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We argue that the axionic domain-wall with a QCD bias may be incompatible with the NANOGrav
15-year data on a stochastic gravitational wave (GW) background, when the domain wall network collapses
in the hot-quantum chromodynamics (QCD) induced local CP-odd domain. This is due to the drastic
suppression of the QCD bias set by the QCD topological susceptibility in the presence of the CP-odd
domain with nonzero 6 parameter of order one which the QCD sphaleron could generate. We quantify the
effect on the GW signals by working on a low-energy effective model of Nambu-Jona-Lasinio type in the
mean field approximation. We find that only at & = z, the QCD bias tends to get significantly large enough
due to the criticality of the thermal CP restoration, which would, however, give too big signal strengths to
be consistent with the NANOGrav 15-year data and would also be subject to the strength of the phase

transition at the criticality.
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I. INTRODUCTION

The observation of a stochastic GW background has
recently reported from the NANOGrav pulsar timing array
collaboration in 15 years of data [1,2]. Possible origins of
the detected nano-Hz peak frequency in a view of particle
physics have been investigated also by the NANOGrav
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collaboration [3]. Other recent pulsar timing array (PTA)
data, such as those from the European PTA (EPTA) [4-6],
Parkes PTA (PPTA) [7,8], and Chinese PTA (CPTA) [9]
have also supported the presence of consistent nano-Hz
stochastic GWs. Thus this nano-Hz GW evidence might
provide us with a hint on the new aspect of the thermal
history of the universe in terms of beyond the standard
model of particle physics.

Among the new-physics candidate interpretations, the
axionlike particle (ALP)-domain wall annihilation trig-
gered by a QCD-induced bias has been considered as an
attractive model [10—17], which can naturally be realized in
the QCD-phase transition epoch at the temperature
T ~ O(100) MeV consistent with the produced peak fre-
quency of nano Hz [3]. The QCD-induced bias is supplied
by the topological susceptibility ., and its 7-dependence
and the value at 7 = 0 have already been measured in a
lattice simulation at the physical point for quark masses
with the continuum limit is properly taken [18]. This is how
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the ALP-domain wall prediction gets definite and unam-
biguous except the domain-wall network formulation and
annihilation analysis, even though the system that the ALP
acts in is nonperturbative QCD.

However, the thermal history of the QCD phase tran-
sition epoch may not be so simple: a local CP-odd domain
may be created in hot QCD plasma due to the presence of
the QCD sphaleron [19,20], so that the QCD vacuum
characterized by the strong CP phase € and its fluctuation
(in the spatial-homogeneous direction) gets significantly
sizable [21-23] within the QCD timescale [24—27].1
Though 6 should be tiny enough (< 107!%) at present,
nonzero 6 contribution to the QCD bias y,,, may be non-
negligible when the ALP domain wall starts to collapse in
the QCD phase transition epoch. This is irrespective to
whether or not the ALP acts as the QCD axion which
relaxes the 0 to zero at present.

In this paper, we argue that the ALP-domain wall with
the QCD bias becomes incompatible with the NANOGrav
15-year data on a stochastic GW background, when the
domain wall network collapses in the hot-QCD induced
local-CP odd domain. This happens due to the drastic
suppression of the QCD bias set by the QCD topological
susceptibility in the presence of the CP-odd domain with
nonzero @ parameter of order one which the QCD sphaleron
could generate.

This paper is structured as follows. We first make a
generic argument. It is based only on the anomalous Ward-
Takahashi identities in QCD and the mixing structure
between the scalar quark condensate ({(gg)) and pseudo-
scalar quark condensate ((giysq)) bilinear operators via the
U(1) axial transformation with nonzero 6. y,,, is shown to
generically get small when 6 takes the value of order one,
because of the dramatic suppression of the scalar quark
condensate at any temperature.

We next implement this suppression effect into the
produced GW signals by working on a low-energy effective
model of Nambu-Jona-Lasinio (NJL) type in the mean field
approximation (MFA) and the random phase approxima-
tion (RPA). In accord with the generic argument, y,, as
well as the scalar quark condensate get highly suppressed

'"The QCD sphaleron transition rate is not suppressed by the
thermal effect in contrast to the QCD instanton’s one [25-27].
The topological charge fluctuation (within the QCD timescale =
O(1-10) fm), Agyoy (1) = [*dt’' dX* Qo (' X), will be nonvanish-
ing. This implies that the corresponding source 6(x) in the
generating functional Zgcp, needs to be (at least) time-dependent
and fluctuate: 6Zqgcp/6A0(t) ~ qp(t) #0. The time and/or
thermal average of AQ(r) thus acts as what we call the theta
parameter in the QCD thermal plasma, which namely means
0 = A(r) in there. See also, e.g., the literature [28,29]. Besides,
the time fluctuation 0,0(¢), to be referred to as the chiral chemical
potential [21-23,28,29], will be significant as well when the
nonconservation law of the U(1) axial symmetry is addressed.
See also Summary and Discussions.

when 6 = O(1), instead, the pseudoscalar condensate as
the CP/axial partner develops.

We also find that only at § = z, the QCD bias tends to
get significantly large enough due to the criticality of the
thermal CP restoration of the second order, which is
signaled when the pseudoscalar condensate reaches zero.
This, however, gives too big signal strengths to be con-
sistent with the NANOGrav 15-year data. Going beyond
the MFA or other types of effective models could yield a
different strength of the phase transition at the criticality. In
summary of the present paper, we also briefly address the
outlook along this possibility and the prospective impact on
the QCD bias for the ALP-domain wall annihilation in light
of nano Hz GW signals.

II. GENERAL ARGUMENT

We begin with presenting a general consequence on
the suppression of y, when 6= O(1). First of all,
we note that the anomalous U(1) axial transformation
(g — e‘iy5gq = ¢') can make the 6 dependence in QCD
present only in the quark mass term. In two-flavor QCD, for
simplicity, the quark mass term then takes the form

0 0
E [m cos 5 (@'q") +m Sinz (éli}’sq/)} ; (1)
q=u,d

where the primed quark bilinear fields are related to the
original ones via the orthogonal rotation,

( qq ) <cos§ sin§>< 7q > )
girsq) —sing cos§/ \q'irsq '

The scalar condensate (gg) thus mixes with the pseudo-
scalar one (giysq) by nonzero 6.

