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Magnetars are potential energy sources or central engines for numerous transient phenomena in the
Universe. How newborn magnetars evolve in different environments remains an open question. The
majority of previous studies on the evolution of newborn magnetars considered either the spin evolution,
inclination evolution, or magnetic field evolution in vacuum or in a plasma-filled magnetosphere. Based on
both observed and candidate magnetars, it is found that the periods of all magnetars or candidates appear as
a bimodal distribution, and are defined as the “long-P”” and “short-P” magnetar subclasses, respectively.
We find that for the short-P subclass of magnetars, the P values also appear as a bimodal distribution, and
therefore can be classified as “high-P short-P” and “low-P short-P” magnetar subclasses. In this paper, we
use Monte Carlo simulations to generate synthetic magnetar populations and investigate the evolution of
the high-P short-P and low-P short-P magnetar subclasses by considering both the magnetar spin and
inclination, as well as the decay of their magnetic field within their evolution in both vacuum and plasma-
filled magnetospheres. We find that the magnetar evolution is dependent on both spin and magnetic field,
but seems to be insensitive to inclination evolution and magnetospheric environment for the high-P short-P
subclass. In comparison for the case of high-P short-P, the magnetar evolution is dependent on spin,
magnetic field, and inclination evolution, as well as the magnetospheric environment. The best evolution

model should be the case of inclination evolution in vacuum with a small value of FOM. The differences in
the best-fit parameters also suggest that the high-P short-P and low-P short-P magnetar subclasses may be

tracking with different evolution channels.

DOI: 10.1103/PhysRevD.109.123026

I. INTRODUCTION

Magnetars are young, strongly magnetized neutron stars
and have been studied extensively in the last four decades
[1-4]. Magnetars as central engines have been utilized to
explain some observational phenomena such as soft gamma
repeaters (SGRs) [5], gamma-ray bursts (GRBs) [6], fast
radio bursts (FRBs) [7], Xx-ray transients [8], as well as
anomalous x-ray pulsars (AXPs) [9]. In recent years, a wide
range of transient phenomena such as short bursts, out-
bursts, and giant flares have been suggested to originate in
magnetar central engine activity [10-13]. Magnetars
exhibit interesting temporal behaviors such as enhanced
spin-down, glitches, and antiglitches [14—16]. So far more
than 30 magnetars have been discovered and all essential
information about them is available in the online McGill
magnetar catalogue [17,18]. More detailed summaries of
the observed properties of magnetars can be found in the
literature reviews [19-23].
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From the observational point of view, the spatial
distribution of magnetars in our Galaxy is close to the
Galactic plane with a scale height of 20-30 parsecs (pc),
and the measured average magnetar spatial velocity of
200 kms~! indicates that the magnetar lifetime upper
limit can be estimated as 100 kyr [24]. On the other hand,
magnetars that are associated with supernova remnants
suggest that the lifetime is younger than that of normal
neutron stars ([25]). However, the observed x-ray mag-
netar pulsation periods are longer than 2 s, which suggests
that the magnetar spin periods are obviously longer than
those of other neutron stars (see Table I). The large period
and younger lifetime of magnetars place them into a
particular region on the P — P diagram [26]. The rapid
loss of magnetar rotational energy during their short
lifetime indicates the possibility of the existence of another
braking mechanism such as magnetic braking [27,28].
Within this scenario, the high surface dipole field strength
(~10'4-10" G) can slow down the neutron star (NS)
rotational period from milliseconds to seconds during
the typical lifetime of a supernova remnant. Such a strong
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TABLE I.  Spin, magnetic field, and characteristic page of all observed magnetars are taken from [18]." The
magnetar candidates marked as “f” are collected from [37—43,80]. The magnetic field and characteristic age are

inferred as By, = 3.2 x 10"V PP G and P/2P, respectively.

Magnetars P(s) log(P) (ss7') log (Boys) (G) Age (kyr)
PSR J1846-0258 0.33 —-11.15 13.69 0.73
PSR J1119-6127 0.41 —11.40 13.61 1.61
Swift J1818.0-1607 1.36 —10.04 14.55 0.24
1E 1547.0-5408 2.07 -10.32 14.50 0.69
Swift J1834.9-40846 2.48 —11.10 14.15 4.9
SGR 1627-41 2.60 -10.72 14.35 22
SGR 1935 + 2154 3.25 —-10.84 14.32 3.6
RX J1605 + 32497 3.39 —11.80 13.87 33.59
PSR J0726-26127 3.44 —12.53 13.51 181.8
RX J0420 — 50227 3.45 —13.56 13.00 1983
SGR J1745-2900 3.76 —10.86 14.36 43
CXOU J171405.7-381031 3.83 -10.19 14.70 0.95
Swift J1555.2-5402 3.86 —10.66 14.46 2.78
PSR J1622-4950 433 —-10.77 14.44 4.0
SGR 1900 + 14 5.20 —10.04 14.85 0.9
XTE J1810-197 5.54 —11.11 14.32 11
SGR 0501 + 4516 5.76 —11.23 14.27 15
1E 1048.1-5937 6.46 —10.65 14.59 45
1E 2259 + 586 6.98 -12.32 13.77 230
RX J1856-3754" 7.06 —13.53 13.17 3728
SGR 1806-20 7.55 -9.31 15.29 0.24
SGR 1833-0832 7.57 —11.46 14.22 34
CXOU J010043.1-721134 8.02 -10.73 14.59 6.8
SGR 0526-66 8.05 —10.42 14.75 34
RX J0720-31257 8.39 —-13.15 13.39 1905
Swift J1822.3-1606 8.44 —13.68 13.13 6300
4U 0142 + 61 8.69 —11.69 14.13 68
SGR 0418 + 5729 9.08 —14.40 12.79 36000
RX J2143 + 06547 9.43 —13.39 13.30 3646
RX J1308 + 21277 10.31 —12.95 13.54 1486
Swift J1830.9-0645 10.42 —-11.15 14.74 23.34
CXOU J164710.2-455216 10.61 —12.40 13.82 420
IRXS J170849.0-400910 11.01 -10.71 14.67 9.0
RX J0806-41237 11.37 —13.25 13.40 3278
3XMM J185246.6 + 003317 11.56 —12.85 13.61 1300
1E 1841-045 11.79 —-10.39 14.85 4.6
PSR J2251-37117 12.12 —13.89 13.10 14782
PSR J0250 + 5854% 23.54 —13.57 13.41 13739
PSR J0901-40467 76 —12.66 14.41 5347
SGR 0755-2933" 308 e
SXP 1062° 1070 -5.52 18.26 0.0057
GLEAM-X J1627F 1091 < -9 <16.52 >17.30
GCRT J1745-3009° 4630 . . .
4U 2206 + 547 5750 -6.22 18.27 0.15
IGR J16358-4726" 5970 e e e
4U 0114 + 657 9350

