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Very recently, the Belle II collaboration presented a measurement for the decays Bþ → D̄ð�Þ0KþK̄0 and
B0 → Dð�Þ−KþK̄0, with the bulk of observed mðKþK0

SÞ distributions showing low-mass structures in all
four channels. In this work, we study the contributions of ρð770; 1450Þþ, a2ð1320Þþ, and a0ð980; 1450Þþ
resonances to these decay processes. The intermediate states ρð770; 1450Þþ are found to dominate the low-
mass distribution of kaon pairs roughly contributing to half of the total branching fraction in each of the
four decay channels. The contribution of the tensor a2ð1320Þþ meson is found to be negligible. Near the
threshold of the kaon pair, the state a0ð980Þþ turns out to be much less important than expected, not being
able to account for the enhancement of events in that energy region observed in the Bþ → D̄ð�Þ0KþK̄0

decays. Further studies both from the theoretical and experimental sides are needed to elucidate the role of
the nonresonant contributions governing the formation of KþK̄0 pairs near their threshold in these decay
processes.
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I. INTRODUCTION

Three-body hadronic B meson decay processes are
regularly interpreted in terms of the contribution of various
resonant states. The investigation of appropriate decay
channels will help us to comprehend the properties and
substructures of the related hadronic resonances involved in
these decays. By employing the Dalitz plot amplitude
analysis technique [1], the experimental efforts on relevant
decay processes combined with the analysis within the
isobar formalism have revealed valuable information on
low-energy resonance dynamics [2,3]. Very recently, the
Belle II collaboration presented a measurement for the
decay channels Bþ → D̄ð�Þ0KþK0

S and B0 → Dð�Þ−KþK0
S

[4,5]. In addition to the four branching fractions for these
concerned decays, the mðKþK0

SÞ distribution of kaon pairs
was also provided, showing relevant low-mass structures in
all four channels [4].

Given the presence of an open charm meson Dð�Þ in the
final state, these four decay processes measured by Belle II,
which have also been previously searched by the Belle
experiment [6], are relatively simple and clear from a
theoretical point of view. One only has to consider the
contributions from the tree-level W exchange operators O1

and O2 in the effective Hamiltonian Heff [7] within the
framework of the factorization method [8]. In the low-mass
region, the isospin I ¼ 1 KþK̄0 kaon pair emitted in the
Bþ → D̄ð�Þ0KþK̄0 and B0 → Dð�Þ−KþK̄0 decays can be
originated from the charged intermediate states, ρð770Þþ,
a0ð980Þþ, a2ð1320Þþ and their excited states, via the quasi-
two-body mechanism shown schematically in Fig. 1. The
intermediate state Rþ in the figure, which decays into the
final kaon pair, is generated in the hadronization of the light
quark-antiquark pair ud̄ or can be formed as a dynamically
generated state through the meson-meson interactions.
The neutral states ϕð1020Þ, ωð782Þ and their excited

states will not decay into KþK0
S as a result of charge

conservation. The charged ρ resonances are then the
expected intermediate states contributing to the KþK0

S
system with spin-parity JP ¼ 1−. In principle, the natural
decay mode ρð770Þ → KK̄ is blocked because the pole
mass of the resonance ρð770Þ is below the threshold of the
kaon pair. However, the virtual contribution [9–12] from
the Breit-Wigner (BW) [13] tail effect of the ρð770Þ was
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found to be indispensable for the productions of kaon pairs
in the processes π−p → K−Kþn and πþn → K−Kþp
[14,15], p̄p → KþK−π0 [16,17], eþe− → KþK− [18–26],
and eþe− → K0

SK
0
L [27–32]. Besides, the mesons ρð770Þ�

and ρð1450Þ� are the important intermediate states for the
hadronic τ decays with K�K0

S in the final states [33–36]. In
recent years, the contributions for kaon pairs originating
from the ρ family of resonances have been explored in
Refs. [37–40] for quasi-two-body B meson decays and in
Refs. [41–44] for D meson decays.
The a0ð980Þ is an experimentally well established scalar

state, which has been primarily seen as an enhancement in
the πη channel [45], as well as in the KK̄ system near
threshold [10]. It has commonly been placed together with
the states f0ð500Þ, K�

0ð700Þ, and f0ð980Þ into a SU(3)
flavor nonet. The quark-antiquark configuration in the
naive quark model for their internal structure cannot
explain its true nature. In this context, scenarios such as
tetraquark states [46–50], molecular states [51,52] and
dynamically generated states from meson-meson inter-
actions [53–56] or a quark-antiquark seed [57–60] have
been adopted to describe the mysterious properties of the
a0ð980Þ; see Refs. [2,61–64] for reviews in this matter.
Conversely, the state a0ð1450Þ, first observed from πη
pair [65], is usually described as a qq̄ resonance in the
phenomenological studies of Refs. [66–70]. This resonance
a0ð1450Þþ is however expected to contribute to the
kaon pair distribution from the Bþ → D̄ð�Þ0KþK̄0 and
B0 → Dð�Þ−KþK̄0 decays with a small amount, in view
of its tiny decay constant [66,71] and the small ratio
between the KK̄ decay channel and its dominant ωππ
mode [2,72].
As for the contribution of the isovector tensor meson

a2ð1320Þ, we note that it is the ground state of the a2 family
with quantum numbers IGJPC ¼ 1−2þþ and it can be
reasonably understood as a constituent quark-antiquark
pair within the quark model [2]. The transition form
factors for the B meson to the a2ð1320Þ state have been
obtained in Refs. [73–77] within various methods.
Moreover, the hadronic B meson decays involving a tensor
meson a2ð1320Þ in the final state have been studied in

Refs. [78–85] in recent years. The tensor meson a2ð1700Þ,
assigned as the first radial excitation of the a2ð1320Þ [2,86]
state, will not be considered in this work in view of the
negligible branching fraction of the decay of the a2ð1700Þ
into KK̄ pairs [2,87].
This paper is organized as follows. In Sec. II, we briefly

describe the theoretical framework for obtaining the res-
onance contributions to the decay rates of the Bþ →
D̄ð�Þ0Rþ → D̄ð�Þ0KþK̄0 and B0 → Dð�Þ−Rþ → Dð�Þ−KþK̄0

processes, relegating to Appendices A and B the specific
details of the calculation of the decay amplitudes. In
Sec. III, we present our numerical results of the branching
fractions for the concerned quasi-two-body decay proc-
esses along with some necessary discussions. To test our
model, we will also present results for the branching ratios
of the B decay processes into a Dð�Þ meson and a pair of
pions in the final state. A summary and the conclusions of
this work are given in Sec. IV.

II. FRAMEWORK

In the present paper, we analyze the low-mass enhance-
ment in the distribution of kaon pairs in the final states of
the Bþ → D̄ð�Þ0KþK̄0 and B0 → Dð�Þ−KþK̄0 decay proc-
esses within the factorization method. We will specifically
concentrate on the resonances contributing to the invariant
mass region of mðKþK̄0Þ < 1.7 GeV, adopting the quasi-
two-body framework for the relevant decays. The quasi-
two-body framework based on the perturbative QCD
(PQCD) [88–91] approach has been discussed in detail
in Ref. [92] and has been applied to the study of B
meson decays in Refs. [37–40,93–99] in recent years.
Parallel analyses for the related three-body B meson decay
processes within QCD factorization can be found in
Refs. [100–112], and for other works employing relevant
symmetry relations one is referred to Refs. [113–121].
For the cascade decays Bþ → D̄ð�Þ0Rþ → D̄ð�Þ0KþK̄0

and B0 → Dð�Þ−Rþ → Dð�Þ−KþK̄0, where the intermediate
state Rþ stands for ρð770; 1450Þþ, a0ð980; 1450Þþ, or
a2ð1320Þþ, the related effective weak Hamiltonian Heff

accounting for the b̄ → c̄ transition is written as [7]

Heff ¼
GFffiffiffi
2

p V�
cbVud½C1ðμÞOc

1ðμÞ þ C2ðμÞOc
2ðμÞ�; ð1Þ

where GF ¼ 1.1663788ð6Þ × 10−5 GeV−2 [2] is the Fermi
coupling constant, C1;2ðμÞ are the Wilson coefficients at
scale μ, and Vcb and Vud are the Cabibbo-Kobayashi-
Maskawa (CKM) matrix elements. The four-quark oper-
atorsOc

1;2 are products of two V − A currents, namelyOc
1 ¼

ðb̄dÞV−AðūcÞV−A and Oc
2 ¼ ðb̄cÞV−AðūdÞV−A.

