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We discuss a possibility whether a model of grand gauge-Higgs unification incorporating family
unification in higher dimensions can be constructed. We first extend a five-dimensional SUð6Þ grand
gauge-Higgs unification model to a five-dimensional SUð7Þ grand gauge-Higgs unification model
compactified on an orbifold S1=Z2 to obtain three generations of quarks and leptons after symmetry
breaking of the larger family unified gauge group. A prescription of constructing a six-dimensional SUðNÞ
grand gauge-Higgs unification model including a five-dimensional SUð7Þ grand gauge-Higgs unification
after compactifying the sixth dimension on an orbifold S1=Z2 is given. We find a six-dimensional SUð14Þ
grand gauge-Higgs unification model with a set of representations containing three generations of quarks
and leptons.
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I. INTRODUCTION

One of the mysteries in the Standard Model (SM) of
particle physics is the origin of three generations of quarks
and leptons, where quarks and leptons with the same
representations and charges have a triple copy structure.
Understanding whether three generations are inevitable or
accidental is a very nontrivial problem. One of the
approaches to solve this problem has been known as
“family unification”. In this scenario, quarks, and leptons
are embedded into fermions (desirably one fermion) in
some nonrepetitive representations of a large group which
has the grand unified theory (GUT) gauge group or the SM
gauge group as a subgroup and three generations of quarks
and leptons appear after symmetry breaking. The study of
family unification has a very long history and has been
done from various viewpoints [1–23].
A pioneering work was given by Georgi [1]. Three

copies of fermions in 5̄ and 10 of SUð5Þ representations
were obtained from some nonrepetitive and anomaly-free
set of totally antisymmetric representations in SUð11Þ
theory. In a process of symmetry breaking, one might
worry that there might appear many extra and unwanted
massless fermions. If the representations of the fermions
are vectorlike or real under the unbroken subgroup, such

fermions would have masses of the order of symmetry
breaking scale and are decoupled in the low energy theory.
Taking into account this point, three generations were
obtained.
This line of thought has also applied to the higher-

dimensional theory [15]. The advantages of this application
are as follows. In odd-dimensional theories, the anomaly
constraints for the representations of fermions are relaxed.
This greatly helps the possibility of model building
extended. In even-dimensional theories, the anomaly con-
straints certainly exist in general, but it is not so serious if
we consider only the Dirac fermions from the beginning.
The other advantage is that it is relatively easy to consider
symmetry breaking in higher-dimensional theory compac-
tified on an orbifold. In such theories, symmetry breaking
can be realized by boundary conditions and we have no
need to introduce a complicated and unnatural Higgs
potential as in four-dimensional theories.
On the other hand, it has been known that the SM gauge

fields and the SM Higgs field can be unified in higher-
dimensional gauge theory, which is called “gauge-Higgs
unification”. In the scenario, the SM Higgs field is
identified with extra spatial components of the higher-
dimensional gauge field. Regardless of the nonrenormaliz-
ability, the quantum corrections of the physical quantities
as Higgs mass and potential are predicted to be finite,
which solves the hierarchy problem. The GUT extension of
this scenario have been also considered and are very
interesting, which has been paid much attention [24–27].
One of authors has proposed a five-dimensional (5D)
SUð6Þ grand gauge-Higgs unification (GGHU). It is
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remarkable in this model that quarks and leptons of one
generation can be embedded into two 6̄ and single 20
representations of SUð6Þ without exotic fermions.
In this paper, we attempt to incorporate the family

unification into grand gauge-Higgs unification. Employing
the above SUð6Þmodel, we immediately notice that we have
to extend the SUð6Þmodel since the 20 representation is self-
conjugate to 20 and even if three 20 are obtained, a pair of
them makes a mass term, which implies that three gener-
ations are impossible in the approach of [1]. Therefore, we
first extend the 5D SUð6Þ GGHUmodel to an SUð7Þmodel
to circumvent this problem. Then, we search for a six-
dimensional (6D) GGHU model with family unification
following the approach [1], which includes the 5D SUð7Þ
GGHU model with three generations after compactification
to 5D. We find a 6D SUð14Þ GGHU model with family
unification.
The organization of this paper is as follows. In Sec. II,

5D SUð7Þ GGHU model is constructed as a simple
extension of 5D SUð6Þ GGHU model. In Sec. III, we
investigate a GGHU model with family unification in 6D
following the approach by [1]. We find an SUð14Þ GGHU
model with family unification. Conclusion is given in the
last section.

