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We study the damping of density oscillations in the quark matter phase that might occur in compact stars.
To this end we compute the bulk viscosity and the associated damping time in three-flavor quark matter,
considering both nonleptonic and semileptonic electroweak processes. We use two different equations of
state of quark matter, more precisely, the MIT bag model and perturbative QCD, including the leading-
order corrections in the strong coupling constant. We analyze the dependence of our results on the density,
temperature and value of strange quark mass in each case. We then find that the maximum of the bulk
viscosity is in the range of temperature from 0.01 to 0.1 MeV for frequencies around 1 kHz, while the
associated minimal damping times of the density oscillations at those temperatures might be in the range of
few to hundreds milliseconds. Our results suggest that bulk viscous damping might be relevant in the
postmerger phase after the collision of two neutron stars if deconfined matter is achieved in the process.
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I. INTRODUCTION

The long-debated possibility that quark matter may be
present within the core of neutron stars, or adopting the
form of quark stars, has been extensively explored [1] (see
also [2] for a review and references). While most inves-
tigations predominantly focused on assessing the mass-to-
radius ratio of the stars, dictated by the equation of state
(EOS) linked to the stellar material, recent opportunities for
getting insights from neutron star interiors have arisen
thanks to the detection of gravitational waves [3,4]. In the
events of neutron star mergers or in the exploration of
diverse stellar oscillation modes generating gravitational
radiation [5–7], nonequilibrium processes unfold. The
dynamics of these processes are influenced by thematerial’s
transport coefficients. A comprehensive understanding of
the transport coefficients of ultradense matter becomes
imperative, as these are determined by the microscopic
composition and the dominant interactions of its constitu-
ents. The knowledge of the transport coefficients then brings
a connection of the microscopic and macroscopic dynamics
of the star.
In this work we will focus on the damping of density

oscillations of quark matter, which are relevant in the study

of neutron star mergers [8]. We aim to dilucidate whether in
quark matter dissipative processes might affect the dynam-
ics in neutron star mergers, in the event that a deconfined
phase is achieved in the process. The damping of density
oscillations is mainly governed by the bulk viscosity, which
is the transport coefficient quantifying the energy dissipa-
tion in a compression or rarefaction of matter.
The bulk viscosity of quark matter has been previously

studied in [9–12] mainly to determine its effect on the
damping of the so-called r modes on isolated compact stars.
The computation of the bulk viscosity of quark matter has
also been recently reviewed in [13], improving the form of
the EOS of quark matter, both using a perturbative QCD
approach and taking into account a nonleptonic electro-
weak (EW) process, and also using two holographic
models. Here we will also compute the bulk viscosity.
We first consider the MIT bag model to describe quark
matter, as this is extensively used in astrophysical settings,
but we also use a QCD perturbative approach. We include
both nonleptonic and semileptonic processes in our
computation, as the last are relevant in a certain range of
temperatures, as we will show. Unfortunately, at the
densities one might expect to find in astrophysical settings,
which would hardly exceed 10 times the value of nuclear
saturation density n0 ≈ 0.15 fm−3, the QCD coupling con-
stant αs is not so small, and higher-order corrections than
those we consider might be needed. It has been claimed that
the computations of the EOS for quark matter only
converge for values of the density ≈ 40n0 [14–16], values
which however are not realistic in astrophysical settings.
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That is why one has to invoke some modeling for the EOS
of quark matter. It is however instructive to compare those
results from those predicted in perturbation theory, as
another possible model for the description of quark matter
in compact stars [17].
We will further compute the timescale associated to the

damping of the density oscillations. This brings relevant
information on whether these dissipative processes might
be relevant or not, for example, in the inspiral phase of
neutron star mergers, or its postmerger dynamics. Attempts
to include the effects of bulk viscosity in the numerical
modeling of viscous relativistic hydrodynamics valid for
neutron stars and neutron star mergers have only been
recently initiated [18,19] (see also [20,21]).
Our study is complementary to the same study carried out

for nuclear matter in Refs. [22–24], or in [25]. Also for
nuclear matter the processes responsible for the bulk
viscosity are mediated by the EW interactions, by either
direct or bymodified URCAprocesses. Also the value of the
bulk viscosity and the damping density oscillations strongly
depends on the EOS used to describe nuclear matter.
This paper is structured as follows. In Sec. II we present

the general framework we use for the computation of the
bulk viscosity in the presence of a periodic disturbance in
three-flavor quark matter, and associated to different EW
processes. We provide numerical values of the viscosity
and corresponding damping times of density oscillations in
Sec. III, using the EOS associated to the MIT bag model in
Sec. III A, and also to perturbative QCD in Sec. III B. We
present a discussion of our results in Sec. IV. And, finally,
in the Appendix we justify why we ignore temperature
effects in the EOS in the temperature range we are
considering for the MIT bag model.
Weusenatural units throughout the article,ℏ¼c¼KB¼1.

