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Quantum tomography has become an indispensable tool in order to compute the density matrix p of
quantum systems in physics. Recently, it has further gained importance as a basic step to test entanglement
and violation of Bell inequalities in high-energy particle physics. In this work, we present the theoretical
framework for reconstructing the helicity quantum initial state of a general scattering process. In particular,
we perform an expansion of p over the irreducible tensor operators {T%;} and compute the corresponding
coefficients uniquely by averaging, under properly chosen Wigner D-matrices weights, the angular
distribution data of the final particles. Besides, we provide the explicit angular dependence of a novel
generalization of the production matrix I" and of the normalized differential cross section of the scattering.
Finally, we rederive all our previous results from a quantum-information perspective using the Weyl-
Wigner-Moyal formalism and we obtain, in addition, simple analytical expressions for the Wigner P and Q

symbols.
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I. INTRODUCTION

The general description of a quantum-mechanical system
is encoded in a central mathematical entity known as the
density matrix, p. In this way, any physically accessible
information of the system (any information attained by
performing measurements over it) is theoretically obtained
by computing the expectation values of observables:
(O) = Tr{Op}. Here, O stands for the Hermitian and
linear operator associated with the considered experimental
measurement. In particular, when dealing with systems
with finite degrees of freedom, i.e., the associated Hilbert
space has finite dimension, this quantum characterization
takes the form of a complex, unit trace and Hermitian
matrix. Therefore, in order to test with high precision either
new or well-established models of particle physics, a
practical and accurate reconstruction of p is needed.

The procedure to determine this density matrix by
performing measurements over the system is known in
the quantum-information context as “quantum tomo-
graphy” [1-3]. Special relevance has been given to the
helicity density matrix since the works of E. Wigner [4],
M. Jacob [5], G. C. Wick [6], and J. Werle [7-9] indicated a
strong relation between angular distribution of final states
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and helicity amplitudes for general scattering processes.
For instance, different methods for the tomography of single-
particle systems [10-12] and of pairs of particles [13—17]
have been proposed, all of them based on the reconstruction
via the angular distribution data of the final particles.
Nevertheless, they restrict themselves to final states reached
after a chain of consecutive decays, while the plethora of
other cases are not addressed. In this study we carry out the
extension of the quantum tomography for all possible
scattering processes. As a matter of fact, due to the trans-
formation property under rotations of the irreducible tensor
operators {T%} [11,12,17,18] we base the reconstruction
of p on its expansion over this suitable basis, contrary to
other approaches where either the Cartesian vector and
tensors [10,15,19] or generalized Gell-Mann matrices [16,20]
are used.

As aforementioned, once the density matrix is recon-
structed, several properties of the corresponding system
can be tested. Namely, several theoretical papers have
tackled the certification of entanglement as well as violation
of Bell inequalities in pairs of top and antitop [14,21-25],
Abaryons [26], B° B pairs [27], charmonium decays [28,29],
top quarks [22,30-32], tau leptons [31,33], photons [31],
electron-positron collisions [34], positronium decays [35],
vector bosons [17,36—40] and 2-2 scatterings [41,42]. On
the experimental side, works concerning spin polarization
and spin correlations of top antitop pairs [43-45], vector
bosons [46] as well as violation of Bell inequalities in
ions [47], vector bosons [48], superconducting systems [49],
nitrogen vacancies [50] and in photons [51-53] can also be
found in the literature.
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To sum up, the situation we will be referring to in this
work is a scattering process from m initial particles to n > 2
final particles. Actually, we are interested in the helicity
density matrix of the initial state and the only information
we have access to is the angular distribution of the final
particles. From this starting point, we are able not only to
perform the tomography of p but also to give the explicit
angular dependence of both the generalized production
matrix I" (see Sec. III for a rigorous definition) and of the
normalized differential cross section of the process, the
latter having been previously studied in [54-60].

The paper is organized as follows: in Sec. I we present the
quantum-mechanical formalism for the representation of
many-particle systems used throughout the paper. Section I1I
is devoted to the construction of the generalized production
matrix I', while in Sec. IV we develop the quantum
tomography of the density matrix p from its relation with
both the normalized differential cross section and the
generalized production matrix, elaborating on the case in
which T" factorizes. We illustrate the quantum tomography
method during Sec. V by providing simple high-energy
particle physics examples. In Sec. VI we relate the theoretical
framework here introduced to the Weyl-Wigner-Moyal
formalism [61]. Finally, in Sec. VII we summarize the whole
work and present our conclusions. Appendix A collects the
explicit form of the generalized production matrix for
different scattering processes in terms of the initial and final
particle’s number, whereas Appendix B is dedicated to
mathematical technicalities omitted in the main text.

II. STATE REPRESENTATION FOR
RELATIVISTIC MANY-PARTICLE SYSTEMS

This section is devoted to summarizing and recalling
the formalism of state representations for relativistic
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many-particle systems developed in Refs. [7-9]. We
emphasize the indispensable concepts for the work.

Let us consider an arbitrary system of n particles
with definite 3-momenta p;, spins s;, and helicities
A €{-s;,...,8;}, such that the total linear momentum
r=>"r, P = 0. In particular, we will denote this
center-of-mass spatial reference frame by RF and consider
Pi = p;bi, with p; and p; the 3-momentum modulus and
unit vector of particle i.

Based on these 3-momenta, we can fix a particularly
useful center-of-mass reference frame as displayed in
Fig. 1, which we denote by RF°. Namely, we set the
3-momentum of one of the particles (from now on particle
1) to define the z axis via Z = p,, while the 3-momentum of
a second particle (from now on particle 2) is considered to
lie in the x > O half of the xz plane, so that § = g::%.
Therefore, RF? is completely characterized by the
3-momenta of the two selected particles, which we have
assumed to be distinguishable from the rest and
between them.

We denote the 3-momenta of particle i in the RF° frame
by pY. For instance, the spherical coordinates (modulus as
well as polar and azimuthal angles) characterizing p? take
the values

(plve(l)’ (p(l)) = (pl,0,0), (Pz»g(z)»(ﬂg) = <p2’6(2)’0)’
(pi,8,¢0) fori=3,...,n. (1)

We notice that only 37 —3 nontrivial coordinates are
needed to describe the system in this frame. On the other
hand, the corresponding 3n coordinates of p; in a general
R.F are obtained from the ones in RF° by performing a
Euler rotation R(a,f,y) of the whole system as a
rigid body.

‘E (p1,0,0)
RF"

(p3a ega Sag)

(pZ, 6(2), 0)

xr

On the left, a sketch of the most general center-of-mass spatial reference frame of n particles RF (only three of the n particles

are displayed for clarity). On the right, a sketch of the special center-of-mass reference frame of # particles RF° fixed by particles 1 and
2 (only three of the n particles are displayed). The corresponding Euler rotation to move from one frame to another is also shown.
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The inverse operation can also be done: the RF°
description is recovered by applying a R(a, 3, 7)™ rotation
to the system described in RF, see Fig. 1. In this sense,
the physical meaning of the Euler angles characterizing
the rotation is easily obtained once particles 1 and 2 are
identified in RF. Specifically, (a,f) = (¢,,0;) are the
angular components of particle 1 in RF whereas y = ¢, is
the azimuthal coordinate of particle 2 after applying an
initial R(a, 3,0)~! rotation to the system, i.e., after setting
the 3-momentum of particle 1 to be in the z axis.