II. 5D SUð7Þ THEORY

In this section, we point out some problems of our
previous 5D SUð6Þ GGHU model in the context of family
unification and propose an SUð7Þ model as a simple
extension before discussing a 6D GGHU model of family
unification.

In [24], a GGHU model of 5D SUð6Þ gauge theory
compactified on S1=Z2 was proposed, where the gauge
fields and the Higgs fields in GUT are unified in the 5D
gauge field. One of the remarkable features of this model is
that one generation of quarks and leptons are embedded
into a set of representations 2 × 6̄ ⊕ 20 of SUð6Þ and
furthermore no massless exotic fermions are left after
compactification. However, we immediately notice that
three generations of quarks and leptons cannot be obtained
from this SUð6Þmodel in the approach of [1] since the 20 is
self-conjugate to 20 under SUð6Þ and therefore a pair of
them should be massive.
To improve this point, we propose a 5D SUð7Þ model

compactified on S1=Z2 including the SUð6Þ model. Z2

parity matrices are given on each fixed points y ¼ 0; πR as

P0 ¼ diagðþ1;þ1;þ1;þ1;þ1;−1;−1Þ at y ¼ 0;

P1 ¼ diagðþ1;þ1;−1;−1;−1;−1;þ1Þ at y ¼ πR; ð1Þ

where y, R are the coordinate of the fifth dimension and a
radius of the S1, respectively. For the gauge fields, the Z2

parity boundary conditions are taken as follows:

Aμðxμ;−yÞ ¼ P0;1Aμðxμ; yÞP†
0;1;

A5ðxμ;−yÞ ¼ −P0;1Aμðxμ; yÞP†
0;1: ð2Þ

xμ ¼ 0, 1, 2, 3 denotes the four-dimensional spacetime
coordinate.
More explicitly, the parities of Aμ;5 can be expressed in a

matrix form,

Aμ ¼

0
BBBBBBBBBBBB@

ðþ;þÞ ðþ;þÞ ðþ;−Þ ðþ;−Þ ðþ;−Þ ð−;−Þ ð−;þÞ
ðþ;þÞ ðþ;þÞ ðþ;−Þ ðþ;−Þ ðþ;−Þ ð−;−Þ ð−;þÞ
ðþ;−Þ ðþ;−Þ ðþ;þÞ ðþ;þÞ ðþ;þÞ ð−;þÞ ð−;−Þ
ðþ;−Þ ðþ;−Þ ðþ;þÞ ðþ;þÞ ðþ;þÞ ð−;þÞ ð−;−Þ
ðþ;−Þ ðþ;−Þ ðþ;þÞ ðþ;þÞ ðþ;þÞ ð−;þÞ ð−;−Þ
ð−;−Þ ð−;−Þ ð−;þÞ ð−;þÞ ð−;þÞ ðþ;þÞ ðþ;−Þ
ð−;þÞ ð−;þÞ ð−;−Þ ð−;−Þ ð−;−Þ ðþ;−Þ ðþ;þÞ