II. BULK VISCOSITY IN THREE-FLAVOR
QUARK MATTER

In this section we study the bulk viscosity generated in
three-flavor quark matter by nonleptonic and semileptonic
weak processes. As a result, we get the bulk viscosity
associated to neutrino-free quark matter as a function of
temperature T, the chemical potentials of the constituent
particles of the star, μi, and the frequency of the oscillation
mode, ω. In this article we will only focus on the study of
density oscillations, although our results for the bulk
viscosity might be also used for the study of the damping
of different stellar oscillation modes. In the normal phase
and the neutrino-transparent regime, we consider the
following equilibration processes:

uþ d ↔ uþ s; ð1Þ
uþ e− → dþ νe; ð2Þ

d → uþ e− þ ν̄e; ð3Þ

uþ e− → sþ νe; ð4Þ

s → uþ e− þ ν̄e; ð5Þ

that involve electrons (e) and electronic neutrinos and
antineutrinos (νe and ν̄e, respectively) as well as up (u),
down (d) and strange (s) quarks.
On the one hand, fluctuations around the equilibrium

value of the four-vector velocity (uμ) and the particle
number density (nj) can be expressed as follows:

uμ ¼ uμ0þδuμ; nj ¼ nj;0þδnj; ð6Þ

such that, in beta equilibrium, we have

∂μðnjuμÞ ¼ 0: ð7Þ

Considering the local rest frame (LRF) in the equilibrium
state, that is uμ0 ¼ uμLRF ¼ ð1; 0; 0; 0Þ in natural units
and neglecting quadratic terms in the deviations, Oðδ2Þ,
Eq. (7) implies that the particle conservation law can be
expressed as

θnj;0 þ uμLRF∂μδnjðtÞ ¼ 0; ð8Þ

where θ ¼ ∂μδuμ is the fluid expansion rate or equivalently

θnj;0 þ
∂

∂t
δnjðtÞ ¼ 0: ð9Þ

On the other hand, out-of-beta-equilibrium deviations gen-
erate contributions to the particle density current divergence
of the constituent particles. These can be studied in terms of
chemical imbalances from beta equilibrium:

μ1 ¼ μs − μd; ð10Þ

μ2 ¼ μs − μe − μu; ð11Þ

μ3 ¼ μd − μe − μu: ð12Þ

A set of equations for the divergence of the particle density
current of strange quarks (nsuμ) and electrons (neuμ) can be
written at linear order in the chemical imbalances as

∂

∂t
δnsðtÞ þ θns;0 ¼ −λ1μ1 − λ2μ2; ð13Þ

∂

∂t
δneðtÞ þ θne;0 ¼ λ2μ2 þ λ3μ3; ð14Þ

where λ1, λ2, and λ3 are relatedwith the equilibration rates of
the nonleptonic and semileptonic processes as follows:

μ1λ1 ¼ Γsþu→dþu − Γdþu→sþu; ð15Þ
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μ2λ2 ¼ Γs→uþeþν̄e − Γuþe→sþνe ; ð16Þ

μ3λ3 ¼ Γd→uþeþν̄e − Γuþe→dþνe : ð17Þ

The rates have been computed in several studies
at tree level in the limit of massless up and down quarks
and also considering that the strange quark mass is
considerably smaller than the strange quark chemical
potential [26–33]. For pure massless up and down quarks,
perturbative corrections to the quark dispersion law in the
strong coupling constant αs are however needed in order
to find a nonvanishing value for λ3. One then finds

λ1 ¼
64

5π3
G2

Fsin
2ΘCcos2ΘCμ

5
dT

2; ð18Þ

λ2 ¼
17

40π
G2

F sin
2ΘCμsm2

sT4; ð19Þ

λ3 ¼
17

15π2
G2

F cos
2ΘCαsμdμuμeT4; ð20Þ

where GF ¼ 1.166 × 10−5 GeV−2 is the Fermi coupling
constant, ΘC ¼ 13.02° is the Cabibbo angle, and ms is the
strange quark mass. Note that μ2−μ1¼ μd−μe−μu ¼ μ3.
Then, we obtain that

∂

∂t
δneðtÞ þ θne;0 ¼ ðλ2 þ λ3Þμ2 − λ3μ1: ð21Þ

The oscillating parts of the particle density are taken to be
proportional to eiωt, so that

∂

∂t
δnjðtÞ ¼ iωδnjðtÞ: ð22Þ

Thus the equation for the strange quark density can be
expressed as follows:

iωδnsðtÞ þ θns;0 ¼ −λ1μ1 − λ2μ2: ð23Þ

We can then determine the out-of-beta-equilibrium devi-
ations of the particle number density of electrons and
strange quarks considering

nd ¼ 2nB − ns − ne; ð24Þ

nu ¼ nB þ ne: ð25Þ

Here we used the charge-neutrality condition

ne þ
1

3
ns þ

1

3
nd ¼

2

3
nu ð26Þ

and the definition of the baryon density

nB ≡ 1

3
nu þ

1

3
nd þ

1

3
ns: ð27Þ

Using the beta-equilibrium and charge-neutrality condi-
tions in the out-of-beta-equilibrium particle number den-
sities, we obtain

δnd ¼ 2δnB − δns − δne; ð28Þ

δnu ¼ δnB þ δne: ð29Þ

The imbalance of the chemical potentials out of beta
equilibrium can be written in terms of deviations of the
particle number densities and partial derivatives of the
particle’s chemical potential with respect to the particle
number density:

Aij ¼
�
∂μi
∂nj

�
; ð30Þ

where i; j ¼ u; d; s. From now on we consider only
diagonal terms of Aij. The off-diagonal terms could also
be taken into account depending on the choice of the
EOS; we will be back to this issue further on. Thus

