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We investigate the cosmological expansion of the 3D space in a 6D model compactified on
a sphere, beyond the 4D effective theory analysis. We focus on a case where the initial temperature
is higher than the compactification scale. In such a case, the pressure for the compact space
affects the moduli dynamics and induces the moduli oscillation even if they are stabilized at the
initial time. Under some plausible assumptions, we derive the explicit expressions for the 3D scale
factor and the moduli background in terms of analytic functions. Using them, we evaluate the transition
times between different cosmological eras as functions of the model parameters and the initial

temperature.
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I. INTRODUCTION

The existence of extra dimensions is predicted in string
theory. Since the experimental constraints on the size of
the extra dimensions that the gravity feels are much
weaker than those for the standard model particles, there
is a wide allowed parameter space for braneworld models
with relatively large extra dimensions [1-3]. These types
of models have been considered not only as a solution to
the large hierarchy problem, but also as a solution to the
cosmological constant problem [4]. Recently, it is also
pointed out that a micron-size large extra dimension may
be predicted by the swampland conjecture [5], which is
called the dark dimension scenario [6]. If a large extra
compact space exists, it affects the cosmological history at
early times. In particular, the temperature T,, in the
radiation-dominated era can be higher than the compacti-
fication scale myy since the latter has a small value in such
a case.

In our previous papers [7,8], we studied the time
evolution of the space and the background values of the
moduli in a six-dimensional (6D) model compactified on a
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sphere S? by solving the 6D field equations numerically.1
We found that when the initial temperature of the universe
is higher than mygyg, the expansion rate for the three-
dimensional (3D) noncompact space deviates from that
of the usual 4D cosmology. In general, the 3D scale factor
e evolves as 1/GU0+W) where 1 is the cosmological time
and w is the ratio of the pressure to the energy density. In
the radiation-dominated era, w~' measures the dimensions
that the radiation feels. In fact, when T, > mgg, the
radiation feels the whole five-dimensional (5D) space and
e « /9. As the universe expands and the temperature
goes down, the radiation gradually ceases to feel the
compact space, and w~! approaches to three after Timp
gets lower than mgy. Then, the expansion rate slows down
to e o t'/2. We also found that even if the moduli are
stabilized at the initial time, the moduli oscillation is
induced by the pressure for the two-dimensional (2D)
compact space p5d. This effect cannot be discussed in
the conventional 4D effective theory approach since p$9 is

absent in the 4D Einstein equation. When T',,, > mgg, the

effect of p5 on the moduli dynamics cannot be neglected.

If the lifetime of the moduli is long enough, the induced
moduli oscillation eventually dominates the energy density

'This model is basically based on a gauged 6D supergravity on
S? [9], which has many interesting properties, e.g., a self-tuning
of the four-dimensional (4D) vacuum energy [4,10-12] and a
verification of swampland conjecture [13]. Its string realization is
also discussed in Ref. [14].
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and the 3D space expands as e « ?/3 at later times.

Therefore, there are the following eras in this setup.

(1) 6D radiation-dominated era (e? « °/°)

(2) 4D radiation-dominated era (e  r!/?)

(3) (Induced) moduli-oscillation-dominated era (e o72/3)
The era 3 will end by the decay of the moduli, and
transition into the 4D radiation-dominated era again
[15]. After that, the universe behaves as the standard
cosmology. Let us denote the transition time from the
era 1 to the era 2 as t,4, and that from 2 to 3 as #,,,q. In
principle, the spacetime evolution is determined once the
model parameters and the initial conditions are provided.
However, since these results are obtained by the numerical
computations in the previous works, we cannot directly see
how the transition times .4 and t,,,q depend on the initial
parameters. Besides, it is difficult to pursue the whole
history of the universe due to the limitation of the
computational power.

In this paper, we derive approximate expressions for the
3D scale factor, the moduli background values and the
transition times in terms of analytic functions by solving
the 6D evolution equations under some approximations.
Since we can discriminate the eras by the power p, which
is defined as e « #” in each era, we will focus on the
change of p during the spacetime evolution. The expres-
sions derived in this paper enable us to pursue
the spacetime evolution until much later times than the
previous works, and to clarify the dependence of the
transition times 7,4 and #,,,q on the model parameters and
the initial temperature. These results will help make
discussions transparent.

The paper is organized as follows. In Sec. II, we briefly
explain our setup and show the evolution equations. In
Sec. III, we derive analytic expressions for various quan-
tities by solving the evolution equations under some
plausible approximations. We then define the effective
power p and derive its explicit expression using the
functions we have defined. In Sec. IV, we discuss the time
evolution of p, and estimate the transition times. Section V
devoted to the summary. In Appendix A, brief derivations
of the energy density and the pressures for the radiation are
shown. In Appendix B, we derive the evolution equation
for the temperature from the conservation law of the
energy-momentum tensor. In Appendix C, we provide a
general solution to the inhomogeneous differential equation
that describes the moduli oscillation.

II. SETUP

We consider a 6D model used in our previous works
[7,8]. In this section, we briefly review the model and the
evolution equations for the universe. The spacetime is
compactified on a 2D sphere S?. As coordinates on S2, we
choose the spherical ones (x*, x7) = (6, ¢), where 0 and ¢
are the polar and the azimuthal angles, respectively.

The action is given by2

1 1 g2.e’
= 631/ —g0)d —_R(6) _ _ _Jee
S /dx\/ g { 2R zéMaaMa 4

X FMNFMN - Vpot<o-)},

(2.1)

where M,N = 0,1, ..., 5 denote the 6D indices, g(6) is the
determinant of the 6D metric tensor, R(® is the 6D Ricci
scalar, o is a real scalar, Fy;y = 0y;Ay — dyA,, 18 the field
strength of a U(l) gauge field Ay, and gy is the
gauge coupling constant. The scalar potential V(o) is
given by

)
Voot(0) =277 + 5 (6 —0,)%, (2.2)
where m and o, are positive constants.

Except for the second term in (2.2), the action (2.1) can
be embedded into a gauged 6D N = (1,0) supergravity
[9,16]. We add the second term in order to stabilize the
moduli completely.