With the factorization ansatz, the decay amplitudes for
Bþ → D̄ð�Þ0KþK̄0 andB0 → Dð�Þ−KþK̄0 are given as [122]

FIG. 1. Schematic view of the cascade decays Bþ →
D̄ð�Þ0Rþ → D̄ð�Þ0KþK̄0 and B0 → Dð�Þ−Rþ → Dð�Þ−KþK̄0,
where Rþ stands for the intermediate states ρð770; 1450Þþ,
a0ð980; 1450Þþ, or a2ð1320Þþ, which decays into KþK̄0 in this
work.
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MðD̄ð�Þ0KþK̄0Þ¼GFffiffiffi
2

p V�
cbVud½a2hD̄ð�Þ0jðb̄cÞV−AjBþihKþK̄0jðūdÞV−Aj0iþa1hKþK̄0jðb̄dÞV−AjBþihD̄ð�Þ0jðūcÞV−Aj0i�; ð2Þ

MðDð�Þ−KþK̄0Þ ¼ GFffiffiffi
2

p V�
cbVuda2hDð�Þ−jðb̄cÞV−AjB0ihKþK̄0jðūdÞV−Aj0i; ð3Þ

where the effective Wilson coefficients are expressed as
a1 ¼ C1 þ C2=3 and a2 ¼ C2 þ C1=3.
The differential branching fraction (B) for the considered

decays is written as [2,105,123]

dBffiffiffi
s

p
d

ffiffiffi
s

p ¼ τB
jpKjjpDj
4ð2πÞ3m3

B

�
jMSj2 þ

1

3
jpKj2jpDj2jMV j2

�
;

ð4Þ

where the amplitudesMV andMS are related to the vector
ρð770; 1450Þþ and scalar a0ð980; 1450Þþ intermediate
states, respectively, with the help of the Eqs. (2) and (3).
Here, τBðmBÞ is the mean lifetime (mass) for the B meson,
s ¼ m2

KþK̄0 is the invariant mass square, and

jpKj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðmKþ þmK̄0Þ2�½s − ðmKþ −mK̄0Þ2�

p
2

ffiffiffi
s

p ; ð5Þ

jpDj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½m2

B − ð ffiffiffi
s

p þmDÞ2�½m2
B − ð ffiffiffi

s
p

−mDÞ2�
p

2
ffiffiffi
s

p ; ð6Þ

correspond, respectively, to the magnitude of the momen-
tum of each kaon and that of the bachelor meson D̄ð�Þ0 or
Dð�Þ−, with mass mD, in the rest frame of the intermediate
resonance.
By combining various contributions from the relevant

Feynman diagrams at quark level in Fig. 2, the total decay
amplitudes for the concerned quasi-two-body decays in the
PQCD approach are written as

AVðBþ → D̄0½ρþ →�hh0Þ ¼ GFffiffiffi
2

p V�
cbVud½a1FTρ þ C2MTρ

þ a2FTD þ C1MTD�; ð7Þ

AVðB0 → D−½ρþ →�hh0Þ ¼ GFffiffiffi
2

p V�
cbVud½a2FTD þ C1MTD

þ a1Faρ þ C2Maρ�; ð8Þ

where hh0 ∈ fπþπ0; KþK̄0g. The label F (M) denotes that
the corresponding decay amplitude comes from the factor-
izable (nonfactorizable) Feynman diagrams, the subscripts
Tρ and TD stand for the transition B → ρ and B → D,
respectively, and the subscript aρ is related to the annihi-
lation Feynman diagram of Fig. 2(c). The specific expres-
sions in the PQCD approach for these general amplitudes F
andM in these decay amplitudes are found in Appendix A.
One should note that the As here have a constant factor
ð2=mBÞ2 different from MV in Eq. (4) because of the
different definitions between PQCD and QCD factoriza-
tion, see the corresponding expression for the differential
branching fraction of the former in [38].
The quasi-two-body decay amplitudes (7)–(8) are related

to the corresponding two-body decay amplitude M2B for
the B → D̄ρþ transition via the relation

AV ¼ M2B ·
hhh0jρþi
DρþðsÞ

; ð9Þ

where hhh0jρþi stands for the coupling between the ρþ
and the hh0 pair. Note that the former equation is
effectively incorporating the electromagnetic form factor
associated to the subprocesses ρð770; 1450Þþ → πþπ0 and
ρð770; 1450Þþ → KþK̄0 in the corresponding quasi-two-
body decays, given by [124–127]

(a) (b) (c)

FIG. 2. Typical Feynman diagrams for the decays Bþ → D̄ð�Þ0Rþ → D̄ð�Þ0KþK̄0 and B0 → Dð�Þ−Rþ → Dð�Þ−KþK̄0 at quark level,
where (a) and (b) are the emission diagrams, (c) is the annihilation one, the quark q ¼ u and d for the Bþ and B0 processes, respectively,
and the symbol ⊗ stands for the weak vertex.
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FR
π;KðsÞ ¼ cπ;KR BWRðsÞ≡ cπ;KR

m2
R

DRðsÞ
; ð10Þ

where the label R represents the resonance, ρð770Þ or
ρð1450Þ, and the coefficient cπR ¼ fRgRππ=ð

ffiffiffi
2

p
mRÞ [124]

depends on the corresponding decay constant fR, the
coupling constant gRππ and the mass mR. To obtain the
coefficient cKR we relay on flavor SU(3) symmetry, which
establishes gρð770Þ0KþK− ¼ gρð770Þ0πþπ−=2 [124]. The func-
tion BWRðsÞ stands for a Breit-Wigner shape of the form
[124,127,128]

BWR ≡ m2
R

DRðsÞ
¼ m2

R

m2
R − s − imRΓRðsÞ

; ð11Þ

with the s-dependent width given by

ΓRðsÞ ¼ ΓR
mRffiffiffi
s

p jphj3
jph0j3

X2ðjphjrRBWÞ; ð12Þ

where h stands for the pion and kaon, respectively, in the
πþπ0 and KþK̄0 final state pairs. The magnitude jph0j
corresponds to the value of jphj at s ¼ m2

R, while jpπj can
be obtained from Eq. (5) with the replacement of mKþ;0 by
mπþ;0 . The Blatt-Weisskopf barrier factor [129] with barrier
radius rRBW ¼ 4.0 GeV−1 [128] is given by

XðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z20
1þ z2

s
: ð13Þ

As for the other two decay amplitudes corresponding to
the Bþ and B0 decays into final vector mesons D̄�0 and
D�−, respectively, they are obtained from Eqs. (7) and (8)
with the replacement of the D meson wave function by the
D� one. As has been done in the study of B decays into two
vector mesons in the final state, the two-body decay
amplitudes for B → D̄�ρþ in this work can be decomposed
as [130]

MðλÞ
2B ¼ ϵ�̄D�μðλÞϵ�ρνðλÞ

�
agμν þ b

mD
ffiffiffi
s

p Pμ
BP

ν
B þ i

c
mD

ffiffiffi
s

p ϵμναβPαP3β

�
;

≡ML þMNϵ
�̄
D�ðλ ¼ TÞ · ϵ�ρðλ ¼ TÞ þ i

MT

m2
B
ϵαβγηϵ�ραðλÞϵ�D�βðλÞPγP3η; ð14Þ

with three kinds of polarizations of the vector meson,
namely, longitudinal (L), normal (N), and transverse (T).
According to the polarized decay amplitudes, one has the
total decay amplitude jAV j2 ¼ jALj2 þ jAkj2 þ jA⊥j2, and a
longitudinal polarization fraction ΓL=Γ ¼ jALj2=jAV j2,
where the amplitudes AL; Ak, and A⊥ are related to the
two-body amplitudes ML, MN , and MT , respectively, via
Eq. (9). For a detailed discussion, one is referred to
Refs. [130–134].

