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Damping of density oscillations from bulk viscosity in quark matter
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We study the damping of density oscillations in the quark matter phase that might occur in compact stars.
To this end we compute the bulk viscosity and the associated damping time in three-flavor quark matter,
considering both nonleptonic and semileptonic electroweak processes. We use two different equations of
state of quark matter, more precisely, the MIT bag model and perturbative QCD, including the leading-
order corrections in the strong coupling constant. We analyze the dependence of our results on the density,
temperature and value of strange quark mass in each case. We then find that the maximum of the bulk
viscosity is in the range of temperature from 0.01 to 0.1 MeV for frequencies around 1 kHz, while the
associated minimal damping times of the density oscillations at those temperatures might be in the range of
few to hundreds milliseconds. Our results suggest that bulk viscous damping might be relevant in the
postmerger phase after the collision of two neutron stars if deconfined matter is achieved in the process.
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I. INTRODUCTION

The long-debated possibility that quark matter may be
present within the core of neutron stars, or adopting the
form of quark stars, has been extensively explored [1] (see
also [2] for a review and references). While most inves-
tigations predominantly focused on assessing the mass-to-
radius ratio of the stars, dictated by the equation of state
(EOS) linked to the stellar material, recent opportunities for
getting insights from neutron star interiors have arisen
thanks to the detection of gravitational waves [3,4]. In the
events of neutron star mergers or in the exploration of
diverse stellar oscillation modes generating gravitational
radiation [5-7], nonequilibrium processes unfold. The
dynamics of these processes are influenced by the material’s
transport coefficients. A comprehensive understanding of
the transport coefficients of ultradense matter becomes
imperative, as these are determined by the microscopic
composition and the dominant interactions of its constitu-
ents. The knowledge of the transport coefficients then brings
a connection of the microscopic and macroscopic dynamics
of the star.

In this work we will focus on the damping of density
oscillations of quark matter, which are relevant in the study
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of neutron star mergers [8]. We aim to dilucidate whether in
quark matter dissipative processes might affect the dynam-
ics in neutron star mergers, in the event that a deconfined
phase is achieved in the process. The damping of density
oscillations is mainly governed by the bulk viscosity, which
is the transport coefficient quantifying the energy dissipa-
tion in a compression or rarefaction of matter.

The bulk viscosity of quark matter has been previously
studied in [9—-12] mainly to determine its effect on the
damping of the so-called r modes on isolated compact stars.
The computation of the bulk viscosity of quark matter has
also been recently reviewed in [13], improving the form of
the EOS of quark matter, both using a perturbative QCD
approach and taking into account a nonleptonic electro-
weak (EW) process, and also using two holographic
models. Here we will also compute the bulk viscosity.
We first consider the MIT bag model to describe quark
matter, as this is extensively used in astrophysical settings,
but we also use a QCD perturbative approach. We include
both nonleptonic and semileptonic processes in our
computation, as the last are relevant in a certain range of
temperatures, as we will show. Unfortunately, at the
densities one might expect to find in astrophysical settings,
which would hardly exceed 10 times the value of nuclear
saturation density ny =~ 0.15 fm™>, the QCD coupling con-
stant @, is not so small, and higher-order corrections than
those we consider might be needed. It has been claimed that
the computations of the EOS for quark matter only
converge for values of the density ~ 40n, [14-16], values
which however are not realistic in astrophysical settings.

Published by the American Physical Society
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That is why one has to invoke some modeling for the EOS
of quark matter. It is however instructive to compare those
results from those predicted in perturbation theory, as
another possible model for the description of quark matter
in compact stars [17].

We will further compute the timescale associated to the
damping of the density oscillations. This brings relevant
information on whether these dissipative processes might
be relevant or not, for example, in the inspiral phase of
neutron star mergers, or its postmerger dynamics. Attempts
to include the effects of bulk viscosity in the numerical
modeling of viscous relativistic hydrodynamics valid for
neutron stars and neutron star mergers have only been
recently initiated [18,19] (see also [20,21]).

Our study is complementary to the same study carried out
for nuclear matter in Refs. [22-24], or in [25]. Also for
nuclear matter the processes responsible for the bulk
viscosity are mediated by the EW interactions, by either
direct or by modified URCA processes. Also the value of the
bulk viscosity and the damping density oscillations strongly
depends on the EOS used to describe nuclear matter.

This paper is structured as follows. In Sec. II we present
the general framework we use for the computation of the
bulk viscosity in the presence of a periodic disturbance in
three-flavor quark matter, and associated to different EW
processes. We provide numerical values of the viscosity
and corresponding damping times of density oscillations in
Sec. III, using the EOS associated to the MIT bag model in
Sec. IIT A, and also to perturbative QCD in Sec. III B. We
present a discussion of our results in Sec. V. And, finally,
in the Appendix we justify why we ignore temperature
effects in the EOS in the temperature range we are
considering for the MIT bag model.

We use natural units throughout the article, Ai=c=Kz = 1.

