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It is commonly believed that the dissipative properties of superdense matter play a negligible role in
modeling gravitational waveforms from neutron star inspirals. This study aims to investigate whether this
presumption holds true for the often neglected dissipative process associated with particle diffusion in
superconducting neutron stars. Aswe demonstrate, diffusion effects can significantly impact the phase of the
gravitational wave from the inspiral, manifesting at a magnitude of a few tens of milliradians at large orbit
separations, equivalent to orbital frequencies of a few hertz. We also find that dissipation resulting from
particle diffusion might increase the neutron star’s temperature to approximately 107 K during the inspiral.
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I. INTRODUCTION

Neutron stars (NS) are unique astrophysical objects
containing matter at densities surpassing those found
within atomic nuclei. This characteristic makes NSs ideal
laboratories for investigating the properties of superdense
matter, shedding light on various aspects of fundamental
physics. The recent detection of the gravitational wave
(GW) signal from the binary NS inspiral in 2017
(GW170817) by LIGO and VIRGO detectors [1] has
uncovered exciting new possibilities for studying and
understanding NSs, significantly amplifying the role of
neutron stars in modern observational astrophysics.
In the first approximation, GW emitted by inspiraling

NSs can be modeled by ignoring their finite sizes and using
the approximation of point masses. The GW signal in this
approximation does not carry any information about NS
interiors and depends only on the chirp mass of the binary.
To study the properties of the stellar matter, one has to relax
the point-mass approximation and account for the finite NS
sizes and their distortion by tidal forces. The distortion of
the star increases gravitational radiation from the binary,
which starts to depend on the tidal deformability of the
NS (on the NS response to the quadrupole tidal perturba-
tion) [2]. As a result, since the GWenergy is radiated at the
expense of orbital energy, distortion accelerates the inspiral,
introducing observable corrections to the point mass model
of the signal. The observed GW signal from GW170817
has already allowed one to impose constraints on these
corrections and, consequently, on the tidal deformability
value; see, e.g., Ref. [3]. Numerous more subtle effects
(e.g., [4]) are most probably beyond the sensitivity of
currently operating detectors but can be within reach of the
next generation of GW detectors (such as the Einstein
Telescope, Cosmic Explorer, or LISA), which are expected

to have higher sensitivity and an operating frequency range
extending, in particular, to lower frequencies.
Thus, the correct interpretation of future observations

requires accurate models of inspiraling NSs, accounting for
the influence of various effects on the GW signal. A lot of
work has been done in this direction; see, e.g., the review
[4] and references therein. In particular, various dissipative
mechanisms in NS matter may dissipate the distortion
energy, eventually transforming orbital energy into heat and
accelerating the inspiral. While the influence of viscous
dissipation has already been addressed to some extent (see,
e.g., Refs. [5–9]), the effect of particle diffusion [10–16], to
the best of our knowledge, has never been considered in
this context. In the present work, we quantify its impor-
tance for GW signal during NS inspirals.
The paper is organized as follows. Section II introduces the

formalism and discusses the equations to be solved.
Section III contains our numerical results, and Sec. IV
presents discussion and summary. The paper also has a
number of extensive appendixes. InAppendixesA andB, the
formalism of Sec. II is developed and justified in detail.
Appendix C describes binary evolution in the Newtonian
limit. Appendix D presents the effect of diffusion on the
stellar perturbation. Finally, Appendix E presents plots of
various quantities relevant to the discussion in the main text.

II. THEORETICAL FRAMEWORK

A. Perturbation equations of a neutron star
in a binary system

In what follows, we use the unit system where the speed
of light c ¼ 1 and Boltzmann constant kB ¼ 1. Let us
consider a perturbation of a nonrotating neutron star in a
binary system, induced by its companion. In this study, we
assume that the matter of the perturbed star is composed of
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strongly superconducting protons (p) (superconducting
component) and of normal (i.e., nonsuperfluid) neutrons
(n), electrons (e), and muons (μ) (normal component).
We characterize such matter by the pressure P, energy
density ε, and temperature T, and each of the particle
species k ¼ ðn; p; e; μÞ by the corresponding number
densities fnkg, chemical potentials fμkg, and electrical
charges fekg. From now on we use Latin indices m, k, l, q,
and r to label different particle species. In the absence of
diffusion the particle current densities of different particle
species equal [14]

jμðnÞ;ðeÞ;ðμÞ ¼ nn;e;μuμ; jμðpÞ ¼ npuμ þ Yppw
μ
ðpÞ; ð1Þ

where uμ is the collective four-velocity of the normal
component, Ypp is the relativistic analog of the super-
fluid proton number density, and the vector wμ

ðpÞ describes
the relative motion of normal and superconducting com-
ponents1 (from now on we use Greek indices for tensor
components). Diffusion introduces additional corrections to
these currents. In this study, we restrict our consideration to
the limit of slow diffusion by assuming that these corrections
are small (the validity of this approximation for the consid-
ered problem will be discussed in detail in Sec. III C and
Appendix E). As shown in Appendix A, in these circum-
stances one can present the expressions for jμðkÞ as (we assume
summation over repeated Greek and Latin indices)

jμðkÞ ¼ nkũμ þHkmΔj
μ
ðmÞ; ũμ ¼ uμ þ μpYpp

Pþ ε
wμ
ðpÞ;

ũμũμ ¼ −1; ð2Þ

ΔjμðmÞ ¼ −
DmkHlk

T
⊥∇̃μμl;

⊥∇̃μ ¼ ðgμν þ ũμũνÞ∇ν;

Hmk ¼ δmk −
ek
ep

�
δmp −

μpnm
Pþ ε

�
; ð3Þ

where gμν is the metric tensor,∇ν is the covariant derivative,
and Dmk is the non-negative-definite matrix of diffusion
coefficients, introduced in Ref. [13]. Generally, Dmk can be
presented as a function of temperatureT, number densities nl
and chemical potentials μl of all particle species. Further, in
the limit of slow diffusion the standard thermodynamic
relations of nonsuperconducting degeneratematter hold true,

while the stress-energy tensor Tμν resembles that of a perfect
nonsuperconducting fluid:

dε ¼ μkdnk; dP ¼ nkdμk; Tμν ¼ ðPþ ϵÞũμũν þ Pgμν:

ð4Þ
As discussed in Appendix A, the four-velocity ũμ multiplied
by (Pþ ε) has a meaning of the momentum density of
the fluid. To describe the gravitational field in a neutron star
in a binary system, we employ the inertial reference frame,
whose origin each moment of time coincides with the
neutron star center of mass. In this frame the metric tensor
can be approximately written, in the spherical coordinates
xμ ¼ ðt; r; θ;φÞ, as (see Appendix B)

ds2 ¼ gμνdxμdxν ¼ −eν0þ2Udt2 þ eλ0dr2

þ r2ðdθ2 þ sin2θdφ2Þ; ð5Þ
where ν0ðrÞ and λ0ðrÞ are the standard metric functions,
which describe the equilibrium spacetime of an isolated
spherically symmetric neutron star, and Uðt; r; θ;φÞ is the
gravitational potential, induced in the star by its companion.
It can be represented as a sum U ¼ U0 þ Ũ. Here the term
U0 produces the uniform acceleration throughout the star
and, therefore, cannot lead to stellar deformations. The term
Ũ, further referred to as the tidal gravitational potential,
produces coordinate-dependent acceleration and, therefore,
is responsible for the stellar deformations. Explicit expres-
sions forU and Ũ are not important here andwill be specified
later in Sec. II D. The potentialU (and Ũ) is weak compared
to the local gravitational field and will be treated further as a
small perturbation.
Now we are in position to write down the linearized

perturbed equations for a neutron star in a close binary. Let us
denote the Eulerian perturbation of a quantity f as δf ¼
f − f0, where f0 is its equilibrium value (in the system with
U ¼ 0). For simplicity, in what follows, we adopt the
Cowling approximation, i.e., we ignore the perturbations of
the gravitational field, δgμν ¼ 0, so that themetric tensor in the
perturbed star is still given by Eq. (5). We also introduce the
Lagrangian displacement ξ by δũ ¼ e−ν0=2ξ̇, where the dot
denotes the derivative ∂=∂t [note that owing to linearized
normalization condition, δðũμũμÞ¼0, we have δũt ¼ ξt ¼ 0].
Then, small perturbations of a neutron star are governed by the
following equations (see also Appendixes A and B):

8<
:

e−ν0ðP0 þ ε0Þ̈ξ ¼ −∇δPþ δPþδε
P0þε0

∇P0 − ðP0 þ ε0Þ∇Ũ
δṅk þ divðnk0ξ̇Þ ¼ −divðHkm0Δjmeν0=2Þ;

δε ¼ μk0δnk; δP ¼ ð∂P=∂nkÞ0δnk ¼ nk0δμk; δμk ¼ ð∂μk=∂nmÞ0δnm
: ð6Þ

1In the Newtonian limit YppwðpÞ ¼ nsðus − uÞ, where ns and us are the superfluid proton number density and superfluid velocity,
respectively.
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The first equation in (6) is the linearized Euler equation,
δ½ðgρν þ ũρũνÞ∇μT

μ
ν � ¼ 0; the second is the set of linearized

continuity equations, δ½∇μj
μ
ðkÞ� ¼ 0, with Δjm given by

Eq. (B19). The particle source in continuity equations,
caused by the deviation from the beta equilibrium, is
negligible due to strong proton superconductivity. The
remaining equations follow from the thermodynamic rela-
tions. Physical solutions of these equations should be regular
at the stellar center and correspond tovanishing total pressure
at the stellar surface. The latter condition is equivalent to
requiring that the Lagrangian pressure perturbation ΔP ¼
δPþ ðξ · ∇ÞP0 ¼ 0 at the surface. In what follows, we will
assume that diffusion coefficients Dkm and their derivatives
vanish at the surface. Then from the continuity equations
and thermodynamic relations it follows that ΔPjr¼R ¼
−γP0divξjr¼R ¼ 0, where γP0 ¼ nm0ð∂P=∂nmÞ0, and R
is the stellar radius. Explicit definitions of the three-
dimensional operators ∇, “div,” and of scalar product ð·Þ
in curvilinear coordinates are given in Appendix B.

B. Energy balance equation

Let us decompose each thermodynamic perturbation as
δf ¼ δfad þ δfdiff , where δfad is the “adiabatic” contribu-
tion, which is formally given by the same expression as in
the absence of diffusion, and δfdiff is the diffusive correc-
tion. From the linearized continuity equations we see that

δnk;ad ¼ −divðnk0ξÞ;

δnk;diff ¼ −
Z

t

−∞
divðHkm0Δjmeν0=2Þdt: ð7Þ

Therefore, for any thermodynamic quantity f the adiabatic
and diffusive contributions to δf can be found as

δfad ¼
�
∂f
∂nk

�
0

δnk;ad ¼ −
�
∂f
∂nk

�
0

divðnk0ξÞ; ð8Þ

δfdiff ¼
�
∂f
∂nk

�
0

δnk;diff

¼ −
�
∂f
∂nk

�
0

Z
t

−∞
divðHkm0Δjmeν0=2Þdt: ð9Þ

Let us insert such decompositions for δP and δε in the
linearized Euler equation. Notably, one can show that
δεdiff ¼ 0 (see Appendix B), and the only diffusive con-
tribution in this equation comes from δPdiff . Rearranging
the terms and using one of the Tolman-Oppenheimer-
Volkoff equations, ∇P0 ¼ −ðP0 þ ε0Þ∇ðν0=2Þ [17], we
rewrite the Euler equation as [see (B26) in Appendix B
for the explicit form of the operator L̂]

e−ν0=2ðP0 þ ε0Þ̈ξ − L̂ξ ¼ −∇ðδPdiffeν0=2Þ
− eν0=2ðP0 þ ε0Þ∇Ũ: ð10Þ

The symmetry property (B27) of L̂ allows one to derive the
energy conservation law from (10). To demonstrate that, let
us first consider the simplest case, when diffusion and tidal
potential are absent. Then, multiplying the Euler equa-
tion (10) by ξ̇, integrating it over the stellar volume and
using (B27), we find

dEmech;ad

dt
¼ 0;