III. RESULTS AND DISCUSSIONS

In this section we present our results for the branching
ratios of the decay of B mesons into a charm D or D�
meson and a pair of light pseudoscalar mesons. In the
numerical calculations, we adopt the decay constants
fρð770Þ ¼ 0.216� 0.003 GeV [135] and fρð1450Þ ¼
0.185þ0.030

−0.035 GeV [92,136] for the ρð770Þ and ρð1450Þ

resonances, respectively, and the mean lives τB� ¼ 1.638 ×
10−12 s and τB0 ¼ 1.519 × 10−12 s for the initial states
B� and B0 [2], respectively. The masses for the particles in
the relevant decay processes, the decay constants for
B, D, and D� mesons (in units of GeV), and the
Wolfenstein parameters for the CKM matrix elements, A
and λ, are presented in Table I. We adopt the full widths
Γρð770Þ ¼ 149.1� 0.8 MeV, Γρð1450Þ ¼ 400� 60 MeV,
Γa0ð1450Þ ¼ 265� 13 MeV, and Γa2ð1320Þ ¼ 107� 5 MeV
for the intermediate states involved in this work.
To illustrate the capabilities of the PQCD approach,

we first obtain the branching fractions for the quasi-
two-body decays Bþ → D̄ð�Þ0½ρð770Þþ →�πþπ0 and B0 →
Dð�Þ−½ρð770Þþ →�πþπ0. Our results, displayed in Table II,
employ the P-wave two-pion distribution amplitudes of
Ref. [92], the Dð�Þ meson wave functions of Refs. [99,138]
and consider Bρð770Þþ→πþπ0 ≈ 100% [2].

TABLE I. Masses, decay constants (in units of GeV) for relevant states, as well as the Wolfenstein parameters for
the CKM matrix elements from the Review of Particle Physics [2]. The value of fD� is taken from [137].

mB� ¼ 5.279 mB0 ¼ 5.280 mD�� ¼ 2.010 mD�0 ¼ 2.007
mD� ¼ 1.870 mD0 ¼ 1.865 mπ� ¼ 0.140 mπ0 ¼ 0.135
mK� ¼ 0.494 mK0 ¼ 0.498 mρð770Þ ¼ 0.775 mρð1450Þ ¼ 1.465
ma0ð980Þ ¼ 0.980 ma0ð1450Þ ¼ 1.474 ma2ð1320Þ ¼ 1.318 fB ¼ 0.190
fD ¼ 0.212 fD� ¼ 0.2235 A ¼ 0.826 λ ¼ 0.225
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The calculated branching fractions agree well with the
corresponding data,

BðBþ → D̄0ρð770ÞþÞ ¼ ð1.34� 0.18Þ%; ð15Þ

BðB0 → D−ρð770ÞþÞ ¼ ð7.6� 1.2Þ × 10−3; ð16Þ

BðBþ → D̄�0ρð770ÞþÞ ¼ ð9.8� 1.7Þ × 10−3; ð17Þ

BðB0 → D�−ρð770ÞþÞ ¼ ð6.8� 0.9Þ × 10−3; ð18Þ

in the Review of Particle Physics [2], indicating that the
framework employed and the inputs adopted in this work
are adequate. The branching fraction (15) for Bþ →
D̄0ρð770Þþ was averaged in [2] from the data ð1.35�
0.12� 0.15Þ% and ð1.3� 0.4� 0.4Þ% presented by
CLEO and ARGUS in Refs. [139] and [140], respectively.
Very recently, the Belle II collaboration measured the decay
B− → D0ρð770Þ− using data collected with the Belle II
detector, its branching fraction was determined to be
ð0.939� 0.021ðstatÞ � 0.050ðsystÞÞ% by restricting the
π−π0 invariant mass to a 300 MeV range centered at the
ρð770Þ− mass pole [141]. This measurement is smaller than
the value in Eq. (15), but it is still in agreement with our
result in Table II within the uncertainties.
With the help of the kaon form factor FKþK̄0ðsÞ discussed

in detail in [38], we obtain the concerned branching
fractions of the B mesons into a D or D� meson and a
pair of kaons for the quasi-two-body processes
ρð770Þþ þ ρð1450Þþ → KþK̄0. Our results are displayed
in Table III.

In the results for the branching fractions shown in
Tables II–III, the first source of the error corresponds to
the uncertainties of the shape parameter ωB ¼ 0.40� 0.04
of the B�;0 wave functions, while the Gegenbauer moments
CD ¼ 0.6� 0.15 or CD� ¼ 0.5� 0.10 present in the D or
D� wave functions [99] contribute to the second source
of error. The third one is induced by the Gegenbauer
moments a0R ¼ 0.25� 0.10, atR ¼ −0.60� 0.20 and asR ¼
0.75� 0.25 [92] present in the wave functions of the
intermediate states. The other errors for the PQCD pre-
dictions in this work, which come from the uncertainties of
the masses and the decay constants of the initial and final
states and from the uncertainties of the Wolfenstein
parameters, etc., are small and have been neglected.
Comparing our calculated branching rations of Table III

with the measured results (in units of 10−4) [4]

BðBþ → D̄0KþK0
SÞ ¼ 1.89� 0.16� 0.10; ð19Þ

BðB0 → D−KþK0
SÞ ¼ 0.85� 0.11� 0.05; ð20Þ

BðBþ → D̄�0KþK0
SÞ ¼ 1.57� 0.27� 0.12; ð21Þ

BðB0 → D�−KþK0
SÞ ¼ 0.96� 0.18� 0.06; ð22Þ

and taking into account that half of the K̄0 orK0 goes toK0
S,

we conclude that an important fraction of the decays Bþ →
D̄ð�Þ0KþK̄0 and B0 → Dð�Þ−KþK̄0 proceeds through the
intermediate states ρð770Þþ and ρð1450Þþ, but there is still
room for other contributions.
One could argue that the resonance ρð770Þþ, as a

virtual bound state [9,10], will not completely exhibit its
properties in a quasi-two-body cascade decay like
B0 → D−½ρð770Þþ →�KþK̄0, since the invariant masses
of the emitted kaon pairs exclude the region around the
ρð770Þ pole mass. However, as we will show below, the
width of this resonance renders its contribution quite
sizable in the energy region of interest. It is therefore
important to consider explicitly the subthreshold resonan-
ces in the analysis of the branching ratios, even if they
contribute via the tail of their mass distribution. In other
words, experimental analyses or theoretical studies of
three-body B meson decay process should not attribute
as nonresonant KK̄ invariant mass strength the specific
known contribution from a certain resonant state like
the ρð770Þ.
To make this point more evident, we show in Fig. 3 the

differential branching fraction for the quasi-two-body
decay B0 → D−ρþ → D−KþK̄0. The dashed line with a
peak at about 1.465 GeV reveals the contribution from the
ρð1450Þþ, while the dash-dot line, depicting the contribu-
tion of the ρð770Þþ, presents a bump around 1.2 GeV,
which shall not be claimed experimentally as a resonant
state with quite a large decay width. This bump is actually
formed by the BW tail of the ρð770Þþ along with the phase