In this paper, we neglect effects of the 3-branes, one of
which the standard model particles live,” and assume that
the background spacetime has homogeneity and isotropy
for 3D noncompact space and a spherical symmetry for S2.
Thus, we take the following ansatz for the background
fields.

-1
e2A() 15
ImN = £2B(0) ’
e2B() gin2 g
Fu=Fuy=F,;=0,
sin @
Fop=—Fpg=oo—,  Fgg=Fy =0,
o0p @0 2ggc 00 bd
o =o(1), (2.3)

where y, v =0, 1, 2, 3 are the 4D indices.
In the absence of the radiation in the bulk, the model has
the following static solution.”

A=0, B=B,= (2.4)

O = 0y,

Throughout the paper except for Secs. IVB and IV C, we
work in the 6D Planck unit Mg = 1, where Mg is the 6D Planck
mass.

3See for more details about codimension-two branes [17-19].

4Throughout the paper, we normalize the 3D scale factor as
A(t=0)=0.
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and the Kaluza-Klein (KK) mass scale is given by5

mgx = e B =2e%/2, (2.5)

In addition to the above field content, we introduce the
radiation in the bulk. In 6D N =1 supergravity, the
number of hypermultiplets ny and that of vector multiplets
ny are constrained by the anomaly cancellation condition
nyg —ny = 244 [16,20,21].° Therefore, at least 245 hyper-
multiplets exist in the bulk. Since each hypermultiplet has 4
bosonic and 4 fermionic degrees of freedom, we assume
that the degrees of freedom for the radiation is gy, = 2000
in this paper. Due to the isometries of the spacetime, the
energy-momentum tensor for the radiation has the form of

rad

p
—p§il;
(Trad)AN/[ _przad N (26)
—pidsin? 0
where p™d, ptd, and p59 are the radiation energy density,

the pressures in the noncompact 3D space and in the
compact 2D space, respectively. Their explicit forms are
listed in Appendix A.

In the presence of the radiation, the static solution (2.4) is
no longer a solution of the field equations, and the universe
continues to expand. Substituting the background ansatz
(2.3) and (2.6) into the 6D Einstein equations and the
dilaton field equation, we obtain the evolution equations for
the background fields, which are summarized as

.. ) . —4B m?
A:—(3A+2B)A+<e“’— 16) + (=02 +p5e,

2_2B
B=-(3A+2B)B+ <e—% - 624 )

. 3ed 2B 2
x(e—i— 64 )4—%(5—0*) + phd,

oc—4B

) -lea). 27)

G=—(3A+2B)6+2 (e“’ -

with the constraint,

The mass eigenvalues for the KK gravitons are expressed as

(1 4+ 1)mgg, where [ is a non-negative integer.

The number of tensor multiplets is assumed to be one,
otherwise the theory cannot be described by the Lagrangian.

PHYS. REV. D 109, 115019 (2024)
3A2 + B2 + 6AB—%52 = 2<e—% -
2

o528\ 2
4
m

+5 (0=0)? +p™

= pt, (2.8)
We have used the relation (A11).

The energy density and the pressures are expressed as
(see Appendix A)

] e—ZB 4
pred = St ( +3Q1+Q2>

8m3pt \16
-2B /4
1A gdofe
p3d_ 3ﬂ4 (48+Q1>
-2B
1A 9dof €
2d 167 3ﬂ4 Q27 (29)

where f# = 1/T\y, is the inverse temperature, the functions
0, (x) and Q,(x) are defined in (A6) and (A8) respectively,
and their arguments are e~? 3. The evolution equation for j3
is obtained from the conservation law for the energy-
momentum tensor as

p _ 3A(5 440 + 00) + B20, + 03)
p = 4+ 120, +50; + 0s ’

(2.10)

where Q3(x) is defined in (B6). (See Appendix B.) The
profiles of x*>Q;(x) (i = 1, 2, 3) are shown in Fig. 16.

We consider a situation that the moduli B and ¢ have
already been stabilized at # = 0. Hence, we choose the
initial conditions at t = 0 as

A(0)=0, B(0)=B., o(0)=0,, p(0)=4,
A(0)= Am;(o), B(0) = (0) =0, (2.11)

where f; is a positive constant. The value of A(0) is
determined by the constraint (2.8).

III. INDUCED MODULI OSCILLATION AND 3D
SCALE FACTOR

A. Moduli oscillation induced by pgad

As pointed out in our previous work [8], the pressure for
the compact space S2, p59, pushes out the moduli from the
potential minimum, and induces an oscillation of the
moduli around the stabilized values in (2.4). Namely, even

in the case that the moduli have been settled at the stabilized

"To simplify the discussion, we assume that the chemical
potential y is negligible, i.e., fu < 1, and the radiation consists of
bosons and fermions with the same degrees of freedom.
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point before the radiation-dominated era, they will start to
oscillate again. This effect cannot be neglected if the
temperature is high enough compared to myy.

In order to see this behavior, we will see the time evolution
of the moduli at early times. We assume that the radiation
dominates the energy density at t =0, and the initial
temperature is higher than myy (ie., py=e B p; < 1).
Since we are interested in the oscillation around the stabilized
values in (2.4), we define B= B — B, and =6 — 5,. The
mass eigenstates are linear combinations of them, which are
defined as

@) = e (2cos OB + sin65),

@, = ¥ (=25sin OB + cos 65). (3.1)

The evolution equations for them are derived from (2.7) as

) A cosf
<<m)__< | )(¢1)+28;Ap5ad( | )+
(pz /12 75} —sind

(3.2)

where the ellipsis denotes higher order terms in ¢, or ¢,, and

1

A =5 (Zm%q(—b—mz— \/4m§K+m4>,
1

A2 =5 (2m2KK+m2+ \/4m§K+m4),

2k = tan~! L%K (3.3)

6 = tan™!
4m4KK +m* Ay — m21<1<

m? +

We have neglected terms involving A, which are assumed to
be small at initial times. When m? > m,, for example,
these become A; =~ miy, A ~m* and 6 ~ A, /1.

