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We analyze the dependence of the chiral phase transition temperature on baryon number and strangeness
chemical potentials by calculating the leading order curvature coefficients in the light and strange quark
flavor basis as well as in the conserved charge (B, S) basis. Making use of scaling properties of the magnetic
equation of state (MEoS) and including diagonal as well as off-diagonal contributions in the expansion of
the energylike scaling variable that enters the parametrization of the MEoS, allows to explore the variation
of T, (ug, pis) = T.(1 — (kB3 + k3% + 2xB5fipits)) along different lines in the (u, ug) plane. On lattices
with fixed cutoff in units of temperature, a7 = 1/8, we find x5 = 0.015(1), x5 = 0.0124(5) and
kB = —0.0050(7). We show that the chemical potential dependence along the line of vanishing
strangeness chemical potential is about 10% larger than along the strangeness neutral line. The latter
differs only by about 3% from the curvature on a line of vanishing strange quark chemical potential, y; = 0.
We also show that close to the chiral limit the strange quark mass contributes like an energylike variable in
scaling relations for pseudocritical temperatures. The chiral phase transition temperature decreases with

decreasing strange quark mass, T, (m,) = T,(m?™)(1 — 0.097(2)(m, — mE™*)/md™ + O((Am,)?).

DOI: 10.1103/PhysRevD.109.114516

I. INTRODUCTION

The chiral phase transition in quantum chromodynamics
(QCD) at finite temperature and vanishing chemical poten-
tials is intensively studied in lattice QCD calculations. For
QCD with physical (degenerate) up and down quark
masses and a strange quark mass tuned to its physical
value, it is well established that the transition from the low
temperature hadronic phase to a high temperature regime,
in which quarks and gluons are the dominant degrees of
freedom, is continuous and occurs at a pseudocritical
temperature, 7. = 156.5(1.5) MeV [1]." A second order
phase transition occurs in the limit of vanishing up and

'Pseudo-critical temperatures are not unique. They depend on
the observable used to determine them. The value quoted here is
obtained by averaging over results obtained with several ob-
servables. The spread of results for pseudocritical temperatures is
taken into account in the error quoted. Results obtained from
maxima in chiral susceptibilities only [2,3] are consistent with
this result.
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down quark masses, m, = m, = 0, at a temperature 7. =
132f§ MeV [4]. A determination of 7', using twisted mass
Wilson fermions is consistent with this finding, 7, =
134fff MeV [5], while a recent analytic calculation, using
functional renormalization group methods, gives a some-
what larger critical temperature, 7. = 142.6 MeV [6].

In Fig. 1 we show a sketch of the current understanding of
the phase diagram in (2 4 1)-flavor QCD. The existence of a
second order phase transition point in QCD at vanishing
light quark masses (m, = m, = m; = 0) and vanishing
chemical potentials (i = (u,,, g, ;) = 0), or correspond-
ingly at vanishing baryon number (up) and strangeness (i)
chemical potentials is strongly supported by several lattice
QCD calculations [4,7]. However, the existence of a tri-
critical point (T,,;, i,,;) in the plane of vanishing light quark
masses, (m, = my = 0) (yellow plane in Fig. 1), is still
based on model calculations [8—~11]. At (T, i,,;) the line of
second order chiral phase transitions emerging from 7., will
meet with a line of first order transitions for 7 < T',,; and a
line of second order transitions for (m, # 0, ji # 0). A plane
of first order transitions (grey plane in Fig. 1) is bounded by
these two lines.

The so-called critical end point at (7', ., fic.,), Which is
expected to exist at physical values of the quark masses, is

Published by the American Physical Society
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FIG. 1. Sketch of the QCD phase diagram in the space of
temperature (7'), baryon chemical potential (uz) and degenerate
light quark masses (m, = m ). See text for a more detailed
discussion.

