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Relativistic plasmas around compact objects can sometimes be approximated as being force-free. In this
limit, the plasma inertia is negligible and the overall dynamics is governed by global electric currents. We
present a novel numerical approach for simulating such force-free plasmas, which allows for high accuracy
in smooth regions as well as capturing dissipation in current sheets. Using a high-order accurate
discontinuous Galerkin method augmented with a conservative finite-difference method, we demonstrate
efficient global simulations of black hole and neutron star magnetospheres. In addition to a series of
challenging test problems, we show that our approach can—depending on the physical properties of the
system and the numerical implementation—be up to 10× more efficient than conventional simulations,
with a speedup of 2–3× for most problems we consider in practice.
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I. INTRODUCTION

Compact objects such as neutron stars and black holes
can feature some of the strongest magnetic fields in the
Universe. Under these conditions, the environments sur-
rounding them can be filled with a highly conducting
plasma. The plasma dynamics of these magnetospheres
are thought to be responsible for several observable
transients in the radio [1–3] and x-ray [4–8] bands.
While the description of emission processes fundamen-
tally necessitates modeling the relevant kinetic scales
[9,10], the available energy budget as well as the presence
of any dissipative or emitting region inside the magneto-
sphere is a result of the bulk dynamics. It is this latter
aspect that our present work aims to advance. Since these
scenarios are highly nonlinear, their effective description
requires numerical approaches.
The global dynamics of the plasma is usually modeled

under several simplifying assumptions. In a very strongly
magnetized magnetosphere, the inertia of the plasma can
approximately be neglected [11,12]. In this force-free
electrodynamics (FFE) state, the evolution of the system
is governed largely by bulk currents, obtained via an
effective closure of the Maxwell equations. It is important
to point out that the main assumption—neglecting plasma
inertia—can break down, e.g., during shock formation, as
well as the absence of physically meaningful dissipation in

reconnection regions. In this regime, the closest extension
of force-free electrodynamics is magnetohydrodynamical
(MHD) models, retaining a single-component plasma
rest-mass density. MHD studies of relativistic magneto-
spheres are not commonly employed (see, e.g., Ref. [13]
for a notable exception in neutron star magnetospheres).
Instead, most studies adopt an FFE approach.
Recent examples include applications tomagnetar quakes

[14], nonlinear steepening of Alfvén waves [15,16], mag-
netar giant flares [17–20], outbursts from gravitational
collapse of a neutron star [21] (see also Refs. [22,23] for
related studies in electrovacuum), and black hole and
neutron star magnetospheres [24–28]. Apart from isolated
compact objects, force-free electrodynamics has also been
employed in the context of jets from massive black hole
mergers [29,30] and potential electromagnetic precursor to
gravitational wave events involving merger of compact
objects [31–37].
Several approaches have been adopted in the literature

for numerically solving the FFE equations. Most com-
monly, either unlimited finite-difference [25,27,29,38,39]
or conservative finite-volume schemes [34,40–46] have
been employed. These methods are robust, can easily
capture strong gradients inside the magnetosphere, and
work well with commonly employed mesh refinement
techniques [47]. However, they come with a major draw-
back. Properly capturing wave solutions over long inte-
gration times, e.g., Alfvén waves [15], requires a large
number of grid points, especially when less accurate*Corresponding author: ykim7@caltech.edu
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versions of finite-difference/volume schemes are being
used. This prohibitively increases computational costs,
especially for applications such as compact binary mag-
netospheres in which scale separations can span two
orders of magnitude.
On the other hand, spectral-type methods such as the

pseudospectral method offer exponential convergence for
smooth solutions, providing a maximum in accuracy over
computational cost. Several studies have made use of
spectral schemes to solve the FFE equations [48–50].
One serious limitation of spectral methods is the appear-
ance of unphysical oscillations (Gibbs phenomenon) near a
discontinuity or a large gradient e.g. current sheets, which
are naturally present in compact object magnetospheres.
Remedying these numerical instabilities requires special
treatments such as filtering or a limiting procedure [51]. In
addition, globally spectral methods are not easily paral-
lelizable, making it difficult to simulate physical scenarios
with large scale separations.
To counteract this shortcoming, popular approaches in

the literature focus on spectral element methods in which
the computational domain is divided into nonoverlapping
spectral elements, communicating only with the directly
neighboring elements through the element boundaries. This
approach allows for highly parallelizable implementations
while retaining the exponential convergence property for
smooth solutions. A concrete example of this approach, a
discontinuous Galerkin (DG) method, is gaining its pop-
ularity in computational fluid dynamics and astrophysics
[e.g. [52–61]], as well as in FFE [62,63].
While a DG scheme naturally permits a discontinuity at

the element boundary, without special care to suppress
unphysical oscillations, it suffers from the same fate as
globally spectral methods described above. Several strat-
egies have been proposed in the DG literature, which are
frequently referred to as limiters. Common types of DG
limiters are implemented as direct manipulations on spec-
tral coefficients, addition of artificial viscosity, or a flat-
tening correction of the solution with respect to its average
value within an element. We refer the reader to [53,64] and
references therein for the available types of DG limiters and
related discussions.
DG limiters currently are not particularly accurate or

reliable compared with corresponding finite-volume or
finite-difference techniques, especially for curved meshes
or relativistic applications (see, e.g., Ref. [64]). A recently
developed alternative strategy is to supplement the DG
evolution with a more robust subelement discretization,
which has been mostly chosen to be finite volume [e.g.
[53–55,65–69]]. Motivated by the idea of the a posteriori
finite-volume limiting approach of Ref. [65], the discon-
tinuous Galerkin-finite difference (DG-FD) hybrid method
was introduced by [64] (see also Refs. [58,70] for appli-
cations to relativistic fluid dynamics simulations).
In this paper, we present a new numerical scheme and

code for general-relativistic FFE simulations based on a

discontinuous Galerkin discretization. Our motivation is
twofold. First, we explore the suitability of the DG-FD
hybrid approach to enable large-scale, parallel yet accurate
numerical simulations, especially of compact binary mag-
netospheres. Second, since FFE on physical grounds has
very localized regions of nonsmoothness such as current
sheets, these simulations serve as an ideal testbed to
calibrate and assess the usefulness of the DG-FD hybrid
approach. Our hybrid scheme also incorporates previously
developed implicit-explicit time integration schemes [71]
(see Refs. [34,35] for applications to the FFE system),
which allows us to enforce a set of algebraic constraints
present in the FFE system. This joint approach achieves
high-order convergence in smooth regions while capturing
discontinuous features such as magnetic reconnection
points and current sheets.
This article is organized as follows. In Sec. II, we briefly

review Maxwell’s equations in general relativity and
introduce the formulation we adopt in this work. We also
discuss our strategy for maintaining the force-free con-
ditions in simulations. In Sec. III, we describe the numeri-
cal implementation of spatial discretization, time stepping,
and the discontinuous Galerkin-finite difference hybrid
solver. We present results from a set of test problems in
Sec. IV, and conclude with a discussion of result in Sec. V.
In this paper, we adopt geometrized (c ¼ G ¼ 1)

Heaviside-Lorentz units, where electric and magnetic fields
have been rescaled by 1=

ffiffiffiffiffiffi
4π

p
compared to Gaussian units.

We use the abstract index notation using latin indices
(a; b; � � �) for spacetime tensors, but reserve fi; j; k;…g for
spatial tensors. We follow the sign convention of the Levi-
Civita tensor from [72], εabcd ¼ ffiffiffiffiffiffi−gp ½abcd�, where g is the
determinant of spacetime metric and ½abcd� ¼ �1 with
½0123� ¼ þ1 is the flat-space antisymmetric symbol.1

II. GENERAL RELATIVISTIC FORCE-FREE
ELECTRODYNAMICS

We begin by outlining the mathematical description used
to numerically study magnetospheric dynamics. This
includes a general relativistic formulation of electrodynam-
ics in a curved spacetime, which is then specialized to the
force-free case: general relativistic force-free electrody-
namics (GRFFE).

