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Gravitational waves produced by domain walls during inflation
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We study the properties of the stochastic gravitational-wave background (SGWB) produced by domain
walls (DWs) during inflation without forming a network. We numerically simulate the DW production
caused by a second-order phase transition and calculate the SGWB spectrum using a 1000 x 1000 x 1000
lattice. We show that the SGWB can be observed directly by future terrestrial and space gravitational-wave
detectors and through the B-mode spectrum in the cosmic microwave background. With numerical
simulations, we derive an empirical formula for the strength and qualitative features of the SGWB
spectrum. The details of the SGWB spectrum also contain information about the later evolution of the

Universe.
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I. INTRODUCTION

The direct discovery of gravitational waves (GWs)
produced by black hole binary mergers opened up a new
era of GW astrophysics [1]. GWs can also be produced in
the early Universe via phase transitions, topological
defects, scalar perturbations, and quantum fluctuation
during inflation, forming the stochastic GW background
(SGWB). See Ref. [2] for an excellent review and refer-
ences therein. Once produced, GWs propagate almost
freely through the Universe, bringing us information about
their origin and the evolution of the Universe. Terrestrial
and space-based detectors are proposed to search for
SGWB [3-15]. SGWB with a frequency around 1078 Hz
can be detected via radio telescopes using the pulsar timing
arrays (PTAs) [11,16,17]. The common noise process
observed by the PTAs might indicate a signal of SGWB
[18-21]. SGWB with longer wavelengths may also imprint
on the cosmic microwave background (CMB) and be
detected via the B-mode spectrum [22-24].

One important source of SGWB that has been exten-
sively studied in the literature is the cosmic domain walls
(DWs) [25-32] (for a review, see [33]). DW-induced GWs
as a test for new physics beyond the standard model have

*anhp @mail.tsinghua.edu.cn
fyangc18 @mails.tsinghua.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2024/109(12)/123508(16)

123508-1

attracted a lot of interests in the literature [34—42]. DWs are
two-dimensional topological defects created via the spon-
taneous breaking of discrete symmetries. Stable domain
walls will form a network in the radiation-domination (RD)
era and overclose the Universe [25]. Thus, an explicit
symmetry-broken term is usually introduced to ensure
that the DWs annihilate before big bang nucleosynthesis
[26-28]. Traditional studies of SGWB produced by DWs
focus on production through the DW network. Both
qualitative analysis [29] and numerical simulations [30]
show that the GW energy density production rate by the
DW network is constant during RD. Therefore, the GWs
produced right before the annihilation of the DWs dominate
the contribution to the SGWB energy density today since
they are the least redshifted. However, if the DWs anni-
hilate too early, the SGWB signal will be too weak to
induce detectable signals in future GW detectors.

In this paper, we point out that if the DWs were produced
during inflation, they would generate SGWB during inflation
without forming a network, and the strength of the SGWB
can reach the sensitivities of the planned GW detectors. In flat
space-time or during the RD era, static sources cannot
radiate GWs due to energy conservation. However, during
inflation, the Hubble expansion rate is significant and thus
energy is no longer conserved. Therefore, even comovingly
static sources can produce GWs. If the DWs are produced
about 60 e-folds before the end of inflation, the SGWB will
induce a CMB B-mode spectrum that future CMB observa-
tories can detect. If the phase transition occurs at about
40 e-folds before the end of inflation, the SGWB the DWs
produced will be able to explain the common noise process
observed by PTAs [18-21].

Published by the American Physical Society
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This paper is organized as follows. In Sec. II we describe
the property of second-order phase transitions and the
formation of DWs during inflation. Then, we show the
numerical results of the SGWB signal in Sec. III and
the semianalytical derivation of the SGWB signal in
Sec. IV. The calculation of the SGWB signal’s redshift
factor for different Universe evolutions is shown in Sec. V.
Next, we discuss the detectability of our SGWB signal in
Sec. VI. Finally, we summarize our results in Sec. VIL. In the
Appendix we present the numerical algorithm used in our
simulation.

II. PRODUCTION OF DWs DURING INFLATION

This work studies the phase transition in a spectator
sector during de Sitter inflation. We use comoving coor-
dinates with the conformal time, and the background de
Sitter metric can be written as

ds*> = a*(7)(d7* — dx* — dy?> — dz?), (1)

where a(zr) = —1/Hz is the scale factor. The Lagrangian of
the spectator can be written as

1

1
_ 2 _ . _
L= S [0 — Vo - Vo] V(o), (2)

H*7*

where o is the spectator field and serves as the order
parameter for the second-order phase transition, and the
primes indicate derivatives with respect to 7. We assume
that the potential is of the Landau-Ginzburg type,

V= %mgffGQ —I—%(ﬁ. (3)
We consider two scenarios. In scenario (A), we assume
that the Universe was in RD before inflation. At the
beginning of inflation, the temperature of the thermal plasma
quickly falls and thus a phase transition happens in the
plasma. This scenario has been considered in the context of
grand unification models [43]. In this case, we have
m2; = yT? — m?, where T is the temperature in the spectator
sector, m is the mass of ¢ at zero temperature, and y is a
constant parameter. In this scenario, the phase transition
happens at the critical temperature 7, = y~'/?m. In scenario
(B), we consider an inflaton-driven phase transition similar
to the study of first-order phase transitions in Refs. [44.,45].
We observe that in large-field inflation models, the excur-
sion of the inflaton field can be as large as the Planck scale.
Thus, if we assume that the spectator fields are directly
coupled to the inflaton field, the evolution of the inflaton
field may induce dramatic changes of the masses or
couplings in the spectator sector and thus lead to phase
transitions during inflation. The effective mass can be
written as m2; = y¢* — m?, where ¢ is the inflaton field.