Following this convention, the quantum state of a general
n-particle system with definite 3-momenta and helicities as
well as null total linear momentum is given by

T[15.4) = DR T[I5%) = Re%). ()
i=1 i=1

Here D(R) is the unitary representation of the rotation
acting on the quantum states, R = R(a, 3, y) (for simplicity
we omit the angle dependence of R) and p; = Rp). In
addition, we have denoted by A the whole set of the
particle’s helicities and by p° the set of 3n — 3 spherical
coordinates needed to describe the system in RFO as
specified in Eq. (1). The orthogonality conditions for these
states read

(R'p" 2 |Rp°2) = 8(R. R")8(p°p” 20'),
with 8(R,R") = §(a— a')5(cosp—cos f')6(y —v')
3(p1 = Ph) 8(pa = ph) 8(65 - 69)

p} P3

n n

x H 5(p? - pY) 1_[] 5,1,,1}- (3)
i

i=3

and 8(p°p”; ) =

e
sin 05

Following [9], a more convenient representation of (2) is
possible. Namely, the p® set of quantum numbers is
replaced by the total energy of the system E, the total null

linear momentum y = 6, and a set x of 3n — 7 parameters,
functions of p°, to be chosen depending on the case of
interest. Whenever 3n —7 < 0 we take x = @, the empty
set. Besides, due to the conservation of the total energy and
since we are dealing with center-of-mass frames, both E
and y will play no role in what follows. Hence, the state (2)
becomes |RkA), whose orthogonality conditions are

(R X |Rx2) = 8(R', R)S(ki'; A
3n-17 n

and &(kx’;A0) = H 8(k; — k%) Hé,ljﬂ}. (4)
=1

i=1

Finally, let us also introduce the relation between the states
in Eq. (4) and those of definite angular momentum:

J+1/2)12
|JMAKA) :% / dRD’,\(R)*|Rx2). with
JT
J+1/2)1/2
(RK’/I’|JMAK/1>:%DLA(R)%(KK’;M’). (5)
T

The function DY,,.(R)3;, = (JM|D(R)|J’M’) is the
Wigner D matrix associated with the Euler rotation R,
dR is the differential with respect to the angles character-
izing R and the quantum number A corresponds to the
projection of the total angular momentum of the system
over p;. From the orthogonality conditions of the Wigner D

matrices,

/ % 8”2
/dR DJM’A’(R) D%/IA(R) = m‘SJJ’éMM’5AA’, (6)
we get
<]/M/A/K/ﬂ/|JMAKﬂ> = 6]]’5MM/5A/\’5(KK/;)41/)~ (7)

The inverse relation concerning the states in Eq. (5) is

1/2
Ricd) =) ZM%A(RWMAKA). (8)

7 MA 2z

A further final comment is needed: during this section
we have assumed that the particles we are dealing with have
a fixed and known mass m;. Nevertheless this may not be
the case, for example, when working with off-shell par-
ticles. For those scenarios, we also need to treat m; as an
extra quantum number per particle (to add in the parameter
set k) in order to have a complete representation of the
system. Specific examples are analyzed in Appendix A.

III. GENERALIZED PRODUCTION MATRIX

In this section we generalize the concept of a production
(or decay) matrix to any kind of scattering process. This
matrix was previously defined, e.g., in [10,62] in terms of
the helicity amplitudes, but only accounting for decay and 2
to 2 scattering processes. In addition, in order to give a
practical characterization of the matrix we also introduce a
generalization for any scattering process of the so-called
reduced helicity amplitudes [10,15,62], which were defined
as well only in the context of decay and 2 to 2 scattering
processes. For instance, we define the generalized pro-
duction matrix by

Ty o Y MM, (9)
A

where the normalization Tr{I'} =1 is left to impose.
Here, as done in [7-9], we have denoted the initial
state quantities with an overbar and the final state ones
without it. The amplitudes M ;; are the so-called helicity
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amplitudes, whose expression in terms of the scattering
matrix S and the states introduced in Eq. (8) is

M,; = (RKA|S|R & A). (10)

The rotations R, R are performed with respect to a fixed
reference frame, RF°, and along with (%, 1) as well as
(k,4) completely characterise the initial and final states.
Furthermore, by definition of (2) and (8), the property

= D(R)|1xA) (11)

holds, where the notation 1 refers to the absence of a
rotation and D(R) is the unitary representation of the
rotation R in the Hilbert space of interest.

As will be justified later on [see Eq. (19) in Sec. IV and
Eq. (79) in Sec. VI], the relevant matrix for our final goal is
the transposed of the generalized production matrix, I'7.
Therefore, using the expression of M ;:

M’ Z

(Rk {Z (ST|RkA)( RK/1|S):| RkZ). (12)
A

|RKkA)

71S|Ri2) (Rk2|S|R R T')

Using property (11) of |RkA) as well as the rotation
invariance of the scattering matrix S, we get

I o« (RkZ|D(R) {Z(mmxmm)}b(R)—1|ier<zf>
A

= (1%2|(D(R)"'D(R)) [Z(mmmxﬂs)]

1
x (D(R)"'D(R))™MT&A)

)
= (1kZ2|D(R'R) {Z(S"'IWMMIS)]
x D(RT'R)™T& ). (13)

This last equation implies that in the helicity basis for
the initial states, {|1%1)};, the matrix T” only depends
on the relative rotation between the initial and final
states, i.e., I'T(R,R) =TT(R7'R), and it is given by
rotating T7 (T, 1) = I'"(1) accordingly, as it should happen
for a generic quantum-mechanical operator in a rotated
system [18]:

I"(R,R)=T"(R"'R)=D(R'R)IT(1)D(R'R)~". (14)
Furthermore, it is worth mentioning that instead of con-
sidering two different rotations (R, R) with respect to the
fixed reference frame RF°, we can always set the initial
state of the scattering process to define RF°. Thus, R = 1

and the whole relative rotation only comes from a rotation
of the final state with respect to this reference frame,
R™'R = R. Following the physical interpretation given in
Sec. II, the set of Euler angles characterizing R are denoted

by (a,f,y) = (@1, 01, p12) = Q. In consequence,
R™'R=R=R(p1,0,,912) = R(Q) = T"(R'R)
=T7(R) = D(R)ITT(1)D(R)~". (15)

From now on, we will consider I'7 = I'7 (1) and specify the
argument (1) only when needed.

The exact expression for I'7 is presented in full detail in
Appendix A. For instance, some relevant features of this
matrix are discussed for the following scattering processes
(labeled in terms of the initial and final particle’s number):

Hl-2
4)2 >n

2)1—)1’1
S)m—2

3)2 -2
6)m — n.

In general, the generalized production matrix can be
expanded in the canonical basis {e,} via a sum over
the possible spin projections o; € {—s;, ..., s;} of the initial

particles:

I'" E Aoy, With 6= (0y,...,0,)

oo’
and same with primes,

[T, & ay =Y (1ko|ST1kA)(1xA|S| TR ),
A

m
= ig eo'iai.v [eaio‘;h,-,;l; = 56,»,/_1,-5&,../_1;' (16)
In other words, e, is a unit matrix with the (o}, 07)
element equal to 1 and all the others null. In addition, the
(6,0) elements a,, = a,y(k,k) are a generalization of
the so-called reduced helicity amplitudes [10,15,62] and
encode the kinematics not included in €. Nonetheless,
during the current and next sections the (&, k) dependence
will be, in general, omitted as it is not relevant.

Moreover, imposing Tr{I"} = Tr{l'} =1 one can
deduce the normalization factor in I'” as a function of a,,:

Tr{e(m” = 500” = Tr{za{m’erm’} = Zaﬂm

oo’ 4

where a,, = » [(1xA|S[T&0)[> € R*. (17)
A

Hence, defining a, = _a,, €RT,

rr Zaﬂa/e(m’ = FT( )

- Zaw/D(R)ew/D(R) : (18)
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IV. RECONSTRUCTION OF THE DENSITY
MATRIX

The goal of this section is to develop the quantum
tomography for the initial state helicity density matrix p.
The main idea is to expand p over the basis of irreducible
tensor operators { T4, } and then compute each coefficient in
the decomposition by performing an integration over the
angular distribution of the final state. Alternative proposals
for a quantum tomography method in this context [10,15,16]
are valid only for decay processes and use either the Cartesian
vectors or the generalized Gell-Mann matrices instead of the
irreducible tensor operators as a basis for the decomposition
of the density matrix.

To accomplish the final result, we first deepen in some
properties of I'7(R), providing its decomposition over
{T% } and the Wigner D matrices {D%;, (R)}. This decom-
position will make explicit the I''(R) transformation
properties under rotations of the system as well as its
kinematic dependence.

Second, given the relation between the production matrix,
the normalized differential cross section, and the density
matrix in helicity space of the initial state [10,15,62]

1 do T
o dodrax VAT (R)} (19)
(with /' a normalization constant to be fixed later on)
we give the, as far as we know, first decomposition of the
normalized differential cross section over { D%, , (R) } and the
coefficients of the expansion of p under the irreducible tensor
operators.