In general, it is hard to solve (2.7) analytically because A,
B and o are coupled to each other. However, due to the
assumption that the radiation is dominated at initial times,
the expansion of the 3D space is determined only by p™,
and is almost independent of the moduli. Hence we can
treat the 3D expansion and the moduli oscillation sepa-
rately. In fact, from (A13) and (B7), the energy density and
the pressure for the compact space S> are approximately
written as

rad ~ 1Ogdof
ﬂ.?a ﬁﬁ ’

rad ., 2gdof
2 3 ﬂ6 ’

(3.4)

which are independent of the moduli. Notice that A > |B]
at the very early times because of the initial condition
(2.11). Then, from (2.10) and (B7), we obtain

3.
~—A 3.5
“A. (3.5)

=

which is immediately solved as f ~ fje5*. Thus, (3.4) is
rewritten as

D
D Rt (3)
where Drad = 109d0f/<”3/}16)'
From (2.8), we have
. prad D d 9
A~ 3 ~ /%e‘ﬁ‘q, (3.7)

which leads to

t /Ad S 2 (Mo1). (33)
=~ X e = ———(é5 — . .
0 Drad 3 3Drad

Therefore, we have

A (1+/Cat)?, Bret~(14+/Ci)'"3, (3.9)

where Cy = (27/25)Dyoq = 54440t/ (57°p¢). This approxi-
mation is valid when ﬁ = e B < 1. This condition is
translated as

523

54440t

3B,

t<t = = 0.038¢35-.

1
— = (3.10)
\/CA 1

We have used that ﬁl < 1.
Using (3.9), (3.2) is rewritten as

(e ) ()
) /) \@, 5 —sinf

(3.11)

From (2.11), the initial conditions at = O are read off as
?1(0) = 92(0) = ,1(0) = ¢,(0) =0.  (3.12)

The solution is expressed as

2D,qc0s0 [\ i
(1) = ‘Sd—/ll (C_D Im{e™ U (1541, Ca) ¥
10cos® (Cy\ T, [
_— 57 </1‘14) Im{eﬁ’%/é(l;ﬂ],CA)}»
2Dppgsin® (I \ T, .
0o (1) = T2 (22 ) I eUy (142, Ca )}
5/12 CA

B 10sin @
27

Cy\ 7 .
(Tj) Im{eﬁ’U7/6(I,/12,CA)} (313)
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FIG. 1. The profiles of e3Ap"‘°d as a function of ¢/, where t,.; = 100/+/7;. In the left plot, we choose ¢, = 10, 12, 14 from bottom
to top with m = 1072 and f; = 20. In the right plot, we choose m = 1072, 1073, 10~* from bottom to top with &, = 12 and f#; = 20. The

dashed lines denote the asymptotic values given by (3.19).

(See Appendix C.) The function U/,(t; 1, C) is defined by
the incomplete gamma function as (C7). From these and
(3.9), we obtain an approximate solution of the moduli
evolution equations at early times. We have checked that
this approximate solution well agrees with the solution of
the full evolution equation (2.7) obtained by the numerical
computation.

As we will see in the next subsection, it is convenient to
define

A(t) =A(t) + B(z). (3.14)

Since |B(f)| < A(t) except for an early short period
0<r« CXI/ 2, e? can be understood as a modified 3D
scale factor. The mixing term between A and B in the
constraint (2.8) is absorbed into ;12, and (2.8) is rewritten in
a similar form to the 4D Friedmann equation.®

3;12 meOd _|_prad’ (3.15)

where
|

Noting that [I'(1 — g, ix)| =~ x™7 for x > 1, we find that

- 50c3/°
tlime3A(f>pm°d(t) = ﬁ (/11/600529

= Cmod .

We have used (C8). Namely, p™¢ decays as

med(t) ~ Cmode_3A<t) )

at late times (f > o).

$Note that A corresponds to the Hubble expansion rate.

1
rl—-=
(o

1 ;TN
med = 2B2 _i_zéz + 2<e_7 _ 624 ) + m? (O' - G*)Z’

(3.16)

represents the energy density of the moduli oscillation. The
moduli energy density p™¢ is expressed in terms of ¢, and
@, as

e3A - 3. 2 . 3. 2
pmod = N { <€01 _EA(pl) + <fﬂz - EAsz)

+/11(P%+12¢%}+"'7 (3.17)

where the ellipsis denotes higher order terms in ¢; or ¢,.

Using (3.13), we can plot ¢4pmd(¢) as Fig. 1. From this

3A ;mod

plot, we can see that e”p is almost a constant for

t > t.r, Where

1 2 1
trefEENIOOmaX<£,—>. (3.18)
\//11 m  mgg
[\ 1 [\
. 1 1/6 . . 2
l a) +22/ sm29 F<—g,l a) )
(3.19)
(3.20)
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Here we comment on the validity of the above approximations. We have used that p@¢ > p™°d to obtain (3.9). When this

condition is satisfied, the ratio of p™¢ to p™ is

where @(f) and ¢,(f) are given by (3.13), and
A(t) = 5\/C4/{9(1 + /C41)}. Note that the function
Fmy:(t) is determined when the model parameters m, o,
and the initial condition f; are given. This ratio is plotted in
Fig. 2. We can see from the plots that the approximate
solution in (3.13) is no longer valid when ¢ ~ 7,.; in the case
of f; = 10, m = 0.01 and o, = 14. As a general property,
the ratio p™*¢/p™¢ takes a larger value for higher initial
temperature or for shallower moduli potential (i.e., smaller
m or larger 5,). When p™9 approaches to p™d, the
expansion rate for the 3D space becomes larger than
(3.7), and the inhomogeneous term in (3.2) decays more
rapidly than (3.11). After the inhomogeneous term
becomes negligible, the solution will reduce to a linear
combination of two simple harmonic oscillators, and
e34pm°d becomes constant. Thus, the constant C,.q in
(3.20) takes a smaller value than (3.19) if ry,, is close to
one before t = f.

B. Smoothed 3D scale factor

In the usual 4D cosmology, the 3D scale factor evolves
as e*() « r1/2 in the radiation-dominated era and as () «
2/3 in the matter-dominated era. Thus, it is convenient to
define the effective power p as p =tA. Then, p = 1/2
(2/3) in the radiation- (matter-) dominated era. However, as
we pointed out in Ref. [8], this quantity oscillates due to the
effect of the moduli oscillation (see Fig. 3). Thus we
modify the definition of p as

o,=10

VA

0.0 0.2 0.4 0.6 0.8 1.0
t /tref

med 27 ) 3. 2 . 3- 2 1
= 1 —5Ap1 | + (@ —EA(Pz + 419} + @3 ¢ (14 /Cat)?

