the later oscillation. However, the
oscillation is significantly damped after several e-folds due
to the Hubble friction. Then, the σ-field configuration
becomes comovingly static, which means that the shape
of the configuration does not change comovingly, and the
physical thickness of the walls is fixed. The configurations
for σ at different times are shown in Figs. 5 and 6. In both
cases, the field configuration becomes static after several
e-folds. One can see that once the DWs are formed, their
comoving density does not change and the average distance
between the walls is about 2πm−1

KZa
−1
c , as predicted, since

only modes with ka−1c < OðmKZÞ can grow exponentially.

III. GW PRODUCTION DURING QUASI–DE
SITTER INFLATION

The Fourier modes of the tensor perturbation, h̃ijðτ;kÞ,
satisfy the linearized Einstein equation

h̃00ijðτ;kÞ þ
2a0

a
h̃0ijðτ;kÞ þ k2h̃ijðτ;kÞ ¼ 16πGNT̃TT

ij ðτ;kÞ;
ð22Þ

FIG. 3. Evolution of ω2
k as a function of the physical time t for

different values of ka−1c and H.
FIG. 4. Evolutions of the root-mean-square of σ for scenarios
(A) (green) and (B) (yellow). The dashed curves show the
corresponding temporary expectation of σ. For both cases, we
use H¼10−4Mpl, m¼5×10−3Mpl. For (A) we have λ ¼ 0.0625,
mKZ ¼ ð2m2HÞ1=3, and for (B) we have λ ¼ 0.004 and
mKZ ¼ 0.126m.
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FIG. 6. Evolution of the σ field in scenario (B), where the labels
of the axes are the same as in Fig. 5. The parameters in the
potential are the same as in Fig. 4.

FIG. 5. Evolution of the σ field in scenario (A) for ln a=ac ¼
1.3, 2.3, 3.3, and 4.3, where the x and y axes show the comoving
coordinates in units of a−1c m−1

KZ and the z axis shows σ=v. The
parameters in the potential are the same as in Fig. 4.

GRAVITATIONAL WAVES PRODUCED BY DOMAIN WALLS … PHYS. REV. D 109, 123508 (2024)

123508-5



where T̃TT
ij is the transverse-traceless part of the energy-

momentum tensor and can be written as

T̃TT
ij ðτ;kÞ ¼

Z
d3p
ð2πÞ3 Λij;klpkplσ̃ðτ;pÞσ̃ðτ;k − pÞ; ð23Þ

where Λij;kl ¼ PikPjl − 1
2
PijPkl is the projection operator

and Pij ¼ δij − k̂ik̂j.
During inflation, when h̃ðτ;kÞ leaves the horizon

ðkjτj < 1Þ, they will be frozen to a fixed value h̃fðkÞ.
After inflation, when the mode reenters the horizon, h̃f will
serve as the amplitude for later evolution. Then, the general
form of h̃ðτ;kÞ is

h̃ijðτ;kÞ ¼ h̃fijðkÞẼi
0ðkÞa−1 sinðkτ þ ϕÞ; ð24Þ

where Ẽi
0 and ϕ are determined by the evolution of the

Universe before the mode reenters the horizon. The detailed
forms of Ẽi

0ðkÞ and ϕ can be found in [45]. Then, we
calculate the GW energy density spectrum,

dρGW
d ln k

¼ k5jẼi
0ðkÞj2

64π3GNa4
hjh̃fijðkÞj2i

V
; ð25Þ

where GN is the Newton gravity constant and V is the total
comoving volume, which will be canceled by the same
volume factor in hjh̃fijðkÞj2i.
Using Green’s function method, we can calculate h̃f

[44,45],

h̃fijðkÞ ¼
16πGN

k

Z
0

−∞
dτ0Kðkτ0ÞT̃TT

ij ðτ0;kÞ; ð26Þ

where K is the integral kernel,

KðηÞ ¼ 1

η

�
cos η −

sin η
η

�
: ð27Þ

Equation (26) indicates that during inflation GWs can
even be produced by a stationary source because the time
translation symmetry is badly broken. The plot of K is
shown in Fig. 7, from which we can see that the highest
peak of K is around kτ0 ≈ −2, and this is the moment
T̃TT
ij ðτ0;kÞ contributes the most to h̃fijðkÞ.
After doing a small-kτ0 expansion in the integral (26), we

can see that the integral is finite at τ0 ¼ 0 and thus the
integral is mainly contributed in the region kτ0 ∼ −2.
Figure 8 shows the spectrum of jh̃fijj2=V accumulated from
τc to lnða=acÞ ¼ 1.3, 2.3, 3.3, 4.3 for both scenarios (A)
and (B). One can see that the GW productions for
both scenarios stop at about four e-folds after the phase
transition.