II. BULK VISCOSITY IN THREE-FLAVOR
QUARK MATTER

In this section we study the bulk viscosity generated in
three-flavor quark matter by nonleptonic and semileptonic
weak processes. As a result, we get the bulk viscosity
associated to neutrino-free quark matter as a function of
temperature 7, the chemical potentials of the constituent
particles of the star, y;, and the frequency of the oscillation
mode, . In this article we will only focus on the study of
density oscillations, although our results for the bulk
viscosity might be also used for the study of the damping
of different stellar oscillation modes. In the normal phase
and the neutrino-transparent regime, we consider the
following equilibration processes:

u+d<u+s, (1)
ute —-d+v,, (2)
d-u+e +7o,, (3)

u+e —s+u,, (4)
s—>u+e +0,, (5)

that involve electrons (e) and electronic neutrinos and
antineutrinos (v, and 7,, respectively) as well as up (u),
down (d) and strange (s) quarks.

On the one hand, fluctuations around the equilibrium
value of the four-vector velocity (#*) and the particle
number density (n;) can be expressed as follows:

ut = uly+ Sut, nj=n;,+on;, (6)

such that, in beta equilibrium, we have

d,(nju') = 0. (7)
Considering the local rest frame (LRF) in the equilibrium
state, that is ufy = ufpr = (1,0,0,0) in natural units
and neglecting quadratic terms in the deviations, O(8%),
Eq. (7) implies that the particle conservation law can be
expressed as

Onjo + uygp0,on;(t) =0, (8)

where 6 = d,6u* is the fluid expansion rate or equivalently

d
9n10—|—a5nj(t) =0. (9)

On the other hand, out-of-beta-equilibrium deviations gen-
erate contributions to the particle density current divergence
of the constituent particles. These can be studied in terms of
chemical imbalances from beta equilibrium:

Hi = My = Ha, (10)
Ha = Hs = He = My (11)
H3 = Hq = He = Hu- (12)

A set of equations for the divergence of the particle density
current of strange quarks (n,u*) and electrons (n,u*) can be
written at linear order in the chemical imbalances as

0
&5’%(1) +0ngo = —Aipy — Ao, (13)
0
&5%(0 +60n,o = Aopy + A3usz, (14)

where 1, 4,, and A5 are related with the equilibration rates of
the nonleptonic and semileptonic processes as follows:

/’t1/11 = Fs+u—>d+u - Fd+u—>5+u’ (15)
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Moty = Fs—>u+e+l7e - FbH»e—»erug ’ (16)

UzA3 = Fd—>u+e+ﬂe - Fu+e—>d+ue' (17)

The rates have been computed in several studies
at tree level in the limit of massless up and down quarks
and also considering that the strange quark mass is
considerably smaller than the strange quark chemical
potential [26-33]. For pure massless up and down quarks,
perturbative corrections to the quark dispersion law in the
strong coupling constant « are however needed in order
to find a nonvanishing value for A;. One then finds

64
o= S Gpsneeoioi, (19
T
17 ) 24
Ay = HGF sin® @cpu,m; T, (19)
T
17 2 2 4
3 = 157[2 GF COos GCQS”dﬂuﬂeT s (20)

where G = 1.166 x 107 GeV~2 is the Fermi coupling
constant, ®- = 13.02° is the Cabibbo angle, and m is the
strange quark mass. Note that p, —p; = pg— pe — pyy = H3.
Then, we obtain that

0

55’%(0 +0n,0= (A + A3)py = Aapy. (21)

The oscillating parts of the particle density are taken to be
proportional to e/’, so that

0 .
E(Snj(t) = iwdn;(t). (22)

Thus the equation for the strange quark density can be
expressed as follows:

iwdng(t) + Ongo = —Aipy — Aopla. (23)

We can then determine the out-of-beta-equilibrium devi-
ations of the particle number density of electrons and
strange quarks considering

ng =2ng —ng —n,, (24)
n, = ng + n,. (25)
Here we used the charge-neutrality condition

1 1 2
e +§”s+§”d:§”u (26)

and the definition of the baryon density

1 1 1
npg Egnu+§nd+§ns. (27)

Using the beta-equilibrium and charge-neutrality condi-
tions in the out-of-beta-equilibrium particle number den-
sities, we obtain

ény = 26ng — én, — on,, (28)
én, = éng + én,. (29)

The imbalance of the chemical potentials out of beta
equilibrium can be written in terms of deviations of the
particle number densities and partial derivatives of the
particle’s chemical potential with respect to the particle

number density:
Op;
Aii=—], 30
o= (3 (30)

where i,j=u,d,s. From now on we consider only
diagonal terms of A;;. The off-diagonal terms could also
be taken into account depending on the choice of the
EOS; we will be back to this issue further on. Thus

1y = Adn, — Agdnyg, 31)
1y = An, — Aon, — Ao, (32)

where A; are the susceptibilities of the constituent
particles and are given by

Au :Auw Ad :Add7 As :Ass’ Ae :ABB' (33)

Employing these relations, we get the conservation
equation for the particle number density of strange

quarks:

iwdng = —0n; o — A [Adng — Ay(26ng — éng — én,)]
— h[Adng — Aon, —A,(dng + 6n,)] (34)

and a similar expression for the electrons

iwén, =—0n, o+ (h,+13)[A0n,—A,(5ng +dn,)
—A,6n,|—3|A6n,—Ay(26ng —dng—on,)]. (35)

Using Egs. (34) and (35) we are able to get an expression
for on,. Next, by employing the conservation of the
baryon number