just one point on the line of second order phase transitions
emerging from (T,,, ;). It belongs to the 3d, Z(2)
universality class. The nature of the line of second order
phase transitions, connecting (7., i = 0) and (T',;, fyyi), iS
not yet settled in detail. Although the universality class is
expected to be that of 3d, O(4) spin models [12], which
also is supported through lattice QCD calculations, this is
not yet confirmed in detail and a possible larger symmetry
group cannot be ruled out as long as the influence of QCD
axial symmetry, its explicit breaking at vanishing temper-
ature and effective restoration in the vicinity of 7'., on the
QCD phase transition remains controversial [12-20].
Establishing the existence and determining the location of
the critical end point at nonvanishing values of quark masses
and chemical potentials is of great importance for our
understanding of the QCD phase diagram and its phenom-
enological implications. It has been pointed out [21] that
the chiral phase transition temperature, 7., as well as the
tricritical temperature T,,;, are expected to give upper
bounds for the temperature T, at the possibly existing
critical end point in QCD with physical values of the quark
masses and nonvanishing baryon chemical potential. As
such it is evident that it is of interest to also get control over
the dependence of the chiral phase transition on chemical
potentials [22]. It will allow to strengthen the boundon 7', ,.
In this work we will analyze the influence of non-
vanishing chemical potentials py, that couple to the
conserved charge operators for net baryon number
(X = B) and strangeness (X = §). We do not include an
explicit dependence on an electric charge chemical poten-
tial as this would explicitly violate the SU(2), x SU(2),
chiral flavor symmetry in the light quark sector of QCD.
For nonzero up, the pseudocritical as well as the chiral
phase transition temperatures shift to smaller values. When
considering the case of either a single nonvanishing chemi-
cal potential, up, or the case where the strangeness chemical
potential is constrained, e.g., by demanding an overall

vanishing of the net strangeness density, ng = 0, the shift
of pseudocritical and critical temperatures is, to leading-
order, quadratic in up and is controlled by the so-called
curvature coefficient Kg , which has been determined in
calculations with physical (degenerate) light quark masses
and a physical strange quark mass [1,3,23-27]. In the case of
nonzero pug with pig, o constrained by demanding vanishing
strangeness density (ng = 0) and a ratio of net electric
charge to baryon-number density that is appropriate for the
description of dense media created in heavy ion collisions
(ng/np = 0.4), the curvature coefficient x5 is found to be
~0.014 [1,3,28]. Moreover, the next order correction K4B has
been found to be consistent with zero [1,3], which also is in
line with recent model calculations [29].

When mapping out the critical surface as function of
several nonvanishing chemical potentials, e.g. T.(ug, us),
also off-diagonal curvature coefficients, e.g. k%7, need to be
taken into account. We will discuss here the dependence of
various curvature coefficients on the value of two degen-
erate light quark masses with the strange quark mass tuned
to its physical value, aiming at an extrapolation to the chiral
limit. In this study we do not yet try to extrapolate to the
continuum limit. All calculations are performed at finite
values of the lattice cutoff. We will determine diagonal and
off-diagonal curvature coefficients, x5, x5 and «%5, in the
conserved charge basis, (up,us), as well as the related
curvature coefficients x5, x5 and «¢}, in the quark flavor
basis (u, y)-

Close to the chiral limit, universal scaling relations allow
the determination of the chiral phase transition temperature
and its dependence on, e.g., the chemical potentials, which
are a particular set of energylike scaling fields coupled to
energylike observables [30]. We will use a scaling Ansatz
for chiral observables to extract the curvature coefficients
kX and «f{Y, ignoring regular or subleading universal,
correction-to-scaling contributions. This Ansatz becomes
exact when approaching the chiral limit.

This paper is organized as follows. In Sec. II we present
some details on the calculational set up used for this work.
In Sec. IIl we introduce several chiral observables and
discuss universal properties of (2 4+ 1)-flavor QCD near the
chiral limit. Section IV gives an update on the determi-
nation of the chiral phase transition temperature at vanish-
ing chemical potentials, using three sets of susceptibilities
that define three different sets of pseudocritical temper-
atures. In this section we also present a determination of the
nonuniversal scale parameter z, which is needed to define
the leading universal part of chiral observables entering the
magnetic equation of state. In Sec. V we present our results
on curvature coefficients calculated in conserved charge
and conserved flavor basis. Section VI is devoted to a
discussion of the dependence of the chiral phase transition
temperature on the value of the strange quark mass. We
finally give our conclusions in Sec. VII. In three appendices
we give some details on finite volume effects in the vicinity
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of the chiral phase transition temperature (Appendix A), a
discussion about the subleading correction-to-scaling terms
that contribute to all thermodynamic observables close to
the chiral limit (Appendix B) and present the determination
of the leading order coefficient s,(7, H) that relates the
strangeness and baryon chemical potentials in strangeness
neutral systems (Appendix C).