There are mainly two contributions to T̃TT
ij ðτ0;kÞ,

namely, the fluctuations of the σ field and the DWs, which
appear when the fluctuations cool down, as shown in
Figs. 5 and 6. As we can see from Figs. 5 and 6, the
amplitude of the small scale fluctuations becomes signifi-
cantly smaller than the size of DWs at about two e-folds
after the phase transition. However, we can can see from

FIG. 7. Kernel K as a function of η≡ kτ.

(a)

(b)

FIG. 8. Spectrum of hjh̃fijj2i for scenarios (A) (up) and
(B) (down). The choices of parameters in the potential are the
same as in Fig. 4. The spectrum is accumulated up to
lnða=acÞ ¼ 1.3, 2.3, 3.3, and 4.3. As a comparison, the spectrum
without DW production is also shown by the green curves, where
for both (A) and (B) the lnða=acÞ ¼ 2.3, 3.3, 4.3 curves are
identical, which indicates that the GW production ceases com-
pletely after lnða=acÞ ¼ 2.3.
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Fig. 8 that between two and three e-folds after the phase
transition, the GWs still grows significantly. Therefore, we
can see that after about two e-folds the dominant source for
GW production should be from the DWs.
To numerically compare the importance of the two

contributions, we perform simulations without DW for-
mations. To do this, we use the same parameters as in the
simulations with DW formations to generate the initial
configuration σðxÞ induced by the exponential growth.
Then, we replace σðxÞ with jσðxÞj for the initial condition
of the nonlinear growth. This way, we eliminate all of the
DWs while keeping the initial fluctuations of the σ field.
The green curves in Fig. 8 show the accumulated jh̃ijj2=V
without DWs for both scenarios (A) and (B), in which the
green curves for lnða=acÞ ¼ 2.3, 3.3, 4.3 are identical in
both scenarios. The coincidences indicate that without
DWs, the GW production stops at about lnða=acÞ ¼ 2.3
because the oscillations of σ are quickly damped by the
Hubble expansion, as shown in Fig. 4. This also agrees with
the result in [31]. From Eq. (8), one can also see that
without DWs the GW spectra stop growing after about two
e-folds, and the strengths are also significantly smaller
compared to the case with DWs. Therefore, we can
conclude that the DWs dominate the production of the
GWs. In the next section, we provide semianalytical
analyses for the size of the GW spectrum induced by both
DWs and the fluctuations.

IV. SEMIANALYTICAL DERIVATION
OF THE GW SIGNAL

In this section, we present a derivation to the size of the
SGWB signal, discuss the IR and UV behavior of the
SGWB spectrum, and compare the analytical result with
numerical simulations.
Due to the shape of the kernel K, as shown in Fig. 7, the

dominant contribution of T̃TT
ij ðτ0;kÞ to h̃fijðkÞ happens at

kτ0 ≈ −2. We only keep this dominant contribution to
estimate the peak value of ΩGW. Thus, we have

hjh̃fijj2i
V

¼ A2

�
16πGN

k2

�
2 hjT̃TT

ij ð−2=k;kÞj2i
V

: ð28Þ

Here, h� � �i means taking the average over the direction
of k.
The space average value of TTTðτ; xÞ2 can be written as

1

V

Z
d3xT̃TT

ij ðτ;xÞT̃TT
ij ðτ;xÞ ¼

1

V

Z
d3k
ð2πÞ3 jT̃

TT
ij ðτ;kÞj2:

ð29Þ

The largest correlation of the σ field after the phase
transition is determined by mKZ, and the typical size of
independent regions in the Universe is about 2πm−1

KZ. Thus,

to calculate the spatial integral in (29), we can first define a
window functionWðaÞ for each region. Each region’s center
position is at xðaÞ. Then, the energy-momentum tensor can
be decomposed as

TTT
ij ðτ;xÞ ¼

X
a

ðTTT
ij ðτ;xÞWðaÞðxÞÞ: ð30Þ

Then, we can define T̃TTðaÞ
ij ðτ;kÞ as

T̃TTðaÞ
ij ðτ;kÞ ¼

Z
d3xTTT

ij ðτ;xÞWðaÞðxÞe−ik·ðx−xðaÞÞ: ð31Þ

Therefore, we have

T̃TT
ij ðτ;kÞ ¼

X
a

T̃TTðaÞ
ij ðτ;kÞeik·xðaÞ : ð32Þ

Then, the right-hand side of (29) can be written as

1

V

Z
d3k
ð2πÞ3

X
a;b

T̃TTðaÞ
ij ðτ;kÞTTTðbÞ

ij ðτ;kÞ�eik·ðxðaÞ−xðbÞÞ: ð33Þ

The interference contributed by different patches is sup-
pressed. Therefore, it can be further simplified as

1

V

Z
4πk3d ln k
ð2πÞ3

�X
a

jT̃TTðaÞ
ij ðτ;kÞj2

	
: ð34Þ

In comoving coordinates, the size of each independent
region is about 2πm−1

KZa
−1
c . Therefore, the above expression

can be simplified as

A3

�
mKZac
2π

�
3
Z

4πk3d ln k
ð2πÞ3 jT̃TTðAÞ

ij ðτ; kÞj2; ð35Þ

whereA3 is a numerical factor and jT̃TTðAÞ
ij ðτ; kÞj2 can be seen

as the space and angular averaged value of jT̃TTðaÞ
ij ðτ;kÞj2.

