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We find a complete set of four-point vertices in the constructive Standard Model (CSM). This set is
smaller than in Feynman diagrams as the CSM does not need or allow any additional four-point vertices (or

“contact” terms) beyond what is present in Feynman diagrams and, furthermore, it does not need or allow a
four-point vertex for Z, Z, W, W, W, W, W, W, y, Z, W,W or y,y, W, W, in addition to the already known
absence of the four-gluon vertex. We show that with this set of four-point vertices, perturbative unitarity is
satisfied in the CSM. Additionally, we show that many constructive diagrams are not Feynman diagrams
rewritten in spinor form. In fact, we show that there is a significant rearrangement of contributions from the
diagrams in constructive calculations relative to Feynman diagrams for some processes. In addition to the
already known or expected rearrangement in diagrams involving external photons, we also find that
diagrams involving four-vector bosons are also significantly different from their Feynman counterparts.
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I. INTRODUCTION

Alternate techniques for calculating scattering ampli-
tudes “constructively,” without the use of field theory or
Feynman diagrams, have been gathering steam for several
decades now [1-5]. Initially, most of the progress was
for massless theories, but with [6] the method was extended
to massive theories as well. Following this step, full
calculations in the constructive Standard Model (CSM)
were begun, beginning with a complete set of three-point
vertices for the CSM [7], and other calculations [8-20].
Immediately following the publication of the three-point
vertices, we set out to find the four-point vertices of the CSM.
Our intention was to use perturbative unitarity [21-24] to
determine them, but our attempts were blocked by challenges
with diagrams with internal photons [25]. This last paper
found a work-around using a massive photon and taking the
massless limit, and [26] showed that the x factors had further
structure that allowed them to be used with massless photons
to obtain the correct amplitude in the case of f, f — f. f,
where f is a fermion. Moreover, Ref. [27] described the
momentum shifts that enabled this procedure to work.

With the photon diagrams solved, we set out again to

four-point vertices and establish perturbative unitarity in
the CSM, in addition to two companion papers. In one, we
use the four-point vertices along with the three-point
vertices to find the four-point amplitudes in a comprehen-
sive set of CSM processes [28]. In the other, we create a C++
package called SPINAS, designed to calculate any construc-
tive amplitude [29]. Further, we use SPINAS to validate all
the four-point amplitudes in the CSM, including those
presented here.

In this paper, in greater detail, we analyze the high-
energy-growth terms of all the four-point amplitudes
involving longitudinal vector bosons. We find the processes
where a four-point vertex is required to cancel the high-
energy growth and achieve perturbative unitarity, and we
make a complete list of these four-point vertices in Table I.
We also include the four-Higgs vertex, for completeness
and claim that this is a complete set of four-point vertices
for the CSM. No other four-point vertices (or contact terms)
are required or allowed. This includes the exclusion of four-
point vertices for Z,Z,W, W, W, W, W, W, yZWW, and

find the complete set of four-point vertices of the CSM.  TABLE 1. Complete list of four-point vertices in the CSM.
This culminated in the present paper where we find all the
CSM four-point vertices
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yyWW that are present in Feynman diagrams and the
already well-known absence of a four-gluon vertex.

We further show that constructive diagrams are not
always simply Feynman diagrams written in spinor
notation. In fact, in some processes, the contributions
to the amplitude are significantly rearranged, so that
individual constructive diagrams do not equal individual
Feynman diagrams. We find two classes where this is the
case. The first is when there are external photons or
gluons. This was already known for a small number of
processes and expected in others, and we have enlarged
the number of calculated processes and confirm a
rearrangement in all of them. Additionally, we show in
this paper that any process with a Feynman four-vector-
boson vertex, such as Z,Z, W, W and W, W, W, W, also
have a significant rearrangement of contributions. This is
clear to see since there is no four-point vertex in
constructive calculations.

To find the four-point vertices of the CSM, we look in the
same place we find them in Feynman diagrams. With the
exception of the four-Higgs vertex and the four-gluon
vertex, we find Feynman four-point vertices in processes
where they are required to achieve perturbative unitarity.
This occurs when a process has diagrams that grow in the
limit of high energy (at tree level), which occurs with
Feynman diagrams when a longitudinal vector boson is
present. This is also where we look for them in the case of
the CSM.

We can see this at a naive level by considering the
contribution from the parts of a diagram. The propagator
denominator grows as the energy squared (£?), as usual.
The growth of the numerator depends on the number of
spinors and the number of momenta in it. Each spinor
contributes \/E and each momentum &. Therefore, we can
count the expected number of each to get an idea. A four-
fermion diagram would have four spinors creating &2
growth that cancels with the £ in the denominator if no
additional momenta are present. Therefore, we do not
expect to need any four-fermion vertices and, indeed, we
find that we do not in the companion to this paper [28]. The
same is true if we replace two of these with Higgs bosons,
which lowers the naive high-energy growth.

However, when we begin adding vector bosons, since
they need two spinors each, we increase the chance that
high-energy growth will appear and require a cancellation.
For example, if we have two fermions and two vector
bosons, we need six spinors, contributing £ growth
(divided by &? from the propagator denominator), at a
minimum, and requiring cancellation among the diagrams.
If we have four vector bosons, we need eight spinors,
contributing £* over the £? from the denominator. Again,
even at the minimal level, we require high-energy cancel-
lation. Moreover, these diagrams with vector bosons often
have extra factors of momenta increasing their high-energy
growth, as we will see in detail in this paper.

On the other hand, external photons tend to decrease the
high-energy growth (relative to vector bosons) due to extra
propagator denominators. In fact, we will find in this paper
that many processes involving external photons that have
high-energy growth and cancellation in Feynman diagrams
do not have any high-energy growth at all here in the CSM.