Finally, we provide a practical and experimentally viable
way of reconstructing the density matrix of any system
(to use, e.g., in further studies about spin correlation or
entanglement properties) once the normalized differential
cross section of the scattering process is measured.

As has just been anticipated, in order to perform the
tomography of p we need to expand both '’ (R) and p over
the convenient basis of irreducible tensor operators, whose
transformation under rotations will be crucial for the
incoming reasoning. Let us briefly explain the properties
of this basis. We follow the notation presented in [18],
where the irreducible tensor operators are {T%,(s)}, ,,. In
the context we are working on, s = (s1, ..., s,,) represents
the vector of spins of the initial particles, which furthermore
fixes the dimension of T%(s) to be equal to d x d,
with d =", d; =[]", (2s; + 1).

In addition, L€{0,...,2s;} and Me{-L,....L},
where sy is seen as an ‘“effective spin” corresponding
to the whole system, ie., d =2sy+ 1. Denoting by
or,or €{=sr,...,sp} the possible projections of sz, an
explicit expression for the elements of T%,(s) is [18]

(T3 ())gye, = L+ 1D2CTT (20)

Jm
where lemljzmz

Gordan coefficients, which following the Condon and
Shortley convention are chosen to be real. Throughout
the paper, we will denote T%, = T%,(s) when there is no
ambiguity and recover the s-vector notation otherwise.
Finally, some other properties concerning the Hermitian
conjugation as well as the orthogonality relations among

the tensors are

= (jymyjoymy||jijojm) are the Clebsch-

(Th)" = (=D)MTLy,.
Tr{T5,(T%)"} = Te{TE(TE)"} = dpSppe. (21)
The latter one leads to a theoretical simple way of

computing the coefficient of a general operator O with
respect to this basis:

1
O = ZZOLMT’L”’ with Oy, = Tr{O(T%)"}. (22)
]

We will apply the last result to first obtain the expansion
of I'T(R) and then p, getting the desired quantum tomog-
raphy. We start by determining the coefficients in the
expansion of the matrix e,:

Tr{eao’(TlM)T} - Tr{eva’(T%/[)T} - [T]LVIL?TOJT

= (2L + 1)1/2C§-:Z’:LM’ (23)

where o7 is defined via the scalar product of ¢ with a
suitable vector only dependent on the dimensions of the
Hilbert spaces:

and o} =0 - d®),

L)), (24)

oy =0+ d(")

with d® = (d\", ...

d" = T[ d. fori<m and dy =1. (25)

j=it1

In particular, the vector d(*) can be seen as a mathematical
tool connecting the spin projection o; of every particle with
the spin projection o7 of the effective spin s; corresponding
to the whole system. Moreover, using the properties of the
Clebsch-Gordan coefficients:

Tr{e, (Thy)'} = QL+ 1)'2CTT

= (2L + 1)1/2C§:ZL6;5M6;’ (26)

with 67 = 67 — 6 = (6 — 6') - dV). Finally

d

1 1
e =52 NCLA1)PCT, e | Th = 5D Cron T
LM L

(27)
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where Cj,, = (2L + )1/2CYTG,TL _€R. Plugging the

expansion into I'" and rearranging the sum in (o,0’):

LY [ > Cuueh }

a+
oo’
L
E Ao’ CLGG':| Ta;

dzz[
(o= )~d<v> o
,Z LO’T o’T (28)

L(FT

The newly introduced coefficient is defined as

5 X
a,(K.k)
(o=0")-d() =07

BL(:; (’?7 K) = Ao (IZ', K) CLGG’ (29)

and carries the dependence on (&, ) via the reduced helicity
amplitudes a,y (%, ).
Furthermore, making use of the Hermitian-conjugation
properties of I'", e,y and T%,, we can deduce the ones for
M,BLG and C; . Namely, it is easy to see that

a;a’ ) BZO‘} = (_1)6TBL—6;’

CL00' = (_I)U;CLUO'/' (30)

For the special 67 = 0 case, the condition (6—¢’)-d") =0
is equivalent to ¢ = ¢/. The proof of this statement is
presented in Appendix B, and the simplified expressions
for the coefficients in that case read

o o 1/2 870
ao‘a’|o-;:0 = o6 € R+’ CLo‘a’|o-;:0 - (2L + 1) / CsraiLO’

L =B = N A0 Croo'
t o
(2L +1)'? -
= a m,Cé;U;LO eR. (31)

Coming back to the computation of I'7 (R), as explained
in Sec. IIl we obtain it by rotating I'” with the unitary
representation of R, which we recall refers to the Euler
rotation connecting the initial and final states in the
scattering. Denoting 67 = M’ for simplicity in what comes,

A

I'"(R) = D(R)ITD(R)™! = ZBLM/D )TE.D(R)™").

LM’

(32)

Taking into account the transformation properties under
rotations of the irreducible tensor operators,

D(R)TE, ZDMM,

1
= | IT(R) = dz [ZBLM/DMM,(R)} T, (33)
M
with D%, (R) the Wigner D matrix associated with the

rotation R. Expression (33) gives the exact decomposition
of the generalized production matrix in terms of irreducible
tensor operators. It is worth mentioning that the kinematic
dependence on the coefficients has been factorized as
By = By (R, k), Dt (R)=DE (Q). (34)
The p matrix is also expanded with respect to the

irreducible tensor operators following the recipe in
Eq. (22). Hence,

ZALMTM7 with  Apy =Apu(k).  (35)
d o5

The coefficients A;,;, do not depend on the parameters
(k, R) characterizing the final state, as p is a mathematical
entity only referred to the initial one.

In order to experimentally reconstruct p, let us recall
Eq. (19), which relates p to both the normalized differential
cross section and the production matrix. The normaliza-
tion constant ./\/ appearing in Eq. (19) is such that

Rdil-—4o _ — | therefore
dQ dRdx L o — 1, theref

Nt = / dQdxrdx Tr{pI'" (R)}

— / drdx Tr{p / dQr7 (R)}. (36)

In the last step we have used that the only Q-dependent
quantity is I'7(R). Actually, the integration over £ can be
performed using the decomposition in Eq. (33) as well as
property (6):

/ dor? (R

Z > Buw [ / dQDt (R)} Tk,

LM M
871 8772
— B T —1. 37
4 oo a (37)

In the end, since p is normalized we get

8z 87°KK
i dikdk Tr{p} = ”d ,

with K:/dfc and K:/dK. (38)

N—l

Using this in Eq. (19) this value of A/ along with Eq. (35)
gives
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1 do B d
o dQdrdrx

. ZALMTr{mmR)}]

872KK |d

ZALMTI'{T%/IFT( )} (39)

87[2KK

The last term in the previous equation can be obtained from
the expansion and Hermiticity of I'7(R) as well as general
properties of the trace:

Tr{T}I" (R)} = Tr{(T§;)"T(R)} = Tr{(Tf;)'T"
- [ZM,BLM,DLMM,(R)]*
= ZB wDE (R

Plugging the above result in the expression of the normal-
ized differential cross section leads to its expansion in terms
of both the Wigner D matrices and the coefficients By,

(R)}

(40)

1 do )
6 dQdkdx 87121(]( ZALM ZB MM’ (R)".