0
57’13 = - nB’O, (36)
110

we obtain
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0
Béns = —% {la)[[lw + (/12 + /13)A + /13Ad]l’lS‘0

+ (A = HA ) ne o] + [Ag(A, +24)2g
+ iw(20 A4 + AA,)]ngo (37)

where we define A=A, +A,,
/?'Q El]/lz +/1]ﬂ.3 +ﬂ.2ﬂ.3, (38)
and

+ ApA(As + Ayg) + AJA,] — 0. (39)

And by means of Egs. (35) and (37), we have

0
Bén, = ——{iw|[io + A, (A, + Ay) + A n, o
Lo '

+ (hA; = 1A 0| + [A (LA, +241A,)
— A, + A3(A, =24 )]io + (A4, + A)A,]
— A4A,Aglnpo}- (40)

Out-of-equilibrium deviations of the particle number
density, 5n} with j =u, d, s, e, can be obtained from
on; using the following relation:

5l’lj = 5}’1}04‘6}’1;, (41)

where 67, is a fluctuation around beta equilibrium which
satisfies

0
5nj’0 = — z nj.o . (42)

Then, for the electron and the strange quark number
density, we get

on, = bn, o+ onl, (43)
dng = bng o + onj. (44)
Thus
Bon, = < liw( Cy + 1oCy) + (AC, +4,Co)dg] (49

and

0 ..
B,on, = i {io[(C) = C2)As — Cady]

- [(Ad + AS)CZ - ASCI]AQ]V (46)

where

C = ns,OAs - nd,OAd

= ns,OAs - (21’13‘0 —Ng0— ne,0>Ad’ (47)
C2 = ns.OAs - nu,OAu - ne,OAe
= ns.OAs - ne,OA - nB.OAu' (48)

Once known the out-of-equilibrium fluctuations of the
particle number densities, we can calculate the bulk
viscosity. First, we determine the out-of-equilibrium pres-
sure as

p(n;(1)) = p(njo+6n;0)+6p'(t)=po(t) +8p'().  (49)

where the nonequilibrium part of the pressure is given by

/ o\
M=6p' =) <a7>05nj. (50)

j J
The nonequilibrium pressure can be expressed in terms of

nonequilibrium deviations of the chemical potential by the
Gibbs-Duhem equation

dp = sdT + Y nidu;, (51)

where we assume that the thermal equilibrium rate is
much larger than the chemical equilibrium rate, thus
being the temperature constant (see the note [51] in [35])
so that dT ~ 0 which at low temperatures is also equiva-
lent to take baryon density oscillations to be adiabatic.
Thus

01’) (@h)
C; = e = ni,U e = ”i,()Ai ‘. (52)
= (60), 3l 3

Then the nonequilibrium pressure in quark matter can be
expressed as

1= chén} = ¢ 0n, + c,0n, + c,on, + cony.  (53)
J

Due to the conservation of the baryon particle number
density, its out-of-equilibrium deviation is zero:

onjg =0, (54)

and, as a result, we get
on), = énl,, (55)
onl; = —énl; — onl,. (56)

Thus it follows that
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IT=(c, —cqg+c,)on, + (cg — cq)ons. (57)

According to Eq. (52), we find that

Cy = N oAy, (58)
Cu = Ny oAy (59)
Ca = NgpAdd; (60)
Co = NopAee. (61)

As mentioned before some assumptions about the EOS
of three-flavor quark matter with electrons are required in
the calculation of the bulk viscosity. In this study we
consider diagonal terms for electrons, A,,, because they
form an ultrarelativistic noninteracting gas. The same
applies for the quarks (even if we consider the first
correction in «y), so that the particle number density for
each flavor does not depend on the chemical potential of the
other flavors. Thus,

cy—cy=Cy, (62)
c,—c,—c, = C,, (63)

so that
= (C, — C,)n, + C, 61, (64)

which can be expressed as
0. 2 2 2
BH = %{ZCU[/’{]CI + /12C2 +ﬂ3(C] — Cz) ]
+[A4C +ACT+ AL(C = Cy)*N2g). (65)

At first-order hydrodynamics, the bulk viscosity is given
by [36-38]

(60)

where the real part of the nonequilibrium pressure can be
obtained from Eq. (65).

As aresult the bulk viscosity in three-flavor quark matter
in the v-transparent regime is given by

2
K']"’K'z&)
C_

=, 67
K3 + kg0 + ot (67)

where

K1 = Ap{C(A + Ay)[A(4 + 43) + Ayls]
— Ay(Ady — Aghy)]
—2C,(C1 = C)[Au[(Aq + Ag)dr + (A + Ag)As]
— AA ]
+(Cr = Gl (Ag + A + AT + A7)}, (68)

Ky = AIC% + Azc% + /13(C1 - Cz)zs (69)
K3 = 25 [A(A + Ag) + AAP (70)

Ky = [(Ag+ Ag)A + A)? + 2(Ady — Aghy)
X [As(dy 4+ 43) = (Ay + Ay) 3]
+ [Agds + A(d + 43)]% (71)

III. DAMPING TIME OF DENSITY
OSCILLATIONS

In this section we determine the damping time associated
to the bulk viscosity coming from baryon number density
oscillations in a medium. Let us assume a small density
oscillation described by Snz = dngoe™®’, where ong, and
w are the magnitude and frequency of the oscillation,
respectively.