(3.21)

p=(t—1.)A, (3.22)
where A is defined by (3.14). The constant 7, is chosen so
that p is almost independent of ¢ at early times. We will
show how to choose 7, in Sec. I[II D. As we can see from
Fig. 3, this modification removes the effect of the moduli
oscillation [8].

For t > t., the radiation energy density in (2.9) is
approximated as

ra ’U’(ﬁ)
P d Crad /ﬁé ’
—6B
Gdot€
Caa="¢ 5 (3.23)

where = ¢ 8- § = myyf3 is the inverse temperature in the
unit of the KK mass mgy, and

7[4

p) =2 {7 430w+ 0w (24

The evolution equation for # (2.10) is approximated as

=~ vy(B)A,

=

(3.25)

where

1o : :
Opp—

1 /\/VW”"_"’—_—_—“
|0g10 Fir -2t /\/\/\W’

0.0 0.2 0.4 0.6 0.8 1.0
t /tref

FIG. 2. The logarithm of the function ry,, in (3.21) as a function of #/#,¢. The lines corresponds ; = 10, 20, 30, 40, 50 from top to
bottom. The other parameters are chosen as m = 0.01, o, = 10 (left plot), and o, = 14 (right plot).
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1.0
0.8+

06F
p

0.4+

0.2

0.0" ‘
0 2000

4000 6000 8000 10000

t

FIG. 3. The profiles of (# — 7.)A(¢) (solid line) and p(¢) defined
in (3.22) (dashed line) in the case of m = 0.1, o, = 10, p; = 10,
and 7. = —125 in the unit of M.

op(x) = 2+ 120 (x) +30,(x)

—_ . (3.26)
T+ 120,(x) +50,(x) + Qs(x)

The profiles of v4(x) and v,(x) are shown in Fig. 4.
Solving (3.25), the (smoothed) 3D scale factor A is
expressed as a function of ﬁ

o B dx
A(f) = A + /
! /}ref xl)ﬂ(.x)

= Aref + f(/}) - F(/;)ref)’

(3.27)

where A, and ,Bref denote the values at r = t,.;, and

_ [* dy
F(x):[ yvﬂ()’).

The profile of F(x) is shown in Fig. 5.

C. Expression of effective power p

Here we derive an explicit expression for the effective
power p. From (3.15) and (3.20), we have’

-~ 1 =
A \/ 7 (Cmoge™ + p™9), (3.29)

3

which leads to

B dA 3
=t [ de(x) A o e
Pret p Ciode +p (x )

- / B odx 3
ﬁref xvﬁ ()C) Cmode_3A(X) =+ Cradx_6 Up ()C)

3 [P 2
a1 R R
ﬁref vﬂ (x)

Crad vV U (x)
(3.30)
where
ngd = Cmode_3Al'ef'+3]:(/}1'ef') R(x — x(’e_3f(x)
" Crad Up (x)
(3.31)

We have used (3.27) at the last step. As shown in Fig. 6,
R(x) is well approximated as a linear function.
R(x) =~ 0.0135x. (3.32)

Thus, the above expression can be approximated as

= //}d * <1+ x>_]/z
T fer — [ ax x ,
Crad Pret Up (x) VvV Up (x> ﬁmod

Using this expression, the effective power p defined in (3.22) is expressed as

b= -1 B D Z D}

(3.28) (3.33)
where
R 1 74.1
mod = o~ . 3.34
Pmoa =5 0135 Rmed = s (3:34)
|
ap
; _— /ﬁ dx \/Cmode_3A<ﬁ) + Cr‘ddB_va (B)
Bl ot ¢ Bret * Up (x ) Cmode 34 + Cradx_(5 Uy (x) 3
-1/2 C . p: 1/2
. ) r"d?‘;(ﬁ)<1+Aﬂ ) . (3.35)
ﬂmod 3:3 ﬁmod

> fer — 1 —|—1/—3 /ﬁdx ’ (
ref c C
rad J Pt vﬂ(x)w / UP(X)

9. .. . <. . . . .
We focus on the positive solution of A since we are interested in an expanding 3D universe.
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FIG. 4. The profiles of vg(x) and v,(x).

2 4 6 8 10 12 14
X

FIG. 5. The profile of F(x). The dotted line represents
Inx 4 0.833.

D. Choice of ¢,

As we mentioned, the constant 7., is determined so that p
is almost independent of 7 at early times ¢ < ..
By assumption, p™%(f) = Cpoqe 4 < pd (1)

.o ’ N A
Cradﬁrefvp (ﬂref)’ L€, ﬁref < ﬂmod' Then7 when 7~ Lref
(3.33) is approximated as

= et + / dx
rad ﬂret

Up(x)
(1_2ﬂmod )
S e [g(x) ﬁfde(x)Eef, (3.36)
where
G(x) = /O xdym,
H(x)E/OxdyM. (3.37)

Figure 7 shows the profiles of G(x)/x* and H(x)/x?

0.20F
0.15}
R(x) 0.10 F

0.05

0.00F,

FIG. 6. The profile of R(x). The dotted represents 0.0135x.

Thus, when ¢ ~ ., (3.35) is approximated as

p(

E)
12
/—/H
i
-~
+
[0%)

1 B
i H(x)} .
2ﬂmod Pret

Cradvp(ﬁ)(1+ B >
3ﬁ6 2:3mod ‘

Here we choose 7, as

(3.38)

fo = lef — Cid{g(ﬁrea - "—H(Bref>}‘ (339)

mod

Then, (3.38) becomes

(3.40)

For ﬁ < 1, the functions we have defined behave as
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0.20+
0.15¢
G)IX* 010}

0.05}

0.00 k. \ \ \ ‘ ‘ ‘ L
0 2 4 6 8 10 12 14
X

FIG. 7. The profiles of F(x),

~ 3 N
vﬁ(ﬂ)zg, vp(ﬁ)z80

e IR 1o
Fp=3mp, GR350 HP=Sop' (341
By assumption, /3 << fnoq. Thus, p(f) behaves as'
. VRV
PP = Gp) =3, (342)

which is independent of ﬁ (or t). Hence the choice of 7 in
(3.39) is appropriate.
Using this choice of ¢, (3.35) becomes

p(ﬁ):{/ﬁﬂ dx 1+ﬁx >_l/2
ref mod

U/i(x))\im (

y _H(ﬁref)
+ g(ﬂref) ZBmod }
7 AN 1/2
« ﬂfﬁ ) (Hﬁﬂd) . (3.43)

Combining this with (3.33), we can plot p as a function of 7.