JXiop 18 given as the functional derivative of the generating
functional of QCD twice with respect to 0 evaluated at
0 # 0. Taking into account the quark mass term in Eq. (1)
we thus get

i)(top(Tv 0) _/Td4x<Qtop(x)Qtop(0)>9’

gr

Qtop(x) - WGWJG/W’ (3)
where O, denotes the topological charge with the QCD
gauge coupling g, and the (dual) field strength G,
(G, =222 Groy, [, dx = [/T dr [ d®x with the imagi-
nary time 7 = ix; the subscript “6” attached on the vacuum
(thermodynamic ground) states stands for the implicit 0
parameter dependence. Following the procedure in the
literature [30-32] y,op in two-flavor QCD is expressed in
terms of the original-basis fields as
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> (aq)or + imiy,(T.0)|. (4)

1
)(top(T’ 9) = _Z |:m
q=u,d

where we have taken the isospin symmetric mass for up (u)
and down (d) quarks, and

W(T.0) :/d4x Z

q=u,d

0)irsq(0))(q(x)irsq(x)))e, (5)

which is ~%Zq:md<?]i}/5q)“. Since the quark mass is
perturbatively small enough and (gg) develops a nonzero
value at the normal QCD vacuum with € = 0, the chiral
perturbation conventionally works well for yq,, so that the
(qq) term will dominate over the y, term, to saturate the

measured y,,, value ~(75.6 MeV)*, i.e

1 _
Wiop(T.0=0)| = m > la@ado—or|=(75.6MeV)*.  (6)
q=u,d

This is sort of the well-known formula called the
Leutwyler-Smiluga formula [33], and this feature has
also been observed in chiral effective model approaches
at any 7 [30-32,34]. When 0 # 0, however, the value of
(gq) will be shared with the pseudoscalar condensate
(giysq) through Eq. (2), so that (gg) term in y, of
Eq. (4) gets small, to be as small as or smaller than the y,
term, as 6 gets sizable. Thus, we expect the dramatic
suppression of y,, at a sizable 0%

Xiop(T,0=0(1))] z%fﬂzbfq(Tﬁ)l Lriop(T,0=0)[. (7)

This trend will be seen for any 7" and y,, would simply get
smaller and smaller as T increases unless a sharp phase
transition in y, shows up at higher 7. Thus, the magnitude
of the QCD-induced bias for the ALP domain wall
annihilation, controlled by y,,, is expected to become
dramatically small in the local CP-odd domain created in
hot QCD.

Below we will explicitly support this claim based on an
NJL with nonzero 6.

*Even when the strange quark contributions are incorporated in
Xiop» the form of Eq. (4) is intact, as has been discussed in the
literature [30-32,34] and also reviewed in Appendix A, hence
Xiop €an be evaluated only via the lightest quark condensate and
Xy in which the strange-quark loop contributions are implicitly
incorporated. Thus the lightest quark condensate term
QO g=ual@a)) in |riop(T,0=O(1))] still persists being sup-
pressed due to the sizable CP violation, while the y, term keeps
sizable with the large CP violation, where the CP-violating
strange quark contribution almost decouples simply because of its
heaviness (see also Summary and Discussions). Therefore, the
inequality in Eq. (7) holds even in the case of three-flavor QCD.

IIL NJL. EVALUATION OF y,,, AND ALP DOMAIN
WALL ENERGY DENSITY WITH NONZERO 6

Since lattice data on ¥4, (7, 6) with € # 0 have not yet
been available,” we employ a low-energy chiral effective
model, an NJL model, which matches with the underlying
QCD via the consistent anomalous Ward-Takahashi iden-
tities associated with the chiral SU(2) and U(1) axial
symmetry breaking. The investigation of QCD with nonzero
0 has so far been carried out based on several chiral effective
models [16,35-49] and also the recently developed ‘t Hooft-
anomaly matching method [50,51] extended from the
original idea [52,53], so as to clarify the nature of the
thermal chiral and strong CP phase transitions when 6 = z.
Nevertheless, the T and 6 dependence on y,, has never been
addressed except Ref. [46]. In the reference y,, was
computed based on the same NJL model as what we will
work on below, however, consistency with the anomalous
chiral Ward-Takahashi identities was not manifest, which is
to be refined in the present study. We leave all the technical
details in Appendices A and B and shall only give the results
relevant to the discussion of the nano Hz GW signals.

The dependence of T"and 6 on y,,, is plotted in Fig. 1. The

present model yields [y (T = 0,0 = 0)| = 77.5 MeV,
which is in good agreement with the lattice estimate,
;(tlo/;(T =0,0 =0) ~75.6 MeV [18]. As seen from the left
panel of the figure, y,, prominently gets smaller when
0 Z 0.5z, which is due to the suppression of (gg) (as shown
in Appendix B), instead (giysq) gets greater than (gq), as
was expected from the generic argument in Eq. (7). We also
note from Appendix B that the chiral phase transition goes
like crossover for any 6, whereas the CP phase transition is
of the second order type at § = = (see Fig. 1), which is also
manifested as a spike structure of y,,,. In particular, the CP
symmetry is restored at the criticality (7'~ 221 MeV) in
accordance with the literature [40,42,43].

We assume that an ALP has already been present before
the QCD phase transition epoch as in the literature [10—17]
and developed the potential having the shift symmetry, a —
a+2xf, with npy being integer:

i (oo (mg))
2y 1 —cos DWfa ) (8)

where m, and f, are the ALP mass and decay constant,
respectively. Then a domain wall profile exists as a soliton
solution, which sweeps between the adjacent vacua, where
npw in V, above corresponds to the domain wall number.
As the universe cools down to the QCD scale, assuming
existence of the ALP coupling to gluon fields, the ALP
develops another potential via the U(1) axial anomaly,