1
CCCCCCCCCCCCA
; ð3Þ

A5 ¼

0
BBBBBBBBBBBB@

ð−;−Þ ð−;−Þ ð−;þÞ ð−;þÞ ð−;þÞ ðþ;þÞ ðþ;−Þ
ð−;−Þ ð−;−Þ ð−;þÞ ð−;þÞ ð−;þÞ ðþ;þÞ ðþ;−Þ
ð−;þÞ ð−;þÞ ðþ;−Þ ðþ;−Þ ðþ;−Þ ðþ;−Þ ðþ;þÞ
ð−;þÞ ð−;þÞ ðþ;−Þ ðþ;−Þ ðþ;−Þ ðþ;−Þ ðþ;þÞ
ð−;þÞ ð−;þÞ ðþ;−Þ ðþ;−Þ ðþ;−Þ ðþ;−Þ ðþ;þÞ
ðþ;þÞ ðþ;þÞ ðþ;−Þ ðþ;−Þ ðþ;−Þ ð−;−Þ ð−;þÞ
ðþ;−Þ ðþ;−Þ ðþ;þÞ ðþ;þÞ ðþ;þÞ ð−;þÞ ð−;−Þ

1
CCCCCCCCCCCCA
; ð4Þ

where the matrix elements mean a set of Z2 parities ðP0; P1Þ.
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Noting that Kaluza-Klein (KK) mode expansions of the five-dimensional field Φ with Z2 parity ðP0; P1Þ are given by

Φðþ;þÞðx;yÞ¼ 1ffiffiffiffiffiffiffiffiffi
2πR

p ϕ0ðxÞþ
1ffiffiffiffiffiffi
πR

p
X∞
n¼1

ϕðþ;þÞ
n ðxÞcos

�
n
R
y

�
;

Φðþ;−Þðx;yÞ¼ 1ffiffiffiffiffiffi
πR

p
X∞
n¼0

ϕðþ;−Þ
n ðxÞcos

�
nþ1=2

R
y

�
;

Φð−;þÞðx;yÞ¼ 1ffiffiffiffiffiffi
πR

p
X∞
n¼0

ϕð−;þÞ
n ðxÞsin

�
nþ1=2

R
y

�
;

Φð−;−Þðx;yÞ¼ 1ffiffiffiffiffiffi
πR

p
X∞
n¼0

ϕð−;−Þ
n ðxÞsin

�
n
R
y

�
; ð5Þ

ϕ0ðxÞ in Φðþ;þÞðx; yÞ only remain massless in 4D. From this observation, we find the symmetry breaking pattern SUð7Þ→
SUð3Þc×SUð2ÞL×Uð1ÞY×Uð1Þα×Uð1Þβ from Aμ and the SM Higgs doublet is indeed embedded in A5. Generators of
Uð1Þα and Uð1Þβ are contained in the SUð7Þ generators as

Uð1Þα∶

0
BBBBBBBBBBBB@

1

1

1

1

1

−5
0

1
CCCCCCCCCCCCA
; Uð1Þβ∶

0
BBBBBBBBBBBB@

1

1

1

1

1

1

−6

1
CCCCCCCCCCCCA
:

Looking atA5, we find the coloredHiggs field to bemassless
at tree level. Taking into account quantum corrections, its
mass squared is expected to be Oðαs=R2Þ. Since a typical
order of the compactification scale is Oð10 TeVÞ in GHU,
the colored Higgs mass will be at most Oð10 TeVÞ. For
proton stability, the baryon number violating operators by
the colored Higgs exchange have to be forbidden or sup-
pressed enough by some mechanism, which will not be
discussed in this paper.

In the SUð7Þ theory, 2 × 6̄ ⊕ 20 are embedded in
2 × 7̄ ⊕ 35,

7̄ ¼ 6̄ ⊕ 1;

35 ¼ 20 ⊕ 15: ð6Þ

More explicitly, one generation of quarks and leptons are
contained as follows:

7̄ ¼

8>>>>><
>>>>>:

7̄L ¼ ð3̄; 1Þðþ;−Þ
ð1
3
;−1;−1Þ ⊕ lLð1; 2Þðþ;þÞ

ð−1
2
;−1;−1Þ ⊕ ð1; 1Þð−;−Þð0;5;−1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