IV. TIME EVOLUTION OF 3D SPACE
In this section, we discuss the expansion of the 3D space

by evaluating the time evolution of the effective power p.

A. Parameter dependence of effective power p
When ﬁ < ﬁmod, (3.33) and (3.43) reduce to

()= s+ A9 = G}
)
() =900 V5= @)

'OThis value corresponds to the 6D radiation-dominated universe,
which i is also obtained from e* o ¢>/G0+%) with w = 1/5. Note
that w™! measures the space dimensions that the radiation feels.

H(x)/x

014}
012}
0.10}
5008}
0.06
0.04}
0.02}
0.00 L

G(x)/x* and H(x)/x3

From Fig. 8, we can see that the power p changes its value
from 9/5 to 1/2 during the period 2 < < 10. If
Pod > 15, the 3D space expands as in the 4D radia-

tion-dominated era until ﬁ approaches to ﬁmod.
When f > (.4, on the other hand, the contribution of
the moduli oscillation dominates the energy density, and

p(B) in (3.43) can be estimated as

N 3 B x2
Dt/ = dx
(ﬂ) ! Cl'ﬁd /ﬁm' vﬂ x V vp (X
3ﬂmod

| 3:Bmod / 3/2
Sler+ ﬁ
! rad 3 Crad

—zref+
: . o h)
r={ [l ox v,,<x>} Fr

ﬂ mod

oY EZR 2
z{/ dxﬂ_z—}:ls—/’ézgv (4'2)
0 Ix ﬁ
where we have used that
P 2
vp(x) =1, Up(x)NEx , (4.3)
for x > 1.
0.55
0.54
~ 0.53
P(B)
0.52
0.51
0.50 ‘ ‘ ‘ ‘ J
0 5 10 15 20 25 30
B
FIG. 8. The profile of the function in (4.1).
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0.65r

0.60 -

0.55+

0.50 -

10° 10"

16*4 1618 1622
t

10% 109

FIG.9. The effective power p as a function of ¢. The parameters
are chosen as o, = 14, i = 1072 and R™S® = 107%. The left
and right vertical dashed lines denotes t = t,,q and ¢ = f,,04,
respectively.

0.65

0.60 r

0.55r

0.50 -

105 10" 10™
t

FIG. 10. The profile of p(t) for various values of o,. The solid,
dashed, and dotted lines correspond to o, = 10, 13, and 16,
respectively. The other parameters are chosen as f,; = 10%,
Pret = 1072, and R™¢ = 1075,

0.65+

0.60r

0.55¢

0.50+

106 10" 10™ 10 10 10%° 10%
t

Thus, if we define

g = t(ﬁ = 10)9 Imod = t(ﬁmod)’ (44)
the power p changes from 9/5 to 1/2 around ¢ = t,,4, and
from 1/2 to 2/3 around t = t,,,q. We show a typical profile
of the function p(r) in Fig. 9. The parameters are chosen as

6, = 14, fg = 1072, and R™9 = 1075,

rad
As we can see from (3.33) and (3.43), the function p()
depends on the parameters only through .., Cy.q, ﬁref, and
Rg}gd. Among them, we choose ¢, much smaller than the
second term of #(f3) in (3.33), and thus its dependence can
be neglected. Let us see the dependences on the other three
parameters, individually.
C .q-dependence
From (3.23), C,,q4 is determined only by o, (or mgy), and
it only affects the overall timescale if 7. is negligible
[see (3.33)]. Figure 10 shows the profile of p(z) for
different values of o,. The solid, dashed, and dotted lines
correspond o, = 10, 13 and 16, respectively. As this plot
shows, the value of o, (i.e., Cy,q) just shift the profile to
the time direction without changing its shape.
ﬁ’ref—dependence
The left plot in Fig. 11 shows the profile of p(z) for
various values of fef. For fer < 1, the profile of p(r) is
almost independent of f3,;, and the initial value of p(7)
for t < t,,q s 9/5, which is the value of the 6D radiation-
dominated universe. For 2 < S < 20, the value of p(7)
at early times (f < t,,4) decreases as ﬁref increases. This
can be understood from Fig. 8. A larger value of ,Bref in
this region indicates that the temperature is not high
enough for the radiation to feel the compact space S?
completely, and the 3D space expands less rapidly. For
Bt > 15, the radiation no longer feel the compact space,
and the expansion rate of the 3D space is almost the same
as the 4D radiation-dominated one.

10" g

1010,

t
10%

108,

FIG. 11. The profiles of p(r) (left) and t([}) (right). The thick, thin, dashed, dotted, and dot-dashed lines correspond to ﬁmf =1,3,5,
10, and 30, respectively. The other parameters are chosen as t.; = 10*, 6, = 14 (i.e., Cryqg = 2.97 x 107'%), and R;‘;gd =1073.
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0.65}
0.60r

0.55F=

0.50r

1 618 1 622 1 625 1 630
t

108 10 10"

FIG. 12. The profile of p(z). The thick, thin, dashed, dotted,
thick dot-dashed, and thin dot-dashed lines correspond to
R™4 =107%, 107%, 1072, 1, 5, and 20, respectively. The other
parameters are chosen as f,.; = 10%, ﬁref =0.01 and o0, = 14
(i.e., Crq = 2.97 x 10719),

The right plot in Fig. 11 shows that a small change of ,B
corresponds to a large change of ¢ in early times. This
explains the plateau for r < 1,4 in the left plot.