Emech;adðξÞ≡
Z �

1

2
e−ν0=2ðP0 þ ε0Þξ̇2 −

1

2
ξL̂ξ

�
dV: ð11Þ

This equation describes the conservation of the total
mechanical energy Emech;ad of a perturbation in the absence
of external forces and dissipative effects. The first term on
the left-hand side can be interpreted as the kinetic energy of
the perturbation, and the second as its potential energy.
Now, accounting for diffusion and tidal potential and
operating in the same manner, we obtain the generalized
energy conservation law [see (B32) in Appendix B for the
explicit form of the operator D̂]:

dEmech

dt
¼ Ėdiff þ AU; ð12Þ

Emech ≡
Z �

1

2
e−ν0=2ðP0 þ ε0Þξ̇2 −

1

2
ξL̂ξ

þ ðξ · ∇ÞðδPdiffeν0=2Þ
�
dV; ð13Þ

Ėdiff ≡
Z

ξD̂ξdV;

AU ≡ −
Z

eν0=2ðP0 þ ε0Þðξ̇ · ∇ÞŨdV: ð14Þ

As discussed in Appendix B, the operator D̂ satisfies the
condition

R
dVξD̂ξ ≤ 0 for any ξ. This property allows one

to interpret the first term on the right-hand side of the
equation (12) as the mechanical energy loss rate through
diffusion, Ėdiff , since the latter should by its definition be
nonpositive. Next, the second term on the right-hand side of
(12) describes the work AU done by the tidal forces on the
star per unit time. Finally, the third term on the right-hand
side of (13) describes the correction to the mechanical
energy, introduced by diffusive currents. Thus, equa-
tion (12) has a very clear physical interpretation: the
change Ėmech of the mechanical energy Emech is caused
by the energy dissipation through diffusion and the work
done by tidal forces.
For the future discussion, we would like to note that the

obtained energy loss rate coincides with that derived in
Ref. [18], and can be written as (see Appendix B)
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Ėdiff ¼
Z

ξD̂ξdV ¼ −
Z

1

T
Hqk0Hlm0Dkm0ð∇δμ∞q Þ

· ð∇δμ∞l ÞdV ¼
Z

TðΔjk · dkÞeν0dV;

dk ¼ Hlk0∇
�
δμl
T

�
; ð15Þ

where the superscript ∞ introduces gravitational redshift
eν0=2 to the correspondingquantity. From this formula,which
also follows from the general results of Refs. [13,14], one
sees that larger chemical potential perturbations lead to
stronger dissipation. This formula also implies that stronger
deviations of the neutron star from diffusive equilibrium lead
to stronger dissipation. Indeed, the farther the star is from
diffusive equilibrium, the larger the diffusive currents Δjk,
aiming to restore the equilibrium. In particular, if the star is
close to diffusive equilibrium, currents are weak and Ėdiff is
suppressed. For the future discussion, we would also like to
note that, according to Ref. [15], Ėdiff can be equivalently
written in terms of chemical potential imbalances, describing
the deviation of the matter from β equilibrium. As a result, if
chemical potential imbalances are weakly perturbed, Ėdiff is
suppressed.

C. The effect of diffusion on the evolution
of a binary system

One effect diffusion brings to the problem is that the
neutron star is heated at the rate ð−ĖdiffÞ. Assuming, for
simplicity, that the redshifted temperature is uniform
(although this is generally not the case2), we find that it
evolves in time according to

C
dT∞

dt
¼ −Ėdiff ; ð16Þ

where C is the heat capacity of the star.
Another important effect is that diffusion leads to the

decrease of the orbital energy Eorb of the binary system.
Here by the orbital energy we imply the sum of the kinetic
energies of the star and its companion revolving around
their common center of mass, as well as the energy of their
gravitational interaction (see Appendix C for the precise
definition of the orbital energy and general evolution
equations of the whole binary system in Newtonian
framework). For simplicity, in this section we consider
the companion as a point-mass object. The total energy,
Etot, should be conserved, Ėtot ¼ 0. Within made

approximations, this means that the change of the orbital
energy Ėorb and mechanical energy of the neutron star,
Ėmech, is balanced by the heat generation ð−ĖdiffÞ and
energy emitted in the form of gravitational waves ĖGW:

Ėtot ¼ Ėorb þ Ėmech − Ėdiff þ ĖGW ¼ 0: ð17Þ

Solving this equation for Ėorb and averaging over the orbital
period Porb, we find

hĖorbi ¼ −hĖGWi − hĖmechi þ hĖdiffi;

hfi≡ 1

Porb

Z
Porb

0

fdt: ð18Þ

Gravitational radiation energy ĖGW, strictly speaking,
differs from that in the absence of diffusion. The corre-
sponding corrections to ĖGW due to diffusion are related to
the time delay in fluid perturbations caused by dissipation,
resulting in a bulge inclination with respect to the binary
axis (see, e.g., Refs. [19,20] and Appendix D). One can
show, however, that these corrections are negligible com-
pared to Ėdiff (according to our estimates, they are of the
second order in diffusion coefficients).
Next, diffusion influences the mechanical energy of the

star by modifying ξ and bringing additional contribution to
the mechanical energy; see the third term in Eq. (13).
However, the corresponding change in hĖmechi does not
exceed hEmechi=τevol, where τevol is the typical time of
binary evolution. At the same time, hĖdiffi can be estimated
as hEmechi=τdiff , where τdiff is the typical timescale on
which mechanical energy Emech is converted into heat due
to the diffusion process [see Eq. (40) below]. As we find in
our numerical calculations τdiff ≪ τevol, which allows one
to skip the contribution of diffusion to hĖmechi in com-
parison to hĖdiffi.3 As a result, within made approxima-
tions, diffusion affects the orbital energy only through the
term hĖdiffi, and the orbital energy loss rate equals

hĖorbi ≈ hĖorb;adi þ hĖdiffi; ð19Þ

where Ėorb;ad is the total orbital energy loss rate in the
absence of diffusion (including the loss rate due to
gravitational waves).
The additional decrease of the orbital energy caused by

diffusion slowly accelerates the inspiral and, therefore,
leaves the imprint on the gravitational-wave signal, emitted
by the binary. Specifically, it leads to a constantly growing
shift in the phase ϕ of the gravitational wave signal

2The thermal conductivity timescale is larger than the inspiral
timescale, so the temperature profile should evolve with time
depending on the profile of the energy dissipation rate and that of
the heat capacity. Our assumption about uniform redshifted
temperature leads to some overestimating of the effect of the
diffusion, since diffusion is less efficient at high temperatures.

3This statement should not confuse the reader. Despite the fact
that Emech dissipates due to diffusion and, seemingly, should
decrease on a timescale τdiff , this does not happen due to the
continuous replenishment of Emech at the expense of the orbital
energy Eorb [the second term in Eq. (12) is responsible for this].
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compared to that in the nondissipative case. To estimate this
effect, let us assume that at some initial moment of time the
orbit of the binary is circular, and let us introduce the orbital
angular velocity of the binary, Ω ¼ 2π=Porb. In this case,
during the evolution of the binary the orbit will remain
circular (see, e.g., Ref. [20]), and we can consider all the
energy change rates, discussed above, as functions of Ω.
Keeping this in mind and using that the gravitational signal
frequency equals 2πνGW ¼ ϕ̇ ¼ 2ΩðtÞ, the phase of the
gravitational-wave signal, accumulated while its frequency
evolves from 2πνGW;1 ¼ 2Ω1 to 2πνGW;2 ¼ 2Ω2, can be
found as (in what follows we, for brevity, omit the
averaging h…i)

Δϕ ¼
Z

Ω2

Ω1

2Ω
dΩ
Ω̇

¼
Z

Ω2

Ω1

2ΩdΩ
ðdΩ=dEorbÞĖorb

≈
Z

Ω2

Ω1

2ΩdΩ
ðdΩ=dEorbÞĖorb;ad

�
1 −

Ėdiff

Ėorb;ad

�
: ð20Þ

Therefore, the contribution of the diffusion to the phase
shift can be approximately written as

Δϕdiff ≈ −
Z

t2

t1

2Ω
Ėdiff

Ėorb
dt; ð21Þ

where t1 and t2 correspond to the moments of time at which
the orbital frequencies are Ω1 and Ω2, respectively. These
moments, as well as the functions ΩðtÞ and Ėorb, can be
calculated in the approximation of point masses.
Apart from diffusion, other mechanisms may also

contribute to the accumulated phase Δϕ. Among the
dissipative ones diffusion, however, seems to be the leading
contributor to the phase shift, at least at large orbit
separations, when the orbital angular velocity is low.
Indeed, note that dissipation due to diffusion does not
depend on the perturbation frequency. At the same time, the
dissipation due to shear viscosity is proportional to the
perturbation frequency squared, since the former quadrati-
cally depends on the velocity gradients. Similarly, dissi-
pation due to mutual friction4 depends on the relative
velocities of vortices and nonsuperfluid particles and is also
proportional to the perturbation frequency squared. Since at
large orbit separations the frequency of the oscillations,
driven by the tidal forces, is much smaller than the
eigenfrequencies of free stellar oscillations, we expect that
contributions of shear viscosity and mutual friction to the
phase shift are negligibly small compared to Ėdiff . One can
also safely ignore bulk viscosity, since beta processes are
strongly suppressed by proton superconductivity. There are
many other effects apart from the dissipative ones, which
also contribute to the phase shift (see, e.g., Ref. [21]). Here,

however, we ignore them and limit ourselves to the phase
shift caused by diffusion.

D. Calculating Ėdiff

Thus, in order to determine the phase shift Δϕdiff ,
we need first to find the Lagrangian displacement ξ and
then insert it into the expression for Ėdiff. As long as we
deal with small dissipative effects (see discussion below
in Sec. III C) we can adopt a perturbative approach.
Namely, since Ėdiff is already linear in diffusion coeffi-
cients Dkm, we can use the Lagrangian displacement of
nondissipative theory (accounting for diffusion in ξ would
lead to the terms of higher order in Dkm). Thus, our aim in
this section is to find the solution of the nondissipative
Euler equation

e−ν0=2ðP0 þ ε0Þ̈ξ − L̂ξ ¼ −eν0=2ðP0 þ ε0Þ∇Ũ; ð22Þ

satisfying the previously discussed boundary conditions.
As mentioned above, we consider the companion star as a
point-mass object. Let us choose the orientation of the
coordinate system in such a way that θ ¼ π=2 describes
the equatorial plane of the binary orbit (recall that the origin
of the coordinate system is placed in the center of mass
of the neutron star). Then in the ðr; θ;φÞ coordinates
the radius vector of the companion star is DðtÞ ¼
fDðtÞ; π=2;ΦðtÞg, and the gravitational potential, intro-
duced by the companion star inside the considered neutron
star, equals

U ¼ −
GM0

jr − DðtÞj

¼ −GM0X
lm

Wlm
rl

DðtÞlþ1
e−imΦðtÞYlmðθ;φÞ; ð23Þ

where G is the gravitational constant, M0 is the mass of the
companion, Ylm are the spherical harmonics, and Wlm are
some known numerical coefficients (see, e.g., Refs. [5]).
The l ¼ m ¼ 0 term in this expansion does not depend on r
and thus does not produce any acceleration. The sum of all
the l ¼ 1 terms equals Ul¼1 ¼ −ðGM0=D3ÞðD · rÞ and
results in the uniform acceleration. Therefore, by definition,
l ¼ 0 and l ¼ 1 terms should be attributed to U0 in the
decomposition U ¼ U0 þ Ũ [recall the discussion after
Eq. (5)], and the tidal potential is given by

Ũ ¼ −GM0 X
l≥2;m

Wlm
rl

DðtÞlþ1
e−imΦðtÞYlmðθ;φÞ: ð24Þ

In order to calculate ξ, we closely follow Ref. [5] (see
also Refs. [22,23]). As a first step, we expand the
Lagrangian displacement into the basis fξkg of complex
eigenfunctions ξk of the operator L̂, where the index k
labels different eigenfunctions:

4The dissipative mechanism arising due to particle scattering
off the neutron vortices in rotating superfluid NSs.
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ξðt; rÞ ¼
X
k

akðtÞξkðrÞ;
8>><
>>:

L̂ξk þ e−ν0=2ðP0 þ ε0Þω2
kξk ¼ 0;

γP0divξkjr¼R ¼ 0;

ξk is regular at r ¼ 0:

ð25Þ

It is easy to see that the numbers ωk represent the
eigenfrequencies of the freely oscillating neutron star,
and ξk describe the coordinate dependence of the corre-
sponding eigenfunctions (note that, in such basis, the
boundary conditions for ξ are satisfied automatically).
The eigenmodes of a free neutron star are well known
and can be labeled by k ¼ fnlmg, where n is the
radial quantum number, while the quantum numbers l
and m describe its angular dependence: ξk ¼ ξnlm ¼
½ξrnlðrÞr=rþ ξ⊥nlðrÞr∇�Ylm.
It is straightforward to verify that the symmetry of the

operator L̂ leads to the orthogonality of the eigenmodes
with different k. In what follows, we imply that the
eigenmodes are normalized in such a way that the basis
is orthonormal:

Z
e−ν0=2ðP0 þ ε0Þξ⋆kξk0dV ¼ δkk0 : ð26Þ

Expanding ξ into the introduced basis, multiplying the
Euler equation (22) by ξ⋆k, integrating over the stellar
volume and using the basis orthonormality, we arrive at
the following equation for the coefficient ak:

äkþω2
kak ¼

GM0WkQk

DðtÞlþ1
e−imΦðtÞ;

Qk ¼
Z

dVeν0=2ðP0þ ε0Þξk⋆∇½rlYkðθ;φÞ�: ð27Þ

One can show that overlap integralsQk take real values and
do not depend on m. As we shall see, they characterize the
efficiency of the k-mode excitation by the tidal potential.
Here we would like to note that the orthonormality
condition (26) does not fix the sign of the amplitude of
ξk. In what follows, for a given k, we eliminate this
ambiguity by demanding that Qk > 0.
To proceed further, we, following Ref. [5], introduce the

function bkðtÞ by

akðtÞ ¼ GM0WkQkbkðtÞe−imΦðtÞ: ð28Þ

Substituting this decomposition into (27), we obtain

b̈k − 2imΩḃk þ ðω2
k −m2Ω2 − imΩ̇Þbk ¼ 1

DðtÞlþ1
; ð29Þ

where we have used that Φ̇ ¼ Ω. Strictly speaking, we
should integrate this equation numerically. In the limit of

large orbit separations, while ωk > mΩ, it is, however, safe
to use the asymptotic solution instead. To obtain this
solution, we note that, owing to slow evolution of the
binary, all the terms containing d=dt can be discarded as
small. As a result, we find

bk ¼ 1

Dlþ1ðω2
k −m2Ω2Þ : ð30Þ

Thus, equations (30), (28), and (25) define the Lagrangian
displacement in the limit of large orbit separations. Further,
we use the obtained ξ to calculate the dissipation rate Ėdiff .
Using that ξ is real valued (although the basis eigenfunc-
tions are complex), we have

Ėdiff ¼
Z

ξD̂ξdV ¼
Z

ξ⋆D̂ξdV

¼
X
kk0

akðtÞa⋆k0 ðtÞ
Z

ξ⋆k0D̂ξkdV: ð31Þ

Although the cross terms of modes with different angular
dependence (i.e., quantum numbers l and m) vanish, the
cross terms of different modes with the same angular
dependence but different radial numbers n, generally, do
not vanish. In the case of free neutron star oscillations
ak ∝ eiωkt, and they would vanish after averaging over the
large enough period of time Δt ≫ jωk − ωk0 j−1. Here we
consider oscillations driven by the tidal force at the early
stages of the binary inspiral. In this case, nonvanishing
cross terms have ak ∝ ak0 ∝ eimΩt and, generally, do not
vanish even after time averaging.
All the equations, discussed above, are written for the

binary system with a point-mass companion. Some of the
obtained results, however, can easily be generalized to
the case of a binary system with two completely identical
neutron stars. Clearly, the total heat loss in such a binary is
twice larger than that in a binary with a point-mass
companion. The same applies also to the total phase shift
Δϕdiff of the gravitational signal due to diffusion.

III. NUMERICAL RESULTS

In this section, we provide the numerical results obtained
for the phase shift Δϕdiff of the gravitational signal and
investigate the signal’s potential detectability by the Einstein
Telescope. In our numerical calculations, we consider a
binary system of two M ¼ 1.0M⊙ or two M ¼ 1.4M⊙
identical strongly superconducting neutron stars, each
described by theBSk24 equation of state [24,25].We employ
diffusion coefficients Dkm from Ref. [13], assuming that
strong proton superconductivity effectively reduces the
number of particle species by one [16]. That is, the
coefficients Dkm in superconducting four-component
npeμ matter are calculated by the formulas of Ref. [13]
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for the three-component neμ-matter.5 To calculate the heat
capacity C of a neutron star, we follow Ref. [26].

A. Phase shift of GW signal
and NS heating due to diffusion

In order to determine the phase shift Δϕdiff , we should
find the basis functions fξkg and eigenfrequencies fωkg
by solving the eigenvalue problem (25). In the Cowling
classification [27] of stellar oscillations the corresponding
eigenfunctions are known as f modes, p modes, and g
modes. According to (25), the tidal potential perturbs
modes with the same spatial dependence as in an isolated
neutron star but with a different time dependence. In what
follows, these modes are also referred to as f, p, and g
modes despite their differences from the free neutron star
eigenmodes. The efficiency of the excitation of one mode
or another by the tidal potential depends on the values of
the corresponding overlap integrals Qk and eigenfrequen-
cies ωk [see Eqs. (27), (28), and (30)]. According to our
numerical calculations, the fl; mg ¼ f2; 0g and fl; mg ¼
f2;�2g f modes, and g modes are the main contributors to
the tidal perturbation ξ (25). Some values of the corre-
sponding overlap integrals,Qk, as well as the ratiosQk=ω2

k
[which drive the amplitude of the perturbation, see
Eqs. (28) and (30)] are given in Table I. Here we would
like to note that contributions with l > 2 can be ignored as
negligibly small, since they are of higher order in R=D [see
Eq. (30)]. The fl; mg ¼ f2;�1g terms also do not con-
tribute, since W2;�1 ¼ 0 [see Eq. (27)]. Finally, p modes
possess eigenfrequencies much higher than those of g
modes and, as a result, are excited less efficiently and also
can be ignored.

As a next step, we need to calculate ĖdiffðtÞ for a given
tidal perturbation. Strictly speaking, the fact that f modes
are perturbed much more efficiently than the other modes,
as follows from Table I, does not necessarily imply that
they contribute the most to Ėdiff . In fact, as shown in
Ref. [15], in the case of an isolated neutron star g modes
and p modes dissipate energy through diffusion much
faster than f modes do. The reason is that the chemical
potential imbalances are only weakly perturbed for practi-
cally incompressible f modes and cannot lead to significant
dissipation [see discussion after Eq. (15)]. The same is true
for the f modes perturbed by tidal potential, since they have
the same spatial dependence. As a result, although f modes
are the main contributors to the tidal perturbation, the g
modes could, in principle, dissipate strongly, and their
contribution to the dissipation could be of the same order as
that of f modes. Nevertheless, in our calculations of Ėdiff ,
we retain only the m ¼ �2 f mode contributions to the
tidal perturbation. As we verified numerically (see below),
this approximation is justified and allows us to obtain a
reasonable estimate for Δϕdiff.
In order to find ĖdiffðtÞ we note that, at any moment of

time, Ėdiff ∝ ðT∞Þ−2 with high accuracy. This dependence
reveals itself in numerical calculations with Dkm taken
from Ref. [13] (see also Appendix E). It allows one to
easily find ĖdiffðtÞ by integrating Eq. (16). Once the initial
value of T∞ is given, one can calculate the corresponding
initial value of Ėdiff from Eq. (15) and establish the
proportionality coefficient in Ėdiff ∝ ðT∞Þ−2. After that
the integration of (16) becomes trivial. In our calculations,
as an initial value at sufficiently large separations6 we adopt
T∞ ¼ 106 K, which, depending on the envelope compo-
sition, corresponds to the effective redshifted surface
temperature ð0.82–0.89Þ × 105 K in case of M ¼ 1.4M⊙
and ð0.78–0.83Þ × 105 K in case of M ¼ 1.0M⊙, respec-
tively [28]. Once Ėdiff is found, we calculate the phase shift
Δϕdiff from Eq. (21) (recall that the result should be
multiplied by 2, since we consider a binary of two identitcal
neutron stars, and not the binary with a point-mass
companion). The resulting phase shifts for the M ¼
1.0M⊙ and M ¼ 1.4M⊙ neutron star models are shown
as functions of the gravitational-wave signal frequency νGW
in Fig. 1 by solid lines. Here it is assumed that the
observation starts at νGW¼ 1.5 Hz.7 In the same figure,
dashed lines, for comparison, show the contribution of the
gravitational radiation of the NS bulge calculated with
Eq. (51) of Ref. [21]. To plot the dashed curves, we adopted

TABLE I. Overlap integrals Qk and ratios Qk=ω2
k for the l ¼ 2

f modes and some l ¼ 2 g modes. The main g mode harmonic is
denoted as g0, while the nth g mode overtones are denoted as gn.
The eigenfrequencies ωk are normalized to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GM=R3

p
.

l ¼ 2 overlap integrals

Mass 1.4M⊙ 1.0M⊙

Quantity Qk Qk=ω2
k Qk Qk=ω2

k

f mode 4.0 × 10−1 2.0 × 10−1 4.4 × 10−1 1.8 × 10−1

g0 mode 2.4 × 10−4 1.8 × 10−2 3.6 × 10−4 2.7 × 10−2

g1 mode 1.3 × 10−4 1.9 × 10−2 1.3 × 10−4 2.1 × 10−2

g2 mode 6.7 × 10−5 1.8 × 10−2 6.7 × 10−5 1.9 × 10−2

g3 mode 4.3 × 10−5 1.7 × 10−2 4.7 × 10−5 2.2 × 10−2

g4 mode 3.9 × 10−5 2.3 × 10−2 4.2 × 10−5 2.8 × 10−2

5We also neglect the effects of proton superconductivity and
Fermi-liquid effects on the momentum transfer rate between
neutrons and electrons, Jne, neutrons and muons, Jnμ, and muons
and electrons, Jeμ.

6We start the integration at the separation corresponding to
νGW ≈ 0.1 Hz. The results for temperature are not sensitive to the
choice of the starting value of νGW, as long as it is sufficiently
low.

7Our choice of νGW¼ 1.5 Hz as the starting frequency of the
observation was guided by the sensitivity curves of the Einstein
telescope [29–31].
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the tidal deformability from Ref. [32]. Notably, while at
νGW ∼ hundreds of hertz this is the main contribution to the
phase shift due to matter effects, at low frequencies
considered here the contribution of dissipation is more
important, especially for light NSs. For M ¼ 1.0M⊙ NS
model Δϕdiff reaches a few hundredths of a radian.
Further, using the calculated Ėdiff , one can also estimate

the NS heating due to diffusion. Figure 2 shows T∞ versus
νGW for the two considered stellar models. Our results imply
that particle diffusion may heat NS up to values ∼107 K.
Previous calculations of the heating due to viscous dissipa-
tion of f modes and resonantly excited gmodes resulted in a
similar estimate for the temperature; see, e.g., Refs. [6,8].

