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Fast flavor conversions (FFCs) of neutrinos, which can occur in core-collapse supernovae (CCSNe), are
multiangle effects. They depend on the angular distribution of the neutrino’s electron lepton number (ELN).
In this work, we present a comprehensive study of the FFCs by solving the multienergy and multiangle
quantum kinetic equations with an extended set of collisional weak processes based on a static and
spherically symmetric CCSN matter background profile. We investigate the emergence and evolution of
FFCs in models featuring different ELN angular distributions, considering scenarios with two and three
neutrino flavors. The spectrogram method is utilized to illustrate the small-scale spatial structure, and we
show that this structure of neutrino flavor coherence and number densities in the nonlinear regime is
qualitatively consistent with the dispersion relation analysis. On the coarse-grained level, we find that
different asymptotic states can be achieved following the FFCs depending on the locations and shapes of
the ELN distributions, despite sharing a common feature of the elimination of the ELN angular crossing.
While equilibration among different neutrino flavors may be achieved immediately after the prompt FFCs,
it is not a general outcome of the asymptotic state, as subsequent feedback effects from collisional neutrino-
matter interactions come into play, particularly for cases where FFCs occur inside the neutrinosphere. The
impacts of FFCs and the feedback effect on the net neutrino heating rates, the equilibrium electron fraction
of CCSN matter, and the free-streaming neutrino energy spectra are quantitatively assessed. Other aspects
including the impact of the vacuum term and the coexistence with other type of flavor instabilities are
also discussed.

DOI: 10.1103/PhysRevD.109.123008

I. INTRODUCTION

Core-collapse supernovae (CCSNe) are cataclysmic
events when massive stars reach the end of their lives.
During the evolution of a CCSN, a nascent protoneutron
star (PNS) forms at the center as a prolific source of
neutrinos. These neutrinos play pivotal roles on the CCSN
dynamics and the evolution of chemical composition. They
interact with the medium through both charged- and
neutral-current weak interactions in the proximity of the
PNS and deposit energy, facilitating the shock revival via
reheating of material in the postshocked layer and leading
to the eventual mass ejection. Particularly, the charged-
current interactions determine the proton-to-baryon ratio,
denoted by the electron fraction Ye, which is a crucial
quantity for the nucleosynthesis results of CCSN

explosions. A better knowledge of the flux intensities
and flavor content of neutrinos is necessary to robustly
model the inner dynamics of CCSNe, to predict the
elemental compositions in CCSN ejecta, and to determine
the neutrino signals for the detection of the next Galactic
supernova event (see, e.g., Refs. [1,2] for recent reviews).
The flavor oscillations of neutrinos among νe, νμ,

and ντ in vacuum and in medium have been well studied
and confirmed by various ground-based neutrino experi-
ments [3]. When neutrino fluxes are sufficiently high in
CCSNe, the forward scattering among neutrinos them-
selves leads to various collective phenomena of flavor
instability. Particularly, the fast flavor conversion (FFC)
associated with the fast flavor instability (FFI; see, e.g.,
Refs. [4–7] for reviews) has attracted great interest in recent
years owing to the vastly rapid conversion rate within
nanoseconds and over a distance shorter than a coin.
Studies based on results from the multidimensional*z.xiong@gsi.de
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CCSN simulations have shown a general occurrence of
FFIs in certain regions ahead of the shock wave, near the
neutrinosphere, or even deep inside the PNS [8–17].
Since the first proposal of FFI in Ref. [18], the advance of

both theory and methodology throughout the past decade
has improved our understanding of FFCs and guided the
line of research toward the ultimate goal of implementing
neutrino oscillations in CCSNe. A generic framework
governing the coherent flavor evolution and collisional
neutrino-matter interactions is prescribed by the neutrino
quantum kinetic equation (νQKE) [19–22]. The linear
stability analysis (LSA) of the νQKE provides a powerful
tool to diagnose the existence of flavor instabilities [23–26].
It has been proved based on the LSA that the FFI requires the
presence of angular zero crossings where the angular
distribution of the neutrino lepton number between any
two distinct flavors transitions from positive to negative
values [27]. The dispersion relation based on LSA implies
the break of spatial homogeneity, which results in small-
scale spatial structure confirmed by several dynamical
simulations that numerically solved νQKE within tiny
boxes [28–40] and may be affected by adopting a different
boundary condition [41–43]. Quasisteady states are found to
be achieved asymptotically on the coarse-grained level after
neutrinos undergo the kinematic decoherence [29,44–47]. It
was reported by these simulations that the FFCs lead to
complete flavor equilibration or partial flavor conversion
depending on the ratio of neutrino fluxes and the character-
istics of the angular zero crossings. Particularly when a
complete flavor equilibration or even overconversion is
achieved, the neutrino flavor content can be significantly
affected, which was demonstrated to be able to exert
substantial impact on the neutrino-driven explosion mecha-
nism and the nucleosynthesis of CCSNe [48–53] or even in
the context of neutron-star mergers [54–61].
Recently, a growing amount of studies solving νQKE in a

large spatial domain ranging from the interior of the PNS to
the region around the shock wave were performed [62–67].
These studies intended to capture the flavor instabilities and
to evolve both collective flavor conversions as well as the
neutrino transport simultaneously in a self-consistent man-
ner. Despite all these triumphs in the progress of FFCs, there
remain several unaddressed questions. (1) Does the small-
scale structure observed in the local simulations survive
when the advection and neutrino-matter interactions are
considered? (2)What is the general outcome of FFCs as well
as its impact on the neutrino flux intensities and their ratios?
Is flavor equilibration the ultimate fate of FFCs? (3) What
consequence could be anticipated on CCSNe and the
associated neutrino signals?
In addition to the FFI, there are other flavor instabilities

such as the slow (see Refs. [1,68] for reviews) or collisional
type (see Refs. [69–81]) that might coexist with the FFI.
Particularly, the collisional flavor instability (CFI), which
was discovered recently, can potentially trigger flavor

conversions in regions close to or inside the neutrinosphere
where the FFI is known to play a role. Certainly, there are still
open issues regarding these topics. It is important to under-
stand whether and how different flavor instabilities interplay
with each other in more sophisticated supernova models.
In this work, we aim to provide answers to the above

questions (1)–(3) and to investigate the coexistence as well
as impact of other flavor instabilities. We extend our
previous multienergy and multiangle neutrino flavor evo-
lution code [72,82] to solve the νQKE by including a more
complete set of collisional weak interactions in static
snapshots of background environments obtained with
spherically symmetric CCSN hydrosimulations. Notice
that the multienergy spherically symmetric neutrino trans-
port in standard CCSNe typically finds no angular cross-
ing [78,83,84] because the imposed spherical symmetry
restricts the capability of capturing the multidimensional
CCSN features such as the fluid convection [84] and
lepton-emission self-sustained asymmetry [85,86]. These
multidimensional features can lead to attenuated Ye
compared to the spherically symmetric model and create
conditions for FFIs. Therefore, we follow the spirit of
Ref. [50] and introduce radial-dependent Ye attenuation
schemes in order to mimic the suitable conditions for
FFCs commonly observed in multidimensional simula-
tions. We use schemes with different attenuation strengths
to probe a variety of scenarios for the FFI close to and
inside the neutrinosphere.
We adopt a similar two-step approach as in Ref. [72]. We

first relax neutrino profiles into stationary states up to
≃1 ms without including coherent flavor oscillations.
Those stationary states are then used as the initial condition
to simulate the evolution of neutrinos including diffusion,
collisions, and flavor oscillations. We then present a
comprehensive analysis for the FFCs covering three main
aspects: the small-scale structure after the FFI emerges
from the linear to nonlinear regimes, the dynamical
evolution of the neutrino flavor content, and the effects
on CCSN physics as well as the neutrino signals.
This paper is organized as follows. We provide the

descriptions and parameters of our models for the FFCs in
Sec. II. We use the LSA and the spectrogram method
introduced in Sec. III to characterize the small-scale
features of FFI in Sec. IV. We present a detailed study
on the evolution of FFCs in Sec. V and discuss their
implications in the energy transport, chemical composition
of the matter, and free-streaming neutrino spectra in
Sec. VI. Further discussions and conclusions are given
in Sec. VII. We adopt natural units with ℏ ¼ c ¼ kB ¼ 1
throughout the paper.

II. MODELS

In this section, we introduce our theoretical model for
neutrino flavor conversions in CCSNe. We begin with a
review about the supernova model and the simulations
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based on which the flavor study is conducted. We then
revisit the neutrino quantum kinetic approach and introduce
our computational implementation.

A. Supernova model

The CCSN simulation considered in this work is
launched from the stellar progenitor star with zero-age
main sequence mass of 25M⊙ and solar metallicity, from
the stellar evolution series of Ref. [87], denoted as s25a28.
Our AGILE-BOLTZTRAN supernova model is based on
general relativistic spherical symmetric neutrino radiation
hydrodynamics in comoving coordinates [88–92], includ-
ing six-species Boltzmann neutrino transport assuming
ultrarelativistic particles [93,94]. The equations of radiation
hydrodynamics are solved on an adaptive baryon mass
mesh [95,96], for which 102 radial grid points are used for
the current simulations, including about 5M⊙ of the stellar
core, which covers parts of the extended silicon-sulfur layer
for this progenitor model. The neutrino distributions are
solved by means of the Boltzmann neutrino transport
equation in the discrete-ordinate method. They are dis-
cretized in terms of 6 propagation angles and 36 energy
bins (from 0.5 to 300 MeV) following the setup of
Refs. [90,97].
For the collision integral of the Boltzmann equation, a

complete set of weak processes is employed (see Table I in
Ref. [98]). This includes the charged-current neutrino emis-
sion and absorption (EA) involving heavy nuclei [99] and
unbound nucleons [98], isoenergetic neutrino scattering on
nuclei and nucleons (IS) [90,97], inelastic neutrino scattering
on electrons and positrons (NES) [89,100], and neutrino
pair reactions (PRs), including electron-positron annihila-
tion [97], nucleon-nucleon bremsstrahlung [101,102], and
the annihilation of electron neutrino pairs [103,104]. EA are
implemented in the full kinematics approach at the mean-
field level, taking weak-magnetism contributions self-
consistently into account [105]. Note that muonic weak
processes are omitted here, such that muon and tauon
flavors are not distinguished for neutrinos and antineutrinos.

For the equation of state (EOS) used in the present super-
nova simulation, see details in Appendix A.
During the early postbounce evolution, on the order of

10–25 ms after the core bounce, the νe deleptonization
burst is released. It is a standard feature of CCSN
phenomenology that results in the rapid drop of the electron
fraction Ye, accordingly, from around Ye ¼ 0.3–0.4 at
core bounce to Ye ≃ 0.1, in the region where the neutri-
nos decouple from matter. Even though neutrino decou-
pling is an energy- and momentum-dependent process
(cf. Refs. [106,107]), often the neutrino-phase-space-
averaged neutrinospheres of last elastic and inelastic
scatterings are used as references [108], inside of which
the bulk part of the neutrino spectrum is trapped and
outside of which it is freely streaming. The postbounce
evolution of this s25a28 progenitor model corresponds in
spherically symmetric supernova simulations to the failed
branch, leading eventually to the PNS collapse and the
formation of a black hole [104,109,110]. Before that
happens, the postbounce phase is determined by a steady
state mass accretion from the gravitationally unstable layers
above the stellar core. The infalling material falls onto the
standing bounce shock. The latter is located at a radius of
about 80–100 km, depending on the progenitor model and
the nuclear EOS. Thereby, the infalling heavy nuclei are
dissociated into bulk nuclear matter, composed of unbound
nucleons and light nuclei, that accumulate at the PNS
surface. This layer, illustrated in Fig. 1 via the shock at
r ≃ 85 km and the PNS surface at r ≃ 40 km depicting a
shallow rise in density (solid curve) and temperature
(dotted curve), is subject to the neutrino decoupling, span-
ning a range of temperatures from up to T ≃ 10 MeV, at
densities of a few times 1013 g cm−3, down to T ≃ 3 MeV,
which corresponds to the shock location with densities

FIG. 1. Radial profiles of baryonic density, temperature T=10,
and Ye (before and after attenuations) for a snapshot at the
postbounce time tpb ≈ 252 ms. Orange, blue, and green vertical
dashed lines indicate the gain radius, the radii of νe- and ν̄e-
spheres at r ≈ 63, 40, and 35 km, respectively.

TABLE I. Set of weak processes considered in COSEν, where ν
and ν̄ are for all neutrino flavors and N ¼ n, p.