Vo(a) =

3
For more on the current status and future prospects, see also
Summary and Discussions.
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Voen(@) = —11op (T, 0) cos <nfi + 9), (9)

a

which explicitly breaks the original shift symmetry, where
n is some factor related to and highly depending on the
Peccei-Quinn charges of quarks. The original ALP vac-
uum-potential energy ~m?f3 is assumed to be 2|yl
Thus the domain wall configuration, which is supported by
the original shift symmetry, becomes unstable in the total
ALP potential V iy, = Vo + Vcep:

m2f2 a
V(@) = 121 : (1 — Cos (nDW _>>
npw fa

+ Xtop (cosﬁ—cos (nfi+9>>, (10)

a

with the normalization V., (a = 0) = 0. Meanwhile, the
domain wall network (with npyw > 2) starts to collapse and
release the latent heat into the universe. Here, Vcp(a)
plays the role of what is called the bias, AV. The released
energy density can be evaluated by the vacuum energy at
the original vacua a = npwzf,. For instance, when
npw = 2, the original vacuum at a/f, = x gets the energy

shift by [Vigw(a/fa = m)| = [Vo = Voeplayf,=r:

Vo = Vacplays,—r = Wiop(T. 0)(cos(nz + ) — cos 0)]
~ iop(T, 0)| = AV(T, 6). (11)

Thus one may maximally have the released latent heat
pow(T)

pow ~ AV(T.0) = [1iop(T. 6)|. (12)

Similar discussions have been made in the literature
[10-17]. A more precise estimate based on the numerical
simulations of the domain wall network suggests
pow = 0.5AV [54-57].

The QCD bias |y,o,| generically does not significantly
affect the ALP potential when the universe is hotter than the
QCD scale of O(100) MeV, as seen from Fig. 1 and also
from the generic formula in Eq. (4). This is essentially due
to the correlation of the effective restoration of the chiral
SU(2) (via (gq)) and/or U(1) axial symmetry (y,) at higher
temperatures [See Eq. (4)]. We assume that the ALP-
domain wall annihilation takes place at T = T, by the QCD
bias and fully provides the source of the GW." The
produced GW power spectrum at the peak frequency is
then assessed via the signal strength, free from the domain

“The ALP domain wall network will completely be decayed
never to be left before the expected domain wall-dominated epoch
arises. The critical temperature for the domain wall domination is
estimated by using the present NJL model and evaluating the
condition ppw/prg > 1, to give T = Tyom ~ 19 MeV, which is
indeed much lower than the QCD scale.

0.100¢
. §=0
__0.010¢ - 205
E
©, 0.001f - 2208
§ — §_1
x 10% e
1073k
107 ;
0.00 0.05 010 015 020 025 0.30

T[GeV]

FIG. 1. Plot of y,, (in magnitude) computed from the present
two-flavor NJL. model with nonzero 6.

wall string tension opyw ~ m,f2, by the following signal
strength (see, e.g., [17]):

« _pow(T.) 0.5AV(T..0)

prad(T* prad(T*)

T..0)[/4\*
os s (Ven(Te0)
100 MeV

T —4 T\ -1
o — 1 9.(T.) . (13)
100 MeV 10
where we have used ppw =~ 0.5AV [54-57] and p4(T) =

(%/30)g,(T)T*. This a, has been constrained by the
NANOGrav 15 yr dataset as a function of 7. See Fig. 2,

0.10 0.15 0.20 0.25 0.30
T.[GeV]

FIG. 2. The contour plot for the signal strength «, (@) in
Eq. (13) versus the ALP domain wall annihilation temperature
T, with y,, in Fig. 1 encoded. The 26 contour from Ref. [3] has
also been displayed in blue, and the regimes inside the 26 contour
are thus allowed. a, in Eq. (13) depends on the effective degrees
of freedom g, (T) around the QCD phase transition epoch, which
we have adjusted g, (T) available in Ref. [58], in such a way that
the deconfinement transition happens at the same time as the
chiral phase transition in the present NJL model takes place (at
T =221 MeV). The wiggles seen around a lower 7 regime in the
model prediction curves have thus been arisen from the thresh-
olds encoded in g, (7).
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showing that the cases with 8/z = 0.5 are incompatible with
the interpretation of the NANOGrav 15-year data at around
T, = 100 MeV. This is essentially due to the suppression of
the scalar quark condensate as observed in y,, as shown in
Fig. 1. At @ = 7 onset the criticality (at 7 ~ 221 MeV), the
signal gets dramatically enhanced by the singular spike
structure reflecting the second order phase transition of the
CP symmetry, which is, however, to be too big to interpret
the data. This feature is insensitive to the deconfinement
phase transition of QCD, which has not yet been incorpo-
rated in the figure.

IV. SUMMARY AND DISCUSSIONS

In summary, the ALP domain wall with a QCD bias may
be incompatible with the NANOGrav 15-year data on a
stochastic GW background, when the domain wall network
collapses in the hot-QCD induced local-CP odd domain
which could allow to have a sizable QCD @ parameter. This
is due to the drastic suppression of the QCD bias set by the
QCD topological susceptibility, y,p, in the presence of the
CP-odd domain with @ = O(1) (see Eq. (7) and Fig. 1). An
explicit model analysis of y,, with a large 6 based on the
two-flavor NJL model implies that only at & = z, the QCD
bias tends to get significantly large enough due to the
criticality of the thermal CP restoration. However, this
turned out to give too big signal strengths to be consistent
with the NANOGrav 15-year data.

In closing, we give several comments on the issues to be
pursed in the future.

(1) The presently employed MFA of NJL model does
not precisely reproduce the chiral crossover at @ = 0
as has been observed in the lattice simulations. The
latter predicts the pseudocritical temperature 7'y
155 MeV [59-63], while the present model yields
Tp. =220 MeV. This may imply a simple shift of
the T-distribution of y,,, in Fig. 1 and also a,(6)
toward lower 7 with lower criticality, say, at
T ~ 160 MeV. Even in that case, however, the trend
of the dramatic suppression of y,,, with 8 = O(1)
should keep manifest for below the shifted criticality
(~160 MeV) and the spike signal associated with
the strong CP restoration at § = = will be left at the
criticality.

(i) In Appendix B we have also taken into account a
sort of the QCD deconfinement phase transition by
extending the NJL model into the Polyakov-loop
NJL (PNJL) model [64] (for a recent review, see,
e.g., [65]). It turns out that the high suppression of
Xwop With @ = O(1) is still manifest and the presence
of a sharp spike in y,, at & = x still persists, in
accord with the earlier work [43]. This implies the
insensitivity of the deconfinement-confinement tran-
sition for the main conclusion addressed in the
main text.