(41)

The presence of the coefficients A;,, in the right-hand side
of the latter equation is clear. In order to isolate them we use
|

the orthogonality conditions for the Wigner D matrices
introduced in Eq. (6). Finally, making explicit the depend-
ence on (k,k):

1 do 2L + 1\ /2
aQ |~ DL (Q
/ [O'defch]( 4n > v ()
2L+ 1\1/2 1 s
—< ir ) Sﬂz,gK;;Am(K)%;Bm(K,K)

/ dQ DL (Q)' DL, (Q)
_ 1 B (R, k)
 [dx(2L + 1)]'/? [ KK

By (R, k)" _
= 2B A (7).
in Lm(K)

Arut®
(42)
Here, we have defined the coefficient

_ dr \12 By (k, )
B (k) = <2L+1> “RK

which shares the same conjugation relations as B; (&, k).
In this sense, the main goal of the work is achieved
and the expansion of p in the {T%;}, ,, basis can be fully
reconstructed via the integration of the normalized differ-
ential cross section under a properly chosen kernel,

(43)

ALM (k)

4z do 2L +1\1/2
B a9 DL ().
By (R.K)* / [adgddeK e ) air (€2)

(44)

This expression generalizes a first approach given for a
specific decay process in [17]. The procedure for extracting a
density matrix coefficient for fixed L and M stands as long as
By (R, x) # Oforatleastone M'. The By (R, k) =0 ¥V M’
scenario would imply, by Eq. (41), that the normalized
differential cross section has no component associated with
the angular momentum L. Thus, it is not that the method is
incomplete in order to extract the density matrix, but that the
scattering process considered carries no such angular in-
formation, so it is physically impossible to reconstruct that
part of the initial state from the process in hand.
Of special relevance is the M’ = 0 case, for which

1 do J(2L+1\'V2 | Bro(®RK)",
/ @@ Ldgdrcde An ) Dio @) == Au(®)

Q/ [Gde dk ]Y%(e’(p)*:BL‘(Li’K)ALM(’?),
(45)

where we have used the relation between the Wigner D
matrices and the spherical harmonics as well as the

definition of a new coefficient B; for consistency with
the notation used in [17]

L * L X dr \'V2 oy
DMO(R) = DMO((%@, ) = m Y7 (0, ),
_ ~ 4z \2B, (&, k
Bukr) = Bua(rin) = (50 )
Var
= Y K, K)CTT e R. 46
a. (k. <)KK Z:a"”('( K)Cororio (46)

In general, when B (k,x)#0, M' =0 constitutes the
simplest choice in order to apply the quantum tomography
procedure here developed.

A. Factorization of the production matrix

Among all of the scattering processes taking place in
particle physics, there are several of them for which the I
matrix factorizes. Some examples have been already
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studied in the literature [10,15-17]. In this section we
explain how the quantum tomography of the density matrix
is simplified in those scenarios.

In particular, let us consider a scattering process of the
form

(4,B,Cy...)(ABoCo..)...(AyByCly...)

g (AIBICI)(AZBZC2)(ANBNCN)7 (47)
where we have the factorization (A;B;C;...) >
(A;B;C;...) ¥ j. Therefore, the production matrix of
the whole process also factorizes as

N
j=

with T';(R;) being the production matrix of each individual
J process presented above and R; the associated Euler
rotation. This factorization leaves an impact in Eq. (19),
which is rewritten as

1 do
o dQdrdx

- NTr{p <j§>1 I (R j>> } (49)

Here, (Q,&, k) denotes the vector of kinematic parameters
(Q;.&;,k;) for each process.
In this context, instead of expanding our density

matrix in the {T%;(s)}, ), basis, we choose the preferred

L; . L; .
{®, TfVlj;(S-f)}Lj,Mj one, with {77 (sj)}Lijj being the
basis of irreducible tensor operators to be used for the
individual (A;B,C;...) = (A;B;C;...) process. Thus,
the density matrix expansion reads

N L.
J— J
=5 E E AL M, LoMy....Lymy @ TMj(Sj)-
LiLy...Ly M\M,...My J=1

(50)

Applying a similar reasoning than the one for the gen-
eral case,

4r
A 7) = AQ
LMy LMLty (K) T, Biyw, (%) / L deKdK:| [H ( 4z

(1)

2
=) D@,
J=1

Finally, let us elaborate on the situation for which all the j
processes considered correspond to the particle’s decays;
this is N = m and

A]AZ .. A m

(AB,Cy..)(A3B2Cy...)...(Ayy By

(52)

In these examples, the A y, 1,m,....1,m, COefficients have
a clear physical interpretation. They are related to the spin
polarizations and the spin correlations between the particles
taking part in the process:
(1) Lj = L]O(S]]O _> AL1M17L2M2 .... LM, CO.inCideS with
the spin polarization vector of the particle j,.
(i) L; =0 except for LJI,sz'—> AL1M1~L2M2 ,,,,, LM,
represents the spin correlation matrix of particles
Jji and jp.

(i) L; #0 Y j— AL m, 1,m,..... u, gives the spin
correlation tensor of the whole system.

V. HIGH-ENERGY PARTICLE PHYSICS
EXAMPLES

In this section we provide several simple examples in the
context of high-energy physics (all of them verifying
k =k = @) for which the quantum tomography method

|

here developed applies. With these processes we aim to
exemplify how to apply our method to different initial
states, to show the simplicity it provides compared to
other proposals [10,16], and to point out the new avenues it
opens because of covering a broader class of scattering
processes.

We begin with the quantum tomography of single-
particle states, then we move to analyze different two-
particle systems and we end with what, to the best of
our knowledge, is the first detailed theoretical example
given in the literature for the quantum tomography of a
three-particle system.

A.t > bW™* - blty,;

The reconstruction of the density matrix p for the top
quark constitutes one of the initial steps to perform further
analysis either of single-particle systems [10,16] or com-
posed ones [22,30-32]. Since the top quark is a spin-1/2
particle, we have s =1/2 and the irreducible tensor
operators entering in the decomposition of p are those
with L=0,1and M =—-L,...,L:

1 L
p=53" D AuTh(1/2). (5)

The explicit expressions for T%,(1/2) are
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79(1/2) = 15, T!(1/2) = —ﬁ(ﬁ ;)

1 0

nam=(, O

), T',(1/2) = T} (1/2)".

Besides, the production matrix for a spin-1/2 particle is

given by [10]
asin@ e~
: ) , (54)

l—acos6
2

I+acosd

I7(0.¢) = <

asing ,ip
) e

where a is known as the spin analyzing power of the
decay products. Its expression is given in terms of the
reduced helicity amplitudes, which for decay processes (see

ayjp—a-y)2
a— / /

= . 55
ayp+a_ypn 53)

In particular, a;, ~—0.41 when considering the bottom
quark as particle 1, i.e., the one whose momentum defines
(0,) [63]. On the contrary and when neglecting the
final leptons masses, the decay W — [T1; joined to the
posterior measure of the charged lepton momentum direc-
tion act, due to maximal parity violation, as a projective
measure over the helicity of the W+ . Therefore, we can take
the charged lepton as particle 1 and its corresponding spin
analyzing power is a;+ =~ 1.

The trace Tr{T5T7(0,¢)} lets us identify the coeffi-
cients B, and B;, defined in Eq. (31) and Eq. (46),

Appendix A1 for further details) fulfil a,y = a,,0,, -
Namely, denoting a, = a,, we have

respectively, which are necessary to perform the
tomography:

T{T(1/2)T7(0.9)} = DYy(Q)* = By=1,  By=A4r,
- (56)
T} (1/2T7(0,0)} = aDjyy(@) = Bi=a, B = /%«
Plugging these results in Eq. (44) leads to
3 1 do
Ap =1, A= a/ dQ [gdg] Djo(Q). (57)

As expected, Agy = 1 due to normalization of the density matrix. Regarding A ,,, these coefficients give the components of
the spin polarization vector of the top quark [13,45] and are easily obtained by integrating the product of D},,(€2) times the
experimentally determined normalized differential cross section.