μ1 ¼ Asδns − Adδnd; ð31Þ

μ2 ¼ Asδns − Aeδne − Auδnu; ð32Þ

where Aj are the susceptibilities of the constituent
particles and are given by

Au ¼Auu; Ad ¼Add; As¼Ass; Ae ¼Aee: ð33Þ

Employing these relations, we get the conservation
equation for the particle number density of strange
quarks:

iωδns ¼ −θns;0 − λ1½Asδns − Adð2δnB − δns − δneÞ�
− λ2½Asδns − Aeδne − AuðδnB þ δneÞ� ð34Þ

and a similar expression for the electrons

iωδne ¼−θne;0þðλ2þλ3Þ½Asδns−AuðδnBþδneÞ
−Aeδne�−λ3½Asδns−Adð2δnB−δns−δneÞ�: ð35Þ

Using Eqs. (34) and (35) we are able to get an expression
for δns. Next, by employing the conservation of the
baryon number

δnB ¼ −
θ

iω
nB;0; ð36Þ

we obtain
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Bδns ¼ −
θ

iω

�
iω
�½iωþ ðλ2 þ λ3ÞAþ λ3Ad�ns;0

þ ðλ2A − λ1AdÞne;0
�þ ½AdðAu þ 2AÞλQ

þ iωð2λ1Ad þ λ2AuÞ�nB;0
�
; ð37Þ

where we define A≡ Ae þ Au,

λQ ≡ λ1λ2 þ λ1λ3 þ λ2λ3; ð38Þ

and

B≡ iω½λ1ðAs þ AdÞ þ λ2ðAþ AsÞ þ λ3ðAþ AdÞ�
þ λQ½AðAs þ AdÞ þ AdAs� − ω2: ð39Þ

And by means of Eqs. (35) and (37), we have

Bδne ¼ −
θ

iω

�
iω
�½iωþ λ1ðAs þ AdÞ þ λ2As�ne;0

þ ðλ2As − λ3AdÞns;0
�þ ½λ2Asðλ2Au þ 2λ1AdÞ

− ½λ2Au þ λ3ðAu − 2AdÞ�½iωþ ðλ1 þ λ2ÞAs�
− AdAuλQ�nB;0

�
: ð40Þ

Out-of-equilibrium deviations of the particle number
density, δn0j with j ¼ u, d, s, e, can be obtained from
δnj using the following relation:

δnj ¼ δnj;0 þ δn0j; ð41Þ

where δnj;0 is a fluctuation around beta equilibrium which
satisfies

δnj;0 ¼ −
θ

iω
nj;0: ð42Þ

Then, for the electron and the strange quark number
density, we get

δne ¼ δne;0 þ δn0e; ð43Þ

δns ¼ δns;0 þ δn0s: ð44Þ

Thus

Bδn0s ¼
θ

iω
½iωðλ1C1 þ λ2C2Þ þ ðAC1 þ AdC2ÞλQ� ð45Þ

and

Bqδn0e ¼
θ

iω
fiω½ðC1 − C2Þλ3 − C2λ2�

− ½ðAd þ AsÞC2 − AsC1�λQg; ð46Þ

where

C1 ≡ ns;0As − nd;0Ad

¼ ns;0As − ð2nB;0 − ns;0 − ne;0ÞAd; ð47Þ

C2 ≡ ns;0As − nu;0Au − ne;0Ae

¼ ns;0As − ne;0A − nB;0Au: ð48Þ

Once known the out-of-equilibrium fluctuations of the
particle number densities, we can calculate the bulk
viscosity. First, we determine the out-of-equilibrium pres-
sure as

p
�
njðtÞ

	¼pðnj;0þδnj;0Þþδp0ðtÞ¼p0ðtÞþδp0ðtÞ; ð49Þ

where the nonequilibrium part of the pressure is given by

Π ¼ δp0 ¼
X
j

�
∂p
∂nj

�
0

δn0j: ð50Þ

The nonequilibrium pressure can be expressed in terms of
nonequilibrium deviations of the chemical potential by the
Gibbs-Duhem equation

dp ¼ sdT þ
X
i

nidμi; ð51Þ

where we assume that the thermal equilibrium rate is
much larger than the chemical equilibrium rate, thus
being the temperature constant (see the note [51] in [35])
so that dT ≈ 0 which at low temperatures is also equiva-
lent to take baryon density oscillations to be adiabatic.
Thus

cj ≡
�
∂p
∂nj

�
0

¼
X
i

ni;0

�
∂μi
∂nj

�
0

¼
X
i

ni;0Aij: ð52Þ

Then the nonequilibrium pressure in quark matter can be
expressed as

Π ¼
X
j

cjδn0j ¼ ceδn0e þ cuδn0u þ cdδn0d þ csδn0s: ð53Þ

Due to the conservation of the baryon particle number
density, its out-of-equilibrium deviation is zero:

δn0B ¼ 0; ð54Þ

and, as a result, we get

δn0u ¼ δn0e; ð55Þ

δn0d ¼ −δn0s − δn0e: ð56Þ

Thus it follows that
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Π ¼ ðcu − cd þ ceÞδn0e þ ðcs − cdÞδn0s: ð57Þ

According to Eq. (52), we find that

cs ¼ ns;0Ass; ð58Þ

cu ¼ nu;0Auu; ð59Þ

cd ¼ nd;0Add; ð60Þ

ce ¼ ne;0Aee: ð61Þ

As mentioned before some assumptions about the EOS
of three-flavor quark matter with electrons are required in
the calculation of the bulk viscosity. In this study we
consider diagonal terms for electrons, Aee, because they
form an ultrarelativistic noninteracting gas. The same
applies for the quarks (even if we consider the first
correction in αs), so that the particle number density for
each flavor does not depend on the chemical potential of the
other flavors. Thus,

cs − cd ¼ C1; ð62Þ

cs − cu − ce ¼ C2; ð63Þ

so that

Π ¼ ðC1 − C2Þδn0e þ C1δn0s; ð64Þ

which can be expressed as

BΠ ¼ θ

iω
fiω½λ1C2

1 þ λ2C2
2 þ λ3ðC1 − C2Þ2�

þ ½AdC2
2 þ AC2

1 þ AsðC1 − C2Þ2�λQg: ð65Þ

At first-order hydrodynamics, the bulk viscosity is given
by [36–38]