R™4-dependence
Figure 12 shows the RMS-dependence of p(r). Recall
that R defined in (3.31) parameterizes the ratio of the
energy density for the moduli-oscillation to that for the
radiation at ¢ = t,;. Since the latter energy density
decreases faster than the former, the former eventually
dominates the total energy density at late times and p

will approach to 2/3. The parameter R;‘;gd determines

mod» at Which the moduli-oscillation contribution starts
to dominate. For a smaller value of RS9, it takes more
time to dominate the total energy density, and thus 7,4
becomes larger. When R;{jgd > 1, on the other hand, the
moduli oscillation will dominates the energy density
before the universe behaves as the 4D radiation-

dominated one.

1078}
10713,
10-18}
tmod> trad
10738} -7

10—28 [

10—33 [

FIG. 13. The transition times t,,,4 and f,4 defined in (4.4) as
functions of /3’1 = myg 1. The unit of the vertical axis is seconds.
The solid, dashed and dotted lines correspond to the case of
o, =10, 13 and 16, respectively. The upper (lower) line
represents f,0q4 (f.4)- The mass parameter m is chosen
as m = 0.01.

B. Estimation of transition times

So far, we have worked in the 6D Planck unit. For
phenomenological discussions, however, it is more conven-
ient to translate the physical quantities in the 4D unit. First, let
us restore the dependence of the 6D Planck mass M.

t

- —, B
M

1 mgg = e 7 — E_B*Mé. (45)

-,
Mg
The 4D Planck mass M, is defined after the extra

dimensions are stabilized, and is related to the 6D

Planck mass My as

My = \/Vy M2 = VAareB-My, (4.6)
where V,, = 4n(eP-15)? (Is = Mg': 6D Planck length) is
the volume of the compact space S? after the moduli
stabilization. Thus, the quantities in (4.5) are expressed as

4me” (6) —18 ,B. (6 -1 —42 B, (6
t= i 10 = 1.46 x 10718810 GeV~! = 8.61 x 10742810 gec,
4
4me”: (6) —18 B, 3(6) -1
f= P = 146 X 10758 5O Gev,
M,

Mgg = ——
K Vet

where 1) and () are the values of the time and the inverse
temperature measured by M.

Fig. 13 shows the transition times f,,4 and #,,,q defined in
(4.4) as functions of the initial inverse temperature nor-

malized by the KK mass scale ,31 = mggPr- The solid,

= 6.87 x 107728+ GeV,

(4.7)

|
dashed, and dotted lines correspond to the case of o, = 10
(mgx = 1.2 x 10* GeV), 13 (6.2 x 10'> GeV) and 16
(3.1 x 10'" GeV). From this plot, we see that f,,,.q increases

as the initial inverse temperature ﬁl increases. This can be
understood by noting that the induced moduli oscillation
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10—12,

10—17,

tmod 10722 L

1027 f

0.5 1.0 1.5
B
FIG. 14. The transition time 7,,,q defined in (4.4) as functions of

/3’1 = mygf in the case of 6, = 12. The unit of the vertical axis is
seconds. The solid, dashed, and dotted lines correspond to the
case of m = 1072, 1073, and 107*, respectively.

has a larger amplitude for high initial temperature. Namely,
for a large value of f; (i.e., low initial temperature), the
pressure p? is small and the induced moduli oscillation
has a small amplitude, which leads to a small value of R4,
As shown in Fig. 12, this means that the moduli oscillation
dominates the energy density at later time. In contrast, the
transition from the 6D to 4D radiation-dominated eras
occurs when the moduli-oscillation energy density is
negligible. Therefore, 7,4 is almost independent of ,@I, as
can be seen from the plot.

Next we see the dependence of the mass parameter m in
the moduli potential (2.2). For a smaller value of m, the
potential becomes shallower and the moduli can move from
the potential minimum (2.4) by the pressure p?d more
easily. Therefore, the amplitude of the moduli oscillation
becomes larger, and the value of RMS¢ increases. As a result,
we have a smaller value of 7,,,4. This behavior can be seen
in Fig. 14, which shows the dependence of .4 on m.

From (4.1) and (3.23), the transition time t,,4 in the Mg

unit is approximated as

3 o
ot = tes + [ 5—{9(10) = G(Br)}
rad
3 2473
21/ 10:“—33* 10). 4.8
Cradg( ) Ydot ¢ g( ) ( )

Since G(10) ~20.6, 7,4 in the unit of second is

2473 e*B-
frad & || B ~ 4,83 x 107 x ——— sec.
Gdof v Ydof

From (3.33) and (4.4), the transition time 7,4 in the M
unit is approximated as

(4.9)

3 ﬁmo 2
1 Ex?gd &\ | / ! dx 7)6
2Cf€ld Pret Up (.X ) v, (.X )
1 6 ~, 6
~— 1\ | 5 Pmoa 2556 Rm9d)=2
n’ CradﬁmOd Crad( rad )

0.35g/2e95-

Gaor€ PN\~
~556/6 (T) Crlym——X . (4.10)
7[ mod
where
Crod = Croge A +37 (Bur) (4.11)

Here we have assumed that ﬁmod > ,Bref and used that

2 4
o ~2ox, (4.12)
vp(x)\/0,(x) 7
for x > 1.
Thus, f,,,4 in the unit of second is
tmod = 8.61 X 10‘42e3*t$2)d sec
—42 3/2 8B, A
o 30 10 ggore a3 bet) sec.  (4.13)

Cmod

Since we are considering the case that ﬁref < 1, we have

A 5/3 o 34 1/3
e3Arefz(1+ CAtref) / ’ ﬁrefgesAref:(l—|— CAtref) / ’

(4.14)

from (3.9). Plugging these and (3.19) into (4.13), we can
estimate the value of 7,,,4.

C. Moduli decay

The moduli-oscillation-domination era will end by the
decay of the moduli. After the lifetime of the moduli ¢4, the
moduli oscillation is converted into the radiation. In this
subsection, we will see this effect.

From (3.23), (3.27), (3.31), and (3.32), the radiation
energy density is written as

—3F(p) —3A(B)
prad = Crad v%(f) = Cru eR(ﬁ) zl)refef, (415)
where
Cr e3A|~cl'_3]:(ﬁrc('>
l)refE ad00135 (416)

From this, we obtain
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A

prd (—321 —%)prad ~—{3+ vﬂ(ﬁ)};lprad, (4.17)

where we have used (3.25).