(iii)

(iv)

)

115015-5

The local CP-odd domain would generate not only a
large 0, but also the fluctuation of @ in the temporal
direction, d,0(t), which is identified as the so-called
chiral chemical potential (often denoted as ys)
[21-23]. The ps contribution to the thermal chiral
phase transition as well as y,,, has been discussed in
Ref. [66] based on a two-flavor NJL model with
6 = 0. From the reference we can see that a part of
JXiop> Which only includes the scalar condensate term
(qq) as in Eq. (6) [without the y, contribution in
Eq. (4)], roughly gets enhanced by about a factor of
(3/2) at around T = O(100) MeV. With 0 = O(1),
the scalar condensate (gg) generically gets smaller
due to the CP violation as in the generic argument
(Sec. 1), which still holds even in the presence of ys
because us ~ 9,0(t) does not modify the mixture
structure between (gg) and (giysq) as in Eq. (2).
Furthermore, the presence of y5 as well as nonzero 0
does not change the form of all the anomalous chiral
Ward-identities as clarified in Appendix A. Hence
the high suppression of y,, would still be seen even
with us, so the conclusion as presently claimed
would be intact. More precise discussions including
the size of the spike at @ =z would be worth
pursuing elsewhere.

The criticality associated with the thermal CP
restoration at € = z would be crucial to precisely
check if the ALP domain wall annihilation can still
be viable to account for the NANOGrav 15-year
data. The related spike structure, following the order
of the phase transition, the first order or the second
order, would be subject to effective model ap-
proaches for QCD [16,35-47,49-51]. The presently
employed NJL-type model with the MFA tends to
predict the second order [40,42,43], while the linear-
sigma model type with the MFA [16,37-42] and the
‘t Hooft anomaly matching argument [50,51] sup-
ports the first order phase transition. Even going
beyond the MFA and/or the RPA, including sub-
leading order contributions in 1/N, expansion, the
presently claimed incompatibility would be crucial
to deduce a more definite conclusion of the compat-
ibility of the ALP domain wall interpretation with
NANOGrav 15-year data. The functional renormal-
ization group analysis makes it possible to clarify the
case, which deserves to another publication. At any
rate, the presently claimed incompatibility would
still pin down one benchmark point in the full
parameter space of the QCD-biased ALP domain
wall collapse.

As seen from Figs. 3 and 4 in Appendix B, at 0 = =z
the thermal CP restoration point coincides with the
pseudocritical point (inflection point) for the chiral
crossover. This is due to the present MFA, which
involves the two intrinsic features at & = x: (i) the
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FIG. 3.

(vi)

=0

0.8

6=0.57T

— — (@
0.8 TR 0.6 e
0.6 9 |(qq) 0)I - |< o|
0.4 a9)(0)
0.4 ’
0.2 0.2
0.0
000 005 010 015 020 025 030 P00 005 010 015 020 025 030
T[GeV] T[GeV]
1.2 1.2
6=0.871 =11
1.0 1.0
— (i@ SS_M)_(_)
0.8 | @) l 0.8 - | @) (© l
— jlaa® olaem
0.6 |(qq) | 0.6 |<qq> l
0.4 0.4
0.2 0.2
0.0 0.0
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.00 0.05 0.10 0.15 0.20 0.25 0.30
T[GeV] T[GeV]
Scalar and pseudoscalar condensates normalized to the scalar condensate at 7 = € = 0 versus temperature at nonzero 6.

chiral symmetry is not spontaneously broken via the
scalar quark condensate (gq), as long as the CP
symmetry is broken; (ii) no U(1) axial violating loop
corrections are generated at this approximation level.
Those lead to no thermal development of (gg) until
the CP symmetry restores, hence (gq) gets kicked
down instantaneously, i.e., undergoes the pseudoc-
ritical point at the same timing as the CP restoration.
We have clarified those points in Appendix B
[around Eq. (B15)]. Going beyond the MFA
analysis, such as the functional renormalization
group, would potentially generate a gap between
two critical points for the (effective) chiral and CP
symmetry restorations, which should come from the
U(1) axial anomaly effects in loops. The further
investigation along this line could also make a
complementary benchmark compared to the predic-
tion from the ‘t Hooft-anomaly matching in pure
Yang-Mills theories [67], which suggests the CP
restoration temperature is higher than or equal to the
deconfinement phase transition one.

When strange quark contributions are incorporated in
the analysis, the thermal CP restoration at 6 =z
would be more involved. First of all, one notices that
the CP phase contribution carried by the strange
quark is highly suppressed by a factor of m,, ;/m, as

115015-6

reviewed in Appendix A [around Egs. (A10)—-(A12)].
This observation comes from the robust flavor singlet
nature of the 8 dependence in QCD that requires the
strange quark field to carry the @ phase with the form

”’u d
e Zrn;

~ 1, 1.e., almost free from . Thus, as far as the
CP violating effects are concerned, the three-flavor
QCD is essentially decomposed into the 2 + 1 (the
lightest two quarks and the strange quark) structure
and the CP order parameter is almost controlled by
the lightest two-flavor sector, i.e., Y., /(Girsq)-
This is the characteristic flavor violation and
irrespective to the presence of the QCD topological
charge fluctuation, which is flavor universal, or
equivalently in the NJL framework, the ‘t Hooft-
Kobayashi-Maskawa determinant term [68—71] (as in
Appendix B). In the three-flavor NJL with the MFA,
thus the chiral crossover for (5s) would still persist
even at € = z, simply because of presence of the
finite strange quark mass, while (gg) would be
subject to the approximation for QCD, or the (P)
NJL. In the MFA of the three-flavor NJL, (gq) would
be trapped to a constant value until the CP phase
transition takes place at T = T, and then starts to
drops when T > T, (with discontinuity in the
T-derivative at T =T_), as in the two-flavor case
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FIG. 4. Scalar and pseudoscalar condensates normalized to the scalar condensate at 7 = 0 and € = 0 versus temperature with varying
6 from 0. The abbreviations L and P denote the PL potential of logarithmic and polynomial type, respectively.