6̄

⊕ ð1; 1Þð−;þÞ
ð0;0;6Þ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
1

7̄R ¼ ð3̄; 1Þð−;þÞ
ð1
3
;−1;−1Þ ⊕ ð1; 2Þð−;−Þð−1

2
;−1;−1Þ ⊕ νRð1; 1Þðþ;þÞ

ð0;5;−1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
6̄

⊕ ð1; 1Þðþ;−Þ
ð0;0;6Þ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
1

7̄ ¼

8>>>>><
>>>>>:

7̄L ¼ ð3̄; 1Þð−;−Þð1
3
;−1;−1Þ ⊕ lLð1; 2Þð−;þÞ

ð−1
2
;−1;−1Þ ⊕ ð1; 1Þðþ;−Þ

ð0;5;−1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
6̄

⊕ χ1ð1; 1Þðþ;þÞ
ð0;0;6Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

1

7̄R ¼ d̄Rð3̄; 1Þðþ;þÞ
ð1
3
;−1;−1Þ ⊕ ð1; 2Þðþ;−Þ

ð−1
2
;−1;−1Þ ⊕ ð1; 1Þð−;þÞ

ð0;5;−1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
6̄

⊕ ð1; 1Þð−;−Þð0;0;6Þ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
1
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35 ¼

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

35L ¼ qLð3; 2Þðþ;þÞ
ð1
6
;−3;−3Þ ⊕ ð3̄; 1Þðþ;−Þ

ð−2
3
;−3;−3Þ ⊕ ð1; 1Þðþ;−Þ

ð1;−3;−3Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
20

⊕ ð3̄; 2Þð−;þÞ
ð−1

6
;3;−3Þ ⊕ ð3; 1Þð−;−Þð2

3
;3:;−3Þ ⊕ ð1; 1Þð−;−Þð−1;3;−3Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

20

⊕ ð3̄; 2Þð−;−Þð−1
6
;−2;4Þ ⊕ ð3; 1Þð−;þÞ

ð2
3
;−2:;4Þ ⊕ χ2ð3̄; 1Þðþ;þÞ

ð1
3
;4;4Þ ⊕ ð1; 2Þðþ;−Þ

ð−1
2
;4;4Þ ⊕ ð1; 1Þð−;þÞ

ð−1;−2;4Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
15

35R ¼ ð3; 2Þð−;−Þð1
6
;−3;−3Þ ⊕ ð3̄; 1Þð−;þÞ

ð−2
3
;−3;−3Þ ⊕ ð1; 1Þð−;þÞ

ð1;−3Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
20

⊕ ð3̄; 2Þðþ;−Þ
ð−1

6
;3;−3Þ ⊕ uRð3; 1Þðþ;þÞ

ð2
3
;3;−3Þ ⊕ eRð1; 1Þðþ;þÞ

ð−1;3;−3Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
20

⊕ χ3ð3̄; 2Þðþ;þÞ
ð−1

6
;−2;4Þ ⊕ ð3; 1Þðþ;−Þ

ð2
3
;−2:;4Þ ⊕ ð3̄; 1Þð−;−Þð1

3
;4;4Þ ⊕ ð1; 2Þð−;þÞ

ð−1
2
;4;4Þ ⊕ ð1; 1Þðþ;−Þ

ð−1;−2;4Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
15

;

where the bold face numbers in the right-hand side are the
representations under SUð3Þc × SUð2ÞL and the numbers
in the subscript are the charges of Uð1ÞY ×Uð1Þα × Uð1Þβ.
LðRÞ means 4D left(right)-handed chiralities.
Furthermore, we must note that these representations

have exotic fermions χi (i ¼ 1, 2, 3) absent in the Standard
Model as the price of extending the gauge group SUð6Þ to
SUð7Þ. These exotic fermions can be massive and removed
by introducing the 4D fermions χ̄i with conjugate repre-
sentations and opposite chirality to χi and Dirac mass terms
miχ̄iχi on the fixed point.