In this paper, we will show that the CSM fully satisfies
perturbative unitarity, and we will establish a complete list
of four-point vertices in the CSM. As mentioned earlier, we
include the four-Higgs vertex for completeness, even though
it is not required for perturbative unitarity of four-point
amplitudes. It is trivially related to the Feynman four-Higgs
vertex and has been validated in [28]. We break this paper up
into four main sections. In Sec. I, we consider processes that
require a four-point vertex, namely h,h — Z,Z and
h,h — W, W.In Sec. II, we consider processes that do have
high-energy-growth terms that need to cancel, but do not
require or allow a four-point vertex in the CSM, but do
require one in Feynman diagrams. This includes the proc-
essesZ,Z —» W, W, W, W — W, W.In Sec. IV, we consider
processes that do not have any high-energy growth and do not
require or allow a four-point vertex in the CSM, but do
require one in Feynman diagrams. This includes the proc-
essesy T, Z->W. W,y .yt > W. Wandyt,y” - W, W,
with these choices of helicity representative of the other
choices. In Sec. V, we look at a selection of the processes that
do not require or allow a four-point vertex in either the CSM
or in Feynman diagrams, but which include the potential of a
cancellation of high-energy-growth terms. This includes
the processes Z,Z — Z,Z, t,t - W, W, t,i— Z,Z, and
#,b — Z,W. Although we do not include every possible
process with cancellations here, we have verified that they are
all perturbatively unitary. To focus on some of the most
significant cancellations, we use the third-generation quarks
as examples since the high-energy-growth terms are typically
proportional to the fermion mass and, therefore, processes
with the top-quark mass will pose the largest potential
challenge for perturbative unitarity. However, we find that
perturbative unitarity is satisfied for the other fermions in a
similar way. In Sec. VI, we conclude.

Additionally, we have included the following
Appendixes. In Appendix A, we have included the full
T- and U-channel contributions to the processes Z,Z —
W, W and W,W — W, W, which are very long and would
hurt readability of the main text. In Appendix B, we give
the complete list of high-energy-growth terms for the
T-channel diagram for Z,Z — W, W as an example of
how many terms there are before cancellation of most of
them with the U-channel diagram. In the main body of this
paper, we always combine the T- and U-channel diagrams
before showing them for conciseness and readability. In
Appendix C, we show the high-energy expansion of the
Feynman four-point vertices for comparison with our CSM
results. We find that, for most of them, there is a significant
difference between the CSM four-point vertex and the
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Feynman four-point vertex. This is a nice way to see that
there is a rearrangement of contributions to the amplitude.

All calculations in this paper are performed in the center
of momentum (CM) frame with

= m

where s = (p, + p,)? is the Mandelstahm variable and

s —(my +my)?)(s = (my —my)?
|p1|=§\/( (m, + >>S< ( P
ips| :;\/(s—(m3+m4) )s(s—(m3—m4) ) 3)

The third particle travels at an angle 6 with respect to the
first particle’s direction. Details of the spinors can be found
in various places [6,7,29]. After calculating the spinor
products for a particular spin combination, we Taylor
expanded in high £.

II. PROCESSES WITH A CONSTRUCTIVE
FOUR-POINT VERTEX

In this section, we will consider the processes that
include high-energy growth in individual diagrams and
that require a four-point vertex to cancel it both in
constructive calculations and in Feynman diagrams.
There are only two such processes, namely h,h — Z,Z
and h,h - W, W.

A.hh - ZZ and h.h - W.W

Both these processes have very similar details. In fact,
only the masses are changed between them. We will
describe them together, but have done them both. The
contribution to both amplitudes coming from an S-channel
Higgs is

3e’m; [34](34)

M, = - .
" 2M%,s3, (s —m2)

4)

By inspection, we can see that there is no high-energy
growth from this term. Both the numerator and denomi-
nator grow at the same £ rate, canceling at high energy.

The contributions from a Z boson in the T channel and U
channel of h,h —» Z,Z are

€2

2MYyst (1 - M)
+ [31p1[4) 4] 1 [3) - ([34][3]p1|4)
+ (34)[d] p1[3))M) (5)

Myz = (2M7(34)[34]

and

62
23, (u = M13)
Bl 411 [3) + (34)31014)

(344 3)My). (6)

Myz = - (2M7(34)[34]

For the contributions of a W boson in the T and U channels
of the process h, h — W, W, simply replace all the M, with
My,. Otherwise, the contributions look the same.

If we Taylor expand in high energy and combine the T
and U channels, we are left with (in both cases)

2
MO0 =2 g2 (7)

s,

The four-point vertex could potentially have contribu-
tions from (34)2, (34)[34], and [34)>. By a simple process
of elimination, we find that, in order to cancel the high-
energy-growth terms and achieve perturbative unitarity, the
four-point vertex is given in Table I and the contribution to
this amplitude is given by

e2

M, =
N 2M3, 5%

[34](34). (8)

Taylor expanding at high energy, we are left with

2

MPO — 2 g, 9
P = i ©

We can see that, with this, the high-energy growth cancels.
In fact, we find that the amplitude agrees at all energies.

In Appendix C 3, we give the high-energy growth of the
Feynman four-point vertex for this process. We can see that
in this case, the high-energy growth is the same for the
Feynman four-point vertex. Moreover, we have checked in
SPINAS, and it agrees with the Feynman four-point vertex
for all energies in this amplitude when squared. We have
also checked the Higgs diagram and find that it agrees with
the Feynman Higgs diagram at all energies when squared.
Consequently, we find that each of these diagrams appears
to be equivalent to Feynman diagrams, simply written in
spinor notation. We have checked these statements at the
squared-amplitude level in SPINAS.

III. PROCESSES WITH NO CONSTRUCTIVE
FOUR-POINT VERTICES I

In this section, we will consider processes with four
massive vector bosons. Using Feynman diagrams, these
include a four-point vertex. However, as we will show here,
they do not involve a four-point vertex in constructive
calculations. Although there is high-energy growth, it
cancels among all the diagrams involving only three-point
vertices. The fact that there is a four-point Feynman vertex,
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but no four-point constructive vertex, makes it immediately
clear that constructive diagrams are not equivalent to
Feynman diagrams and they are not simply Feynman
diagrams rewritten in spinor notation. There is a significant
rearrangement of contributions, especially when a four-
point vertex is involved in one and not the other.

AZZ—>WW

The contribution to the amplitude coming from an
S-channel Higgs is

e’ (12)(34)[12][34]

My (s—Mp)

M, = (10)

If we Taylor expand this in high energy, there is only one
channel that contains energy growth. It is when all the
external particles have helicity 0. We find

2

M(O.O,O.O) _ e 52' 11
h M%/VS%V ( )

All other channels have, at most, a constant. This agrees
with the result from Feynman diagrams.