II. CALCULATIONAL SETUP

We consider (2 + 1)-flavor QCD with a strange quark
mass m, tuned to its physical value and degenerate up
and down quark masses, (m, = m, = my), that shall be
changed to smaller-than-physical values, starting from
my/mg = 1/20, including the physical value, m,/m, =
1/27 and reaching the smallest quark mass ratio
my/mg = 1/160. We introduce the chemical potentials s
for each quark flavor. The partition function, defined on a 4d
Euclidean space-time lattice of size N2N,, is given as

Z(T,ﬁ,v)—/DUe—Sc(ﬂﬂ) H (det M (my,pp)) /4,
f=ud,s

(1)

where i = (u,.pq.p;) and M, denotes the staggered
fermion matrix for quark flavor f; Z(T,, V), of course,
also is a function of the quark masses m, which we have not
specified explicitly. Temperature 7" and volume V are related
to the temporal (N, = (Ta)™") and spatial (N, = V'/3/a)
extent of the lattice with lattice spacing a(f) being con-
trolled by the gauge coupling2 p.

For the purpose of the calculations presented here we
substantially extended the set of gauge field ensembles
generated previously at smaller-than-physical light quark
masses for the determination of the chiral phase transition
temperature [4]. We use a temperature independent nor-
malization for the chiral symmetry breaking parameter,
which is proportional to the degenerate light quark masses
my, i.e., we use the light quark mass in units of the strange
quark mass, H = m,/m,. Some preliminary results on the
curvature of the chiral phase transition line in the limit
H — 0 have been presented already in [31].

All new calculations have been performed on lattices
with temporal extent N, = 8 and several spatial lattice sizes
with aspect ratio N, /N, varying between 4 and 7. We vary
N, in order to ensure that the unnormalized (bare) finite-
size scaling variable,

— NT
- N HYP

(2)

ZL.b

*The gauge coupling S, introduced here, should not be
confused with the critical exponent f that is used frequently in
this work.

stays small. In our calculations we have z; , < 1, except
for the smallest quark mass ratio H = 1/160, where
zpp = 1.1. In our previous analysis of critical behavior
in (2 + 1)-flavor QCD [4] the region z; , < 1 has been
found to correspond to a region where finite volume effects
are small. Further discussion of finite volume effects in
(2 + 1)-flavor QCD, that gives support to this statement, is
given in Appendix A. We discuss the possible influence of
finite volume effects in our data for H = 1/160 in the next
sections. In terms of the pion mass these values for z; 4,
correspond to physical volumes of size m,V'/> ~ 3—4. The
values for z; , are also given in Table L

The gauge field ensembles, used in our study, have been
generated with the highly improved staggered quark (HISQ)
action [32] with tree-level coefficients and a tree-level
Symanzik improved gauge action, previously used by us
also in calculations with a physical strange quark mass and
two degenerate, physical light quark masses [33,34]. The
ensembles were generated with a strange quark mass tuned
to its physical value and five values of the degenerate light
quark masses corresponding to light to strange quark mass
ratios, H = 1/20, 1/27, 1/40, 1/80, and 1/160. In the
continuum limit these quark mass ratios correspond to light
pseudoscalar pion masses, m, ~ 160 MeV, 140 MeV,
110 MeV, 80 MeV and 55 MeV, respectively. Using this
set-up on lattices with temporal extent N, = 8, the chiral
phase transition temperature has been determined previ-
ously to be TV"=* = 144(2) MeV [4]. We give an update on
this value in Sec. IV B.

For scale setting we use a parametrization of the
p-function of (2 + 1)-flavor QCD with physical light and
strange quark masses given in [34]. The scale is set using
the kaon decay constant fx = 155.7/+/2 MeV [35].

We summarize details on our simulation parameters and
the number of gauge field configurations used in these
calculations in Table I. Data for the largest quark mass ratio,
H = 1/20, have been taken from Table XI of [33].