Consider the DW contribution to T̃TT
ij in one region.

T̃TT
ij ðτ;kÞ can be expressed as

T̃TT
ij ðτ;kÞ ¼

Z
d3p
ð2πÞ3 Λij;klpkplσ̃ðpÞσ̃ðk − pÞ: ð36Þ

We know that the modes with k ∼mKZac dominate the
contribution to the SGWB and, as we will see later, the p
integral in (36) is dominated by the region p ∼m ≫ mKZ.
Therefore, we can neglect the k in σ̃ as a qualitative
estimate. Then, the angular average of T̃TT

ij ðτ;kÞT̃TT
ij ðτ;kÞ

contributed by a single region can be written as

Z
d3p
ð2πÞ3

Z
d3q
ð2πÞ3

�Z
dk̂
4π

Λij;klΛij;k0l0pkplqk
0
ql

0
�

× jσ̃ðpÞj2jσ̃ðqÞj2: ð37Þ
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A simple calculation gives

Z
dk̂
4π

Λij;klΛij;k0l0pkplqk
0
ql

0 ¼ 2

5
ðp · qÞ2 − 2

15
p2q2:

A typical DW configuration is shown in Fig. 9, where we
only present the space’s x and z coordinates. We can
decompose the comoving momenta p and q in Eq. (38) into
the direction that is perpendicular to the surface of the wall
(the z direction as in Fig. 9) and the directions that are
parallel to the wall surface. For a generic DW, if we neglect
its thickness, it can be seen as a Heaviside theta function. In
our case, if we only consider the field configuration along
the z direction, it can be written as

σðzÞ ¼ vð1 − 2ΘðzÞÞ: ð38Þ
The Fourier transformation of the above configuration is

σ̃ðpzÞ ¼ −
iv
πpz

: ð39Þ

Therefore, we expect that, for a general configuration, σ̃ðpÞ
has the form

σ̃ðp; τÞ ¼ σ̃kðpk; τÞ
p⊥

ð40Þ

in the region wheremKZac < p < d−1w aðτÞ, where dw is the
physical wall thickness. As an example, in the Landau-
Ginzburg type model, as discussed in this work, the DW
configuration can be approximated as

σðzÞ ¼ v tanh

�
mzffiffiffi
2

p
�
: ð41Þ

The Fourier transformation is

σ̃ðpzÞ ¼
iv

21=2m
csch

�
πpzffiffiffi
2

p
m

�
: ð42Þ

Then, we know that for pz < m, σ̃ðpzÞ drops as p−1
z , and

for pz > m, σ̃ðpzÞ drops exponentially.
In the parallel directions, since the oscillations on the

surface of the wall are quickly diluted by the expansion of
the Universe, the configuration changes slowly. Therefore,
we do not expect σ̃k to have significant support for
pk > mKZa−1c . Now,we can decompose thep andq integrals
in Eq. (38) into d2pkdp⊥d2qkdq⊥, and then it becomes

Z
d2pkdp⊥
ð2πÞ3

Z
d2qkdq⊥
ð2πÞ3

�
2

5
ðpk · qk þ p⊥q⊥Þ2

−
2

15
ðp2

k þ p2⊥Þðq2k þ q2⊥Þ
� jσ̃kðpkÞj2

p2⊥
jσ̃kðqkÞj2

q2⊥
; ð43Þ

where the p⊥ and q⊥ integrals are from mKZ to d−1w aðτÞ.
From (43) one can see that the p⊥ and q⊥ integrals are
dominated in the region p⊥ ∼ d−1w aðτÞ and q⊥ ∼ d−1w aðτÞ,
whereas the supports of the pk and qk integrals are around
mKZac. Thus, when we estimate the value of (43), we can
use the approximation pk; qk ≪ p⊥; q⊥. Another thing to
notice is that σ̃ must be proportional to vtemp, the temporary
vacuum expectation value of the σ field. Then, (43) can be
estimated as

A4 ×
d−2w a2ðτÞv4temp

½mKZac�4
; ð44Þ

where ½mKZa−1c �4 in the denominator is from dimensional
analysis and A4 collects all of the numerical factors when
calculating the integral.
Figure 10 shows jT̃TT

ij j2 at different times after the phase
transition. One can see that the distributions are flat for
small k, and drop as k−3 ∼ k−4 when k > mKZac.
Together with (25), (28), (35), (44), and aðτ ¼ −2=kÞ ¼

k=ð2HÞ, we arrive at

dρGW
d ln k

¼ A1

GN jEi
0j2k3

H2ðmKZacÞa4
v4temp

d2w
; ð45Þ

FIG. 10. jT̃TT
ij j2 at different times as a function of k.