4U 1954 + 3197 20500
1E 161348-5055F 24030.42 <—8.80 <17 >544
AX J1910.7 + 09177 36000
FRB 20180916B (R3)* 1.4 x 10°

*http://www.physics.mcgill.ca/ pulsar/magnetar/main.html.
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magnetic field is thought to be a fossil field remnant of the
progenitor star via magnetic flux conservation. It can be
amplified by a dynamo mechanism such as the Tayler-
Spruit dynamo, which is driven by the Tayler instability
[29]. The dynamo action with efficient convective mixing
can also amplify the magnetic field, but it requires a rapid
rotation with a period as fast as ~1 ms [4,30-33]. Such
millisecond newborn magnetars are suggested to be GRB
central engines (Usov [30]; Troja et al. [34], Lii and Zhang
[35], and Lii ef al. [36]), but there remains a lack of direct
observational evidence of this [6].

The initial spin periods and magnetic fields as well as the
magnetar inclination angles are essential parameters nec-
essary in understanding magnetar physical processes.
Moreover, the evolution of those three parameters may
provide details of the magnetar distribution and evolution.
For example, [44] adopts the magnetic field decay to
explain the clustering of AXPs in the P — P diagram.
Reference [45] further simulated the distribution of mag-
netar populations in the P — P diagram by accounting for
magnetar “fade-away” when the magnetic field is not
strong enough to power the pulsed emission. However,
previous studies on pulsar spin evolution focus on ideal
conditions with a vacuum magnetosphere [46,47], which is
inconsistent with observations of the braking index of
pulsars observed in our Galaxy [48,49] and the braking
index of nascent NSs in GRBs [50-52].

Reference [53] suggested that a rotating neutron star may
be surrounded by plasma instead of vacuum. If this is the case,
the charged particles in the plasma would be extracted along
the magnetic field and naturally populate the magnetar’s
exterior, and the charged plasma would alter the magneto-
spheric structure and affect the magnetar spin evolution [54].
Several groups have calculated the shape of the magneto-
sphere with arbitrary inclination, and determined that the
spin-down power of a millisecond pulsar in plasma differs
from that of in vacuum [55-57]. On the other hand,
observations of radio pulsars also support the differences
discussed above [58-60]. For example, [61] simulated a
population synthesis of isolated radio pulsars by adopting
magnetospheric models with magnetic field and inclination
evolution, and found that magnetars with a spin period of less
than 0.5 s are consistent with the observational data.

The majority of previous studies employed a constant
inclination in their simulations of magnetar evolution, even
though the inclination angle is related to the magnetar spin
evolution in different magnetospheric environments [62].
Within plasma-filled magnetospheres, the coupling
between inclination angle and spin-down evolution is
different from that of in vacuum. The spin-down of the
magnetar would cease entirely at alignment rotation
(y = 0°) in vacuum. However, due to the complexity of
solving the magnetospheric structure analytically or in the
absence of self-consistent models, the time evolution of
pulsar inclination is usually ignored [63].

Understanding the properties of newborn magnetars
remains an open question because of the uncertainty of
the evolutionary environment and the lack of direct
observational evidence of newborn magnetars. The major-
ity of previous studies on the evolution of newborn
magnetars consider either spin or inclination evolution,
or magnetic field evolution in vacuum or in plasma-filled
magnetospheres. In this paper, by adopting Monte Carlo
simulations to generate synthetic magnetar populations, we
investigate the evolution of newborn magnetars by con-
sidering all spin and inclination angle values as well as the
decay evolution of the magnetar magnetic field in both
vacuum and plasma-filled magnetospheres. Moreover, we
also try to reproduce the distribution of magnetars in the
P — P diagram, and then compare with observed magnet-
ars. In Sec. II, we briefly introduce the coupling between
magnetar spin and inclination evolution in both vacuum
and plasma-filled magnetospheres. The sample selection
and related statistical analysis of observed magnetars or
candidates are presented in Sec. IIl. The details of the
simulations are shown in Sec. I'V. In Sec. V, we simulate the
magnetar spin evolution and find the best-fit parameters for
the fixed and coupled inclination evolution models in both
vacuum and plasma-filled magnetospheres, respectively,
and then compare with observations. The conclusions are
drawn in Sec. VI with further discussion.