The contributions to the amplitude coming from a T- and
U-channel W boson are quite complicated. We have
included them in Appendix A 1. Each of these diagrams
individually contributes energy growth in a large number of
channels, with a maximum energy growth of £3. There are
no quartic high-energy-growth terms in the constructive
amplitude, unlike in Feynman diagrams. All of these
energy-growth terms cancel except for one term. To keep
this section legible, we give the energy growth after
combining the T and U channels. The interested reader
can see the terms for just the T channel in Appendix B. For
the U channel, they are all equal in magnitude but opposite
in sign, except for the single term that we show below.
Therefore, after expansion and combining the T and U
channels, we are left with

(0,0,0.0) e’ >
MO = &, 12
W M3,s3, (12)

Comparing Egs. (11) and (12), we see that all high-energy
growth cancels. There is no need for a four-point vertex,
and one is not allowed. If a four-point vertex were
present, it would ruin perturbative unitarity at high energy.
Moreover, we have found that the amplitude with only
these contributions agrees with Feynman diagrams at all
energies and for a variety of masses in SPINAS.

This is rather remarkable. It appears that the high-energy
cancellation is better behaved in constructive amplitudes.
There is no quartic energy growth at all, and all the
high-energy growth that is present is canceled between
the T- and U-channel W diagrams, with only a single quad-
ratic energy-growth term left that cancels with the Higgs.

As we will see, the situation is similar for the four W-boson
scattering and even better for amplitudes involving an
external boson of helicity-+£1.

It is remarkable for another reason. We see that con-
structive diagrams are not simply Feynman diagrams
reduced to the spinor components. Constructive amplitudes
rearrange the contributions. Even when the constructive
diagrams have a resemblance to Feynman diagrams, they
are not directly related for spin-1 and helicity-4-1 bosons.
In this amplitude, only the Higgs contribution is the same as
the Feynman-diagram contribution. This is not only true for
high energy, but for all energies. We have checked this with
SPINAS [29] at the squared amplitude level.

We further note that the cancellations that are present are
under better control in constructive calculations. Feynman
diagrams have a quartic high-energy growth that cancels
between three diagrams (the T-channel W, the U-channel
W, and four-point diagrams), which is absent here. There is
no quartic energy growth in any diagram. Furthermore, the
cancellations that do take place are mostly between just two
diagrams (the T-channel and the U-channel diagrams),
rather than the three Feynman diagrams.

B.WW->WW

The Higgs boson contributes in both the T and the U
channels. The contributions to the amplitude are

e (13)(24)[13][24]
Miysiy (1= M)

Moy, = - ; (13)
¢ (14)(23)[14][23]

My, = =
Miysiy  (u—Mj)

(14)

After Taylor expanding in high energy, the combined
result is

2
0000) _ €
M,

=2 2
My sy,

&, (15)

The individual channels do have high-energy growth in
other polarization channels, but they all cancel except this
one. This contribution to the amplitude agrees with
Feynman diagrams.

The photon contributes in the T and U channels. Their
full amplitude expressions can be found in Egs. (A3) and
(A4). As we can see in those expressions, the highest
possible energy growth is cubic. Although that does appear
in some polarization channels for individual diagrams, after
combining the T and U channels, we are left with

4 2
MPOOO) _ € e (16)

The energy growth in all other channels cancels.
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The Z boson also contributes in the T and U channels.
Their full amplitude expressions can be found in Egs. (AS)
and (A6). After Taylor expanding in high energy, combin-
ing the T and U channels, and keeping only the high-
energy-growth terms, we have

3—4c2)e?
Mmooo _ Bdcw)e o 17
z 252, (17)

Combining the contributions, we have

A(000.0) e
M3, 53
wSw

(1—4s3, +3-4c3)=0. (18)

We find that all high-energy growth cancels. We have
checked every polarization channel.

As in the case of Z,Z — W, W, there is no need for a
four-point vertex in this process at all and, indeed, none is
allowed. This is in contrast to Feynman rules where a four-
point vertex is required. Once again, we see that con-
structive diagrams are significantly rearranged in some
cases and are not Feynman diagrams written in a different
form. We have included the high-energy growth for the
Feynman four-point vertex contribution in Appendix C 2 to
highlight the contrast. As in the previous case, only the
Higgs diagrams contribute the same as Feynman diagrams.
We have checked this with SPINAS [29] at the squared
amplitude level for all energies.

As in the previous subsection, we again comment on the
reduced dependence on precise cancellations between
diagrams. There is no quartic high-energy growth here
in any diagram, and no need for its cancellation. Moreover,
the cancellations that do take place are mostly between
just two diagrams at a time. The majority of them are
between the T- and U-channel diagrams with one mediator.
That is, most of the energy-growth cancellations are
between the photon T- and U-channel diagrams and
separately between the Z-boson T- and U-channel dia-
grams, whereas in Feynman diagrams, most of these
cancellations are between five diagrams (including the
four-point vertex diagram). This should lead to better
numerical stability in phase-space integrations.

IV. PROCESSES WITH NO CONSTRUCTIVE
FOUR-POINT VERTICES II

In this section, we consider the processes which do not
have any high-energy growth and which do not have any
four-point vertices in the CSM, but do have both high-
energy growth and four-point vertices in the Feynman
diagram version of the SM. We will also see that for these
processes, there is a significant rearrangement of contri-
butions and that constructive diagrams are not equivalent to
Feynman diagrams for these processes.

Furthermore, the property that these amplitudes do not
have any high-energy growth and, therefore, do not need

any cancellations in order to satisfy perturbative unitarity
extends beyond the amplitudes shown here. We have found
that it is true for any four-point amplitude with any number
of external photons or gluons [28].

Ayt Z-WW
There is only one constructive diagram for this process.
It could come from either the T or the U channels. They
both gave the identical result, which is
_ 262
cwsw(t = M) (u = M)
+ (2¢3, — 1)[13](24)[14](23) + cy/[12](34)[14](23)
+ ¢, [13]7(24) — ¢y [12][13](24) (34)
+ ¢, [12]2(34)2). (19)

(civ[14](23)2

The high-energy Taylor expansion gives no energy-growth
terms. In fact, this can be seen by inspection since there are
no momentum terms in the numerator. There are four spinor
products per term, each of which grows as £*. But, the
denominator grows at the same rate. Thus, there is no high-
energy growth. No four-point vertex is required to cancel
any high-energy growth. Moreover, the amplitude in
Eq. (19) is equal to the combined Feynman diagrams at
all energies, not just at high energies, which we have
checked with SPINAS. In other words, no four-point vertex
is required or even allowed for any energies. This is another
sign that the constructive diagrams are not simply the
Feynman diagrams expanded in terms of spinors, in
general. There is a rearrangement of contributions to the
amplitude regarding the spin-1 boson contributions in some
processes. In this case, it completely eliminates the need for
a four-point vertex. Among other things, this means that
one constructive diagram in this case accounts for three
Feynman diagrams.