B.Z - 1"l

In the same fashion as with the top quark, the density matrix for single vector bosons has been studied both from the
theoretical [10-12] and experimental [46] side. This process corresponds to the decay of a spin-1 particle, hence s = 1 and
L=0,1,2:

P:%Z Z ApuTi(1). (58)

L=0 M=-L

The relevant irreducible tensor operators are given by

(0 L0 (100
T9(1) =15,  Ti1)= U T},(l):\[5 00 0|,
0 0 0 00 -1
with 7', (1) = =T1(1)T and
00 1 (0 10 (0o
T2(1)=+v3|0 0 0|, T%(l):\[5 0 0 1|, T%(l):\/—i 0 =2 0.
00 0 0 0 0 0 0 1
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with 72, (1) = T3(1)” and T%,(1) = —T3(1)”. Moreover, the production matrix for a spin-1 particle is given by [10]
1468+ (1=38)cos’0 +2acos@ +/2sinf(a+ (1—38)cosf)e

V2sin(a+ (1 —36)cosf)e” 48+ 2(1 —35)sin’0
(1=38)(1 —cos?0)e’>* V2sinf(a— (1 —36)cosf)e”

(1=35)(1 —cos?0)e~i2¢
V2sin@(a— (1 —238)cosf)e
146+ (1 —38)cos’*d — 2acos 6

(59)

I7(0.9) =

Bl —

with (6, @) the angles defining the momentum direction of one of the final charged leptons. In this case, two parameters are
needed to characterize the I matrix. Their expressions in terms of the diagonal reduced helicity amplitudes, a, = a,,, are

a;—a_ a
a=—-"r-1 §=—-—2 (60)
(11+(1_1+610 611+(1_1+610
Since we are taking the Z boson as the initial vector boson, one can neglect the masses of the final leptons (in comparison
to m) and therefore obtain 5 = 0 and & ~ —0.13. Proceeding as in the last subsection, we derive the coefficients B; and B,

by computing traces over I' (0, ¢):
Tr{To(1)I7 (0. ¢)} = Diy(Q)*
Te{T} ()T (0, 0)} = JaDlyy(@)°

Te{T3,()I7 (0. ¢)} =

7 Do (9

Plugging these values in Eq. (44) gives

NG 1 do
A =1, A = 7/519 [_—] Djy(€),

o dS)

We get Agg = 1 due to normalization of the density matrix.
Regarding the coefficients defining the spin polariza-
tion vector [46], A;y and A,,, they are obtained by
integrating the product of either D},,(Q) or D3,,(Q) times
the experimentally determined normalized differential
cross section.

C. tt - (bl*v,) (bl 7))

This is the first process involving an initial two-particle
state. Namely, we are dealing with the simplest bipartite
initial state (2 qubits), which is composed by a 7 pair.
Several properties have been studied concerning this
system, ranging from spin correlations [43,44] to entangle-
ment and Bell inequality violations [14,21-25].

The quantum state decomposition for these 2-spin-1/2
particles, s; = s, = 1/2, reads

1 1
P=3 00 Y AT (1/2) @ Tji,(1/2).(63)
LyLy=0 MM,

As detailed in Sec. IV A, the coefficients Ay s, 00 (Aoo.2,m,)
constitute the spin polarization of particle 1 (2), while
A v, ,m, With Ly, Ly #0 gives the spin correlation

U

BO = 1, BO = \/477,',
El = \éa, B, = V2ra, (61)
By =12 By =\E(1-30).
5v2 1 do
=2V [ aal-2ip2 (). 2
=10 [ @)L G Pru@ (62)

I
matrix of the two-fermion system. Furthermore, this is
the simplest scenario in which the production matrix
factorizes:

T, 01.05.02) =T1(01.901) @5 (02,9,).  (64)

Here I'7 (0, ¢;) is the production matrix associated with the
decay of fermion i and the angles (6;,¢;) refer to the
momentum direction of one of the final particles in its
corresponding decay. Their explicit expressions are given
in Eq. (54).

The components of the now two-dimensional vectors
B, = (B.,.B;,) and B, = (B;,,B;,) coincide with the
coefficients B, and B, computed in Sec. VA. In addition,
for each decay we could have, in principle, different spin
analyzers a, so

Replacing their values in Eq. (51):
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3 1 do
Moo= = [ auae, |1 0D (@),

1 do
Moo, = o [ d9a9, ] o0 D)0,
1 do
1411‘41 le _—/dQ sz|:0dQ dQZ:|

X DMIO(QI)DMzo(QZ)’ (66)
and Ay o9 = 1 due to normalization. Finally, the values of
a; and a, will depend on which final particle (either the
bottom quark or the charged lepton) is defining (6;, ;) and
their explicit values coincide with those given in Sec. VA,
a, ~—0.41 and a; ~ 1.

D. V1V, = (fuif1)(f2f2)

In this scattering process we are dealing with another
scenario in which the production matrix factorizes. For
instance, we start with two vector bosons (s; = s, = 1)
decaying each into two final fermions. Exhaustive theo-
retical and experimental studies of these kinds of systems
have been carried out [36—40,46], so we provide a practical
method for extracting its density matrix following an initial

J
- - 3
BO = 1, BL,~=1 = \/;aj,

idea shown in [17]. The complete production matrix is
given by

101, 01) @T5(05,0,).  (67)

Here T'7(0;, ;) is the production matrix associated with
the decay of boson i and the angles (0;, ¢;) refer to the
momentum direction of one of the final fermions in its
corresponding decay. Their explicit expressions are
given in Eq. (59). With respect to the density matrix, its
decomposition is given by

FT(91,€017927(P2) =

2

pP= Z ALIMI,LzMszlfdll(l) ® Tzlffz(l)- (68)

Ly Ly=0 M, M,

O] —

The coefficients Ay, 00 (Ago,z,m,) are interpreted as the
elements of the spin polarization vector of particle 1 (2),
while Ay y, 1,m, With Ly, L, # 0 gives the spin correlation
matrix of the two-boson system.

The components of the vectors B, = (EL],BLZ) and
B; = (By,.B;,) coincide with the coefficients B; and By
computed in Sec. V B. In addition, for each decay we
could have, in principle, different spin analysers « and o
parameters, SO

o (1-35)
Li=2 - \/§ ’

2
By=+vA4r, B, =\2ra, B _,— 5”(1—35) (69)
Finally, replacing their values in Eq. (51):
\/_ 1 do
Ao =2° [ a8l @)
sf 1 do 7.,
A2M1,00 = 1—7351 dgldg2 [EM} DM,O(QI>7
1 do
Aim,am, _—/ sz[ a0 dQJ Dzlw,o(gﬁDzlwzo(Qz)’
10V/3 do
A =—— [ dQ,dQ D} (Q)D?, (),
o, = s [ 9]t Dl (@)D (02
50 do
A = dQ,dQ D2, . (Q Q 70
= (=5 | 1009 e | Dho(@0D3 (2 (70)

and similarly for Ao ;,y, and Asy, 1y, (Agooo = 1 due
to normalization). We will always consider the final
fermions massless in comparison to the mass of the
initial bosons, therefore §; = 0, the value of a on the
contrary will depend on the vector boson in hand.
Namely, for the Z boson a; ~—0.13 while for the W
boson ay ~ —1.

[
E. &tW — (bW*)(bW~)(ly;) — (bl*v,) (b1~ 5, (ly;)

In this final example we cover the process for
which three different particles reach a final eight-particle
state. We aim to illustrate a constructive approach to
measure the spin correlation tensor between three
particles (among all the others spin polarisation and
spin correlation matrices). Since each decay takes place
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independently, the production matrix for the whole
process factorizes as

FT(919 @1, 927 P2, 93’ ¢3) = FZ(QI ’ (01) ® FZT(929 (pZ)
®F]v;/(93,¢3)~ (71)

The first two production matrices coincide in form with
the one of spin-1/2 particles, Eq. (54), while the latter
one corresponds to the production matrix for a spin-1
particle, Eq. (59). The angular coordinates appearing in

|

the argument of each matrix identify, for each particular
decay, the momentum direction of the final charged
lepton.

Analogously to the previous example, the components of
the vectors B, = (B;,,B;,.B;,) and B, = (B, .B;,.By,)
are directly computed by replacing the corresponding
values of @ and ¢ in the expressions (56) and (61). For
instance, in the top and antitop decay we have o, a7 ~ 1,
whereas for the W decay ay, ~ —1 and 6 = 0. Using these
specific values we get

- 1

- - - - 3
By=1, By =B,=1 By= _\[2’ Brim="p5

47
By = Vér, By -1 =Bp,-1 = 3

2n
BL3=1 = =V 27[, BL3:2 == ? (72)

The expressions for the coefficients entering in p decomposition are

4

A L —
LM, LyM,, Ly M5
B BBy,

/ dQ,dQ,dQ, {

1 do
o dQl dQ2 dQ?,

x [<(2L1 +1)(2Ly + 1)(2L; +

4

In the latter equation we have not replaced the different
values of B; and L; in order to give a more compact
expression, but further simplifications take place when
replacing them. The values of Ay, 1.um,.1,m, associated
with L; # 0 V i conform the spin correlation tensor of the
three-particle system, while analogous interpretations for
the spin correlation matrix and spin polarization vectors as
the ones given in the previous example apply for

AL M, L,My,000 AL M, 00,5055 CLC.