ζ ≡ −
Re½Π�
θ

; ð66Þ

where the real part of the nonequilibrium pressure can be
obtained from Eq. (65).
As a result the bulk viscosity in three-flavor quark matter

in the ν-transparent regime is given by

ζ ¼ κ1 þ κ2ω
2

κ3 þ κ4ω
2 þ ω4

; ð67Þ

where

κ1 ≡ λQfC2
1½ðAþ AdÞ½Aðλ2 þ λ3Þ þ Adλ3�

− AdðAλ2 − Adλ1Þ�
− 2C1ðC1 − C2Þ½Ad½ðAd þ AsÞλ1 þ ðAþ AdÞλ3�
− AAsλ2�
þ ðC1 − C2Þ2½λ1ðAd þ AsÞ2 þ λ2A2

s þ λ3A2
d�g; ð68Þ

κ2 ≡ λ1C2
1 þ λ2C2

2 þ λ3ðC1 − C2Þ2; ð69Þ

κ3 ≡ λ2Q½AðAs þ AdÞ þ AdAs�2; ð70Þ

κ4 ≡ ½ðAd þ AsÞλ1 þ Asλ2�2 þ 2ðAλ2 − Adλ1Þ
× ½Asðλ2 þ λ3Þ − ðAd þ AsÞλ3�
þ ½Adλ3 þ Aðλ2 þ λ3Þ�2: ð71Þ

III. DAMPING TIME OF DENSITY
OSCILLATIONS

In this section we determine the damping time associated
to the bulk viscosity coming from baryon number density
oscillations in a medium. Let us assume a small density
oscillation described by δnB ¼ δnB;0eiωt, where δnB;0 and
ω are the magnitude and frequency of the oscillation,
respectively.
The energy density ϵ stored in a baryonic oscillation with

amplitude δnB;0 can be obtained as

ϵ ¼ 1

2

∂
2ε

∂n2B
ðδnB;0Þ2; ð72Þ

where the energy density can be computed as

ε ¼ Ωþ
X
i

niμi ð73Þ

and the damping time is defined by

τζ ≡ ϵ=ðdϵ=dtÞ: ð74Þ

The energy dissipation time can be related with the bulk
viscosity as [8,39]

dϵ
dt

¼ ω2ζ

2

�
δnB;0
nB;0

�
2

: ð75Þ

As a result, the damping time of baryon density oscillations
by bulk viscosity is given by

τζ ¼
n2B;0
ω2ζ

∂
2ε

∂n2B
: ð76Þ

Considering an EOS in the limit of zero temperature
results in a simplification of the expression leaving the
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full temperature dependence encoded only in the bulk
viscosity.

A. MIT bag model

In this section we determine the values of the chemical
potentials and particle number densities of three-flavor
quark matter with electrons in the neutrino-transparent
regime using as constraints the beta equilibrium and charge
neutrality. As a first approximation we can consider the
simplest phenomenological bag model at zero temperature.
For finite-temperature corrections to the ideal Fermi gas
expressions, see the Appendix. For this model the thermo-
dynamic potential is given by

Ω ¼
X

i¼e;u;d;s

Ωð0Þ
i þ Beff ; ð77Þ

where Beff is the bag constant [40] and Ωð0Þ
i is the grand

canonical potential of massless electrons and light quarks
described as ideal Fermi gases

Ωð0Þ
e ¼ −

μ4e
12π2

ð78Þ

and

Ωð0Þ
f ¼ −

Nc

12π2



μfuf

�
μ2f −

5

2
m2

f

�

þ 3

2
m4

f ln

�
μf þ uf
mf

��
; ð79Þ

hereafter f ¼ u; d; s, Nc ¼ 3 is the number of colors, mf

denotes the quark mass, and uf ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2f −m2

f

q
.

From the thermodynamic potential we are able to get the
thermodynamic properties of quark matter. Particularly, the
number particle density for each particle specie can be
calculated by

ni ¼ −
�
∂Ω
∂μi

�
T;V

: ð80Þ

At zero temperature the number densities of quarks and
electrons can be written as follows:

nf ¼ Nc

3π2
ðμ2f −m2

fÞ3=2 ð81Þ

and

ne ¼
1

3π2
μ3e: ð82Þ

With these expressions at hand, the beta-equilibrium
conditions can be expressed as