A. Electrodynamics

The dynamics of electric and magnetic fields is governed
by the Maxwell equations. In covariant form, they are
given by

∇bFab ¼ J a ð1Þ

1Note that an opposite sign convention is sometimes adopted
in the literature [e.g., [32,73]].
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∇b
�Fab ¼ 0 ð2Þ

where Fab and �Fab ¼ εabcdFcd=2 are the electromagnetic
field tensor and its dual, and J a is the electric 4-current
density.
For the standard 3þ 1 decomposition of the spacetime

metric

ds2 ¼ −α2dt2 þ γijðdxi þ βidtÞðdxj þ βjdtÞ; ð3Þ

where α is lapse, βi is the shift vector, and γij is the spatial
metric, the normal to spatial hypersurfaces is given by

na ¼ ð1=α;−βi=αÞ; na ¼ ð−α; 0Þ: ð4Þ

In terms of the normal vector na, electromagnetic field
tensor Fab and its dual �Fab can be decomposed as

Fab ¼ naEb − nbEa − εabcdBcnd; ð5Þ
�Fab ¼ −naBb þ nbBa − εabcdEcnd; ð6Þ

where

naEa ¼ naBa ¼ 0: ð7Þ

Ea ¼ ð0; EiÞ and Ba ¼ ð0; BiÞ are electric and magnetic
fields in the frame of an Eulerian observer. One can read off
Ea and Ba from Fab using the following relations

Ea ¼ Fabnb; ð8Þ

Ba ¼ −
1

2
εabcdnbFcd ¼ −�Fabnb: ð9Þ

While analytically complete, Maxwell equations cannot
be directly evolved numerically, as any violation of the
divergence constraints [Eqs. (1) and (2) with a ¼ 0]
will break strong hyperbolicity of the system [74,75].
This can be avoided by either using constrained transport
approaches [76] or extending the system using effective
Lagrange multipliers [77]. We here adopt the latter
approach. The extended (or augmented) Maxwell equa-
tions [73,78] are

∇aðFab þ gabψÞ ¼ −J b þ κψnbψ ð10Þ

∇að�Fab þ gabϕÞ ¼ κϕnbϕ ð11Þ

∇aJ a ¼ 0 ð12Þ

where auxiliary scalar fields ψ and ϕ propagate diver-
gence constraint violations of electric field and magnetic
field. κψ and κϕ are damping constants, leading to an

exponential damping of the constraints in the character-
istic timescales κ−1ψ ;ϕ.
Performing a standard 3þ 1 decomposition of the

extended Maxwell’s equations (10)–(12) using the normal
vector na and the spatial projection operator hab ≡ δabþ
nanb, we get

ð∂t − LβÞEi − εijkð3ÞDjðαBkÞ þ αγijDjψ ¼ −αJi þ αKEi;

ð13aÞ

ð∂t − LβÞBi þ εijkð3ÞDjðαEkÞ þ αγijDjϕ ¼ αKBi; ð13bÞ

ð∂t − LβÞψ þ αDiEi ¼ −ακψψ þ αq; ð13cÞ

ð∂t − LβÞϕþ αDiBi ¼ −ακϕϕ; ð13dÞ

ð∂t − LβÞqþDiðαJiÞ ¼ αqK; ð13eÞ

where Di ¼ hai∇a is the spatial covariant derivative, K is
the trace of extrinsic curvature, q ¼ −nμJ μ is the electric
charge density measured by an Eulerian observer, and Ji ¼
hiaJ a is the spatial electric current density. Here we also
defined the spatial Levi-Civita tensor associated with the
spatial metric as

εabcð3Þ ≡ ndεdabc: ð14Þ

The Lie derivative along the shift vector applied to a spatial
vector Ei is

LβEi ¼ βj∂jEi − Ej
∂jβ

i;

and same for Bi on the left-hand side of Eq. (13), while it is
simply a directional derivative (e.g. LβðqÞ ¼ βi∂iq) when
applied to a scalar variable.
Evolution equations (13) can be cast into conservative

form

∂tUþ ∂jFj ¼ S; ð15Þ

with evolved variables

U ¼ ffiffiffi
γ

p

2
6666664

Ei

Bi

ψ

ϕ

q

3
7777775
≡

2
6666664

Ẽi

B̃i

ψ̃

ϕ̃

q̃

3
7777775
; ð16Þ

fluxes
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Fj ¼

2
666666664

−βjẼi þ αðγijψ̃ − εijkð3ÞB̃kÞ
−βjB̃i þ αðγijϕ̃þ εijkð3ÞẼkÞ

−βjψ̃ þ αẼj

−βjϕ̃þ αB̃j

J̃j − βjq̃

3
777777775
; ð17Þ

and source terms

S ¼

2
666666664

−α ffiffiffi
γ

p
Ji − Ẽj

∂jβ
i þ ψ̃ðγij∂jα − αγjkΓi

jkÞ
−B̃j

∂jβ
i þ ϕ̃ðγij∂jα − αγjkΓi

jkÞ
Ẽk

∂kαþ αq̃ − αψ̃ðK þ κψÞ
B̃k

∂kα − αϕ̃ðK þ κϕÞ
0

3
777777775
; ð18Þ

where Γi
jk are the Christoffel symbols associated with the

spatial metric. A prescription for the electric current density
Ji (Ohm’s law) needs to be supplied to close the system.

B. Force-free limit

In the magnetospheres of neutron stars and black holes,
we expect copious production of electron-positron pairs
[79]. The resulting plasma will be highly conductive,
effectively screening electric field components parallel to
the magnetic field. In addition, the magnetization of the
plasma will be very high, allowing us to consider the limit
in which the Lorentz force density vanishes and the plasma
becomes force-free.
The force-free conditions are given as

FabJ b ¼ 0; ð19Þ
�FabFab ¼ 0; ð20Þ

FabFab > 0: ð21Þ

In terms of Ei, Bi, q and Ji, these conditions are

qEi þ εijkð3ÞJjBk ¼ 0; ð22Þ

EaBa ¼ EiBi ¼ 0; ð23Þ

B2 − E2 > 0; ð24Þ

where E2 ¼ EaEa ¼ EiEi and B2 ¼ BaBa ¼ BiBi. The
first condition (22) corresponds to the vanishing Lorentz
force density, and the second one (23) shows the screening
of electric field along magnetic field lines. The third
condition (24) is called magnetic dominance, and violation
of this constraint flags the breakdown of force-free electro-
dynamics; characteristic speeds associated with Alfvén

modes become complex and Maxwell equations are no
longer hyperbolic [80]. Physically, E2 ≈ B2 means that the
plasma drift speed approaches the speed of light, beyond
which the FFE approximation breaks down.
The force-free conditions also give constraints on the

electric current density. Equation (22) gives Ji in the form

Ji ¼ q
εijkð3ÞEjBk

B2
þ ðJlBlÞ

B2
Bi; ð25Þ

which leaves the parallel component JlBl undetermined.
The first term on the right hand side of (25), the drift
current, is perpendicular to both electric and magnetic
fields and shows that electric charge moves collectively
with the drift velocity vd ¼ εijkð3ÞEjBk=B2.

Requiring Eq. (23) to always be satisfied, we obtain a
closed form expression of the parallel current JlBl as [43,81]

JlBl ¼ ϵijkð3ÞðBiDjBk − EiDjEkÞ − 2EiBjKij; ð26Þ

which reduces to

JlBl ¼ Bið∇ × BÞi − Ejð∇ × EÞj ð27Þ

in the special relativistic limit [12].
The parallel current Eq. (26) contains the spatial deriv-

atives of E and B, the dynamical variables that we evolve.
Including these derivatives in the source terms changes the
principal part of the Maxwell PDE system, and the resulting
system of equations is not strongly hyperbolic [80].
A straightforward way to keep the force-free conditions

satisfied in numerical simulations is to algebraically impose
Eqs. (23) and (24) in the time evolution [25,27,29,46,48–
50]. This commonly employed approach exactly ensures
the force-free conditions, but reduces the numerical accu-
racy to first-order convergence in time.
As we aim to implement a higher-order numerical

scheme for GRFFE, we consider an alternative strategy.
We adopt the driver term approach first implemented in
[31,82] and applied in later studies [e.g. [34,35]]. In this
method, a stiff relaxation term is added to the electric
current density Ji to continuously damp the violation of the
force-free conditions. We adopt the following electric
current density prescription [35]

Ji ¼ q
εijkð3ÞEjBk

B2
þ η

�
EjBj

B2
Bi þRðE2 − B2Þ

B2
Ei

�
; ð28Þ

where RðxÞ≡maxðx; 0Þ is the rectifier function and η is a
relaxation parameter. The parallel current consists of the
terms in the square bracket in Eq. (28), each being
proportional to the violation of the force-free conditions
(23) and (24). They are coupled to the evolution of electric
field and drive the solution to the force-free limit with the
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characteristic damping timescale η−1. The limiting case
η → ∞ corresponds to the ideal force-free limit.
A caveat to the FFE simulations with a parallel electric

current is that the energy loss from an Ohmic dissipation
JiEi is removed out from and no further tracked in
simulations; therefore, total electromagnetic energy is
not conserved.2 While numerical dissipation will also
contribute to the energy loss, the amount of energy
dissipation in current sheets [corresponding to the rectifier
term in Eq. (28)] dominates, albeit likely at a different rate
compared to a full kinetic reconnection model [e.g. [9,83]].

III. NUMERICAL IMPLEMENTATION

In this section, we describe the details of our numerical
scheme and its implementation. We present our method of
spatial discretization in Sec. III A, time integration in
Sec. III B, and the adaptive discontinuous Galerkin-finite
difference hybrid solver in Sec. III C. Our numerical
scheme described here is implemented in the open source
numerical relativity code SpECTRE [84].