FIG. 9. Illustration of DW configuration.
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where A1 collects all of the numerical factors. Now, let us
focus on the case where reheating happens fast and finishes
within one e-fold. Then, as shown in [45],

Ei
0 ¼

a2endH
k

; ð46Þ

where aend is the scale factor at the end of inflation. Thus, in
the RD era we have

dρGW
d ln k

¼ A1

GNk
mKZac

v4temp

d2w

�
aend
a

�
4

: ð47Þ

In the instantaneous reheating case, neglecting the change
in the number of relativistic degrees of freedom, the
radiation energy density can be written as

ρR ¼ 3H2

8πGN

�
aend
a

�
4

: ð48Þ

Thus, we have

ΩGW ¼ ΩRA1

8πG2
Nk

3H2mKZac

v4temp

d2w
: ð49Þ

In Landau-Ginzburg type model, as shown in Eq. (3), we
have

dw ∼m−1
temp; Δρ ¼ m4

temp

λ
; v2temp ¼

m2
temp

λ
: ð50Þ

Therefore, we have

ΩGW ¼ ΩRA1

8πG2
Nk

3H2mKZac
Δρ2d2w: ð51Þ

During inflation, we have

H2 ¼ 8πGNρinf
3

: ð52Þ

Then, we have

ΩGW ¼ ΩRA1

3

8π

k
mKZac

�
Δρ
ρinf

�
2

H2d2w: ð53Þ

This result assumes that k ≪ mac; thus, we can neglect
the k dependence in σ̃ when calculating jT̃TT

ij j2. However,
we see in Fig. 10 that jT̃TT

ij j2 drops significantly when
k > mKZac. Therefore, the peak position of ΩGW is around
k ¼ mKZac, and we arrive at the formula

Ωpeak
GW ¼ ΩRAðHdwÞ2

�
Δρ
ρinf

�
2

; ð54Þ

where A collects all of the numerical factors.
For scenario (A), as shown in Fig. 4, vtemp arrives at

mλ−1=2 within about one e-fold after the critical time. Thus,
to estimate ΩGW we can use the parameters in the
Lagrangian. However, for scenario (B), vtemp changes
slowly with ϕ0 after the phase transition. Therefore, to
have an empirical formula for Ωpeak

GW for scenario (B), we
take τ ¼ −2=ðmKZacÞ to evaluate dw and Δρ.
A byproduct of (53) is that it predicts that on the left side

of the peak, ΩGW increases as k1 until it reaches the peak.
For k ≪ mKZac, from a causality argument, we have
ΩGW ∼ k3 [54]. Thus, Eq. (53) predicts that there is a
transition of ΩGW from k3 to k1 before reaching the peak
frequency. This behavior is clearly shown by the numerical
simulation presented in Fig. 11. The k1 behavior before
reaching the peak can be seen as a nontrivial check of the
numerical simulation.
The analytical formula (54) also shows that Ωpeak

GW is
proportional toH2. This is also confirmed by the numerical
simulations. In Fig. 12, we show Ωpeak

GW as a function of

FIG. 11. Qualitative behavior of the GW spectrum. Here, we
assume that the modes reentered the horizon during the RD era.
In the far IR region, ΩGW increases as k3 and then transits into k1

when approaching the peak. Then, it decays as k−4 in the UV
region.

FIG. 12. Qualitative behavior of the GW spectrum. We plot
Ωpeak

GW as a function of H=m.
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H=m. We can see clearly that the qualitative behavior
shown in (54) is correct.
As a comparison, we present here a semianalytic

estimation of the size of the GW spectrum with the DW
production turned off by replacing σðxÞ with jσðxÞj. Then,
the GW production process is similar to case of GW
production during preheating [31]. The fluctuations around
the temporary vacuum can be described by a series of plane
waves with typical comoving momentum acmKZ, where ac
is the scale factor at the phase transition. Thus, the size of
the gradient part of the energy-momentum tensor can be
estimated as

jTijj ¼ j∂iσ∂jσj ≃ a2cm2
KZv

2
temp: ð55Þ

Generically, TTT is much smaller than the trace part of Tij,
and we can write

jTTT
ij j ¼ αjTijj; ð56Þ

where α is about 0.1 [55]. Then, the peak value of jT̃TT
ij j, the

Fourier transform of TTT, can be estimated as

jT̃TT
ij jpeak ≃ ðacmKZÞ−3jTTT

ij j: ð57Þ

Then, from Eq. (26), hf, the tensor perturbation frozen onto
the horizon, can be written as