μd ¼ μs; ð83Þ

μs ¼ μu þ μe: ð84Þ

Using Eq. (26) (the charge-neutrality condition) and the
definition of the baryon number density of Eq. (27), we can
determine the four chemical potentials and the four number
densities (μd, μs, μu, μe, nd, ns, nu, and ne) for a fixed value
of the baryon number density.
The susceptibilities can be obtained from Eqs. (81)

and (82) and are given by

Aee ¼
π2

μ2e
ð85Þ

and

Aff ¼
π2

3μf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2f −m2

f

q ; ð86Þ

for electrons and quarks, respectively.
For this study we consider different values of the strange

quark mass and the baryon number density in terms of the
nuclear saturation density, n0 ¼ 0.15 fm−3 [41]. Several
studies have determined ms at a renormalization scale of
2 GeV using lattice QCD and other techniques [42],
showing that under these conditions ms ≈ 100 MeV.
Since in QCD the strange quark mass follows an increasing
trend as the strong coupling constant grows, it is intuitive to
consider ms greater than 100 MeV in a nonperturbative
regime. In the MIT bag model, ms is a degree of freedom;
thus to study the ms dependence of the bulk viscosity, we
explore values from 100 to 300 MeV. The light quarks are
considered massless, as their tiny values do not have a
relevant effect on the quantities of interest.
Tables I and II show the values of the chemical

potential and number density for quarks and electrons
at ms ¼ 100 MeV and typical values of the baryon
number density in neutron stars.
In Fig. 1 the bulk viscosity as a function of the

temperature is depicted for different frequencies and baryon
number densities for a fixed value of ms ¼ 100 MeV. As
can be seen, increasing the baryon number density gen-
erates a shift of the maximum of the bulk viscosity to lower

TABLE I. Chemical potentials in MeV for quark matter with
electrons imposing charge neutrality and beta equilibrium using
the MIT bag model at ms ¼ 100 MeV and varying the baryon
number density (normalized to nuclear saturation density).

nB;0=n0 μu;0 μd;0 μs;0 μe;0

3 324.31 331.84 331.84 7.53
5 384.52 390.91 390.91 6.39
6 408.61 414.64 414.64 6.03
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temperatures, increasing slightly its value. This is clearly
seen in Fig. 2, where we enlarge the maximum of the bulk
viscosities for different densities at ω=2π ¼ 1 kHz and
ms ¼ 100 MeV. The values for the maxima for the differ-
ent densities at ω=2π ¼ 1 kHz and ms ¼ 100 MeV are
given in Table III. In addition, in Fig. 1 we consider
different values of the angular frequency around 1 kHz. We
observe that the larger the frequency is, the smaller the

value of the maximum of the bulk viscosity becomes
whereas it moves to larger temperatures.
In order to study the damping times of baryon density

oscillations induced by the weak-interaction-driven bulk
viscosity we resort to Eq. (76). The energy density in the
MIT bag model is given explicitly by Eqs. (73), (77), (81),
and (82).
Figure 3 displays the damping times associated to the

bulk viscosities in Fig. 1. Note that the exact values for the
minimal damping times can be found in Table III. The
temperature dependence of the damping time is the same as
for the inverse of the bulk viscosity, as this follows from the
zero-temperature approximation for the thermodynamic
potential. However, all other terms involved in Eq. (76)
are relevant for determining the exact value of the damping
times as a function of the baryon number density. In
addition, the ω−2 term modifies significantly the frequency
dependence from the inverse of the bulk viscosity. We also
note that at nB;0=n0 ¼ 3 the damping times seem to be
independent of the frequencies considered in the low-
temperature regime for approximately T < 20 keV.
In addition, one can study the effect of the strange

quark mass in the bulk viscosity. Figure 4 shows the bulk

TABLE II. Particle number densities normalized to the nuclear
saturation density imposing charge neutrality and beta equilib-
rium using the MIT bag model atms ¼ 100 MeV and varying the
normalized baryon number density.

nB;0=n0 nu;0=n0 nd;0=n0 ns;0=n0 ne;0=n0

3 3.00 3.21 2.79 1.25 × 10−5

5 5.00 5.25 4.75 7.66 × 10−6

6 6.00 6.27 5.73 6.42 × 10−6

FIG. 1. Bulk viscosity of three-flavor quark matter in the
neutrino-free regime using the MIT bag model for different
normalized baryon number densities and normalized frequencies
at ms ¼ 100 MeV.

FIG. 2. Enlargement of Fig. 1 to display the behavior of the
maximum bulk viscosities at ω=2π ¼ 1 kHz, ms ¼ 100 MeV
and for different baryon number densities.

TABLE III. Maximum of the bulk viscosity (in gr cm−1 s−1)
and minimum of the damping times (in milliseconds) for different
normalized baryon number densities and frequencies (in kilo-
hertz) at ms ¼ 100 MeV according to Figs. 1 and 3. Here Tm
denotes the temperature in MeVof the maximum (minima) of the
bulk viscosity (damping time).

nB;0=n0 Tm ζmax τmin ω=2π

3 2.5 × 10−2 2.73 × 1029 2132.42 0.1
3 2.5 × 10−1 2.73 × 1027 21.32 10
3 7.9 × 10−2 2.73 × 1028 213.24 1
5 6.2 × 10−2 2.75 × 1028 420.14 1
6 5.7 × 10−2 2.76 × 1028 535.37 1

FIG. 3. Damping times from density oscillations using the MIT
bag model for different normalized baryon number densities and
frequencies at ms ¼ 100 MeV.
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viscosity as a function of the temperature for different
values of the strange quark mass at ω=2π ¼ 1 kHz and
nB;0=n0 ¼ 3. As the strange quarkmass increases, not only is
the bulk viscosity larger, but also the effect of the semi-
leptonic processes becomesmore evident for temperatures of
a few MeV. This effect is linked to the fact that λ2 ∝ m2

s .
Finally, in Fig. 5 we depict the damping times associated

to varying the value of the strange quark mass, correspond-
ing to the viscosities in Fig. 4. Increasing the value of the
mass of the strange quark has a drastic effect in lowering
the damping times below 10 ms. The minimal damping
times of density oscillations for ω=2π ¼ 1 kHz thus can
range from 3 to 200 ms at a given temperature, but this
depends strongly on the value of the strange quark mass.
The values for the maxima of the bulk viscosity and the
minimal damping time are given in Table IV.