III. 6D SUðNÞ THEORY

In this section, we attempt constructing a six-dimensional
(6D) SUðNÞ theory on S1=Z2 to realize a family unification
of the previous 5D SUð7Þ theory. Our strategy is based on an
approach by Georgi [1] and its applications to higher-
dimensional theory by Kawamura et al. [15,16,18,20,21].
In [1], the 4D theory of the gauge group SUðNÞ including
SUð5Þ as a subgroup with fermions in only antisymmetric
tensor representation of SUðNÞ was considered and a
possibility that three generations of quarks and leptons are
obtained after symmetry breaking was explored. This is a
very nontrivial requirement since all of antisymmetric tensor
representations are not replicated and the fermion content has
to be anomaly-free. Furthermore, if some fermions are
vectorlike or real representations under SUð5Þ after sym-
metry breaking, they will have a mass of order of the
symmetry breaking scale. In [15,16,18,20,21], the argument
byGeorgi was applied to the higher-dimensional theory. The
advantages of this application are as follows. There is no
anomaly-free conditions in the case of odd dimensions. If the

Dirac fermions are considered, the anomaly is canceled
even in even dimensions. Moreover, the symmetry break-
ing can be easily realized by boundary conditions in extra
spatial dimensions. Following approaches by [1] and
[15,16,18,20,21], we would like to attempt constructing a
6D model where both gauge-Higgs unification and family
unification are incorporated.
In 6D theory, gamma matrices ΓM ðM ¼ 0; 1; 2; 3; 5; 6Þ

are 8 × 8 matrices satisfying Clifford algebra,

fΓM;ΓNg ¼ 2ηMN ðM;N ¼ 0; 1; 2; 3; 5; 6Þ; ð7Þ

where ηMN is metric and η ¼ diagðþ1;−1;−1;−1;−1;−1Þ.
In addition, Γ7 is defined as

Γ7 ≔ iΓ0Γ1Γ2Γ3Γ5Γ6: ð8Þ

In our notation, the 6DWeyl fermions Ψ� are eigenstates of
Γ7with eigenvalue�1, respectively and are decomposed into
4D Weyl fermions ψL and ψR,

Ψ ¼
�Ψþ
Ψ−

�
¼

0
BBB@

ψþL

ψþR

ψ−L

ψ−R

1
CCCA: ð9Þ

By compactifying the sixth dimension z to S1=Z2

orbifold with a radius R0 of S1, we consider a symmetry
breaking SUðNÞ → SUð7Þ × SUðpÞ × SUðqÞ ×Uð1Þ2
realized by the following Z2 parities P0

0 and P0
1,
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P0
0 ¼ diagðþ1;…;þ1;þ1;…;þ1;−1;…;−1Þ

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{N

at z¼ 0;

P0
1 ¼ diagðþ1;…;þ1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

7

;−1;…;−1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
p

;þ1;…;þ1Þ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
q

at z¼ πR0;

ð10Þ

where the rank of the gauge symmetries are unchanged by
the symmetry breaking, 7þ pþ q ¼ N. We introduce here
a symbol ½k�N , which means the rank k totally antisym-
metric tensor representation of SUðNÞ. This is decomposed
into multiplets of SUð7Þ × SUðpÞ × SUðqÞ as

½k�N ¼
Xk
l¼0

Xk−l
m¼0

Xk−l−m
n¼0

ð½l�7; ½m�p; ½n�qÞ: ð11Þ

We note that ½k�N does not exist for the case of k > N. ½k�N
can be expressed as an antisymmetric part of the tensor
product of k fundamental representations N,

½k�N ¼ ðN × � � � × NÞa; ð12Þ

where a means an antisymmetric part. The Z2 trans-
formations at z ¼ 0; πR of the 6D Dirac fermion in the
½k�N representation are given as follows:

ðN× � � �×NÞa → ηkðP0
0N× � � �×P0

0NÞa at z¼ 0;