Furthermore, note that Feynman diagrams result in high-
energy growth that must be canceled between terms. This
results in large cancellations that must be carefully main-
tained and are a potential source of loss of precision. In the
constructive case, on the other hand, there are not high-
energy-growth terms with large cancellations at all. Even
within the amplitude expression, each term does not grow
at high energy. Thus, we find that constructive calculations
result in better behaved numerical calculations and are
under better control, especially in amplitudes, such as this
one, where no high-energy growth exists at all.

Although there is no four-point vertex here to compare
with, we nevertheless give the four-point vertex from
Feynman diagrams in Appendix C4 as well as its high-
energy-growth terms for contrast. We can see that there are
cancellations in every polarization channel that has at least
one of the vector bosons in the longitudinal mode. In fact,
in the channel where all three massive vector bosons are
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longitudinal, the energy growth is cubic (£%). All of this is
nonexistent in this constructive amplitude.

B.y*. vyt > W W

The amplitude for this process is obtained from either
the T- or the U-channel diagram. They gave identical
results. It is

262[12](34)2

My = M) (- M)

(20)

It can be seen by inspection that the numerator and
denominator grow at the same rate at high energy; there-
fore, the amplitude does not have any high-energy-growth
terms. Once again, there is no need for a four-point vertex
and, indeed, none is allowed. This amplitude agrees with
Feynman diagrams for all energies, as we checked with
SPINAS. We again see that this diagram is not a Feynman
diagram written in spinor form. There is a significant
rearrangement of contributions in constructive diagrams,
resulting in a much simpler result.

Again, for contrast, we show the Feynman four-point
vertex contribution in Appendix C 5, along with its high-
energy-growth terms. All five longitudinal polarization
channels grow at either linear or quadratic order at high
energy. These require cancellations against the other
Feynman diagrams. In the constructive case, no high-energy
growth exists at all, and there is no cancellation. As before,
the calculation is much better behaved and under much better
numerical control. In fact, this process is special in that there
are no cancellations at all, as there is only one term.

C.yt.y- =W, W

Once again, the amplitude for this process is obtained
from either the T- or the U-channel diagram. They gave
identical results. It is

=

It can be seen by inspection that the numerator and
denominator grow at the same rate at high energy; there-
fore, the amplitude does not have any high-energy-growth
terms. Once again, there is no need for a four-point vertex
and none is allowed. This simple amplitude agrees with the
combined Feynman diagrams for all energies, as we show
with SPINAS. Again, we see that this one diagram is
equivalent to all three Feynman diagrams, and there is
no direct diagram-for-diagram relationship. The contribu-
tions are rearranged.

As before, we include the Feynman four-point vertex
contribution in Appendix C5, along with its high-energy-
growth terms. As in the previous subsection, all five
longitudinal polarization channels contribute high-energy
growth that must be canceled against the other Feynman

diagrams. Once again, the constructive amplitude is not
only simpler, but under better numerical control, since there
are no high-energy-growth terms to cancel.

V. PROCESSES WITH NO CONSTRUCTIVE
FOUR-POINT VERTICES III

In this section, we will consider a selection of processes
that do not have four-point vertices, either in constructive
calculations or in Feynman diagrams. For the processes in
this section, there is agreement between constructive and
Feynman contributions for each internal particle.

AZZ—-Z7Z

The contribution of the Higgs boson in the S, T, and U
channels are

& (12)(34)[12][34]

MS:_ 5 2
My sy,

somp) P

e (13)(24)[13][24]
My, (t-mi)

Myp = (23)

My - eIy

Miysy  (u—mj)

Taylor expanding, we have for the S channel

62

T2 2
My sy

MO0 — & (25)

The combined contribution from the T and U channels is

2
MO = 2 g2, 26
0 = i (26)

which is exactly the opposite and cancels it, so there is no
high-energy growth.

This occurs, as we can see, without the need for a four-
point vertex, and none is allowed. In this case, there is also no
Feynman four-point vertex contributing, so these cases are
similar in this respect. We have found agreement with the
Feynman-diagram amplitude for all energies with SPINAS.

B.t,t > W.W

We will also consider processes with two fermions that
have a longitudinal vector boson. For concreteness and
conciseness, we will discuss it in the context of the third-
generation quarks, but the processes with other generations
of quarks or leptons are similar.

We begin with the process 1,7 — W, W. It has a con-
tribution from the Higgs in the S channel, which is

_ —e?m, ((12) + [12])(34)[34]
2M3, 5%,

M, (27)

(s —m})
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Taylor expanding in high energy results in (=110.-1) V2e2Q(1 + cos(6))
= £, 41
2 Mj i (1)
(~1-10.0) e“m,
M, > = —=-E, (28)
2M3, 5% m 2020 sin(0
wSw M; 3300) _ 2€ QSZIH( )52’ (42)
M
Moo _ e (29) ’
h 2M3,s3, V2e2Q(=1 + cos(h))

pion _VRCOLLben@) g

The contribution from the b quark in the T channel is

(-4510) _ V2e2Q(1 + cos(0))