(Fig. 3 in Appendix B). As in the case with 8 = 0,
(5s) would drop down with 7' more slowly than (gq)
simply due to the larger strange quark mass. Thus, in
the framework of the MFA of the NJL, the CP phase
transition in the three-flavor case would be essentially
identical to the one in the lightest two-flavor case,
hence it would still be of the second order keeping the
critical spike structure of y,,,, hence a, does as well,
as seen from Fig. 2.

However, as has been discussed in the recent
literature [72-74] based on the functional renormal-
ization group analysis on the three-flavor linear sigma
model with € = 0, the ‘t Hooft-Kobayashi-Maskawa
determinant term beyond the MFA could be non-
perturbatively enhanced at around 7' = T . even in the
case of @ = z. This implies that the criticality of the
CP phase transition as well as the chiral phase
transition might significantly be altered and the entry
of the strange quark contributions beyond the MFA
might be nontrivial, though the carried CP phase is
intrinsically highly suppressed as aforementioned.
Thus, the detailed analysis in the three-flavor NJL,
both within and beyond the MFA, is noteworthy to
pursue in another publication.

Finally, we comment on impacts of lattice QCD calcu-
lations to this observation. Most of current lattice QCD

calculations at the physical point have been done using the
Monte-Carlo method. For nonzero theta, simulations are
suffered from infamous sign problem. Namely, we cannot
calculate expectation values with |f| > 0. To avoid the
problem in the realistic setup, we employ imaginary theta
and analytic continue to the real theta to get expectation
values for physical observables [75-82]. These calculations
for y,p, have been done away from the physical point. An
interesting methods for nonzero theta is suggested [83], but
it is still hard to get physical results. Digital and analog
quantum simulations and calculations with nonzero theta
using tensor networks have been performed for toy models
but not for the realistic setup like four dimensional QCD at
the physical point [84-89].
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APPENDIX A: GENERIC PROPERTIES OF
ANOMALOUS CHRIAL WARD-TAKAHASHI
IDENTITIES (ACWTIS) IN QCD

1. ACWTIs with external gauge fields and 6

We start with the QCD Lagrangian with N, quarks
including the external gauge fields,

Locp = qriy*Dyqr + qriy*Dyqgr — Gmpqg — Grmq;,
1< 7
EE (GTER]+ 05 "Gl Gy (A1)

where g ) denotes the left-(right-) handed quark fields
belong to the fundamental representation of SU(N;); my is

the current quark mass for f-quark taking the diagonal form
|

f0) = - [ a2l / dix

50(0
g

(e

where we have introduced the subscript 8 to explicitize the
6 dependence on the vacuum.

The external fields, such as the electromagnetic field A "
the baryon chemical potential ug, and the chiral chemical
potential ys, are embedded in the external gauge fields as’

EﬁT? = |:€QemA + 3 lefo:| - [llslefo]’

Rzra = |:eQemA + 3 lefo:| + [/'{SINfXNf] (A6)

where e represents the electromagnetic coupling constant,
and Q., denotes the electric charge matrix for quarks
Qem = diag(Q,, Q.. - - +). The chemical potentials have

>The isospin chemical potential can also be incorporated, when
Ny =2, into the covariant derivative as an additional external

gauge field term proportional to (¢°/2).

like m, = diag(m,,m,.---); Gy, (a=0,1,...,8) are the
field strengths of the gluon fields G¢; T¢ stand for the
generators of the QCD color group SU(3),; g denotes
the QCD gauge coupling constant; 8 = 0(x) plays the role
of the source for the topological operator ig e””/’”G“ ,Ghos
The external gauge fields £; and R} (A =0, . N2 -1
are introduced by gauging the global chiral U (N f) and
U(Ns)g symmetry, which are embedded into the covariant
derivatives as

D,q, = (0, — igG,T¢ —
D,qr = (0, — igG,T¢ —

iRLTS) 4k, (A2)

with T? being the generators of U(N) in the flavor space.
The vacuum energy of QCD is given by
Vaep(0) = —ilnZocp, (A3)

where Zqcp represents the generating functional of QCD in
Minkowski spacetime,

Zocp = / [dqdg]|dG] exp [i / d4x£QCD} (A4)

We define the topological susceptibility y,, including
the 0 dependence:

5VQCD 5VQCD
50(x) 59(0)

e Gl Gﬁa) 0)[0) . (A3)

0

|

been introduced as constant fields. In QCD with the
external gauge fields, the U(1), symmetry is explicitly
broken by the current quark mass term and the gluonic
quantum anomaly, and also external electromagnetic field.
This is reflected in the anomalous conservation law of the
U(1) axial current for each quark in the N ;-plet quark field
q, labeled as qrs

P
0ﬂj5p =2ig'msysq’ —|—32 e Ga,Go,
ez[Qém]
N W/’GF JF o A7
+ N, 32][2 po ( )

with the U(1) axial current jgf W = G/ysy*q’ . Note that the

constant chemical potentials do not contribute to the
anomalous conservation law.

Under the U(1), rotation with the rotation angle a,, the
quark fields transform as
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q], — exp(—ia}/2)q},
Tk — oxp(+iay/2)q}. (A8)

Then the QCD generating functional gets shifted as
! ! BN
/ [dq'dg'|[dG] exp [i / d*x (aziwD,,q’L + @ir"Dyd = Y (@1 myesqif + qpmpe0q]) + 5> wl(GLLTE))
f a=1
2
g UVPo (a a
(0= 3 ghaeanon - (ko)
f f

To rotate the QCD @ term away, we take the following phase choice reflecting the flavor-singlet nature of the QCD vacuum
[30-32,34],

2
5 e””P“FWFpU> } : (A9)

o =—o, (A10)
with
1\-!
n = — . All
" <Z mf) (AT
Then the QCD generating functional goes like
1 8
Zoco = [ladagaclewp|i [ (a4 Dy + i Dy + 3D (Gt
a=1