All our numerical calculations are done at vanishing
values of the chemical potentials using the simulation
package STMULATeQCD [36,37]. Thermodynamic observ-
ables at nonvanishing values of the chemical potentials are
calculated using the Taylor expansion approach [1,38,39].

III. CHIRAL OBSERVABLES

A. Chiral order parameter

Starting point for our determination of the chiral phase
transition temperature and its dependence on quark masses
and various chemical potentials is a set of unrenormalized
chiral condensates (if) for flavor f =u,d,s, and the
related chiral susceptibilities (7,, r),

¢ _Tolz

(3)
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TABLE I.

Run parameter for simulations on lattices with temporal extent N, = 8 and spatial lattice size N>. We

used m, = mya for the dimensionless strange quark mass times lattice spacing a. The stored gauge field
configurations for H = 1/27 are separated by 10 time units in rational hybrid Monte Carlo calculation while for
smaller H, they are separated by 5 time units. The finite-size scaling variable z; ; is defined in Eq. (2).

H=1/27 H =1/40 H=1/80 H=1/160
N, =32 N, = 40 N, =56 N, =56
ZL,b = 094 ZL,b = 088 ZL.b = 084 ZL.b = 110
p i T[ MeV| No of configurations
6.245 0.0830 134.84 123004 e
6.260 0.0810 136.98 e 71824 - e
6.285 0.0790 140.62 145814 71547 28703 13254
6.300 0.0772 142.85 e 71514 28464 13299
6.315 0.0759 145.11 145179 71571 31754 15693
6.330 0.0746 147.40 - 70212 31751 15634
6.354 0.0728 151.14 125679 51135 31561 13200
6.365 0.0716 152.88 - 49879 e e
6.372 0.0711 154.00 e X 17222 13790
6.390 0.0694 156.92 97526 51707 17794 10129
6.423 0.0670 162.39 131200 52051 10917 9137
6.445 0.0652 166.14 176361 50689 10863 9479
6.474 0.0632 171.19 232116 28080 - e
6.500 0.0614 175.84 151606 29505
oS5 obtained by subtracting an appropriate fraction of the
Imf = a—f (4) strange quark condensate from the light quark condensate,
. m,

We also introduce the unrenormalized 2-flavor light quark
condensate and its susceptibility as the sum of the corre-
sponding up and down quark chiral observables, i.e.,

if:iu_'_idv (5)
d J \«&

Fnr = —— -2 )5, 6

Xmt (amu+amd> 4 ( )

The chiral condensates require multiplicative and addi-
tive renormalization to be well defined in the continuum
limit. We take care of the multiplicative renormalization by
multiplying the light quark chiral condensate with the
strange quark mass. Furthermore, we divide by appropriate
powers of f to define a dimensionless order parameter and
its susceptibility,

m. ~
M,=—23%,, (7)
K
2
m; .
Xe = _45)(m.f' (8)
K

Additive UV divergences in the chiral condensates are
proportional to the quark masses. They can be eliminated
by subtracting a suitable observable that contains the same
UV divergence. Commonly used is the so-called 2-flavor
subtracted chiral condensate (Mg,,) [40,41], which is

My =M, —2H2 S, (9)
Tk
Another possibility to introduce an order parameter for
chiral symmetry restoration is to subtract from the light
quark condensate a fraction of the corresponding light

quark susceptibility [5,42],
M=M,— Hy,. (10)

This version of a renormalized order parameter has the
advantage of not involving explicit contributions from the
strange quark condensate, which potentially contains larger
regular contributions. Moreover, M is directly related to a
combination of universal scaling functions, which leads to
pseudocritical temperatures that have a weaker quark mass
dependence than the chiral susceptibility or other mixed
susceptibilities. In the following we will use the unrenor-
malized order parameter M, as well as the renormalized
order parameters M, and M to define various renormal-
ized susceptibilities that can be used to define pseudocrit-
ical temperatures at nonvanishing H.

Finally, we also introduce a mixed susceptibility that is
sensitive to changes in the light quark condensate arising
from variations of the strange quark mass,

= . 11
f‘,‘(ams mghy ( )

sz’,ms
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B. Chiral and mixed susceptibilities

For the determination of the dependence of the chiral
phase transition temperature, 7., on chemical potentials we
will calculate pseudocritical temperatures that are defined
as the location of maxima in various susceptibilities.