B. Perturbative QCD

A similar analysis can be performed for perturbative
QCD at high density with a finite mass for the strange

quark. As previously stated for the MIT model, a zero-
temperature limit for the number particle density and
susceptibility of the constituent particles is a good approxi-
mation for the temperature region of interest. In perturba-
tive QCD, the thermodynamic potential at finite
temperature and chemical potential up to OðαsÞ has been
addressed in Ref. [43]. In this work we consider the zero-
temperature limit of this expression which is given by

Ω ¼ Ωð0Þ
e þ

X
f¼u;d;s

ðΩð0Þ
f þΩð1Þ

f Þ; ð87Þ

where the leading-order terms for massless electrons
and nonvanishing quark masses are shown in Eqs. (78)
and (79), and the first-order correction in the MS scheme is
given by

Ωð1Þ
f ¼ αsðN2

c − 1Þ
16π3



3



m2

f ln

�
μf þ uf
mf

�
− μfuf

�
2

− 2u4f þm2
f



μfuf −m2

f ln

�
μf þ uf
mf

��

×



6 ln

�
Λ̄
mf

�
þ 4

��
; ð88Þ

where Λ̄ is the renormalization scale and uf ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2f −m2

f

q
as in the previous section. The thermodynamic potential up
to order αs depends on the renormalization subtraction point
explicitly and implicitly through the scale dependence
of the strong coupling constant and the mass [14,43,44].
Considering the massless approximation for the light
quarks, the scale dependence of the coupling and the strange
quark mass to first order in αs can be expressed as

αsðΛ̄Þ ¼
4π

β0L



1 − 2

β1
β20

lnðLÞ
L

�
; ð89Þ

msðΛ̄Þ ¼ m̂s

�
αs
π

�
4=9

�
1þ 0.895062

αs
π

�
; ð90Þ

FIG. 5. Damping times from density oscillations using the MIT
bag model for different values of the strange quark mass at
ω=2π ¼ 1 kHz and nB;0=n0 ¼ 3.

FIG. 4. Bulk viscosity of three-flavor quark matter in the
neutrino-free regime using the MIT bag model for different values
of the strange quark mass at ω=2π ¼ 1 kHz and nB;0=n0 ¼ 3.

TABLE IV. Maximum of the bulk viscosity (in gr cm−1 s−1)
and minimum of the damping times (in milliseconds) for different
masses (in MeV) according to Figs. 4 and 5. Here Tm denotes the
temperature in MeV of the maximum (minima) of the bulk
viscosity (damping time).

ms Tm ζmax τmin

100 7.9 × 10−2 2.73 × 1028 213.24
150 7.5 × 10−2 1.34 × 1029 42.77
200 6.9 × 10−2 4.05 × 1029 13.93
300 5.7 × 10−2 1.73 × 1030 3.19
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with L ¼ 2 ln ðΛ̄=ΛMSÞ, the one-loop β-function coefficient
β0 ¼ 11 − 2Nf=3, and the two-loop coefficient β1 ¼ 51 −
19Nf=3withNf ¼ 3.ΛMS and the invariant mass m̂s can be
fixed by requiring αs ≃ 0.3 and ms ≃ 100 MeV at
Λ̄ ¼ 2 GeV. As a result, one obtains ΛMS ≃ 380 MeV
and m̂s ¼ 262 MeV. According to these constraints, the
only undetermined parameter is the value of the renormal-
ization scale Λ̄.
The particle number density for electrons is given in

Eq. (82) and for quarks up to OðαsÞ can be expressed as

nf ¼ nð0Þf þ nð1Þf ; ð91Þ

where

nð0Þf ¼ Nc

3π2
ðμ2f −m2

fÞ3=2 ð92Þ

and

nð1Þf ¼ −
αsðN2

c − 1Þ
4π3

μfu2f



1 −

3m2
f

μfuf
ln

�
μf þ uf
mf

�

þ m2
f

2μfuf



6 ln

�
Λ̄
mf

�
þ 4

��
: ð93Þ

An alternative to handle Eq. (93) is not to consider the term
in brackets that depends on Λ̄ as done in Ref. [11], which is
equivalent to setting Λ̄ ¼ expð−2=3Þmf. However, in our
approach following this procedure results in a fixed strong
coupling constant and strange quark mass according to
Eqs. (89) and (90). Other alternatives consider Λ̄ ¼ 2μs and
3μs, which have a relevant impact in the mass-to-radius
ratio of compact stars [17,43], and Λ̄ ¼ 2

P
f μf=Nf as

in Ref. [14].
In this study, we proceed setting Λ̄ ¼ 2μs and implement

the beta-equilibrium and the charge-neutrality conditions.
This procedure differs from the study in Ref. [11], where
the bulk viscosity is computed for two different sets of
parameters (nB=n0 ¼ 5, ms ¼ 300 MeV, and αs ¼ 0.2 and
nB=n0 ¼ 10, ms ¼ 140 MeV, and αs ¼ 0.1). Accordingly,
our approach is an alternative to incorporate the trend of the
strange quark mass and the strong coupling constant as a
function of the baryon number density (see Table V). As
can be noted, the mass and the coupling decrease as the
baryon number density increases consistently with the
constraint ms ≃ 100 MeV and αs ≃ 0.3 at Λ̄ ¼ 2 GeV.
With these expressions at hand, we solve the beta-

equilibrium and charge-neutrality conditions for different
values of the baryon number density. The light quarks are
considered massless. Tables V and VI list the values of the
chemical potential, the strange quark mass, the strong
coupling constant, and the number density of the

constituent particles in three-flavor quark matter with
electrons for different baryon number density.
The susceptibilities are given by Eq. (85) and