—e? (13)[24](My(34) — [3|p14)) M 5 (44)
M, = . (30) 4 M ’
" M), (t=mj) "
2
Taylor expanding at high energy results in M(%’_%’_l‘o) =— V2e2Q(1 + cos(9)) E (45)
y MW b
2
(=1—10.0) e*m,(1 + cos(0))
M, = - &, (31) L0 2¢20(1 — cos(6
’ 205,53, Mo _ V2e Q(M - s e (46
(<L1-1.0) V2e2sin?(9) )
M2 - _ =2 £, 32 1_1 262 0
B e o 2000
14
(=110-1)  €*(1 4 cos(0))
M, > =——F"E, 33 | 2
’ V2My s}, 9 mipon _ V20U eos(@) o g
My
2 .
(-3400) _ _€*sin(0) ,
M, 7 = M, &, (34) M%’_%’LO) \/_ezQ( 1+ cos(@ ))g (49)
My
2
(-11o1)  e*(1 —cos(0))
M, 77 = ————FLE, 35 11 2e? 0
b oMy, 5 pion - _20me O s
w
2
Mg_%'%’l’o) = _M& (36) The contribution from the Z boson in the S channel is
\/EMWS%V
2
—e
1 2m,(1 M (2(34)[34](gr[1|p3[2)
Mgzﬁz.o,o) _ e mth"’z_ CSS(6)> £ (37) z= ZMWSW(S - M%) K ’
s
v + 9. 2[ps[1)) + m,((12) - [12])(34)[34]
The contribution from the photon in the S channel is + 2My, ((34) + [34])[gr ((24)[13] + (23)[14])
2620 + 9. ((14)[23] + (13)[24]))), (51)
M, == (0 (34) + 34)
where g; = —20s%, + 1 and gz = —2Qs%,. After Taylor
x ((24)[13] + (23)[14] + (14)[23] + (13)[24]) expanding, we have
+ ((34)34)[1|p3|2) + (34)[34][2|p3|1))), 38
(BB4[HIpsf2) + BHBARIpIL).  (38) i _ b agemen@,
z = )
where Q = 2/3. After Taylor expanding, we have 2Miysiy
2
(-1-10.0) 2¢?Qm, cos(0) M(_%’%'_I’O) _9re (1 —cos(0)) £ 53
My — M%V gq (39) Z \/EMWS%V ’ ( )
2
(1ho10)  V262Q(1 - cos(6)) H0-D __gLe (1 +cos(0)) c 54
M7 - MW ga (40) V4 \/iMWs%V ’ ( )
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2 .
(-1200) _ gre’sin(0) .,
M, =t L2 (55)
T T
i 2 20in2(0
M(Z ;,;,0,1) _ _ \/_gLe Slzn (2) 5’ (56)
MWSW
11 2(1 0
M(Zéél()) :gLe ( +COZS( ))g’ (57)
\/EMWSW
M(%’_%’_I,O) — _gRe2(1 + COS(Q)) 5 (58)
z V2Mys3, '
M(Z%’_%qo,—l) — gR€2(1 B COS(G)) 87 (59)
\/EMWS%V
2 .
(1-100) _ gre’sin(0) .,
MGH00) _ IreSINNE) gy (60)
C T e
11 2(1 0
M(Z;’ ;70,1) — gRe ( +COZS( )) g’ (61)
\/EMWSW
B0 _ _ V2gge sz(e) (62)
z MWSW ’
3400 _ _ (91 + gr)e’m, cos(6) (63)
Z - 9

2M3, 5%

where g, = -20s} +1 and gz = —2Q0s3, for the
top quark.
After combining the contributions, the (— 4, -1, 0,0) and

(Z .50, 0) polarization combinations are proportlonal to

(40siy + g1 +9r—1) = 0. (64)

The (— z,z,il 0), (-1 2,2,
zation combinations are proportional to

0,+1),and (—1,1.0,0) polari-

(20s3, +9. = 1) =0. (65)

The (3.—3.+1,0),(3,—%.0,£1),and (3, —1,0,0) polari-
zation comblnatlons are proportional to

(2Qs3 + gr) = 0. (66)

All the high-energy-growth terms cancel. We did this
for the top quark, but a similar relation holds for all the
fermions.

Furthermore, we find agreement at all energies in SPINAS.
There is no need or tolerance for a four-point vertex here.
We have also compared separately the contributions from
the internal Higgs, bottom quark, photon, and Z boson, and
we find agreement in all cases. In this process, the diagrams
are in one-to-one correspondence.

C.t,ti—» 2,7

The contribution from the Higgs in the S channel is

M, — e’m, (34)[34]((12) + [12]) 67
= "5 M2 2 2 (67)
wSw (s = mp)
Taylor expanding gives
Moo __em o (68)
h s,
M(%’%’O’O) _ ezml 8 (69)
TR

The contributions from the top quark in the T and U
channels are

62

My =— m(gL(MZ<34> 3|p1[4))(13)[24]
+ gx (Mz[34] - [4]p,(3)) (24)[13]
— grgrm,((34)[13][24] + (13)(24)[34])). (70)
Moy = (@M, 34 + 311 14))

2M3, 5%, (u — m?)
x (23)[14] — g; (M2 (34) + [4]p,[3))(14) 23]
+ grgrm,((34)(14]23] 4 (14)(23)[34])).  (71)

After Taylor expanding in high energy and combining the
T and U channels, we have

2
(-L-10.0) e* (gL — gr)*m,
My o _Z L TIR] The 72
! 2M3, 53, (72)
4100) _ e*(gr —gr)*m, c
=2 L IR T 73
M, 2,50, (73)

Combining all the contributions, we see that the high-
energy-textgrowth term is proportional to (g, — gg)* — 1,
which vanishes.

Moreover, we have compared the constructive amplitude
with Feynman diagrams for all energies and found agree-
ment in SPINAS. No four-point vertex is needed or allowed
here. We have also tested and find the contribution from an
internal Higgs and separately from an internal top quark
agree with Feynman diagrams. No rearrangement of con-
tributions is present here.
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D.t,b > Z,W

The contribution from the W boson in the S channel is

2
V2M3 M2 s3, (s — M%)
+ (23)[14][34]) + 2M3,M ,((23)(34)[14]

+ (24)[13][34]) + m, (M2 — 2M%,)(12)(34)[34]
= my (M7, — 2M3,) (34)[12][34]
+2M3,(34)[34][1] p312)). (74)

My = (2M3,((24)(34)[13]

Taylor expanding gives us

M;;%.—%.O,O) _ ezmt(l\;icj:vz-/lzcs%vwcos(ﬁ)) £ (75
w0 g
M%—%,O.—l) _ ezcw(;/l—zs%c:/s(é)ﬁ’ (77

M0 = LA’;;; ©) g2, (78)
MY _ ezCW(iw J;;;S(G))g , (79)
M%’_%’I‘O) _ (=1 + cos(9))8’ (80)

Mzs%)v
e’my(1 —c%v—c%,cos(ﬁ))g el
V22 M2s2 - (81)
CwMzSw

The contribution from a top quark in the T channel is

M%}.E,O,O) _

*(24)

M, = m,(13)34

= o g 1334
— 9Lu[13](M7([34] — [4[p1[3))). (82)

After Taylor expanding,
i 2 -2
ME 2:=2:0.0) _ e mt(gLu ggu ";g;u COS(H)) 5’ (83)
2V2c},M%s3,
2

(%,—%,—1,0) _ e gLM(l + COS(Q)) g 84
M 2¢3,M 5%, ' (84)
Mg%,—g,o.—l) _ e gy, sin® (%) c. (85)

CwMzs%V

11 2 1
ng,——o-o) — _ € Jru SIH( )52 (86)
V2e3,M2%s3,
M(%-—%.O,l) _ _ e2gLu(1 + COS(Q)) £ (87)
! 2CWMZS%/V ’
M(%n_%,l,o) — eszu(] - COS(Q)) 5 (88)
! Zc%a/Mzs%)V ’
M(%,%,O.O) _e?gpmy(1+ cos(0)) £ (89)
P = .