B. Approximate formula for the phase shift
and GW signal detectability at low frequencies

Let us consider the phase shift Δϕdiff total accumulated
during the whole inspiral, and estimate its dependence

on the stellar parameters. For simplicity, we assume that
inspiraling stars have equal masses, M. As a first step, we
change the integration variable in (21) from t to Ω:
dt ¼ dΩ=Ω̇, where Ω̇ is calculated using the point mass
approximation. Next, to find Ėorb, we also use the point
mass approximation, where Eorb ¼ −GM2=ð2DÞ: Ėorb ¼
ðdEorb=dDÞḊ. Explicit expressions for Ω̇ and Ḋ in the
point-mass approximation can be found, e.g., in Ref. [5].
Finally, we substitute the expression (31) into the integrand,
accounting only for the l ¼ 2 f mode contributions.
Expressing ak with Eqs. (28) and (30), and using the fact
that Ω2 ∝ M=D3, we eventually find

Δϕdiff total ∝
Z

Ω2

Ω1

Q2
f

ω4
fM

5

1

Ω2ðT∞Þ2

×

�Z
ξ⋆f ðT∞Þ2D̂ξfdV

�
dΩ; ð32Þ

FIG. 1. Solid and dashed lines show the phase shifts due to diffusion and due to gravitational radiation of the NS bulge, respectively, as
functions of GW frequency. Two panels correspond to (from left to right) M ¼ 1.4M⊙ and M ¼ 1.0M⊙.

FIG. 2. Internal stellar temperature versus the frequency of the emitted gravitational wave for the same two stellar models as in Fig. 1.
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where the index f refers to the l ¼ m ¼ 2 f mode, while
Ω1 and Ω2 are the orbital frequencies in the beginning
and in the end of the observation (in our calculations
Ω1=π ¼ 1.5 Hz). The operator D̂ is ∝ ðT∞Þ−2; thus to
make the integral temperature-independent, we factored out
its temperature dependence. To find how the temperature
depends on Ω we consider the evolution laws of the
corresponding quantities:

Ω̇ ∝ Ω11=3M5=3; ð33Þ

Ṫ∞ ∝
Q2

f

ω4
f

Ω4
1

ðC=T∞ÞðT∞Þ3
Z

ξ⋆f ðT∞Þ2D̂ξfdV: ð34Þ

Here C is the total heat capacity of the star, the ratio C=T∞

is temperature independent, and, as we checked numeri-
cally, C ∝ M. Equation (33) describes the orbital frequency
evolution in the point-mass approximation; see, e.g.,
Ref. [5]. Equation (34) is a consequence of the thermal
balance equation (16) with Lagrangian displacements
entering Ėdiss given by Eq. (25), (28), and (30).
Integrating the ratio of (33) and (34), we find

ðT∞Þ2 ∝Ω2=3M−4=3Qf

ω2
f

�
−
Z

ξ⋆f ðT∞Þ2D̂ξfdV

�
1=2

: ð35Þ

Introducing this dependence into (32) and performing
integration we arrive at (assuming Ω2 ≫ Ω1)

Δϕdiff total ∝
Qf

ω2
fM

11=3

1

Ω5=3
1

�
−
Z

ξ⋆f ðT∞Þ2D̂ξfdV

�
1=2

:

ð36Þ

While the dependence of Δϕdiff total on Ω1 is well estab-
lished, its dependence on stellar parameters is less certain,
since the integral in Eq. (36) may vary with the stellar mass,
and it is not so trivial to parametrize this dependence. That
is why we fit our numerical results with a simple formula:

Δϕdiff total ≈ −0.5
1

Ω5=3
1

Qf=ω2
f

0.2
ðM=M⊙Þ−5; ð37Þ

where ωf is normalized to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GM=R3

p
, and the ratiosQf=ω2

f

(forM ¼ 1.0M⊙ andM ¼ 1.4M⊙) are presented in Table I.
To illustrate the proportionality law (37), we plot
Δϕdiff totalðM=M⊙Þ5ω2

f=Qf for various stellar masses in
Fig. 3. From this figure we see that for M < 2M⊙ the
approximation (37) works well for the considered BSk24
equation of state. At higher masses, however, the approxi-
mation (37) is less accurate. Note also that, depending on
the equation of state, Δϕdiff total may deviate from this
simple formula, exhibiting a slightly different dependence
on stellar mass and an uncertainty of a factor of a few in the

numerical multiplier. The difference is caused by the
integral in (36) which generally depends on the stellar
model parameters in a nontrivial way.
Before concluding this section, let us estimate whether

the gravitational signal from the binary can be detected by
the Einstein Telescope at the low frequencies of interest. To
this aim, we analyze the signal-to-noise ratio S=N, defined
by the formula [33]

S2

N2
¼

Z
∞

0

2νGWh20
ν̇GWSnðνGWÞ

dνGW
νGW

¼
Z

νGW¼∞

νGW¼0

2νGWh20
ν̇GWSnðνGWÞ

dðlog νGWÞ: ð38Þ

Here SnðνGWÞ is the power spectral density of the detector
noise. In our calculations, we adopt SnðνGWÞ for the
Einstein Telescope from Refs. [29–31].8 Next, νGW=ν̇GW
is the time during which the binary emits in the band-
width centered around νGW. Finally, h0 is the GW ampli-
tude [34],9

h20 ¼
5G

4π2c3d2ν2GW
ĖGW ≈ −

5G
4π2c3d2ν2GW

Ėorb; ð39Þ

where d is the distance to the binary. In Fig. 4 we plot the
integrand of Eq. (38), 2νGWh20=½ν̇GWSnðνGWÞ�, as a function
of log νGW. To plot Fig. 4 we assume the distance d
corresponding to GW170817 event, d ¼ 40 Mpc. For the
reference, in the inset we also present the same integrand
from Eq. (38) for the Advanced LIGO (assuming that

FIG. 3. Δϕdiff totalðM=M⊙Þ5ω2
f=Qf as a function of M=M⊙.

Here ωf is normalized to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GM=R3

p
.

8One should bear in mind that in practice, noise at low
frequencies may turn out to be stronger, and, perhaps, our
estimates are too optimistic.

9Note that h20 in Refs. [33,34] differ by a factor of 2 from
each other.
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stellar masses equal 1.4M⊙ and adopting SnðνGWÞ for the
Advanced LIGO from Refs. [30,31]). Figure 4 implies that
detection of the GW signal from NS inspirals by the
Einstein Telescope in the frequency band of a few hertz
is very favorable even for inspirals at distances significantly
exceeding that of the GW170817 event. This indicates that
one can expect numerous detections. This, in turn, gives
some hope that the phase shift due to diffusion, ∼0.03 rad,
can be detected by statistical methods—while such a phase
shift may be too small to be detected in one observation
(see, e.g., Ref. [35–38]), it, probably, could be detected in
the analysis of a large number of events.
Note, in this respect, that the proposed space-based GW

observatory DECIGO [39] looks even more promising with
its greatest sensitivity in the frequency range of (0.1–
10) Hz, allowing the phase shift to accumulate over a few
years and reach several radians.

C. Validity of our approximations

In order to check the validity of the approximations made
to obtain Δϕdiff it is necessary to make sure that the
discarded l ¼ 2 m ¼ 0 f mode and l ¼ 2 g modes do not
contribute significantly to Ėdiff .
Let us first discuss the m ¼ 0 case. For these modes

perturbations are very slow and evolve on a timescale of the
binary orbit evolution, τevol ∼D=Ḋ ≫ Porb. At such long
timescales diffusive currents of thesemodes effectively relax
matter to diffusion equilibrium. As a result, m ¼ 0 modes
almost do not drive the neutron star out of diffusion
equilibrium, and perturbations proceed almost adiabatically,
but in the limit opposite to that considered in the paper.
According to the discussion after Eq. (15), this implies that

diffusive currentsΔjk, induced by thesemodes, areweak and
the contribution of m ¼ 0 modes to Ėdiff is small.
As for the m ¼ �2 modes, their perturbation timescale,

according to Eq. (27), equals 2π=ðjmjΩÞ ¼ Porb=2, which is
much shorter than τevol. As a result, the diffusive currents
calculated within the approach adopted in the paper are
indeed small in comparison to adiabatic currents in the
whole integration range for m ¼ �2 f modes and first
considered harmonics of g modes (checked numerically).
Thus, the equations of Secs. II A–II C are valid for these
modes. Further, to check the validity of using of the
approximate Eq. (22) one should ensure that the dissipative
term discarded in Eq. (22) is indeed small. This is equivalent
to checking that τdiff;k ≫ Porb=2, where the diffusive relax-
ation timescales τdiff;k are defined as

τdiff;k ¼ −
2Emech ad;k

Ėdiff;k
; Emech ad;k ≡ 1

2
ȧ⋆k ȧk þ

1

2
ω2
ka

⋆
kak;

Ėdiff;k ≡
X
k0

aka⋆k0

Z
ξ⋆k0D̂ξkdV: ð40Þ

HereEmech ad;k is the contribution of the considered mode to
the mechanical energy in the nondiffusive limit [obtained by
substituting Eq. (25) into the formula for the mechanical
energy (11) and integrating over the stellar volume], and
Ėdiff;k is the contribution of the mode to the diffusive energy
dissipation [cf. Eq. (31)].
To proceed further, we will calculate τdiff;k assuming that

Eq. (22) is valid for all the modes with m ¼ �2 under
consideration. Our numerical calculations indicate that, due
to the interplay between the mode amplitudes (f modes
have larger amplitudes) and dissipation efficiency (gmodes
dissipate stronger), the cross terms in Ėdiff;k are of the same
order as the term with k ¼ k0. Moreover, the cross terms
may be both positive and negative, so that accounting for
larger number of these terms does not lead to a monotonic
increase of Ėdiff;k; instead, Ėdiff;k wanders near the value of
the k ¼ k0 term. In addition, in our numerical examples,
Ėdiff;k is of the same order of magnitude for all the
considered modes. Finally, let us also point out that one
can safely ignore the kinetic energy of a given mode in
comparison to its potential energy, since the frequency of
forced oscillations of the mode is much smaller than the
corresponding eigenfrequency ωk of a freely oscillating
NS. For these reasons, one can use the following estimates:

Emech ad;k ∼
1

2
ω2
ka

⋆
kak; Ėdiff;k ∼ a⋆kak

Z
ξ⋆kD̂ξkdV;

τdiff;k ∼ −
ω2
kR

ξ⋆kD̂ξkdV
: ð41Þ

Note that τdiff;k depend on t only through the temperature
dependence T∞ðtÞ. The relaxation timescale of them ¼ �2
f modes turns out to be larger than the perturbation
timescale, and, therefore, the framework can be fully

FIG. 4. Distribution of signal-to-noise squared defined by
Eq. (38) in log νGW for the Einstein Telescope. The curves are
calculated for a binary inspiral at d ¼ 40 Mpc. Two curves
correspond to two stellar models (M¼1.4M⊙ and M¼ 1.0M⊙).
The inset shows the same distribution for GW170817 event
and advanced LIGO parameters (M ¼ 1.4M⊙ is adopted for
this curve).
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applied. The relaxation timescales of various g modes,
obtained using this estimate, are shown by dots in Fig. 5 as
functions of the frequency νGW ¼ Ω=π of the emitted
gravitational wave [T∞ðνGWÞ from Fig. 2 was adopted
to plot the figure]. For reference, solid lines show the
perturbation timescale of the m ¼ �2 modes, Porb=2. The
figure implies that for both models at νGW ≲ 5 Hz all g
mode perturbations have τdiff;k < Porb=2. Strictly speaking
this means that Eq. (22) is not applicable for g modes and
one has to keep the dissipative term in the Euler equation
when calculating the mode amplitude (see Appendix D).
Keeping dissipation in Eq. (22) would lead to suppression of
the mode amplitude in comparison to numerical examples
considered in the present paper. This means that the con-
tribution of gmodes to Ėdiff would not be of the same order as
that of the f mode (as we observe in our calculations) but
substantially lower. Thus,we see that at the early stages of the
inspiral, where most of the diffusion-related phase shift is
accumulated (see Fig. 1), it is safe to ignore contributions
from the g modes and m ¼ 0 f mode. At later stages,
however, g modes come into play one after another, starting
with the main harmonic, and should be accounted for in the
expression (15). However, as we have verified, they do not
qualitatively affect Ėdiff , introducing an inaccuracy on the
order of a factor of 2. In other words, allowing for only the
fl; mg ¼ f2;�2g f modes provides a reasonable order-of-
magnitude estimate even during the later stages of the
inspiral. In particular, this conclusion applies to the calcu-
lation of the stellar temperature (see Fig. 2).