As the quadratic UV divergence, present in the unsub-
tracted order parameter M ;, neither depends on temperature
nor on chemical potentials, these divergences are removed
when considering susceptibilities obtained as derivatives
with respect to 7 or chemical potentials, respectively.

We thus consider in the following several mixed sus-
ceptibilities obtained from derivatives of M, with respect to
T or jif = pus/T with f = ¢ or s,

M, oM,
Xry=Te5p (12)
PM
M, _ t
in =" g (13)
My % (14)
e = " op,00,

Here #(T) and #(f, g) indicate that derivatives of the order
parameter with respect to T or temperature like variables /i
and 1, are taken. A corresponding set of susceptibilities can
be defined by replacing M, by the renormalized order
parameter M, or M. We will use in the following the
mixed susceptibility

Mo _
Xty = _Tcﬁ- (15)
Related to the two versions of a renormalized chiral order
parameter, M, and M, we introduce two versions of chiral
susceptibilities, i.e., the derivatives of My, or M with

respect to the light quark mass m,,

P 0
Msub
M, _ M, 1
2 = (G o M (16)
P P
M _ 2 \m. 17
xm <6mu+ 0md> (17)

In the following we will only make use of )(%" as the
calculation of ¥ would require the calculation of three
derivatives of the InZ with respect to the light quark
masses.

C. Universal critical behavior

At vanishing values of the chemical potentials the
existence of a continuous 2nd order phase transition,
occurring at vanishing values of the two degenerate light
quark masses, m,, has been established [4,7]. As the

chemical potentials (uz, u,) do not explicitly break the
chiral symmetry, the point (u,, ) = (0,0) is part of a
surface of 2nd order phase transitions that occur at temper-
atures, T'.(pz, i ). In the vicinity of this critical surface the
free energy density, f = —(T/V)InZ, can be split into a
singular contribution and subleading corrections that are of
relevance in some range of H # 0,

f:fv(T’ﬁ”/T’l) +fsublead<T’/7’ﬁ;>7 (18)

with m = (m,,mg) and ji = (us, ps). The singular part
gives rise to divergences in higher order derivatives of the
free energy density. The subleading corrections involve
nonsingular, regular terms as well as subdominant, univer-
sal singular corrections-to-scaling (cts).

In the vicinity of the critical surface the leading singular
contribution to the free energy density dominates the
behavior of the chiral and mixed susceptibilities. The
dominant singular contribution is written in terms of
energylike and magnetizationlike scaling fields, u, and
uy, respectively. The former couples to operators in the
QCD Lagrangian, which are invariant under chiral trans-
formations in the light, degenerate 2-flavor sector and is a
function of all combinations of couplings (parameters)
appearing in the QCD Lagrangian, which leave the
Lagrangian invariant under chiral rotations. The latter,
on the other hand, depends on combinations of couplings
that break this symmetry. The scaling fields u, and u,
vanish at a critical point. In its vicinity they may be
expanded in a Taylor series. Usually one uses only the
leading order Taylor series expansion, u, = t + O(£2, th*),
u, = h+ O(th), with

o1 ) ) o

t=p = (AT + KERZ + KSR + 2k Rh), (19)
H 1 me

h==—"7 20
ho ho mg ( )

Here ty, h are dimensionless nonuniversal constants just
like T, and

T-T,
.

AT =

(21)

c

In Eq. (19) we introduced the reduced temperature ¢ as
function of the energylike couplings 7' and chemical
potentials in the flavor basis. This may as well be done
in the conserved charge basis using the chemical potentials
(1, 1s). Note that we do not include the isospin or electric
charge chemical potential in 7 since this amounts to
introducing independent up and down quark chemical
potentials which explicitly breaks the symmetry group
to U(1), xU(1), x U(1),.
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Up to the subleading contributions from corrections-to-
scaling and contributions from regular terms, the temper-
ature and mass dependence of the singular part of the free
energy density is controlled by a single scaling variable z,

fo(T i) = hoh' 12 ¢(2), (22)

with z = 7z, and

2, =1/HP,  2o=h/" /1. (23)
The critical exponents /3,  are unique in the universality
class of the phase transition. As we consider in the
following the chiral limit taken at fixed lattice cutoff, we
use for definiteness critical exponents of the 3d, O(2)
universality class, i.e., we use [43],

£=0.3490(30), 6=4.7798(5), wr.=0.32(1). (24)
Here we give in addition to the two critical exponents £, &
also the combination wv, = wv/f5, with v = p(1 4 8)/3
and @ denoting the subleading universal correction-to-
scaling exponent [43,44]. The combination wv, controls
the cts contribution to the order parameters M or My,
respectively.