Label Weak process Abbreviation

(1a) νe þ n⇆ pþ e− EA
(1b) ν̄e þ p⇆ nþ eþ EA
(1c) ν̄e þ pþ e− ⇆ n EA
(2a) νþ N ⇆ νþ N IS
(2b) ν̄þ N ⇆ ν̄þ N IS
(3a) νþ e� ⇆ νþ e� NES
(3b) ν̄þ e� ⇆ ν̄þ e� NES
(4a) νþ ν̄⇆ e− þ eþ PR
(4b) νþ ν̄þ N þ N ⇆N þ N PR
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around 109 g cm−3 where the temperature increases sharply
due to the shock heating from T ≃ 0.5 to T ≃ 3 MeV.
The timescale for the compression of the accumulated

layer, settling at the PNS surface into the steepening
gravitational potential, is determined by the high-density
nuclear EOS, its temperature and isospin asymmetry
dependence, and the enclosed PNS mass. As a conse-
quence, neutrino luminosities Lν are obtained on the order
of several 1052 erg s−1, after the νe deleptonization burst
has been launched, and the average neutrino energies have
values of hEνi ≃ 10–20 MeV. For a recent review of the
role of neutrinos in the postbounce phase of core-collapse
supernovae, see Refs. [2,111] and references therein.
Instead of surveying over different time stages of super-

nova, we will focus on one snapshot at a postbounce time
tpb ≈ 252 ms in Fig. 1. Based on this snapshot, we explore
different scenarios for FFCs by applying a radial-dependent
attenuation to the original Ye profile to mimic suitable
conditions for FFCs observed in multidimensional super-
nova simulations. A radial-dependent factor,

bYe
ðrÞ ¼ 1 −

b1
1þ er−b2½km� ; ð1Þ

is multiplied to the original Ye profile with b1 denoting the
fraction of attenuation and b2 characterizing the radial
range of attenuation. With the attenuated electron fraction
Ye and smaller electron chemical potential μe− , the equi-
librium neutrino chemical potential μeqνe ¼ μe− þ μp − μn is
reduced to create a condition less dominated by νe’s, or
even a condition where ν̄e’s dominate over νe’s. We vary b1
from 10% to 25%, allowing different angular crossings
dominated by νe or ν̄e to appear, which will be discussed
later in Sec. III A. We show in Fig. 1 three attenuated Ye
profiles with different values of ðb1; b2½km�Þ ¼ ð0.1; 42Þ;
ð0.25; 42Þ, and (0.25, 30), respectively. Note that taking
b2 ¼ 30 km restricts the FFI solely within the PNS, but not
extending to the free-streaming regime. Also noted is that
we only attenuate Ye without modifying the neutron and
proton abundances for simplification. When the latter
abundances are modified accordingly based on the EOS,
μp decreases, and μn increases. As a result, the attenuation
factor b1 required to achieve a similar scenario for each
model is reduced by approximately half. In addition,
although the Ye profile with the largest attenuation factor
adopted here might be hard to be obtained in typical
supernovae, it may mimic other physical conditions such as
the second collapse in a hadron-quark phase transition
supernova featuring a unique burstlike neutrino signature
dominated by ν̄e [112–116].

B. Neutrino quantum kinetic equation

We solve the neutrino quantum kinetic equation in both
two- and three-flavor schemes. The general equations
governing the spatial and temporal evolution of density

matrices ϱ (for neutrinos) and ϱ̄ (for antineutrinos) are
given by

�
∂t þ vr∂r þ

1 − v2r
r

∂vr

�
ϱ ¼ −i½H; ϱ� þ C; ð2Þ

and

�
∂t þ vr∂r þ

1 − v2r
r

∂vr

�
ϱ̄ ¼ −i½H̄; ϱ̄� þ C̄; ð3Þ

with

ϱ¼

2
64
ϱee ϱeμ ϱeτ

ϱ�eμ ϱμμ ϱμτ

ϱ�eτ ϱ�μτ ϱττ

3
75 and ϱ̄¼

2
64
ϱ̄ee ϱ̄eμ ϱ̄eτ

ϱ̄�eμ ϱ̄μμ ϱ̄μτ

ϱ̄�eτ ϱ̄�μτ ϱ̄ττ

3
75 ð4Þ

in three-flavor bases or

ϱ ¼
�
ϱee ϱeμ

ϱ�eμ ϱμμ

�
and ϱ̄ ¼

�
ϱ̄ee ϱ̄eμ

ϱ̄�eμ ϱ̄μμ

�
; ð5Þ

in a simplified neutrino system of two flavors. Their
diagonal elements are normalized to the neutrino number
density nνiðr; tÞ ¼

R
dEdvr ϱii where i ¼ e, μ, τ.

In general, the coherent propagation Hamiltonian H on
the right-hand side has three contributions. They are the
vacuum mixing term

HvacðEÞ ¼ UMU†; ð6Þ

with the diagonal matrix in mass basis M ¼
diag½0; δm2

L; δm
2�=ð2EÞ and the unitary mixing matrix U

parametrized as in Eq. (14.34) of Ref. [3], the matter term

Hmat ¼ diag½Vmat; 0; 0�; ð7Þ

with the effective potential Vmat corresponding to neutrino
forward scattering on ordinary matter, and the neutrino self-
induced term

HννðvrÞ ¼
ffiffiffi
2

p
GF

Z
dE0 dv0rð1 − vrv0rÞðϱ − ϱ̄�Þ; ð8Þ

corresponding to neutrino forward scattering on other
neutrinos, respectively. In the two-flavor scheme, the
vacuum term is explicitly

HvacðEÞ ¼
δm2

4E

�− cos 2θV sin 2θV
sin 2θV cos 2θV

�
ð9Þ

with one mass-square difference δm2 and one mixing angle
θV . Although the matter term may affect the behaviors of
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flavor oscillations [72,117], we will not include it explicitly
in the following discussion of this work.
The collisional term C includes all four types of weak

processes in Table I. We use the same scheme for the EA
and IS processes as in Ref. [72], except that muonic EA
reactions are not considered.
Low-energy electron neutrinos and heavy-lepton neu-

trinos are thermalized by NES and PRs. Because of the high
computational cost of the scattering kernels associated with
them, approximated schemes are employed. For PRs, we
integrate the scattering kernels in Refs. [97,118] into the
emissivity jPR and opacity χPR for all flavors in a similar
way as in Ref. [119] except assuming that the accompanied
neutrinos or antineutrinos in the pair processes obey the
Fermi-Dirac distribution determined by the equilibrium
neutrino chemical potential (e.g., μeqνe for νe), in order to
take the blocking effect into account. For heavy-lepton
neutrinos, the equilibrium neutrino chemical potential is
assumed to be zero. The collisional term for neutrinos can
then be constructed in an effective way similar to the EA
processes as follows:

CPRðEÞ ¼
1

2
fdiag½je;PR; jμ;PR; jτ;PR�; ϱFO − ϱg

−
1

2
fdiag½χe;PR; χμ;PR; χτ;PR�; ϱg ð10Þ

with the fully occupied differential number density ϱFO and
the curly bracket being the anticommutator. The full term of
NES in νQKE involves channels of different Mandelstam
variables [22], which increases the complication of the
treatment. For simplicity, we take the classical treatment
particularly for NES by only keeping the diagonal elements
of CNES [89,100,120,121]. The thermalization of the
energy spectra of heavy-lepton neutrinos is guaranteed
by the Kirchhoff-Planck relation (“detailed balance”)
between the in- and out-scattering kernels

Rin
NESðE;E0; vr; v0rÞ ¼ e

E0−E
T Rout

NESðE;E0; vr; v0rÞ: ð11Þ

In addition, for each flavor the NES scattering kernel is
truncated at the zeroth moment following the method
in [100,122] (see Appendix B for more details).

C. Numerical setup

The νQKE is solved by COSEν under spherical symmetry
within a radial range uniformly discretized by Nr radial
grids between rib ¼ 20 and rob ¼ 80 km. At the inner
boundary, neutrinos of all species are in Fermi distribution
functions with chemical potentials given by weak equilib-
rium with the processes of NES and PRs included. The
outer boundary is chosen to be around the position of the
shock wave. We employ the free-streaming boundary
condition there for forward propagating neutrinos with
vr ≥ 0. Although neutrinos can be backscattered by heavy

nuclei outside the shock through the neutrino-nucleus
interactions, which leads to the presence of FFI around
the shock [12], a recent work suggests that their effect on
the dominant neutrino outflow is negligible due to the
relatively diluted flux [35]. Therefore, we inject no neu-
trinos in the backward direction with vr < 0.
Because the vacuum term Hvac with a nonzero mixing

angle generates flavor mixing automatically, we do not
employ any artificial perturbation as the seed to trigger
flavor conversions in the initial condition.
For consistency across all models, the neutrino spectral

and angular distributions are all discretized into NE ¼ 15
energy grids and Nvr ¼ 100 angular grids for both ϱ and ϱ̄.
The energy grids are taken between 1 and 100 MeV spaced
uniformly in logarithmic scale, and the angular grids are
linearly uniform between vr ¼ −1 and 1.
Because both EA and IS rates that generally dominate

over others strongly depend on the neutrino energy and
nucleonic density, taking a smaller maximum neutrino
energy and a larger radius of the inner boundary compared
to our previous work [72] reduces the maximum collisional
rate that can be well resolved within our simulation domain.
Therefore, unlike in [72], no attenuation is made to any
collisional rate for all models in this work.
In contrast to the collisional rates, a common challenge is

the tremendous size of the neutrino self-induced term Hνν

associated with subnanosecond timescales and subcentim-
eter length scales. They are much shorter than the scales
related to the hydrodynamics (order of kilometers and
milliseconds), which makes it computationally difficult for
a simulation to well resolve both time and length scales
with the unadjusted Hνν. A strategical mitigation in recent
works [64,72] is to attenuate the values of Hνν while
generally keeping the same ordering that the magnitude of
Hνν dominates over collisional rates and vacuum oscilla-
tion frequency.1 The oscillation term H on the right-hand
side of Eq. (2) becomes Hvac þ aννðrÞHνν with a radial-
dependent factor

aννðrÞ ¼
a1

1þ eða2−rÞ=a3
; ð12Þ

where a2 ¼ 30 and a3 ¼ 2.5 km for all our models. This
factor keeps almost constant aννðrÞ ≈ a1 for most of the
radial range with r > 35 km. At inner radii, where the
neutrino number densities are much larger, more attenu-
ation is provided by the denominator in the formula by
around one more order of magnitude, i.e., the attenuation
factor aνν takes a value of 0.1a1 at r ≈ 24.5 km. For
example, when a1 is taken to be 10−3, the attenuation
factor is always greater than 10−4 for r > 24.5 km and

1There are also other strategies, for example, assuming that
neutrinos are homogeneous in radial blocks of a few hundred
meters to reduce the needed number of the radial grids in
computation and to allow for no attenuation on Hνν [65].
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close to 10−3 for r > 35 km, which is a reasonable choice
compared to other works [59,67]. We utilize this attenu-
ation strategy and explore different choices of the attenu-
ation parameter a1, with the radial resolutions Nr adapted
accordingly.
We summarize all models and their parameters of this

paper in Table II. There is no flavor instability in model I. In
both two- and three-flavor models, all mixing angles in
Hvac are set to be 10−6 accounting for the effective

suppression by the matter. In three-flavor models, the
CP violation phase is omitted, and the lower mass-square
difference is taken as δm2

L ¼ 7.39 × 10−5 eV2. In order to
investigate the effects of other types of flavor instabilities
on the FFCs, we run simulations with different values of
δm2 in the vacuum term and introduce an auxiliary
parameter coff that is multiplied to all off-diagonal elements
of C. The default value of coff is 1. When coff is set to be
zero, the CFI is prohibited.

III. ANALYSES

A. Illustrative quantities

For a better illustration of our models, we define several
quantities as follows. The energy- and angle-integrated
density matrices are defined by hϱiEðvrÞ ¼

R
dEϱðE; vrÞ

and hϱiAðEÞ ¼
R
dvr ϱðE; vrÞ, respectively. The neutrino

mean energy of a given flavor is calculated as

hEνii ¼
R
dEdvrEϱiiðE; vrÞR
dEdvrϱiiðE; vrÞ

; ð13Þ

where i ¼ e, μ, τ. A dimensionless ratio, seμ ¼
jhϱeμiEj=ðjhϱeeiE − hϱμμiEj2=4þ jhϱeμiEj2Þ1=2, is defined
to quantify the nonlinearity of flavor conversions caused
by FFI. The corresponding phase (angle in the complex
plane) is defined as ϕeμ ¼ arg½hϱeμiEsgnðhϱeeiE − hϱμμiEÞ�,
where sgn denotes the sign function. The electron-minus-
muon lepton number of neutrinos (shortened to ELN in the
following discussion) is G ¼ hϱeeiE − hϱ̄eeiE − hϱμμiE þ
hϱ̄μμiE. When there only exists one zero crossing in the
ELN angular distribution, we define two integrals Iþ ¼R
1
−1 dvrGΘðGÞ and I− ¼ R

1
−1 dvrGΘð−GÞ, where Θ is the

Heaviside step function. Those two quantities allow us to

TABLE II. Parameters used in each model. For all models,
rib ¼ 20 to rob ¼ 80 km, tpb ¼ 252ms, a2 ¼ 30 km, a3 ¼ 2.5 km,
Nvr ¼ 100, NE ¼ 15.