2V2¢}, M2 sy,
The contribution from the b quark in the U channel is

e*[14]
\/_MWSW(M - b)
— 914(23) (M [34] +

(gramy(34)[23]

Blp114)))- (90)

M, =

Taylor expanding, we have

e Gr.aM,Sin (2)

M0 = PR £, (91)

My _esz;C(% ;4;05(9)) £ (92)

M7 = esz;s:V AZ;);V e (3

Mﬁf -100) :qu sin(0) ., g, (94)
2¢3,M%s3,

MEHOD _ esz;(f; AZ:%SV(H)) e (95)

M(b%,—% 10) _ e*gra sinz(%) £, (96)

2 2
cwMzsy,

1300) __ €*my(2gra = gra + gracos(6))
M - €.
2V2¢},M%s3,

97)

After combining, every term is proportional to one of
2¢%y + gra = 9u = 263y + 2(Qu = Qa)siy =2, (98)

—2=2cj +2(Q, — Qu)siy — 2.

(99)

2¢% + 9ra + 9ru — 29ru

26} = Gra — Yru + 29ra — 2 = 2¢5 + 2(Qu — Qu)sty — 2.
(100)
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and they all vanish. We have also validated this process at all
energies and find agreement with Feynman diagrams. No four-
point vertex is needed or allowed. Further, we have tested the
diagrams individually, and they agree with Feynman dia-
grams, so there is no rearrangement of contributions here.

VI. CONCLUSIONS

In this paper, we have analyzed perturbative unitarity in
all the processes involving a longitudinal vector boson. We
have found the high-energy expansion of all the CSM
contributions coming from S-, T-, and U-channel diagrams
using constructive techniques. In the cases that these do not
cancel on their own, we have identified the four-point
vertex required to cancel them. Ultimately, we have shown
that perturbative unitarity is satisfied in all these processes,
and we have found a complete set of four-point vertices in
the CSM (shown in Table I) in order to achieve these
cancellations. We have included the four-point vertex for
four Higgs bosons for completeness.

We have shown that, not only do we not need more four-
point vertices in the CSM relative to Feynman diagrams,
we actually need fewer. It was already well known that
the CSM does not require a four-point gluon vertex, but
we additionally show in this paper that we also do not need
aZ,Z W, W vertex, a W, W, W, W vertex, ay,ZWW
vertex, or a y,y, W, W vertex. In other words, we explicitly
find that we do not need any “contact” terms at four points,
especially if we note that we did not need any other four-
point vertices (or contact terms) for any other four-point
amplitudes in the CSM that were given in [28]. In fact, we
claim that this is what we should expect in a renormalizable
theory such as the SM, even when constructive, and we do
not expect to need any extra contact terms at any order in
external particles or loops in the CSM. If we did need
further four-point vertices (or contact terms) at a higher
loop level, then those four-point vertices would arguably
ruin the tree-level four-point amplitudes that do not allow
them. Showing this is a goal of future research.

We have further shown that there is a significant
rearrangement of contributions to the amplitude in many
cases, especially those involving a four-point vertex in
Feynman diagrams but do not have a four-point vertex in
constructive calculations. In particular, we see that the
constructive calculations for Z,Z - W, W, W, W - W, W,
v.Z,W,W, and y,y, W, W do not even allow a four-point
vertex in the CSM, but it is required for Feynman diagrams.

|

2M%vs%v(t M3y)
— 3¢y (14)(24)(13][23]
+3¢3,(13)(14)(23)[24]
+ 6¢2,(13)(24)[13][24]

My =

((—4c3,(24) (34)[12][13] + 3¢3,(13)(23) (24)[14]
—3¢2,(13)(24)[14][23] — c%,(13)(24)[14]

— 3¢2,(14)(23)[13][24] — c%,(14)(23)[13
—2¢4 (13)(24)[13][24]

This shows that constructive diagrams are not in one-to-one
correspondence with Feynman diagrams in general, even
when there is a superficial resemblance. In many cases, the
contributions to the complete amplitude are rearranged.
There was already a hint that this was true with processes
with external photons or gluons, and we have found
agreement with this more generally; but we have addition-
ally shown that it is also true for some processes that do not
include external photons or gluons. In particular, we have
shown it for amplitudes with four external Z or W bosons.
We expect this to compound as the number of the external
number of particles grows, and understanding this will be
one of the goals of future projects. We have shown it
explicitly in their high-energy expansions here. But, we
have also found it for all energies using SPINAS.

Finally, we have noted that the cancellations are under
much better control in these constructive calculations com-
pared to Feynman diagrams. First, there is no quartic energy
growth at all in the constructive amplitudes for Z, Z — W, W
and W, W — W, W, unlike in Feynman diagrams. Further,
we have found that the cancellations that do take place are
mostly between pairs of diagrams involving the same internal
particle, whereas in Feynman diagrams, a larger set of
particles involving a four-point vertex and different internal
particles are typically involved. The final cancellation
between diagrams with different particles is only quadratic
and only in the all-longitudinal channel. Furthermore, if the
process involves an external photon or gluon, there is no
high-energy growth at all. Therefore, there is no cancellation
at all. In fact, there is only one term in the expression with
both propagator denominators, and every term does not have
energy growth. All of this should lead to better numerical
stability in phase-space integrators.