jh̃fijjpeak ≃ 16πGN
H

a2cm2
KZ

jT̃TT
ij jpeakΔt; ð58Þ

where we only keep the leading term in the kernel K. In
Eq. (58), Δt ≃ 10m−1

temp is the typical time scale of those
fluctuations [31]. Together with (28) and (44), we have

jh̃fijj2w=oDW
jh̃fijj2w=DW

≃ BðHdwÞ4 ¼ 10−6; ð59Þ

where B ¼ A−1
4 ð10αÞ2 is a numerical factor. We can see

that the ratio is parametrically small sinceHdw ≪ 1, which
agrees with the Fig. 8.

V. EVOLUTION OF THE UNIVERSE BETWEEN
INFLATION AND REHEATING

After inflation, the Universe might undergo an inter-
mediate stage before the RD era. The GW modes may
reenter the horizon in the intermediate stage, and then the
spectrum will be distinct. Generally, the scale factor can be
parametrized as aðtÞ ∼ tp, with p < 1. Using conformal
time, the scale factor of the intermediate stage can be
written as

a ¼ aend

�
τ

τend

� p
1−p
; ð60Þ

where the subscript “end” denotes the end of inflation.
Then, in the intermediate stage h̃ij satisfies

h̃00ijðτ;kÞ þ
p

1 − p
2

τ
h̃0ijðτ;kÞ þ k2h̃ijðτ;kÞ ¼ 0: ð61Þ

For the modes to reenter the horizon, the initial conditions
can be written as

h̃ijðτend;kÞ ¼ hfijðkÞ; h̃0ijðτend;kÞ ¼ 0: ð62Þ

The exact solution of this equation can be expressed as

h̃ijðτ;kÞ ¼ Γ½1 − ν�
�
kτ
2

�
ν

½cos νπJνðkτÞ

− sin νπYνðkτÞ�h̃fijðkÞ; ð63Þ
where Jν, Yν are the Bessel functions with

ν ¼ 3

2
þ 1

p − 1
: ð64Þ

When the universe enters the RD era, h̃ij satisfies

h̃00ijðτ;kÞ þ
2

τ
h̃0ijðτ;kÞ þ k2h̃ijðτ;kÞ ¼ 0:

We match h̃ and h̃0 at the transition time between the
intermediate stage and the RD era to get the initial
conditions. Then, the general form for h̃ij can be written as

h̃ijðτ;kÞ ¼
A
kτ

½S cos ðkτÞ þ C sin ðkτÞ�h̃fijðkÞ:

Here,

A ¼ 1
1
2
− ν

Γ½1 − ν�
2ν−

1
2

ffiffiffi
π

p x
1
2
þν; ð65Þ

S ¼ cos

�
x

1
2
− ν

� ffiffiffiffiffiffi
π

2
x

r
½cos νπJνðxÞ − sin νπYνðxÞ�

− sin

�
x

1
2
− ν

� ffiffiffiffiffiffi
π

2
x

r �
cos νπ

�
J0νðxÞ þ

1

2x
JνðxÞ

�

− sin νπ

�
Y 0
νðxÞ þ

1

2x
YνðxÞ

��
; ð66Þ

C ¼ sin

�
x

1
2
− ν

� ffiffiffiffiffiffi
π

2
x

r
½cos νπJνðxÞ − sin νπYνðxÞ�

þ cos

�
x

1
2
− ν

� ffiffiffiffiffiffi
π

2
x

r �
cos νπ

�
J0νðxÞ þ

1

2x
JνðxÞ

�

− sin νπ

�
Y 0
νðxÞ þ

1

2x
YνðxÞ

��
; ð67Þ
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with

x ¼
�
1

2
− ν

��
are
aend

� 1
1
2
−ν k
aendHinf

; ð68Þ

where are is the scale factor at the transition between the
intermediate stage and the RD era. The x parameter here
can be seen as the ratio between the physical momentum of
the mode and the Hubble expansion rate at the transition
between the intermediate stage and the RD era. Thus, x > 1
means that the modes reenter the horizon in the inter-
mediate stage, and x < 1 means that the modes reenter the
horizon after the intermediate stage.
Then, the GW energy density in the RD era can be

written as

dρGW
d ln k

¼
�
are
aend

�
−1þ2ν

1
2
−ν A2ðjSj2 þ jCj2ÞdρGW

d ln k

����
IRH

; ð69Þ

where the subscript “IRH” stands for instantaneous reheat-
ing.On the other hand,with the nontrivial intermediate stage,
the evolution of the total energy density of the Universe is
also different. By simply counting the redshifts after reheat-
ing, the energy density of radiation can be written as