Model b1 b2 (km)
No. of
flavors a1 Nr coff δm2 (eV2)

I 0
II 0.1 42 2 10−3 25000 1 8 × 10−5

III 0.15 42 2 10−3 25000 1 8 × 10−5

IV 0.2 42 2 10−3 25000 1 8 × 10−5

V 0.25 42 2 10−3 25000 1 8 × 10−5

VI 0.25 32 2 10−3 25000 1 8 × 10−5

VII 0.25 30 2 10−3 25000 1 8 × 10−5

Vc0 0.25 42 2 10−3 25000 0 8 × 10−5

IIf3 0.1 42 3 10−3 25000 1 8 × 10−5

IVf3 0.2 42 3 10−3 25000 1 8 × 10−5

IIa2 0.1 42 2 2 × 10−3 50000 1 8 × 10−5

IIa4 0.1 42 2 4 × 10−3 50000 1 8 × 10−5

IIa10 0.1 42 2 10−2 50000 1 8 × 10−5

IIIa2 0.15 42 2 2 × 10−3 50000 1 8 × 10−5

IIIa4 0.15 42 2 4 × 10−3 50000 1 8 × 10−5

IVa2 0.2 42 2 2 × 10−3 50000 1 8 × 10−5

IVa4 0.2 42 2 4 × 10−3 50000 1 8 × 10−5

IVv2 0.2 42 2 10−3 25000 1 2.4 × 10−3

FIG. 2. Radial profiles of ELN distribution in models II–VII that have different attenuated Ye profiles. The angular crossings of ELN
are indicated by the location of curves with the white color. Model I (without Ye attenuation) is not shown as it contains no ELN angular
crossing.
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evaluate the “deepness ratio” of the ELN angular crossing
based on the value of minðjI−j; jIþjÞ=maxðjI−j; jIþjÞ.
Except for the original model I without Ye attenuation

and angular crossings, Fig. 2 shows the initial ELN
distributions for models II–VII in the stationary state
obtained by solving Eqs. (2) and (3) without including
the commutators on the right-hand side. Clearly, these six
models show a significant variation in the radial shapes of
their ELN angular crossings due to different Ye attenuation,
while each of them only contains at most one angular
crossing at any specific radius. In particular, the ELN
crossings in models II–V extend all the way to the outer
boundary where neutrinos freely stream outward. With the
least Ye attenuation imposed in model II (corresponding to
the red curve in Fig. 1), a relatively shallow angular
crossing begins to appear with crossing radial velocity
vr;c ≲ 1 at r ≈ 38 km and extends to smaller vr;c as low as
vr;c ≈ 0.8 at r ≈ 41 km. For the entire domain, the deepness
ratios are less than 0.06 as shown in Fig. 3. When we apply
more attenuation on Ye, which results in more production
of ν̄e’s, the starting radii where the angular crossing appears
shift to r ≈ 33 and 28 km in models III and IV, respectively.
The minimum values of vr;c are vr;c ≈ 0.3 at r ≈ 38 km and
vr;c ≈ −0.4 at r ≈ 32 km accordingly. For model V (cor-
responding t o the cyan curve in Fig. 1), the inner boundary
becomes so ν̄e dominated that the crossing starts from
vr;c ¼ −1 at ≈35 km and monotonically approaches vr;c ≈
0.85 as the radius increases. The deepness ratios in models
III–V are generally greater than 0.3, particularly reaching
≈1 at r ≃ 30 and 45 km in model IV. In the last two models
(VI and VII), ELN crossings are only confined inside the
neutrino spheres as they originate from the change of sign
of μeqνe due to the Ye attenuation. The crossing in model VI
spans from r ≈ 40 to r ≈ 42 km, while it is narrower in
model VII (corresponding to the green curve in Fig. 1),
ranging from r ≈ 38 to r ≈ 39 km. These different radial
shapes of ELN crossings lead to very different FFI and the

evolution of FFC, which will be discussed in the following
sections.

B. Linear stability analysis

We perform the LSA for models with two flavors. The
analyses on three-flavor models are expected to be similar
when neutrinos of muon and tauon flavors are identical,
although a nontrivial interplay among flavors may happen
when difference in μ and τ neutrinos exist [123,124].
Assuming jϱeμj=jϱee−ϱμμj≪ 1 and jϱ̄eμj=jϱ̄ee − ϱ̄μμj ≪ 1

before any instability leads to flavor conversion, νQKE can
be linearized to find unstable normal modes if flavor
instability exists [23,24]. We follow our previous treatment
in [72], neglecting the terms associated with ∂vr and IS,
but including the vacuum term. We further assume that
in a local region of a width ∼O ðkmÞ near a radius r, ϱee
and ϱμμ are homogeneous and can be characterized by
the values at r, while a collective mode of the pertur-
bation ϱeμ ¼ QðΩ; Kr; E; r; vrÞe−i½Ωt−Krðr0−rÞ� and ϱ̄�eμ ¼
Q̄ðΩ; Kr; E; r; vrÞe−i½Ωt−Krðr0−rÞ� can develop locally with
r0 denoting the spatial dependence locally around r. The
off-diagonal parts of Eqs. (2) and (3) become2

½Ω − Krvr −ΦðvrÞ þ iCeμðEÞ þ δm2=2E�QðE; vrÞ

¼ −
ffiffiffi
2

p
GF½ϱeeðE; vrÞ − ϱμμðE; vrÞ�

Z
dE0dv0r

× ð1 − vrv0rÞ½QðE0; v0rÞ − Q̄ðE0; v0rÞ�; ð14Þ

and

½Ω − Krvr −ΦðvrÞ þ iC̄eμðEÞ − δm2=2E�Q̄ðE; vrÞ

¼ −
ffiffiffi
2

p
GF½ϱ̄eeðE; vrÞ − ϱ̄μμðE; vrÞ�

Z
dE0dv0r

× ð1 − vrv0rÞ½QðE0; v0rÞ − Q̄ðE0; v0rÞ�; ð15Þ

where ΦðvrÞ ¼
ffiffiffi
2

p
GF

R
dE0 dv0rð1 − vrv0rÞ½ϱeeðE0; v0rÞ−

ϱμμðE0; v0rÞ − ϱ̄eeðE0; v0rÞ þ ϱ̄μμðE0; v0rÞ�, and CeμðEÞ and
C̄eμðEÞ are the damping rates attributed to EA and the
approximate PR terms. For example, CeμðEÞ ¼ ðje;EA þ
χe;EA þ je;PR þ χe;PR þ jμ;PR þ χμ;PRÞ=2. To account for
the attenuation scheme used for Hνν, we modify
Eqs. (14) and (15) by multiplying GF with the attenuation
factor aνν, which affects the right-hand side and the term Φ
on the left-hand side.
For a given wave number Kr, the eigenvalues of Ω and

their corresponding eigenvectors can be numerically
solved. The contribution of Φ is often absorbed into Ω
and Kr in literature [24,26], but we do not follow this
procedure in order to keep the original meaning ofKr as the

FIG. 3. Deepness ratios of the initial ELN distribution,
minðjI−j; jIþjÞ=maxðjI−j; jIþjÞ, in models II–V (see text for
the definition of I�).

2The dependence of Q and Q̄ on Ω, Kr, and r is not shown
explicitly.
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wave number in the local frame. When Kr ¼ 0, it repre-
sents the homogeneous mode. We highlight that we search
for nonzero Kr modes in addition to the homogeneous one
to avoid missing the most unstable mode.
We note that there may exist some other aspects that

cannot be captured by the linearized equations (14) and (15).
For instance, the behaviors of flavor instability may be
affected by the angular advection term associated with ∂vr
and the fact that neutrino number density is not homo-
geneous. Although the pure FFI without collisions and with
vanishing vacuum oscillation frequency is free from the
contamination of spurious modes [125], which are associ-
atedwith the use of an insufficient number of angular grids in
the discretization, those spurious modes may appear in
multiangle slow instabilities when the vacuum term is taken
into account [126–128] or in the CFI when collisions are
included [75,129]. Their growth rates should approach zero
as the adopted angular grid number increases toward the
continuous limit.

C. Spectrogram

In addition to the LSA, the onset of specific unstable
modes as well as the small-scale spatial structure can be
simply analyzed by the Fourier transform of relevant
quantities over the entire simulation domain in the peri-
odic-box setup. In contrast, the inhomogeneous neutrino
and matter profiles in the spherical symmetric supernova
model do not allow such a simple approach. Nonetheless,
the short-time Fourier transform (or spectrogram analysis)
provides a powerful tool in signal processing to diagnose
the characteristic features in the frequency domain over a
short-time window for a time-varying system, which has
been generically used in the engineering and science (see,
e.g., [130–132]). In the same spirit, we can perform similar
spectrogram analysis to the neutrino flavor evolution out-
comes, except that here we calculate the spectra in terms of
wave number Kr over a short-length window.
The spectrogram analysis can be performed in various

ways. In order to mitigate the spectral leakage, we
use the Tukey window function in the spectrogram
analysis [133,134]. The flat top of the Tukey window
also naturally provides less amplitude attenuation than in
others such as a Gaussian window. We divide the whole
radial range of our simulation domain into Nsp

r blocks
with each block centered at a radius r and calculate
discretized Fourier transform for the neutrino off-diagonal
mixing at a snapshot of simulation in each block,

F r;Kr
¼ 1

Δrsp

Z
rþ5

8
Δrsp

r−5
8
Δrsp

dr0 e−iKrr0Wðr0 − rÞ

×
Z

dvrhϱeμiEðvr; r0Þsgn½hϱeμiEðvr; r0Þ

− hϱeμiEðvr; r0Þ�; ð16Þ

where Δrsp ¼ ðrob − ribÞ=Nsp
r is the radial width of the

nonoverlapping part of each block, Kr takes discretized
values zπ=Δrsp km−1 with integers z, and WðrÞ is the
Tukey window function with a cosine lobe

WðrÞ ¼
8<
:

1 if jrj ≤ Δrsp=2;

cos2
�
4πjrj
Δrsp − 2π

�
if jrj > Δrsp=2:

ð17Þ

Depending on Nr used in the simulations, we take Nsp
r as

50 or 100 to ensure sufficient resolution in Kr space.

IV. EMERGENCE OF FLAVOR INSTABILITY

A. Scalability of the dispersion relation

Perturbed by the vacuum flavor mixing (or potentially
quantum fluctuation), the flavor waves of the neutrino
fields can be launched and lead to flavor transformation
driven by the dispersion relation and the unstable collective
modes in LSA. Ignoring the contributions from other
aspects such as advection, collisions, and the vacuum term,
the dispersion relation branches for the axisymmetric
unstable mode can have distinct structures for different
ELN distributions [26]. For a shallow crossing, the
dispersion relation typically yields two separated unstable
branches with respect to the wave number of the perturbed
flavor wave Kr. For a deep crossing, only one unstable
branch exists, and the maximum growth rate of the branch
is enhanced.
All LSA results shown below are based on the stationary

neutrino profiles obtained without including oscillations
(see, e.g., Fig. 2 for the energy-integrated profiles). The
labels v0, v1, v2, and v-2 represent results using four
different values of δm2 ¼ 0, 8 × 10−5, 2.4 × 10−3, and
−2.4 × 10−3 eV2, respectively. The labels c0 and c1 denote
settings with coff ¼ 0 and 1, respectively. Note that a
positive (negative) δm2 value represents the normal
(inverted) neutrino mass ordering.
We begin with model II, which has the most shallow

angular crossing compared toothermodels. Figures 4(a)–4(c)
show thegrowth rates ImðΩÞ of the unstablemode inmodel II
with different choices of δm2, coff , and aνν. From Eqs. (14)
and (15), the dispersion relation of the FFI is clearly scalable
when thevacuumand collision terms are omitted. In this case,
applying the attenuation factor aνν simply reduces the
magnitude of Ω and Kr for the same amount but does not
affect the shape of the dispersion relation branches.
The scalability approximately holds even if the colli-

sional terms are included. Figure 4(a) compares the
unstable branches of ImðΩÞ at r ≈ 41.6 km in model II
from the case without attenuation (aνν ¼ 1) and from cases
with attenuation factors a1 ¼ 10−2 and a1 ¼ 10−3. For the
latter two with attenuation, their unstable branches are
shown by multiplying factors of 102 and 103 to bothKr and
ImðΩÞ, respectively. Among those three cases, there is
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good agreement on the rescaled growth rate in the dominant
parts of the two separated unstable branches.
We further examine the effects of collisions and vacuum

terms on the dispersion relation in model II for the case with
aνν ¼ 1 and a1 ¼ 10−3 in Figs. 4(b) and 4(c) separately.
Figure 4(b) shows that, without attenuation, the dispersion
relation of FFI is hardly changed in the presence of
collisions and the vacuum term. This suggests that, at this
radius, the neutrino number density is so high that other
types of flavor instabilities are overwhelmed by the large
growth rate from the fast mode.
When taking the attenuation factor a1 ¼ 10−3 in

Fig. 4(c), the shape of the dispersion relation remains
quantitatively similar when including the collisions in
the case of c1v0 or a vacuum term with smaller δm2 in
c0v1. A slight difference is that small nonzero growth rates
ImðΩÞ ≃ 1 km−1, which connect the two otherwise sepa-
rated branches of pure fast mode when only the attenuated
Hνν is included (case c0v0), become visible in comparison
to Fig. 4(b). This is because, with the attenuation, Hνν

becomes closer to the Hvac in magnitude.3 When we take a
larger vacuum term with δm2 ¼ 2.4 × 10−3 eV2, the slow
flavor instability becomes so strong that it mixes with the
FFI and drastically affects the structure of the dispersion
relation branches. The growth rate of the left unstable

branch is enhanced by a factor of ≃2, and that of the right
one is suppressed.
For model V with a much deeper ELN angular crossing at

the same radius than that in model II, we show the
corresponding LSA results in Figs. 4(d)–4(f). In this case,
thedispersion relation has a single unstable branchwith larger
growth rates. With unattenuated Hνν, the maximum growth
rate in model V shown in Fig. 4(d) is ≈8.4 × 104 km−1,
which is about 7 times larger than that in model II and is
nearly independent of the presence of the collisional and
vacuum terms [Fig. 4(e)]. Moreover, due to the enhanced
growth rate, even when an attenuation with a1 ¼ 10−3 is
taken, the shape of the dispersion relation branch remains
hardly affected by the inclusion of collisional terms and
different sizes of vacuum terms as shown in Fig. 4(f).
The scalability of dispersion relation discussed above

also holds for a wider radial range. Figure 5(a) shows the
maximum growth rate ImðΩÞ as a function of Kr and r in
model II without attenuation for the case c1v2. Similarly,
two separate unstable branches span over the whole radial
region where there are ELN angular crossings. The
maximum growth rate sits on the unstable branch with
smaller (more negative) Kr for all radii, with the corre-
sponding Kr value increases from Kr ≃ −1.5 × 105 km−1

at r ¼ 38 km to Kr ≃ 0 km−1 at the outer boundary as the
neutrino flux decreases. The other branch is located in the
range of 0≲ Kr ≲ 2 × 104 km−1. For the case with param-
eters of c1v1 and with a1 ¼ 10−3 shown in Fig. 5(b), one
sees that the shapes of the unstable branches remain largely
similar to those shown in Fig. 5(a), when both the Kr range

FIG. 4. Growth rates ImðΩÞ as functions of Kr at r ¼ 41.6 km in models II (a)–(c) and V (d)–(f). The values of ImðΩÞmax for the cases
with a1 ¼ 10−2 and a1 ¼ 10−3 in (a) and (d) are multiplied by 102 and 103, respectively, to show the scalability of the dispersion relation
discussed in the text.