= = > 2
_If . m If o =If . m If m e vpo
— ;<qufexp<zm—f9>qR —l—qufexp(—tm—fQ)qL) - (Zm—QQ})NC 647:26” P FﬂVFPU>:|' (A12)

o

From this generating functional, the topological susceptibility is given as

Ziop(0) = 11y (0) + iap (6), (A13)
where
1 o1 cos® 4 7 iyealt
26 Z O| q"q" cos5 +q"iysq Sln |0>
7
0|TZ ’fzysqfcosg—q’fq’f sm Z g7 iysq” cosg—q’f g7 smg (0)]0)
2 r 2 2 o)’
mO7\ e’N 2N,
d“ o|T > e*P°F,, F —ZewroF F,](0)]0
)(top ( f mf) < | ( /m>(x)(647'[2€ MU /)o’)( )l >9
‘fo 2N 0 .0
(5 [ (et )05, (#isa eosg -0 sng o)
‘ 0
—2 2
0y 0 0 2N
— d*x{(0|T | g7 iysq"” cos= — g7 q'f Set P FF . )(0)[0) . Al4
(g PEL) [ atxtorr (s cos - sing ) o) o) (A4

These susceptibilities are written in terms of the primed quark field ¢’. They can be rewritten in terms of the original quark
field g using the following connection,
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Then ;(t(f,’g(e) and )(1((1)5;\/1 )(9) go like

o) == [

mpy

me>

)( lop

q = exp(ifys/4)q’ (A15)
(01”4’ |0) +l/d“x OIT(Z qftysqf) (Z " quf> |0>]
0
N G BT Ce i P
0
€ﬂ1/p6FWFp ) (Z qfl}’sqf) >
0
(A16)

—-i(3
( 2Q2> d4x<O|T<2:Z§
-

_2Qf e*N,
50 [ (5 Yo (),
f

The yop term in Eq. (A13) is precisely the generalization of
the one in Eq. (4) with Eq. (5), which has also been
addressed in the literature [30-32,34] without external
gauge fields. Thus the presence of the electromagnetic
axial anomaly yields additional topological susceptibility,
-

Next, we evaluate the ACWTIs for SU(N;), x
SU(Ny)g transformation in QCD. Under the chiral
SU(N/) transformation, the quark field ¢ transforms as

q(x) + iat(x) T4 A=1,---N;-1

(A17)

q(x) — 75q(x),

Then, the chiral SU(N ) transformation of the expectation
value for an arbitrary local operator O(x;) in the path
integral formalism yields the ACWTIs:

[ atxtim £q0<‘;§}(;;> + [ O, ),

+ [ exioaimy. T rsa0), = 0 (A15)
where j?” denotes the chiral SU(N;) current,
J§" = ay'ysT*q. and

D5 = 03" = iV, 5') (A19)

58)g = —[m (g + 23

+ 2 ) —
55Yg = —[m (i + x5+ 20 + (my -

0

|

with V, = (R, + £,)/2. Equation (A18) is a generaliza-
tion of the ACWTIs addressed in [30-32,34] without
external gauge fields. Unless external gauge fields possess
a topologically nontrivial configuration, we can rewrite the
covariant derivative term as

/ d*x(O(x,)iD,j (x)),

/ D (0[TO(x, )/ ()/0),

= surface term. (A20)

Thus we eventually have

[im (o),

+ / O g{m;. T Yysq(x), = 0. (A21)

This implies that the ACWTIs keep the same form as those
in the case without external gauge fields [30-32,34].

For instance, in the case of N; = 3, we find the same
form of the ACWTIs as in the literature [30-32,90]:

W4y 8) + Amgyly,
2mg)(r + x %) = 2maxl,,

2(ms + ml)
(A22)

with m; = m, = m,. Here y,(0) denotes the pion susceptibility defined as
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X2(0) Z/Td4X[<( (0)ir51(0)) ((x)iysu(x)))conn + {(d(0)iysd(0))(d(x)irsd(x))) comnlo-

with (- -

2759 are defined as

>conn

(A23)
being the connected part of the correlation function, and the pseudoscalar susceptibilities yp" Addud xp and
xp2(0) = /Td4x<(‘_]f1 (0)iysqr, (0))(@y, (x)irsqy,(x)))e, for gy, = u,d,s. (A24)

;(523(9) in Eq. (A16) then takes a couple of equivalent forms, related each other by the ACWTIs in Eq. (A22) [30-32,34]

top
m m mg

(0)(6) — w2 |:@+<El_d> (3s)

1

= S Ina({iw) + (@) + g +

= 2L (12(0) = 1,(6)

= m(5s)y + miyp (0),

with m = (mi + o -L)=1 It is interesting to note that y, and y,,
are related not to the full topological susceptibility . but

;(t(og, in Eq. (A13).

2. Renormalization group invariance of y,,

The current quark mass parameter is multiplicatively
renormalized as
my(A) = Z5' (A gy ). (A26)
where A denotes the bare cutoff and the upper script R
stands for the quantity renormalized at the scale y. When
the mass independent renormalization is thus applied. the
renormalization factor Z3! is flavor universal. Then we are
allowed to drop the flavor label f as

m’(A) =

Zg' (A, p)m® (). (A27)

This also implies that Zg is independent of the current
quark mass as well.

The G;qy bilinear operator is also multiplicatively
renormalized by Zg(4, u),

(A28)
|

(@rar)g = Z5" (M 1) (Gray) o

&) [((ﬁugm <(ad3A> LG s())A>
my, m; my

_ a2 {<(ﬁu121e> <(dd12R> 4 (s 1):a>
ny, mg ;g

+— +)(”“+)( +xp

+2)( + 2 +2;(
0

X8+ 2040,

(A25)

so that we have the renormalization group invariant mass
term like

m(A)(@rar), = mF W) (@rdr)g- (A29)
Consider also a (giysq ) operator to be renormalized in

a similar way with the renormalization constant Z3' (4, )

(@rirsas)r = Zp' (A 1)(@yrirsap)a- (A30)
Since none of quark mass dependence is generated in the
mass independent renormalization, the U(1) axial invari-
ance keeps manifest between renormalization of the (G,q)

and (gsiysqy) operators. Hence we have

VASEY (A31)
In that case we also find
Ub)n = Z30p ") e (A32)

Now, we apply the renormalization procedure as above
to )(Eo;)) in the three-flavor case [Eq. (A25)]:

+Hilp)a + 10 a + i) + 2008 n + 20008 +2i ?f)A}

+ilp g + i()(%d)R+i()(}Y§)R+2i ”d) + 2i(y%) p + 2i %Y)R:|

(A33)
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Thus it has been proven that ;(ff,’g is renormalization group

invariant. Note that this argument is also applicable to the
case with nonzero 6, because the QCD 8 is itself conven-
tionally renormalization group invariant and no new di-
vergent terms induced due to nonzero € will be generated,
hence the renormalization factors will not be corrected.
Furthermore, one can readily see that the external gauge-
induced ygy . defined as in Eq. (A14), is also manifestly
renormalization group invariant.