TABLE II. PQCD results for the branching fractions of the
quasi-two-body decays Bþ → D̄ð�Þ0½ρð770Þþ →�πþπ0 and
B0 → Dð�Þ−½ρð770Þþ →�πþπ0.
Decay modes Units PQCD

Bþ → D̄0½ρð770Þþ →�πþπ0 % 1.21þ0.16þ0.10þ0.05
−0.16−0.12−0.06

B0 → D−½ρð770Þþ →�πþπ0 10−3 7.63þ0.58þ0.97þ0.34
−0.58−0.73−0.21

Bþ → D̄�0½ρð770Þþ →�πþπ0 10−3 9.03þ1.55þ0.73þ0.51
−1.55−0.64−0.46

B0 → D�−½ρð770Þþ →�πþπ0 10−3 8.15þ1.31þ0.64þ0.03
−1.31−0.62−0.07

TABLE III. PQCD predictions for the branching fractions of
the concerned quasi-two-body decays with the subprocess
ρþ → KþK̄0, here ρþ ¼ ρð770Þþ þ ρð1450Þþ.
Mode Unit B

Bþ → D̄0½ρþ →�KþK̄0 10−4 1.68þ0.20þ0.17þ0.12
−0.20−0.15−0.12

B0 → D−½ρþ →�KþK̄0 10−4 0.98þ0.06þ0.13þ0.06
−0.06−0.12−0.06

Bþ → D̄�0½ρþ →�KþK̄0 10−4 1.33þ0.21þ0.11þ0.05
−0.21−0.11−0.07

B0 → D�−½ρþ →�KþK̄0 10−4 1.16þ0.19þ0.08þ0.02
−0.19−0.09−0.02
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space factor of Eq. (4). The interference between the BW
expressions for ρð770Þþ and ρð1450Þþ is constructive in
the region before the pole mass of the ρð1450Þþ and
destructive after it as a result of the sign difference between
cKρð770Þ ¼ 1.247� 0.019 and cKρð1450Þ ¼ −0.156� 0.015

[38] in Eq. (10). Note that the theoretical distribution
has the same pattern in the low-mass region of the kaon pair
as that shown in the bottom panel of Fig. 4 for the three-
body decay B̄0 → DþK−K0

S. This comparison reflects the
dominant contributions for this decay coming from the
intermediate states ρð770Þþ and ρð1450Þþ.
The higher mass resonance ρð1700Þþ as an intermediate

state could also decay into KþK̄0 [37,38,40] and hence
contribute to the Bþ → D̄ð�Þ0KþK̄0 and B0 → Dð�Þ−KþK̄0

decays. Take the case B0 → D−ρð1700Þþ → D−KþK̄0 as
an example. With the coefficient cKρð1700Þ ¼ −0.083�
0.019 [38], its branching fraction was predicted to be
B ¼ 4.00þ3.36

−2.26 × 10−5 in [40], which represents about a
20% of the total branching fraction for B0 → D−KþK̄0

when comparing with the result of Eq. (20) and neglecting
the large error from the PQCD prediction. However, the
mðK−K0

SÞ distributions from the B− → D0K−K0
S and

B̄0 → DþK−K0
S decays measured by Belle II [4], see

Fig. 4, show no prominent enhancement around the mass
of the ρð1700Þþ. In view of the fact that Bða2ð1700Þ →
KK̄Þ ¼ ð1.9� 1.2Þ% [2] in the same region, the explan-
ation for the lack of structure possibly lies in (i) the
interference between the ρð1700Þþ and the ρð770Þþ þ
ρð1450Þþ contributions being destructive around
1.7 GeV and (ii) the coefficient cKρð1700Þ in [38] being

highly overrated, since one can also find sensibly smaller
values in the literature, namely −0.015� 0.022 in [124]
and −0.028� 0.012 in [125].

Near the threshold of the kaon pair, one finds remarkable
enhancements in the mðK−K0

SÞ distributions for the decays
Bþ → D̄0KþK0

S and Bþ → D̄�0KþK0
S from Belle II [4],

but not for B0 → D−KþK̄0 or B0 → D�−KþK̄0. The
invariant kaon pair mass around 1 GeV is the energy
region of the state a0ð980Þ, but we do not expect the same
strength of the a0ð980Þ contributions in the Bþ →
D̄ð�Þ0KþK̄0 and the B0 → Dð�Þ−KþK̄0 processes, since
their decay mechanisms proceed through different quark-
type Feynman diagrams, shown in Fig. 2, as explained in
the following. The annihilation Feynman diagrams repre-
sented by Fig. 2(c) will only contribute to the decays
B0 → Dð�Þ−Rþ → Dð�Þ−KþK̄0, and the contributions are
highly suppressed when comparing with the those from the
emission diagrams of Figs. 2(a) and 2(b).
For the decays B0 → Dð�Þ−KþK̄0 with subprocess

a0ð980Þþ → KþK̄0, the contribution of the Feynman dia-
grams of Fig. 2(b) is small. This is because the matrix

FIG. 3. The differential branching fraction for the quasi-two-
body decay B0 → D−ρþ → D−KþK̄0, with the intermediate
ρþ ∈ fρð770Þþ; ρð1450Þþ; ρð770Þþ þ ρð1450Þþg.

FIG. 4. The distribution of mðK−K0
SÞ for B− → D0K−K0

S (top)
and B̄0 → DþK−K0

S (bottom) decays from Belle II [4].
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element hKþK̄0jðūdÞV−Aj0i with a0ð980Þþ as the inter-
mediate state depends on the tiny decay constant fa0ð980Þ ≈
1.1 MeV [71,142–144]. This qualitatively explains why we
do not see a remarkable enhancement of events around
1 GeV in the mðK−K0

SÞ distribution from the decay B0 →
Dð�Þ−KþK̄0 [4], depicted in the bottom panel of Fig. 4. But
the amplitudes for the decay Bþ → D̄ð�Þ0KþK̄0 receive
contribution not only from Fig. 2(b), with an a0ð980Þþ
being emitted but also from the diagram of Fig. 2(a), which
is a Bþ → a0ð980Þþ transition with an emitted D̄ð�Þ0.
Despite being a color suppressed Feynman diagram [145],
the hierarchical relation fD̄ð�Þ0 ≫ fa0ð980Þ makes the con-
tribution from Fig. 2(a) much larger than that from Fig. 2(b)
for the decays Bþ → D̄ð�Þ0KþK̄0 with the subprocess
a0ð980Þþ → KþK̄0.
Let us now proceed to the explicit numerical calculation.

Within the naive factorization approach, the evaluation of
the decay amplitude for the Bþ → D̄0KþK̄0 decay with
the subprocesses a0ð980; 1450Þþ → KþK̄0 can be found in
Appendix B. With Eq. (B5) and the inputs from the
Review of Particle Physics [2], we obtain a branching
fraction B ¼ 1.56 × 10−5 for the quasi-two-body decay
Bþ → D̄0a0ð980Þþ → D̄0KþK̄0, which corresponds to a
value BðBþ → D̄0a0ð980ÞþÞ ¼ 1.07 × 10−4 for the
two-body decay. Likewise, we obtain B ¼ 0.72 × 10−5

for Bþ → D̄0a0ð1450Þþ → D̄0KþK̄0, where we have

employed FB→a0ð1450Þ
0 ð0Þ ¼ 0.26 [146] and Γða0ð1450Þ →

KK̄Þ=Γða0ð1450Þ → ωππÞ ≈ 0.082 [2]. In order to
check the reliability of the method we adopted here, the
measured channel B0 → Dþ

s a0ð980Þ− is studied as a
reference. This is a process with a B0 → a0ð980Þ−
transition and an emitted Dþ

s state. Within naive factori-
zation, we find BðB0 → Dþ

s a0ð980Þ−Þ ¼ 1.93 × 10−5.
This branching fraction is very close to the upper limit
1.9 × 10−5 at 90% CL presented by the BABAR collabo-
ration in Ref. [147] assuming Bða0ð980Þþ → ηπþÞ
to be 100%, but it is much smaller than the prediction
B ¼ 4.81þ2.19