3These extended nonzero growth rates may also originate from
the spurious mode associated with insufficient number of grids.
However, here we do not further clarify its exact origin because
the flavor conversion at this radius is dominated by the FFI.

FAST NEUTRINO FLAVOR CONVERSIONS IN A SUPERNOVA: … PHYS. REV. D 109, 123008 (2024)

123008-9



and the color scheme of ImðΩÞ are also rescaled by the
same factor a1. For the case c1v2 with a larger δm2 and with
the attenuation parameter a1 ¼ 10−3, Fig. 5(c) shows that
the shape of the dispersion relation for the whole radial
range is affected by the vacuum term. The values of ImðΩÞ
in the lower branch are enhanced, while those in the upper
one are suppressed, consistent with the result discussed
earlier at r ≈ 41.6 km. Considering that this change is
related to the attenuation of Hνν and does not appear in the
original dispersion relation without attenuation, we mainly
adopt δm2 ¼ 8 × 10−5 eV2 in our simulation models to
avoid this artifact.
Figures 5(d)–5(f) compare the radial profiles of

dispersion relation in model V for the case without
attenuation to the attenuated cases with c1v1 and c1v2.
For all cases, two unstable branches only appear at
r ≃ 37 km where a very shallow angular crossing exists.
Those two branches merge into one at larger radii. In the
original case without attenuation in Fig. 5(d), the value of
Kr corresponding to the maximum growth rate increases
from Kr ≃ −2.5 × 105 km−1 at r ¼ 37 km to close to zero
at the outer boundary. The other two cases in Figs. 5(e)
and 5(f) also follow this trend with a factor of 103 smaller in
terms of Kr and the growth rate, showing again very good
scalability as discussed earlier.
Quantitatively, we compare in Figs. 6(a) and 6(b) the

maximum growth rates in models II and V for cases with
different attenuation factors, as well as with different
collision and vacuum terms. Once again, the values of
ImðΩÞmax for the attenuated cases with a1 ¼ 10−2 and
a1 ¼ 10−3 are multiplied by 102 and 103, respectively.

For model II, Fig. 6(a) clearly shows that a good scalability
can be reached without attenuation or when the attenuated
cases take the smaller δm2 (case c1v1). When the larger
δm2 (case c1v2) is adopted for the attenuated case with
a1 ¼ 10−3, it artificially enhances the maximum growth
rates for the whole region with FFI. For model V shown in
Fig. 6(b), because the angular crossing is deeper and the
maximum growth rate is generally larger than in model II,
the impact due to the vacuum term is relatively smaller.
Even for the case with the larger δm2 (c1v2) and a1 ¼ 10−3,
the rescaled maximum growth rates closely follow
the original ones, with deviations only up to ≲20% at
r≳ 60 km.
Also shown in Fig. 6 are the maximum growth rates

estimated by two previously proposed analytical formulasffiffiffi
2

p
GF

ffiffiffiffiffiffiffiffiffiffiffiffijI−Iþj
p

and
ffiffiffi
2

p
GFð2jI−IþjÞ=ðjI−j þ jIþjÞ, which

are proportional to the geometric and harmonic averages of
jI−j and jIþj, respectively [11,135]. These estimated rates
qualitatively agree with each other, as well as with the
values computed by the LSA.
With all the discussions above, we conclude that the

overall behavior of the dispersion relation in the region
where the ELN angular crossings exist is predominantly
determined by the FFI. The attenuated schemes can retrieve
those structures of unstable modes to a good approximation
by taking appropriate values of δm2 for specific cases.

B. Other type of flavor instability

For regions without angular crossings, it is curious to see
whether other types of flavor instabilities such as the CFI or

FIG. 5. Growth rates ImðΩÞ ðkm−1Þ as functions of Kr and r in models II (a)–(c) and V (d)–(f). The cyan dashed curve marks Kr with
maximum growth rates.
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the slow type may exist. In model IV where the angular
crossing extends to more inner radius, the FFI essentially
dominates all radii of concern. While for other models, we
find that CFI exists around the neutrinosphere in model V
with the strongest Ye attenuation leading to the dominance
of ν̄e ’s over νe’s, but it is suppressed in the νe-dominated
models I–III. For models VI and VII with FFI only
appearing in a limited range inside the neutrinosphere,
their ELN angular profiles outside the neutrinosphere are
similar to model I and thus are not discussed in detail
below. We do not find any slow instabilities that are strong
enough to be distinguished from spurious modes in any of
the models.
As two representative instances, we show the maximum

growth rates calculated from the LSA for models II and V in
Figs. 7(a) and 7(b) for r < 40 km by the dotted lines.
Although in radii without angular crossings (nonshaded
region), nonzero small growth rates are found for cases
c0v2 and c1v0 in both models II and V, some of them turn
out to be spurious modes that contain noncollective
features. When applying a practical selection rule detailed
in Appendix C to preclude the spurious modes, none of
those in model II survive [see the solid lines in Fig. 7(a)]. In
model V, the unstable mode due to the nonzero vacuum

term is also spurious, whereas the mode due to CFI persists
[solid red line in Fig. 7(b)]. When the Hνν attenuation with
a1 ¼ 10−3 is applied, the growth rates due to CFI are nearly
the same as the original case without attenuation in regions
without ELN crossings [dashed red line in Fig. 7(b)].
Notice that this CFI mode also appears visibly around
r ≃ 30 km over a wide range of Kr in Figs. 5(e) and 5(f).
Some further comments regarding the spurious modes

and the CFI are in order. First, the spurious modes, in
principle, should also exist in simulations since the LSA
results presented here are based on the same number of
energy and angular grids as in simulations. However, we
find that these noncollective spurious modes do not grow in
the linear regime but are suppressed by the angular
derivative in the advection term ð1 − v2rÞr−1∂vr . Thus, their
presence does not affect the numerical outcome discussed
in the next section.
Second, in contrast to our previous work [72] where

CFIs were found to be present in snapshots that are similar
to the unattenuated model I here, the CFI now only exists in
model V in which ν̄e’s dominate over νe’s due to the
significant Ye attenuation. We find that the main distinction
is related to the newly added NES process in this work.
Without the NES process, the heavy-lepton neutrinos are
thermalized less efficiently and have higher mean energy
than the electron flavor neutrinos (see the comparison
shown in Fig. 22 in Appendix B). Given that all flavors of
neutrinos are still approximately isotropic at this radius, the
distinct behaviors can be understood by examining the
quantity

γcoll ¼
R
dEdvr½Ceμðϱee − ϱμμÞ − C̄eμðϱ̄ee − ϱ̄μμÞ�R

dEdvrðϱee − ϱμμ − ϱ̄ee þ ϱ̄μμÞ
; ð18Þ

which is the imaginary part of the simple formula, Eq. (13)
obtained in Ref. [74]. The denominator, the total ELN, is

FIG. 7. Maximum growth rates ImðΩÞmax as functions of radius
r for in models II (a) and V (b). The gray shaded areas indicate the
radial regions where ELN angular crossings exist in the initial
ELN distribution without oscillations. Blue and red curves
represent results with parameters in the cases c0v2 and c1v0,
respectively. Dotted and solid curves represent the cases using
aνν ¼ 1 without and with excluding the spurious noncollective
modes, respectively. The dashed curve in (b) is with a1 ¼ 10−3

and with all the spurious modes excluded.

FIG. 6. Maximum growth rates ImðΩÞmax as functions of radius
r in models II (a) and V (b). For the cases with a1 ¼ 10−2 and
a1 ¼ 10−3, the values of ImðΩÞmax are multiplied by 102 and 103,
respectively, for easier comparison. Black and orange dotted
curves are obtained using the simple analytical formulas in
Refs. [11,135], respectively.
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positive in models I and II, as well as in all cases of
Ref. [72], but is negative in model V. For the numerator, it is
mainly dominated by the first term Ceμðϱee − ϱμμÞ due to
the larger EA rate associated with νe. In Ref. [72], the
heavy-lepton neutrinos dominate over νe’s at higher energy
in the region where the CFI can develop. Weighted by the
collisional rate Ceμ, which is, in general, proportional to E2,
the high-energy part of the neutrinos contributes predomi-
nantly to the total integral of the numerator and leads to a
negative γcoll. With a positive denominator, the associated
CFI corresponds to the minus type defined in Ref. [74],
whose growth rate can be well approximated as jγcollj and
as large as a few km−1, mainly determined by the collisional
rates of the corresponding high-energy part. On the other
hand, in models I and II considered here, the NES process
thermalizes the spectra of heavy-lepton neutrinos so that
the mean energy of νμ is close to νe. As a result, γcoll is
positive, which implies that the corresponding CFI would
be the plus type of Ref. [74] if it exists. However, unlike the
minus-type solution, the CFI may not be assured for the
plus type. The actual growth rate can be less than γcoll or
even completely vanish, depending on the neutrino spectral
properties and the total ELN (see, e.g., Fig. 2 in Ref. [74]).
In model V, ν̄e’s dominate over νe’s with a negative total
ELN. With the numerator being positive as in models I and
II, γcoll is negative. As a result, the CFI is of the minus type,
for which jγcollj is a good approximation to indicate the
corresponding growth rate.
The above discussion suggests the following intriguing

fact. Although the EA processes in Table I only involve the
electron flavor neutrinos from the classical viewpoint, it can
damp the coherent state between νe and νμ in νQKE so that
the CFI does depend on the properties of heavy-lepton
neutrinos. We also note that, although CFI is suppressed in
our models dominated by νe’s, it does not imply that CFI is
generally not present in all νe-dominated conditions.
Multidimensional CCSN simulations with convection
may potentially result in conditions favoring the minus-
type CFI when the dynamical evolving heavy-lepton neu-
trinos are less efficiently thermalized by the NES process.

C. Spectrogram

In this subsection, we perform the analysis based on the
simulation results using the spectrogram defined in Sec. III
C when flavor conversions reach the nonlinear regime and
compare the structures to the dispersion relation obtained
by the LSA in the previous subsections. Note that here the
model parameters are given in Table II, and the Hνν

attenuation is applied to all the models.
Before presenting the spectrogram analysis, we first

illustrate the evolution of FFC from the onset of FFI in
Fig. 8 for model II as an example. Since the maximum
growth rate of FFI, ImðΩÞmax, in this model peaks at
r ≃ 42 km, FFI grows faster to reach the nonlinear regime

around that radius first. The left side of Fig. 8 shows that
seμ, the dimensionless ratio representing the off-diagonal
flavor mixing introduced in Sec. III A, reaches the non-
linear regime over a wide range from r ≃ 40 to r ≃ 58 km
by the time of t ¼ 32 μs. The range over which the
nonlinear FFC takes place further widens to r ≃ 70 km
at t ¼ 64 μs and extends to the outer boundary at a much
later time t ¼ 160 μs.
On the right side of Fig. 8, we also show the radial shape

of the complex quantum phase ϕeμ defined in Sec. III A in
50 < r < 55 km to illustrate the coherent feature of FFC.
The phase angle ϕeμ not only oscillates rapidly in time
during FFCs, but also develops coherent spatial-dependent
oscillatory patterns. The oscillatory pattern appears to be
irregular for vr ≳ 0.8 close to the angular crossing. On the
other side, the pattern is highly correlated for a wide range
of vr due to the collective nature of FFC. The typical
oscillation length scale of the synchronized phase angle is
≲0.2 km, broadly consistent with the scale determined by
the maximally unstable Kr shown in Fig. 5(b) in the same
radial range. This simple comparison suggests that the
characteristic length scale determined by the dispersion
relation in the linear regime correlates with the coherent
length scale at late times when FFCs are in the nonlinear or
asymptotic regime [33,136], which will be further dis-
cussed below with the spectrograms. We also note that this
spatial variation can lead to a substantial contribution to the
flavor evolution equation through the advection term vr∂r
and thus participate in determining the outcome of flavor
evolution.