APPENDIX B: THE DETAILS ON THE (P)NJL
MODEL ANALYSIS
1. NJL case

Our reference NJL Lagrangian with two flavors (up and
down quarks) and nonzero @ follows the literature [43],
which takes the form

3
. L0
£ = g(iy,0" —m) Ez q749)* + (Girst.q)’]

0 det[g(1 - vs)q)).
(B1)

+ ga(e det[q(1 +ys)q] +

where ¢ = (u,d)” and the determinant acts on the quark
flavors. The g, term, called the ‘t Hooft-Kobayashi-
Maskawa determinant term [68-71], breaks U(1) axial
symmetry, but keeps SU(2), x SU(2), x U(1),, sym-
metry, while others keep the full chiral U(2), x U(2)g
symmetry. The g, term thus serves as the U(1) axial
anomaly:

O0ufy = 2igmysq — 8g,Im[detg(1 —ys)q - ™). (B2)

Since the U(1) axial symmetry is broken only by g, and
the quark mass terms, one can move € in the g, term to the
mass term by a U(1) axial rotation as was done in the case

of the general argument above:
|

(@a)? = 457> (diq

i

q—erig=4q, (B3)
so that
L— L= iy, —m(9))q
3
+5 2 @5 + @irsrad))
+ gq(det[g’(1 + 75)q'] + H.c.), (B4)
where
m(0) = m {cosg + iyssin g] , (B3)

in which nonzero € manifestly signals the CP violation.
Use of this “prime” basis is convenient to analyze the
model because all the & dependence is transformed and
collected into the complex mass m(f) in the quark
propagator. Similarly to Egs. (1) and (B3) relates the scalar
and pseudoscalar bilinears between the original- and prime-
base scalar and pseudoscalar bilinears (for each quark
flavor i) as

. . 0 . .0
(@i9:) = (7i4}) cos 5 + (jiysq;) sin 7.
. I I
(@iirsq) = =(gigq;) sin + (qjirsq;) cos5 . (B6)

We work in the MFA, so that the scalar and pseudoscalar
bilinears (glq:) and (gliysq;) are expanded around the
means fields S' = (7jq)) and P' = (@lirsq)). as 4}, =
S+ (:qiq;:) and Giiysq; = P'+ (:g;iysq;:), where the
terms sandwiched by “:” stand for the normal ordered
product, meaning that (: (9 ) =0for O =, P'. Then the
interaction terms in Eq. (B1) are replaced, up to the normal
ordered terms, as

1) — 487

(divsqi)* = 4Py _(@lirsq}) —4P>,
i

det[g}(1 +75)q] +He. - 28"Y (diq}) = 2P _(djirsa}) —2(8” = P?).

i

(B7)

i

In the MFA the NJL Lagrangian in Eq. (B1) thus takes the form

Lyra = Zf_lﬁ'(il’ﬂaﬂ - M(S', P';0))q;

with

= 29,(S? + P?) = 29,(S” - P?), (B8)
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M(S'. P';0) = a(S,0) + iysp(P" 0),
0
a(S';0) =m cos 5~ 2(gs +94)5,

B(P;0)=m sing —2(g9, — ga)P'. (B9)

Integrating out quarks leads to the thermodynamic
potential in the MFA:

Q[S', P’ 6] = 2g,(S” + P) + 2g,(8” - P?)

dk BT
(B10)

where Ny =2 and N, = 3, and

E =M+ Kk, M?=da*+p%,  (Bl)
with k> = [k|%. Then (7\q)) = §' and (giysq|) = P are
determined through the stationary condition,

0Q  0Q
s ~aP (B12)

Of particular interest is to see the thermodynamic
potential at 0 = r,

1
2
a”+
295+ 29p 29, —29p

Qla,p;0 =7] = (B—m)?

&p —EJT
(B13)

where things have been written in terms of @ and f by
means of Eq. (B9). In the presently applied MFA, the loop
corrections [corresponding to the last term in Eq. (B13)] are
U(1) axial invariant, i.e., do not separate « and # due to no
loop contributions involving vertices with the determinant
coupling g,. At @ = z, the explicit-chiral SU(2) breaking-
effect (by m) has completely been transported into the f
direction (the second term). The stationary condition then
takes the form

d3p 1 2
d3p 1 2
= 2N .N( .
:B m f —9p /B/ 2ﬂ3E|: 1+€E/T:|
(B14)

When a #0, ie., the CP symmetry is spontaneously
broken, the gap equation for f can be rewritten by

eliminating the loop correction part as

9ds — 9p

p-m=2"

gs+gD

(_)ﬁ:gs_‘_gD

29p

m
Pl=—— B15
< 20 (B15)

This implies that in the CP broken phase at § = =, the
chiral SU(2) symmetry is not spontaneously broken and
the chiral order parameter does not evolve in 7.

We come back to the case with arbitrary € and derive
relevant formulas for the susceptibilities y, and
within the MFA. First, by noting the change of basis in
Eq. (B6), the 7 susceptibility y, in y,, of Eq. (4) is written
in terms of the prime base as

0
7)(:7’ (B16)

0 0
2sin - cos =y, + sin? 5

x :coszg/ -
g 2 2 2

The “primed” meson susceptibilities are evaluated in the
so-called random phase approximation (the bubble-ring

resummation ansatz) as

1

X=I ——+—, B17
o +G' - II (B17)
where
Xt — (J{é )(i,g>
e Ay )’
Comom,
T=\n )
no n
G, G, .+ 0
Gna Gn 0 9s —Ya

with the vacuum polarization functions for each channel,

ngzlsf,
anr:IS’P”
H;7:21p/,

N, [A 2Ez—ac2 2
IS/:——Z dkk E3 1 E/T+1

N 22aﬁ 2
/dkk [ 2]

ﬁ2 2

1,=— dkk2 1 - ) B19
F ﬂz 0 E? eEIT 1 (B19)
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In evaluating the vacuum polarization functions, we have regularized the 3-momentum integrals by the cutoff A.
Putting all the relevant things above into y,, in Eq. (4), we compute y,,, as a function of 7" and 6. The model parameter
setting follows the literature [40,42,43]:

m =6 MeV,
A =590 MeV,
gs = 2(1 = ¢)G,, gs =2c¢Gy with GyA> =2.435 and c=0.2. (B20)

The g, coupling has been related by c to the g, coupling just in a numerical manner, though the associated asymmetry
features are different.