A−1
ff ¼

Nc

π2
μf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2f−m2

f

q
−
αsðNc−1Þ2

4π3



3μ2f−4m2

f

þm2
fμf
uf



2−3 ln

�
μfþuf
mf

�
þ3 ln

�
Λ̄
mf

���
; ð94Þ

for electrons and quarks, respectively.
In Fig. 6 we plot the bulk viscosity as a function of the

temperature at ω=2π ¼ 1 kHz and Λ̄ ¼ 2μs for different
baryon number densities.
Our results seem to qualitatively agree with those

recently presented in [13], valid for densities 40n0, within
perturbative QCD, even if in that reference higher-order
corrections to the EOS were included, and only the non-
leptonic process uþ d ↔ uþ s was considered. We have
checked that the value of the maximum value of the bulk
viscosity as well as its location as a function of the
temperature qualitatively agree, when computed at the
same order of accuracy. In Ref. [13] higher-order pertur-
bative corrections are included, changing slightly the
position and the value of the maximum of the bulk
viscosity. Further deviations with [13] are due to the fact
that semileptonic processes become relevant in a temper-
ature region around 1–2 MeV and also give rise to a
secondary peak in the bulk viscosity that is most remark-
able as the strange quark mass increases and the baryon
number density decreases.

TABLE V. Input parameters for the bulk viscosity with pQCD
at different normalized baryon number densities imposing beta
equilibrium and electric charge neutrality: chemical potentials in
MeV, the strange quark mass in MeV and the strong coupling
constant.

nB;0=n0 μu;0 μd;0 μs;0 μe;0 ms αs

6 470.47 489.18 489.18 18.71 138.46 0.54
10 544.80 557.26 557.26 12.46 127.12 0.47
20 671.16 678.75 678.75 7.58 115.06 0.39
40 832.88 837.75 837.75 4.87 106.01 0.33

TABLE VI. Normalized particle number densities with pQCD
at different normalized baryon number densities imposing beta
equilibrium and electric charge neutrality.

nB;0=n0 nu;0=n0 nd;0=n0 ns;0=n0 ne;0=n0

6 6.00 6.74 5.25 1.92 × 10−4

10 10.00 10.70 9.30 5.67 × 10−5

20 20.00 20.69 19.31 1.28 × 10−5

40 40.00 40.71 39.29 3.39 × 10−6
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In order to check the relevance of the semileptonic process
we consider a similar approach to Ref. [11] computing the
bulk viscosity generated only by nonleptonic weak proc-
esses, ζnon. This can be obtained from the general expression
in Eq. (67) setting λ2, λ3 → 0 and it is given by

ζnon ¼
λ1C2

1

ðAd þ AsÞ2λ21 þ ω2
: ð95Þ

We plot the ratio of the full bulk viscosity with that
arising only from the nonleptonic processes in Fig. 7. We
conclude that there is certain range of temperatures, in the
region from 0.1 to 2 MeV, where neglecting the semi-
leptonic processes is not a good approximation. We note
that in Ref. [11] it has been claimed that the regime where
the semileptonic processes might be dropped depends on
the value of the frequency at a given value of the density
and temperature.
Lastly, Fig. 8 shows the damping times for different

baryon densities at ω=2π ¼ 1 kHz and Λ̄ ¼ 2μs. The
values for the maxima of the bulk viscosity and the minimal
damping time for different densities are given in Table VII.
As stated before, the strange quark mass decreases as the
baryon number density gets larger. We see that the
maximum bulk viscosity decreases when the baryon
density increases. The damping time curves exhibit the
same trend as in Fig. 5. At nB;0=n0 ¼ 6 we have ms ≈
138 MeV and for higher values of the baryon number
density up to nB;0=n0 ¼ 40 we get ms ≈ 106 MeV.
Note that the maximum bulk viscosity and shortest

damping times exhibit the opposite behavior when increas-
ing the density in the MIT bag model; see Fig. 2. This is
linked to the fact that there the strange quark mass is a fixed

FIG. 7. Ratio ζ=ζnon as a function of the temperature using
perturbative QCD for different frequencies at nB;0=n0 ¼ 6 and
40. Note that the y axis is different for each case.

FIG. 8. Damping times from density oscillations using pertur-
bative QCD for different baryon number densities at ω=2π ¼
1 kHz and Λ̄ ¼ 2μs.

FIG. 6. Bulk viscosity of three-flavor quark matter with
electrons using perturbative QCD for different normalized baryon
number densities at ω=2π ¼ 1 kHz and Λ̄ ¼ 2μs.

TABLE VII. Maximum of the bulk viscosity (in gr cm−1 s−1)
and minimum of the damping times (in milliseconds) for different
baryon number density according to Figs. 6 and 8. Here Tm
denotes the temperature in MeVof the maximum (minima) of the
bulk viscosity (damping time).

nB;0=n0 Tm ζmax τmin

6 3.6 × 10−2 3.78 × 1029 43.65
10 3.1 × 10−2 2.28 × 1029 142.12
20 2.4 × 10−2 1.29 × 1029 626.32
40 1.8 × 10−2 8.20 × 1028 2459.50
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parameter, which does not change with the density. It
should be possible to improve this feature in the modeling
of the EOS, but we leave it for future work.