FIG. 8. Evolution of the dimensionless ratio of off-diagonal
mixing seμ in 30 < r < 80 km (left) and its associated phase
angle ϕeμ within a smaller radial range 50 < r < 55 km (right)
for model II.
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The spectrograms shown in Figs. 9(a)–9(c) compare the
Fourier transformed magnitudes F r;Kr

at the same three
time frames in Fig. 8 with the curve of Kr corresponding to
the maximum growth rate from LSA. At t ¼ 32 μs, the
dominant wave number Kr of the off-diagonal flavor
mixing in F r;Kr

generally aligns well with the maximally
unstable Kr values derived with LSA. Relatively small
differences of ≃20–30 km−1 that exist are mainly related to
the change of ELN distribution due to flavor conversions in

simulation, while the LSA results are based on unoscillated
neutrino profiles.We note that, near r ¼ 40 km, the range of
dominantKr widens over time to enclose the homogeneous
modeswithKr ≈ 0 km−1. The amplitude of the off-diagonal
flavor mixing between r ≈ 42 and 50 km decreases at a later
time t ¼ 160 μs, with F r;Kr

≲ 1030 cm−3. For r≳ 50 km,
similar to the case with a shallow angular crossing studied
under the periodic boundary [36], our result suggests that a
steady wavelike pattern along the radial direction can also

FIG. 9. Spectrograms with respect to Kr and r for different models at different times (a)–(l). The color bar is for the Fourier
transformed magnitude log10jF r;Kr

½cm−3�j. The cyan dashed curve shows the Kr with maximum growth rates calculated from LSA.
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survive in a more realistic setting without adopting the
periodic boundary condition.
The radial-dependent coherent pattern of the flavor

mixing remains qualitatively similar when different attenu-
ation factors are used. Figures 9(d)–9(f) compare the
spectrograms for models IIa2, IIa4, and IIa10 at the same
time t ¼ 32 μs. The features of the spectrograms in all three
models again agree well with the results derived from the
LSA. The patterns also show a good scalability as dis-
cussed before. Because models with less attenuation evolve
faster, they reach the asymptotic pattern at earlier times as
shown in Figs. 9(e) and 9(f).
In model V, because the maximum growth rates are

generally larger than those in model II, flavor conversions
occur faster. Figure 9(g) shows that a significant flavor
mixing withF r;Kr

> 1031 cm−3 is attained for r ≈ 42 km at
t ¼ 1.6 μs. At t ¼ 6.4 μs shown in Fig. 9(h), the FFC in the
region from ≈36 to 60 km evolves to the nonlinear regime.
The dominant wave numbers in r≲ 40 and r≳ 50 km still
qualitatively follow the curve of maximum-growth-rate Kr
from the LSA. However, in the region between 40
and 50 km, the spectrogram covers a much wider wave
number mode, spreading from Kr ≃ −300 to 300 km−1.
This becomes even more evident at t ¼ 32 μs shown in
Fig. 9(i). Also at t ¼ 32 μs, the emergence of CFI leads to
flavor mixing between r ≈ 27 and 33 km with the unstable
modes centered on Kr ≃ 0 km−1.
We use model Vc0 to disentangle the effect due to the

interplay between the CFI and the FFI. Figure 9(j) shows
that the asymptotic spectrogram of model Vc0 at the same
time t ¼ 32 μs generally follows the trend ofKr from LSA.
The dominant Kr of the spectrogram spans from Kr ≃
−250 km−1 at r ≈ 36 km to Kr ≃ −30 km−1 at r ≈ 46 km.
Between r ≃ 40 and 60 km, the range of Kr in the
spectrogram becomes wider, consistent with similar fea-
tures shown in Figs. 9(h) and 9(i) in the same radial range.
Finally, we also show in Figs. 9(k) and 9(l) the

asymptotic spectrograms in models III and IV, respectively.
For both models, the radial shape of the dominant Kr
modes again agree qualitatively with the LSA results,
although quantitative differences do exist. In any case,
our spectrogram analysis reveals that asymmetric patterns
with respect to Kr generally exist, which suggests that the
outcome of FFCs and the flavor waves are not necessarily
homogeneous. The overall development of small-scale
structures reported here also qualitatively agrees with the
findings in local simulations adopting periodic boundary
conditions.
In addition to the off-diagonal flavor mixing, the

diagonal elements of the density matrices associated with
the neutrino number density also contain the same small-
scale structures. In Fig. 10, we show the neutrino number
densities of models III and IIIa2 between r ¼ 38 and 40 km
for illustration. Clearly, oscillatory patterns exist, in gen-
eral, for all three different neutrino species. In model III, its

typical oscillatory wavelength is ≃0.07 km, corresponding
to a Kr ≃ 90 km−1, which is consistent with the dominant
mode of spectrogram in Fig. 9(k). With less attenuation in
model IIIa2, the oscillatory length scale becomes corre-
spondingly smaller. The presence of small-scale structures
may lead to implications associated with the refractive
energy and the potential self-thermalization of the neutrino
gas [137,138].

V. EVOLUTION OF FAST FLAVOR
CONVERSIONS

In this section, we will present more details regarding the
evolution of the FFC and its impact on key properties of
neutrinos. Figures 11 and 12 show the neutrino number
density and mean energy of different species for models
II–VII at different times. For the number densities, because
the initial values of νμ and ν̄μ are rather close to each other,
and given that the fast pairwise flavor conversion produces
equal amount of νμ and ν̄μ, only the νμ ones are shown in
Fig. 11. For the average energies, all fours species are
shown explicitly in Fig. 12. Also noted is that the values
shown in these two figures are coarse-grained ones,
computed by averaging over a size of 0.6 km from the
original simulation outputs, for the purpose of capturing the
global trend. Below, we will first compare the similarities
and differences between those models. Different adopted
schemes such as the number of neutrino flavors, the amount
of attenuation onHνν, and the size of the vacuum term will
then be discussed.

A. Model II

We start with model II in which the angular crossing is
the shallowest. Prior to the occurrence of the FFC, the
number densities of all neutrino species decrease smoothly
with radius, following a hierarchy of nνe ≳ nν̄e > nνμ in the
radial range shown in Fig. 11(a). Because of the FFI
discussed earlier, the FFC takes place and leads to the
pairwise conversion from νe and ν̄e to muon flavor

FIG. 10. Radial profiles of neutrino number densities between
r ¼ 38 and 40 km at t ¼ 64 μs in models III and IIIa2.
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neutrinos. At t ¼ 32 μs, the region between r ≈ 40 and
r ≈ 57 km is influenced by FFC. The impact of FFC extends
to r ≈ 70 km at t ¼ 64 μs and eventually reaches the outer
boundary at a later time. Notice that there are “spiky”
features just behind the outermost range affected by FFC,

e.g., at r ≈ 56 km at t ¼ 32 μs and r ≈ 68 km at t ¼ 64 μs.
Those are consistent with what is reported in local simu-
lations adopting periodic boundaries where a larger amount
of flavor conversions can exist as a transient phenomenon
before the system settles down to the asymptotic state.

FIG. 11. Radial profiles of neutrino number densities for νe, ν̄e, and νμ in models II–VII (a)–(f).
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In model II, nνe and nν̄e in the region affected by
FFC are reduced by ≃10%–20%, while nνμ increases by
≃50%–70%. Once the asymptotic state in a certain radial
range is reached, the number densities do not vary much
anymore, illustrated by comparing the curves at t ¼ 64 and
t ¼ 320 μs in 40≲ r≲ 68 km. Clearly, flavor equilibration
is not achieved in model II. This is because the FFC here is
restricted within a limited angular range (see, e.g., Fig. 8
and later in Fig. 14).
For the mean energies of νμ and ν̄μ, different from the

similar evolution of nνμ and nν̄μ , they can be affected very
differently by FFCs. Figure 12(a) shows that hEνμi is
reduced substantially to ≈16–17 MeV for r > 40 km,
while hEν̄μi remains around 18–20 MeV. For νe and ν̄e,
their mean energies increase by less than 1 MeV.

B. Models III and IV

For models III and IV, which possess deeper angular
crossings in terms of vr, the ELN crossings also appear at
radii deeper inside the neutrinospheres (see Fig. 2). We
show in Figs. 11(b) and 11(c) the evolution of the neutrino
number densities. At t ¼ 32 μs, FFCs take place between
r ≈ 32 and r ≈ 76 km in model III and from r ≈ 28 km
until the outer boundary in model IV. The deeper angular
crossings in both models lead to an increased amount of the
converted neutrinos from the electron to the muon flavor
than that in model II. Particularly, the nearly equal number
densities in 50≲ r≲ 70 km of all different flavors indicate
that flavor equilibration is approximately achieved in that
radial range in both models. The zigzag pattern around
r ¼ 70–72 km in model III is associated with the transient

phenomenon from the linear to nonlinear regime afore-
mentioned in model II.
Different frommodel II, the existence of the ELN angular

crossings at deeper radii inside the neutrino spheres of νe
enables an intriguing feedback effect between the FFC and
the collisional EA processes after the initial phase of FFC in
both models. In model III, the number densities of νe and ν̄e
around r ≃ 45 km at t ¼ 64 μs increase by a similar amount
from those at t ¼ 32 μs as shown in Fig. 11(b). This is
because the EA collisions around the neutrinospheres of
both νe and ν̄e act to restore their number densities to the
stationary values prior to the occurrence of FFC. The
increase of nνe and nν̄e continues and also affects regions
outside the neutrinosphere. For instance, at t ¼ 160 μs, nνe
and nν̄e become closer to their initial values for r≳ 40 km.
Similar behaviors also appear in model IV shown in
Fig. 11(c). Near flavor equilibration is achieved at t ¼ 32 μs
initially, followed by the increase of nνe and nν̄e locally in
40≲ r≲ 66 km at t ¼ 128 μs and later at t ¼ 320 μs the
restoration of nνe and nν̄e back to the initial values for
r≳ 40 km. The restoration is stronger than in model III,
particularly for nνe, which almost overlaps with the unoscil-
lated level. We note that, because this feedback involves
mostly the collisional processes and advection, the asso-
ciated timescale of the number density increase is not related
to the conversion rate of FFC. For instance, in model IV,
the range affected by this feedback effect extends from
r ≃ 40 km at t ¼ 32 μs to r ≈ 66 km at t ¼ 128 μs, con-
sistent with the corresponding neutrino propagation time,
which is a few tens of km=c.
In addition to the restoration of νe and ν̄e number

densities discussed above, the feedback effect contains

FIG. 12. Radial profiles of neutrino mean energies for νe, ν̄e, νμ, and ν̄μ in models II–VII (a)–(f).

ZEWEI XIONG et al. PHYS. REV. D 109, 123008 (2024)

123008-16



an interesting twist in reshaping the ELN angular distri-
bution, which then leads to different local ELN angular
distributions compared to those after the prompt flavor
conversions. One major difference is related to the con-
servation of the neutrino lepton number. In the prompt
FFCs, in addition to the elimination of the ELN angular
crossings, the neutrino and antineutrino lepton numbers, as
well as the total ELN are locally conserved to a good
approximation. However, all these three numbers are no
longer conserved quantities on a longer timescale when
the collision and neutrino diffusion play a role. Although
the FFC still works to erase the ELN angular crossings, the
collisional weak processes such as EA can change those
lepton numbers as well as the total ELN. Consequently, the
angular distributions of the ELN and each neutrino species
keep evolving on timescales determined by the collision
rates, while the FFC functions to ensure that no new ELN
angular crossings appear during the evolution. The system
can then settle down to a quasisteady state determined by
the FFC, collisions, and advection all together.
To illustrate this effect, we first show inFig. 13 the neutrino

angular distributions for different times at r ≈ 36 km, which
is inside the νe-sphere in bothmodels III and IV. Inmodel III,
the initial ELN distribution transitions from positive to
negative at vr;c ≈ 0.37 [Fig. 13(a)]. With the condition
jIþj > jI−j, the prompt FFC between the electron and muon
flavors erases the ELN crossing by making it positive in the
entire range of vr, accompanied with significant flavor swap
for vr > 0 at t ¼ 3.2 μs [Fig. 13(b)]. Since this radius is
inside the neutrinosphere, the EA processes of νe and ν̄e with

matter tend to restore their angular distributions back to the
initial state prior to FFC. Because of the higher opacity for
νe’s than ν̄e’s, the angular distribution of νe ’s increases faster,
which leads to a more positive ELN distribution at t ¼ 16 μs
[Fig. 13(a)]. On a longer timescale, the restoration of νe’s
slows down as its angular distribution becomes closer to the
initial state. Because of the restoration of ν̄e ’s, the ELN
distribution starts to decrease, which potentially leads to a
new angular crossing. However, the FFC can smear any
newly formed angular crossing and keep the ELN angular
distribution positive during this process. Finally, the neutrino
distributions settle into a quasisteady state at t ≈ 64 μs where
the ELN angular distribution is nearly flat for vr ≳ 0.5
[Fig. 13(a)]. Meanwhile, the νe and ν̄e distributions are
restored to values closer to their initial states for vr ≲ 0.5
[Fig. 13(b)].
For model IV, the neutrino distribution is dominated by

ν̄e’s with jIþj < jI−j at the same radius r ≃ 36 km with an
initial crossing at vr ≃ −0.2. Thus, flavor equilibration
takes place mainly for negative vr at t¼ 3.2 μs [Fig. 13(c)],
and the ELN angular distribution becomes essentially
negative for all vr’s. However, the faster EA rates for νe’s
increase the ELN distribution and turn it into positive values
at t ¼ 16 μs [Fig. 13(c)]. Later, the effect of slower ν̄e rates
takes effect and lowers the values of ELN distribution for a
major vr range. At t ¼ 64 μs, the distributions also settle
into an approximately steady state, with nearly flat ELN
distribution around zero for vr ≳ 0 [Fig. 13(c)], aswell as the
hϱνeiE ≃ hϱν̄eiE and hϱνμiE ≃ hϱν̄μiE [Fig. 13(d)].