IV. DISCUSSION

During NS inspiral, NS matter deviates from equilib-
rium, being perturbed by the tidal potential. Various
dissipative mechanisms tend to relax this perturbation. In
this work, we analyzed the role of particle diffusion, which

has been shown to be very efficient in superconducting NSs
[15,18]. We found that diffusion may affect the phase of the
gravitational wave from inspiraling NSs. The effect is
especially pronounced if stellar masses are low. Ground-
based telescopes can detect the phase shift due to diffusion
up to a few hundredths of a radian (see right panel of Fig. 1
for M ¼ 1.0M⊙). Most of the phase shift accumulates at
early stages, when the gravitational wave frequency evolves
to a few hertz. Currently operating GW observatories are
not sensitive in this band, while among the next-generation
ground-based observatories, the Einstein Telescope will be
the most efficient in this frequency range. We verified that it
could be able to effectively detect signals from NSs at the
early stage of inspiral (see Fig. 4). In turn, among the
planned space-based observatories, the most promising one
is DECIGO, as it will be able to detect the GW signal at
earlier stages of inspiral, where the phase shift can reach a
few radians. We also found that particle diffusion leads to
the heating of the stellar matter up to a temperature of
∼107 K (see Fig. 2), which is comparable to the findings of
other authors [6,8] who considered NS heating due to
viscous dissipation.
We should warn the reader that these results were

obtained assuming that protons are strongly superconduct-
ing while neutrons are normal throughout the whole
NS core. Superconducting protons do not scatter off
neutrons, making high relative velocities between neutrons
and charged particles (in particular, leptons) possible.
Dissipation occurring due to leptons’ scattering off neu-
trons turns out to be very efficient, thanks to their high
relative velocities. However, according to microscopic
calculations (see Ref. [40] and references therein), neutron
and proton critical temperatures have density-dependent
profiles, and some parts of the core can contain superfluid
neutrons, while protons are not necessarily superconduct-
ing throughout the entire core. Thus, a detailed analysis

FIG. 5. Two panels show diffusive relaxation times of various g modes as functions of GW frequency (dashed lines) for two adopted
stellar models. Solid lines show the period of m ¼ �2 perturbation, 1=νGW.
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accounting for more realistic microphysics is warranted.
However, even now, we can make some estimates. At
the large orbital separations relevant to our study, the
temperature of the neutron star is lower than 107 K (see
Fig. 2). Neutron and proton critical temperatures reach in
maximum few × 108 K and few × 109 K, respectively
[40,41]. This means that some part of the core contains
strongly superfluid neutrons. Particle scattering off neu-
trons is exponentially suppressed there. In npe matter, this
leads to the elimination of dissipation caused by diffusion,
since protons and electrons are electromagnetically coupled
in this case and their relative velocity vanishes with a very
high accuracy. The admixture of muons, however, permits
relative motions of charged particles, and dissipation is then
driven by their scattering off each other. Since momentum
transfer rates between charged particles are about 2 orders of
magnitudemore efficient than between neutrons and leptons
[13], the particle relative velocities, and hence dissipation,
are 2 orders of magnitude lower [15] than in the case
considered in this work. Thus, the core region with strongly
superfluid neutrons does not contribute to dissipation
effectively. Next, in the region where both neutrons and
protons are nonsuperfluid/nonsuperconducting, neutrons
are strongly coupled to protons due to their effective
scattering bymeans of the strong interaction, and dissipation
occurs again due to scattering of charge particles among
themselves (assuming the presence of muons, see above).
Consequently, the nonsuperconducting region almost does
not contribute to dissipation as well. This means that the
phase shift plotted in Fig. 1 is an estimate from above for the
particle diffusion effect. Measuring the value of the corre-
sponding phase shift could allow one to estimate the fraction
of the core region where protons are superconducting while
neutrons are normal (or moderately superfluid).
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APPENDIX A: HYDRODYNAMICS OF
SUPERCONDUCTING NEUTRON-STAR MATTER

1. General equations

In what follows, we use the unit system where the speed
of light c ¼ 1. Although our formulas are valid for the
general composition of neutron star cores, for definiteness,
we will assume that the matter consists of neutrons (n),
protons (p), electrons (e), and muons (μ), with protons

being superconducting, and the rest of the particles
being normal (nonsuperfluid and nonsuperconducting).
Additionally, we will consider the stellar matter to be
nonmagnetized for simplicity. In this case, the complete
system of hydrodynamic equations, accounting for the
particle diffusion effects (and neglecting all other dissipa-
tive mechanisms), consists of (see Ref. [14] for details)
(i) the second law of thermodynamics

dε ¼ μmdnm þ TdSþ Ypp

2
dðwðpÞμw

μ
ðpÞÞ: ðA1Þ

(ii) energy-momentum conservation

∇νTμν ¼ 0; ðA2Þ
where the energy-momentum tensor Tμν equals

Tμν ¼ ðPþ εÞuμuν þ Pgμν þ Yppðwμ
ðpÞw

ν
ðpÞ

þ μpw
μ
ðpÞu

ν þ μpwν
ðpÞu

μÞ: ðA3Þ
(iii) continuity equations for each particle speciesm ¼ n,

p, e, and μ

∇μj
μ
ðmÞ ¼ 0; ðA4Þ

where the particle current densities jμðmÞ are given by

jμðlÞ ¼ nluμ þ ΔjμðlÞ; l ¼ n; e; μ; ðA5Þ
jμðpÞ ¼ npuμ þ Yppw

μ
ðpÞ þ ΔjμðpÞ; ðA6Þ

and the diffusion current ΔjμðmÞ is

ΔjμðmÞ ¼ −Dmkd
μ
ðkÞ; dμðkÞ ≡⊥ ∇μ

�
μk
T

�
−
ekEμ

T
: ðA7Þ

(iv) the superfluid equation for protons

∇μðwðpÞνþ epAνþμpuνÞ−∇νðwðpÞμþ epAμþμpuμÞ ¼ 0:

ðA8Þ
In these equations and the following text, space-time
indices are represented by greek letters, while particle
species are indicated by indices m, k, l, q, and r. In all
cases, unless explicitly stated otherwise, summation is
implied over repeated indices. In Eqs. (A1)–(A8) gμν is
the metric tensor; ⊥∇μ ¼ ⊥μν∇ν; ⊥μν ¼ gμν þ uμuν is the
projection tensor; and ∇μ is the covariant derivative.
Further, ε, P, S, and T are the energy density, pressure,
entropy density, and temperature, respectively; nm, μm, and
em are respectively, the number density, the relativistic
chemical potential, and charge of particle speciesm;Dmk ¼
Dkm are the diffusion coefficients, which can generally be
presented as the sole functions of chemical potentials μm
and temperature T; uμ is the velocity of normal (non-
superfluid and nonsuperconducting) liquid component; Aμ
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is the four potential of the electromagnetic field; Eμ ≡
uνFμν is the electric four-vector, which equals the electric
field in the coordinate frame comoving with the normal
fluid; Fμν ¼ ∇μAν −∇νAμ is the electromagnetic tensor.
Next, the coefficient Ypp is the relativistic analog of the
proton superfluid density ρsp of the nonrelativistic theory.
In the nonrelativistic limit they are related by the condition
Ypp ¼ ρsp=ðm2

pc2Þ, where c is the speed of light and mp is
the bare proton mass. At very low temperatures T ≪ Tcp,
where Tcp is the proton transition temperature to the
superconducting state, all protons condense into Cooper
pairs, and we have

μpYpp ¼ np; ðA9Þ

which is analogous to the condition ρsp ¼ mpnp of the
nonrelativistic theory.
Finally, the four-vector wμ

ðpÞ in Eqs. (A1)–(A8) is

responsible for the superfluid/superconducting degrees of
freedom in the system and is proportional to the difference
between the proton superfluid velocity uμðpÞ and normal

velocity uμ. It can be represented as

wμ
ðpÞ ¼ μpðuμðpÞ − uμÞ; uμðpÞ ≡

1

μp
ð∇μϕp − epAμÞ;

ðA10Þ

where the scalar ϕp equals ϕp ¼ ℏΦp=2 and Φp is the
wave function phase of the proton Cooper-pair condensate.
In fact, Eq. (A8) immediately follows from (A10) since it
just says that ∇μ∇νϕp −∇ν∇μϕp ¼ 0.
Multiplying Eq. (A8) by uν and using (A10) one can

easily find the expression for the electric vector Eμ:

Eμ ¼
uν

ep
½∇νðμpuðpÞμÞ −∇μðμpuðpÞνÞ�: ðA11Þ

The hydrodynamic equations discussed above should
be supplemented with a number of additional conditions.
The first of these conditions is the normalization of the
four-velocity uμ,

uμuμ ¼ −1; ðA12Þ

and the condition

uμw
μ
ðpÞ ¼ 0 ⇔ uμu

μ
ðpÞ ¼ −1; ðA13Þ

which ensures that the energy density ε and the number
density np are measured in the frame comoving with
the normal fluid component, i.e., uμuνTμν ¼ ε and
uμj

μ
ðmÞ ¼ −nm.

The second equation is the expression for the
pressure, P,

P ¼ −εþ μmnm þ TS; ðA14Þ
and the corresponding Gibbs-Duhem relation

dP ¼ nmdμm þ SdT −
Ypp

2
dðwðpÞμw

μ
ðpÞÞ: ðA15Þ

Finally, the third condition will allow us to close the system
of equations described above without invoking Maxwell’s
equations. This condition follows from the fact that for
sufficiently low-frequency motions within the applicability
range of the hydrodynamics formulated in this section, the
requirement of quasineutrality and vanishing total charge
current density in the system is met with a very high degree
of accuracy ([15,18]) that is

emj
μ
ðmÞ ¼ 0 ⇒ Yppw

μ
ðpÞ ¼ −

emΔj
μ
ðmÞ

ep
: ðA16Þ

2. Using the fact that wμ
ðpÞ is small

As follows from Eq. (A16), the four-vector wμ
ðpÞ depends

on small diffusion currents and hence vanishes in full
thermodynamic equilibrium. This means that the terms
∼wμ

ðpÞw
ν
ðpÞ in hydrodynamic equations are proportional to

the diffusion coefficients squared,D2
mk, and, moreover, also

depend on the perturbation amplitude squared. In other
words, these terms are small and can be neglected either in
the case when the diffusion is slow, or if the system is only
slightly perturbed out of thermodynamic equilibrium so
that use of the linear approximation is justified. Assuming
that diffusion is slow equations of Appendix A 1 can be
reformulated in a very simple and elegant form as

dε ¼ μmdnm þ TdS; dP ¼ nmdμm þ SdT;

P ¼ −εþ μmnm þ TS; ðA17Þ

∇νTμν ¼ 0; Tμν ¼ ðPþ εÞũμũν þ Pgμν; ðA18Þ

∇μj
μ
ðmÞ ¼ 0; jμðmÞ ¼ nmũμ þHmkΔj

μ
ðkÞ;

ΔjμðmÞ ¼ −Dmkd
μ
ðkÞ; dμðkÞ ≡⊥ ∇̃μ

�
μk
T

�
−
ekEμ

T
; ðA19Þ

Eμ ¼
ũν

ep
½∇νðμpũμÞ −∇μðμpũνÞ�

þ small terms depending on Yppw
μ
ðpÞ: ðA20Þ

Here we have introduced the differential operator

⊥∇̃μ ≡ ⊥̃μν∇ν; ⊥̃μν ≡ gμν þ ũμũν; ðA21Þ
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and the matrix Hmk is given by (δmk is the Kronecker
symbol)