IV. OUTLOOK

We have studied the bulk viscosity and the damping time
of density oscillations of quark matter, using different
EOSs and exploring their dependence on the baryon
density, temperature and value of the strange quark mass.
At the densities that could be attained in neutron stars we
have considered the MIT bag model and checked that the
value of the bulk viscosity changes significatively with the
value of the strange quark mass. We have also used an EOS
extracted from QCD at order αs. We have included all the
relevant electroweak processes that equilibrate quark matter
after a disturbance of the density and checked in which
temperature regime the nonleptonic process is dominant.
While we see that the numerical value of the bulk

viscosity of quark matter depends on the form of EOS,
on the value of the strange quark mass, and on the form of
the quark dispersion law, one might see some general
features from our results. In particular, we find that the
maximum value of the bulk viscosity, producing the
shortest damping times of the density oscillations (in
the order of the few to several hundreds of milliseconds,
depending on values of the density and the strange quark
mass), occurs at temperatures in the range from 0.01 to
0.1 MeV; the precise value depends on the EOS describing
quark matter. The bulk viscosity of nuclear matter, which
also highly depends on the corresponding modeled EOS of
nuclear matter, seems to have its maximum at much higher
values of the temperature, in the order of few MeV [22,23].
Then one can clearly conclude the strongest damping of
density oscillations occur in different temperature regimes
in quark or nuclear matter, while these different phases
occur at different densities.
Our results might be of interest so as to assess whether

the effect of the bulk viscosity should be included or not in
numerical simulations of mergers of neutron stars. Several
such numerical studies mention the possibility of reaching
to a deconfined quark matter phase [45–49]. As the
timescales associated to the initial stages of the merger
are of the order of few milliseconds, unless there are regions
in the stars where the reached temperatures are in the range
of 0.01 MeV, the effect of the bulk viscosity in the quark
matter phase would be unnoticeable. The effect might be
more pronounced in the postmerger phase, as it seems also
to be the case if one assumes only the presence of nuclear
matter; see [19]. However, the effect in both cases depends
on the temperatures attained in the postmerger object.
We have not considered the possibility of Cooper

pairing of quarks in this article. In the so-called color
flavor locked [50] phase and much below the supercon-
ducting transition the bulk viscosity is dominated by
the interaction of the superfluid phonons [51] and the

kaons [34] and it was computed in [52,53]. A further study
of how density oscillations are damped would be required,
but from the results found in [52,53] one might predict that
damping times would be longer than in the normal phase.
The effect of the bulk viscosity of quark matter might be

also relevant in the study of the damping of the different
oscillation modes of isolated compact stars. We will
address them in a different publication.
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APPENDIX: MIT BAG MODEL
AT FINITE TEMPERATURE

A typical approach to determine the chemical potentials
and susceptibilities of quark matter with electrons inside
neutron stars appeals to a zero-temperature limit of the
thermodynamic potential. In this appendix we study the
temperature dependence of the ideal Fermi gas expressions
for the particle density and the susceptibilities to infer its
relevance in the temperature region of up to 10 MeV.
The leading order of the thermodynamic potential for

this model at finite temperature is given by [54,55]

Ωð0Þ
i ¼ −

γiT
2π2

Z
∞

0

k2dk



ln



1þ exp

�
−
Ei;k − μi

T

��

þ ln



1þ exp

�
−
Ei;k þ μi

T

���
; ðA1Þ

with Ei;k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

i

p
and γi the degeneracy factor, for

electrons, γe ¼ 2, accounts their spin degrees of freedom
and for quarks, γf ¼ 2Nc, considers the spin and
color degrees of freedom. For electrons their mass,
me ¼ 0.511 MeV, is small compared to the strange quark
mass, resorting to the massless approximation. Then, the
integration in the thermodynamic potential of an ideal
relativistic Fermi gas can be carried out to give

Ωð0Þ
e ¼ −

1

12

�
μ4e
π2

þ 2μ2eT2 þ 7

15
π2T4

�
: ðA2Þ
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Using Eqs. (A1) and (A2), the finite-temperature expres-
sions for the number densities are given by

nf ¼ Nc

π2

Z
k2dk



1

1þ exp½ðEf;k − μfÞ=T�

−
1

1þ exp½ðEf;k þ μfÞ=T�
�

ðA3Þ

and

ne ¼
μe
3

�
T2 þ μ2e

π2

�
; ðA4Þ

for quarks and electrons, respectively.
Using Eqs. (A3) and (A4) we compute the chemical

potentials of quark matter with electrons imposing the
charge-neutrality and beta-equilibrium conditions at differ-
ent temperatures.
In Fig. 9 we show the chemical potentials at finite

temperature normalized by its value at zero temperature as
well as at nB;0=n0 ¼ 3 and ms ¼ 100 MeV. Thermal
effects reduce the chemical potential of the constituent
particles in these conditions. For temperatures below
10 MeV the deviations compared to the value at zero
temperature are up to 0.3% for light quarks and up to 0.2%
for electrons, while for temperatures up to 50 MeV these
deviations can be up to 8% for light quarks and ∼5% for
electrons.

To sum up, our predictions for the bulk viscosity values
would not be significantly affected by these thermal
corrections for temperatures up to 10 MeV. For higher
values of temperatures these effects may be relevant. Also,
at these temperatures neutrinos might get trapped in the
medium and have to be taken into account in the beta-
equilibrium conditions, thus changing the bulk viscosity
and associated damping time [56].
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