FIG. 13. Evolution of the angular distributions of the ELN, GðvrÞ (upper row) and that of each neutrino species at r ≈ 36 km (lower
row) in models III (a),(b) and IV (c),(d).
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The collisional feedback effect inside the neutrino-
sphere also affects the flavor evolution in the outer part.
Figures 14(c)–14(f) show that, in both models III and IV,
the prompt FFC at r ¼ 50 km and t ¼ 32 μs turns the ELN
distribution to the same sign, with significant amount of νe ’s
and ν̄e’s being converted. However, as neutrinos continu-
ously stream out, what are observed at r ¼ 50 km at later
times reflect the state of neutrinos escaping from inside the
neutrinosphere at earlier times. At t ¼ 160 μs, the angular
distributions are restored back to ≃80%–90% of the initial
values for νe’s and ν̄e’s in vr ≳ 0.8 in model III or even
beyond that for νe’s in vr ≳ 0.9 in model IV. The asymptotic
ELN distributions are almost zero for vr ≳ 0.7 in both
models, showing very different shapes from the prompt
FFC. This feedback is also confirmed in [139] by using
analytical prescriptions for the flavor evolution.
For comparison, we also show in Figs. 14(a) and 14(b)

the corresponding distributions in model II. From t ¼ 32 to
t ¼ 160 μs, the angular distributions of νe ’s and ν̄e’s are
only slightly changed. This is because, in model II, the
FFCs only start at r ≈ 40 km located just outside the νe-
sphere. No significant amount of νe ’s and ν̄e’s are produced
additionally from within the neutrinosphere.
In spite of the intriguing feedback effect on the neutrino

distributions discussed above, the main impact of FFC on
the radial profiles of the neutrino mean energies in models
III and IVare relatively similar to that in model II, as shown
in Figs. 12(b) and 12(c). FFC slightly enhances hEνei and
hEνei by≲1 MeV in all radii, while it largely reduces hEνμi
by ≃2 MeV in regions for r≳ 35 km. One visible differ-
ence from model II here is that, for r≲ 35 km, both hEνμi

and hEν̄μi are reduced due to the backward propagating
neutrinos from outer radii.

C. Model V

Model V is special because of the coexistence of CFI and
FFI. Before discussing the combined effect originating
from both flavor instabilities, we first discuss the results in
the corresponding model Vc0 where the CFI is switched
off. Figure 15 shows the radial profiles of the neutrino
number densities and their mean energies in model Vc0.
The impact of FFCs here is qualitatively similar to those
discussed earlier. At t ¼ 32 μs, the prompt FFC affects the
radial range from r ≈ 35 km to the outer boundary and
leads to approximate flavor equilibration in 40≲ r≲ 54 km
where the deepness ratio of the initial ELN, rewritten as
jIþ=I−j, is larger (see Fig. 3). As neutrinos continue
propagating outward, their flavor content is replaced by
the emission and oscillation properties close to the neu-
trinosphere. Together with the feedback mechanism related
to the EA processes, the number densities of νe and ν̄e are
also enhanced for r≳ 40 km at t ¼ 320 μs as in models III
and IV. For r≳ 50 km, the mean energies of νμ and ν̄μ
become much closer to those of νe and ν̄e, respectively.
Because the angular crossings for radii inside the νe
neutrinosphere in model Vc0 is located at negative vr,
the FFC affects more the backward propagating νμ’s in that
region, which leads to a minor enhancement of nνμ near
r ¼ 32 km as well as moderate reductions of the mean
energies for heavy-lepton neutrinos there.

FIG. 14. Evolution of the angular distributions of theELN,GðvrÞ (upper row), and that of each neutrino species at r ≈ 50 km (lower row)
in models II (a),(b), III (c),(d), and IV (e),(f). Note that hϱνiE are shown in −0.2 ≤ vr ≤ 1 because most of neutrinos propagate outward.
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For model V where the collisional flavor conversions are
also present, Fig. 11(d) shows that, in addition to the same
FFCs in r≳ 35 km, the CFI also leads to flavor trans-
formations and thus the enhanced nνμ in r ≃ 28–35 km
inside the neutrinosphere. As a result, nνμ becomes almost
the same as nνe already at t ¼ 32 μs and remains until
t ¼ 320 μs. For the mean energies, once again, the muon
flavor neutrinos become closer to those of electron flavor as
shown in Fig. 12(f).
We notice that, in both models Vand Vc0 at t ¼ 320 μs,

the neutrino number densities in regions for r≳ 50 km
become nνe ≃ nν̄e , different from the initial hierarchy of
nνe < nν̄e . Because the flavor content is still dominated by
ν̄e’s after the prompt conversions, this effect cannot be
attributed to the pairwise FFC. It suggests that the colli-
sional feedback effect inside the neutrinosphere leads to a
larger net change of flavor content in ν̄e’s than νe’s.

D. Models VI and VII

For models VI and VII, the initial ELN angular crossings
only reside in a limited radial range at 29≲ r≲ 33 km and
27≲ r≲ 29 km (see Fig. 2), respectively. Figures 11(e)
and 11(f) show that the FFC affects mostly the number

density of heavy-lepton flavors outside the regions where
the crossings exist initially. For νe and ν̄e, their number
densities remain nearly unchanged for all radii due to the
following reasons. First of all, since these crossings are
inside the neutrinospheres, the neutrino-matter interaction
outside the FFI region plays an important role in resetting
the properties of νe and ν̄e. Second, as the neutrino angular
distributions are more isotropic inside the neutrinosphere,
neutrinos not affected by FFCs can also diffuse back into
the region of FFC to mitigate the impact of flavor
conversions. Moreover, even inside the region of FFC,
the dynamical feedback from the collisions mentioned
above in models III and IV also acts to restore the
distributions of νe and ν̄e back to the level close to those
before oscillations. For the heavy-lepton neutrinos, their
spectra at inner radii become closer to those of νe and ν̄e
when the system reaches the quasisteady state, which limits
further flavor conversions. Since the FFI region in model
VI is closer to the neutrinosphere than in model VII, the
overall impact of flavor conversions is larger in model VI.
Similar behaviors are found in terms of neutrino mean

energies as well. In both models, the mean energy for
heavy-lepton neutrinos are reduced significantly, while the
mean energies of νe and ν̄e only increase very little. The
impact in model VI is larger than in model VII.

E. Two flavors vs three flavors

To illustrate the effects of adopting schemes with differ-
ent numbers of neutrino flavors in the simulations, we
choose models II and IV as the representative examples for
cases without and with the dynamical collisional feedback.
The results from models II and IV are compared with
models IIf3 and IVf3 in Fig. 16. For models II and IIf3,
the radial profile of the number density ratios nνðt ¼
320 μsÞ=nνðt ¼ 0Þ for all flavors, including ντ and ν̄e in
the three-flavor scenario, are shown in Fig. 16(a). Note that
we use different scales for the electron flavors (left axis)
and the heavy-lepton flavors (right axis) for better read-
ability. For models IV and IVf3, the number density ratios
at t ¼ 32 and 320 μs are shown in Figs. 16(b) and 16(c),
respectively, to illustrate the impact after the prompt FFC
and that at the asymptotic state after the collisional feed-
back takes place.
These plots show that, with three flavors, the enhance-

ment of νμ and ν̄μ number densities is reduced, due to the
additional flavor conversion channel from electron to tauon
flavors. The enhancement in model IIf3 is ≃50% of that in
model II. For models IVf3 and IV, the enhancement of
heavy-lepton flavor number densities in model IVf3 is
reduced by less than 50%, particularly at t ¼ 320 μs. This
implies that the flavor conversions result in a larger amount
of the total heavy-lepton flavor number density in model
IVf3 than in model IV.
For νe and ν̄e, their number densities are generally

more reduced by flavor conversions, while the amount

FIG. 15. Radial profiles of neutrino number densities (a) and
mean energies (b) in model Vc0.
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of reduction in models IIf3 and IVf3 from the correspond-
ing two-flavor cases differs. In model IIf3, the reduction is
relatively minor and only appears at r≳ 50 km. In model
IVf3, the reduction at t ¼ 32 μs is much more significant
than in model IIf3, reflecting the shift of νe and ν̄e survival
probability from ≃1=2 to ≃1=3 when reaching flavor
equilibration (see, e.g., [33]). At t ¼ 320 μs, although
the νe and ν̄e number densities are restored back to values
closer to those prior to FFCs due to the collisional feedback
effect, the three-flavor case still shows more reduction than
the two-flavor case. Overall, including the tauon flavor
allows more flavor conversion of νe’s and ν̄e’s, which is
consistent with the observed increase of the total heavy-
lepton flavor content.

F. Attenuation on the neutrino
self-induced term

We discussed in Sec. IV the impact ofHνν attenuation on
the dispersion relation and the small-scale structure. In this
subsection, we examine its impact on the flavor evolution
in macroscopic scale. Figures 17(a)–17(c) show the neu-
trino number density ratios in models II–IV at t ¼ 64 μs
with different attenuation factors a1. At this time, only
the case in model II with a1 ¼ 10−3 shows substantial
differences in the number density ratios at r≳ 70 km. The

reason is that the evolution in model II is mainly deter-
mined by the prompt FFCs. Thus, cases with more
attenuation (smaller a1) evolve slower than those with less
attenuation. Another slight difference is that the starting
radius of FFCs with less attenuation is slightly shifted
leftward from r ≈ 39 to ≈38 km.
For models III and IV, the number density ratios in

Figs. 17(b) and 17(c) exhibit a transition at r ≃ 50 km,
within which the impact of collisional feedback appears.
Since the timescale of the collisional feedback effect does
not depend on the attenuation factor, provided that the FFC
timescale remains short enough, the results shown in these
two panels are therefore hardly affected by the choice of
different attenuation factors.

G. Vacuum term

We also discussed in Sec. IV that the general trend of the
full dispersion relation is almost independent of the vacuum
term when no Hνν attenuation is applied. When taking
a1 ¼ 10−3, the dispersion relation in model II, which has
the smallest instability growth rate, can be affected by the
adopted value of δm2, while the other models such as IV
and V remain nearly unaffected. Here, we examine whether
the simulation results at late times are affected by the
strength of the vacuum term by comparing model IV to

FIG. 16. Comparison of the radial profiles of neutrino number density ratios nνðtÞ=nνðt ¼ 0Þ between two-flavor (dashed) and three-
flavor (solid) schemes for model II at 320 μs (a), model IVat 32 μs (b), and at 320 μs (c). Note that the scales for heavy-lepton neutrinos
are labeled on the right axes.

FIG. 17. Comparison of the radial profiles of neutrino number density ratios nνðtÞ=nνðt ¼ 0Þ (blue) in models II (a), III (b),
and IV (c) at 64 μs with different attenuation factors a1 ¼ 10−3 (blue), 2 × 10−3 (green), 4 × 10−3 (red), and 1 × 10−2 (black in
model II). Note that the scales for the ratio of νμ are labeled on the right axes.
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model IVv2 at t ¼ 64 μs in Fig. 18. We find that taking a
different δm2 indeed only results in negligible effects,
which is consistent with the findings reported in
Refs. [67,129,140]. For both the radial regions affected
by the prompt flavor conversion and that affected by the
collision feedback, a larger δm2 only leads to insignificant
deviations.

VI. EFFECTS AND OBSERVABLES

After discussing the evolution of FFCs, we examine
in this section their implications and feedback to key
quantities relevant to CCSN physics, including the net
neutrino heating rates and the equilibrium electron fraction.
In addition, the impact of FFCs on the free-streaming
neutrino energy spectra, which are important inputs for the
expected supernova neutrino signals, will be discussed.