A. Domain decomposition and spatial discretization

The computational domain typically used in astrophysics
or numerical relativity simulations is simple enough to be
decomposed into a set of nonoverlapping deformed cubes.
We divide the domain into these deformed cubes, which are
called subdomain elements (hereafter simply elements).
Neighboring elements share their boundaries at an element
interface between them.
Within each element, a spectral expansion can be

performed to represent a field of interest. We also need
to define a prescription for handling boundary corrections
from element interfaces. This family of numerical methods
is broadly called spectral element methods [85]. We choose
to adopt the nodal discontinuous Galerkin discretization
[51], so our approach is formally referred to as a discon-
tinuous Galerkin spectral element method (DG-SEM),
which is often simply called a discontinuous Galerkin
(DG) method.
Each element is mapped to a reference cube spanning

fξ1; ξ2; ξ3g∈ ½−1; 1�3 in the reference coordinate system
fξig. A coordinate map xiðξjÞ relates the reference coor-
dinates ξj to physical coordinates xi. A set of collocation
points fξ1i ; ξ2j ; ξ3kg are chosen to represent the solution

uðξÞ ¼
X
i;j;k

ui;j;kϕi;j;kðξÞ ð29Þ

where ui;j;k ¼ uðξ1i ; ξ2j ; ξ3kÞ is the value of the solution at the
collocation point ðξ1i ; ξ2j ; ξ3kÞ, and ϕi;j;kðξÞ is the nodal basis
function

ϕi;j;kðξ1l ; ξ2m; ξ3nÞ ¼
�
1; for i ¼ l; j ¼ m; k ¼ n

0; otherwise

�
: ð30Þ

We use the tensor product basis

ϕi;j;kðξÞ ¼ liðξ1Þljðξ2Þlkðξ3Þ ð31Þ

where ldðxÞ is the 1D Lagrange polynomial interpolating
collocation points along the dth axis. We choose to use an
isotropic DG mesh with the same polynomial degree N for
each spatial dimension. The resulting nodal expansion of
the solution is

uðξÞ ¼
XN
i¼0

XN
j¼0

XN
k¼0

ui;j;kliðξ1Þljðξ2Þlkðξ3Þ: ð32Þ

The solution (32) can be also represented in a modal form

uðξÞ ¼
XN
p¼0

XN
q¼0

XN
r¼0

cp;q;rLpðξ1ÞLqðξ2ÞLrðξ3Þ; ð33Þ

where LpðxÞ is the Legendre polynomial of degree p. See
also Ref. [86] for a detailed derivation of formulating the
DG scheme in a curved spacetime.
In this article, we denote a scheme using the Nth degree

polynomial basis (i.e. N þ 1 collocation points) in each
spatial dimension as a DG-PN scheme. For instance, a DG-
P5 scheme uses 63 collocation points in each element and a
solution is approximated as a fifth degree polynomial in
each spatial direction. When the solution is smooth, a DG-
PN scheme exhibits OðLNþ1Þ spatial convergence where L
is the spatial size of an element.
We mainly use a DG-P5 scheme, although we present

results for different DG orders where necessary. We use the
Legendre-Gauss-Lobatto collocation points with the mass
lumping approximation [87]. For a reduced aliasing error,
an exponential filter is applied to rescale the modal
coefficients cp;q;r in Eq. (33):

cp;q;r → cp;q;r
Y

n¼fp;q;rg
exp

�
−a

�
n
N

�
2b
�

ð34Þ

after every DG time (sub)step. We use a ¼ 36 and b ¼ 50,
which effectively zeros only the highest mode (i ¼ N) and
leaves other modes intact.3 Filtering out the highest mode
reduces expected spatial converge of a DG-PN scheme
from OðLNþ1Þ to OðLNÞ.

2In a MHD model, it is captured as the same amount of
increase in the internal (thermal) energy of the plasma.

3We note that this is a common practice adopted in spectral
methods for curing aliasing and has marginal effects on capturing
discontinuities, since typically a Gibbs phenomenon near a
discontinuity excites not only the highest mode but multiple
high modes simultaneously.
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B. Time integration

Based on the spatial discretization presented in the
previous section, evolution equations can be integrated
over time using the method of lines.
The maximum admissible time step size for a DG-PN

scheme is [65,88]

Δt ≤
L

λmaxð2N þ 1Þ
c
D

ð35Þ

where L is the minimum (Cartesian) edge length of an
element, λmax is the maximum characteristic speed inside
the element, c is a stability constant specific to a time
stepper, which is usually of order unity,4 and D is the
number of spatial dimensions.
However, usage of a nontrivial coordinate map xðξÞ and

a complex geometry of elements deforms the spatial
distribution of grid points, and an actual upper bound
can differ from Eq. (35). As a practical strategy, we adopt
the following expression

Δt ¼ f
ðΔxÞmin

λmax

c
D

ð36Þ

for the DG time step size, where ðΔxÞmin is the minimum
grid spacing between DG collocation points in physical
coordinates and f is the CFL factor.
In order to keep the force-free constraint violations as

small as possible during evolution, we aim to use a large
value of the damping coefficient η for the driver term in
Eq. (28), possibly up to ηΔt≳ 10. This implies that the
characteristic timescale of constraint damping η−1 is
smaller than the time step size, which introduces stiffness
in evolution equations and makes explicit time integration
unstable unless an unreasonably small time step is used.
To address the stiffness from rapid constraint damping,

we adopt the implicit-explicit (IMEX) time stepping
technique. In particular, we make use of the IMEX-
SSP3(4,3,3) scheme [71], which is third order in time.
In this IMEX approach, we evolve all quantities explicitly
using a standard 3rd-order Runge-Kutta scheme, and treat
only the stiff part of the source terms (18) implicitly.
Specifically, in the evolution of electric fields this requires
us to solve the following nonlinear algebraic equation at all
substeps,

Ei ¼ ðEiÞ� − αηΔt0
�
EjBj

B2
Bi þRðE2 − B2Þ

B2
Ei

�
ð37Þ

where ðEiÞ� are provided values and Δt0 is an IMEX-
scheme-dependent corrector step size. When E2 < B2, the
solution to this equation is analytical whereas in general

cases we employ a three-dimensional Newton-Raphson
solver with a specific initial guess.
In addition to the stiff electric current, we also apply the

IMEX time integration to the hyperbolic divergence clean-
ing parts to ensure stability,

ψ ¼ ψ� − κψΔt0ψ ; ð38Þ

ϕ ¼ ϕ� − κϕΔt0ϕ; ð39Þ

which are linear equations and have exact analytic
inversions.
Because of the simplicity of the implicit equations in our

evolution system, the cost overhead from using an IMEX
scheme is less than 5% of the total runtime. Being able to
use much larger time steps more than compensates for this.

C. The discontinuous Galerkin-finite difference
hybrid method

This section describes our implementation of the DG-FD
hybrid solver for GRFFE equations. We closely follow the
original implementation of [64], which was designed for
GRMHD, with several improvements and adaptations.

1. Overview of the algorithm

Consider an element performing a time step on the DG
grid. After each substep of the time integrator, the candidate
solution is monitored by the troubled cell indicator (TCI) to
check if the solution is admissible on the DG grid. If it is
admissible, we continue with the updated solution on the
DG grid. If the candidate solution is inadmissible, the
troubled cell indicator is flagged, we undo the DG substep,
project the DG solution onto the subelement FD grid, then
repeat the substep using the FD solver. Evolution on the FD
grid proceeds in a similar way; after every time step the
solution gets monitored by the troubled cell indicator,
which determines whether the solution needs to stay on
the FD grid or it is admissible on the DG grid. If the
candidate solution looks admissible on the DG grid, the
solution is projected back to the DG grid and the evolution
proceeds using the DG solver.
An optimal number of subelement finite-difference grid

points for a DG-PN scheme is 2N þ 1 [65]. We follow such
a prescription, and an element with ðN þ 1ÞD collocation
points on the DG grid is switched to ð2N þ 1ÞD FD cells
with a uniform grid spacing Δξi ¼ 2=ð2N þ 1Þ in the
reference coordinates.
At the code initialization phase, all physical quantities

are evaluated on the FD grid to avoid potential spurious
oscillations arising from a spectral representation of the
initial data. Next, each element projects evolved variables
onto the DG grid, then either switches to the DG grid or
stays on the FD grid depending on the decision made by the
troubled cell indicator.

4For example, the classic 4th-order Runge-Kutta method has
c ≈ 1.39 [89].
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The projection algorithm of scalar and tensor quantities
between DG and FD grids is described in detail in [64]. We
use a general sixth-order accurate interpolation scheme.
Since the scheme is general and does not respect the
physical constraints,5 repeated applications (i.e., switching
back and forth between DG and FD too frequently) can
introduce spurious errors in the solution. To suppress this
behavior, we design the troubled cell indicator to apply
tighter criteria when switching back from FD to DG grid;
see Sec. III C 3.