ρR ¼
�
are
aend

�
−1þ2ν

1
2
−ν
ρRjIRH: ð70Þ

Thus, we have

ΩGWðkÞ ¼ DðkÞΩGWðkÞjIRH; ð71Þ

where

DðkÞ ¼ A2ðjSj2 þ jCj2Þ: ð72Þ

One can see that an intermediate stage can change both the
shape and strength of the GW signal. The distortion factor
D satisfies

DðkÞ ¼ 1; x ≪ 1; ð73Þ

DðkÞ ¼ A2; x ≫ 1: ð74Þ

In Fig. 13, we show the distortion functions for matter
domination (MD) and kination domination (KD) inter-
mediate stage separately. In the x ≫ 1 limit, the mode
reenters the horizon during the intermediate stage. Then we
have

MD∶ DðkÞ ¼ 9

16

�
are
aend

�
−1
�

k
aendHinf

�
−2

¼ 9

16
z−1mp; ð75Þ

KD∶ DðkÞ ¼ 4

π

�
are
aend

�
2 k
aendHinf

¼ 4

π
z2mp; ð76Þ

where zmp is the redshift from the mode that reenters the
horizon to the end of the intermediate stage.

VI. DETECTABILITY OF THE GW SIGNAL

Today’s GW relative abundance can be calculated from
Eq. (25),

ΩGWðfÞ ¼ ΩR × ρ−1R
dρGW
d ln f

����
today

; ð77Þ

where ΩR and ρR are today’s radiation abundance and
energy density. f ¼ k=ð2πatodayÞ gives today’s GW fre-
quency. The detailed shape of ΩGWðfÞ also depends on the
Universe’s evolution when the GW modes reenter the
horizon. From the end of inflation to the completion of
reheating, the Universe may undergo transition eras, such
as MD and KD [56,57]. As shown in Sec. V (see also [45]),
the peak value of ΩGWðfÞ is not sensitive to the Universe’s
evolution when the modes are outside the horizon. During
KD, the total energy density of the Universe drops as a−6,
whereas the energy density of GWs drops as a−4, and
therefore ΩGWðfÞ gets a relative enhancement [58,59]. On
the other hand, if the GW modes reenter the horizon in an
intermediate MD era before reheating, the total energy of
the Universe drops as a−3. Thus, in this case ΩGW obtains a
relative suppression. Therefore, the detailed GW spectrum
also strongly depends on Nk and Nm, the numbers of

FIG. 13. Distortion function DðkÞ as a function of x for the MD
intermediate stage (top) and KD intermediate stage (bottom),
respectively.
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e-folds during the KD and MD intermediate stages,
respectively. Explicitly, we have

Nk;m ¼ lnðare=aendÞ: ð78Þ

From qualitative arguments and numerical simulations
presented in Sec. IV, we can derive a semianalytical
formula for the peak value of ΩGW,

Ωpeak
GW ¼ ΩR ×AðHdwÞ2 ×

�
Δρ
ρinf

�
2

zαmp; ð79Þ

where dw is the physical wall thickness at τ ¼ −2=mKZ and
zmp is defined in Eq. (75) and measures the redshift of the
Universe between the time that the peak mode reenters the
horizon and the end of the intermediate stage. Table I
presents the values ofA and α for scenarios (A) and (B) and
for different intermediate stages before reheating.
Future GW detectors will be able to detect SGWB

produced during inflation by the DWs. Figure 14 shows
today’s SGWB spectra and the sensitivities of PTAs and
space- and ground-based GW telescopes. Here we consider
scenario (B), and the parameters for the spectator sector
and inflaton model are the same as for the lower panel
of Fig. 8. We consider three after-inflation-evolution scenar-
ios: instantaneous reheating, intermediate MD, and inter-
mediate KD. As shown in Fig. 14, for Nc ≈ 40 the SGWB

spectrum falls within the region of PTAs, and it is possible to
use it to explain the common noise process. ForNc ≈ 20–25,
the SGWB can be detected by the planned space-based GW
detectors such as LISA, Taiji, and TianQin. For Nc ≈ 10, it
can be seen by future terrestrial GW detectors.
If Nc ≈ 60, the GW frequency can be about 10−19 Hz

and can be detected via the CMB B-mode spectrum. Here
we consider scenario (A), in which the backreaction to the
curvature perturbation will not ruin the temperature corre-
lation in the CMB spectrum [43]. With reasonable choices
of parameters, as shown in Fig. 15, the future CMB-S4
experiment will be able to detect the signal. Furthermore,
we can also see that the shape of the B-mode spectrum
induced by the phase transition differs from the quantum-
induced one. Therefore, future CMB observations will be
able to distinguish the origin of the SGWB source.
We have already seen from previous discussions that the