VI. WEYL-WIGNER-MOYAL FORMALISM

In this section, we generalize the definition of Wigner Q
and P symbols of an operator given a projective measure
[61] to account for operators acting over larger Hilbert
spaces and when considering nonprojective measures.
Once this generalization is set, we explain the relation
between these concepts and the quantum tomography
procedure we have developed, deepening in the relation
between particle physics and quantum information first
noticed in [16].

We start by introducing the whole formalism of the
Wigner P and Q symbols. Let J be the vector spin operator
fulfilling J - J = j(j + 1), then the original definition of the
Wigner Q symbol associated with an operator A(J) acting
on a particle with definite spin j is that of the function

@ (1) = (AAW)|A) = Tr{ADT;(0.9)}.  (73)

M\ 1/2
)) Di;m«z])Dmsz»z)i;}o(szs)}.

|
Here 7t = 71(6, ) is a three-dimensional unit vector char-
acterized by the spherical coordinates (6, ), |#i) is the
normalized state satisfying J - 71|/t) = j|t) and I1;(6, @) =
|71) (71| is a projective measure over that state. Meanwhile,
the corresponding Wigner P symbol (in general not unique)
for the operator A(J) is defined by
AW =2 [ deliii)
4r
2j+1

_ur / dQ;®F (Qa)TT,(Q7),  (74)

where Q;; is the solid angle defined by (0, ¢). An equivalent
definition for the Wigner P symbol of an operator A(J) is
that of a function ®%(7) satisfying that for any other
operator B(J) and for which the following property holds:

2j+1

Tr{AWB)} ==, — [ da®}(7)®f(7)
=L [ a0 00805). (75)

These two notions are generalized when considering
operators acting on larger Hilbert spaces, A(Q, &, k), and
when dealing with nonprojective measures, F(Q, k, k). The
parameters Q, k, and x refer to the ones presented in
previous sections and, unless it is needed, will be omitted in
what follows. In particular, the generalized Wigner Q
symbol of an operator A with respect to F is
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DOTr{AF}. (76)

The operator F' corresponds to a positive operator-valued
measure (POVM) [16,64]. This is an element of a set of
positive semidefinite Hermitian operators {F; = K} Kt
where the so-called Kraus operators K; [64] fulfil

Y KK => F=1.
1 1

In our context and according to the definition given in [16],
the components of the measurement operator XC leading to
F = K'K coincide, up to a normalization factor, with the
helicity amplitudes M ;; introduced in Sec. III. Hence,

(77)

A

In consequence, comparing this result to the expression
of I'" and taking into account the normalization factor,
we obtain

Fi =TT, = &% = Tr{AI}.

AV

(79)
|

Therefore, the POVM F is exactly the transposed of the
production matrix related to the scattering process, I'”. The
interpretation of I'” as a POVM may be tricky, as for it
to hold one needs, by definition, a set of positive semi-
definite Hermitian operators {F,}; such that >, F; =1,
while in our case we are dealing with a single one.
However, one can always complete the set by considering
only two POVM, {I'", 1 -TT}.

Regarding the generalized Wigner P symbol of an
operator A, this one is defined as the function Cbﬁ (again
not unique) such that for any other operator B (or for a basis
of operators) fulfils

— d H2 HP
TH{AB} = / dQBLH .
Let us now check that we reproduce the quantum
tomography of p by only using the properties of these Q
and P symbols, providing in addition explicit expressions
for them in terms of Wigner D matrices.
For that purpose, denoting by (®2,,)") and (®7,,)(") the
Q and P symbols of (T%)(), it is clear from the results
derived in Sec. IV that

(30)

dNJgM (Q, &k, k) =

Te{TETT(Q,%,k)} = ZBLM/(K K)*Dk L (Q)*.

(81)

Moreover, we notice that when dealing with A = TZLu and B =

generalized P symbol is deduced:

dé; 16y = Tr{Tﬁ(Tﬁq)T} =

== —
872 KK

Thus, once the generalized Q symbol for T%
(Th)" is

872KK

/ de)gM (‘i)’z)M)T = 011 Opnr-

(Ti/l)‘ an equivalent formulation for the definition of the

d - -
/ Qo7 (@F o)

(82)

is known, a suitable family (labeled by M) of generalized P symbols for

4

(&7

e
B AS))

2L +1\'% .
__ 1)o@,
Bjyp(R,x)" \ 4x MM

(83)

which is well defined provided that B;, # 0. Indeed, we can verify this function satisfies the characterization of the

generalized P symbol:

1 20 xp 4n (2L +1\'?
87r2KK/ D (O )’ 87121(1(/ dQ[ZBLM’ o HB% ( 4r > Pl ()

v’

4z \'2B;,, 1 2L + 1 L «nl
:Z[<2i+1) KK B H 822 /dQDMM’(Q) DMM,(Q)}

L
LM’

Ly

(84)
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Concerning the density matrix p, applying the definition of the generalized P symbol (80) for A = p and B = (TLM)T we get
on the one hand the coefficient we want to compute

d ~0, = .
Sﬂsz/qu)/?(‘DfMﬂ)T = Tr{P(TILg)T} =A; (85)

where in the last step we have used expansion (35). It is left to relate the left-hand side of the previous equation to the
angular distribution of the final particles. For instance, <i>pQ is directly related to the differential cross section by Eq. (19)

1 do d 872KK1 do

- =— Tr{pIT =——— &Y = d¢ = - . 86
odadidx ~ 82RK T = gk ¥ T = T S dadvax (86)

Hence, using this characterization of d~>§ as well as the explicit form of (Cbi i M,)T, we get on the other hand

d 20 % 1 do - 4 1 do J(2L+1\'*;
—— de)QdeA,T:/dQ—i CDf’AA,T:—/dQ— DL . (Q). 87
87 KK / » (L) o doadedr | L) B; . o dQdkdx |\ 4x s (- (87)
Finally, equating and simplifying both Eq. (85) and Eq. (87),
1 do J[2L+1\'? ; B} o

dQ |- Dt (Q) = LML A; (). 88
/ [adefch} ( in ) () ==~ ALia(®) (88)

This expression reproduces exactly the same result as the one derived in Eq. (44). For the choice #’ = 0 when possible, the

generalized P symbol reduces to

VII. SUMMARY AND CONCLUSIONS

In this paper we have provided a complete formalism for
the quantum tomography of the helicity quantum initial
state p in a general scattering process. Following the
method here developed, the coefficients in the parametri-
zation of the density matrix p in terms of irreducible tensor
operators {T%} are determined by averaging over the
angular distribution data of the final state; see Eq. (44).
As an intermediate step to accomplish the main goal, we
have defined a generalization of the production matrix of a
scattering I, deriving its expansion with respect to the
irreducible tensors (a formulation that makes explicit its
angular dependence) as well as the exact form of its
elements, which generalize the well-known reduced hel-
icity amplitudes for a variety of processes (labeled accord-
ing to the number of initial and final particles).

The crucial feature we exploited in order to achieve the
tomography of the helicity initial state is the transformation
property of the irreducible tensor basis under rotations of
the system. Actually, this property along with the existent
relation between p and I' leads to a novel expansion of the
normalized differential cross section in terms of the Wigner
D matrices, which eventually gives rise to a constructive

172 4n
L _
) D@ =5

Y¥(0. ). (89)

and experimentally practical algorithm to extract the
relevant helicity information of any process in hand.
Special attention has been given in this work to the case
in which I factorizes, i.e., when the whole process can be
decomposed in subgroups of independent processes. In
particular, when all the involved scatterings are in fact
decays, the basis coefficients in the p expansion have a
quite clear physical meaning and we recover and extend the
studies previously done in the literature, which we illustrate
with some simple examples.