−1.79 × 10−5 in [148] within PQCD for the decay
B0 → Dþ

s a0ð980Þ−. However, taking into account
Γða0ð980Þ→ KK̄Þ=Γða0ð980Þ→ πηÞ ¼ 0.172� 0.019 [2],
one has Bða0ð980Þþ → ηπþÞ ≈ 0.85 and this will change
the upper limit in [147] for B0 → Dþ

s a0ð980Þ− up to 2.24 ×
10−5 at 90% CL, which is still much smaller than the
prediction in [148], hinting that the PQCD approach is
possibly not appropriate for the study of the B0 →
Dþ

s a0ð980Þ− decay with the B → a0ð980Þ transition.
When we put the contributions from a0ð980; 1450Þþ →

KþK̄0 and ρð770; 1450Þþ → KþK̄0 for the decay Bþ →
D̄0KþK̄0 together, the resulting differential branching
fraction does not have the shape shown in the top panel
of Fig. 4. The contribution from the scalar intermediate
state a0ð980Þþ is far from what would be required to
overcome the peak of the ρð770; 1450Þþ distribution in

order to reproduce the enhancement near the threshold of
KþK̄0 pairs measured experimentally. The shape of the
measured Bþ → D̄0KþK̄0 differential branching fraction
would only be obtained with a branching fraction
B ≈ 4.5 × 10−4 for the quasi-two-body decay Bþ →
D̄0a0ð980Þþ → D̄0KþK̄0, which is beyond the total
branching fraction for Bþ → D̄0KþK̄0 decay. This situa-
tion is probably indicating the existence of large nonreso-
nant contributions to the Bþ → D̄0KþK̄0 decay around the
threshold of the kaon pair or other unknown sources.
Note that the interference between ρð770Þþ and
ρð1450Þþ could reduce the corresponding branching frac-
tions in Table III through an appropriate complex phase
difference between their respective BW expressions. This
would alleviate the requirement of an enhanced contribu-
tion from the a0ð980Þþ. For example, a factor of eiπ=4

before the BW of the ρð1450Þþ will produce half of the
Bþ → D̄0½ρþ →�KþK̄0 branching fraction listed in
Table III. But such an universal phase difference will also
make the branching fractions of the decays B0 →
Dð�Þ−½ρþ →�KþK̄0 decrease by half in Table III, which
is not desirable.
Let us mention that, in the amplitude analysis of the

decay Dþ
s → πþπ0η, an unexpected large branching frac-

tion ð1.46� 0.15stat � 0.23sysÞ% was measured for Dþ
s →

a0ð980Þþð0Þπ0ðþÞ; a0ð980Þþð0Þ → πþð0Þη by the BESIII col-
laboration [149], which was successfully interpreted via the
rescattering processes KK̄ → a0ð980Þ → πη or πηð0Þ →
a0ð980Þ → πη with the triangle diagrams suppression in
Refs. [150–153]. But one should note that the above decay
process is quite different when compared with the Bþ →
D̄ð�Þ0KþK̄0 and B0 → Dð�Þ−KþK̄0 decays studied here. For
the three-body decay Dþ

s → πþπ0η, the intermediate state
a0ð980Þ can only be generated by the final state inter-
actions; the cs̄ quark pair in the initial state Dþ

s cannot
produce Dþ

s → a0ð980Þ transitions directly.
We finally discuss the contribution of the tensor reso-

nance a2ð1320Þ. We note that this resonance decays into a
kaon pair with a small branching fraction of about 5% [2].
Taking into account that the tensor states cannot be
generated from a V − A current [154], we do not
expect to have considerable contributions from the sub-
process a2ð1320Þþ → KþK̄0 for the decays B0 →
Dð�Þ−KþK̄0 by the related decay amplitudes in Eq. (3).
In Ref. [155], the quasi-two-body decay B0

s →
D̄0½K̄�

2ð1430Þ0 →�K−πþ was measured with the branching
fraction B ¼ ð3.7� 1.4Þ × 10−5, which means B ¼ ð1.1�
0.4Þ × 10−4 [2] for the corresponding two-body process
B0
s → D̄0K̄�

2ð1430Þ0. With this measured branching frac-
tion and the replacement of a s quark by a u quark, it is easy
to predict the branching fraction B ¼ ð0.99� 0.37Þ × 10−4

for the decay Bþ → D̄0a2ð1320Þþ within SU(3) flavor
symmetry and employing the form factors A0 in [73] for the
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B → a2 and Bs → K�
2 transitions. This predicted value is

consistent with the corresponding theoretical results in
[81,84,156]. However, when taking into account the branch-
ing fraction Bða2ð1320Þþ → KþK̄0Þ ¼ 4.9� 0.8% [2], the
contribution from a2ð1320Þþ to the Bþ → D̄0KþK̄0

process is negligible. The decay Bþ → D̄�0a2ð1320Þþ
shares the same Feynman diagrams with Bþ →
D̄0a2ð1320Þþ at quark level, and it is reasonable to infer
a insignificant branching fraction for the decay Bþ →
D̄�0KþK̄0 with the subprocess a2ð1320Þþ → KþK̄0 as well.

IV. SUMMARY

To sum up, the Belle II collaboration presented a
measurement for the Bþ → D̄ð�Þ0KþK̄0 and B0 →
Dð�Þ−KþK̄0 decays very recently, where the bulk of the
observed mðKþK0

SÞ distribution was located in the low-
mass region of the kaon pair, showing structures in all four
decay channels. In this work we have presented a theo-
retical calculation of these decays within the factorization
method. We have focused on exploring the region of
kaon pair invariant masses mðKþK̄0Þ < 1.7 GeV. The
resonance contributions from vector intermediate states
ρð770; 1450Þþ have been found to dominate the branching
fractions for the three-body decays Bþ → D̄ð�Þ0KþK̄0 and
B0 → Dð�Þ−KþK̄0, representing roughly half of the total
branching fractions of the corresponding decay channels.
The role of the tensor a2ð1320Þþ was analyzed and found
to give negligible contributions to the branching fractions
of these four decay processes and the contribution of the
state a0ð980Þþ turned out to be less important than
expected in the mðKþK0

SÞ region near the threshold of
the kaon pair. As a result of our study, we conclude that the
enhancement of events in the kaon pair distribution near
threshold observed in the Bþ → D̄0KþK̄0 and Bþ →
D̄�0KþK̄0 decay processes cannot be interpreted as the

resonance contributions from the a0ð980Þþ meson. The
nonresonant contributions are probably governing the
formation of the kaon pair in Bþ → D̄ð�Þ0KþK̄0 near the
threshold of KþK̄0, and hence deserve further examination
both from the theoretical and the experimental sides.
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APPENDIX A: GENERAL AMPLITUDES FOR
B → D̄ð�Þρ → D̄ð�ÞK + K̄0 DECAYS