GW signal can be enhanced by the KD intermediate stage.
However, a long intermediate stage will postpone reheating
and thus significantly lower the reheating temperature.
Therefore, we expect an upper bound on the enhancement
factor DðkÞ in Eqs. (71) and (76). Assuming that reheating
happens right after the end of the KD era, we have

3H2
infM

2
ple

−6Nk ¼ π2

30
g⋆T4

RH: ð80Þ

Substituting the above equation into DðkÞ in Eq. (76), we
have for KD

DðkÞ ¼ 12
ffiffiffiffiffi
10

p

π2
g−1=2⋆

Mpl

TCMB

2πftoday
TRH

�
g⋆S
g⋆S0

�
1=3

≈ 103 ×

�
ftoday

10−8 Hz

��
TRH

1 MeV

�
−1
; ð81Þ

FIG. 14. Spectra of today’s SGWB energy density distribution
for scenario (B), together with the sensitivity curves of future GW
detectors and the region favored by the NanoGrav observation. In
the plot, Nc is the number of e-folds from the critical point to the
end of inflation, and Nk and Nm are the number of e-folds during
the intermediate KD and MD, respectively.

TABLE I. Values of A together with α for different scenarios
and intermediate stages before reheating.

A IRH MD (α ¼ −1) KD (α ¼ 2)

Scenario A 0.15 0.09 0.2
Scenario B 0.3 0.15 0.3

FIG. 15. B-mode power spectra induced by the SGWB in
scenario (A) for different choices of phase transition time and
potential energy in the spectator sector. As a comparison, the
B-mode spectrum generated via tensor-mode quantum fluctua-
tions with a tensor-scalar ratio r ¼ 0.003 is also shown. The
orange dots and triangles are for the data from the BICEP/
KECK array.
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where g⋆ is the total number of effectively massless degrees
of freedom at reheating, and g⋆S and g⋆S0 are the total
number of effectively massless degrees of freedom to
calculate the entropy density at reheating and today,
respectively. We can see that the Hubble parameter does
not appear in DðkÞ. Successful big bang nucleosynthesis
requires TRH > 1 MeV, and the upper limit on DðkÞ is
plotted in Fig. 16. We can see that the KD intermediate
region can bring an Oð103Þ enhancement for PTA-
frequency GW signals. For Oð10−3Þ Hz GW signals, the
enhancement can be as large as 108. In Fig. 14, the red,
yellow, and purple curves show the cases in which a KD
intermediate stage is considered between inflation and
reheating. If such an enhancement exists, the SGWB signal
is more likely to be measured by future detectors.

VII. SUMMARY AND DISCUSSIONS

In this work, we numerically studied the SGWB pro-
duced by second-order phase transitions during inflation
accompanied by a spontaneous breaking of a Z2 symmetry.
We found that the most essential contribution to GW
production is from DWs. We show this in three ways.
(1) From Figs. 5 and 6, we can see that fluctuations of

the σ field around the minima become significantly
decreased from a=ac ¼ 2.3 to 3.3. However, as
shown in Fig. 8, from a=ac ¼ 2.3 to 3.3, jhfTT j2
still increases significantly.

(2) To show that the DW structure dominates the GW
production, we turned off the DW production by
setting σ → jσj before the nonlinear evolution. In this
way, we extinguished the topological structure, leav-
ing the fluctuations around the minima roughly
unchanged. The green curves in Fig. 8 show the
results. We can see that without DWs, the GW
production stops at about two e-folds after the critical
time, and the size of theGWsignal is about 5 orders of
magnitude smaller than the case with DWs.

(3) In Sec. IV we did a qualitative analysis of the size
and shape of the GW spectrum, assuming only the

DW contribution. In this analysis, as shown in
Eq. (54) and Fig. 11, we found that both the
qualitative size and the shape of the GW spectrum
agree with the numerical simulation.

Thus, we have shown that, due to the severe violation of
the time-translation symmetry during inflation, even the
cosmologically static DW configurations, without forming
a network, can create detectable SGWB for future GW
detectors. We also showed that with the KD intermediate
stage the SGWB produced in scenarios can be used to
explain the common red noise observed by NanoGrav.
This work emphasized the DW-induced SGWB during

inflation. We assumed that the DWs decay sufficiently fast,
so the DW network disappears before dominating the
Universe. We leave the discussions of the fate of DWs
and their phenomenological consequences to future studies.
Scenario (A) discussed in this workmay also be realized in

warm inflation models, where the decay of the inflaton field
supports the thermal plasma [60,61]. In scenario (B), the
interaction between the ϕ and σ leads to a backreaction to
curvature perturbations, and the Lagrangian can bewritten as
yσ2ϕ0δϕ. This term may induce secondary GWs once the
induced curvature perturbations reenter the horizon. This
term may also lead to the production of primordial black
holes.We leave these interesting phenomena to future studies.
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APPENDIX: DETAILS OF THE
NUMERICAL SIMULATION