APPENDIX A: LONG CONTRIBUTIONS
TO Z.Z -~ W,W AND W,.W — W,W

In this appendix, we will give the full expressions for the
longer contributions to Z,Z — W, W and W, W — W, W.
The expressions when the triple-boson vertices are involved
are quite lengthy, so we have included them here to improve
the readability of the main text.

1. Long contribution to Z,Z - W,W

The contributions to the amplitude for Z,Z — W, W
coming from a T- and a U-channel W boson are

— 4c2,(23)(24)[13][14]

23] + ¢3,(24)[13][14][23]
[[24] — 2(13)(24)[13] [24]
—2¢2,(12)(34)[13][24] + 2%, (12) (34)[13][24]
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— ¢}, (13)(23)[14][24] — 4¢3, (13)(14) 23] [24] + ¢35, (14)[13][23][24] — 4¢3, (12
+ (=3¢}, (13)(24) 23] — 3¢, (13)(23)[24] + ¢3,(23)[13]24] + c3,(13)[23][24

[1lps|4)
+ (3c%,[,<23><24> 13] + 3c%,[,<13><24> [23] - c‘v‘v<24) [13][23] — c‘v‘v<23) [13][24))]

(13) [24][34]) My
[
p3|1)). (A1)

)
)
4
62

253y (= M)
+ 3c%v<13>(14> 24)[23] — c},(14)(24)[13][23] — 2(14)(23)[14][23] + 6¢7,(14)(23)[14][23]
— 2¢3,(14)(23)[14][23] — 3¢3,(13) (24)[14][23] — ¢}, (13)(24)[14][23] + 2¢3,(12)(34) [14][23]
— 2¢,(12)(34) [14][23] — 3¢5, (14)(23)[13][24] — ¢, (14) (23)[13][24] — 3¢y, (13)(23)[14][24]
+ CW<23>[13] [14] [24} 4cw(13><14> [23] [24] + CW<13> [14} [23] [24] + 4c%4,<12><14> [23] [34])MW

+ (=3cyy (14) (24)[23] + ¢, (24) [14][23] — 3¢5, (14) (23)[24] + ¢, (14)[23][24])[1| p4[3)
T (3} (23)(24)[14] — 1}, (24) [14][23] + 3¢} (14)(23) 24] - i, (23)[14][24)) Bl pyl1). (A2)

Myy = ((3c3,(14) (23)(24)[13] + 4¢3, (23) (34)[12][14] — 4¢3, (23) (24)[13][14]

2. Long contributions to WW—->WW

The contributions coming from the photon in the T and U channels are

62

Mg, = YE t((2<24> (34)[12][13] — (13)(23)(24)[14] + 2(23)(24)[13][14] + (14)(24)[13][23] + 2(13)(24)[14][23]

— (24)[13][14][23] — (13)(14)(23)[24] + 2(14)(23)[13][24] — 2(13)(24)[13][24] + (12)(34)[13][24]

+ (13)(23)[14][24] + 2(13)(14)[23][24] — (14)[13][23][24] + (13)(24)[12][34] + 2(12)(13)[24][34]) My,

+ ((13)(24)[23] + (13)(23)[24] — (23)[13][24] — (13)[23][24])[1|p5|4)

+ (—(23)(24)[13] — (13)(24)[23] + (24)[13][23] + (23)[13][24])[4|p5]1)) (A3)
and
My, = e (( (14)(23)(24)[13] — 2(23)(34)[12][14] + 2(23)(24)[13][14] — (13)(14)(24)[23] + (14)(24)[13][23]

3
— 2(14)(23)[14][23] + 2(13)(24) [14][23] — (12)(34)[14][23] -+ 2(14) (23)[13][24] + (13)(23)[14][24]

— (23)[13][14][24] + 2(13)(14)[23][24] — (13)[14][23][24] — (14)(23)[12][34] — 2(12)(14)[23][34)) M,

+ ((14)(24) 23] — (24)[14][23] + (14)(23)[24] - (14)[23][24])[1[p4[3)

+(=(23)(24)(14] + (24)[14][23] — (14) (23) 24] + (23)[14][24])[3[ p4[1))- (A4)

The contributions coming from the Z boson in the T and U channels are

e2

Mz =gy oy (e (24) (B4)02J13] = 36, (13)(23) (24)[14) + 465, (23) 24)13][14
+ 3¢%,(14)(24)[13][23] + (13)(24)[14][23] + 3¢3,(13) (24)[14][23] — ¢3,(24)[13][14] 23]
- 3cW<13)<14> (23)[24] + (14)(23)[13][24] + 3c%4,<14> (23)[13][24] — 2c%,<13> 24)[13][24]
3]

(
— 2(12) (34)[13][24] + 23, (12) (34) [13][24] + c3,(13)(23)[14][24] + 4¢3, (13)(14) [23][24]
— ¢},(14)[13][23][24] + 4¢3, (12)(13)[24][34]) M,
+ (3w (13) (24)[23] + 3¢y (13)(23) [24] — ¢y (23)[13][24] — ¢ (13)[23][24])[1] p5|4)
+ (=3cw(23)(24) [13] — 3¢y (13)(24)[23] + ¢y (24)[13][23] + ¢ (23)[13][24])[4] p3[1)) (AS)
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and

2

T 2MEM st (u — M2)

—3¢2,(13)(14) (24)[23] + ¢3,(14) (24)[13][23]
+ 3¢2,(13)(24)[14][23] + 2(12)(34)[14][23)]

(=3¢, (14)(23) (24) [13]

— 4¢%,(23) (34)[12][14] + 4¢3,(23) (24)[13][14]

—2¢2,(14)(23)[14][23] + (13)(24)[14][23]
—2¢3,(12)(34)[14][23] + (14)(23)[13][24]

+ 3c3,(14)(23)[13][24] + 3c3,(13)(23)[14][24] — ¢3,(23)[13][14][24] + 4¢3,(13)(14)[23][24]

— ¢2,(13)[14][23][24] — 4¢3,(12)(14)[23][34)) M,

+ (Bcw(14)(24)[23] — ¢y (24)[14][23] + 3¢y (14) (23)[24] — ¢y (14)[23][24]) 1] p4[3)

+ (=3¢ (23)(24)[14] + ¢y (24)[14][23]