I1. SPIN AND INCLINATION EVOLUTION
OF MAGNETARS

A. Vacuum magnetosphere

A spheroidal neutron star will brake via an external
electromagnetic torque component opposite to the spin
direction (€2), which can produce a spin evolution obeying
the following equation [62]:

2RO

_WB(z)2 sin? y(1)Q3(1), (1)

Qvac (t) =

where R, I, and ¢ are the radius and moment of inertia of
the spherical star, and the speed of light, respectively. B is
the surface magnetic field at the dipole cap, y is the
inclination of the magnetic axis y relative to the rotation
axis Q, and Q is the angular frequency. The component of
the external torque that is perpendicular to the spin
direction € will cause deflection of the magnetic axis
u. Thus, the inclination angle evolution can be expressed
as [62]

2RO

_WB(OZ siny(7) cos y(1)Q*(1).  (2)

ZV&C(t) =
Given the magnetar evolution time scale, which is longer
than thousands of years, the decay of the magnetic field
due to diffusion and Ohmic dissipation cannot be
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ignored [64,65]. Here, we adopt a power-law decay form to
simulate the evolution of field strength with time [66]

B(1) = BO<1 +&>_W, 3)

B

where B, and 7 are the initial surface magnetic field and
the characteristic decay time scale of the magnetic field,
respectively. The f is a free parameter, and the form of the
magnetic field decay is close to exponential B(t) =
Boe™"/"s when it is near zero.

Together with Egs. (1) and (2), one has

Qcosy = Qcos o, (4)

where Q, and y, are the initial angular frequency and
inclination angle, respectively. The spin evolution, which
can be found from the derivative of the period in Eq. (1),
can be rewritten as

. - P2 P(1) exp(—2t/7p)
Poy(t) = (Woosz;m_ 1) . . (9)
where
3c31P} (©)

T, = —F—FF"—"
“ 8n*R°Bj cos? y

is the alignment time scale of a vacuum pulsar, and Py, is the
initial spin period.

By solving Eq. (5), one can derive the analytic solution
of the spin period evolution,

PO\/l +{1 —exp [—B (e‘f—é—l)] }tan% p=0

Pvac(t) =
PO\/I—i—{l—exp [—22’@} }tanZ)(O B#0
(7)
where
Tﬁ([) — tﬁfé/ﬁ + Té/ﬁ+l - TB(t:B + TB)Z/ﬁ (8)

(B—2)(1B +7p)*P

Based on Eq. (2), it is found that the inclination is not
changed throughout the spin evolution when y, = 0° or
90°. If this is the case, Eq. (7) can be reduced to a form with
no inclination evolution, which is the same form as Eq. (9)
in [45],

lim Py, () = P, \/ 1+ 2 (1= e)tanly,  (9)
X0—90° T)(

lim Py, (t) = Py. (10)

ZX0—0

B. Plasma-filled magnetosphere

If the magnetosphere of the newborn magnetar is instead
plasma filled, the strong magnetic field of the magnetar
would force charged particles in the wind to corotate with
the star. This results in a significant loss of angular
momentum which is dominant in the early stage, and will
affect the spin and inclination evolution of the star [67-69].
This phenomenon is familiar from the study of nondegen-
erate stars [70]. Based on the findings in [71], the loss rate
of electromagnetic energy can be expressed as

, 02M02/3 og <1
EEM:{ o (11)

2 2y

§C M () () Z 1

where oy is called as wind magnetization factor [72], and
represents the ratio between the Poynting-flux and kinetic
energy losses of a particle,

_ AB*F,RIQ?

i1c (12)

0o

Here M is the mass-loss rate, which is dominated by the
neutrino-driven mass-loss rate in the early stages of the
newborn magnetar [73].

For a nonmagnetic, nonrotating star, the neutrino-
driven mass-loss rate can be written as the analytical
expression [74],

M,=-5x10" Mg s Ly P(_E 10/3.
Y 10°% ergs™! 10 MeV

(13)

M, is sensitively dependent on the neutrino luminosity (L,)
and the neutrino energy (E,). We adopt the expressions for
L, and E, from [71] which were obtained by fitting the
simulations in [75],

t 1t t
~03exp (=) +1-——. (15
10 MeV eXp( 4s>+ os 1

However, newborn magnetars are typically regarded as
rapidly rotating, strongly magnetized NSs. The powerful
magnetic field traps charged particles within the closed
field lines; thus, only a fraction (F ) of the particles in the
open field line region has a chance to escape the star,
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Fop=1=+/T=R/Ry, (16)

where Ry is the maximum distance that the magnetic field
line can remain closed. On the other hand, the centrifugal
force will also affect escaped particles,

Feent = €xp [(0.33Q max {R/Ry, siny})']
x [l —exp (—Ra/R;)] +exp (—Ra/R;).  (17)

where R, is the Alfvén radius, and R, = (GM/Q?)'/3 is
the corotation radius where the centrifugal force is equal
to gravity. The centrifugal force of rapid rotation will
enhance the mass-loss rate by a factor F ., if the half-
angle of the open field line (6, = arcsin(y/R/Ry)) is close
to the rotating equator. We adopt the same diagnostic
as [71], such as calculating the centrifugal enhancement if
(¥ +0op) > 7/4 and setting F o = 1if (y +6,p) < 7/4.
Therefore, the realistic mass-loss rate M, taking into

account the effects of rotation and magnetic field, should
be modified as [73]

M= Mvj:opfcent- (18)

In order to obtain the realistic mass-loss rate, we follow
the method of [71] to ignore the centrifugal enhancement
(i.e., set F o = 1). Then, we combine that with Egs. (18),
(12), and (16), and employ a phenomenological relation
Ry = Ry /max {(0.363'%)7!, 1} [76,77] to eliminate o,
and get