Now we describe the qualitative features of evolution
and the DW formation process. The production of the
topological defects can be described by the Kibble-Zurek
mechanism [46,47]. Around the critical time 7., we can use
the potential

1 A
Vi = — Emf(Zac (t—1.)0% + 10'4 (4)
to describe the evolution of ¢, where a. =a,_, . For

scenarios (A) and (B), the Kibble-Zurek scale mg, can
be written as [48]

2
T

3 R | — 92
Micza) = —Yac i . =2m°H,
3/2,.1/2,,2
I’}’l3 = —ya‘.1 % = —2 / ¢ / m HMPI (5)
K2(B) ¢ de Po(z.)

where ¢ is the slow-roll parameter and ¢, is the homo-
geneous part of ¢. In the simplest slow-roll model,
Po(t.) # N.(26)'/>M; [49], where N, is the e-folds
between the critical point and the end of inflation.
Therefore, compared to (A), mgy in (B) is suppressed

by a factor of N ,13/ 3 In this work, for the phase transition to
complete during inflation, we assume that m is large
enough such that mygy > H.

To study the dynamics of this second-order phase
transition, we follow the strategy in Ref. [50] and general-
ize the discussions in [50] to de Sitter space.

Right after the phase transition, the nonlinear term Ao* is
negligible. The Hamiltonian that governs the evolution
of o is

111
H = /d3x§ [;7[2 +a*(Vo)? + a4m§ff0'2]

Pk 1[1
_ / ! {—2ﬁ2+(a2k2+a4mgff)~2], (6)
where
n=a*’ (7)
is the canonical momentum and the tilde denotes the

Fourier transform. The Fourier modes of ¢ and 7 satisfy
the Hamiltonian equations of motion

L0-(8 ) o

To quantize the theory, we impose the equal-time canonical
commutation relation to o,

lo(x. 7). 2(y. 7)] = i6*(x — y). ©)
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We expand o by ladder operators ay, a.‘;k. The solution can
be expressed as

#(k.7) = axa(0)*f'(k,7) + alya(e)’ /" (k.7).  (10)
&(k,7) = ay f(k,7) + al\ f* (k. 7), (11)
where the mode function f depends only on k since the

space is homogeneous and isotropic and satisfies the
equation of motion

2f m?2
fr=—+ <k2 + H;;f2>f =0. (12)

We require the ladder operators to satisfy the commu-
tation relation

lax. ag) = (27)°6°(k — q). (13)

This leads to the normalization condition for the mode
function,

a(e)(f(k.o)f"(k.7) = f'(k.7)f* (k7)) =i (14)

The time scale of the phase transition is determined by
mgz, which is much larger than H, and thus when setting
the initial condition of f at z. we can neglect the Hubble
expansion. Therefore, just as in [50], we choose

1 1

—ikz,

fk.ze) = ﬁ;)\/ge‘”“f (15)

as the initial condition for (12).
The modes become classical when the anticommutator
of 6y and 7y is significantly larger than their commutator,

[{[ox (7). 2 ()] )] > (6w (7). 2k (2)])

where the expectation value is over the temporary vacuum
state at 7. This is equivalent to requiring

f(kv Tc) -

, (16)

F(k,7)>1, (17)
where the function F is defined as
F(k,7) = a(z)*Re[f (k,7)f*(k, 7)]. (18)

Plots of f(k) and F(k) are shown in Figs. 1 and 2 for
different values of ka_! and H separately. In these plots, to
compare with the Minkowski space (H = 0) result in [50],
we use the physical time 7 in Fig. 2, defined as dt = adxr.
One can see that F grows exponentially after the phase

kae 1=0.1myy, H=0

ka,1=0.1myz, H=0.1my;

ka,"'=0.1myz, H=0.5myy
af---- ka,1=0.5myz, H=0

..... ka, =0.5myg, H=0.1my;
A ka,~'=0.5myz,H=0.5m

2 e
o1 SRR ssmzez2222l Bt
0 .l " " " "
0.0 0.5 1.0 1.5 2.0
myz(t—tc)
FIG. 1. Evolution of the mode function f (k) as a function of the

physical time ¢ for different values of ka;' and H.

100f -

o = 1

= 1§ = . __—;:—‘-"—'_::: ] 1

§ 0.100k ka1 =0.1myg, H=0.1myy)
=5

ka,'=0.1myz, H=0.5m;

0.010f (p . ka."'=0.5myz, H=0 |

oo0tfff kae™=0.5myz, H=0.1my)
.- . ---- - kac’I:Q_SmKZlH:().SmKZ
0.0 0.5 1.0 15 2.0
myz(t—tc)

FIG.2. F(k) as a function of physical time ¢ for different values
of ka7' and H.

' < O(mgy) as long as H

transition for the modes with ka;
is significantly smaller than my.

Then, the canonical phase-space distribution of the long-
wavelength modes can be described by the Gaussian

ensemble given by the Wigner function [51-53]

. 1 _ ok |?
Wk(ak’ﬂk) 2 exp |f(k, T)|2
4 D —%ak ] (19)

After 7., due to the tachyonic growth, the nonlinear term
Ac* becomes more and more important, and then when we
consider the evolution of (k) we must include the back-
reaction from the long-wavelength modes. Thus, the
linearized equation of motion for &(k) can be written as

/

2
o + 7610{( + i (7)o =0, (20)
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FIG. 3. Evolution of a)ﬁ as a function of the physical time ¢ for
different values of ka_' and H.

with

wy = k* — a(2)*(myza.(t —7.) — 3M{c*(7.x))), (21)

where the expectation value of (6% (z, x)) includes all of the
contributions from the long-wavelength modes that have
grown exponentially. Figure 3 shows the evolution of @?
for different values of k& with H = 0.1myg and 4 = 0.1.
Note that 6(k) can grow tachyonically only when @? < 0.
Thus, one can see that only modes with k < O(myy) can
grow tachyonically. We should note that the time span for
@? < 0 is not sensitive to the value of A, since after the
phase transition (02(x)) grows as elmxz(i=1)l’,

Around 7., ¢ is still located at 0; thus, (6*(7)) can be
neglected. Therefore, wi is negative for the infrared modes
with small enough k2, and thus o), grows exponentially.
After a while, when the nonlinear term in the potential
becomes important, the exponential growth stops. Our
numerical simulation shows that only modes with ka;! <
O(myz) can experience exponential growth. Due to the
exponential growth, the particle numbers for long-wave-
length modes are large. Thus, we can use the classical
Gaussian random field to approximate the quantum modes
to set the initial condition for the nonlinear evolution. Then,
we use a 1000 x 1000 x 1000 lattice to simulate the
nonlinear evolution classically. The details of our numerical
simulation algorithm are presented in the Appendix.