A. Heating-cooling rates

The specific net heating rate dominated by the EA
process of νe and ν̄e, processes (1a)–(1c) in Table I, is
given by

q̇ ¼ 1

ρ

Z
dEdvrE½χe;EAϱee − je;EAðϱee;FO − ϱeeÞ

þ χ̄e;EAϱ̄ee − j̄e;EAðϱ̄ee;FO − ϱ̄eeÞ�: ð19Þ

We show the above net heating rate in models II–V for
cases with and without FFCs in Fig. 19. Notice that the
rates before FFCs (black curve) are practically indistin-
guishable on the plot for all models despite different
attenuation strengths adopted to Ye profiles. This is because
the reduction of νe’s and enhancement of ν̄e ’s are com-
plementary to each other. Without FFCs, the regions with
net cooling (q̇ < 0) and heating (q̇ > 0) are separated by
the gain radius at r ≈ 63 km. In the cooling region, the
maximum net cooling rate is as low as q̇ ≈ −8.4 ×
1021 erg g−1 s−1 at r ≃ 46 km.
With FFCs, other solid curves in Fig. 19(a) show the

radial profiles of q̇ at t ¼ 32 μs for models II–V. Since the
pairwise FFCs from electron to heavy-lepton flavors lead
to the reduction of heating rates in these models, q̇ are
reduced in the entire domain. As a result, the gain radius
shifts to larger radii around r ≃ 69 km, consistent with that
found in [50,52]. At this time, q̇ in models with more Ye
attenuation that exhibit more flavor conversions of νe to νμ
shown in Fig. 11 are more negative, with model V
showing the most negative q̇ ≃ −1.3 × 1022 erg g−1 s−1.
It should also be highlighted that, because the prompt

flavor conversion takes place in different timescales among
models and at different radii, the heating rate can be
reduced more at an earlier time. For example, the cyan
dashed curve in Fig. 19(a) demonstrates that the net cooling
from r≃28 to ≃46 km is drastically enhanced at t ¼ 3.2 μs
in model IV. The reduction of q̇ at this time is particularly
severe around r ≃ 30 and ≃44 km, where the initial ELN
deepness ratios are ≈1 (Fig. 3), allowing nearly complete
flavor equilibration or even overconversion after the prompt
FFC. In contrast, for models in which the feedback between
FFCs and collisional weak processes leads to additional
production of νe ’s and ν̄e’s inside neutrinospheres, the
reduction of q̇ can be alleviated at later times. This can lead

FIG. 18. Comparison of the radial profiles of neutrino number
density ratios nνðtÞ=nνðt ¼ 0Þ between models IV and IVv2 at
64 μs. The scale for the ratio of νμ is labeled on the right axis.

FIG. 19. Comparison of the specific heating-cooling rate after the prompt FFCs at t ¼ 32 μs (a) and in the asymptotic state at
t ¼ 160 μs (b) for models II (blue), III (green), IV (cyan), and V (red). The original heating rates without flavor conversions are shown
by the black curves and are indistinguishable for all models. The cyan dashed curve in (a) is for model IV at t ¼ 3.2 μs. The magenta
curve in (c) is for model Vc0 at t ¼ 32 μs, compared to model V (red).
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to the change of ordering in terms of q̇ reduction from what
was discussed above at t ¼ 32 μs. Figure 19(b) shows that
the reductions of q̇ in models III and IVare less than that in
model II around r ≃ 46 km at t ¼ 160 μs when the systems
approach toward asymptotic states. For model V, although
it remains the model affected by FFCs the most, the impact
also becomes slightly smaller at this time. As for models VI
and VII, because the impact of FFC on νe’s and ν̄e’s flavor
content is small, q̇ in these two models are only affected
insignificantly and are thus not shown in Fig. 19.
In addition to the FFCs, the CFI that is present in model

Valso contributes to the reduction of q̇. Figure 19(c) shows
that an additional q̇ reduction appears at r ≃ 32 km and
t ¼ 32 μs in model V, which is otherwise not present in the
corresponding model without the CFI (model Vc0). The
impact of this component also largely diminishes at later
times as shown in Fig. 19(b).
We would like to caution that the impact of FFC on the

net heating rate discussed here is under the assumption that
background matter profiles are static. In realistic situations,
even if the prompt flavor conversions can be reset by the
collisional weak processes, its imprint on the matter
background may introduce further feedback to neutrinos
and lead to an outcome that sits in between the state after
the prompt conversions and the asymptotic one shown
above. This additional feedback effect may also depend on
involved hydrodynamic timescales and will need to be
evaluated in future work.

B. Equilibrium electron fraction

Another pertinent implication of FFC on supernova
physics is related to the nucleosynthesis of elements.
Although our background matter profile is taken from a
supernova model that does not explode, we expect that the
analyses of the impact of FFC on the chemical composition
in our models can still shed light on what may happen in
successfully exploded supernovae with different progenitor
masses as well as the neutrino-driven wind at a later epoch.

For this purpose, we examine the effect of FFC on the
equilibrium Ye, which is a key quantity relevant to super-
nova nucleosynthesis. For T ≲ 1 MeV, the equilibrium Ye
is dominated by the neutrino absorption reactions and can
be approximated by

Yν;eq
e ¼

�
1þLν̄e

Lνe

hEν̄ei−2Δnpþ1.2Δ2
np=hEν̄ei

hEν̄eiþ2Δnpþ1.2Δ2
np=hEνei

�−1
; ð20Þ

where Δnp ¼ mn −mp is the neutron-to-proton mass
difference [141]. Notice that, although all neutrinos propa-
gate radially outward at the outer boundary of our
simulation domain, there remains a fraction of neutrinos
with non-negligible transverse velocities, i.e., vr ≠ 1.
Assuming that the neutrino flux is conserved and no other
types of flavor oscillations occur outside the outer boun-
dary, the neutrino spectra beyond the simulation domain for
r > rob can then be approximated by

hϱiAðEÞ ¼
Z

1

0

dvr ϱðE; vr; robÞ

×
�rob
r

�
2 vrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ðrobr Þ2ð1 − v2rÞ
q ; ð21Þ

which can be further used to calculate the neutrino
luminosity and mean energy relevant to nucleosynthesis.
The equilibrium Yν;eq

e in models II–V are shown from
r ¼ 60 to 200 km in Fig. 20. The values asymptotically
approach constants at larger radii where neutrinos propa-
gate predominately along the radial direction. Unlike the
heating rate, which is hardly affected by the Ye attenuation
for cases without any flavor conversions, the Yν;eq

e profiles
depend on the ratio between νe’s and ν̄e’s and hence vary
from models II–IV without FFCs (transparent dashed
curves). At r ¼ 200 km, Yν;eq

e are ≈0.527, 0.511, 0.493,
and 0.476 in models II–V without FFCs, respectively,

FIG. 20. Comparison of the equilibrium electron fraction Yν;eq
e after the prompt FFCs (a) and at a later time t ¼ 160 μs (b) for models

II (blue), III (green), IV (cyan), and V (red). The dashed curves show the corresponding profiles without flavor conversions for
comparisons.
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which reflects the increasing dominance of ν̄e capture rates
that result in more neutron-rich conditions.
The impact of the prompt FFCs on Yν;eq

e is shown in
Fig. 20(a).4 Since the prompt FFCs transform an approx-
imately same amount of νe and ν̄e into the heavy-lepton
flavors, it implies that, for cases with an initial asymmetry
between νe and ν̄e, the asymmetry gets further enhanced by
FFCs. As a result, a νe-dominated condition becomes even
more dominated by νe’s, and vice versa. In addition, given
that the mean energy of νe is generally lower than those of
other species, FFC enhances hEνei relatively more than
hEν̄ei, which also leads to the increased Yν;eq

e . Combining
these two effects, Fig. 20(a) shows that Yν;eq

e at r ¼ 200 km
are increased by ≈0.013, 0.013, 0.008, and −0.001 in

models II–V, respectively. The impact is generally larger for
models whose Yν;eq

e deviate more from 0.5. Note that the
impact in model II is similar to that in model III, due to the
shallower ELN crossing in model II that only allows a
smaller amount of FFCs.
Similar to the impact on the heating rate, the impact of

flavor conversions on Yν;eq
e at the asymptotic times are

reshaped by the feedback effect from the collisional weak
processes in models III–V. As discussed in Sec. V B, the
feedback effect tends to bring the flavor content of νe back
closer to the level prior to oscillations than for ν̄e; this
increases the ratio of the νe number density over ν̄e by more
than 10% compared to the ratio before conversions, which
leads to a large change on Ye. Figure 20(b) shows that, for
model II without feedback effect, Yν;eq

e at t ¼ 160 μs is
indeed similar to that shown in Fig. 20(a). In contrast, Yν;eq

e

in models III–V are substantially increased by ≃0.02–0.04
at the asymptotic times compared to the values immediately
after the FFCs, due to the increased νe to ν̄e number density

FIG. 21. Free-streaming neutrino energy spectra at t ¼ 320 μs in models II (a), III (b), IV (c), V (d), VI (e), IIf3 (g), IIIf3 (h), and IVf3
(i). Note that the (f) shows the spectrum after the prompt FFC at t ¼ 64 μs in model IV for illustration. The dashed curves show the
corresponding spectra without flavor conversions for comparisons.

4Because the timescale for prompt FFCs at rob varies from
model to model, we show the profiles at t ¼ 96 μs for model II, at
t ¼ 64 μs for model III, and at t ¼ 32 μs for models IV and V,
respectively.
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ratios. These results suggest that with the feedback effect, a
neutron-rich condition may even be turned into a proton-
rich condition (model V). Moreover, the feedback effect
may further enhance the proton richness than the outcome
of prompt FFCs. All these may facilitate the production of
light p nuclei through the νp process [48,142].

C. Free-streaming neutrino spectra

Finally, we examine the impact of the flavor conversions
on the energy spectra of neutrinos at sufficiently large radii
outside the simulation boundary. We follow the same
extrapolation method in Sec. VI B to obtain the differential
number luminosity

dLnum

dE
ðEÞ ¼ 4π

Z
1

0

dvr ϱðE; vr; robÞr2obvr ð22Þ

at sufficiently large radii. Note that no additional flavor
conversions are included in order to focus on the impact of
FFCs on the free-streaming neutrinos.
Figures 21(a)–21(e) show the free-streaming neutrino

energy spectra at t ¼ 320 μs in models II–VI for cases with
and without flavor conversions. In addition, Fig. 21(f)
shows the spectra after the prompt FFCs at t ¼ 64 μs in
model IV. A common feature is that the degeneracy
between νμ’s and ν̄μ’s are all broken after the flavor
conversions given that νe’s and ν̄e’s have different energy
spectra prior to flavor conversions.
However, these plots also clearly show that flavor

equilibration is not a general outcome of FFCs. Only the
model V [Fig. 21(d)] as well as the earlier phase after FFCs
in models III (not shown) and IV [Fig. 21(f)] obtain
outcomes that are close to flavor equilibration. For the rest,
equilibration is not achieved due to the initial shallow ELN
angular crossings in model II, the dynamical feedback from
collisions after the FFCs inmodels III and IV, and a complete
reset from the collisional weak processes when the angular
crossing is inside neutrinospheres in model VI. For cases
that include three flavors shown in Figs. 21(g)–21(i) for
models II–IV, the results are qualitatively similar to that in
the corresponding two-flavor cases.
We also emphasize again that, for models where the

collisional feedback effect is important, it results in a net
total amount of neutrino luminosity summing all flavors
compared to the values without flavor conversions, as
discussed earlier in Sec. V B. Even though the flavor
equilibration is achieved in model V, the energy spectra
of all neutrino species lie above the average of the
unoscillated level. Based on this observation, we expect
that the FFC can lead to a significant enhancement for the
energy loss rate due to neutrino emission, which will
further affect the CCSN dynamics. This effect, however,
needs to be fully evaluated via a CCSN hydrodynamic
simulation that incorporates the FFCs.

VII. DISCUSSION AND CONCLUSIONS

We have utilized our multigroup and discrete-ordinate
collective neutrino oscillation simulation code based on
COSEν to comprehensively study the emergence, evolution,
and effects of FFCs in a spherically symmetric supernova
background obtained with AGILE-BOLTZTRAN. The colli-
sional weak processes in this study have been extended
from Ref. [72] to include neutrino-electron scatterings and
neutrino pair reactions. We adopted radial-dependent Ye
attenuation schemes that allow us to probe various scenar-
ios with the ELN angular crossings residing outside, inside,
and across the neutrinosphere, as well as conditions with
neutrino number densities dominated by νe’s or ν̄e’s, prior
to the FFCs. We have also investigated the impact of an
assumed number of neutrino flavors, the choice of the Hνν

attenuation factor, the size of the vacuum term, and the
coexistent CFI. All models examined in this work are listed
in Table II.
To analyze our simulation results, we introduced the

spectrogram method that is suitable for the inhomogeneous
neutrino gas in Sec. III C to inspect the small-scale structure
of the flavor coherence. The spectrograms are compared to
the dispersion relation obtained from the LSA in Sec. IV.
We examined in detail the evolution history in both two-
and three-flavor models as well as the impact on FFCs from
other flavor instabilities in Sec. V. Finally, we discussed the
general effects of FFCs on CCSN physics and the free-
streaming neutrino energy spectra in Sec. VI.
We confirmed several characteristics of FFCs reported in

a recent study [67]. After the FFCs take place, neutrino
profiles eventually reach an asymptotic state on the coarse-
grained level, with the angular crossings in the ELN
distributions eliminated in general. The asymptotic state
of neutrinos shows a strong dependence on the collisional
neutrino-matter interactions, particularly when the ELN
angular crossings appear inside the neutrinospheres.
On top of that, we summarize our new findings as

follows:
(1) The comparison of our LSA and spectrogram results

shows that the emergence of FFI and the early
evolution of FFCs qualitatively follow the prediction
of dispersion relation from the LSA (Fig. 9). The
unstable modes with larger growth rates develop
predominantly, which corresponds to the emergence
of small-scale structure in the off-diagonal flavor
coherence. Although the dominant modes of the
small-scale structure may be shifted to slightly
different Kr during the later evolution or even
disappear for some radial ranges, they generally
survive and stay rather close to the initially most
unstable Kr mode from LSA in models II–IV and
Vc0. In addition, we also observed that the small-
scale structure can appear in the diagonal elements,
i.e., neutrino number density, with a length scale
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consistent with that in the off-diagonal flavor coher-
ence (Fig. 10).