R /0.3R;\ /015 M,
1=y )1 —— (==L = % (19)
Ry Ry 4B2R*Q

where R; = ¢/Q is the light cylinder radius. A real
solution for Ry in this equation can be obtained if
Ry > R. The limiting value (Ry = R) given by [71] can
be used as the result for all of the opening magnetic
field (F,, =1) when Ry <R. We adopt Ry =R to
calculate oy in Eq. (12) with the absence of centrifugal
enhancement. We can estimate the Alfvén radius R, by
invoking both ¢, and another phenomenological relation
R, = R;/ max {051/3, 1} given in [73], and calculate the
centrifugal enhancement F ., by using Eq. (17). We adopt
this to calculate Eq. (12) again to obtain the final mag-
netization o,. Therefore, one can write the spin evolution as

 Epy(1)
IQ()

Qg (1) (20)

Reference [71] pointed out that viscosity may be a
significant influence on the inclination evolution. In our
calculations, we treat the star as a rigid body and ignore the
contribution from internal viscosity to the inclination
evolution,

e (1) = Epm sin);gg cos y(1) ‘ (21)

Both L, and E, decay rapidly and become negligible
during the first 1 min when the star gradually becomes
neutrino transparent. Therefore, we simply employ the first
40 s of spin and inclination evolution in Egs. (11) and (21),
respectively [71].

After 40 s, the magnetar wind weakens significantly and
magnetospheric torque begins to dominate the evolution.
We adopt the expression given by [55] and [62]. It is
obtained from the simulation of a pulsar magnetosphere
that depicts the development of the spin,

6

Opalt) = ~ 15 B2 ky + Ky sin ()R, (22)

and the inclination evolution,

6

(1) =~k 55 B2 sin (1) cos (D12, (23)

Here we adopt the approximation kg~ k| = k, ~ 1 given
by [62] to perform the calculations [78], and thus the
relationship between inclination and angular frequency is
established as

iy = VAQZsin? yo + QF cos® g — Qg cos? o\ 2 (24)
2Qsiny, '

Then, we can rewrite Eq. (22) by using (24), and present the
spin evolution as the derivative of the period,

: 47’ ROB(1)? 2
PL(t)=—-—+-"11 1+ P()2C3-P(1)C ,
() =i |1+ (V14 PG =Pl ) |
(25)
where
co cos 3 (26)
0_2P0Sin)(0

is a constant. Notice that Eq. (25) is performed after 40 s
and the values of Py and y( used here are taken from the
solutions of Egs. (20) and (21). The solution of Eq. (25) can
be expressed as

Ppla(t) :f_l(x)7 (27)
) = Cox(Cox + +/1 +;§;) — arcsinh(Cyx) ’ (28)

where x is a time-dependent variable
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Py 1+ 1+ CyP; _ arcsinh(CyPy) N 3(1 —exp(—2t/7p))73 5=0:
0 2 PyCy P3C3 T,C08 15 ’ ’ (29)
x(t) =
Py 1+ V1 +CiPg  arcsinh(CyPo) N 674(1) 540
2 PyC, P3C3 T, cos 3]’ ’

III. SAMPLE SELECTION AND THE
STATISTICAL ANALYSIS OF MAGNETARS

The known magnetars from observations that we adopted
in this paper are taken from the McGill catalog [18],
and the magnetar candidates are collected by [79,80]. In
addition, the recently discovered long-period radio source
GPM J1839-10 [81] and the longest period (e.g., 6.67 h)
source 1E161348-5055 in supernova remnant RCW 103 [82]
are also included in our sample. In Fig. 1, we plot the period
derivative as a function of the spin period for magnetars and
candidates (P — P diagram).

In the statistical analysis of P and P for all magnetars or
candidates, it is found that the periods of all magnetars or

Iy
o

Probability density
o o
<) wn

.g —10 1 ******
g’ AAk
2 " ,;9 K
-12 1
% g ?
-8
_14 4
*
-16 T T — 2 SERE® 2 T
-1 0 1 2 3 4 5 6 7 00 05 10
log(P) Probability density
FIG. 1. The spin period P against period derivative P for the

magnetar and candidates. The data of candidates (circled)
collected by [80]. In addition, a recently discovered long-period
radio source GPM J1839-10 is also included [81]. The statistical
distribution of P (top panel) shows a bimodal distribution with a
separated line at P ~ 68 sec, dividing the population into short-P
(red and blue stars) and long-P subclasses (green stars). The
statistical distribution of P (right panel) for only the short-P
subclass also shows a bimodal distribution with a dividing line at
P~75x 10713, The red star indicates the high-P short-P
subclass, and the green star indicates the low-P short-P subclass
of magnetars. The transparent green stars at the bottom indicate
objects whose P are observed only.

|
candidates appear a bimodal distribution with a separation line
at P ~ 68 sec. We define them as “long-P” for period > 68 s
(green stars in Fig. 1) and “short-P” for period < 68 s (red and
blue stars in Fig. 1) magnetar subclasses, respectively. If we
believe that the bimodal distribution of the period exists
intrinsically, it hints that magnetars may not form a homog-
enous class, possibly tracking different evolution channels for
different subclasses. There may be other mechanisms driving
the spin evolution channel for the “long-period” magnetar
subclass, such as the accretion torques that are dominant in 4U
0114 + 65 [83] and SXP 1062 [84]. On the other hand, it is
found that all of the long-period subclass are magnetar
candidates and do not have a measured P value excepting
three cases (see Fig. 1 and Table I). We focus our inves-
tigations in this paper only on the “short-period” magnetar
subclass due to the lack of measurements of P for the long-
period subclass and the fact that they are magnetar candidates.