Finally, we have also presented a rederivation of all our
previous results from a quantum-information perspective.
Namely, based on the Weyl-Wigner-Moyal formalism we
defined and computed the generalized Wigner P and Q
symbols for the irreducible tensor operators. Thus, compact
analytical expression are deduced and a rather simple
relation between particle physics and quantum information
is manifested.
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APPENDIX A: EXPLICIT COMPUTATION
OF THE GENERALIZED
PRODUCTION MATRIX

In this appendix we compute in detail and for the cases
mentioned in Sec. III, the expressions of a, v, BLU;, and

By,p. For the computation we will consider on-shell
particles for the initial states as this feature is almost
irrelevant for the reasoning. However, comments related to
the off-shell case will be done when needed at the end of
each subsection, as they may change the B;,, coefficient.
Regarding the particles of the final state, they are always
on-shell as they are the physical particles we are doing
measurements on for reconstructing the density matrix p.
Furthermore, we will make explicit the (1, 1) and (&, k)
dependence only when needed.

|

Tkl) =
[Tkd) =

1.1-2
We recall that

I, o (TR {Z (STTxA)( ﬂx,1|s)]|ﬂr<2’>, (A1)
A
with
Tx2) o< > > (27 + 1)V2D],, (1)|TMAxd)
J MA

= ZZ (2 4+ 1)128y 4| IMAKA)

J MA

=33 (27 + 1)'2]1AkA).
J A

Because of the reduced number of particles in both the
initial and final states, we have k = x = @. Furthermore,
A=1and A=4 -4 = {5 are well-defined quantum
numbers, so we do not sum in them. In addition, the initial
total angular momentum is also well defined: J = 5, where §
is the spin of the initial particle. Taking everything into
account:

(A2)

1) o

(25 + 1)V2|52) o |5 1)
12) o }i

Z(ZJ + )28 )

I, « ; @ (2J + D)2 ,1>) (Z(zﬁ + 1)1/2<J/§;/1>S|§Z'>

Z > @7+ D)V2RE A+ D)5 LS AT CTASISE).

Ay JJ

As the scattering S matrix conserves both J2 and J. [this last one coincides with A because D},

<ZIS2} |/1>55152§; }

(521897 4) =

J

(A3)

A(1) = 8yal, we have

(PCGAISIST) = QISE T)35 53

=TT

oo D (USEIANAISE 26367

o
=D [USLIDP 6363 (A4)
o
Rewriting the sum in (4,,4,) as one in (4;,{7) and applying the Kronecker delta
F,'l}l’ & ZZ| ’”S ‘/1 |25,1,1’5/1§- & ZaC 5/1/1/5/14_
noG =
25 + 1 e
ag. = Z|</11/11 - |S§;|§z>|2, (A3)
A

where we have introduced the well-known reduced helicity amplitudes [10,15,62], which we are denoting here as ac.

Moreover, since the (1, 1’) element of I'” is proportional to 837, it is clear that I'" is diagonal and its expression in terms of

the e, matrices is
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I'" « E Ay €ss WIith  d,y = A, 6,y
oo’

25+ 1 N
4 Z|<ﬂl/ll - 6|S2|6>|2506"
T 7

(A6)

Taking into account the normalization factor a, =

ZO’ aﬁﬂ = ZO’ aO"
r_ 1 :
I'=—>, ase,,, with
a; “
2s +1 i,
ay === N —olSHa)P. (A7)
T

Finally, let us obtain BLG; and By, knowing a,,.

Because of m = 1, we have d*) = 1 and therefore o7 =
6—-c¢ =06 and C(L,5,0,0)= (2L +1)/2C%¥,

So'Lo™"

Hence, substituting in the expression for BL,,; = By,
and noticing that 6,y = 0,,0,-0»

1 _
BLG’ = Cl_ Z 5o 50'0"(2L + 1)1/2(:;2’1‘5*
+ /

oo’
o—o'=c"

_ L+ 1)1/2Z

» (A8)

SO
as .‘mLO‘Sa‘O'
[

In consequence, the only possible nonzero B .- is B; . For
B, one should distinguish between the on-shell and off-
shell cases for the particle in the initial state, as it leads to
k = @ and k = {m} respectively. Namely, for the on-shell
scenario

B 4 1/2B 47 I/ZB 5
' =\ 50 ' =\ 50 L0 OM'0

Var .
= ZZGGC%ZL()&M/O = BL(SM/O'

o

(A9)

X
JI' AN

TT oo Y N> (27 + D)V2(20 + 1)V2(5 1|ST1T Ak 2) (I N k4| S|5T).
A

Meanwhile, for the off-shell one

4 2B, 0y (i
BLM’:< T ) LM_(m)

2L +1 K
\/4_7[ 7 e . — _
:W;aﬂ(m)cmw@wo, with K:/dm,

(A10)

Furthermore, due to the normalization condition over I'7,
all the magnitudes appearing in B, should come in a
dimensionless combination. In the special case of massless
final particles, m becomes the only dimensional free
magnitude and therefore cannot appear in By ;. Actually
for the massive case, the B, dependence on the masses of
the particles comes as the combination m;/m, with m; the
masses of the on-shell final particles. This is indeed what
has been obtained in Refs. [10,15,17].

2.1-n

As the initial state is the same than in the previous case,
we still have k = @, J = 5 and A = J, leading to

T&2) « |57). (A11)

On the other hand, for the final state it will no longer be true
that A is well defined nor does xk = @. Then,

[Tk o> > QI+ D)2TAKD).  (Al2)
7 A
Following the same reasoning done before

(A13)

Applying conservation of both J? and J. [this last one coincides with A because Dy, (1) = Spal:
(27 + D)2 2[ST)T Ak ) = (25 + 1)V2 (IS [k 285835 }
21"+ D)2 Nk A|S[54) = (25 + 1)V/2( A|S5, | 1) 6503 00
= FT— A/>5/_1/\5/_1//\/ X Za/\/\/5}»/\5/_1//\/’

Lo > > (AISY k) (k IS,

AN 4 AN

25 +1 - _
ST AIS ) (ke 2185 ).
A

AN = (A14)
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The expression of I'” in the e, basis is straightforward:

- E o6/ €506/ »
(;(f

2s+1

with a,, =

Z (0|85 |k 2)(x 2|S%,|6’)  and a+:Zam,. (A15)
A c

Like in the 1 — 2 case, 67 =6 — ¢’ =0~ and C(L,5,0,0') = (2L + 1)V/2C%¢
and Bj,,. Namely, taking into account that k # @,

_ @L+n'- L+ )2 .
BL¢77 Z a U/Csa Lo~ a, Zaﬁ(ﬁ—ﬁf)cﬁ(a—a’)La”

simplifying the explicit form of BLG;

o' Lo~

zr—zr/ =0

471' 1/2 ELM’ V 471'
BLM =

2L + 1 K a.K Zaf’(ﬁ M’)Cz(a —M')LM'* (A16)
o

Regarding the M’ = 0 choice,

Var - 25+ 1 _
B, = —— Cse o, ith a,, = IR Al7
Rl W gy = g S (e85 (A17)

In contrast, when the initial particle is off-shell, a dependence on the initial mass appears. Therefore, ¥ # @ and

B - dr l/ZBL]W/_ \/471' Z C
=L 1) KK a, KK &M s

Nz _
Z Nea

B, =—— 00 Al8
L a+KK ~ ao'ﬂ S56L0 ( )

3.252

For this case, neither the initial nor final states have well-defined J2. Nevertheless, it is still true that J . 1s a well-defined
quantum number. Moreover, k = k = @. Denoting {7 =4, — 4, and {; = 4; — 1, and following the standard steps:

T&A) = [T7) o« 527 + DV2T 5 D)
J

(A19)
[Txa) =124 & Y (2J + 1)V2I L7 4)