See Fig. 3, where we observe several characteristic features: (i) the scalar condensate becomes dramatically smaller with
increasing 6, so that y,,, in Eq. (4) gigantically decreases; (ii) at @ = z, the pseudoscalar condensate undergoes the CP
symmetry restoration of the second order type, which generates a significant spike at the criticality in y.p; (iii) at @ = 7, the
scalar condensate does not evolve in 7 at all until the CP symmetry is restored, in agreement with the analytic discussion
around Eq. (B15).

2. PNJL case

By extending the NJL detailed in the previous subsection into the PNJL model in the MFA following the procedure in the
literature [64] (for a recent review, see, e.g., [65]), we have the thermodynamic potential:

QL[S P L. L] = 2g,(S? + P?) + 29,(S” — P?)
Bk )
A / (s MeotrlE + T(In(1+ L e™/T) - Hee )| + UL LT)
o
= 2g,(S? + P?) + 2g4(8? - P?)
&Pk

T
— 2N N; / n? [E +3 (In(1 + 3®e E/T 4 3*e=2E/T 4 ¢=3E/T) 1 H.c.)] +U(P, ), (B21)

where ® = tr[L]/3, in which we have introduced the Polyakov loop field L = diag{e'?', 2, ¢'#:} with the Z; charges
¢1.23; the SU(3) constraint det[L] = 1 taken into account; E takes the same form as in Eq. (B11), but would depend on the
Polyakov-loop fields ® and @* through the stationary condition as in Eq. (B12). The Polyakov loop potential U/ (®, ®*) is
assumed to take the form of polynomial type or logarithmic type:

. by(T) o b3 . by, .
Upory (@, @*) = T* [—ch cI)—g(cI) P+ @?) +Z(d> ®)?|,
T
Uy (P, @) = T* [— %)CD*@ +d(T)In (1 — 60D* 4 4(D* 4 O*3) — 3(@@*)2)] : (B22)

with

T\ 3
d(T) = d, <—°> . (B23)
T
The Polyakov-loop potential parameters are fixed by fitting the lattice data in the pure Yang-Mills theory as [91,92]
ap a ar as b3 b4 Co (6] CH d3 To[MeV] B4
6.75 -1.95 2,625 -7.44 0775 75 351 =247 152 -1.75 270 (B24)
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The thermodynamic potential in Eq. (B21) is thus minimized also with respect to ® and ®*, in addition to the stationary
condition along S’ and P’ directions as in the NJL case, Eq. (B20).
In the RPA the following replacement rule for /p in Eq. (B19) due to the Polyakov-loop contribution is applied:

N. [~ E*—p? e EIT(® 4 2% e~ E/T 4 ¢72E/T)
I = Ip(®) = =% /) A = |1 = (gt e o T e[ (B29)

Similarly for Iy an Igp in Eq. (B19), we have

N. [A E2 — 2 —E/T D + 20" -E/T -2E/T
Iy > Ig(@) = - Ne [P |y (@20 H e )y Y]
E3 1 4+ 3de E/T+3q)*e 2E/T+€ 3E/T

2
= Jo
N. [A . 2ap e EIT(® 4 20 e~E/T 4 ¢2E/T)
IS/P’ d IS/P/((I)) = 71-21 dkk F |:1 - (1 + 3(I)e_E/T + 3(1)*g_2E/T + e_3E/T + H.C. . (B26)

Those modified integral functions are precisely reduced back to the ones in Eq. (B19) when @ = 1 (without confinement).

In Fig. 4 we plot the scalar and pseudoscalar condensates, (gq) and (giysq), as a function of temperature 7 with /7 = 0,
0.5, 0.8, and 1. The scalar condensate decreases sharply with increasing §. The pseudoscalar condensate undergoes a
second-order phase transition at the critical temperature when € = z, and the CP symmetry is restored, which coincides
with the NJL case (Fig. 3). At 8 = x, the scalar condensate does not evolve in 7 at all until the CP symmetry is restored at
the critical temperature, in the same way as in the NJL case (Fig. 3) due to the same form of the gap equations as in

. 8_ . 8_
0.100k PNJL (L type) n_O ] 0.100k PNJL (P type) n_o ]
— £=05 — 2205

__0.010¢ . 4 0.010} i 1

% — £=08 % - 2=08

O, 0.001f _ 8y © 0.001F _ 8y E

= ™ 3 "

X 1074 X 10" 5
107% {1 10 ]
10_6' 4 10—6, ]

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.00 0.05 0.10 0.15 020 0.25 030 0.35
T[GeV] T[GeV]

FIG.S. Plot of y,, (in magnitude) computed from the two-flavor PNJL model (with two types of PL potentials) with ranging 6 from 0
to z as in Fig. 4.

PNJL (L type) PNJL (P type)

logot.

— 6=m — 6=1

0.10 0.15 0.20 0.25 0.30 0.10 0.15 0.20 0.25 0.30
T.[GeV] T.[GeV]

FIG. 6. The signal strength (the normalized latent heat) a, versus 7" based on the formula in Eq. (13) with the two-flavor PNJL model
estimate of y,, and & varied from 0 to z as in Figs. 4 and 5.
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Eq. (B15) because incorporation of the Polyakov loop field
does not break the U(1) axial symmetry. This is the
characteristic MFA feature, which persists both in the
NJL and PNIJL cases.

Those universal trends have also been seen in y,,, in
Fig. 5, which shows no substantial difference from the case
of the NJL as in Fig. 1, hence the dramatic suppression of

a, around T = O(100) MeV still persists for & = O(1)
even with the PL contribution taken into account (See
Fig. 6). At 8 = x, the peak signal strengths in the PNJL
model (whichever type L or P) deviates from the 2¢
contour, as has also been observed in the NJL case
(Fig. 2 in the main text).
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