APPENDIX B: T-CHANNEL HIGH-ENERGY-
GROWTH TERMS FOR Z.Z - W.W

In this appendix, we show the high-energy-growth terms
separately for the W boson in the T channel for the process
Z,Z — W, W. This serves as an example for the other
processes. Since there are many canceling terms, it would
be too much to show this for every diagram. But, we
calculated the same terms for every diagram and every
process discussed in this paper, although we only show
combined T and U diagrams in the main body of this paper.
In the case of this process, for the U-channel diagram, each
term is the same magnitude but opposite sign except for the
terms that do not cancel and combine to give the result in
Eq. (12):

IR —3c}e?sin(0)

My T = 2 e Bl
™ 2\/§Mws%v ( )
10— —3c?,e%sin(6)

My = =W P e B2
T™W 2\/_MW5W ( )
1 —3c?,e? cos(0)

Mgy TH00 = =W SR e, B3
o e (B3)

-1,-1,0,1 7C e SIH(Q)
M<TW ) = Z\V;_i (B4)

MWSW

- 7 0
M;v; LL0) _ ciye” sin( )g, (B5)

2\/7MWSW

(-1 0’_1‘_1) 3CW€ sm(Q)

M
w 2\/_MWSW

—3ciye? smz(g)

e, (B7)
wew

—-1,0,—1,0
M0 =
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2
MWSW

= 3cy (14)(23)[24] + ¢ (23)[14][24]) 3| p4[1)). (A6)
3ciye? cos?(9)
M(—I,O,O.—l) _ w 2 52’ B8
T™W M%VS%V ( )
M(E1000) _ (1 =2c3, — cyy)e* sin(0)
w 2\/_CwMWs%V
—3cWe sin(6) ., (B9)
\/—MWSW
4¢3y e? sin?(9)
MO0 = IZWE T 0 e (B10)
™W M%,VS%)V
_ —4c3ye* cos? (§)
Moo - ZEWE ER D2 (B
™ M%VSW
MEGLOLD 5cie? sin(f?) (B12)
2\/§Mwsw
I 3ciye? sin(6)
Mg = 2 T (B13)
2\/—MWSW
3ciye? cos?(9)
MO-1-10) _ SC ) e B14
W M%VS%V ( )
—3c3,e? sin?(%)
MPFHO =W Tm e (BIS)
™ M%VS%V
MO0-100) _ (1 =2c% — cfy)e? sin(0)
w 2\/>CwMWs%V
—3ciye?sin(0) 3, (B16)
V2Mi, 5y
. 4 2
MOzon _ et gy
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4¢3 e? sin?(9)

ML — 2 g2, BI8
™w M%VS%V ( )
_ 5c3,e? sin(0)
MO~ _ B19
T™W 2\/§MWS%}V ( )
- —3ctye? cos(0)
MG = 2w TP g2 (B20)
™ M%VSW
(00-10) _ (=14 5c}, + 2c},)e? sin(0) e
w 2\/§Mws%v
3cWe sin(0) _, (B21)
\/_MWSW
Aq000-1) _ (=1 + 5¢% + 2c},)e* sin() ¢
w 2\/_2‘Mws%v
3cye’ sin(0) &) (B22)
fMWsW
14 (=14 8c§, + 4cfy) cos(0))e?

0000) _ W+ 4cy £ (823
w M5, (B23)
MOS0 _ (14 =7c%, + 2c},)e? sin(0) e

2\/§Mws%v
—cyye’ sin(6) &) (B24)
\/—MWSW
AM0010) _ (1=7c}, +2c},)e*sin(0) . —cfye*sin(0) _,
w 2V 2M 5%, V2Mysy,
(B25)
_ 42 9)
Mo _ =Cwe cos) g, B26
™ M%VS%V ( )
M(O'l’_l'_w _ —7CW€ Sln(@)g (B27)
w 2\/_MWSW '
_ 4cjy e sin? (9)
My ™0 = TV e, (B28)
W M%VSW
—4c3e? cos? ()
MO0 WS T D) e B29
™ M%VS%V ( )

M(g,]ﬁom_(—1+2c%v+3c“‘4,)ezsin(9) ciye?sin(0)
W 2\/§CWMWS%V \/_MWSW '

(B30)
—c3,e? sin?(¢
MG = Zwe S g (B31)

2
MWSW

M(Tov,l},l,o) _ Cév;;%:/(;z;(g) e, (B32)
MO = 7_2%;;(;) & (B3
My ™7V = 7_;};“(9) £ (B3)
WSty
e
M;lﬁ?’o'_l) _ 4c3,e? sinz(g) e (B36)

2 2
My sy

(=1+42c}, +3c}y)e*sin(0) . cjpe’sin(0) ,

(1:000) _
™w o = ,
2V 2cw My sy, V2M3, s,
(B37)
cyye? cos?(§)
MO = W T 20 e (B38)
w M%VSW
—c3,e? sin?(9)
AqlLon0) _ =Cw Der B39
™ 7M%VS%V (B39)
_ 23,2 2]
MU = 20 g
2\/§Mws%v
_ -5 0
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APPENDIX C: HIGH-ENERGY GROWTH
OF THE FEYNMAN FOUR-POINT VERTEX

The polarization vectors are given by
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1.Z2Z->WW

The contribution from the Feynman four-point vertex to
the process Z,Z — W, W is
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If we expand this in high energy and keep only the high-
energy-growth terms, we get contributions whenever any of
the bosons is longitudinal. In fact, the power of £ is equal to
the number of longitudinal modes.
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2. WW - WW

The contribution from the Feynman four-point vertex to
the process W, W — W, W is
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If we expand this in high energy and keep only the high-
energy-growth terms, we get contributions whenever any of
the bosons is longitudinal. Once again, the power of £ is
equal to the number of longitudinal modes:
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3. hh—>ZZand hh - WW

The contribution from the Feynman four-point vertex to
the process h,h — Z,Z is
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The contribution from the Feynman four-point vertex to
the process h,h — W, W is
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If we expand these in high energy and keep only the

high-energy-growth terms, we get the following nonzero

contributions. The result is the same for both processes,
namely,
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The contribution from the Feynman four-point vertex to
the process y*,Z - W, W is
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If we expand this in high energy and keep only the high-
energy-growth terms, we get contributions whenever any of
the bosons is longitudinal:
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5.9yt > WW
The contribution from the Feynman four-point vertex to
the process y,y —» W, W is
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We first expand this in high energy when both photons
have positive helicity:
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We next expand this when the first photon has positive
helicity and the second has negative helicity:
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