The energy density € stored in a baryonic oscillation with
amplitude ong can be obtained as

1 0%
€ =5~ (dngy)’, (72)
20n%

where the energy density can be computed as
e=Q+ Z”i#i (73)
i

and the damping time is defined by
7. = €/(de/dt). (74)

The energy dissipation time can be related with the bulk
viscosity as [8,39]

de _@*¢ <5n3_0>2. (75)

E_ 2 nB!O

As aresult, the damping time of baryon density oscillations
by bulk viscosity is given by

2 3
ngo 0°€
=== —. 76
¢ w*¢ on% (76)

Considering an EOS in the limit of zero temperature
results in a simplification of the expression leaving the
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full temperature dependence encoded only in the bulk
viscosity.

A. MIT bag model

In this section we determine the values of the chemical
potentials and particle number densities of three-flavor
quark matter with electrons in the neutrino-transparent
regime using as constraints the beta equilibrium and charge
neutrality. As a first approximation we can consider the
simplest phenomenological bag model at zero temperature.
For finite-temperature corrections to the ideal Fermi gas
expressions, see the Appendix. For this model the thermo-
dynamic potential is given by

0
Q= Z Q" + By, (77)
i=e,u,d,s
where B is the bag constant [40] and Q,@ is the grand
canonical potential of massless electrons and light quarks
described as ideal Fermi gases

(0) He
Q - 78
1272 (78)
and
(0) o NC 5
Q =-15 {”f”f </4]2f - 5’"]2‘>
3
S CEA)] )

hereafter f = u,d, s, N. = 3 is the number of colors, my

denotes the quark mass, and uy = 4/ ,uf, — mj%

From the thermodynamic potential we are able to get the
thermodynamic properties of quark matter. Particularly, the
number particle density for each particle specie can be

calculated by
0y = — <@> . (80)
i) 1y

At zero temperature the number densities of quarks and
electrons can be written as follows:

N,
ng :y(ﬂ%—m})m (81)

and

1
_ 3
ne = 3_7[2/16‘ (82)
With these expressions at hand, the beta-equilibrium
conditions can be expressed as

Ha = Hs. (83)

Hy = Hy + He- (84)

Using Eq. (26) (the charge-neutrality condition) and the
definition of the baryon number density of Eq. (27), we can
determine the four chemical potentials and the four number
densities (1, fy, tys> He» Mg, Ny, N, and n,) for a fixed value
of the baryon number density.

The susceptibilities can be obtained from Egs. (81)
and (82) and are given by

o

A, =

ee

(85)

Sl

and

7[2

A=
3up\/Hy — my

for electrons and quarks, respectively.

For this study we consider different values of the strange
quark mass and the baryon number density in terms of the
nuclear saturation density, n, = 0.15 fm™3 [41]. Several
studies have determined m, at a renormalization scale of
2 GeV using lattice QCD and other techniques [42],
showing that under these conditions m, =~ 100 MeV.
Since in QCD the strange quark mass follows an increasing
trend as the strong coupling constant grows, it is intuitive to
consider m, greater than 100 MeV in a nonperturbative
regime. In the MIT bag model, m; is a degree of freedom;
thus to study the m, dependence of the bulk viscosity, we
explore values from 100 to 300 MeV. The light quarks are
considered massless, as their tiny values do not have a
relevant effect on the quantities of interest.

Tables I and II show the values of the chemical
potential and number density for quarks and electrons
at my; = 100 MeV and typical values of the baryon
number density in neutron stars.

In Fig. 1 the bulk viscosity as a function of the
temperature is depicted for different frequencies and baryon
number densities for a fixed value of m; = 100 MeV. As
can be seen, increasing the baryon number density gen-
erates a shift of the maximum of the bulk viscosity to lower

(86)

TABLE I. Chemical potentials in MeV for quark matter with
electrons imposing charge neutrality and beta equilibrium using
the MIT bag model at m; = 100 MeV and varying the baryon
number density (normalized to nuclear saturation density).

ngo/no Hup Hap Hs0 Heo
3 324.31 331.84 331.84 7.53
5 384.52 390.91 390.91 6.39
6 408.61 414.64 414.64 6.03
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TABLE II.  Particle number densities normalized to the nuclear
saturation density imposing charge neutrality and beta equilib-
rium using the MIT bag model at m; = 100 MeV and varying the
normalized baryon number density.

”B,o/no "u,o/”o "d,o/no "s,o/”o ”e,o/no

3 3.00 3.21 2.79 1.25 x 1075
5 5.00 5.25 475 7.66 x 1070
6 6.00 6.27 5.73 6.42 x 1070

temperatures, increasing slightly its value. This is clearly
seen in Fig. 2, where we enlarge the maximum of the bulk
viscosities for different densities at w/2z = 1 kHz and
mg; = 100 MeV. The values for the maxima for the differ-
ent densities at w/2z =1 kHz and m, = 100 MeV are
given in Table III. In addition, in Fig. 1 we consider
different values of the angular frequency around 1 kHz. We
observe that the larger the frequency is, the smaller the

— npo/no =3, w/2r = 1kHz 3
[ ottt - NB.0 n0:5,w/27r:1kHz b
109 np.o/no =6, w/2r = 1kHz 1
" npo/ng =3, w/2r =0.1kHz ]
- g X = ngo/no =3, w/2r = 10kHz ]
= 10%%¢ /
£ 4o}
~ E 3

o6l -
< 107 .
10%5) .o
1024;“‘ N N i
0.01 0.050.10 0.50 1 5 10

T [MeV]

FIG. 1. Bulk viscosity of three-flavor quark matter in the

neutrino-free regime using the MIT bag model for different
normalized baryon number densities and normalized frequencies
at my = 100 MeV.