Following [50], we use myy(t — t.) = 2 as the match-
ing point between tachyonic growth and the nonlinear
classical evolution. Specifically, we numerically solve
Eq. (12) with the initial condition (15). Then, at
myz(t —t.) =2 we randomly generate (k) and 7(k)
according to the distribution function (19). Then, from &
and 7%, we calculate the initial configuration of ¢(x) and
z(x) for the classical lattice simulation of the nonlinear
evolution.

Orms, A
_____ Viemp.A

Orms,B

Vlemp,B

Ina/a.

FIG. 4. Evolutions of the root-mean-square of ¢ for scenarios
(A) (green) and (B) (yellow). The dashed curves show the
corresponding temporary expectation of o. For both cases, we
use H= 10‘4Mp1, m=5x 10‘3Mp1. For (A) we have 4 = 0.0625,
mgz = (2m*H)'3, and for (B) we have A=0.004 and
mygz = 0.126m.

Figure 4 shows the evolution of the temporary root-
mean-square of ¢ for scenarios (A) and (B) together with
the temporary vacuum expectation values vy, = A7 2 Mg
The curves for 6, and vy, are normalized to v = A~ 2m.
One can see that in (A), since the temperature 7 redshifts as
a', Viemp approaches v after about one e-fold. However, in
(B), since the evolution is driven by ¢, vemp Will not reach
v until the end of inflation. At the beginning of the phase
transition, the growth of oy, lags behind v,, which
causes the oscillations of 6,,,; around vep,. As a result, 6,y
oscillates around v, in the later oscillation. However, the
oscillation is significantly damped after several e-folds due
to the Hubble friction. Then, the o-field configuration
becomes comovingly static, which means that the shape
of the configuration does not change comovingly, and the
physical thickness of the walls is fixed. The configurations
for o at different times are shown in Figs. 5 and 6. In both
cases, the field configuration becomes static after several
e-folds. One can see that once the DWs are formed, their
comoving density does not change and the average distance
between the walls is about 2zmgla;!, as predicted, since
only modes with ka;! < O(mygy) can grow exponentially.

III. GW PRODUCTION DURING QUASI-DE
SITTER INFLATION

The Fourier modes of the tensor perturbation, &; (7. k),
satisfy the linearized Einstein equation

- 24 - ~ .
() + = Hy(e ) + Ry (z.k) = 162G T]] (7. k),
(22)
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FIG. 6. Evolution of the ¢ field in scenario (B), where the labels
of the axes are the same as in Fig. 5. The parameters in the
potential are the same as in Fig. 4.

FIG. 5. Evolution of the ¢ field in scenario (A) for Ina/a, =
1.3, 2.3, 3.3, and 4.3, where the x and y axes show the comoving
coordinates in units of a;'myg), and the z axis shows o/v. The
parameters in the potential are the same as in Fig. 4.
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where T,-TjT is the transverse-traceless part of the energy-
momentum tensor and can be written as

~ &p . .
k) = [ G A etk -p). (@)

where A;; 1 = PyPj — % Pi;Px is the projection operator
and P;; :5,»1»—12,-121-. )

During inflation, when h(z,k) leaves the horizon
(k|z| < 1), they will be frozen to a fixed value A'(k).
After inflation, when the mode reenters the horizon, /' will
serve as the amplitude for later evolution. Then, the general
form of f(z, k) is

hij(r. k) = B(K)Ej(k)a~" sin(kr + ¢).  (24)

where g’f) and ¢ are determined by the evolution of the
Universe before the mode reenters the horizon. The detailed

forms of £)(k) and ¢ can be found in [45]. Then, we
calculate the GW energy density spectrum,

dpow KO8R (RGP
dink  64n°Gya* V7

(25)

where Gy is the Newton gravity constant and V is the total
comoving volume, which will be canceled by the same
volume factor in (|2];(k)J?).

Using Green’s function method, we can calculate A’
[44,45],

- 162Gy [0 =
(k) = 170 /_ KT (. K). (26)
where /C is the integral kernel,
Kn) 1 ( sinn) 27)
n)=—cosp———|.
n n

Equation (26) indicates that during inflation GWs can
even be produced by a stationary source because the time
translation symmetry is badly broken. The plot of K is
shown in Fig. 7, from which we can see that the highest
peak of K is around k7’ ~ —2, and this is the moment
TI7 (7' k) contributes the most to h! (k).

After doing a small-k7’ expansion in the integral (26), we
can see that the integral is finite at 77 = 0 and thus the
integral is mainly contributed in the region k7’ ~ —2.
Figure 8 shows the spectrum of |l~z{:|2 /V accumulated from
7. to In(a/a.) = 1.3, 2.3, 3.3, 4.3 for both scenarios (A)
and (B). One can see that the GW productions for

both scenarios stop at about four e-folds after the phase
transition.