The wave functions for B, D, and D� mesons and the
corresponding inputs are the same as they in Ref. [99]. The
kaon and pion timelike form factors are referred to the
Sec. II of Ref. [38]. With the subprocesses ρþ → KþK̄0,
where ρ is ρð770Þ or ρð1450Þ, the specific expressions in
PQCD approach for the Lorentz invariant decay amplitudes
of these general amplitudes F and M for B → D̄ð�Þρ →
D̄ð�ÞKþK̄0 decays are given as follows.
The amplitudes from Fig. 2(a) for the decays with a

pseudoscalar D̄0 orD− meson in the final states are given as

FTρ ¼ 8πCFm4
BfD

Z
dxBdx

Z
bBdbBbdbϕBf½½r2 − ζ̄ðxðr2 − 1Þ2 þ 1Þ�ϕ0 −

ffiffiffi
ζ

p
½ðr2 þ ζ̄

þ 2ζ̄xðr2 − 1ÞÞϕs − ðr2 − 1Þζ̄ð2xðr2 − 1Þ þ 1Þ − r2Þϕt�EeðtaÞhaðxB; x; b; bBÞStðxÞ
þ ½ðr2 − 1Þ½ζζ̄ − r2ðζ − xBÞ�ϕ0 − 2

ffiffiffi
ζ

p
½ζ̄ − r2ðxB − 2ζ þ 1Þ�ϕs�

× EeðtbÞhbðxB; x; bB; bÞStðjxB − ζjÞg; ðA1Þ

MTρ ¼ 16

ffiffiffi
2

3

r
πCFm4

B

Z
dxBdxdx3

Z
bBdbBb3db3ϕBϕDf½−½ðζ̄ þ r2Þððr2 − 1Þðx3ζ̄ þ xBÞ

þ r2ðζx − 1Þ − ζðxþ 1Þ þ 1Þ þ rrcðr2 − ζ̄Þ�ϕ0 −
ffiffiffi
ζ

p
½ðr2ðζ̄ðx3 þ x − 2Þ þ xBÞ − xζ̄ þ 4rrcÞϕs

þ ðr2 − 1Þðr2ðζ̄ðx − x3Þ − xBÞ − xζ̄Þϕt��EnðtcÞhcðxB; x; x3; bB; b3Þ
þ ½xðr2 − 1Þ½ðr2 − ζ̄Þϕ0 þ

ffiffiffi
ζ

p
ζ̄ðϕs − ðr2 − 1ÞϕtÞ� − ðx3ζ̄ − xBÞ½ðr2 − ζ̄Þϕ0

þ
ffiffiffi
ζ

p
r2ððr2 − 1Þϕt þ ϕsÞ��EnðtdÞhdðxB; x; x3; bB; b3Þg; ðA2Þ
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where the symbol ζ̄ ¼ 1 − ζ, the mass ratios r ¼ mDð�Þ=mB and rc ¼ mc=mB. The amplitudes from Fig. 2(b) are written as

FTD ¼ 8πCFm4
Bfρ

Z
dxBdx3

Z
bBdbBb3db3ϕBϕDf½ðrþ 1Þ½r2 − ζ̄ − x3ζ̄ðr − 1Þð2r − ζ̄Þ��

× EeðtmÞhmðxB; x3; b3; bBÞStðx3Þ þ ½ðr2 − ζ̄Þ½2rðrc þ 1Þ − r2ζ̄ − rc� − ζxBð2r − ζ̄Þ�
× EeðtnÞhnðxB; x3; bB; b3ÞStðxBÞg; ðA3Þ

MTD ¼ 16

ffiffiffi
2

3

r
πCFm4

B

Z
dxBdxdx3

Z
bBdbBbdbϕBϕDϕ

0f½xB½ζ̄2 − ζ̄r2 þ ζr� þ ζ̄x3rðζrþ ðrþ 1Þðr − 1Þ2Þ

− ζðr − 1Þ2ðrþ 1Þ½ðrþ 2Þx − 2ðrþ 1Þ� þ ζ2½x − r2ðx − 2Þ − 1�
þ ðx − 1Þðr2 − 1Þ2�EnðtoÞhoðxB; x; x3; bB; bÞ þ ½ðr − 1Þðζ̄ þ rÞ½xB þ ðr2 − 1Þx�
þ ζ̄x3½ðr − 1Þ2ðrþ 1Þ − ζ��EnðtpÞhpðxB; x; x3; bB; bÞg: ðA4Þ

The amplitudes from Fig. 2(c) the annihilation diagrams are written as

FAρ ¼ 8πCFm4
BfB

Z
dx3dx

Z
bdbb3db3ϕDf½ðð2rrc − 1Þðr2 − ζ̄Þ − ðr2 − 1Þ2xζ̄Þϕ0 þ

ffiffiffi
ζ

p
× ½ðr2 − 1Þðrcðr2 − ζ̄Þ − 2rðr2 − 1ÞxÞϕt þ ðrcðr2 − ζ þ 1Þ þ 2rðx − xr2 − 2ÞÞϕs��
× EaðteÞheðx; x3; b; b3ÞStðxÞ þ ½ðr2 − 1Þ½x3ζ̄2 − ζðr2 − ζ̄Þ�ϕ0 þ 2

ffiffiffi
ζ

p
rðx3ζ̄ þ ζ − r2 þ 1Þϕs�

× EaðtfÞhfðx; x3; b3; bÞStðjζ̄x3 þ ζjÞg; ðA5Þ

MAρ ¼ −16
ffiffiffi
2

3

r
πCFm4

B

Z
dxBdxdx3

Z
bBdbBbdbϕBϕDf½ðr2 − 1Þ½r2ðxB þ x3 − 1Þ þ xB þ x3�ϕ0

þ ζ½r4x − ðr2 − 1ÞxB þ ζððr2 − 1Þx3 − xr2 þ xþ 1Þ − ðr4 þ r2 − 2Þx3 − x − 1�ϕ0

þ ζ3=2rð1 − x3Þ½ðr2 − 1Þϕt þ ϕs� þ
ffiffiffi
ζ

p
r½ϕsðxB þ r2ðx − 1Þ þ x3 − xþ 3Þ

þ ðr2 − 1ÞðxB − xr2 þ r2 þ x3 þ x − 1Þϕt��EnðtgÞhgðxB; x; x3; b; bBÞ
þ ½ðr2 − ζ̄Þ½r2ðxB − x3 − xþ 1Þ þ ζðr2ðx3 þ x − 2Þ − xþ 1Þ þ x − 1�ϕ0

þ
ffiffiffi
ζ

p
r½ðxB − x3ζ̄ − ζ þ ðr2 − 1Þð1 − xÞÞϕs þ ð1 − r2ÞðxB − x3ζ̄ − ζ þ ðr2 − 1Þðx − 1ÞÞϕt��

× EnðthÞhhðxB; x; x3; b; bBÞg: ðA6Þ

Where the Tρ, TD, and Aρ in the subscript of above expressions stand for B → ρ, B → D transitions and the annihilation
Feynman diagrams, respectively.
The longitudinal polarization amplitudes from Fig. 2(a) for the decays with a vector D̄�0 or D�− meson in the final state

are written as

FTρ;L ¼ 8πCFm4
BfD�

Z
dxBdx

Z
bBdbBbdbϕBf½½ζ̄ þ ζ̄xðr2 − 1Þ2 þ ð2ζ − 1Þr2�ϕ0

þ
ffiffiffi
ζ

p
½ð1 − r2Þð2ζ̄xðr2 − 1Þ þ ζ̄ þ r2Þϕt þ ð2ζ̄xðr2 − 1Þ þ ζ̄ − r2Þϕs��

× EeðtaÞhaðxB; x; b; bBÞStðxÞ þ ½ðr2 − 1Þ½r2xB þ ζ2 − ζðr2 þ 1Þ�ϕ0

− 2
ffiffiffi
ζ

p
½r2ð1 − xBÞ − ζ̄�ϕs�EeðtbÞhbðxB; x; bB; bÞStðjxB − ζjÞg; ðA7Þ
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MTρ;L ¼ 16