2. Finite difference solver

Evolution on the finite-difference grid is performed using
a conservative finite-difference scheme [90,91]. For an
element using a DG-PN scheme, we divide the reference
coordinate interval ½−1; 1� into 2N þ 1 finite-difference
cells and project a solution from the DG grid onto cell-
centered values fU{̂g. A flux-balanced law (15) is discre-
tized as

dU{̂

dt
þ
�
∂ξk

∂xj

�
F̂j
{̂þ1=2 − F̂j

{̂−1=2

Δξk
¼ SðU{̂Þ ð40Þ

wherewe used hat indices to label FD cells and plain indices
to label spatial directions.
Computation of a numerical flux F̂j

{̂þ1=2 is dimensionally
split, and closely follows that of the ECHO scheme [92] (see
also Ref. [93] for an application to neutron star mergers). At
the left and right sides of the FD cell interface x{̂þ1=2,
evolved variables are reconstructed using their cell-cen-
tered values fU{̂g. In our implementation, densitized
electric current density J̃i is also reconstructed to compute
fluxes associated with q̃ (see also Ref. [73]).
Once face-centered values UL;R

{̂þ1=2 are reconstructed, the
interface Riemann flux F�

{̂þ1=2 is computed using the
Rusanov (local-Lax-Friedrichs) flux formula [94]. Since
the principal part of our equations is linear, this solver will
reduce to the exact solution (see Ref. [77]).
In order to achieve high-order accuracy, a high-order

derivative corrector is added to the interface Riemann flux
to obtain the final numerical flux:

F̂{̂þ1=2 ¼ F�
{̂þ1=2 −Gð4Þ

{̂þ1=2: ð41Þ

The original ECHO scheme uses the Riemann fluxes from
cell interfaces (e.g. F�

{̂�3=2) for the higher-order correction

term Gð4Þ
{̂þ1=2. Since we do not employ a constrained-trans-

port algorithm requiring a consistent and fixed stencil, we
opt for simpler cell-centered fluxes (e.g., F{̂�1) for a more

compact stencil and reduced amount of data communica-
tions (see Refs. [95,96]).
For the simulations presented in this work, we use the

WENO5-Z reconstruction with the nonlinear weight expo-
nent q ¼ 2 [97]. The high-order finite-difference corrector
is currently implemented only on Cartesian meshes. We
therefore use it for all of our one-dimensional test prob-
lems, where we assess numerical convergence of the
scheme, and defer to future work its applications in
multi-dimensional contexts. Consistent with previous
assessments, we find it sufficient to use only a fourth-
order accurate derivative correction when combined with
WENO5-Z [93].

3. Troubled cell indicator

In order to decide when to switch between DG and FD
grids, our numerical scheme requires a robust criterion to
identify regions of nonsmoothness. Such an approach
somewhat shares its idea with popular adaptive-mesh-
refinement criteria. These criteria are inherently problem
dependent, and an optimal design of the troubled cell
indicator is at the heart of the DG-FD hybrid method.
Requirements on the indicator include

(i) A relatively low computational cost.
(ii) Early and robust detection of spurious oscillations

developing on the DG grid.
(iii) Being unflagged as soon as the oscillation no longer

exists, so that evolution can be performed by a more
efficient DG solver.

Motivated by the idea of the modal shock indicator
devised by [98], we adopt the oscillation detection criterion

ffiffiffiffiffiffiffiffiffiffiffiP
iû

2
iP

iu
2
i

s
> ðN þ 1 −MÞ−α; ð42Þ

where û is the solution with the lowest M modes filtered
out i.e.

ûðξÞ ¼
XN
p¼M

XN
q¼M

XN
r¼M

cp;q;rLpðξ1ÞLqðξ2ÞLrðξ3Þ; ð43Þ

and the summations
P

i in Eq. (42) with the nodal values
ui; ûi are performed over all DG grid points. The exponent
α in the criterion (42) controls the sensitivity of the
indicator. Since we filter out the highest mode on the
DG grid, the troubled cell indicator needs to use M ≥ 2.
We use M ¼ 3 for the troubled cell indicator, effectively
monitoring power from the second and third highest
modes. Empirically we find that M ≲ bðN þ 1Þ=2c pro-
vides robust detections of discontinuities without the
indicator being excessively triggered. We use α ¼ 4.0
following Refs. [58,64].
To avoid an element switching back and forth between

DG and FD grid in an unnecessarily frequent manner, we

5For example, the interpolation scheme between the DG and
FD grids does not strictly preserve the force-free conditions or the
divergence (Gauss) constraints.
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use α0 ¼ αþ 1 when an element is evolving on FD grid.
The tighter bound α0 ensures an extra smoothness of
solution when the grid is switched back to DG, preventing
it from switching again to FD within only a few time steps.
Depending on the specific type of an evolved system,

one may consider additional physical admissibility criteria
(e.g. positivity of the mass density in the case of hydro-
dynamics) for the troubled cell indicator. Since the only
physical constraints in our evolution system, the force-
free conditions, are handled by the stiff parallel
electric current, we do not impose any physics-motivated
criteria.
In our implementation of the DG-FD hybrid scheme for

GRFFE, we adopt only one criterion for the troubled cell
indicator: application of the modal sensor (42) to the
magnitude of B̃i. While it looks somewhat oversimplified
that the information of a single scalar quantity is used for
monitoring a system with nine evolution variables
fẼi; B̃i; ψ̃ ; ϕ̃; q̃g, we show in Sec. IV that it is capable
of detecting troubled elements in a satisfactory manner.

D. Outer boundary condition

In 3D simulations, the outer boundary of the computa-
tional domain is usually placed far out to avoid spurious
boundary effects leaking into the internal evolution. Still,
in order to suppress potential unphysical noise or reflec-
tions at the outer boundary, we implement a no-incoming
Poynting flux boundary condition as follows. The evolved
variables at the outer boundary Uout ¼ ðẼi; B̃i; ψ̃ ; ϕ̃; q̃Þout
are prescribed as follows. First, we copy the values of
fẼi; B̃i; q̃g from the outermost grid points. Then, if the
Poynting flux is pointing inward, we set ðẼiÞout to zero.
Divergence cleaning scalar fields ðψ̃Þout and ðϕ̃Þout
are always set to zero.6 On the DG grid, Uout is fed as
an external state when computing the boundary correction
terms. On the FD grid, ghost zones are filled with Uout
during the FD reconstruction step.

IV. RESULTS

In this section, we test and assess our implementation of
the DG-FD hybrid method for evolving GRFFE equations
with a suite of robust code validation problems. We perform
1D tests in Sec. IVA, curved spacetime tests with black
holes in Sec. IV B, and pulsar magnetosphere tests in
Sec. IV C. We also discuss accuracy and efficiency aspects
of the DG-FD hybrid method in Sec. IV D.

A. One-dimensional problems

One-dimensional test problems evolve initial data that
only has dependence in the x direction. We use a computa-
tional domain consisting of a single element along the y and
z axes, and impose periodic boundary condition on those
directions. Our lowest grid resolution has 32 elements
along the x axis, resulting in 192 DG grid points. To
facilitate comparisons with other results available in the
literature, we note that this resolution is equivalent to 352
grid points if all elements are switched to an FD grid. The
number of elements along the x axis is increased by a factor
of two to run medium (64 elements) and high (128
elements) resolutions. Dirichlet boundary conditions are
applied at both ends of the x axis. We use the CFL factor
0.3 and parallel conductivity η ¼ 106. Simulation setups are
summarized in Table I. Initial conditions for 1D test
problems are summarized in Appendix A.

1. Fast wave

Originally due to [40], this test problem evolves a pure
fast mode propagating in an electrovacuum. The initial
profile advects to the þx direction with the wave speed
μ ¼ 1. The analytic solution is Qðx; tÞ ¼ Qðx − t; 0Þ for
any physical quantity Q.
As shown in Fig. 1, our scheme shows good convergence

in flat regions with increasing grid resolution. We observe
that the accuracy and numerical convergence of the solution
is substantially lost around two kinks present in the initial
data (corresponding to x ¼ 0.5� 0.1 in Fig. 1) at which
spatial derivatives of fields are discontinuous.

2. Alfvén wave

The stationary Alfvén wave problem [24] has a transition
layer jxj < 0.1 that maintains a strong parallel current, and

TABLE I. Simulation setup for 1D tests in Sec. IVA. Grid resolution is increased with n ¼ 0 (Low), n ¼ 1 (Med), and n ¼ 2 (High).
For the FFE breakdown problem, we use n ¼ 3 as a reference solution. Each resolution, if all elements are switched to FD, is equivalent
to 352 × 2n finite-difference grid points along the x axis.