For the short-P magnetar subclass, we find that the P values
also form a bimodal distribution with a dividing line at P ~
7.5 x 10713 (see Figure 1). We have named the two regions of
the distribution “high-P short-P” and “low-P short-P”
magnetar subclasses. It seems that the evolution of the
magnetars does not share similar channels even though their
periods are all short, if the bimodal distribution of P is
intrinsic. “high-P” and “low-P” indicate stronger and weaker
inferred dipole fields, respectively. The weakest inferred field
in our sample is from a known magnetar SGR 0418 + 57209.
However, the dipole component that we observe is only a
projection of the true magnetic field [85,86], and it is possible
that it has a toroidal component with a higher order via crustal
Hall evolution [87,88]. This may imply that magnetar
classification is related to the configuration of the magnetic
field. Moreover, one needs to clarify whether or not the
bimodal distribution of both P and P is possibly caused by
selection effects; namely, the number of observed objects may
not be large enough to result in a true bimodal distribution.

IV. DETAILS OF MONTE CARLO SIMULATIONS

A. Monte Carlo simulation procedures

In order to investigate the effect of varying inclination on
the magnetar spin evolution in different environments, we
follow a similar Monte Carlo method to the one given in [45]
to generate synthetic magnetar populations. In this section,
we present the details of these Monte Carlo simulations.

First, we generate 100 synthetic newborn magnetars with
zero age, where the initial spin period P, and surface
magnetic field B, of the magnetar population are random
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variables following the log-normal distribution with
(up,.0p,) and (up, . o, ), respectively [89]. u and o represent
the expected value and standard deviation of the log-normal
distribution, respectively. The lifetime of each magnetar
within the synthetic population is another parameter that must
be specified. We assume that the lifetime of each magnetar
obeys a uniform density distribution 7 ~ U(0, #,,,, ), Where
max Tepresents the maximum lifetime of the synthetic mag-
netar populations. From an observational point of view, the
lifetime of a magnetar is typically less than 100 kyr, or even
younger (see Table I). In our simulations, the maximum
evolution time is fixed to 7, = 50 kyr.

Second, by considering the evolution of the magnetic
field in Eq. (3), a fraction of magnetars may be non-
detectable before they evolve to 7,,,,, because the majority
of the magnetic energy has gradually waned. This process
is called “fade-away” and is described in [45]. One can
define the probability function of the fade-away which is
related to the strength of the magnetic field as follows:

Prage(B) = 1 — [1 + (%) ST]' (30)

Say

Given the initial values of those parameters and follow-
ing Egs. (5), (7), (25), and (27) evolution, one can obtain
the distribution of synthetic magnetars in their present ages
on the P — P diagram.

Third, in order to quantitatively describe the goodness of
fit between synthetic and observable magnetar populations,
we performed two independent Kolmogorov-Smirnov (KS)
tests for P and P, respectively. The properties of observed
magnetars are listed in Table I. Following the method
of [91] and [45], we adopt a figure of merit (FOM) as an
indicator of fit goodness,

FOM = (1 - pgs(P)) + (1 = pxs(P))  (32)

where pgs(P) and pgs(P) are the KS test p value for P and
P, respectively, and the FOM range is 0 < FOM < 2. A
smaller FOM value indicates a closer match between
synthetic and observational magnetar populations. When

the selected @ produces synthetic populations that are far
away from the observed magnetar population, it indicates
that random processes no longer have a substantial effect on
FOM. If this is the case, one only needs to run the
Monte Carlo simulations one more time and obtain the
value of FOM. When the synthetic populations are close to
the observed one, FOM will fluctuate wildly as a result of
random processes. In order to avoid the risk that a single
computation of FOM and BR may diverge far away from
the average value, we gradually increase the number of

(ﬂPOvGPOaﬂBOaGBo’TB’SI’ﬁ)7
(up,-Op,- UB,+ Op,- X0+ T 51, ). with inclination evolution

Here, s, = 1.79 is adopted from [45], while s; is a free
parameter obtained by fitting the magnetic field of the
observations in Table I via the empirical cumulative
distribution function. If this is the case, due to the
fade-away, one needs to know what fraction of newborn
magnetars can be detected as the magnetic field decays
with time. Based on the results in [66], the formation rate
of galactic magnetars is (2.3-20) kyr~! without consid-
ering the decay of the magnetic field. However, the birth
rate (BR) of galactic magnetars is as high as 20 kyr~! if
one considers the decay of the magnetic field [27,90].
In our simulations, we adopt 20 kyr~! as the magnetar
birth rate upper limit and try to search for the optimal
parameter distribution. Here, we eliminate those param-
eters which have exceeded this limit in the magnetar
population. Because of the poorly constrained magnetar
equation of state, we fix M = 1.4Mg, R = 10° cm, and
I=1.11x10" gecm? in our simulations. The other
parameters related to model evolution can be represented

as a vector 0,

without inclination evolution

(31)

|
iterations to 1000 times, and then calculate the average
values of FOM and BR.

Finally, the goodness of fit is strongly dependent on the
values of the selected initial parameters. In order to test the
dependence of the goodness of fit on the parameters, we
employ an automatic algorithm that is described in [45] to
find the best distribution of the parameters. This algorithm
was first employed by [61] via the simulated method
in [92]. They invoked a one-dimensional KS test to judge
goodness of fit, and applied this algorithm to search for the
optimal parameters. Afterwards, [45] employed the algo-
rithm to the FOM with two-dimensional KS tests instead of
one-dimensional ones as the goodness of fit. For a more
detailed description of the algorithm one can refer to [45].
The primary steps of a cycle of the algorithm in our
simulations are shown as follows, .

(i) Generate a set of random parameters 6; within a
given range. Then, set the initial values of the
temperature parameter (7°), the maximum accepted
step (Ny), and the sample size (N,,,) for calculat-
ing (FOM). |

(i) By using 6; to evolve a synthetic population of
100 magnetars, we calculate values of (FOM); and
(BR); with KS tests of the two-sample (synthetic
and observational populations). If it exceeds
20 kyr~!, then return to step (ii). Repeat this process

Niop times and calculate (FOM); again.
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FIG. 2. Values of FOM for different free parameters in vacuum magnetosphere and without inclination evolution via simulation and
test with the short-P subclass of magnetars. The black diamonds mark the minimum FOM.