(2) We showed that a good scalability of the dispersion
relation exists even when the attenuation on Hνν is
employed (Figs. 4–6). Although this implies the
typical length of the small-scale structure changes
with the attenuation factors, the neutrino flavor
evolution has rather weak dependence on the chosen
attenuation factors so long as the dominantKr modes
of the dispersion relation are well resolved (Fig. 17).

(3) The evolution of the neutrino flavor content exhibits
a large variation among different models (Fig. 11).
The prompt flavor conversions immediately after the
emergence of the local FFI can lead to nearly
complete flavor equilibration for models with deep
ELN angular crossings (models III–V). Models with
shallow crossings result in incomplete flavor con-
versions, demonstrated by model II.

(4) We found that, after the prompt FFC phase in models
III–V, an interesting feedback effect due to the
neutrino-matter interaction just below the neutrino-
sphere continues to restore the νe’s and ν̄e’s and
reshapes the local ELNs as well as the angular
distribution of each neutrino species (Figs. 13
and 14). This effect can largely alter the flavor state
of neutrinos around and outside the neutrinosphere
without incurring an additional ELN angular cross-
ing, leading to an asymptotic state much different
from that obtained right after the prompt FFCs.
Although heavy-lepton flavor neutrinos do not
directly experience collisional restoration, their fla-
vor contents are also enhanced through further flavor
conversions from the restored νe’s and ν̄e’s. Detailed
explanations on this dynamical feedback were dis-
cussed in Sec. V B.

(5) When the ELN angular crossings only reside inside
the neutrinosphere but not outside (models VI and
VII), the impact of FFCs can affect the heavy-lepton
flavor neutrinos in the free-streaming regime, as they
suffer less collisional processes on diffusing outward.
However, negligible effects are observed for νe’s and
ν̄e’s owing to the large opacity that they experience
(Fig. 11). Overall, the asymptotic outcome of FFCs in
the free-streaming regime depends on how deep the
FFI region is inside the neutrinosphere.

(6) Regarding the implication of FFCs on the CCSN
dynamics, we found that, with the prompt FFCs, it
reduces the net heating rate behind the shock due to
the reduced νe and ν̄e absorption rates, resulting in
more cooling below as well as less heating above the
gain radius, consistent with [67]. However, we also
found that, for models III–V in which the collisional
feedback plays an important role after the prompt
FFCs, the restoration of νe’s and ν̄e’s at later times
reduces the impact of FFCs on the enhanced cooling
in the asymptotic state (Fig. 19).

(7) The feedback mechanism also leads to another
interesting consequence on Yν;eq

e . Right after the
prompt FFCs, because a similar amount of flavors is
converted, the asymmetry between νe and ν̄e number
densities is increased. Hence, it enhances the proton
or neutron richness depending on the initial value of
Ye. However, the collisional feedback effect restores
more νe’s than ν̄e’s due to the disparity between their
collisional rates. It systematically leads to higher
Yν;eq
e and makes material more proton rich in the

asymptotic state (Fig. 20).
(8) For the emerging neutrino energy spectra after the

FFCs relevant to the neutrino detection, we found
that flavor equilibration is not a general outcome.
Significant differences between neutrinos of electron
and heavy-lepton flavors can exist (Fig. 21). This
finding indicates that the subsequent slow flavor
instability and Mikheyev-Smirnov-Wolfenstein mat-
ter effect [143,144] can be relevant and will need to
be considered for studying the neutrino signals.

(9) Although the above conclusions are based on the
two-flavor scenario, we found that the general
features of flavor conversions remain qualitatively
similar to that with three flavors. Nevertheless,
including a third flavor can result in additional
flavor conversions into the additional sector, which
leads to less amount of νe and ν̄e. For the heavy-
lepton sectors, the enhanced amounts for muon and
tauon flavors in the three-flavor scenarios are less
than that for muon flavors in the two-flavor cases.
However, the total amount of heavy-lepton flavors in
three-flavor cases is in fact larger than that in the
two-flavor cases (Fig. 16).

(10) We showed that the dispersion relation in our
simulation domain is barely affected by the inclusion
of the vacuum term when no attenuation is applied to
Hνν. When attenuation is applied, one may prag-
matically adopt a reduced δm2 to maintain the
scalability of the dispersion relation. In this case,
the simulation results are minimally influenced by
the presence of the vacuum term (Fig. 18).

(11) We found that the occurrence and the strength of
CFI, which is intrinsically a multienergy phenome-
non due to the energy dependence of the EA
collisional rates, can depend on the energy spectra
of heavy-lepton neutrinos. When the NES processes
are included, the condition for the CFI in this work
becomes different from that in Ref. [72] and can be
understood using the formula developed in Ref. [74]
(Sec. IV B). Among all models considered in this
paper, noticeable flavor conversion due to the CFI is
only observed inside the FFC region in model V
when the initial condition is dominated by ν̄e’s.
While this affects less the properties of neutrinos
than the FFC does, it can lead to a transient

FAST NEUTRINO FLAVOR CONVERSIONS IN A SUPERNOVA: … PHYS. REV. D 109, 123008 (2024)

123008-25



enhancement of the net cooling rate in the corre-
sponding region (Fig. 19).

In summary, our comprehensive study of neutrino flavor
conversions in the postshocked region supports that it is
important to include FFCs in supernova simulations, in
order to fully understand the role of neutrinos in supernova
dynamics and nucleosynthesis, as well as to predict the
CCSN neutrino signals. Our work also highlights the need
for using energy-dependent and realistic neutrino collision
rates in relevant simulations, because the condition and
evolution of FFC and CFI can be affected by those collision
processes either directly or through feedback. Certain
assumptions that were introduced in our work such as
the spherical symmetry, the omission of the modification
on the proton and neutron abundances when attenuating Ye,
the static supernova background without feedback on Ye,
and the missing coherent forward scattering with the matter
remain to be further examined and will be studied in future.
We acknowledge the use of the following software:

MATPLOTLIB [145], NUMPY [146], and SCIPY [147].
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APPENDIX A: EQUATION OF STATE
USED IN SUPERNOVA SIMULATION

For the present supernova simulation, theDD2 relativistic
mean-field (RMF) nuclear equation of state is employ-
ed [148–150]. Its bulk properties agree quantitatively with

nuclear physics experiments in the vicinity of nuclear
saturation density (see Table 1 in Ref. [151] and references
therein) as well as with chiral perturbation calculation for
pure neutron matter [152]. Furthermore, the DD2 EOS is in
agreement with current astrophysical constraints derived
frompulsar observations [153–158] and from theGW170817
gravitational wave observation associated with a binary
neutron-star merger event [159–161]. At densities below
nuclear saturation density, the DD2 RMF EOS is coupled
with the modified nuclear statistical equilibrium approach of
Ref. [149], featuring several thousand nuclear species with
partly measured as well as theoretical nuclear masses. The
transition to uniformnuclearmatter at the saturationdensity is
modeled via the excluded volume approach in theDD2 EOS,
suppressing nuclear clusters (see Ref. [162] for a detailed
discussion about this transition in the context of supernova
simulations). At temperatures below T ≃ 0.45 MeV, which
correspond to low densities in the CCSN simulation, the
RMF EOS is matched with the ideal silicon-sulfur gas
approximation. This matches the iron-core silicon-sulfur
layer transition of the stellar progenitor [87]. Furthermore,
the nuclear EOS is coupled with electron, positron, and
photons EOS of Ref. [163] at all densities. Note that both
RMFand silicon-sulfur gas EOS treat Coulombcontributions
differently; however, the differences remain negligible for the
matching conditions here.

APPENDIX B: NEUTRINO-ELECTRON
SCATTERING

We only include the diagonal elements in CNES for
the heavy-lepton neutrinos as they are mainly thermalized
by the NES process. The general formula is given as
follows [88,89]:

4π2

E2
Cii;NESðE;vrÞ ¼ ½1−fνiðE;vrÞ�

Z
E02dE0dv0rRin

NES

× ðE;E0;vr;v0rÞfνiðE0; v0rÞ

−fνiðE;vrÞ
Z

E02dE0dv0rRout
NES

× ðE;E0;vr;v0rÞ½1−fνiðE0; v0rÞ�; ðB1Þ

where fνi is the neutrino distribution function, i ¼ μ, τ, and

Rout=in
NES ðE;E0; vr; v0rÞ are the in- and out-scattering kernels.

Unlike the IS,which only has contributions from the first two
moments in vr and v0r, the angular dependence of the NES
scattering kernel can be rather complicated and computa-
tionally challenging, depending on the kinematics of the
target electron and position as well as on the numerical
realization of the neutrino phase space. Nonetheless, it is
common for neutrino transport codes to introduce the
moment approximation. Here, we choose to retain only
the zeroth moment, ΦNES;0ðE;E0Þ, obtained by the appro-
priate integration of RNES following Refs. [100,122],
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Φout
NES;0ðE;E0Þ ¼

Z
1

−1
dωRout

NESðE;E0;ωÞ; ðB2Þ

where ω is the cosine of the angle between the incident and
outgoing neutrinos. With the zeroth moment approximation,
the scattering kernel is given as

Rout
NESðE;E0; vr; v0rÞ ¼ πΦout

NES;0ðE;E0Þ; ðB3Þ
denoted as the angle-independent Rout

NESðE;E0Þ. Notice that
the detailed balance ensures the validity of Eq. (11), see also
Sec. IIa of Ref. [108], and hence

Rin
NESðE;E0Þ ¼ exp

�
E0 − E

T

�
Rout
NESðE;E0Þ: ðB4Þ

Consequently, Eq. (B1) becomes

Cii;NESðE;vrÞ ¼ −2ϱiiðE;vrÞ
Z

dE0Rout
NESðE;E0ÞE02

þ
Z

dE0Rin
NESðE;E0Þ

	
E2 þ 4π2ϱiiðE;vrÞ

×

�
exp

�
E−E0

T

�
− 1

�
Z
dv0rϱiiðE0; v0rÞ:

ðB5Þ
The integration over v0r can be calculated separately, which
significantly speeds up the simulation.
For the implementation in the code, the neutrino density

matrix is discretized and so is the kernel ϱiiðE0; v0rÞ. Given
that NES is mostly efficient in exchanging energy between
neutrinos with similar energies, in practice, we keep the
elements sufficiently close to the diagonal in RNES, i.e.,
RiE;iEþΔiE
NES , where iE is the index of the energy grid. We

choose the range of energy exchange to be within
jΔiEj ≤ 3. This choice not only helps accelerate the
computation, but also ensures the thermalization of neu-
trinos at a given temperature without breaking the detailed
balance.

We compare the radial profiles of the neutrino number
density and mean energy, obtained from COSEν before any
neutrino oscillations with the result based on the supernova
simulations, denoted as BOLTZTRAN in Fig. 22. Both
profiles of νe and ν̄e are highly consistent despite the
different codes used. For the heavy-lepton neutrinos,
the most significant effect by including the NES is the
reduction of the mean energy for r≳ 25 km. It decreases
from ≃40 to ≃29 MeV at r ¼ 30 km and from ≃22 to
≃19 MeV at r ¼ 80 km, due to the efficient thermalization
through the NES [97,106,107]. After including the NES,
the deviation of hEνμi profiles between COSEν and
BOLTZTRAN is strongly suppressed within ≃2 MeV. It is
expected that the deviation should become even smaller
with a convergence between the two codes when a
complete NES scheme is used. Although the number
density profile is also affected by the NES, the change
is relatively small at the level of about 10%. This is because
the scattering process does not produce extra neutrinos,
unlike the processes of EA and PR.

APPENDIX C: PRACTICAL METHOD
TO SELECT COLLECTIVE
NONSPURIOUS MODES

To preclude those spurious modes, we take the following
practical selection rule based on the noncollectiveness of a
given mode. After the diagonalization of Eqs. (14) and (15),
we sort the normalized modulus square of eigenmode
jQiE;ivr

j2 and jQ̄iE;ivr
j2 for each eigenvalue Ω. Considering

the number of grids that we used, there are 3000 components
in each eigenmode. To exclude those noncollective modes
that mainly concentrate on one or a few angular grids, we
then sum the first 30 largest components. If the sum is more
than 0.1, it implies that, on average, these components
dominate the averaged contributions from the rest. As a
result, the corresponding eigenmode is likely of noncollec-
tive nature and is thus ruled out.

FIG. 22. Radial profiles of neutrino number density (a) and mean energy (b) based on BOLTZTRAN (black), COSEν without NES
(green), and COSEν with NES (red) in model I.
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