Domain size DG grid points η CFL factor Time step size ð×2−nÞ
Fast wave ½−0.5; 1.5� × ½−0.1; 0.1�2 ð192 × 2nÞ × 62 106 0.3 9.22 × 10−4

Alfvén wave ½−1.5; 1.5� × ½−0.1; 0.1�2 1.38 × 10−3

FFE breakdown ½−0.5; 0.5� × ½−0.1; 0.1�2 4.61 × 10−4

6Normally, the level of errors associated with the divergence
cleaning part ðψ ;ϕÞ is much smaller than that of the physical
variables ðEi; Bi; qÞ. Spurious reflections, if any, in the diver-
gence cleaning parts are subdominant to Poynting fluxes trans-
mitting through the outer boundaries.
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the accuracy of the test results essentially reflects how well
a numerical scheme can maintain the force-free conditions.
We show the result at t ¼ 2.0 in Fig. 2. It needs to be

noted that time derivatives of fields at t ¼ 0, from the initial
condition (A2), vanish only if the parallel current JiBi

equals Eq. (26). In our approach, the region jxj < 0.1
initially develops a small transient until the stiff relaxation
term becomes fully active within several time steps and
effectively recovers the same value of JlBl. The amplitude
of the initial transient rapidly decreases at higher grid
resolutions. Owing to the higher-order accuracy of the

discontinuous Galerkin discretization, our result shows
good convergence and low amounts of grid dissipation.

3. FFE breakdown

The force-free electrodynamics breakdown problem,
originally designed by [40], demonstrates that a state
initially satisfying the force-free conditions can later
develop into a state violating them. B2 − E2 decreases
over time toward zero in the transition layer jxj < 0.1 and
the magnetic dominance condition eventually breaks down.
Figure 3 shows numerical results. At t≳ 0.02, the

rectifier term restoring the B2 − E2 > 0 condition is
switched on and robustly maintains the magnetic domi-
nance at later times. Since this problem does not have a
closed form solution, we perform an additional higher
resolution run using 256 elements along the x axis and use
it as a reference solution to check the convergence. Similar
to the fast wave test, we note the loss of accuracy and
numerical convergence near the kinks present in the
solution.

B. Three-dimensional tests: Black hole magnetospheres

We perform a set of 3D tests in a curved spacetime
using black hole magnetosphere problems. The grid struc-
ture of the computational domain is portrayed in Fig. 4.
A spherical shell spanning the radius ½rin; rout� is split into
six cubed-sphere wedges, which are then further refined
into elements. We use an equiangular coordinate map
along angular directions and a logarithmic map along
the radial direction.

FIG. 1. Fast wave at t ¼ 0.5. Top: comparison between the
exact solution and a numerical solution with the lowest grid
resolution. Bottom: error of Ez for three different grid resolutions.

FIG. 2. Stationary Alfvén wave at t ¼ 2.0. Same plot descrip-
tion as Fig. 1.

FIG. 3. FFE breakdown problem. Top: initial data (t ¼ 0) and a
numerical solution with the lowest grid resolution at t ¼ 0.02 and
t ¼ 0.04. Bottom: error of Bz with respect to the reference
solution.
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1. Exact Wald solution

Wald [99] found a stationary electrovacuum solution of
Maxwell’s equations in the Kerr spacetime. The solution
for the 4-potential is given as

Ab ¼
B0

2
½ð∂ϕÞb þ 2að∂tÞb�; ð44Þ

where B0 is the field amplitude, ∂t and ∂ϕ are the Killing
vector fields in time and azimuthal directions, and a ¼
J=M2 is the dimensionless spin of the Kerr black hole.
The Wald solution with a ¼ 0 satisfies the force-free

conditions outside the horizon. Electric and magnetic fields
in Kerr-Schild coordinates are given by

B̃x ¼ B̃y ¼ 0;

B̃z ¼ B0;

Ẽx ¼ −
2MB0y

r2
;

Ẽy ¼ 2MB0x
r2

;

Ẽz ¼ 0: ð45Þ

We evolve the initial condition (45) to t ¼ 5M and
measure the L2 error norm

L2ðviÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n

Xn
k¼1

½ðvxkÞ2 þ ðvykÞ2 þ ðvzkÞ2�
s

; ð46Þ

where vi ¼ B̃i
numerical − B̃i

exact and n is the number of grid
points. The inner domain boundary is placed at rin¼1.99M,
at which no specific boundary condition is imposed. A
Dirichlet boundary condition is imposed at the outer
boundary rout ¼ 20M. Conductivity of the magnetosphere
is turned off by setting η ¼ 0.
In Table II, we show convergence studies for different

orders of DG schemes N ¼ 5, 7, 9. Measured convergence
of DG-P5 and DG-P7 schemes is consistent with the order
of DG discretization. A somewhat slower convergence of
the DG-P9 scheme can be attributed to other limiting
factors such as the truncation error from time integration or
the sixth-order interpolation from the initial FD grid to DG
grid. In all test cases shown in Table II, all elements stayed
on the DG grid throughout the evolution.

2. Vacuum Wald problem

A time-dependent evolution of electromagnetic fields
around a Kerr black hole can be simulated with the initial
magnetic fields given by the Wald solution (44) where
electric fields are set to zero at t ¼ 0. The system reaches a

FIG. 4. A half-cut illustration of the spherical grid used for
black hole tests in Sec. IV B. Blue lines show boundaries between
the cubed-sphere wedges, where black lines show boundaries
between each element (in this example, there are 8 elements in
each wedge). The DG-P5 mesh consisting of 63 Legendre-Gauss-
Lobatto collocation points is shown with gray lines. The total
number of elements in this example is Nr × NΩ ¼ 2 × 24.

TABLE II. Convergence tests of different DG-PN schemes on the Wald solution (Sec. IV B 1). For each level of grid resolution, we
show the number of elements used in radial and angular directions, time step size Δt=M, L2 error norm of B̃i at t ¼ 5M, and the
measured order of numerical convergence.

Resolution Elements (Nr × NΩ) Δt=M Error(B̃i) Convergence order

DG-P5 Low 1 × 6 2.90 × 10−2 8.71 × 10−4

Medium 2 × 24 1.15 × 10−2 2.74 × 10−5 4.99
High 4 × 96 5.76 × 10−3 4.11 × 10−8 4.72

DG-P7 Low 1.62 × 10−2 1.23 × 10−5

Medium 6.29 × 10−3 1.51 × 10−7 6.35
High 3.14 × 10−3 1.29 × 10−9 6.87

DG-P9 Low 1.03 × 10−2 2.75 × 10−7

Medium 3.95 × 10−3 2.03 × 10−9 7.08
High 1.97 × 10−3 8.04 × 10−12 7.98
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steady state that depends on the spin of the black hole and
electrical conductivity of the magnetosphere.
We first simulate the electrovacuum case. The back-

ground spacetime is the Kerr metric with a ¼ 0.999 in
spherical Kerr-Schild coordinates (see Appendices B and
C). The electrical conductivity of the magnetosphere is
switched off by setting η ¼ 0. We use Nr × NΩ ¼ 16 × 96
elements and use CFL factor 0.25, resulting in the time step
size Δt ¼ 1.97 × 10−3M. The inner domain boundary is
located at rin ¼ M, and the no-incoming Poynting flux
boundary condition (see Sec. III D) is applied at the outer
domain boundary rout ¼ 125M.
The evolution reaches a stationary state after t≳ 80M.

We show the structure of magnetic fields at t ¼ 125M in
Fig. 5. The Kerr black hole expels magnetic field lines,
successfully demonstrating the “Meissner effect” of black
hole electrodynamics [100].
In a stationary state, total magnetic flux through the

upper hemisphere of the outer horizon has an analytic
expression [101]

Φ ¼
I
r¼rþ;z>0

BidΣi ¼ πr2þB0

�
1 −

a4

r4þ

�
; ð47Þ

where a is the dimensionless spin of the black hole and
rþ ¼ Mð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
Þ is the outer horizon radius in

spherical Kerr-Schild coordinates. We perform additional
simulations varying the black hole spin a using the same

grid setup, all reaching stationary states at t≳ 80M. We
plot the obtained magnetic flux at t ¼ 125M in Fig. 6; our
numerical results are in an excellent agreement with the
analytic prediction. The troubled cell indicator is flagged at
several innermost elements only for the highly spinning
cases with a ≥ 0.90.

3. Magnetospheric Wald problem

First performed by [24], this problem models a highly
conductive magnetosphere around a Kerr black hole. The

FIG. 5. Vacuum Wald problem (at t ¼ 125M) with black hole spin a ¼ 0.999. Left: toroidal component of the magnetic field and its
in-plane field lines on the meridional plane. We show the interior of the outer horizon r ¼ rþ with a black disk and the ergosphere with
black solid lines. Right: a three-dimensional visualization illustrates the magnetic field lines (silver lines) expelled from the horizon
(black sphere).