(iii) We check whether (FOM);, is better (or smaller) than
(FOM),,;i,- If so, we set (FOM),;, = (FOM); and

save 5;; if not, generate a random variable R with a
uniform distribution between 0 and 1. If R <
exp [(FOM,,;, — FOM;)/T], then set (FOM)
(FOM), and save 0, as well, otherwise return to
step (ii).

Repeat the processes of steps (i)—(iii) until a sig-
nificant low-FOM area occurs, or the maximum
accepted step (N,..) is reached.

Caution: N, must be large enough to prevent the algo-
rithm from stopping before a possible low-FOM region
appears. Therefore, we set N,.. = 10> as the initial cycles.
Given limited computational resources and the dependence
of N,.. on the degrees of freedom in the parameter space,
Nyop = 10 and T = 100 are adopted as the initial cycles,
and N, is gradually increased to 50, while 7' is gradually
decreased to 0.1.

min* min

min

(iv)

B. Application for short-P magnetar subclass

Based on the aforementioned method, we first apply it to
the short-P magnetar subclass in a vacuum environment,

adopting a fixed-inclination model. Figure 2 shows the
values of FOM for the different free parameters up , up,, 51,
7p, and f. It shows that no optimal set of parameters could
be found to align with the distribution of the short-P
population with 100,000 iterations of random walks of
the free parameters. The best fit is marked by the black
diamond (FOM > 1), and the evolutionary tracks based on
this set of best-fit parameters are plotted in Fig. 3. The
synthetic populations seem to be able to mix with the
observed samples, but their distribution performs inad-
equately in KS tests. It hints that the short-P magnetar
subclass may not be ahomogenous class. Together with the
bimodal distribution of P for the short-P magnetar sub-
class, this strongly suggests that they may be tracking
different evolution channels for high-P and low-P of
short-P magnetars, respectively. It is natural in explaining
why we cannot find optimal parameters for the short-P
population via the simulations. Below, we will focus only
on studying high-P and low- P short-P magnetars. It should
be noted that the poor fitting of short-P magnetars may be
related to the evolution model. Therefore, we perform the
simulations by adopting four evolution models: with
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FIG. 3. Evolutionary tracks of magnetar populations in vacuum

magnetosphere without inclination evolution. The initial parameters
correspond to the black diamonds in Fig. 2, and the black stars used
for KS tests are the observed short-P subclass (red and blue stars of
Fig. 1). The red triangles and circles are the zero age and current age
of magnetar populations, respectively, and their connecting lines are
the evolutionary tracks. The grey dots are the fade-away population.

(without) inclination evolution in vacuum, and with (with-
out) inclination evolution in the plasma-filled magneto-
sphere, respectively.

V. SIMULATION OF MAGNETAR POPULATIONS
EVOLUTION IN THE P - P DIAGRAM

In this section, we calculate the spin evolution of
different magnetar class simulations by utilizing different
evolution models. We adopt high-P short-P and low-P
short-P subclasses as criteria to find out how sensitively the
model depends on the free parameters, and test the P — P
distribution of the synthetic population to compare with
observations.

A. Vacuum magnetosphere simulation

(i) Within the scenario of no inclination evolution
(i.e., the orthogonal rotators model with y, = 90°),
we simulate the magnetar evolution and run an
automatic algorithm by using Eqgs. (5) and (7).
Figure 4 shows the values of FOM for the different

135 14.0 14.5 15.0 15.5 16.0 16.5 -3.0 =25 -2.0
log(us,)

Y

log(up,)

-0 -05 00 05 125 13.0 135 14.0 145 15.0 15.5
log(s1)

0 10 20 30 40 50
T (kyr)

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

FIG. 4. Values of FOM for different free parameters in vacuum magnetosphere via first cycle simulation without inclination evolution.
The red dots represent the fitting results of the synthetic magnetars that test with the high-P short-P subclass of magnetars, and the blue
dots correspond to the results that test with the low-P short-P subclass of magnetars. The black diamonds are the best-fit results with the
short-P subclass, same as the ones in Fig. 2. The red triangles and blue upside-down triangles represent the minimum FOM in the first
cycle of the high-P short-P and low-P short-P subclasses, respectively. The range of two vertical lines of the same color is the limit of
parameters used for the second cycle. The respective results of the final cycle are marked as red and blue stars.
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FIG. 5.

free parameters ug, up,, si, f, and 7p. The
minimum values of FOM for the high-P short-P
and low-P short-P subclasses in the first cycle are
marked as the triangles and upside-down triangles,
respectively. It is found that the fitting results
are much improved after separately considering
high-P short-P and low-P short-P subclasses
from the short-P subclass. The distributions of
both subclasses (high-P and low-P) are dependent
on up, si, . and 7. However, the low-FOM
regions (the range of the vertical line of the same
color in Fig. 4) are obviously different for some
parameters.

On the other hand, one finds that the high—P
short-P magnetar subclass has higher s, and 7,
but smaller up, than the low-P short-P subclass.
The f of both subclasses has a symbolic differ-
ence, but neither of them is significantly depen-
dent on pp, . Therefore, we gradually reduce the
range of other parameters within red and blue
vertical lines in Fig. 4 for the high-P short-P and
low-P short-P subclasses, respectively. Then, we
run the next cycle until the low-FOM region is no

-1.00 -0.75 -0.50 -0.25 0.00

0.25

(i)

123026-11
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Similar to Fig. 4, but considering the evolution of inclination.

longer seen. If this is the case, we think the
algorithm has converged at this cycle. The red
and blue stars in Fig. 4 mark the respective
minimum FOM of those parameters for the final
cycle. The values of corresponding parameters are
presented in Table II. In order to compare the
results from the high-P short-P and low-P short-P
subclasses with that of the short-P subclass, we
also plot the result from the short-P subclass in
Fig. 4 marked as a diamond.