0.4F
0.3f
0.2
4
0.1F
0.0F
-0.1F
-0.2% : : : :
-20 -15 -10 -5 0
n
FIG. 7. Kernel K as a function of 5 = kz.
(a)
0.010
|
> 0.001
2
g 1074
S
§ 10—5 |
=
l__‘ = 1076 3
=
1077
0.1 0.2 0.5 1 2
k/(achZ)
(b) ~
T 107}
2
; 1076}
z
E_ 10t}
=
10710 - - -
0.2 0.5 1 2
kf(acmxz)

FIG. 8. Spectrum of <|EZ|2) for scenarios (A) (up) and
(B) (down). The choices of parameters in the potential are the
same as in Fig. 4. The spectrum is accumulated up to
In(a/a.) = 1.3,2.3,3.3, and 4.3. As a comparison, the spectrum
without DW production is also shown by the green curves, where
for both (A) and (B) the In(a/a.) = 2.3, 3.3, 4.3 curves are
identical, which indicates that the GW production ceases com-
pletely after In(a/a.) = 2.3.

There are mainly two contributions to TiTjT(r’ . K),
namely, the fluctuations of the ¢ field and the DWs, which
appear when the fluctuations cool down, as shown in
Figs. 5 and 6. As we can see from Figs. 5 and 6, the
amplitude of the small scale fluctuations becomes signifi-
cantly smaller than the size of DWs at about two e-folds
after the phase transition. However, we can can see from
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Fig. 8 that between two and three e-folds after the phase
transition, the GWs still grows significantly. Therefore, we
can see that after about two e-folds the dominant source for
GW production should be from the DWs.

To numerically compare the importance of the two
contributions, we perform simulations without DW for-
mations. To do this, we use the same parameters as in the
simulations with DW formations to generate the initial
configuration o(x) induced by the exponential growth.
Then, we replace o(x) with |¢(x)| for the initial condition
of the nonlinear growth. This way, we eliminate all of the
DWs while keeping the initial fluctuations of the o field.
The green curves in Fig. 8 show the accumulated |7z,~ j|2 /V
without DWs for both scenarios (A) and (B), in which the
green curves for In(a/a.) = 2.3, 3.3, 4.3 are identical in
both scenarios. The coincidences indicate that without
DWs, the GW production stops at about In(a/a.) = 2.3
because the oscillations of ¢ are quickly damped by the
Hubble expansion, as shown in Fig. 4. This also agrees with
the result in [31]. From Eq. (8), one can also see that
without DWs the GW spectra stop growing after about two
e-folds, and the strengths are also significantly smaller
compared to the case with DWs. Therefore, we can
conclude that the DWs dominate the production of the
GWs. In the next section, we provide semianalytical
analyses for the size of the GW spectrum induced by both
DWs and the fluctuations.

IV. SEMIANALYTICAL DERIVATION
OF THE GW SIGNAL

In this section, we present a derivation to the size of the
SGWB signal, discuss the IR and UV behavior of the
SGWB spectrum, and compare the analytical result with
numerical simulations.

Due to the shape of the kernel K, as shown in Fig. 7, the
dominant contribution of 77/ (7', k) to ﬁ{j(k) happens at
k7' ~ —2. We only keep this dominant contribution to
estimate the peak value of Qgw. Thus, we have

(

f2
hi;l?)
\%

16nGN]2 (T 20K

=A
: { K2 v
Here, (--
of k.
The space average value of T77(z, x)? can be written as

-) means taking the average over the direction

1 / BT (2, )T (2, %) = / Fh 311 (e 1) P,
Vv VoA v) (2n)}
(29)
The largest correlation of the o field after the phase

transition is determined by myy, and the typical size of
independent regions in the Universe is about 2zmg). Thus,

to calculate the spatial integral in (29), we can first define a
window function W@ for each region. Each region’s center
position is at x(¢). Then, the energy-momentum tensor can
be decomposed as

T (1,x) = Z(T{,T(r, X)W (x)). (30)

a

Then, we can define TiTjT(a) (7.k) as

T (¢ k) = / TP (2, X)W (x)e R x| (31)

ij
Therefore, we have

77 (7. k) )elk = (32)

ZT

Then, the right-hand side of (29) can be written as
1 Pk = TT(a)
— [ 2= N7

v

The interference contributed by different patches is sup-
pressed. Therefore, it can be further simplified as

L[ ). o

In comoving coordinates, the size of each independent
region is about 2zmy)az!. Therefore, the above expression
can be simplified as

Mgzd, Azk3dInk TT(A) 2
T:. k)7, 35
A ()[R er, 69

TT(b) * ik (x(@) —x(?)
K)T; 7 (2. k)" e™ ). (33)

(7, k)|? can be seen

as the space and angular averaged value of |TiTjT(a)(r, k)[%.
Consider the DW contribution to 77/ in one region.

T77(z.k) can be expressed as

. . =TT
where A; is anumerical factorand [T;;

3
177 (c. k) = / %Aij,klpkpwmak _p). (36)

We know that the modes with k ~ mgza,. dominate the
contribution to the SGWB and, as we will see later, the p
integral in (36) is dominated by the region p ~ m > myy.
Therefore, we can neglect the k in & as a qualitative
estimate. Then, the angular average of 77/ (. k)TT! (z. k)
contributed by a single region can be written as

ST

x 16(p)*[5(q)]*. (37)

ij, klAtj Krp plqk ql
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FIG. 9.

lustration of DW configuration.
A simple calculation gives

k b 2 2

/ Z_ﬂAij,klAij,k’l’pkplqk ¢ =59 - 5r'a

A typical DW configuration is shown in Fig. 9, where we
only present the space’s x and z coordinates. We can
decompose the comoving momenta p and q in Eq. (38) into
the direction that is perpendicular to the surface of the wall
(the z direction as in Fig. 9) and the directions that are
parallel to the wall surface. For a generic DW, if we neglect
its thickness, it can be seen as a Heaviside theta function. In
our case, if we only consider the field configuration along
the z direction, it can be written as

o(z) = v(1 —20(z)). (38)
The Fourier transformation of the above configuration is
v

zp,’

5(p:) = (39)

Therefore, we expect that, for a general configuration, &(p)
has the form

_oyp:7)

oL (40)

5(p.7)

in the region where myza, < p < d;'a(z), where d,, is the
physical wall thickness. As an example, in the Landau-
Ginzburg type model, as discussed in this work, the DW
configuration can be approximated as

mz

o(z) = vtanh (ﬁ) (41)

The Fourier transformation is

B v p
G(p.) = S, csch (\6;) (42)

Then, we know that for p, < m, &(p,) drops as pZ!, and
for p. > m, 6(p.) drops exponentially.