ðN× � � �×NÞa → η0kðP0
1N× � � �×P0

1NÞa at z¼ πR0; ð13Þ

where ηk;η0k¼�1. For example, ½1�N¼N is decomposed as

N ¼ ð7; 1; 1Þ ⊕ ð1; p; 1Þ ⊕ ð1; 1; qÞ; ð14Þ
and the Z2 transformation at z ¼ 0 can be read as

N → ηkP0
0N ¼ ηkð7; 1; 1Þ ⊕ þηkð1; p; 1Þ ⊕

− ηkð1; 1; qÞ: ð15Þ

In this way, we obtain the Z2 parities P0
0 and P0

1 of the
representation ð½l�7; ½m�p; ½n�qÞ,

P0
0 ¼ ð−1Þnηk ¼ ð−1Þlþmð−1Þkηk;

P0
1 ¼ ð−1Þmη0k ¼ ð−1Þlþnð−1Þkη0k; ð16Þ

where a condition lþmþ n ¼ k is taken into account in
the second quality.
Here we can define that “the left-handed (LH)” fermion

Ψ− has ηk, η0k factors, and “the right-handed (RH)” fermion
Ψþ has −ηk, −η0k factors, more explicitly,

Ψ−∶ ð−1Þlþmð−1Þkηk; ð−1Þlþmð−1Þkη0k; ð17Þ
Ψþ∶ − ð−1Þlþmð−1Þkηk; −ð−1Þlþmð−1Þkη0k: ð18Þ

This relative sign is due to that of the chiral operator in 6D.

Now choosing as ðð−1Þkηk; ð−1Þkη0kÞ ¼ ðþ1;þ1Þ for
simplicity, we obtain the Z2 parity assignment for 7, 21,
and 35 representations of SUð7Þ by putting l ¼ 1, 2, 3 as in
Table I. From the information of Z2 parities listed in Table I,
we can obtain the numbers of massless fermions with
Z2-even parity in the representations of 7̄−, 21−, and 35−

nðþ;þÞ
7̄−;k

¼
X

m;n¼even
pCm · qCn · ðδk;1þmþn þ δk;6þmþnÞ

−
X

m;n¼odd
pCm · qCn · ðδk;1þmþn þ δk;6þmþnÞ;

nðþ;þÞ
21−;k

¼
X

m;n¼even
pCm · qCn · ðδk;2þmþn þ δk;5þmþnÞ

−
X

m;n¼odd
pCm · qCn · ðδk;2þmþn þ δk;5þmþnÞ;

nðþ;þÞ
35−;k

¼
X

m;n¼even
pCm · qCn · ðδk;3þmþn þ δk;4þmþnÞ

−
X

m;n¼odd
pCm · qCn · ðδk;3þmþn þ δk;4þmþnÞ ð19Þ

where δk;lþmþn expresses k ¼ lþmþ n. For the case of
7̄−, the net number of massless 5D fermions is given by the
difference between the sum with respect to even m, n come
from 7̄−, 7þ and that with respect to odd m, n from 7−, 7̄þ,

n7̄− ¼ #7̄− þ #7þ − #7̄þ − #7− ð20Þ

where # expresses the number of each multiplet. Similar
arguments for 21− and 35− are also applied.
Now, we would like to find a 6D family unified model of

5D SU(7) grand gauge-Higgs unification with three repli-
cated 2 × 7̄ ⊕ 35 representations including three families
of quarks and leptons.
Taking N ¼ 14, p ¼ 5, and q ¼ 2 of our interest, (19) is

rewritten as

TABLE I. Z2 parity assignment of 7, 21, and 35 (and their
conjugate) representations of SUð7Þ. � are given by the corre-
sponding Γ7 eigenvalues.