2.80 x 1028
— 77,]3,0/710 =3
= npo/No =5
2.75x 102} na0/no =6
g
L 2.70x10%8¢
~
5
™ 265x10%8]
2.60 x 1028 : : L : : :
X 0.05 0.06 0.07 0.08 0.09 0.10
T [MeV]

FIG. 2. Enlargement of Fig. 1 to display the behavior of the
maximum bulk viscosities at w/2z = 1 kHz, m; = 100 MeV
and for different baryon number densities.

TABLE III. Maximum of the bulk viscosity (in grem=!s™!)
and minimum of the damping times (in milliseconds) for different
normalized baryon number densities and frequencies (in kilo-
hertz) at m; = 100 MeV according to Figs. 1 and 3. Here T,
denotes the temperature in MeV of the maximum (minima) of the
bulk viscosity (damping time).

nB.O/”O Tm Z:max Tmin a)/Z”
3 2.5%x 1072 2.73 x 10% 2132.42 0.1
3 2.5x 107! 2.73 x 10?7 21.32 10
3 7.9 x 1072 2.73 x 103 213.24 1

5 6.2 x 1072 2.75 x 108 420.14 1

6 5.7 %1072 2.76 x 103 535.37 1

value of the maximum of the bulk viscosity becomes
whereas it moves to larger temperatures.

In order to study the damping times of baryon density
oscillations induced by the weak-interaction-driven bulk
viscosity we resort to Eq. (76). The energy density in the
MIT bag model is given explicitly by Eqgs. (73), (77), (81),
and (82).

Figure 3 displays the damping times associated to the
bulk viscosities in Fig. 1. Note that the exact values for the
minimal damping times can be found in Table III. The
temperature dependence of the damping time is the same as
for the inverse of the bulk viscosity, as this follows from the
zero-temperature approximation for the thermodynamic
potential. However, all other terms involved in Eq. (76)
are relevant for determining the exact value of the damping
times as a function of the baryon number density. In
addition, the @~? term modifies significantly the frequency
dependence from the inverse of the bulk viscosity. We also
note that at ngo/ny = 3 the damping times seem to be
independent of the frequencies considered in the low-
temperature regime for approximately 7" < 20 keV.

In addition, one can study the effect of the strange
quark mass in the bulk viscosity. Figure 4 shows the bulk

"— npo/no =3, w/2m = 1kHz
108} — 228?23 =5, 5?2? ~ 1kHy RN
npo/no =6, w/2r = 1kHz vt
b npo/no =3, w/2r = 0.1kHz o
== npo/no =3, w/2r = 10kHz ot
108} 1
)
A
c 1047 R
100} T e 1
1 il " PR B PR B " PR B
0.01 0.050.10 0.50 1 5 10
T [MeV]
FIG. 3. Damping times from density oscillations using the MIT

bag model for different normalized baryon number densities and
frequencies at m; = 100 MeV.
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1030} — m, = 100 MeV |

mg = 150 MeV §

29[ — m, =200 MV

107¢ mg = 300 MeV 3
T
g 0
= [
g 1027E
B ;
o 1026%
1055}

1024:“” e RN e

0.01 0.050.10 0.50 1 5 10

T [MeV)

FIG. 4. Bulk viscosity of three-flavor quark matter in the
neutrino-free regime using the MIT bag model for different values
of the strange quark mass at @/2z = 1 kHz and ngo/ny = 3.

viscosity as a function of the temperature for different
values of the strange quark mass at w/2z = 1 kHz and
ngo/no = 3. As the strange quark mass increases, not only is
the bulk viscosity larger, but also the effect of the semi-
leptonic processes becomes more evident for temperatures of
a few MeV. This effect is linked to the fact that A, o m?2.

Finally, in Fig. 5 we depict the damping times associated
to varying the value of the strange quark mass, correspond-
ing to the viscosities in Fig. 4. Increasing the value of the
mass of the strange quark has a drastic effect in lowering
the damping times below 10 ms. The minimal damping
times of density oscillations for w/2z = 1 kHz thus can
range from 3 to 200 ms at a given temperature, but this
depends strongly on the value of the strange quark mass.
The values for the maxima of the bulk viscosity and the
minimal damping time are given in Table I'V.

B. Perturbative QCD

A similar analysis can be performed for perturbative
QCD at high density with a finite mass for the strange

108 » - mg = 100 MeV «
ms = 150 MeV i
5[ T Ms= 200 MeV ]
10 ms = 300 MeV 3
o 10t
. 1000§
100}
10}
0.01 0.050.10 0.50 1 5 10
T [MeV]
FIG. 5. Damping times from density oscillations using the MIT

bag model for different values of the strange quark mass at
/27 =1 kHz and ngy/ny = 3.