FIG. 6. Vacuum Wald problem: total magnetic flux through the
upper hemisphere of the outer horizon versus the spin of the Kerr
black hole. Numerical results at t ¼ 125M (black dots) are shown
on top of the analytic prediction [dotted line, Eq. (47)].
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initial condition is the same as the vacuum Wald problem
but now the electrical conductivity of the magnetosphere is
switched on. Compared to the electrovacuum case, the
presence of highly conductive plasma dramatically changes
the behavior of the magnetosphere, since the parallel
components of electric fields EiBi can be neutralized by
the parallel electric current. There is no analytic solution
to the evolution of this initial value problem, where
numerical simulations [e.g. [24,45,46,81,102]] show that
the system reaches a quasi-steady state that resembles the
analytically derived solutions of a stationary force-free
magnetosphere [103].
We perform a test with the black hole spin a ¼ 0.999

using Nr × NΩ ¼ 32 × 384 elements with the CFL factor
0.25 (Δt ¼ 9.86 × 10−4M). At this grid resolution, if all
elements are on the FD grid, there are 176 FD grid
points along the θ direction with the minimum radial grid
spacing Δr ¼ 0.014M at the inner boundary r ¼ M.
Parallel conductivity is set to η ¼ 105M−1. Small numerical
errors and resulting constraint violations naturally intro-
duce electric charge density into the computational domain
via the parallel current Eq. (28), filling up the magneto-
sphere. The system reaches a stationary state at t≳ 80M.
We show the result at t ¼ 125M in Fig. 7. Inside the

ergosphere, magnetic field lines are dragged by the rotation
of the black hole and a thin current sheet is formed in the
equatorial plane. The overall configuration and topology of
the magnetic fields agree well with previous results
reported in the literature. The troubled cell indicator is

always flagged at the elements encompassing the equatorial
current sheet, while several more elements sparsely dis-
tributed near the ergosphere are also switched to the FD
grid (right panel of Fig. 7).
In the high electrical conductivity limit, magnetic field

lines entering the ergosphere end up crossing the outer
horizon [78,102], apart from a small portion reconnecting
at the equatorial current sheet. Because of a large grid
resistivity in our setup (the ergosphere is radially ∼50 FD
grid points across on the equatorial plane), we see that only
about half of the magnetic field lines penetrate the horizon.
Some temporal variations of the current sheet and magnetic
field lines near the ergosphere are observed, but the details
of magnetic reconnection and plasmoid formations at the
equatorial current sheet [102] are not fully resolved at the
current grid resolution.

C. Three-dimensional tests: Pulsar magnetospheres

A conducting sphere threaded with a dipolar magnetic
field and rotating in free space serves as a toy model of
pulsars. In the flat spacetime, we set the initial dipolar
magnetic field as

Aϕ ¼ μ
ðx2 þ y2Þ

ðr2 þ δ2Þ3=2 ; ð48Þ

where μ is the magnetic dipole moment, r2 ¼ x2 þ y2 þ z2,
and δ is a small number to regularize the field at r ¼ 0. All

FIG. 7. Magnetospheric Wald problem at t ¼ 125M. In both panels, the interior of the outer horizon and the ergosphere are shown
with a black disk and a thick black line, respectively. Left: toroidal component of the electric current density and magnetic field. In-plane
magnetic field lines are shown with thin black lines in the right half. Right: distribution of troubled elements evolved on the FD grid.
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other variables, including electric fields, are set to zero
everywhere in the initial data.
Rotation of the star is turned on at t ¼ 0 with a fixed

angular velocity Ωẑ. Inside the star (r ≤ R), we enforce the
perfect conductor condition

Ei þ εijkð3ÞvjBk ¼ 0; ð49Þ

with the (rigid) rotation velocity field vi ¼ εizjð3ÞΩxj. In

practice this is implemented by overwriting electric fields
Ei with those consistent with (49) at every substep of time
integration. By this means, the magnetic field is effectively
anchored and corotates within r ≤ R, whereas fields at r >
R are freely evolved. For consistent behavior of other
evolved variables, we also fix ψ̃ ¼ 0 and q̃ ¼ 0 inside the
star. The magnetic part of the evolution equations is freely
evolved everywhere. We use δ ¼ 0.1R for this test.
Denoting the grid refinement level by an integer l, the

computational domain consists of an inner cube (23l

elements) and six cubed-sphere wedges (Nr×NΩ¼2l−3×
22l elements for each) surrounding it, wrapped with an
outer spherical shell [Nr × NΩ ¼ 2l−3 × ð6 × 22ðl−1ÞÞ].
The outer shell uses a logarithmic map along the radial
direction and is fixed to stay on the DG grid. Figure 8
shows the grid structure for l ¼ 4. The wedges and the
outer shell use an equiangular map for the angular
directions, leading to nonuniform sizes of the elements
in the inner cube: elements closer to the origin have

smaller sizes. Vertices of the inner cube are located at
rcube ¼ 10

ffiffiffi
3

p
R, and the cubed-sphere wedges fill the

region up to rin ¼ 20R. The outer shell extends to the
outer domain boundary rout ¼ 60R, at which the no-
incoming Poynting flux boundary condition is imposed.
At the l ¼ 4 grid resolution, the total number of grid
points is n1=3grid ≈ 120 on the DG grid, and the radius of the
rotator R is a single element wide at the center.
We test with the angular velocity Ω ¼ ð5RÞ−1 and use a

parallel conductivity η ¼ 105R−1. Our simulation grid is
rotated along the z axis with the same angular speed as the
rotator.

1. Aligned rotator

An aligned rotator (θ ¼ 0) is a simple model of a rotating
magnetized neutron star with magnetic moment aligned
with the axis of rotation. This problem is relatively simple
because it is axisymmetric, and has been treated in a large
volume of studies (e.g., [25,26,48,50,79,104,105]).
We use the l ¼ 5 resolution, which has 22 FD grid points

across the rotator radius and n1=3grid ≈ 240 total grid points
across the DG grid, along with the CFL factor 0.25
(Δt ¼ 6.03 × 10−3R). Following an initial numerical tran-
sient, the magnetosphere of the rotator gradually expands
and the system reaches a quasisteady state after one rotation
period.
In Fig. 9, we show the distribution of electric charge

density and the structure of magnetic fields after two
rotation periods (t ¼ 20πR). Our scheme successfully
reproduces all characteristic features of the aligned rotator
magnetosphere. An equatorial current sheet is formed
outside the light cylinder radius rLC ¼ Ω−1, and magnetic
field lines far from the equatorial plane open up to form a
monopolelike configuration. Because of the grid resistivity,
magnetic field lines r≳ 2rLC spuriously reconnect through
the equatorial current sheet. The troubled cell indicator
faithfully tracks the current sheet and the regions with rapid
variations of the magnetic field, which are likely to develop
oscillations on the DG grid, switching elements to the more
robust FD grid. The widening of the distribution of the
troubled elements is observed in the outer region r > 10.
While elements near the center of the domain has a cubic
shape, the elements in this outer region are deformed
(curved) cubes that build up an outer spherical shell (see
Fig. 8), and the Jacobian matrix that maps logical and
physical coordinates is no longer constant within an
element. Ideally, this should have marginal effects on the
behavior of the troubled cell indicator, where empirically
we find that the indicator becomes slightly more sensitive
on the elements with curved shapes.

2. Oblique rotator

Having amisalignment angle between themagneticmoment
and the rotationaxis, anoblique rotator serves as amore realistic

FIG. 8. A zoom-in view of the computational domain used for
the pulsar magnetosphere tests in Sec. IV C. A sphere domain is
divided into an inner cube at the center, a layer of cubed-sphere
wedges, and an outer spherical shell (not fully shown in this
figure).
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model of astrophysical pulsars [25,38,49,63,106]. Since
the configuration is no longer axisymmetric, a full 3D
simulation is required to study this problem.
We use the same simulation setup as the aligned rotator

test, but tilt the initial magnetic field by an inclination angle
θ ¼ π=4. The system reaches a steady state after about one
rotation period.

Figure 10 shows simulation snapshots on the equatorial
plane (left panel) and meridional plane (right panel) after
two periods of rotation. Generic features of the solution are
similar to the aligned rotator. Beyond the light cylinder
radius, a current sheet is formed and magnetic field lines are
opened up. Now that the magnetic axis is misaligned with
the rotation axis, the current sheet has a periodically

FIG. 9. Aligned rotator after two rotation periods. Magnetic field lines are shown with white solid lines on the left half and black solid
lines on the right. Electric charge density is shown with a colormap on the left, and the distribution of troubled elements is shown with
gray shades on the right. The light cylinder radius (rLC ¼ Ω−1) is shown with magenta dashed lines.