P0
0 P0

1

7� �ð−1Þm �ð−1Þn
21� ∓ ð−1Þm ∓ ð−1Þn
35� �ð−1Þm �ð−1Þn
35� ∓ ð−1Þm ∓ ð−1Þn
21� �ð−1Þm �ð−1Þn
7̄� ∓ ð−1Þm ∓ ð−1Þn
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nðþ;þÞ
7̄−;k

¼
X

m¼0;2;4

X
n¼0;2

5Cm · 2Cn · ðδk;1þmþnþδk;6þmþnÞ

−
X

m¼1;3;5

X
n¼1

5Cm · 2Cn · ðδk;1þmþnþδk;6þmþnÞ;

nðþ;þÞ
21−;k

¼
X

m¼0;2;4

X
n¼0;2

5Cm · 2Cn · ðδk;2þmþnþδk;5þmþnÞ

−
X

m¼1;3;5

X
n¼1

5Cm · 2Cn · ðδk;2þmþnþδk;5þmþnÞ;

nðþ;þÞ
35−;k

¼
X

m¼0;2;4

X
n¼0;2

5Cm · 2Cn · ðδk;3þmþnþδk;4þmþnÞ

−
X

m¼1;3;5

X
n¼1

5Cm · 2Cn · ðδk;3þmþnþδk;4þmþnÞ: ð21Þ

From these results, the list of nðþ;þÞ
7̄−;k

, nðþ;þÞ
21−;k

, and nðþ;þÞ
35−;k

for

various values of k in Table II are obtained. We note that

nðþ;þÞ
R−;k

¼ −5means nðþ;þÞ
Rþ;k ¼ 5 because of nðþ;þÞ

R−;k
¼ −nðþ;þÞ

Rþ;k

ðR ¼ 7̄; 21; 35Þ. Consider a set of representations
½1�14 ⊕ ½2�14 ⊕ ½3�14 ⊕ ½4�14 ⊕ ½6�14 ⊕ ½11�14 ⊕ ½12�14, all
numbers of 7̄−, 21− and 35− are given by

n7̄− ≔
X

k¼1;2;3;4;6;11;12

nðþ;þÞ
7̄−;k

¼ 1þ0þ1þ0þ1þ0þ3¼ 6;

n21− ≔
X

k¼1;2;3;4;6;11;12

nðþ;þÞ
21þ;k

¼ 0þ1þ0þ1−5þ3þ0¼ 0;

n3̄5− ≔
X

k¼1;2;3;4;6;11;12

nðþ;þÞ
35−;k

¼ 0þ0þ1þ1þ1þ0þ0¼ 3:

ð22Þ

Remarkably, we have succeeded in obtaining a desirable set
of massless fermions in the representations 3×ð2× 7̄⊕35Þ,
which contain three families of quarks and leptons.We think

this result to be very nontrivial since the number of massless
21 representations has to vanish in addition to 3 × ð2 × 7̄ ⊕
35Þ to realize threegenerations.We have investigated various
models up to SUð14Þ, the above SUð14Þmodel was an only
satisfactory solution. One might think that other models can
obtained if larger gauge groups are considered. However, it
seems to be difficult to find other GGHUmodels with family
unification since the representations and the number of
massless fermions become more complicated in such cases.
It is therefore plausible to conclude that our 6D SUð14Þ
theory obtained in this paper is a simplest GGHUmodelwith
family unification in a class of SU theories although we
cannot prove it formally.
In our model of GGHU with family unification, it is a

very nontrivial issue to obtain Yukawa coupling. We note
that the left-handed quark doublet and the right-handed up
quark are included in 35 representation of the 5D fermion,
which come from ½3�14, ½4�14, ½6�14 representations of 6D
SU(14) theory. This means that up-type Yukawa coupling
can be obtained from the gauge interaction in extra spatial
components of SU(14). However, the right-handed down
quark are included in 7̄ represention different from 35
representation where the left-handed quark doubled is
present. Similarly, the representations where the left-
handed lepton doublet and the right-handed electron are
included are different. Therefore, the down-type quark and
the charged lepton Yukawa couplings cannot be obtained
from the SU(14) gauge interactions such as the up-type
quark Yukawa couplings. One of the setups to realize the
down-type and the charged Yukawa couplings has been
known that 4D quarks and leptons are introduced on the
brane and they couple to the bulk fermions through the
localized Dirac mass terms. Then, integrating out the bulk
fermions provides nonlocal Yukawa coupling, which was
proposed in [28] and has been extensively studied in SU(6)
GGHU model [29]. We also have to construct such a setup
in the present model along the above idea, but it seems to be
very nontrivial and complicated, which is beyond the scope
of this paper.
Some comments on anomaly cancellation are given. A