In the parallel directions, since the oscillations on the
surface of the wall are quickly diluted by the expansion of
the Universe, the configuration changes slowly. Therefore,
we do not expect 6 to have significant support for
p| > myzaz'. Now, we can decompose the p and q integrals

in Eq. (38) into d*pdp d*qdq . and then it becomes

d*pidp, [d*qdq, [2 5

e
- Z ot e+ )| B

. (43)

where the p, and ¢, integrals are from my; to d;;'a(z).
From (43) one can see that the p; and ¢, integrals are
dominated in the region p, ~ dy'a(r) and g, ~ d;'a(z),
whereas the supports of the p and g integrals are around
mgzd.. Thus, when we estimate the value of (43), we can
use the approximation p|, gy < p,q . Another thing to
notice is that 6 must be proportional to vy, the temporary
vacuum expectation value of the ¢ field. Then, (43) can be
estimated as

dy2a* () Viemp

[mKZac]4

A4 X s (44)

where [mgzaz']* in the denominator is from dimensional
analysis and A, collects all of the numerical factors when
calculating the integral.

Figure 10 shows |T7|? at different times after the phase
transition. One can see that the distributions are flat for
small k, and drop as k=3 ~ k™ when k > mgza,.

Together with (25), (28), (35), (44), and a(r = =2/k) =
k/(2H), we arrive at

j 4
dpgw GnIENPK Viemp (45)
dink ! H?(myza)a* d&%
_ 100 — Ina/a.=2.3 |
|
.,i 105k Ina/a.=3.3 ]
g 10%} 3
& 1000k
= 100} ]
e
& 10f E
1 . . . .
0.5 1 5 10
klacmxz)

FIG. 10. |T7]|* at different times as a function of .
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where A; collects all of the numerical factors. Now, let us
focus on the case where reheating happens fast and finishes
within one e-fold. Then, as shown in [45],

2
aendH
9

) = s

(40)

where a4 is the scale factor at the end of inflation. Thus, in
the RD era we have

d Gyk Vimp ((Gena \*
PGwW _ : N Utezp Aend . (47)
dlnk mgza. d, a

In the instantaneous reheating case, neglecting the change
in the number of relativistic degrees of freedom, the
radiation energy density can be written as

3H2 4
o () . (48)

~ 872Gy \ a

Thus, we have

872Gk Viemp

Qow = QpA| —5—— .
oW * 13H2mKZaC d?

(49)

In Landau-Ginzburg type model, as shown in Eq. (3), we
have

m4em mzem
d,, ~ mt_e11np7 Ap = } A ) vtzemp = tﬁ L. (50)
Therefore, we have
872Gk
Qow = QpA| =5 Ap*d>. 51
GW R 13H2mKZac Y ( )

During inflation, we have

_ 8GN Pint

H2
3

(52)

Then, we have

3k [Ap\?
Qow = Qpd; — <—p) Hd.  (53)
87 myzd: \Pint

This result assumes that k < ma,; thus, we can neglect
the k dependence in & when calculating |77 |*. However,

we see in Fig. 10 that |T77|* drops significantly when
k > mgya.. Therefore, the peak position of Qg is around
k = mygza,., and we arrive at the formula

2
QX — Q A(Hd, )2 (A") | (54)

inf

where A collects all of the numerical factors.

For scenario (A), as shown in Fig. 4, vy, arrives at
mA~Y/2 within about one e-fold after the critical time. Thus,
to estimate Qgw we can use the parameters in the
Lagrangian. However, for scenario (B), vy, changes
slowly with ¢, after the phase transition. Therefore, to

have an empirical formula for Q%e\;}( for scenario (B), we
take 7 = —2/(mgza,.) to evaluate d,, and Ap.

A byproduct of (53) is that it predicts that on the left side
of the peak, Qg increases as k' until it reaches the peak.
For k < myza., from a causality argument, we have
Qgw ~ k¥ [54]. Thus, Eq. (53) predicts that there is a
transition of Qgw from k3 to k' before reaching the peak
frequency. This behavior is clearly shown by the numerical
simulation presented in Fig. 11. The k! behavior before
reaching the peak can be seen as a nontrivial check of the
numerical simulation.

The analytical formula (54) also shows that Q%e\;}( is

proportional to H2. This is also confirmed by the numerical

simulations. In Fig. 12, we show Q%e@( as a function of

0.2 0.5 1 2 5

kf(acmyz)

FIG. 11. Qualitative behavior of the GW spectrum. Here, we
assume that the modes reentered the horizon during the RD era.
In the far IR region, Qg increases as k> and then transits into k'
when approaching the peak. Then, it decays as k™* in the UV
region.

3.1x107!
2.5%x10711
Tgf
2.x10-11 ~(Him)?
1.6x 10711 . . . .
0.018 002 0022 0024 0.026
Hm

FIG. 12. Qualitative behavior of the GW spectrum. We plot
QP as a function of H/m.
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H/m. We can see clearly that the qualitative behavior
shown in (54) is correct.