In this appendix, we present the algorithm of our
numerical simulation.
The evolution of classical systems can be described by

the Hamiltonian equations,

σ0 ¼ δH

δπ
¼ fσ;H g; ðA1Þ

π0 ¼ −
δH

δσ
¼ fπ;H g; ðA2Þ

with the Poisson bracket f; g≡ R
d3x δ

δσ
δ
δπ −

δ
δπ

δ
δσ. Defining

DH ¼f·;H g, the solutions of theHamiltonian equations are

σðτÞ ¼ e
R

DH dτσðτ0Þ; ðA3Þ

πðτÞ ¼ e
R

DH dτπðτ0Þ: ðA4Þ

FIG. 16. Upper limit on the enhancement factor DðkÞ as a
function of today’s GW frequency.
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It is convenient to use the dimensionless variables

Σ ¼ σ

v
; Π ¼ 1

m
π

v
; Meff ¼

meff

m
;

X ¼ mx; T ¼ mτ: ðA5Þ
Then, we have

ΣðTÞ ¼ e
R

DH =mdTΣðT0Þ; ðA6Þ

ΠðTÞ ¼ e
R

DH =mdTΠðT0Þ: ðA7Þ
For the case studied in this work, the Hamiltonian can be
divided into two parts,

H ¼ K þV; ðA8Þ
with

K ¼ m
λ

Z
d3X

1

2
a−2Π2; ðA9Þ

V ¼ m
λ

Z
d3X

1

2
a2
�
∂Σ
∂X

�
2

þ a4
�
1

2
M2

effΣ2 þ 1

4
Σ4

�
: ðA10Þ

We use the symplectic integrator method [62,63] to calculate
the evolution of Σ numerically. We define

A ¼ ΔT−1
Z

TþΔT

T
DK =mdT; ðA11Þ

B ¼ ΔT−1
Z

TþΔT

T
DV=mdT: ðA12Þ

Here, the infinitesimal evolutionsA andB are generated by
the dimensionless kinetic energy potential energies K =m

andV=m. An nth-order symplectic integrator is defined as a
symplectic approximation of the evolution operator with a
difference of order OðΔTnþ1Þ,

e
R

DH =mdT ¼ eðAþBÞΔT

¼
Yk
i¼1

eciAΔTediBΔT þOðΔTnþ1Þ; ðA13Þ

wherek ¼ 8 for the sixth-order accuracy used in thiswork. In
our simulation, we use Solution A of the sixth-order
symplectic integrator proposed in [63], and the values for
the coefficients are

d1 ¼ d7 ¼ 0.784513610477560; ðA14Þ

d2 ¼ d6 ¼ 0.235573213359357; ðA15Þ

d3 ¼ d5 ¼ −1.17767998417887; ðA16Þ

d4 ¼ 1 − 2ðd1 þ d2 þ d3Þ; d8 ¼ 0; ðA17Þ

c1 ¼ c8 ¼
d1
2
; c2 ¼ c7 ¼

d1 þ d2
2

; ðA18Þ

c3 ¼ c6 ¼
d2 þ d3

2
; c4 ¼ c5 ¼

d3 þ d4
2

: ðA19Þ

On the lattice, derivatives are replaced by differences.
We use the neutral differential defined as

ΔxfðnÞ¼
8½fðnþ1Þ−fðn−1Þ�− ½fðnþ2Þ−fðn−2Þ�

12δx
:

The Laplacian is defined as

Δ2
xfðnÞ ¼

16½fðnþ 1Þ þ fðn − 1Þ� − ½fðnþ 2Þ þ fðn − 2Þ� − 30fðnÞ
12δx2

: ðA20Þ

Both Δx and Δ2
x are at Oðδx4Þ accuracy. ΔxfðnÞ can be

written in the general form

ΔxfðnÞ ¼
1

δx

X
m

Dðn −mÞfðmÞ; ðA21Þ

and in our case we have

DðnÞ ¼ 8ðδn;−1 − δn;1Þ − ðδn;−2 − δn;2Þ
12

: ðA22Þ

With DðnÞ we can define the effective momentum,

keffñ ¼ i
X
m

1

δx
DðmÞe−i2πN ñm: ðA23Þ

Then, we define the transverse projective operator as [64,65]

PijðñÞ ¼ δij − keffi ðñÞkeffj ðñÞ=jkeffðñÞj2 ðA24Þ

to suppress the unphysical modes in the lattice calculation of
theGWs. Specifically, in our choice ofDðnÞ in (A22)wehave

keffñ ¼ 1

δx

�
4

3
sin

�
2π

N
ñ

�
−
1

6
sin

�
4π

N
ñ

��
: ðA25Þ
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