Hmk ¼ δmk −
ek
ep

�
δmp −

μpnm
Pþ ε

�
; ðA22Þ

and satisfies

emHmk ¼ 0: ðA23Þ

The form of the equations has significantly simplified
compared to the equations in Appendix A 1 because of the
introduction of the four-velocity ũμ, which, being multi-
plied by (Pþ ε), gives the momentum density of the fluid:

ũμ ≡ uμ þ μp
Pþ ε

Yppw
μ
ðpÞ: ðA24Þ

Because of (A13), this velocity is normalized to −1with the
accuracy to the terms ∼wðpÞμw

μ
ðpÞ,

ũμũμ ¼ −1: ðA25Þ

Let us note that in writing the expression (A20) for the
electric vector Eμ, we have explicitly written out only the
leading terms dependent on the velocity ũμ, as we will
neglect contributions from small additional terms depend-
ing on Yppw

μ
ðpÞ (and hence on diffusion coefficients) in

what follows (see Appendix B).
Composing the combination ⊥̃μ

ν∇λTνλ ¼ 0 and using the
expression (A18), one derives the Euler equation

ũν∇νũμ þ ⊥̃μν ∇νP
Pþ ε

¼ 0: ðA26Þ

Using (A26), the expression for Eμ can be transformed into

Eμ ¼ ⊥̃ν
μ

�
∇νμp −

μp
Pþ ε

∇νP

�
: ðA27Þ

3. Hydrodynamic equations for normal matter

A significant advantage of the hydrodynamic equations in
the form obtained in Appendix A 2 is their formal resem-
blance to the corresponding equations for normal (non-
superfluid and nonsuperconducting) matter. The complete
system of equations for normal matter reads as follows:

dε ¼ μmdnm þ TdS; dP ¼ nmdμm þ SdT;

P ¼ −εþ μmnm þ TS; ðA28Þ

∇νTμν ¼ 0; Tμν ¼ ðPþ εÞuμuν þ Pgμν; ðA29Þ

∇μj
μ
ðmÞ ¼ 0; jμðmÞ ¼ nmuμ þHmkΔj

μ
ðkÞ;

ΔjμðmÞ ¼ −Dmkd
μ
ðkÞ; dμðkÞ ≡⊥ ∇μ

�
μk
T

�
−
ekEμ

T
; ðA30Þ

Eμ ¼ −
TemDmk

eleqDlq

⊥∇μ

�
μk
T

�
: ðA31Þ

This systemdiffers from that formatterwith superconducting
protons only by the expression (A31) for Eμ, which follows
from the condition emj

μ
ðmÞ ¼ 0. In turn, its superconducting

counterpart (A20) is derived from the superfluid equation for
protons, while the requirement emj

μ
ðmÞ ¼ 0 is met automati-

cally in view of Eq. (A23). Another (final) difference of the
system (A28)–(A31) from (A1)–(A22) is the expression for
the matrix Hmk. For normal matter it equals

Hmk ¼ δmk: ðA32Þ

APPENDIX B: FORMULATION OF THE
PROBLEM IN TERMS OF LAGRANGIAN

DISPLACEMENTS

1. Some definitions

For a spherically symmetric unperturbed star the interval
in xμ ¼ ðt; r; θ;φÞ coordinates takes the form

ds2¼ gμνdxμdxν¼−eν0dt2þeλ0dr2þ r2ðdθ2þ sin2 θdφ2Þ;
ðB1Þ

where ν0ðrÞ and λ0ðrÞ are (well-known) metric coefficients
of the unperturbed star. Here and in the subsequent
discussion, unless explicitly specified otherwise, any quan-
tity A pertaining to the unperturbed star is denoted as A0,
while the Euler perturbation of this quantity is represented
as δA. Moreover, the superscript ∞ in the quantity A∞

indicates that this quantity is redshifted as seen by a distant
observer, i.e., A∞ ≡ Aeν0=2.
The tidal force causes a perturbation in the star, resulting

in slight variations in the gravitational field generated by
the star. In what follows we shall neglect this variation by
working in the so-called Cowling approximation [27].
We will also work in the inertial reference frame, in which
the center of mass of the neutron star is at rest each moment
of time. In this reference frame, within made approxima-
tions, the effect of the gravitational field of the companion
star on the metric tensor can be approximately incorporated
by accounting for the corresponding gravitational time
dilation: dt2 → ð1þ 2UÞdt2 ≈ e2Udt2, where U is the
Newtonian gravitational potential of the companion.
Then the metric tensor takes the following form:

ds2 ¼ −eν0þ2Udt2 þ eλ0dr2 þ r2ðdθ2 þ sin2 θdφ2Þ; ðB2Þ

which will be used subsequently in writing the Euler
equation. Effectively, such an approach is equivalent to
treating the tidal gravitational field in the Newtonian
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framework and will lead to the appearance of the tidal force
in the Euler equation (see Appendix B 3 below).10

In what follows it will be more convenient for us to work
with the physical vectors using the physical basis eμ,
related to the coordinate basis ecoordμ ≡ ∂μ as

eμ ¼ Sρμecoordρ ; Sρμ ¼ diag

�
1; e−λ0=2;

1

r
;

1

r sin θ

�
: ðB3Þ

In this new basis the metric is ημν ¼ diag½−eν0þ2U; 1; 1; 1�,
while the components of any vector A ¼ Aμ

coorde
coord
μ ¼

Aμeμ in two bases are related by

ðAr; Aθ; AφÞ ¼ ðAr; Aθ; AφÞ
¼ ðeλ0=2Ar

coord; rA
θ
coord; r sin θA

φ
coordÞ: ðB4Þ

Moreover, the gradient, divergence, and scalar product in
the physical basis are given by

∇ ¼
�
e−λ0=2

∂

∂r
;
1

r
∂

∂θ
;

1

r sin θ
∂

∂φ

�
; ðB5Þ

divA ¼ 1

r2eλ0=2
∂

∂r
ðr2ArÞ þ 1

r sin θ
∂

∂θ
ðsin θAθÞ

þ 1

r sin θ
∂

∂φ
ðAφÞ; ðB6Þ

ðA · BÞ ¼ ArBr þ AθBθ þ AφBφ; ðB7Þ

where A ¼ ðAr; Aθ; AφÞ and B ¼ ðBr; Bθ; BφÞ are some
vectors with coordinates Ai and Bi in the physical basis ei.
The volume element is dV ¼ eλ0=2r2 sin θdrdθdφ.

2. Our assumptions and equilibrium configuration

a. Assumptions

Because the stellar matter is strongly degenerate, we will
neglect temperature-related contributions in Eq. (A28) and
write

dε ¼ μmdnm; dP ¼ nmdμm; w≡ Pþ ε ¼ μmnm;

ðB8Þ

where we define the heat function w ¼ Pþ ε (do not
confuse with wμ

ðpÞ).
Using these equations, we can present the formula (A27)

for Eμ as

Eμ ¼
�
δlp −

μpnl
Pþ ε

�
⊥∇̃μμl: ðB9Þ

We will also neglect the weak effects in neutron-star
matter related to thermal conductivity and thermodiffusion.
In these circumstances, the kinetic coefficients Dmk satisfy
the following useful condition [13,14]:

Dmkμk ¼ 0: ðB10Þ

In the limit of slow diffusion, considered here, diffusive
currents ΔjμðmÞ are given by Eq. (A19). Using Eqs. (B9) and
(B10), they can be transformed into the following form:

ΔjμðmÞ ¼ −
DmkHlk

T
⊥∇̃μμl; ðB11Þ

where the matrix Hlk is given by the formula (A22). Note
that, because of (B8) this matrix has a property,

μmHmk ¼ μk; ðB12Þ

in addition to the property (A23). In view of (B10) and
(B12), the expression (B11) can be rewritten as

ΔjμðmÞ ¼ −
DmkHlk

T∞
⊥∇̃μμ∞l ; ðB13Þ

where T∞ ¼ Teν0=2 and μ∞l ¼ μleν0=2.

b. Equilibrium configuration of a neutron star

In an unperturbed star, one has (see, e.g., Refs. [42,43])

uμ0 ¼ ðe−ν0=2; 0; 0; 0Þ; wμ
ðpÞ0 ¼ ð0; 0; 0; 0Þ;

ũμ0 ¼ ðe−ν0=2; 0; 0; 0Þ: ðB14Þ

Moreover, in the unperturbed star the redshifted internal
temperature must be constant and the diffusion current
must vanish, which imply [see Eqs. (A19) and (B14)]

∇T∞
0 ¼ 0; ∇μ∞k0 − ekE0eν0=2 ¼ 0: ðB15Þ

Here the gradient ∇ is defined in Eq. (B5), and E0 is the
spatial part of the electric four-vector Eμ ¼ uνFμν in the
unperturbed star. From (B15) it is straightforward to show
that

em∇μ∞k0 − ek∇μ∞m0 ¼ 0 ðB16Þ

for any two arbitrary species m and k.

3. Operators L̂ and D̂

The hydrodynamic velocity ũ in an arbitrary reference
frame can be written as ũ ¼ ũNS þ ðũ − ũNSÞ ¼ ũNS þ δũ,

10Such an approach completely ignores the relativistic drag-
ging effects and does not account for the gravitational radiation.
These effects, however, are expected to be comparatively small
inside the star at large binary orbit separations, considered in the
paper.
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where ũNS is the neutron star center of mass velocity
(coinciding with the equilibrium hydrodynamic velocity).
Here we employ the inertial reference frame, comoving
with the center of mass of the neutron star. In this frame
ũNS ¼ 0 and the metric tensor takes the form (B2). One
can also show that in this frame the center of mass accelera-
tion equals ˙̃uNS ¼ −eν0=2ð∇UÞl¼1 ¼ eν0=2GM0D=D3. In
this frame, linearizing Eq. (A26) and introducing the
Lagrangian displacement ξ as δũ ¼ e−ν0=2ξ̇, we obtain
the following Euler equation for stellar perturbations under
the action of tidal potential (written in the physical basis):

e−ν0w0
̈ξ ¼ −∇δPþ δw

w0

∇P0 − w0∇Ũ: ðB17Þ

In turn, the linearized versionof the continuity equation (A19)
will take the form

˙δnm þ divðnm0ξ̇Þ ¼ −divðHmk0Δjkeν0=2Þ: ðB18Þ

In these equations dot (̇ ) indicates time derivative ∂=∂t; Δjk
is the (linearized) spatial components of the diffusion
current (B13) (note that it vanishes in equilibrium); ∇
and div are given, respectively, by Eqs. (B5) and (B6).
Because of the conditions (A23), (B10), (B12), and

(B16) Δjk can be written as follows:

Δjm ¼ −
Dmk0Hlk0

T∞ ∇δμ∞l ; ðB19Þ

where the matrices Dmk0 ¼ Dmkðfμq0g; TÞ and Hlk0 ¼
Hlkðfμq0gÞ are taken at equilibrium (more precisely, at
the equilibrium values of chemical potentials μq0; q ¼ n, p,
e, μ). However, it should be noted that to derive this
formula, the true temperature T does not necessarily need
to be equal (or close) to the equilibrium temperature T0. In
other words, Eq. (B19) remains valid even for significant
deviations from thermal equilibrium, when T differs notice-
ably from T0 (but still δμq ≪ μq0). In the case of strong
deviations from thermal equilibrium, it is necessary to
substitute the true temperature T into the temperature-
dependent coefficients Dmk0.
Using one of the hydrostatic equilibrium condi-

tions (e.g., [17]), ∇P0 ¼ −w0∇ν0=2, Eq. (B17) can be
rewritten as

e−ν0=2w0
̈ξ ¼ −∇ðδPeν0=2Þ − δε∇ðeν0=2Þ − w0eν0=2∇Ũðt; rÞ:

ðB20Þ

Our next aim will be to express Euler perturbations of
pressure, δP, chemical potentials, δμk, and energy density,
δε, from the continuity equations (B18). Using (B8) as well
as the identity δP ¼ ð∂P=∂nmÞδnm one arrives at the
following set of equations (see also [18]):

˙δPþ ∇P0 · ξ̇ þ nm0

∂P
∂nm

divξ̇ ¼ −
∂P
∂nm

divðHmk0Δjkeν0=2Þ;