FIG. 10. Oblique rotator: Simulation snapshot on the equatorial (left) and meridional (right) plane after two periods of rotation. Plotted
physical quantities and their visualizations are the same as Fig. 9.
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modulated curved 3D geometry, appearing as a spiral
pattern on the equatorial plane. It is clearly visible that
the troubled cell indicator robustly captures and tracks
magnetic reconnection points and the spiral current sheet so
that the solution can be evolved on the FD grid in those
regions. The remainder of the domain keeps evolving on
the DG grid, which is computationally more efficient.
One can compute the spin-down luminosity of the rotator

L ¼
I

SidΣi; ð50Þ

where

Sa ¼ E2 þ B2

2
na þ εabcð3Þ EbBc ð51Þ

is the Poynting vector. We perform simulations with a
lower grid resolution l ¼ 4 for different inclination angles
and compute the spin-down luminosity Eq. (50) after two
rotation periods at r ¼ 6R. Figure 11 shows the measured
values. The inclination dependence of the spin-down
luminosity L is well fitted with the relation [25]

L ¼ L0ðk1 þ k2 sin2 θÞ ð52Þ

yielding k1 ¼ 1.04 and k2 ¼ 1.24, where L0 is the lumi-
nosity of the aligned configuration (θ ¼ 0).

D. Performance comparison between DG and FD grids

One of the main goals of this work is to assess the
performance and cost-saving potential of using a DG-FD
hybrid method for global FFE simulations of compact
binary magnetospheres. We do so in two steps. First, we
establish an accuracy benchmark to identify corresponding
DG and FD resolution requirements for the same level of

accuracy. Second, using this optimal choice, we estimate
the cost-savings/speed-up factor of the DG-FD hybrid
methods over traditional FD approaches for the problems
presented in this work.

1. Accuracy comparison

Depending on which scheme is taken as the baseline, the
DG-FD hybrid method can be interpreted either as a
sophisticated shock-capturing technique for the DG
method, or an FD method that compresses a group of cells
into a high-order spectral representation on smooth regions
[58]. The exchange ratio between these two grids, namely
ðN þ 1ÞD DG grid points and ð2N þ 1ÞD FD grid points,
has been determined by equalizing the maximum admis-
sible time step sizes [65].
An important follow-up question is comparing the

accuracy between the DG and FD grids when the number
of grid points is subject to the above ratio. For example,
does a compression of 113 FD grid points into a P5 DG
mesh with 63 grid points in a smooth region lead to an
increase or decrease in accuracy? Clearly, the answer is
highly dependent on the details of DG (e.g. order of the
polynomial, how filtering is applied) and FD solvers (e.g.
reconstruction scheme, high-order corrections), which
needs to be assessed on a case-by-case basis.
However, it is desirable that the DG and FD solvers have

similar levels of accuracy in smooth regions. For instance,
coupling a low-order DG scheme with a very high-order
FD reconstruction is not ideal since the evolution on the
FD grid is computationally too expensive considering the
overall achievable accuracy with such a choice. This may
possibly make adopting a low-order FD scheme and using
an increased number of elements overall more efficient. On
the other hand, hybridizing a high-order DG scheme with a
low-order FD scheme introduces a relatively large numeri-
cal diffusion on the FD grid, artificially smearing out
important features, especially on smooth regions close to a
discontinuity. In this case, the quality of the solution from
the DG-FD hybridization, despite its algorithmic compli-
cation, might be no better than simply applying an
aggressive DG limiter.
A desired sweet spot is setting the DG and FD discre-

tization to have the same order of convergence. As a
fiducial case, we consider the same setup used for the 1D
test problems: a DG-P5 with the highest mode filtered out
and a FD solver using the WENO5-Z reconstruction
with q ¼ 2 along with the fourth-order derivative corrector.
Both discretizations are fifth-order convergent for smooth
solutions.
We perform a simple numerical experiment as follows.

The 1D fast wave problem (see Sec. A) is modified to a
smooth initial profile Ez ¼ −By ¼ sinð2πx=λÞ with the
wavelength λ ¼ 2. The computational domain ½0; λ�3 is
split into four elements in each spatial direction. The initial

FIG. 11. Oblique rotator: Inclination angle dependence of the
spin-down luminosity. Numerical results (black dots) are fitted
with the formula (52), shown with a gray dashed line.
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condition is evolved up to 20 wave crossing times using
periodic boundary condition.
Figure 12 shows the time evolution of the error norm of

the magnetic field. While both the DG and FD discretiza-
tions used in this test have the same fifth-order conver-
gence, the FD grid has a twice smaller grid spacing and
shows better accuracy for t ≤ 20λ. We note the bounded-
ness of the error norm on the DG grid, demonstrating a
lower numerical dissipation and its resulting suitability for
problems involving long-range wave propagation. By
contrast, the error norm on the FD grid increases mono-
tonically with time, approaching the same level of error as
the DG grid at t ≥ 20λ.
We cautiously interpret this result in the following way.

In long-term magnetospheric simulations, replacing the
group of ð2N þ 1ÞD FD cells with a DG-PN spectral mesh
in smooth regions likely does not harm global accuracy. In
simulations with realistic astrophysical scenarios, the
solution is not smooth everywhere but will have localized
large gradients such as current sheets separated by smooth
regions. The global numerical error will then be dominated
by the regions with large gradients, since a shock-capturing
FD scheme (such as WENO5-Z) will fall back to a
lower order.
As an additional example, in Fig. 12 we also show results

from an unfiltered DG-P5 scheme and an FD scheme
without the high-order flux correction. The accuracy of
the solution on the FD grid is significantly lower without the
high-order corrections, the error being even higher than the
DG grid using twice fewer grid points per spatial dimension.
The unfiltered DG-P5 has a sixth-order convergence and
shows smaller error than the FD grid at t≳ 10λ. As soon as
the DG grid has a higher order of discretization than the

order of FD discretization, DG shows a better accuracy in
spite of having fewer grid points.
In summary, in particular for the hybridization of a DG-

P5 and a WENO5-Z FD scheme, we conclude that switch-
ing from the FD to the DG grid results in a marginal loss of
local accuracy in smooth regions, which is unlikely to
affect the global error in actual simulations.

2. Efficiency

Having confirmed that the DG and FD grids show a
comparable level of accuracy in the setup we use, we now
assess potential computational cost savings when using the
hybrid scheme. Since the number of grid points on the DG
grid is fewer than the FD grid by a factor of ð11=6Þ3 ¼ 6.2
in 3D, a similar amount of computational speedup is
naturally anticipated. In order to quantify the actual
speedup in our implementation, we run the stationary
Alfvén wave test (Sec. IVA 2) using ðNx; Ny; NzÞ ¼
ð8; 32; 8Þ elements. We manually force elements to stay
on the DG grid for y > 0 and on the FD grid for y < 0.7 The
fraction of elements running on the FD grid is changed by
shifting the upper and lower bounds of the y coordinate.
This allows us to vary the fraction of FD to DG grid points
in a controlled way. We additionally disable parallelization
and carry out all tests in this section on a single CPU core to
disentangle parallel scaling from algorithmic performance.
Our fiducial benchmark is then given by the overall wall-
clock time of the evolution algorithm.
Figure 13 shows the relative speedup compared to the

case when all elements are using the FD grid. Since the DG
solver does not involve computationally expensive
reconstruction steps and has less data communication, it
can perform ∼50% more grid point updates per second
compared to the FD solver, which results in a combined
9.6× overall speedup. In absolute terms, the measured
zone-cycles per CPU second are 108K when all elements
are on the DG grid, and 69K when all elements are on the
FD grid.
Assuming perfect scaling, the overall speedup relative

to the all-FD case can be estimated with the simple
formula

1

xþ ð1 − xÞ=f ð53Þ

where x is the portion of elements using the FD grid and f
is the speedup factor of the DG grid with respect to the FD
grid. In Fig. 13, we show the ideal speedup scaling with
f ¼ 9.6 (gray dashed curve). However, our measurements
show that as soon as there is any portion of FD elements,

FIG. 12. Error norm of magnetic field over time from a test
evolving a sinusoidal fast wave in a periodic box (described in
Sec. IV D). For the FD runs, we perform the test without (FD2)
and with (FD4) the high-order flux correction.

7Therefore, in this controlled experiment, the overhead related
to (i) execution of the TCI and (ii) rolling back the time step on
troubled elements are excluded. Each element still sends out
ghost-zone data to neighboring elements at every time step.
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the effective speedup factor drops down to f ¼ 4.4,
implying the presence of an algorithmic bottleneck.
When half the elements are using the FD grid, measured
zone-cycles per second are 65K, even a bit slower than the
all-FD case. This somewhat unexpected drop in perfor-
mance is likely to be related to an extra interpolation step
required at the interface between DG and FD elements to
convert the ghost zone data sent between the elements. As
a representative number, we quote the achievement of
3.3 × ð5.2×Þ=2.6 × ð3.5×Þ overall (ideal) speedup when
10% / 20% of elements are using the FD grid.
A separate, detailed profiling of the code suggests at

most 10% overhead from the controlling part of the DG-
FD hybrid algorithm (applying the TCI to the solution and
undoing a time step if an element is troubled), which was
excluded in the speedup test described above. Comparing
simulations of a smooth wave solution using the DG grid
on all elements with the adaptive DG-FD scheme turned
on and off showed less than 4% of difference in total
runtime.