As a comparison, we present here a semianalytic
estimation of the size of the GW spectrum with the DW
production turned off by replacing o(x) with |o(x)|. Then,
the GW production process is similar to case of GW
production during preheating [31]. The fluctuations around
the temporary vacuum can be described by a series of plane
waves with typical comoving momentum a.mygz, where a,.
is the scale factor at the phase transition. Thus, the size of
the gradient part of the energy-momentum tensor can be
estimated as

1T, = 10,0070 = a2miy vy (53)

Generically, 7™" is much smaller than the trace part of T
and we can write

Jo

|TiTjT| :a|Tij

) (56)

where a is about 0.1 [55]. Then, the peak value of |77/], the
Fourier transform of 7T, can be estimated as

‘Tlro|peak = (achZ)_3|Tz?}T . (57)

Then, from Eq. (26), h/, the tensor perturbation frozen onto
the horizon, can be written as

~ H ~
e = 167Gy 3= [T et (58)
where we only keep the leading term in the kernel K. In
Eq. (58), At~ IOmt‘erlnp is the typical time scale of those

fluctuations [31]. Together with (28) and (44), we have

|}~l{j‘%v/oDW 4 —6
ijlw/DW

where B = A;!(10a)? is a numerical factor. We can see
that the ratio is parametrically small since Hd,, < 1, which
agrees with the Fig. 8.

V. EVOLUTION OF THE UNIVERSE BETWEEN
INFLATION AND REHEATING

After inflation, the Universe might undergo an inter-
mediate stage before the RD era. The GW modes may
reenter the horizon in the intermediate stage, and then the
spectrum will be distinct. Generally, the scale factor can be
parametrized as a(r) ~t”, with p < 1. Using conformal
time, the scale factor of the intermediate stage can be

written as
T 1’7
=
a = dend <_) , (60)
Tend

where the subscript “end” denotes the end of inflation.
Then, in the intermediate stage h;; satisfies

8 p 2= A
(k) + 2 2R+ Ry (k) = 0. (61)

For the modes to reenter the horizon, the initial conditions
can be written as
hij(Tena K) = B(K),  Rjj(Tena. k) = 0. (62)

The exact solution of this equation can be expressed as

- kt\v
hij(z. k) = T[1 1] (g) [cos varJ, (k)
—sinvr, (ko) (k), (63)
where J,, Y, are the Bessel functions with

L L »

3
V== .
2 p-1

When the universe enters the RD era, iz,» ; satisfies
n 2 7! 27
hij<17 k) + ;l’lij(T, k) + k hij(Tv k) =0.
We match % and /' at the transition time between the

intermediate stage and the RD era to get the initial
conditions. Then, the general form for /;; can be written as

A

ilij(T’ k) = kz

[S cos (k) + Csin (k7)) (k).

Here,

1 1 -
: 7[_1 Y g (65)
2TV2E

S = cos (% z U) \/g[cos v, (x) — sinva¥, (x)]
_sin <% z y) \/?x {cos vn <J;(x) + %JV (x)>
—sinvx (y;@) +%Yy(x)>], (66)
C = sin <% - U) \/g—);[cos v, (x) — sinva, (x)]
+ cos (%1,) \/;?x {cos vm (J,’,(x) + 21xJU(x)>

—sinvx <y;(x) 4L ym)] , (67)

123508-10



GRAVITATIONAL WAVES PRODUCED BY DOMAIN WALLS ...

PHYS. REV. D 109, 123508 (2024)

with

1 a. \o k
=(=- : : 68
* (2 l/) (aend> aendHinf ( )

where a,, is the scale factor at the transition between the
intermediate stage and the RD era. The x parameter here
can be seen as the ratio between the physical momentum of
the mode and the Hubble expansion rate at the transition
between the intermediate stage and the RD era. Thus, x > 1
means that the modes reenter the horizon in the inter-
mediate stage, and x < 1 means that the modes reenter the
horizon after the intermediate stage.

Then, the GW energy density in the RD era can be
written as

dpew Ore = 2 dpcw
= TA(|S)2 + | C)? , 69
dlnk (aend (S + 1€l )dlnk RH (69)

where the subscript “IRH” stands for instantaneous reheat-
ing. On the other hand, with the nontrivial intermediate stage,
the evolution of the total energy density of the Universe is
also different. By simply counting the redshifts after reheat-
ing, the energy density of radiation can be written as

Ly
PR = ((:;) %_prllRH- (70)
Thus, we have
Qaw (k) = D(k)Qqw (k)| iru (71)
where
D(k) = A*(|S]” + |CJ?). (72)

One can see that an intermediate stage can change both the
shape and strength of the GW signal. The distortion factor
D satisfies

x<k1, (73)
x> 1. (74)

In Fig. 13, we show the distortion functions for matter
domination (MD) and kination domination (KD) inter-
mediate stage separately. In the x> 1 limit, the mode
reenters the horizon during the intermediate stage. Then we
have

9 (a.\! k -2 9
MD: D(k) = — [ == =—
( ) 16 (aend> (aendHinf) 16Zmp’ ( 5)

4 2k 4
KD: D(k) = - < e ) = — Zhp» (76)

T \dend Aend Hinf T

0.100f
~ 0.001p
=
I
~k72
1075¢
1077¢
0.001 0.100 10 1000
X
105 1 E
10* 1 1
%= 1000
= 1 |
100} ~k 3
10f 3
L . . ;
0.01 100
X
FIG. 13. Distortion function D(k) as a function of x for the MD

intermediate stage (top) and KD intermediate stage (bottom),
respectively.

where z;,, is the redshift from the mode that reenters the
horizon to the end of the intermediate stage.