TABLE IV. Maximum of the bulk viscosity (in grem=!s™!)
and minimum of the damping times (in milliseconds) for different
masses (in MeV) according to Figs. 4 and 5. Here 7', denotes the
temperature in MeV of the maximum (minima) of the bulk
viscosity (damping time).

mg Tm gmax Tmin

100 7.9 x 1072 2.73 x 108 213.24
150 7.5 % 1072 1.34 x 10%° 42.77
200 6.9 x 1072 4.05 x 102 13.93
300 5.7 x 1072 1.73 x 103 3.19

quark. As previously stated for the MIT model, a zero-
temperature limit for the number particle density and
susceptibility of the constituent particles is a good approxi-
mation for the temperature region of interest. In perturba-
tive QCD, the thermodynamic potential at finite
temperature and chemical potential up to O(a,) has been
addressed in Ref. [43]. In this work we consider the zero-
temperature limit of this expression which is given by

a=0"+ 3 (@ +al). (87)
f=ud,s

where the leading-order terms for massless electrons
and nonvanishing quark masses are shown in Egs. (78)
and (79), and the first-order correction in the MS scheme is
given by

1 _a(NZ-1) N R AN
A = B L S R

Hy+up
-2 4 2 _ 2.1
uf+mf[ﬂfuf m; n( ; )}

f2) )

=

as in the previous section. The thermodynamic potential up
to order a, depends on the renormalization subtraction point
explicitly and implicitly through the scale dependence
of the strong coupling constant and the mass [14,43,44].
Considering the massless approximation for the light
quarks, the scale dependence of the coupling and the strange
quark mass to first order in «; can be expressed as

A [ piIn(L)

where A is the renormalization scale and u =

_ a\4/9 a
my(A) = fi, <—) (1 +0.895062 —S), (90)
T T
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with L = 21n (A/Agz), the one-loop f-function coefficient
po=11—-2N,/3, and the two-loop coefficient #; = 51 —
19N /3 with N = 3. Ay and the invariant mass 7z, can be
fixed by requiring a;~0.3 and m;~ 100 MeV at
A =2 GeV. As a result, one obtains A5 = 380 MeV
and /M, = 262 MeV. According to these constraints, the
only undetermined parameter is the value of the renormal-
ization scale A.

The particle number density for electrons is given in
Eq. (82) and for quarks up to O(a;) can be expressed as

(0) (1)

ng=n; +n;’, (91)
where
0 Nc
ny) = 25 (g — mi)? (92)
and
N2 -1 +
n;l):_as( c3 )’ufujzc 1 — fl Hy T Uy
471' ﬂfuf mf
m2 A
+-—1 [6111(—) +4} } (93)

An alternative to handle Eq. (93) is not to consider the term
in brackets that depends on A as done in Ref. [11], which is
equivalent to setting A = exp(—2/3)m;. However, in our
approach following this procedure results in a fixed strong
coupling constant and strange quark mass according to
Egs. (89) and (90). Other alternatives consider A = 2y, and
3u,, which have a relevant impact in the mass-to-radius
ratio of compact stars [17,43], and A = 2 suy/Ny as
in Ref. [14].

In this study, we proceed setting A = 2, and implement
the beta-equilibrium and the charge-neutrality conditions.
This procedure differs from the study in Ref. [11], where
the bulk viscosity is computed for two different sets of
parameters (ng/ng = 5, m; = 300 MeV, and a, = 0.2 and
ng/ng = 10, my; = 140 MeV, and a; = 0.1). Accordingly,
our approach is an alternative to incorporate the trend of the
strange quark mass and the strong coupling constant as a
function of the baryon number density (see Table V). As
can be noted, the mass and the coupling decrease as the
baryon number density increases consistently with the
constraint m; ~ 100 MeV and a; ~0.3 at A = 2 GeV.

With these expressions at hand, we solve the beta-
equilibrium and charge-neutrality conditions for different
values of the baryon number density. The light quarks are
considered massless. Tables V and VI list the values of the
chemical potential, the strange quark mass, the strong
coupling constant, and the number density of the

TABLE V. Input parameters for the bulk viscosity with pQCD
at different normalized baryon number densities imposing beta
equilibrium and electric charge neutrality: chemical potentials in
MeV, the strange quark mass in MeV and the strong coupling
constant.

ngo/no Hu0 Hao Hs0 Heo mg a

6 47047 489.18 489.18 1871 138.46 0.54
10 544.80 557.26 557.26 1246 127.12 047
20 671.16 678.75 678.75 7.58 115.06 0.39
40 832.88 837.75 837.75 4.87 106.01 0.33
TABLE VI. Normalized particle number densities with pQCD

at different normalized baryon number densities imposing beta
equilibrium and electric charge neutrality.