=TT « ; ; (27 + 1)@ + 1) AUS 12 (ASE|Z) 6567 (A20)
142

Thus,
= —Za,m/em,/, with a, = Za(m (A21)

and the factor a,, is given by

2J+1 " ,
Qoo = Z( in > ( )Z o 02|S£ |41 Aa) (A Aa|SE-|o )8,

JJ Aidy
2.]/ — NI |~ A
- Z Z 01 O-2|S§ M C(r)><’11(ll - CO’)|S§;|GI’ 62>5§;§;"
JJ' A
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Finally, let us obtain BL(,; and B;,s knowing the  Here, aw’|g- (and a,y|y) i agp after having done the
structure of @,y. As stated in the main text, in By, we substitutions in . In particular, for M' =0

need to sum over ¢ = (6y,0,) and ¢’ = (¢},0%) con-

strained to (6 —o6') - d") = 67 — o) = 7. Actually, this B — Véan 4,0, C" Varx 0O with
condition can be rewritten as a Kronecker delta in a free L= 0010570720 = 7 R 60~ sporL0°
010y 610,

sum over (6, ¢'). In addition, using the restriction {; = ¢’

!
coming from the a,, expression, it is possible to rearrange  ,  — Z <2J4+ 1) <2J4—|— 1) Z (01045 g” 2 — )
T /3 4
A

the sums in the B, as

Za"r(”T_”T 055 T Z Z Oc(or~07)0¢; ¢

sl eled

—>ZZ

orls

Hence, instead of summing over both (s,0¢’) it is only B < Az )1/2 BLM/ Z“ |y CTe
LM > oo’ M
a K

7
x (4 (4 = &5)ISE |61, 02). (A25)

For off-shell initial particles, kK = {/m,m,} and the nor-

(A22) malization factor K is added to the B ,; expression:

needed to sum over ¢ = (o1,0,) once we have done the 2L +1 sp(or—M)LM">
following replacements in ¢/ = (o}, 65): 71
\/471 o
o — or+¢;' or+{; _or o — T By = p aaciia;m- (A26)
T+l dt+l d+1l Va1 e
o _ o=l or—d{  or 0T
27 A+ 1 db+1  dy+1 2 dy+1° B
(A23) 4.2 > n
The initial and final states have already been studied in
In consequence, one has previous sections and are given by
_ (2L 4 1)'/2 - - o
Bro === 2 el Ot o 7D =13 « Y27+ 1)'2)7 27 ),
0102 J
g o (A N\ Van |, T [Tk2) &Y ) (27 + )2 Axd). (A27)
= \2L + 1 LM = 2o M Corlar—ar Lo T A
010,
(A24) Therefore,

M,oczz 27+ 1)) +

JJ

= — E Uy’ Co' s with
a oo’

1D @AISE |k A) (c 21SL|)  and
1 [

B 2J + 1\ [2) +1 Tt 71

J'

In order to obtain B Lo; and By, we can reason with the sum over (o, ¢’) as in the previous section but only considering the

Kronecker delta stemming from (¢ — ¢’) - d) = 6, — 6/, = 67. Nonetheless, due to the new replacements to be done:

or+ ¢,/ 1 ,
;) T c _ _ -
o) = dy+ 1 =0 d2+1[6T+(Z.:0 ;)] and
I N 1 ,
/ T 250 _ _ _
) dy+ 1 ) d2+1[0T 2 (85 = &5 )] ( )

the corresponding expressions for the coefficients are not as simple as before. Indeed, we have a sum over ¢ = (04, 6,)

and 3
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. (2L + 1)'/? o
BL”; - ZZaGG/L’T *:OZT—” Lo

0103 gf

4r \1/2 BLM’ 5
B = (2L m 1> S e s (A30)

6162 gf

where a,, |6_ (and a,y |y is a,, after having done the correspondlng replacements. The amount of sums can be reduced for

certain values of 67 (M), as it happens for o7 = = 0 due to the result proven in Appendix B:
V4
Z > darhCiirio =g 2w Citerzer With
0162 et ay 610,
27+ 1\ (20 + 1 ; 3 o
a”f’_z< 4 > < 2 )Z<0162|Sé6|/11(/11 =) (A (4 _C5)|SZ;|61,62>. (A31)
77 4 VA

For off-shell initial particles, & = {7, /m,} and the normalization factor K is added to the B, expression:

BLM o0’ |M’C;T65T_M/)LM/,
(7|0'7 Z:o'
Var
B; = = a,,CTT . A32
L a+KK % 60~ sporL0 ( )
5.m—2

The general roles of the initial and final states are exchanged with respect to the previous scenario:
70 & 330 7+ ) AR,

[Td) = |12) ch(2J+1)1/2|Jc;A>. (A33)

In consequence,

TLooc Y Y 7+ 120 + 1)(RAISE[A) (AISE|RY)  and

My JT
. 274+ 1\ 20 +1 7t ,
A5y oo,  With a,y = < ) ( ) (z‘ca|S¢ |4) (/I\Séf Ko'). (A34)
a+ ; ; ¥ 47 %; i 2

Regarding the expressions of the B Loy» B, and B, coefficients, in general the 67 constraint does not significantly help in
simplifying them. However, we recall their definitions:

(2L + 1)1/2

D _ STOT
Bro; = a, Z Ao |o Corlor—op Loy
(nfa’)(;c(v) =07
B - vV 4z Z | CS 707 \/ 4 CSTO_T
LM = oK < oo’ 1M s (or—m')LM'> L= a+K sporL0?
(ﬁ-n/fam:M' ’
) 274+ 1\ /20 + 1 _ " -
with a,, = Z( e ) ( > >Z<m|sg;|x> (4] |ko). (A35)
JJ Ay

For off-shell initial particles, the k set of parameters increases accordingly. Nevertheless the general form of the Bj,p
coefficient remains invariant.
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6.m —>n

For completeness, let us analyze the general scenario, for which

TRy & Y2527 + 1)V2|T Ak A)
J A
TxA) & S5 (27 + 1)V2|T Ak A)
T A
=TT, ZZ(Z] + 1))+ 1)) (&SN |k A) (kAL [k A)  and
W AN
1 2J 2J +
IM=—Y» a,ye,s, with a,y, = Z( i ) ( >ZZ (R 0|84 | A) (k A S|k &). (A36)
a+ oo’ JJ am AN
Finally, independently of whether the initial particles are on shell or off shell, we have
< (@L+1)2 50
B, = T Z ] o
(5—6/)~(l(") =07,
Varn . Van o
Biw = KK ; oo |1 (o, —maryar L™ a KK ;a"” s701L0°
(6=0")-d(¥) 7
. 2J + 27 + ) i
with a,, = ko| S [kA) (kA|S% ko A37
S () () X S twelst st (A37)

APPENDIX B: PROOF FOR THE ¢, =0
CONDITION

We want to prove that 67 = 0 is equivalent to ¢ = ¢’
From the definition of 67 the necessary condition is triVial

so let us focus on the sufficient one. Because of d() # 0,

67=0(-0)-d"=00c=0cV(c—0)LdV

(B1)
We proceed by induction in m:
Case m = 2.
Let us assume that ¢ # ¢/, we have
o7 =08 dy(0)—0))+ (6, —0)) =0& dy(0) —0))
=—(02-0)) (B2)

Taking into account the previous relation, ¢ # ¢’ <
(61 —0)), (02 —05) #0. Moreover, due to oy,0,€
{- (d'_l), . d'_l} the combination (6, — ¢} ) is a nonzero
integer that takes values (o) —o))e{—(d;—-1),..

(dy —1)}\{0} and the same with (o, — %) exchanging
d; — d,. Hence,
dy <|dy(o1 —0)| = oy -0 <dy -1, (B3)

leading to a contradiction. Therefore ¢ = ¢'.

Case m.
Assuming the result to hold for m — 1, let us see it for m.
In this case, if ¢ # ¢

-1 = A0 ot (B4)

where we have identified the last two terms in the previous
equation with the d”) and o7 associated with the m —
1 case.

By inspection of the previous relation, ¢, — o, =
0<o7l,., =0, so if o,—0, =0 the induction
hypothesis applied in o7|,_, =0 guarantees ¢ = ¢’
For o,,—o0), #0, we follow the same reasoning as

in the m=2 case. We know that (0,-0),)€

{_(dm - 1)’ ceey (dm - 1)}\{0} and G;lm—l e{_(d/dm - 1)’
.(d/d,,—1)}\{0}. Thus,

dy < |dm6;|m—1| = |6m - Glm| <d,-1, (BS)

leading to a contradiction. Therefore, ¢ = o’. O
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