ffiffiffi
2

3

r
πCFm4

B

Z
dxBdxdx3

Z
bBdbBb3db3ϕBϕD�f½½rrcð1 − ζ̄r2 − ζ2Þ − ðr2 − ζ̄Þ

× ðζ̄x3ðr2 − 1Þ þ xBðr2 − 1Þ þ ðζx − 1Þr2 − ζðxþ 1Þ þ 1Þ�ϕ0 −
ffiffiffi
ζ

p
½ðr2ðx3ζ̄ − ζ̄xþ xBÞ

− ζxþ xÞϕs þ ðr2 − 1Þðζ̄xð1 − r2Þ − r2ððx3 − 2Þζ̄ þ xBÞÞϕt��
× EnðtcÞhcðxB; x; x3; bB; b3Þ þ ½xB½ðζ̄ þ ð2ζ − 1Þr2Þϕ0 þ

ffiffiffi
ζ

p
r2ððr2 − 1Þϕt þ ϕsÞ�

− ζ̄x3½ðζ̄ þ ð2ζ − 1Þr2Þϕ0 þ
ffiffiffi
ζ

p
r2ððr2 − 1Þϕt þ ϕsÞ� þ xðr2 − 1Þ½ðζ̄ þ ð2ζ − 1Þr2Þϕ0

−
ffiffiffi
ζ

p
ζ̄ðϕs − ðr2 − 1ÞϕtÞ��EnðtdÞhdðxB; x; x3; bB; b3Þg: ðA8Þ

The longitudinal polarization amplitudes from Fig. 2(b) are

FTD�;L ¼ 8πCFm4
Bfρ

Z
dxBdx3

Z
bBdbBb3db3ϕBϕD�f½ζ̄ þ ð2r − 1Þðr2 − 1Þx3ζ̄2 þ r

× ½ζðr2 þ 2r − ζÞ − r2 − rþ 1��EeðtmÞhmðxB; x3; b3; bBÞStðx3Þ þ ½r2½rcð2ζ − 1Þ
− ζ2 þ 1� − ζ̄ðζxB − rc þ r4Þ�EeðtnÞhnðxB; x3; bB; b3ÞStðxBÞg; ðA9Þ

MTD�;L ¼ −16
ffiffiffi
2

3

r
πCFm4

B

Z
dxBdxdx3

Z
bBdbBbdbϕBϕD�ϕ0f½ζ̄xBð1 − rÞðζ̄ þ rÞ − ζ̄x3r

× ðr3 − ζ̄ðr2 þ r − 1ÞÞ − ζ2ð2r3 − xðrþ 1Þðr − 1Þ2 − 2rþ 1Þ þ ðx − 1Þðr2 − 1Þ2
− ζðrþ 1Þðr − 1Þ2ðrxþ 2x − 2Þ�EnðtoÞhoðxB; x; x3; bB; bÞ þ ½ζ̄x3½r2ðrζ̄ þ 2ζ − 1Þ þ ζ̄ − rζ̄�
− ðxB þ ðr2 − 1ÞxÞ½ζ̄ − ζ̄ζrþ ð2ζ − 1Þr2��EnðtpÞhpðxB; x; x3; bB; bÞg: ðA10Þ

The longitudinal polarization amplitudes from Fig. 2(c) are

FAρ;L ¼ −8πCFm4
BfB

Z
dx3dx

Z
bdbb3db3ϕD�f½

ffiffiffi
ζ

p
rc½ðr4 − ζr2 − ζ̄Þϕt þ ðr2 − ζ̄Þϕs�

þ ½ζ̄ð1 − xðr2 − 1Þ2Þ þ r2ð2ζ − 1Þ�ϕ0�EaðteÞheðx; x3; b; b3ÞStðxÞ
þ ½2r

ffiffiffi
ζ

p
ζ̄ððx3 − 1Þζ̄ þ r2Þϕs þ ðr2 − 1Þ½ζðr2 þ ζ̄ð1 − x3Þ − x3Þ þ x3�ϕ0�

× EaðtfÞhfðx; x3; b3; bÞStðjζ̄x3 þ ζjÞg; ðA11Þ

MAρ;L ¼ 16

ffiffiffi
2

3

r
πCFm4

B

Z
dxBdxdx3

Z
bBdbBbdbϕBϕD�f½−ðx3ζ̄ þ xBÞ½ðr2 − 1Þðr2 − ζ̄Þϕ0

−
ffiffiffi
ζ

p
ζ̄rðr2 − 1Þϕt −

ffiffiffi
ζ

p
ζ̄rϕs� − ζζ̄ðxþ 1Þϕ0 þ

ffiffiffi
ζ

p
ζ̄r5ðx − 1Þϕt þ

ffiffiffi
ζ

p
ζ̄r3ððζ − 2xÞϕt

− ðx − 1ÞϕsÞ þ
ffiffiffi
ζ

p
ζ̄rððx − ζ̄Þϕs þ ðxþ ζ̄ÞϕtÞ − r4ðζx − 1Þϕ0 − r2ðζxðζ − 2Þ þ 1Þϕ0�

× EnðtgÞhgðxB; x; x3; b; bBÞ − ½ðr2 − ζ̄Þðr2ðxB − x3ζ̄Þ þ r2ðζ̄x − 1Þ − ζ̄ðx − 1ÞÞϕ0

−
ffiffiffi
ζ

p
ζ̄r½ððx3 − 1Þζ̄ þ ð1 − xÞr2 þ x − xBÞϕs − ðr2 − 1Þðx3ζ̄ þ ζ − ð1 − xÞr2 − x − xB þ 1Þϕt��

× EnðthÞhhðxB; x; x3; b; bBÞg: ðA12Þ
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The normal alongwith transverse polarization amplitudes fromFig. 2 for the decayswith a vector D̄�0 orD�− arewritten as

FTρ;k⊥ ¼ 8πCFm4
BfD�r

Z
dxBdx

Z
bBdbBbdbϕBf½ϵD�

T · ϵρT ½
ffiffiffi
ζ

p
ðxðr2 − 1Þðϕa − ϕvÞ þ 2ϕvÞ

þ ζð2xðr2 − 1Þ þ 1ÞϕT þ ð1 − r2ÞϕT � − iϵnvϵ
D�
T ϵρT ½

ffiffiffi
ζ

p
ððxðr2 − 1Þ − 2Þϕa

− xðr2 − 1ÞϕvÞ þ ζð2xðr2 − 1Þ þ 1ÞϕT þ ðr2 − 1ÞϕT ��EeðtaÞhaðxB; x; b; bBÞStðxÞ
þ

ffiffiffi
ζ

p
½ϵD�

T · ϵρT ½ðζ − xB − r2 þ 1Þϕv þ ðζ̄ þ xB − r2Þϕa� þ iϵnvϵ
D�
T ϵρT ½ðζ − xB − r2 þ 1Þ

× ϕa − ðζ − xB þ r2 − 1Þϕv��EeðtbÞhbðxB; x; bB; bÞStðjxB − ζjÞg; ðA13Þ

MTρ;k⊥ ¼ 16

ffiffiffi
2

3

r
πCFm4

B

Z
dxBdxdx3

Z
bBdbBb3db3ϕBϕD�f½ϵD�

T · ϵρT ½ζ3=2rcðϕa − ϕvÞ

þ
ffiffiffi
ζ

p
rcððr2 − 1Þϕa þ ðr2 þ 1ÞϕvÞ þ rðr2 − 1ÞðxB þ x3 − 1ÞϕT − ζrððr2 − 1Þ

× ðx3 þ xÞ − 2r2 þ 1ÞϕT � − iϵnvϵ
D�
T ϵρT ½ζ3=2rcðϕa − ϕvÞ −

ffiffiffi
ζ

p
rcððr2 þ 1Þϕa

þ ðr2 − 1ÞϕvÞ − rðr2 − 1ÞðxB þ x3 − 1ÞϕT þ ζrððx3 − xÞðr2 − 1Þ þ 1ÞϕT ��
× EnðtcÞhcðxB; x; x3; bB; b3Þ þ r½ϵD�

T · ϵρT ½2
ffiffiffi
ζ

p
ðxB þ xðr2 − 1Þ − x3ζ̄Þϕv

þ ðr2 − 1ÞðxB − xζ − x3ζ̄ÞϕT � þ iϵnvϵ
D�
T ϵρT ½2

ffiffiffi
ζ

p
ðxB þ xðr2 − 1Þ − x3ζ̄Þϕa

þ ðr2 − 1ÞðxB þ xζ − x3ζ̄ÞϕT ��EnðtdÞhdðxB; x; x3; bB; b3Þg; ðA14Þ

FTD�;k⊥ ¼ 8πCFm4
Bfρ

ffiffiffi
ζ

p Z
dxBdx3

Z
bBdbBb3db3ϕBϕD�f½ϵD�

T · ϵρT ½xðr2 − 1Þð2ζ̄ − rÞ þ ζ̄ þ r2 þ 2r�

− iϵnvϵ
D�
T ϵρT ½xðr2 − 1Þðr − 2ζ̄Þ − ζ̄ þ r2��EeðtmÞhmðxB; x3; b3; bBÞ

× Stðx3Þ þ r½ϵD�
T · ϵρT ½ζ − xB þ 2rc − r2 þ 1� − iϵnvϵ

D�
T ϵρT ½ζ̄ þ xB − r2��

× EeðtnÞhnðxB; x3; bB; b3ÞStðxBÞg; ðA15Þ

MTD�;k⊥ ¼ 16

ffiffiffi
2

3

r
πCFm4

B

ffiffiffi
ζ

p Z
dxBdxdx3

Z
bBdbBbdbϕBϕD�f½ϵD�

T · ϵρT ½r2ðζ̄ðð2 − xÞϕv − xϕaÞ

þ ðζ̄x3 þ xBÞðϕa − ϕvÞÞ þ ζ̄xðϕa þ ϕvÞ� − iϵnvϵ
D�
T ϵρT ½r2ððζ̄ðx − x3Þ − xBÞϕv

þ ðζ̄ðx3 þ x − 2Þ þ xBÞϕaÞ − ζ̄xðϕa þ ϕvÞ��EnðtoÞhoðxB; x; x3; bB; bÞ
þ ½ϵD�

T · ϵρT ½ðr2ðxB − x3ζ̄Þ − xζ̄ðr2 − 1ÞÞϕa þ ðxðr2 − 1Þð2r − ζ̄Þ − ðr − 2Þ
× rðxB − x3ζ̄ÞÞϕv� þ iϵnvϵ

D�
T ϵρT ½ðxðr2 − 1Þð2r − ζ̄Þ − rðr − 2ÞðxB − x3ζ̄ÞÞϕa

þ ðr2ðxB − x3ζ̄Þ − ζ̄xðr2 − 1ÞÞϕv��EnðtpÞhpðxB; x; x3; bB; bÞg; ðA16Þ

FAρ;k⊥ ¼ 8πCFm4
BfBr

Z
dx3dx

Z
bdbb3db3ϕD�f½ϵD�

T · ϵρT ½
ffiffiffi
ζ

p
ðxðr2 − 1Þðϕa − ϕvÞ − 2ϕvÞ

− rcðr2 − ζ − 1ÞϕT � þ iϵnvϵ
D�
T ϵρT ½

ffiffiffi
ζ

p
ðxðr2 − 1Þϕv − ðxðr2 − 1Þ þ 2ÞϕaÞ þ ðr2 − ζ̄ÞrcϕT ��

× EaðteÞheðx; x3; b; b3ÞStðxÞ þ
ffiffiffi
ζ

p
½ϵD�

T · ϵρT ½ðζ̄x3 þ ζ − r2 þ 1Þϕv þ ðζ̄x3 þ ζ þ r2 − 1Þϕa�
þ iϵnvϵ

D�
T ϵρT ½ðζ̄x3 þ ζ þ r2 − 1Þϕv þ ðζ̄x3 þ ζ − r2 þ 1Þϕa��

× EaðtfÞhfðx; x3; b3; bÞStðjζ̄x3 þ ζjÞg; ðA17Þ

LOW-MASS ENHANCEMENT OF KAON PAIRS IN … PHYS. REV. D 109, 116009 (2024)

116009-11



MAρ;k⊥ ¼ 16

ffiffiffi
2

3

r
πCFm4

B

Z
dxBdxdx3

Z
bBdbBbdbϕBϕD�f½ϵD�

T · ϵρT ½ðr2xBðr2 − 1Þ

þ ζ̄r2ððr2 − 1Þðx3 − 1Þ þ ζÞ − ζ̄ζxðr2 − 1ÞÞϕT − 2
ffiffiffi
ζ

p
rϕv� þ iϵnvϵ

D�
T ϵρT ½ðr2ðζ̄r2

− ζ̄2 − ðζ̄x3 þ xBÞðr2 − 1ÞÞ − ζ̄ζxðr2 − 1ÞÞϕT − 2
ffiffiffi
ζ

p
rϕa��EnðtgÞhgðxB; x; x3; b; bBÞ

þ ðr2 − 1Þ½ϵD�
T · ϵρT ½r2ðxB − x3Þ þ ζðr2ðx3 − 1Þ þ x − 1Þ þ ζ2ð1 − xÞ� − iϵnvϵ

D�
T ϵρT

× ½r2ðxB − x3Þ þ ζðr2ðx3 − 1Þ − ζ̄ðx − 1ÞÞ��ϕTEnðthÞhhðxB; x; x3; b; bBÞg: ðA18Þ

The hard functions hi, the hard scales ti with
i∈ fa; b; c; d; e; f; g; h;m; n; o; pg, and the evolution fac-
tors Ee;a;n have their explicit expression in the Appendix of
Ref. [99].

APPENDIX B: DECAY AMPLITUDE
FOR B+ → D̄0½a0ð980;1450Þ+ →�K + K̄0

The decay constants of the pseudoscalar meson P and
the scalar meson S are defined by

hPðpÞjq̄2γμγ5q1j0i ¼ −ifPpμ;

hSðpÞjq̄2γμq1j0i ¼ fSpμ;

hSjq̄2q1j0i ¼ mSf̄S:

When the kaon pair KþK̄0 originated from the inter-
mediate a0ð980; 1450Þþ, we have [96]

hKþK̄0jd̄uj0i ¼ hKþK̄0ja0i
1

Da0

ha0jd̄uj0i
ga0KK
Da0

ha0jd̄uj0i;

ðB1Þ

with the denominator [157,158]

Da0 ¼ m2
a0 − s − iðg2πηρπη þ g2K̄0KρK̄0K þ g2πη0ρπη0 Þ: ðB2Þ

The B → Dð�Þ matrix element is described by the transition
form factors [159]

hDðp0Þjc̄γμbjBðpÞi¼FBD
0 ðq2Þm

2
B−m2

D

q2
qμþFBD

1 ðq2Þ
�
ðpþp0Þμ−m2

B−m2
D

q2
qμ
�
; ðB3Þ

where q ¼ p − p0. We parametrize the matrix element for the B → a0 transition in terms of form factors FBa
0 and FBa

1 as

ha0ðp0Þjq̄γμγ5bjBðpÞi ¼ iFBa
0 ðq2Þm

2
B −m2

a0

q2
qμ þ iFBa

1 ðq2Þ
�
ðpþ p0Þμ −m2

B −m2
a0

q2
qμ
�
: ðB4Þ

With Eqs. (2) and (3) and related transition form factors above, we have the decay amplitude

MðBþ → D̄0½aþ0 →�KþK̄0Þ ¼ GFffiffiffi
2

p V�
cbVud½a1ðm2

B −m2
a0ÞfDFBa

0 ðm2
DÞ þ a2ðm2

B −m2
DÞfa0FBD

0 ðsÞ� ga0KK
Da0

: ðB5Þ

The expressions and related parameters for FBa
0 and FBD

0 ðsÞ are found in Refs. [68,144,146,160].
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