Within the scenario of inclination evolution, more
free parameters are considered in the simulations.
Figure 5 is similar to Fig. 4, but one more parameter
(ro) 1s added. For comparison, we also present the
best-fit result (black diamond in Fig. 5) for short-P
magnetars. It is found that the results exhibit a
similarly poor fitting to the case with inclination
evolution. In contrast, improved outcomes can be
realized by dividing the short-period subclass into
high-P short-P and low-P short-P subclasses sep-
arately. Both distributions of the high-P short-P and
low-P short-P subclasses are dependent on HBy» 515
75, and S within low-FOM regions, and this is
similar to that of the scenario without inclination
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FIG. 6. The evolutionary tracks of the high-P short-P (left panel) and low-P short-P subclass (right panel) of magnetars in vacuum
magnetosphere without (top panel) and with (bottom panel) inclination evolution by using the parameters in Table II.

evolution. However, the model is significantly de-
pendent on both up  and y,. We rerun the automatic
algorithm and present the respective final results as
marked stars. The corresponding results are also
presented in Table II.

By adopting the above best-fit parameters in Table II, we
simulate the evolution tracks from synthetic magnetar
populations to the observations of high-P short-P and
low-P short-P subclasses, respectively (see Fig. 6). For the
high-P short-P subclass, we find that the population of
simulated magnetars is mixed with that of observations
excepting the fade-away population, and the values of FOM
with or without inclination evolution are as low as about 0.5
(see Table II). This means that the simulation results seem
consistent with the observed magnetar population whether
or not we consider the inclination evolution. However, for
the simulated low-P short-P subclass, the value of FOM =
0.45 for the case of inclination evolution is much better than
that of fixed inclination (FOM = 0.72), which suggests that
at least the case of inclination evolution seems to be
consistent with that of observations.

Moreover, the inclined evolution models of both the
high-P short-P and low-P short-P subclasses have a

significant increase in the initial period yp, compared with
that of the no inclination evolution model. The orthogonal
rotator (noninclined evolution) model is not significantly
dependent on pp . In contrast, the model with inclination
evolution tends to a large pp,. For the vacuum dipole
model, the magnetic axis and rotation axis quickly align
with each other, causing the magnetar spin-down to cease.
It suggests there is a limit on the amount of rotational
energy that may be lost through magnetic dipole radiation.
Therefore, the initial spin of the synthetic population
cannot be significantly faster than that of the observed
population, which results in the model with inclination
evolution showing a yp, dependence. What is reflected on
the P — P diagram is that the evolutionary trajectory bends
towards smaller P prematurely not far from the initial spin
period. Therefore, the synthetic population with a short
initial period is challenging to fit the observed population
when inclination evolution is taken into consideration in
our simulation.

B. Plasma-filled magnetosphere simulation

In this section, we investigate the spin evolution of
magnetar populations in a plasma-filled magnetosphere

123026-12
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FIG.7. Similar to the Fig. 4, the values of FOM for different free parameters via first cycle simulation without inclination evolution but

in plasma-filled magnetosphere.

instead of vacuum magnetosphere by considering both
inclination evolution and no inclination evolution. We also
focus on simulating the respective distribution of the high-
P short-P and low-P short-P magnetar subclasses under-
going evolution in the P — P diagram. By adopting a
similar method to Sec. V A, we first run the automatic
algorithm for the model without inclination evolution. The
values of FOM for different free parameters of up , pp,, 51,
p, and 7 in the first cycle are shown in Fig. 7. We find that
the parameter-dependent nature of the fixed-inclination
model for the two subclasses of magnetars evolving within
the plasma-filled magnetosphere is the same as that of the
model evolving in a vacuum. Hence, we deduce the range
of other parameters and run the next cycle until the low-
FOM region is no longer seen. The red and blue stars in
Fig. 7 correspond to the best-fit parameters with minimum
FOM for the high-P short-P and low-P short-P subclasses
in the final cycles.

Within the scenario of inclination evolution, one more
free parameter (i.e., yo) is added in the simulations to
compare to the models without inclination evolution.
Figure 8 shows the results of the first cycle, and reveals
the values of FOM for the different free parameters pp , pp,,

sy, 7, and y, in the final cycles. It is found that the high-P
short-P and low-P short-P subclasses are insignificantly
dependent on both up and y,, and the variations in these
two parameters do not obviously affect the goodness of fit.
If this is the case, we will limit the range of u By» S15 TB and
parameters in the subsequent cycles. The stars marked in
Fig. 8 show the best-fit parameters that correspond to the
minimum FOM in the final cycles.

By adopting the above best-fit parameters reported in
Table II, we simulate the evolution tracks from a synthetic
magnetar to observational magnetar populations (see
Fig. 9). Similar to Fig. 6, but in a plasma-filled magneto-
sphere, it is found that the simulated magnetar population is
mixed with that of observations excepting the fade-away
population. Also, the minimum FOM of high-P short-P
subclass is as low as about 0.5, which means that the
simulation result seems to be consistent with the observed
magnetar population whether or not we consider the
inclination evolution. However, for the low-P short-P
subclass, the value of FOM with the case of inclination
evolution is lower than that without inclination evolution.
(see Table II). In addition, in comparison to the case in
vacuum, the initial evolution of P is rapid decline which is
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but considering the evolution of inclination.

caused by the energy dissipation rate of neutrinos prior
to 40 sec.