If we introduce the effect of the moduli decay, and (3.20)

and (4.17) are modified as

pmod ~ Cmod e_3A_qudt’

pd = —{3 4 vy(B)}Ap™ + Tppogp™,  (4.18)

where T',,oq = 1/14 is the total decay rate of the moduli.
Recall that

N B odx 3
Ry e \/ ) + )

o) — (1— 1) \/pm%/’i) L))

(4.19)

where ¢, is given by (3.39). Now we numerically evaluate p
at each time. Denote the value of a quantity ¢ at

liy1 = 1; + 675,
A 3

ot = = s
l v(f;) PR+ pimed

rad __ rad
P = pi + o1

pnfld = Cmode_BAi+l_Fmodti+]
1

A
— ,mod
=pPrexpy ———=— [ 3+T
{ Uﬁ(ﬁi)(

At the last equality, we have used that

(4.22)

Using these quantities, the effective power p at t = ¢, is
calculated as

rad mod
PP (4.23)

pi=(ti 3

fe)

Figure 15 shows the effective power p as a function of ¢
in the unit of second. As expected, p rapidly decreases to
the radiation-dominated value 1/2 at t = fg4.

~(3+ (B /2

0.65f
0.60] :
P ‘:
0.55 \ ] '.
O50, : <. _._.'i.‘_._.‘.‘....__.__ : ‘,
1027 1077 107 1000
t (sec)
FIG. 15.

The profile of p(t) including the moduli decay effect.
The solid, dashed, dotted, and dot-dashed lines correspond to the
case of t5, = 10719, 10715, 1072° and 10~%° (sec), respectively.
The parameters are chosen as m = 0.01, 6, = 10 and #; = 100 in
the unit of M. The vertical lines denote 7,4 = 9.5 x 10730 sec
(left) and t,,,q = 2.3 x 107! sec (right), respectively.

Bi=Prge®, (i=0,1,2,...) (4.20)

where A <1 is a small positive constant, as ¢g;. Then, we
have the following recurrence relations.

rad mod
+pi
3 gad + rmodp?Od] )

(4.21)

V. SUMMARY

We investigated the cosmological expansion of the 3D
space in a model with two compact extra dimensions by
solving the 6D evolution equations. We assumed that the
whole 5D space is filled with the radiation and the moduli
have already been stabilized at the initial time. In contrast to
the conventional 4D effective theory (4D EFT) analysis, the
6D evolution equations involves the pressure for the
compact extra dimensions przad. When the temperature of
the universe is higher than the compactification scale mgy,
the pressure pgad affects the moduli dynamics.

In our previous work [8], we found that przad pushes out
the moduli from the potential minimum, and induces the
moduli oscillation. If the moduli lifetime is long enough,
the oscillation will eventually dominate the energy density
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at late times. In that case, the 3D space expands as
e* o« 1?/3, If the temperature of the universe is higher than
mgy, the radiation feels the whole 5D space, and the 3D
space expands as e o« #7/°. When the temperature goes
down below myy, the radiation ceases to feel the extra
dimensions, and the expansion rate slows down as
e* « t'/2, which is the expansion law of the 4D radia-
tion-dominated universe. In order to pursue these changes
of the expansion rate, we define the effective power p in
such a way that the 3D scale factor behaves as e? o t” for
each era. The nontrivial expansion of the 3D space is
parametrized by two transition times f.,4 and #,.,4. The
effective power p changes from 5/9 to 1/2 around ¢ = t,,4,
and from 1/2 to 2/3 around f = ..

In our previous works [7,8], we evaluated the 3D scale
factor by numerical computation. However, it is not easy to
see how the transition times t,q and t,,q depend on the
model parameters and the initial temperature in such a
numerical approach. Besides, we cannot pursue the whole
history of the universe in this method due to the limitation
of the computational power. In this paper, we derive
analytic expressions for the 3D scale factor, the inverse
temperature and the background moduli values by solving
the 6D evolution equations under appropriate approxima-
tions, and provide analytic expressions for the transition
times as functions of the model parameters m, o, and the
initial (inverse) temperature f;. The expressions we
obtained enable us to pursue the cosmological evolution
until much later times.

The first transition time 7,4 is determined solely by o,
(or mgy), and is almost independent of the initial temper-
ature. The second transition time #,,,q, on the other hand,
depends on both the moduli potential scale m and the
temperature. This is because 7,4 iS determined by the
oscillation amplitude induced by prad. The amplitude
becomes larger for a shallower potential (i.e., a smaller
value of m or a larger value of &,) or for higher initial
temperature (i.e., a smaller value of f3;), and then the moduli
oscillation dominates the energy density earlier (a smaller
value of #,,q)-

As shown in Ref. [7], the modulus B continues to
increase for o, = 16, and the observed 4D universe cannot
|

o 2[+
(ﬂ Hs V3’V2 ng f2ﬂ2ﬁ

— gdofBV3 Li (ieﬂ”) + ngof 21 + )V'; /00 dqq2 ln(l T e /q2+c[2+/}ﬂ)’
0

where g4, denotes the degrees of freedom for the 6D
relativistic particles, f is the inverse temperature, u is the
chemical potential, and V5 = ¢** and V, = 4ze?® are the
comoving volume for the 3D space and the physical

be obtained. Therefore, there is an upper bound for the
stabilized value of the S? radius in our model.

In our works, we have fixed the moduli by introducing
the dilaton mass term by hand. It should be noted that there
are other types of moduli stabilization mechanisms. For
example, it is shown that the moduli can be stabilized by
introducing 3-branes with the dilaton couplings in
Refs. [22-26]. This corresponds to a 6D extension of
the Goldberger-Wise mechanism [27] in the Randall-
Sundrum setup [28]. It is intriguing to study whether the
properties we found here will change in such models. From
the viewpoint of the 4D EFT, both stabilization mecha-
nisms just generate the moduli potential and thus it seems
that they lead to similar results. However, it is nontrivial
whether this is the case when the 4D EFT is not valid.

For more realistic discussions, we need to extend our
setup by including the inflaton sector. Our initial conditions
in (2.11) with the radiation-domination assumption should
be realized by the reheating process after the inflation. In
such setups, the effective power p will enter the expression
of the e-folding number for the 3D scale factor.