V. CONCLUSIONS

We have developed a new numerical scheme for general-
relativistic FFE based on a DG-FD hybrid method. The
numerical scheme combines a high-order spatial discreti-
zation with IMEX time stepping to handle stiff source terms
associated with maintaining the FFE constraints. We have
further implemented a troubled cell indicator capable of
flagging spurious features in the DG evolution, allowing

the associated elements to transition to a more dissipative
conservative FD scheme. In this way, the scheme achieves
high-order convergence for smooth problems while
robustly tracking and capturing large gradients present in
solutions such as current sheets. Our implementation is
based on the open-source SpECTRE code and successfully
passes and reproduces a suite of standard test problems in
one- and three-dimensions. In particular, we achieve up to
eighth-order numerical convergence in smooth vacuum
problems. A quantitative measure of the numerical resis-
tivity in our scheme, in particular using the approaches by
[107,108], will be explored in future works.
In order to assess potential cost savings of this approach

over more traditional FD-only schemes, we have performed
a quantitative assessment of its accuracy and efficiency. We
find that our approach has a potential to speed up FD
simulations by the factor of 2–3 with little to no loss of
accuracy. We further demonstrate an additional optimiza-
tion potential of (in some cases) up to a factor 2, when
compared to the ideal speed up of the code. Similar or even
larger performance gains have been reported when adopt-
ing GPU-based parallelization strategies [e.g. [109–111]].
Additional improvements may come from a more optimal
set of troubled cell indicator criteria or a dynamic power
monitor [e.g. [112]], which can potentially facilitate a more
economical grid switching between DG and FD.
The DG-FD hybrid scheme presented here is particularly

well suited to study wave propagation as well as accuracy-
limited problems, such as steady-state twists or magneto-
spheric explosion dynamics that evolve on long timescales
[e.g. [17,113,114]]. Such studies will be the subject of
future work.
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FIG. 13. Single-core wall-clock speedup of the 1DAlfvén wave
problem for different fractions of elements using the FD grid. An
ideal scaling between all-DG and all-FD is shown with a dashed
gray line. The measured scaling (yellow dashed line) fit shows
that a DG element runs 4.4× faster on average than an FD
element. 10%/20% fraction of FD elements give 3.3 ×
ð5.2×Þ=2.6 × ð3.5×Þ overall (ideal) speedup as shown by the
solid (dashed) gray line.
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APPENDIX A: INITIAL CONDITIONS FOR ONE-
DIMENSIONAL PROBLEMS

1. Fast wave

Initial conditions are [40]

Bx ¼ 1.0;

By ¼

8>><
>>:
1.0 if x<−0.1
−1.5xþ0.85 if −0.1<x< 0.1

0.7 if x> 0.1

9>>=
>>;;

Bz¼ 0;

Ex ¼ 0;

Ey ¼ 0;

Ez¼−By: ðA1Þ

2. Stationary Alfvén wave

In the rest frame of the wave, electric and magnetic fields
are [24]

Bx ¼ 1.0;

By ¼ 1.0;

Bz¼

8>><
>>:
1.0 if x<−0.1
1.15þ0.15sinð5πxÞ if jxj< 0.1

1.3 if x> 0.1

9>>=
>>;;

Ex ¼−Bz;

Ey ¼ 0;

Ez¼ 1.0: ðA2Þ

The case with nonzero wave speed −1 < μ < 1 can be
tested by performing an appropriate Lorentz boost to the
initial conditions (A2) [see e.g. [81]].

3. FFE breakdown

The initial state is [40]

Bx ¼ 1;

By ¼ Bz ¼

8>><
>>:

1 if x < −0.1
−10x if − 0.1 < x < 0.1

−1 if x > 0.1

9>>=
>>;;

Ex ¼ 0;

Ey ¼ 0.5;

Ez ¼ −0.5: ðA3Þ

APPENDIX B: SPHERICAL KERR-SCHILD
COORDINATES

The line element of the Kerr spacetime in the Kerr-Schild
coordinates is

ds2 ¼ −dt2 þ dx2 þ dy2 þ dz2 þ 2Mr3

r4 þ a2z2

×

�
dtþ rðxdxþ ydyÞ þ aðydx − xdyÞ

r2 þ a2
þ zdz

r

�
2

;

ðB1Þ

where M is the mass and a≡ J=M2 is the dimensionless
spin of the black hole. The coordinate variable r is defined
via the relation

x2 þ y2

r2 þ a2
þ z2

r2
¼ 1: ðB2Þ

For a ¼ 0, we see that r2 ¼ x2 þ y2 þ z2 is the usual radial
coordinate used in the spherical coordinate system.
In the spherical Kerr-Schild coordinate system, the Kerr

metric has the form

ds2 ¼ −ð1 − BÞdt2 þ ð1þ BÞdr2 þ Σdθ2

þ ðr2 þ a2 þ Ba2sin2θÞsin2θdϕ2

þ 2Bdtdr − 2aBsin2θdtdϕ

− 2að1þ BÞsin2θdrdϕ ðB3Þ

where Σ ¼ r2 þ a2 cos2 θ and B ¼ 2Mr=Σ. In the spherical
Kerr-Schild coordinates, the inner and outer horizon are
located at

r� ¼ Mð1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
Þ: ðB4Þ

The coordinate transformation between the Kerr-Schild
coordinates (B1) and the spherical Kerr-Schild coordinates
(B3) is

x ¼ ðr cosϕ − a sinϕÞ sin θ ðB5aÞ

y ¼ ðr sinϕþ a cosϕÞ sin θ ðB5bÞ

z ¼ r cos θ ðB5cÞ

APPENDIX C: THE WALD SOLUTION

In the spherical Kerr-Schild coordinates, components of
the vector potential (44) are

At ¼
B0

2
ðgtϕ þ 2agttÞ; ðC1aÞ
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Ar ¼
B0

2
ðgrϕ þ 2agtrÞ; ðC1bÞ

Aθ ¼ 0; ðC1cÞ

Aϕ ¼ B0

2
ðgϕϕ þ 2agtϕÞ: ðC1dÞ

Computing magnetic fields from the vector potential C,
we get

B̃r¼B0r2 sinθcosθ

�
1þa2

r2
þ2M

r

�
r4−a4

ðr2þa2cos2θÞ2−1

��
ðC2aÞ

B̃θ ¼−B0rsin2θ

−
a2MB0sin2θ

ðr2þa2cos2θÞ2 ðr
2−a2cos2θÞð2− sin2θÞ ðC2bÞ

B̃ϕ ¼ aB0 sin θ cos θ

�
1þ 2Mrðr2 − a2Þ

ðr2 þ a2 cos2 θÞ2
�
: ðC2cÞ

We also write out B̃i in the Cartesian representation

x̄ ¼ r sin θ cosϕ; ðC3aÞ

ȳ ¼ r sin θ sinϕ; ðC3bÞ

z̄ ¼ r cos θ; ðC3cÞ

which we use for representing tensor quantities in the code.
Resulting expressions are

B̃x̄ ¼ aB0z̄

�
ðax̄ − rȳÞ

�
1

r4
þ 2Mrðr2 − a2Þ

ðr4 þ a2z2Þ2
�
þ aMrx̄

�
r2 − z2

r4ðr4 þ a2z2Þ −
4ðr2 þ z2Þ
ðr4 þ a2z2Þ2

��
ðC4aÞ

B̃ȳ ¼ aB0z̄

�
ðrx̄þ aȳÞ

�
1

r4
þ 2Mrðr2 − a2Þ

ðr4 þ a2z2Þ2
�
þ aMrȳ

�
r2 − z2

r4ðr4 þ a2z2Þ −
4ðr2 þ z2Þ
ðr4 þ a2z2Þ2

��
ðC4bÞ

B̃z ¼ B0

�
1þ a2z2

r4
þMa2

r3

�
1 −

z2ða2 þ z2Þð5r4 þ a2z2Þ
ðr4 þ a2z2Þ2

��
: ðC4cÞ

from which one can check that B̃i → ð0; 0; B0Þ for a → 0.
We use the expressions (C4) for initializing the densitized
magnetic fields B̃i in the code.
Note that the barred coordinates x̄; ȳ are not equal to the

x, y coordinates appearing in the original Kerr-Schild form
(B1), whereas z̄ ¼ z. Barred coordinates x̄; ȳ; z̄ are simply
Cartesian projections of the spherical Kerr-Schild coordi-
nates (B3), where they are related with the Kerr-Schild
coordinates by

x̄
r
¼ xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 þ a2
p ; ðC5aÞ

ȳ
r
¼ yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 þ a2
p ; ðC5bÞ

z̄ ¼ z; ðC5cÞ
r2 ¼ x̄2 þ ȳ2 þ z̄2: ðC5dÞ
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