"B,o/”o "u,o/’lo nd,o/”lo ’ls,o/”lo "e,o/’lo

6 6.00 6.74 5.25 1.92 x 10~*
10 10.00 10.70 9.30 5.67 x 1073
20 20.00 20.69 19.31 1.28 x 1073
40 40.00 40.71 39.29 3.39 x 107°

constituent particles in three-flavor quark matter with
electrons for different baryon number density.
The susceptibilities are given by Eq. (85) and

N a,(N.—1)?
-1_ [ 2_ 2 2 2
Af—ﬂzc/,lf py—my— J 4;3 3p; —4my;

m2 A
i) {2—3ln(w> +3ln<—>} } (94)
Uy my my

for electrons and quarks, respectively.

In Fig. 6 we plot the bulk viscosity as a function of the
temperature at w/2z = 1 kHz and A = 2y, for different
baryon number densities.

Our results seem to qualitatively agree with those
recently presented in [13], valid for densities 40n, within
perturbative QCD, even if in that reference higher-order
corrections to the EOS were included, and only the non-
leptonic process u + d <> u + s was considered. We have
checked that the value of the maximum value of the bulk
viscosity as well as its location as a function of the
temperature qualitatively agree, when computed at the
same order of accuracy. In Ref. [13] higher-order pertur-
bative corrections are included, changing slightly the
position and the value of the maximum of the bulk
viscosity. Further deviations with [13] are due to the fact
that semileptonic processes become relevant in a temper-
ature region around 1-2 MeV and also give rise to a
secondary peak in the bulk viscosity that is most remark-
able as the strange quark mass increases and the baryon
number density decreases.
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FIG. 6. Bulk viscosity of three-flavor quark matter with
electrons using perturbative QCD for different normalized baryon
number densities at w/2z = 1 kHz and A = 2y,.

In order to check the relevance of the semileptonic process
we consider a similar approach to Ref. [11] computing the
bulk viscosity generated only by nonleptonic weak proc-
esses, {pon- This can be obtained from the general expression
in Eq. (67) setting 4,, 43 — 0 and it is given by

AC3

Cnon = (Ad"i_As)z/l% _|_a)2'

(95)

2_0jvvvy T T T T T T T T T T T T T T vyvvvvyj
1.8; nB,()/no =6 E
1.6} ]
= [ — w/27 =100 Hz ]
2 14+ w/2m = 1kHz ]
& r — w/27 =10kHz 1
~ — w/2m =20kHz
12f \ 1
1.0} AA
[ | nBo/no =40 ]
1.02+ 1
g
<
~ 1.01r 1
0.01 0.05 0.10 0.50 1 5 10
T [MeV]
FIG. 7. Ratio {/{,o as a function of the temperature using

perturbative QCD for different frequencies at ngy/ny = 6 and
40. Note that the y axis is different for each case.

108} — npo/no =06 E
TLB,()/nO = 10
—_— 77,}3‘[)/77,0 =20
108} — npo/ng =40 |
)
A
e 10*F 1
100+ 1
1 il L PR B PR SR L PR SR
0.01 0.050.10 0.50 1 5 10
T [MeV]
FIG. 8. Damping times from density oscillations using pertur-

bative QCD for different baryon number densities at w/27 =
1 kHz and A = 2u,.

We plot the ratio of the full bulk viscosity with that
arising only from the nonleptonic processes in Fig. 7. We
conclude that there is certain range of temperatures, in the
region from 0.1 to 2 MeV, where neglecting the semi-
leptonic processes is not a good approximation. We note
that in Ref. [11] it has been claimed that the regime where
the semileptonic processes might be dropped depends on
the value of the frequency at a given value of the density
and temperature.

Lastly, Fig. 8 shows the damping times for different
baryon densities at w/2z =1 kHz and A = 2u,. The
values for the maxima of the bulk viscosity and the minimal
damping time for different densities are given in Table VII.
As stated before, the strange quark mass decreases as the
baryon number density gets larger. We see that the
maximum bulk viscosity decreases when the baryon
density increases. The damping time curves exhibit the
same trend as in Fig. 5. At ng/ny =6 we have mg~
138 MeV and for higher values of the baryon number
density up to ngo/ny =40 we get m; ~ 106 MeV.

Note that the maximum bulk viscosity and shortest
damping times exhibit the opposite behavior when increas-
ing the density in the MIT bag model; see Fig. 2. This is
linked to the fact that there the strange quark mass is a fixed

TABLE VII. Maximum of the bulk viscosity (in grem™ s™!)
and minimum of the damping times (in milliseconds) for different
baryon number density according to Figs. 6 and 8. Here T,
denotes the temperature in MeV of the maximum (minima) of the
bulk viscosity (damping time).

nB,O/ ny Tm Cmax Tmin

6 3.6 x 1072 3.78 x 10% 43.65
10 3.1x 1072 2.28 x 10% 142.12
20 2.4 x 1072 1.29 x 10% 626.32
40 1.8 x 1072 8.20 x 10%8 2459.50
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parameter, which does not change with the density. It
should be possible to improve this feature in the modeling
of the EOS, but we leave it for future work.

IV. OUTLOOK

We have studied the bulk viscosity and the damping time
of density oscillations of quark matter, using different
EOSs and exploring their dependence on the baryon
density, temperature and value of the strange quark mass.
At the densities that could be attained in neutron stars we
have considered the MIT bag model and checked that the
value of the bulk viscosity changes significatively with the
value of the strange quark mass. We have also used an EOS
extracted from QCD at order ,. We have included all the
relevant electroweak processes that equilibrate quark matter
after a disturbance of the density and checked in which
temperature regime the nonleptonic process is dominant.