We will discuss the above issues in separate papers.

APPENDIX A: THERMODYNAMIC QUANTITIES

The dispersion relation of a 6D relativistic or massless
particle is

1
kMkyy = —k3+ e 24K +e 2Bk +———— F, k% =0.

in2g ¢ (Al)

Thus the energy of the particle with the 3D momentum k =
(ky, ky, k3) and the angular momentum / on S is given by

Exi = ko= \Je MR+ U1 +1),  (A2)
where k = V/k*. Since each one-particle state is specified by
I_é, [ and the “magnetic quantum number” m = —I[, ..., 1, we

have (2] + 1) degenerate energy eigenstates for each Kand 1.
Hence the grand potential is expressed as

" 4kl In(1 F e PEm)

2ﬂ2ﬁ4 (A3)

volume of %, respectively. The upper (lower) signs
correspond to the case of bosons (fermions). At the second
equality, we have rescaled the integration variable and the
KK masses as
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4rl(l+1)
Va

= e BB\/I(I+1).

(A4)

g=epk. o =p

The function Liy(z) in the second line of (A3) is the
polylogarithmic function. In the following, we consider a
situation in which e=“*#* <« 1 for [ > 1. Then the grand
potential can be approximated as

J(ﬁv H, VS’ VZ)
of V . 4
~ —92‘; ;ﬁj {i2L1(ieﬁ”) +eQ, (ﬂ\/VZD } (A5)
where

D20+ DK (x/IT+1)).  (A6)

x) = szl(l +
=1

Here K,(z) is the modified Bessel function of the second
kind.

From (A3), various thermodynamic quantities are calcu-
lated as follows.
Radiation energy density

rad __ 1
g _V3V2(aﬂ 5 )W)

9 .
_Zﬂzdﬁ‘fv2{i6Ll4(ie/’ﬂ) +eM(30,+0,)}, (A7)
where
0,(x) = —xQ) (x Zx3l3/2 (I+173220+1)
=1
X Ky (xy/I(1 4 1)). (A8)
3D pressure
1 aJ Gdof .
rad __ o 0L (- Bu Bu .
P3 TV, 0V, 2ﬂ2ﬁ4V2{ iy(£e) + 0}
(A9)
2D pressure
rad _La_‘] gdofeﬂ Q (AlO)
PE= Ty 00, T a2y,

The arguments of the functions Q; and Q, are understood
as f\/4n/V, = e Bp.
We should note that
rad _ 3prad+2prad‘ (A]])
In this paper, we assume that fu < 1 and neglect the
chemical potential u. Note that

. . 7

Lis(1) =€) =25 Lis(-1) ==£(4).  (A12)
If we have the same degrees of freedom for bosons and
fermions, the total energy density and pressures are

expressed as

4
o o T 430, ) + o)
rad ., 9dof

P% - 2ﬁ4V { Q ( ﬂ)}’

pyd = 20 5 0a(e), (A13)

where gy, 1s the total degrees of freedom for the radiation.

APPENDIX B: CONSERVATION LAW

Including the radiation contribution, the energy-momen-
tum conservation law is

VTN =0, TN + TV, T% - T4, TV =0, (Bl)
where
T[ — 102 +e—0+ V(U) +prad Ept()t
2 8h* '
i i 1 ) e’ rad i tot
T]:6j —56 +W+V(G)_p3 5p
1. e’ .
Ti = Tg = _502 _W_F V( ) pZad = _ptzot‘ (Bz)
From (B1) with N = ¢, we have
P BAG £ ) + 2B+ p) = 0. (B3)

where the dot denotes the time derivative. The other
components hold trivially. By using the dilaton field
equation, the conservation law (B3) is reduced to

/)rad + (3A + 23>prad + 3Aprad + 2Bprad 0. (B4)

Plugging (A13) into this, we obtain
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FIG. 16. The profile of x?Q, (x), x*Q,(x), and x*Q5(x).
3 (7t S(x) = Im{eld=V3E (ix)},
§<Z+12Q1+5Q2+Q3> (x) é a(i)}
Z
2 E,(x) = ezzqq—(_l) =eT(1 —gq,z2). (C3)
=3A <E +40; + Qz) +B(20,+0Q3),  (BS)
where The function E,(z) = [ dwe™"/w? is the (generalized)

03(x) =20,(x) — x05(x)
NP4 1P+ DK (e /ITET)). (B6)

=

The arguments of Q)3 are understood as e 5p.
Figure 16 shows the profiles of Q;,3(x). For x < 1,
they are approximated as

1

X

(@)
Tl

01(x) ~—, 05 (x) =

(S5}

APPENDIX C: INDUCED OSCILLATION
SOLUTION

Here we provide a solution of the following equation for
a real function ¢(7).

a
b=t

(1+VCr)? (1)

where 4 >0, C >0, o and ¢ are real constants. The
solution is expressed as

o(t) = ¢, cos(Var) + ¢, sin(V2r)
-4 (%)5(\/%(1 + m>),

where ¢; and ¢, are integration constants, and

exponential integral, and I'(s, z) is the upper incomplete
gamma function. The derivatives of the real function S(x)
are

S'(x) = Re{eld=13 & (ix)} = Re{el=V5E (ix)},

. 1
8"(x) = —Im{ele V3¢ (ix)} = v S(x). (C4)
We have used that
, —1 4 e“zE,(2) 1
5q(z) = = ——q+ezF(1 -q,2)
z z
1
= —Z—q+5q(2). (CS)

When the initial condition is that ¢(0) = ¢(0) = 0, the
solution becomes

(1) = —% <%>%{s<\/%(1 + ﬁz))
-~ s(@) cos(Vat) — s(@) sin(\/it)}

VAT 1
— _% <E> ZIm{e(q_l)fluq(l‘;/L C)}, (C6)

where
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U,(:2,C) =€, (i\/%(l + \/Et)> -£

= ef\/%<1+m>{r(1 -q. i\/%(l + \/Et)) -~ r<1 -q. l\/g }

The derivative of (C6) is expressed as

A .
p=—-a <C> Re{eld=D5iY (1;2,C)}.

2
q(,&)eﬂt

(C8)
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