ðB21Þ

δ̇μm þ ∇μm0 · ξ̇ þ
∂P
∂nm

divξ̇ ¼ −
∂μm
∂nl

divðHlk0Δjkeν0=2Þ;

ðB22Þ

δ̇εþ ∇ε0 · ξ̇ þ w0divξ̇ ¼ −μm0divðHmk0Δjkeν0=2Þ; ðB23Þ

where all partial derivatives of thermodynamic quantities
are taken in the unperturbed star; it is assumed that the
pressure and chemical potentials are presented as the
functions of number densities of all particle species.
In view of the identities (A23), (B10), (B12), (B16), and

(B19) the right-hand side of equation (B23) vanishes; hence
we are left with

δ̇εþ ∇ε0 · ξ̇ þ w0divξ̇ ¼ 0: ðB24Þ

Now, let us formally present δP as δP ¼ δPad þ δPdiff ,
where δPad is expressed through ξ by the same formula as
in the absence of diffusion [see Eq. (B21) with the zero
right-hand side], and δPdiff is the diffusion correction
arising because the right-hand side of (B21) is nonvanish-
ing.11 Then, substituting δP ¼ δPad þ δPdiff and δε ¼ δεad
into (B20), we get

e−ν0=2w0ξ̈¼ L̂ξ−∇ðδPdiffeν0=2Þ−w0eν0=2∇Ũðt;rÞ; ðB25Þ

where the operator L̂ is defined as

L̂ξ ¼ ∇
��

∇P0 · ξ þ nm0

∂P
∂nm

divξ

�
eν0=2

�

þ ð∇ε0 · ξ þ w0divξÞ∇ðeν0=2Þ: ðB26Þ

One can show that for any functions ξ1 and ξ2, satisfying
the standard boundary conditions at the surface (see
Sec. II A), this operator is symmetric in a sense that

Z
ξ1L̂ξ2dV ¼

Z
ξ2L̂ξ1dV; dV ¼ eλ0=2r2 sin θdrdθdφ;

ðB27Þ

where the integration is performed over the whole stellar
volume.
In turn, as follows from Eq. (B21), the time-derivative of

the diffusion correction to pressure δPdiff is given by

11Similar representation for the energy density perturbation
gives δε ¼ δεad because δεdiff ¼ 0; see Eq. (B24).
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˙δPdiff ¼ −
∂P
∂nm

divðHmk0Δjkeν0=2Þ: ðB28Þ

The function δPdiff itself can be found from (B28) by
integration over time. Using Eq. (B19), the formula (B28)
can be represented as

˙δPdiff ¼
∂P
∂nm

div

�
eν0=2

Hmk0Dkq0Hlq0

T∞ ∇δμ∞l

�

≈−
∂P
∂nm

div

�
eν0=2

Hmk0Dkq0Hlq0

T∞ ∇
�
eν0=2

∂P
∂nl

divξ

��
:

ðB29Þ

Here in the last equality we expressed δμl from Eq. (B22).
In doing so, we retained only the terms linear in the
diffusion coefficientsDkq0 (assuming diffusion is slow) and
utilized the properties (A23) and (B12).
Now we have everything at hand to derive the energy

conservation law from (B25). Multiplying that equation by
ξ̇, integrating over the stellar volume V, and using the
property (B27) one finds, after some manipulations,

d
dt

Z
dV

�
1

2
e−ν0=2w0ξ̇

2 −
1

2
ξL̂ξ þ ξ∇ðδPdiffeν0=2Þ

�

¼
Z

dVξ∇ð ˙δPdiffeν0=2Þ −
Z

dVw0eν0=2ξ̇∇Ũðt; rÞ ðB30Þ

or, making use of (B29),

d
dt

Z
dV

�
1

2
e−ν0=2w0ξ̇

2 −
1

2
ξL̂ξ þ ξ∇ðδPdiffeν0=2Þ

�

¼
Z

dVξD̂ξ −
Z

dVw0eν0=2ξ̇∇Ũðt; rÞ; ðB31Þ

where

D̂ξ≡ −∇
�
eν0=2

∂P
∂nm

div

�
Hmk0Dkq0Hlq0

T

× ∇
�
eν0=2

∂P
∂nl

divξ

���
: ðB32Þ

One can show that the operator D̂ has the following
properties:

Z
ξ1D̂ξ2dV ¼

Z
ξ2D̂ξ1dV;

Z
ξD̂ξdV ≤ 0: ðB33Þ

The first property is obtained by integrating
R
dVξ1D̂ξ2 a

few times by parts. The only assumption required for it to
hold is the vanishing of the diffusion coefficients Dkm and
their derivatives at the surface. The second property, as can
be shown, follows from the non-negative-definiteness of
the matrix Dkm [13,14].

The equation (B31) has a straightforward physical
meaning and indicates that the change in the total mechani-
cal energy of the system over time is due to the dissipation
of energy into heat through diffusion [the first term on the
right-hand side of Eq. (B31)] and the work done on the
system by the tidal force (the second term on the right-hand
side of the equation). In turn, the mechanical energy
consists of kinetic energy (the first term on the left-hand
side of the equation), potential energy of a standard form
(the second term), and a small addition to the internal
energy caused by the difference in pressure between the
matter where diffusion is active and the matter where
diffusion is artificially turned off and the composition is
“frozen” [the third term on the left-hand side of Eq. (B31)].
Notably, when oscillations are harmonic (neglecting dis-
sipation) time-averaging of the third term vanishes up to the
leading terms in diffusion.
To end this section we would like to note that Ėdiff can be

equivalently written in terms of chemical potential pertur-
bations. To show this, as a first step, we twice integrate ξD̂ξ
by parts and obtain

Ėdiff ¼
Z

ξD̂ξdV¼−
Z

1

T
Hmk0Hlq0Dkq0∇

�
eν0=2

∂P
∂nm

divξ

�

·∇
�
eν0=2

∂P
∂nl

divξ

�
dV: ðB34Þ

Then we substitute divξ from the nondissipative limit of
Eq. (B22) and get

Ėdiff ¼ −
Z

1

T
Hmk0Hlq0Dkq0∇½δμ∞m þ eν0=2ðξ∇Þμm0�

· ∇½δμ∞l þ eν0=2ðξ∇Þμl0�dV: ðB35Þ

It is easy to see that terms with ∇μm0 and ∇μl0 vanish.
Indeed, using that

Hmk0em ¼ 0; μm0Hmk0 ¼ μk0;

μk0Dkq0 ¼ 0; μ∞m0 − em=epμ∞p0 ¼ const; ðB36Þ

we find that

Hmk0Dkq0∇½eν0=2ðξ∇Þμm0� ¼ 0: ðB37Þ

Thus, Ėdiff can be written as

Ėdiff ¼ −
Z

1

T
Hmk0Hlq0Dkq0ð∇δμ∞m Þ · ð∇δμ∞l ÞdV: ðB38Þ
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APPENDIX C: EVOLUTION OF THE BINARY
SYSTEM IN NEWTONIAN THEORY

Let us consider a binary system, consisting of a neutron
star with mass MNS and its point-mass companion with
massMC. Let the vector RCðtÞ describe the trajectory of the
companion, and the vector RNSðtÞ describe the trajectory of
the neutron star’s center of mass:

RNSðtÞ ¼
1

MNS

Z
ρðR − RNSðtÞ; tÞRd3R;

MNS ¼
Z

ρðR − RNSðtÞ; tÞd3R; ðC1Þ

where ρðR − RNS; tÞ is the density of the neutron star as a
function of the distance r ¼ R − RNS from its center of
mass. In what follows, we use R to denote the positions of
points with respect to an arbitrarily chosen inertial refer-
ence frame. Velocities of the companion and the neutron
star center of mass, measured in this reference frame, equal
ṘC and ṘNS, respectively. Let us also introduce the velocity
V of hydrodynamical flows inside the star, measured in the
same inertial frame. By definition, it is related to the
ordinary hydrodynamical velocity v as V ¼ ṘNS þ v. It is
easy to show that, in these notations, the kinetic energy of
the binary system can be written as

Ekin ¼
1

2
MCṘ2

C þ 1

2

Z
ρðR − RNS; tÞV2d3R

¼ 1

2
MCṘ2

C þ 1

2
MNSṘ2

NS þ
1

2

Z
ρv2d3r: ðC2Þ

In the derivation of this formula we have used that

Z
ρðr; tÞrd3r ¼ 0;

Z
ρðr; tÞvðr; tÞd3r ¼ 0; ðC3Þ

which follows from (C1) and the continuity equation
ρ̇þ divðρvÞ ¼ 0. The obtained formula for kinetic energy
is intuitively clear: the first two terms correspond to the
motion of the companion and the neutron star as a whole,
while the last term describes the kinetic energy of hydro-
dynamical flows inside the star. Potential energy, in turn,
represents the sum of the interaction energy between the
neutron star and its companion and hydrodynamical poten-
tial energy Epot;hydro:

Epot ¼ −GMC

Z
ρðr; tÞd3r

jr − ðRC − RNSÞj
þ Epot;hydro: ðC4Þ

Since we consider weak perturbations of a nonrotating
neutron star, hydrodynamic contributions to kinetic and
potential energy can be written as

Ekin;hydro ¼
1

2

Z
ρ0ðrÞξ̇2d3r; Epot;hydro ¼ −

1

2

Z
ξL̂ξd3r;

ðC5Þ

where ρ0 is the unperturbed density. As a result, in this limit
we have

Ekin ¼
1

2
MCṘ2

C þ 1

2
MNSṘ2

NS þ
1

2

Z
ρ0ðrÞξ̇2d3r; ðC6Þ

Epot ¼ −GMC

Z
ρðr; tÞ

jr − ðRC − RNSÞj
d3r −

1

2

Z
ξL̂ξd3r:

ðC7Þ

Further analysis is more transparent, if we separate the
motion into the motion of the binary as a whole and the
relative motion of the neutron star and its companion. To
this aim, let us introduce the center of mass RCM of the
whole binary system and distance D between the neutron
star and companion:

RCM ¼ MNSRNS þMCRC

MNS þMC
; D ¼ RC − RNS: ðC8Þ

Using these relations one can rewrite kinetic and potential
energies in terms of RCM and D as

Ekin ¼
1

2
ðMC þMNSÞṘ2

CM þ 1

2
μḊ2 þ 1

2

Z
ρ0ðrÞξ̇2d3r;

μ ¼ MCMNS

MC þMNS
; ðC9Þ

Epot ¼
Z

ρðr; tÞUðr;DÞd3r − 1

2

Z
ξL̂ξd3r;

Uðr;DÞ ¼ −
GMC

jr − Dj : ðC10Þ

The total energy of the binary, therefore, can be written as

Etot ¼ Ekin þ Epot ¼ Ekin;CM þ Eorb þ Emech; ðC11Þ

Ekin;CM ≡ 1

2
ðMC þMNSÞṘ2

CM; ðC12Þ

Eorb ≡ 1

2
μḊ2 þ

Z
ρðr; tÞUðr;DÞd3r; ðC13Þ

Emech ≡ 1

2

Z
½ρ0ðrÞξ̇2 − ξL̂ξ�d3r: ðC14Þ

Here Ekin;CM is the kinetic energy, associated with the
motion of the binary’s center of mass, Eorb is the orbital
energy, containing the gravitational interaction energy and
kinetic energy of relative motion of the star and companion,

KANTOR, GUSAKOV, and KRAAV PHYS. REV. D 109, 123025 (2024)

123025-18



and Emech is the mechanical energy of neutron star
perturbations.
Once the expressions for the kinetic and potential

energies are obtained, one can write the action S for the
binary system. In doing so one should remember that the
variables RNS (and, therefore D) and ξ are not independent
and are bound by condition (C1), which is equivalent to the
first equation in (C3). These equations are nothing but the
definition of the radial coordinate r, claiming that the center
of mass of the neutron star is always located at r ¼ 0 (in
particular, in the perturbed star). In other words, stellar
perturbations should leave the center of mass at rest with
respect to the chosen reference frame. This condition
imposes the following restriction on the perturbations:

Z
δρrd3r ¼ 0; ðC15Þ

which is the first linearized equation in (C3). Then the
action of the binary system, accounting for this restriction,
can be written as

SκfRCM;D; ξg ¼
Z

ðEkin − EpotÞdtþ κ
Z

δρrd3rdt;

ðC16Þ

where κ is a Lagrangian multiplier, introduced to enforce
(C15). Equations, governing the dynamics of the binary
system, can be derived by minimizing this action with
respect to variations of RCM, D, ξ. The Lagrangian multi-
plier can be found by requiring the condition (C15). We
would like to note that, in our approach, density perturbation
is not independent and equals δρ ¼ −divðρ0ξÞ (which is the
linearized continuity equation). This relation should be
accounted for in the minimization of the action with respect
to variations of ξ. Keeping this in mind, we find that
minimization with respect to variations of ξ and condition
(C15) lead to the following equations:

ρ0 ̈ξ − L̂ξ ¼ κρ0 − ρ0∇U; ðC17Þ
Z

ρ0ξd3r ¼ 0: ðC18Þ

The Lagrangian multiplier κ can be found by integrating
Eq. (C17) and using Eq. (C18) [note that

R
L̂ξdV vanishes

due toEq. (C18) and the fact that the operator L̂ conserves the
angular dependence of ξ]. Excluding κ from the resulting
equation and inserting it into Eq. (C17), we find

ρ0 ̈ξ − L̂ξ ¼ −ρ0½∇U − ∇Ul¼1� ¼ −ρ0∇Ũ: ðC19Þ

Detailed analysis of this equation (more specifically, of its
relativistic dissipative counterpart) has already been per-
formed in the main text of the paper. Similar consideration

allows one to derive the conservation law for mechanical
energy:

Ėmech ¼ −
Z

ρ0ðξ̇∇ÞŨd3r≡ AU; ðC20Þ

where AU is the work of gravitational forces. Further,
minimization of the action with respect to variations of D
gives

μD̈ ¼ −
Z

ρðr; tÞ ∂U
∂D

d3r: ðC21Þ

Multiplying this equation by Ḋ and rearranging the terms,we
find

Ėorb ¼
Z

U
∂ρ

∂t
d3r ¼

Z
U
∂δρ

∂t
d3r: ðC22Þ

Substituting explicitly δρ expressed through ξ and integrat-
ing the right-hand side by parts, we obtain

Ėorb ¼
Z

ρ0ðξ̇∇ÞUd3r ¼
Z

ρ0ðξ̇∇ÞŨd3r ¼ −AU; ðC23Þ

wherewe have used the time derivative of Eq. (C18) and that
∇Ul¼1 does not depend on r. Finally, minimization of the
action with respect to RCM gives R̈CM ¼ 0. This is the
expected result, since in the absence of external forces,
the center of mass of the isolated system should move with
constant velocity.

APPENDIX D: EFFECT OF DIFFUSION
ON THE TIDAL PERTURBATION

In the text we have mentioned that diffusion results in
delay of the perturbation in time and, moreover, strong
diffusion suppresses perturbation amplitude. To show this,
let us consider the Euler equation, accounting for diffusion
this time. It is easy to show that, operating in the same
manner as in the main text, one arrives at the following
equation for bk:

b̈kðtÞ − 2imΩḃkðtÞ þ ðω2
k −m2Ω2 − imΩ̇ÞbkðtÞ

þ
X
k0

Z
t

−∞
γkk0 ðτÞbk0 ðτÞe−im0ΦðτÞþimΦðtÞdτ ¼ 1

DðtÞlþ1
;

ðD1Þ

γkk0 ≡Qk0Wk0

QkWk

Z
ξ⋆kD̂ξk0dV: ðD2Þ

As in the case of Ėdiff (31), the only nonvanishing cross
terms in the sum above are those with l0 ¼ l and m0 ¼ m.
We will focus on the m ≠ 0 case, because m ¼ 0 modes do
not contribute either to GW emission or to diffusive
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dissipation. Then we can approximate integrals in the
sum as

Z
t

−∞
γkk0 ðτÞbk0 ðτÞe−imðΦðτÞ−ΦðtÞÞdτ

≈ γkk0 ðtÞbkðtÞ lim
δ→þ0

Z
t

−∞
e−imðΦðτÞ−ΦðtÞÞð1þiδÞdτ

¼ i
mΦ̇ðtÞ γkk0 ðtÞbk0 ðtÞ: ðD3Þ

Here in order to take the integral from the exponent we
introduced a small correction δ → þ0 to regularize the
integral at τ → −∞. Physically such regularization reflects
the idea that at τ → −∞ the neutron star is not perturbed by
its companion. Then the equation for bk can be rewritten as

b̈k − 2imΩḃk þ ðω2
k −m2Ω2 − imΩ̇Þbk

þ i
mΩ

X
k0

γkk0bk0 ¼ 1

Dlþ1
: ðD4Þ

At large orbit separations bk can be found from the
asymptotic system of equations:

X
k0

�
δkk0 þ i

mΩ
γkk0

ω2
k −m2Ω2

�
bk0 ¼ 1

Dlþ1ðω2
k −m2Ω2Þ :

ðD5Þ

To qualitatively analyze the behavior of the solution of this
system of equations, let us discard the cross terms and
assume that the mode is far from the resonance. Then we
obtain

�
1 −

i
mΩτdiff;k

�
bk ¼ 1

Dlþ1ω2
k

; ðD6Þ

where τdiff;k is defined by Eq. (40). The solution reads as

bk ¼ 1

Dlþ1ω2
k

1

1þ 1
m2Ω2τ2diff;k

�
1þ i

mΩτdiff;k

�
; ðD7Þ

which implies that diffusion introduces the phase delay to
the perturbation12 and suppresses the perturbation ampli-

tude by a factor
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

m2Ω2τ2diff;k

q
. This factor is of the second

order in diffusion coefficients when 1=ðmΩÞ ≪ τdiff;k and
is large when 1=ðmΩÞ ≫ τdiff;k. The former is the case for

the f modes, while the latter precisely describes the case for
the m ¼ �2 g modes at large orbital separations.

APPENDIX E: NUMERICAL VALUES
OF VARIOUS QUANTITIES

Here the interested reader may find numerical values
of various quantities entering the discussion of the
main text.
First, we calculate the diffusion coefficients Dik using

the algorithm described in Appendix C of Ref. [13]. To do
that, as mentioned in the main text, we treat the four-
component npeμ matter with strongly superconducting
protons as effectively the three-component neμ matter. In
this case diffusion is described by the coefficients Dnn,
Dne ¼ Den, Dnμ ¼ Dμn, Dee, Deμ ¼ Dμe, and Dμμ. In
Fig. 6 we present these coefficients as functions of the
baryon number density nb, while Fig. 7 shows their values
as functions of the normalized radial coordinate r=R. Our
numerical calculations reveal that Dik scale with the
temperature approximately as Dik ∝ 1=T∞.
Next, Fig. 8 shows the ratiosΔjr;θðnÞ;ðeÞ=j

r;θ
ðnÞ;ðeÞ

13 calculated

at νGW¼ 1.5 Hz for the l ¼ 2 m ¼ �2 f modes. The ratios
Δjr;θðμÞ=j

r;θ
ðμÞ are not shown, since they are indistinguishable

from Δjr;θðeÞ=j
r;θ
ðeÞ.

14 For the approach adopted in the paper to

FIG. 6. Diffusion coefficients Dik ¼ Dki as functions of the
baryon number density nb at local temperature T ¼ 106 K.
They can be recalculated to other T using the approximate
scaling Dik ∝ 1=T.

12For weak diffusion, this delay is small, leading to corrections
to the bulge’s projection on the binary axis that are quadratic in
the diffusion coefficients. Consequently, as we expect, this
introduces quadratic corrections to the distortion’s primary effect
on the gravitational wave signal.

13More accurately, the ratios of the amplitudes of Δjr;θðnÞ;ðeÞ
and jr;θðnÞ;ðeÞ, since they have a phase shift in their time dependence.

14This is a result of an approximate relation between the
diffusion coefficients: Dμi ≈ nμ=neDei.
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be applicable, the plotted ratios have to be small.
Figure 8 implies that while Δjr;θðnÞ=j

r;θ
ðnÞ are indeed small,

Δjr;θðe;μÞ=j
r;θ
ðe;μÞ can be regarded as small quantities with

less accuracy.15 However, one should keep in mind that
these ratios decrease during the binary evolution
[since they are ∝ ν−1GWðT∞Þ−2 and both νGW and T∞

increase with time], while Fig. 8 is plotted for the
earliest moment assumed to be observed, corresponding
to νGW¼ 1.5 Hz.
In Fig. 9 we show the angle-integrated perturbation

energy dissipation rate
R
ξD̂ξ sin θdθdϕ as a function

of the normalized radial coordinate r=R. The calculation
is performed for the M ¼ 1.4M⊙ stellar model at
νGW¼ 1.5 Hz and the corresponding stellar temperature
(see Fig. 2). Only the l ¼ 2m ¼ �2 f modes are accounted
for. As one can see, the dissipation occurs most efficiently
near the crust-core interface.
Figure 10 shows the heating rate of theM ¼ 1.4M⊙ NS as

a function of the GW frequency. We see that in logarithmic
scale this dependence is linear. This linearity follows from
the evolution laws for νGW and T∞, ν̇GW ∝ ν11=3GW , and
Ṫ∞ ∝ ðT∞Þ−3ν4GW [see Eqs. (33) and (34)], which imply

T∞ ∝ ν1=3GW. As a result, we arrive at Ėdiff ∝ D−6ðT∞Þ−2 ∝
ν4GWðT∞Þ−2 ∝ ν10=3GW .
Finally, Fig. 11 shows the radial profiles of the loga-

rithms of two (electron and muon) chemical potential
imbalances δμ (δμ≡ μn − μp − μl, where l ¼ e or μ for

FIG. 9. Angle-integrated perturbation energy dissipation rateR
ξD̂ξ sin θdθdϕ as a function of the normalized radial coordinate

calculated at νGW¼ 1.5 Hz and corresponding stellar temperature
(see Fig. 2) for the l ¼ 2 m ¼ �2 f modes of M ¼ 1.4M⊙ stellar
model. Vertical dots show the crust-core interface.

FIG. 8. Solid lines show ratios Δjr;θðnÞ;ðeÞ=j
r;θ
ðnÞ;ðeÞ as functions of

normalized radial coordinate calculated at νGW¼ 1.5 Hz and
corresponding stellar temperature (see Fig. 2) for l ¼ 2m ¼ �2 f
mode ofM ¼ 1.4M⊙ stellar model. Vertical dots show core-crust
interface.

FIG. 7. Diffusion coefficients calculated at redshifted temper-
ature T∞ ¼ 106 K as functions of the normalized radial coordinate
r=R for M ¼ 1.4M⊙ stellar model. They can be recalculated to
other T∞ using the approximate scaling Dik ∝ 1=T∞.

15The strong difference between Δjr;θðnÞ=j
r;θ
ðnÞ and Δjr;θðe;μÞ=j

r;θ
ðe;μÞ

has a clear explanation. Consider, for simplicity, npe matter.
Using Eq. (B10) and symmetry of the matrix Dik, one can obtain
Δjr;θðeÞ
jr;θðeÞ

¼ − nnμn
neμe

Δjr;θðnÞ
jr;θðnÞ

. The ratio nnμn
neμe

is a large quantity with typical

values ∼100 throughout the core.
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the electron and muon chemical potential imbalance,
respectively). We normalize these chemical imbalances
to the “nonrelativistic” neutron chemical potential
μn −mn (chemical potential of neutrons measured from
the bare mass of the neutron). The normalized chemical
imbalances characterize the degree of the deviation from

chemical equilibrium, and, since diffusive dissipation can
be expressed in terms of chemical potential imbalances,
they also show the degree of deviation from the diffusion
equilibrium.
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