The scaling functions f;(z) and f,(z), which control the
universal, singular parts of the order parameter and its
susceptibilities, are related to f /(z),

fola) ==(143) 0@ + S0 @9
1) =3 (o) - 21502)). (26)

Taking into account the temperature independent normali-
zation, which we introduced in Egs. (7), (8), we get for the
unsubtracted order parameter, M., as well as the renor-
malized order parameter M, introduced in Eq. (9),

M g jqu, = h'/°f(z) + subleading. (27)

The universal part of the order parameter M, introduced in
Eq. (10), is related to the difference of the scaling functions

fG(Z) and f;((z)>
M = h"?(fs(z) = f,(z)) + subleading. ~ (28)

Correspondingly the mixed susceptibilities, obtained as
temperature derivatives of these order parameters, have
different universal, singular parts,

){)ﬁglf _ _axtalh(ﬂ—l)/ﬂﬁffc(z) + subleading,

X =T).1(f. f).t(¢.s),
2y = —15" hWP=DIP(f(2) = f,(2)) + subleading.  (29)

Here ay = 1,2«5, 2«%3, respectively. Furthermore, the sin-

gular part of the chiral susceptibility kse - introduced in
Eq. (16), is controlled by the scaling function f,(z),

pl/6-1

—— f,(z) + subleading. (30)

Msub —
Am™ = 7
0

Close to T, contributions arising from corrections-to-
scaling give the dominant subleading contribution to the
order parameter. This contribution is proportional to
H'/3+ove — gO53(1) | while regular terms are proportional
to H. The correction-to-scaling term thus leads to a
subleading, still divergent contribution, in susceptibilities.

Close to the chiral limit, where corrections-to-scaling and
regular contributions can be neglected, the pseudocritical
temperature, deduced from the maximum of ;{%“b (T,H),is
related to the maximum of f,,(z). The maxima of the mixed
susceptibilities obtained from derivatives of M, or M with
respect to temperaturelike couplings, on the other hand, are
related to maxima of the scaling functions —f7;(z) and
f4(2) = f(z), respectively.

These maxima occur at specific values of the scaling
variable z, which we denoted by z,, for the maximum of
f,(z), z, for that of —f;(z), and z,  for the maximum of
the difference f’,(z) — f{;(z). Results for these z-values in
the 3d, O(2) universality class are obtained from the
scaling functions given in [45],

Zm = 1.6675(68), (31)
z, = 0.7991(96), (32)
Zom = 0.629(10). (33)

These specific values of z then define pseudocritical
temperatures, obtained from the maxima of the magnet-
izationlike susceptibility ym™ or those obtained from the
mixed susceptibilities (42" (T), )(%/Z. /) ;(%;’s)), as well as
;(%T). They give rise to three sets of pseudocritical temper-

atures. Their leading, universal parts are given by
Ty ) =T, (14 (532 + 8+ 2 )

+Z—XH1//f6>, x=mt,(,M).  (34)
20

For H = 0 Eq. (34) defines the surface of critical temper-
atures, T.(fig, fi;) = T pe 1 (fig, f15. 0), spanned by the light
and strange quark chemical potentials, respectively.
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T T T 40 T T T T T T
M H =1/20 +A %@ H-Yopr H=1/20
20 H =1/10,1/80 1/27 31 4 35 f e
140 < T [MeV] < 148 L0 o (%) 1/27 -
X*/dof = 4.1 / 30 | @ 1/40 o~ A
1/80
15 F i % 1/80
1/160 = | 25 A .
N.—8 % 1/160 +<—
20 b & .
10
H
15 | v .
= T, = 143.8 MeV
: 10 o i
51
5+ 4 e 4
T|MeV] @A% © %
0 ! ! ! ! = 0 L I ! ! E]g evy >, LS
135 140 145 150 155 160 165 170 05 0 05 1 1.5 2 25 3 35