While we see that the numerical value of the bulk
viscosity of quark matter depends on the form of EOS,
on the value of the strange quark mass, and on the form of
the quark dispersion law, one might see some general
features from our results. In particular, we find that the
maximum value of the bulk viscosity, producing the
shortest damping times of the density oscillations (in
the order of the few to several hundreds of milliseconds,
depending on values of the density and the strange quark
mass), occurs at temperatures in the range from 0.01 to
0.1 MeV; the precise value depends on the EOS describing
quark matter. The bulk viscosity of nuclear matter, which
also highly depends on the corresponding modeled EOS of
nuclear matter, seems to have its maximum at much higher
values of the temperature, in the order of few MeV [22,23].
Then one can clearly conclude the strongest damping of
density oscillations occur in different temperature regimes
in quark or nuclear matter, while these different phases
occur at different densities.

Our results might be of interest so as to assess whether
the effect of the bulk viscosity should be included or not in
numerical simulations of mergers of neutron stars. Several
such numerical studies mention the possibility of reaching
to a deconfined quark matter phase [45-49]. As the
timescales associated to the initial stages of the merger
are of the order of few milliseconds, unless there are regions
in the stars where the reached temperatures are in the range
of 0.01 MeV, the effect of the bulk viscosity in the quark
matter phase would be unnoticeable. The effect might be
more pronounced in the postmerger phase, as it seems also
to be the case if one assumes only the presence of nuclear
matter; see [19]. However, the effect in both cases depends
on the temperatures attained in the postmerger object.

We have not considered the possibility of Cooper
pairing of quarks in this article. In the so-called color
flavor locked [50] phase and much below the supercon-
ducting transition the bulk viscosity is dominated by
the interaction of the superfluid phonons [51] and the

kaons [34] and it was computed in [52,53]. A further study
of how density oscillations are damped would be required,
but from the results found in [52,53] one might predict that
damping times would be longer than in the normal phase.

The effect of the bulk viscosity of quark matter might be
also relevant in the study of the damping of the different
oscillation modes of isolated compact stars. We will
address them in a different publication.
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APPENDIX: MIT BAG MODEL
AT FINITE TEMPERATURE

A typical approach to determine the chemical potentials
and susceptibilities of quark matter with electrons inside
neutron stars appeals to a zero-temperature limit of the
thermodynamic potential. In this appendix we study the
temperature dependence of the ideal Fermi gas expressions
for the particle density and the susceptibilities to infer its
relevance in the temperature region of up to 10 MeV.

The leading order of the thermodynamic potential for
this model at finite temperature is given by [54,55]

o vl [* E;;—u;
Q7 = —2”2A kzdk{ln [1 + exp (— T)}
E. .
+1In {1 + exp (— —"k; M')] },

with E;; = \/k* + m? and y, the degeneracy factor, for
electrons, y, = 2, accounts their spin degrees of freedom
and for quarks, y, =2N., considers the spin and
color degrees of freedom. For electrons their mass,
m, = 0.511 MeV, is small compared to the strange quark
mass, resorting to the massless approximation. Then, the
integration in the thermodynamic potential of an ideal
relativistic Fermi gas can be carried out to give

(A1)

4
(0) 1 (pe ST S Y
Q7 = — 2us1 T ). A2

¢ 12(7z2+ He +15” > (A2)
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Using Egs. (A1) and (A2), the finite-temperature expres-
sions for the number densities are given by

N, 1
ng = —2/ kzdk{1 P T
T + exp|( fik Mf)/ ]

_ ! }
1 +exp[(Epx +ps)/T]

and

2

n, =4 <T2 + ”—2> (A4)
3 7

for quarks and electrons, respectively.

Using Egs. (A3) and (A4) we compute the chemical
potentials of quark matter with electrons imposing the
charge-neutrality and beta-equilibrium conditions at differ-
ent temperatures.

In Fig. 9 we show the chemical potentials at finite
temperature normalized by its value at zero temperature as
well as at npo/nyg=3 and mg; =100 MeV. Thermal
effects reduce the chemical potential of the constituent
particles in these conditions. For temperatures below
10 MeV the deviations compared to the value at zero
temperature are up to 0.3% for light quarks and up to 0.2%
for electrons, while for temperatures up to 50 MeV these
deviations can be up to 8% for light quarks and ~5% for
electrons.

100} =====smmmemmmmemnas .

0.98 N

T W

& I ve
< 096f  =srds
3 t == e I‘l‘
0.94f ]
92" PR P R " P R " " ‘TA
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FIG. 9. The chemical potentials of the different particle species
u; obtained by imposing beta equilibrium and electric charge
neutrality normalized by the same value obtained at zero temper-
ature, yr_o. Additionally, we set ngy/ny =3 and m; = 100 MeV.

To sum up, our predictions for the bulk viscosity values
would not be significantly affected by these thermal
corrections for temperatures up to 10 MeV. For higher
values of temperatures these effects may be relevant. Also,
at these temperatures neutrinos might get trapped in the
medium and have to be taken into account in the beta-
equilibrium conditions, thus changing the bulk viscosity
and associated damping time [56].
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