VI. DETECTABILITY OF THE GW SIGNAL

Today’s GW relative abundance can be calculated from
Eq. (25),

_14dpGw
Q =Q ! ,
GW(f) R X PR din f oday

(77)

where Qr and py are today’s radiation abundance and
energy density. f = k/(27aq,y) gives today’s GW fre-
quency. The detailed shape of Qgw (f) also depends on the
Universe’s evolution when the GW modes reenter the
horizon. From the end of inflation to the completion of
reheating, the Universe may undergo transition eras, such
as MD and KD [56,57]. As shown in Sec. V (see also [45]),
the peak value of Qgw (f) is not sensitive to the Universe’s
evolution when the modes are outside the horizon. During
KD, the total energy density of the Universe drops as a™®,
whereas the energy density of GWs drops as a~*, and
therefore Qgw (f) gets a relative enhancement [58,59]. On
the other hand, if the GW modes reenter the horizon in an
intermediate MD era before reheating, the total energy of
the Universe drops as a>. Thus, in this case Qg obtains a
relative suppression. Therefore, the detailed GW spectrum
also strongly depends on N, and N,,, the numbers of
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TABLE 1. Values of A together with « for different scenarios
and intermediate stages before reheating.

A IRH MD (a = -1) KD (a =2)
Scenario A 0.15 0.09 0.2
Scenario B 0.3 0.15 0.3

e-folds during the KD and MD intermediate stages,
respectively. Explicitly, we have

Nk,m = ln(are/aend)' (78)

From qualitative arguments and numerical simulations
presented in Sec. IV, we can derive a semianalytical
formula for the peak value of Qgw,

s Ap)\?
QP — Qp x A(Hd,,)? x <ﬂ—p> Zhp» (79)

inf

where d,, is the physical wall thickness at t = —2/myz and
Zmp 18 defined in Eq. (75) and measures the redshift of the
Universe between the time that the peak mode reenters the
horizon and the end of the intermediate stage. Table I
presents the values of A and « for scenarios (A) and (B) and
for different intermediate stages before reheating.

Future GW detectors will be able to detect SGWB
produced during inflation by the DWs. Figure 14 shows
today’s SGWB spectra and the sensitivities of PTAs and
space- and ground-based GW telescopes. Here we consider
scenario (B), and the parameters for the spectator sector
and inflaton model are the same as for the lower panel
of Fig. 8. We consider three after-inflation-evolution scenar-
ios: instantaneous reheating, intermediate MD, and inter-
mediate KD. As shown in Fig. 14, for N, ~ 40 the SGWB

—— Nc=54,Nk=27 Nc=37,Nk=19.5 =—— Nc=27,Nk=14.5
—— Nc=41 — Nc=27.5 — Nc=15,Nm=31
\ifA /
107°F
T\anqinV\/ CE
PITA N N

LISA TaijiN
TA

&
-11L y
c 10 / KA

10—15 L
107° 1077 1075

0.001  0.100 10

S (Hz)

FIG. 14. Spectra of today’s SGWB energy density distribution
for scenario (B), together with the sensitivity curves of future GW
detectors and the region favored by the NanoGrav observation. In
the plot, N, is the number of e-folds from the critical point to the
end of inflation, and N and N, are the number of e-folds during
the intermediate KD and MD, respectively.

spectrum falls within the region of PTAs, and it is possible to
use it to explain the common noise process. For N ~ 20-25,
the SGWB can be detected by the planned space-based GW
detectors such as LISA, Taiji, and TianQin. For N, = 10, it
can be seen by future terrestrial GW detectors.

If N, ~ 60, the GW frequency can be about 10~'° Hz
and can be detected via the CMB B-mode spectrum. Here
we consider scenario (A), in which the backreaction to the
curvature perturbation will not ruin the temperature corre-
lation in the CMB spectrum [43]. With reasonable choices
of parameters, as shown in Fig. 15, the future CMB-S4
experiment will be able to detect the signal. Furthermore,
we can also see that the shape of the B-mode spectrum
induced by the phase transition differs from the quantum-
induced one. Therefore, future CMB observations will be
able to distinguish the origin of the SGWB source.

We have already seen from previous discussions that the
GW signal can be enhanced by the KD intermediate stage.
However, a long intermediate stage will postpone reheating
and thus significantly lower the reheating temperature.
Therefore, we expect an upper bound on the enhancement
factor D(k) in Egs. (71) and (76). Assuming that reheating
happens right after the end of the KD era, we have

2
ps
3Hi2nfMgle_6Nk =309 Ty (80)

Substituting the above equation into D(k) in Eq. (76), we
have for KD

D(k) - 12v/10 —-1/2 Mpl 2”ft0day (g*S>1/3
i * Tews Tru Ix80
T -1
~ 10° x fj"gday M) (81)
10~° Hz 1 MeV
0.100 s T
Ne=62, Aplpini=0.02
----- N=63, Aplpin=0.01 _+_++++-
0.010¢ ._... = Ng=64, Aplpin=0.005 —v—+_+_'+' BICEP/KECK }
%
3
— 0.001%
&8
Q
1074
-5 N ‘. o :»‘ . . ‘. . ‘Y
10 5 10 50 100 500
Multipole moment /
FIG. 15. B-mode power spectra induced by the SGWB in

scenario (A) for different choices of phase transition time and
potential energy in the spectator sector. As a comparison, the
B-mode spectrum generated via tensor-mode quantum fluctua-
tions with a tensor-scalar ratio r = 0.003 is also shown. The
orange dots and triangles are for the data from the BICEP/
KECK array.
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FIG. 16. Upper limit on the enhancement factor D(k) as a
function of today’s GW frequency.

where g, is the total number of effectively massless degrees
of freedom at reheating, and g,g and g,go are the total
number of effectively massless degrees of freedom to
calculate the entropy density at reheating and today,
respectively. We can see that the Hubble parameter does
not appear in D(k). Successful big bang nucleosynthesis
requires Try > 1 MeV, and the upper limit on D(k) is
plotted in Fig. 16. We can see that the KD intermediate
region can bring an O(10°) enhancement for PTA-
frequency GW signals. For O(1073) Hz GW signals, the
enhancement can be as large as 108. In Fig. 14, the red,
yellow, and purple curves show the cases in which a KD
intermediate stage is considered between inflation and
reheating. If such an enhancement exists, the SGWB signal
is more likely to be measured by future detectors.