chiral gauge theory in even dimensions, in general, is
possible to have gauge anomalies and global anomaly.
Fermions in the representations ½k�14 (k ¼ 1, 2, 3, 4, 6, 11,
12) we introduced are massless 6D Dirac fermions, that is,
both of ½k�14þ and ½k�14− are introduced. Therefore, the
gauge anomalies are canceled. As for the global anomaly,
the global anomaly is absent since the sixth homotopy
group of SUð14Þ, Π6ðSUð14ÞÞ, is known to be van-
ished [30].

IV. CONCLUSION

We have attempted to construct a grand gauge-Higgs
unification model with family unification in this paper. A
6D SUð14Þ GGHU theory as a family unified 5D SUð7Þ

TABLE II. Numbers of massless fermions in 7̄−, 21−, 35−
representations for various k-rank totally antisymmetric tensors
of SUð14Þ.

k nðþ;þÞ
7̄−;k nðþ;þÞ

21−;k
nðþ;þÞ
35−;k

1 1 0 0
2 0 1 0
3 1 0 1
4 0 1 1
5 −5 1 1
6 1 −5 1
7 3 1 −5
8 1 3 −5
9 0 −5 3
10 −5 0 3
11 0 3 0
12 3 0 0
13 0 0 0
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GGHU theory was found, where the set of representations
½1�14 ⊕ ½2�14 ⊕ ½3�14 ⊕ ½4�14 ⊕ ½6�14 ⊕ ½11�14 ⊕ ½12�14 are
decomposed into 3 × ð2 × 7̄ ⊕ 35Þ after symmetry break-
ing SUð14Þ → SUð7Þ × SUð5Þ × SUð2Þ ×Uð1Þ2. Three
generations of quarks and leptons are obtained from
3 × ð2 × 7̄ ⊕ 35Þ after compactification to 4D. As far as
we know, this is the first GGHU model unifying three
generations of quarks and leptons, which is expected to be a
guideline of a model building along this line.
We have many issues to be explored since our work done

in this paper is still a first step towards a construction of
realistic model of GGHU with family unification.
In our model, we have unfortunately some massless

exotic fermions. It is of course desirable to find a model
without them. In order to realize it, it would be interest-
ing to study the theories with other gauge groups and
fermion matter content. In this paper, we have set
ðð−1Þkηk; ð−1Þkη0kÞ ¼ ðþ1;þ1Þ for all k for simplicity.
Considering other patterns for ðð−1Þkηk; ð−1Þkη0kÞ might
help reducing the number of massless exotic fermions.

In our family unified 6D SUð14Þ model, two step
compactification is considered. It would be interesting to
investigate a possibility that three generations of quarks and
leptons are directly obtained from the compactification of
6D GGHU theory to 4D one such as [20].
As one of the other interesting directions, it would be

interesting to consider models of SO gauge theory. The
family unification via the spinor representation in SO
theory has been much studied since the work [6].
Although several irreducible representations are necessary
to realize the family unification in SU theory, the family
unification in SO theory is expected to be realized by fewer
irreducible representations than SU theory since the
dimension of spinor representation is exponentially large
with respect to the size of the gauge group.
There are many phenomenological issues to be studied,

generating the realistic Yukawa hierarchy, the study of
electroweak symmetrybreaking, the flavor physics, thegauge
coupling unification and the proton decay analysis and so on.
All of them are left for our future study.
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