VI. CONCLUSION AND DISCUSSION

Magnetars are believed to be energy sources or central
engines of many transients in the Universe, such as
gravitational waves, super luminous supernovae, GRBs,
and FRBs [5]. In general, the period of newborn magnetars
is about several milliseconds (called millisecond magnet-
ars), while the period of observed magnetars is longer than
2 sec [18]. One basic question is how will magnetars evolve
after they are born? In this paper, by adopting Monte Carlo
simulations to generate synthetic magnetar populations, we
investigate the spin and inclination evolution, as well as the
decay of the magnetic field of magnetar populations in both
vacuum and plasma-filled magnetospheres, and try to
determine the reasons for magnetar evolution. We find
the following interesting results.

(i) By performing a statistical analysis of P and P for all
magnetars or candidates, it is found that the periods
of all magnetars or candidates appear as a bimodal
distribution with a separation line at P ~ 68 sec. We
define the two regions as long-P and short-P

0.00 0.25
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(iii)

@iv)
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Similar to Fig. 7, the values of FOM for different free parameters via first cycle simulation in the plasma-filled magnetosphere

magnetar subclasses, respectively. Moreover, for
the short-P magnetar subclass, we find that P also
has a bimodal distribution with dividing line at
P~75x10"13, which we name the high-P
short-P and low-P short-P magnetar subclasses.
For the short-P magnetar subclass, we investigate all
evolutionary models to fit the observed data. No
optimal set of parameters could be found to align
with observations. It suggests that the short-P
magnetar subclass seems not to be a homogeneous
class sharing identical evolution channels or initial
properties.

For the high-P short-P magnetar subclass, based on
the value of FOM, we find that the simulated
magnetar population is mixed with that of obser-
vations excepting the fade-away population by
considering the evolution of spin and magnetic
field. This means that the magnetar evolution is
dependent on both spin and magnetic field, but
seems to be not dependent on inclination evolution
and the magnetospheric environment (vacuum or
plasma-filled).

For the low-P short-P magnetar subclass, we find
that the simulated magnetar population is also mixed
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FIG. 9. Similar to Fig. 6, but in plasma-filled magnetosphere.

with that of observations excepting the fade-away
population by considering the evolution of spin
and magnetic field. In comparison with the case of
high-P short-P, the magnetar evolution is dependent
on the spin, magnetic field, inclination evolution, as
well as the magnetospheric environment. Based on
the value of FOM, the best evolution model should
be the case of inclination evolution in vacuum.

By comparing the fitting parameters between high-P
short-P and low-P short-P subclasses (in Table II) with
inclination evolution or not, it is noticed that the value of
g, for the high-P short-P subclass is much less than that of
the low-P short-P subclass, while its corresponding value
of 75 is much larger than that of the low-P short-P
magnetar subclass. Moreover, the f for the high—P short-
P subclass is negative, while for the low-P short-P subclass
is close to positive 1. The differences in those fitting results
also suggests that the short-P magnetar subclass does not
appear to be a homogeneous class.

Comparing the case in vacuum with that of plasma-filled
magnetospheres, the initial evolution of P is a rapid decline

in the plasma-filled magnetosphere. This may be caused by
the energy dissipation rate of neutrinos at the beginning of
the newborn magnetar’s life. Moreover, for both the high-P
short-P and low-P short-P magnetar subclasses, the best-fit
value of yp in the vacuum is a little bit larger than that of
the plasma-filled magnetosphere.

In the presence of inclination evolution, the hypothesis in
vacuum requires a longer initial period, and brings the
synthetic population to be close to the observed one. For a
newborn magnetar with an initial period of a millisecond, it
would be challenging to brake it to the (2-12) s period of
observation population before the magnetic and rotational
axes are perfectly aligned (i.e., P = 0). However, based on
the original model in [4] and [31], a short initial period is
necessary for efficient mixing in early magnetars and
amplifying the magnetic field through vigorous dynamo
action. This difference suggests that other braking mech-
anisms may play an important role and brake the early
magnetars to a period of approximately 0.5 s, such as a fall-
back disk that surpasses the influence of magnetic dipole
radiation.

123026-15
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On the other hand, the braking index (n) of a magnetar
appears to differ from the dipole radiation dominated with
n = 3 of a neutron star. By considering magnetars that are
potentially associated with supernova remnants and their
ages, one can estimate the magnetar braking index. Some
magnetars may exhibit higher braking indices with n > 3
(e.g., 1IE2259 + 586, 1E 1841-045 and SGR 0501 + 4516)
which is caused by the dipolar field decay or the external
magnetospheric braking, while others may be present lower
braking indices with 1 < n < 3 (e.g., SGR 0526-66, SGR
1627-41, PSR J1622-4950 and CXOU J171405.7-381031)
which is caused by wind-aided braking [93].

For the plasma-filled magnetosphere model, we assume
that a stable plasma-filled environment occurs throughout
its evolution in our simulations. In fact, if the surface
magnetic field of neutron stars is decreasing with time, the
plasma would eventually fall back onto the surface of the
star when the magnetic pressure of plasma cannot support
gravitational collapse. If this is the case, it can gradually
result in the spin evolution switching from a plasma-filled
form to a vacuum form. However, the absence of a
comprehensive model for the evolution of plasma-filled

magnetosphere, along with a limited number of observed
objects and a multitude of parameters, makes it difficult to
accurately estimate its effect on best-fit parameters. So we
do not consider this situation in our simulations. In the
future, possible detection of newborn magnetars by
gravitational-wave observatories has the potential to
impose new constraints on the properties of these isolated
objects [94]. Moreover, a small fraction of magnetars in
the low-P” subclass are only candidates, and it remains
the possibility that the candidates are not magnetars at all.
Our conclusions strongly depend on the classification of
magnetars based on the P. If those candidates are indeed
not magnetar, our conclusions maybe need to con-
sider again.
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