VII. SUMMARY AND DISCUSSIONS

In this work, we numerically studied the SGWB pro-
duced by second-order phase transitions during inflation
accompanied by a spontaneous breaking of a Z, symmetry.
We found that the most essential contribution to GW
production is from DWs. We show this in three ways.

(1) From Figs. 5 and 6, we can see that fluctuations of
the o field around the minima become significantly
decreased from a/a. =2.3 to 3.3. However, as
shown in Fig. 8, from a/a. = 2.3 to 3.3, |W/TT|?
still increases significantly.

(2) To show that the DW structure dominates the GW
production, we turned off the DW production by
setting 6 — |o| before the nonlinear evolution. In this
way, we extinguished the topological structure, leav-
ing the fluctuations around the minima roughly
unchanged. The green curves in Fig. 8 show the
results. We can see that without DWs, the GW
production stops at about two e-folds after the critical
time, and the size of the GW signal is about 5 orders of
magnitude smaller than the case with DWs.

(3) In Sec. IV we did a qualitative analysis of the size
and shape of the GW spectrum, assuming only the

DW contribution. In this analysis, as shown in
Eq. (54) and Fig. 11, we found that both the
qualitative size and the shape of the GW spectrum
agree with the numerical simulation.

Thus, we have shown that, due to the severe violation of
the time-translation symmetry during inflation, even the
cosmologically static DW configurations, without forming
a network, can create detectable SGWB for future GW
detectors. We also showed that with the KD intermediate
stage the SGWB produced in scenarios can be used to
explain the common red noise observed by NanoGrav.

This work emphasized the DW-induced SGWB during
inflation. We assumed that the DWs decay sufficiently fast,
so the DW network disappears before dominating the
Universe. We leave the discussions of the fate of DWs
and their phenomenological consequences to future studies.

Scenario (A) discussed in this work may also be realized in
warm inflation models, where the decay of the inflaton field
supports the thermal plasma [60,61]. In scenario (B), the
interaction between the ¢» and ¢ leads to a backreaction to
curvature perturbations, and the Lagrangian can be written as
yo2pyd¢p. This term may induce secondary GWs once the
induced curvature perturbations reenter the horizon. This
term may also lead to the production of primordial black
holes. We leave these interesting phenomena to future studies.
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APPENDIX: DETAILS OF THE
NUMERICAL SIMULATION

In this appendix, we present the algorithm of our
numerical simulation.

The evolution of classical systems can be described by
the Hamiltonian equations,

S
/ = —
o= {o.50}, (A1)
= ——6% = {n, H}, (A2)
oo

with the Poisson bracket {, } = [d®x2 2 — 2.8 Defining

D »={-,2}, the solutions of the Hamiltonian equations are
_ Dt

o(r)=e o(7g), (A3)

n(r) = efD"‘dTﬂ(To). (A4)
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It is convenient to use the dimensionless variables

c 1z me
2:_’ H:__v Meff_ ffv
v mo m
X = mx, T =mz (AS)
Then, we have
S(T) = e PrmT (1), (A6)
(T) = e PrmdTri(Ty). (A7)

For the case studied in this work, the Hamiltonian can be
divided into two parts,

H =K+, (A8)
with
1
=" / BX - a2IP, (A9)
p 2
m i 1 o022
= — X— B —
7 /l/d 2 <ax
sl o 1y
+at (M 4T, (A10)

We use the symplectic integrator method [62,63] to calculate
the evolution of X numerically. We define

T+AT
of = AT / Dy mdT, (A11)
T

T+AT
B = AT™! / Dy, dT. (A12)
T
Here, the infinitesimal evolutions <7 and % are generated by
the dimensionless kinetic energy potential energies %2 /m
|

16[f(n+ 1)+ f(n=D] = [f(n+2) + f(n =2)] - 30f(n)

and 7"/ m. An nth-order symplectic integrator is defined as a
symplectic approximation of the evolution operator with a
difference of order O(AT"+1),

e f Doemdl _ o (/+B)AT

k
_ H i AT gdi BAT | O(AT"+1), (Al3)
i=1

where k = 8 for the sixth-order accuracy used in this work. In
our simulation, we use Solution A of the sixth-order
symplectic integrator proposed in [63], and the values for
the coefficients are

d, = d; = 0.784513610477560, (A14)
d, = dg = 0.235573213359357, (A15)
dy = ds = —1.17767998417887, (A16)
dy=1-2(d, +d, + d3), dg =0, (A17)
CIZCSZ%, 02:c7:¥, (A18)
c3:c6:¥, C4:C5=¥. (A19)

On the lattice, derivatives are replaced by differences.
We use the neutral differential defined as

A f(n) _8[f(n+1)~f(n— li]zgx[f(nj%)_f(n_z)}‘

The Laplacian is defined as

AXf(n) =

Both A, and A2 are at O(8x*) accuracy. A,f(n) can be
written in the general form

1
Aef(n) =5, 2 Pln=m)f(m),  (A21)

and in our case we have
D(n) — 8(5n.—1 - 5n.1) - (5)1,—2 - 5n,2) ) (AZZ)

12

With D(n) we can define the effective momentum,

. A20
126x2 (A20)

[

1 .
ket =1) = D(m)e 5m. (A23)

Then, we define the transverse projective operator as [64,65]
Pij(R) = 6; — kT (R)kST(R)/ |k (R) > (A24)

to suppress the unphysical modes in the lattice calculation of
the GWs. Specifically, in our choice of D(n) in (A22) we have

1 /4 2 1. [4
K= <§ sin {ﬁ” n} ~ csin {ﬁ” nD (A25)
X
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