FIG.2. Left: the dimensionless renormalized order parameter M versus 7. Shown also is a fit to the data for H = 1/40 and 1/80 in the

temperature interval T € [140 MeV : 148 MeV]. The resulting fit parameters (7, z, hal/é) = (143.8(2) MeV, 1.45(3),39.0(3)), are
also given in Table II. The fit result is also shown beyond the actual fit range. Right: the renormalized order parameter M versus the bare
scaling variable z;, calculated using as input only the critical temperature from the fit shown in the left hand figure.

IV. MAGNETIC EQUATION OF STATE AND
PSEUDOCRITICAL TEMPERATURES AT =0

As we will exploit the structure of the singular part of the
QCD free energy to determine the dependence of the chiral
phase transition temperature on chemical potentials, we need
as input the nonuniversal scales zg and 7', at (., u,) = (0,0).
These have been determined previously [4]. We will improve
here our analysis on lattices with temporal extent N, = 8
making use of our increased statistics at several parameter
values.

We will analyze the scaling behavior of the renormalized
order parameter M and extract pseudocritical temperatures
from the chiral and various mixed susceptibilities intro-
duced in the previous sections.

A. Renormalized order parameter

In Fig. 2 (left) we show results for the renormalized order
parameter M introduced in Eq. (10). Results have been
obtained at five different values of H on lattices with
temporal extent N, =8. We fitted these data to the
universal scaling Ansatz

M = 5 PH(f6(2) - £,(2). (35)
with f(z) and f,(z) denoting scaling functions in the 3d,
O(2) universality class [45]. The scaling functions used in

the fit are expressed in the Schofield parametrization
obtained in [45]. This Ansatz involves three fit parameters,

(T..zp. hy 1/ 5). As we do not include contributions from

regular or subleading universal terms in this fit we need to
restrict the fit to small quark masses and a temperature

region close to the pseudocritical temperature. This has also
been done in earlier analyses of the magnetic equation of
state [41]. It should be noted that in regular contributions to
M the leading H dependent term gets canceled, leaving
only a weaker H> dependent contribution arising from
regular terms.

We fitted the scaling Ansatz, Eq. (35), to data for M
obtained with light to strange quark mass ratios H = 1/40
and 1/80 in the temperature interval 7 € [140 MeV : T, ]
with T\« = 146 MeV and 148 MeV, respectively. These
fits have been performed with and without including the
data for the smallest quark mass H = 1/160, which have
been obtained on our smallest physical volume and may
still suffer somewhat from finite volume effects. The
resulting fit parameters are given in Table II. As can be
seen the fit parameters vary little, although the y?/dof of
the fits is quite sensitive to the chosen fit-interval and the
range of H-values used in the fit.

In Fig. 2 (right) we show the rescaled order parameter M
as function of the scaling variable z;, introduced in Eq. (23).
As can be seen, scaling holds well at least up to z;, ~0.5.
For our smallest quark mass ratio, H = 1/160, this
corresponds to a temperature interval (T —T.)/T, ~
0.026, which is similar to that finally used also in [41].

The fits performed in a small temperature interval and for
small values of H still provide a good description of our
datasets for larger and smaller masses as well as for data
outside the temperature range used in the fits. Deviations of
data outside the fit range from the fit prediction provide an
estimate for the influence of regular or subleading universal
contributions. In Fig. 3 we show the relative deviation of
data from the fit also outside the actual fit interval. This
suggests that corrections to universal scaling behavior
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TABLE II.  Fit parameter obtained for fits with different sets of
quark masses and in different temperature intervals. The fit shown
in Fig. 2 (left) corresponds to the parameter set with a
y2/dof =4.1.

H! T [MeV] T.[MeV] 2 hy'’? 42 /dof
(40,80) [140:146] 143.6(1) 139(2) 39.4(2) 1.2
(40,80) [140:148] 143.8(2) 1.45(3) 39.03) 4.1
(40,80,160) [140:146] 143.6(1) 1.36(3) 39.42) 3.7
(40,80,160) [140:148] 143.8(2) 1.40(4) 38.8(4) 15.1

arising from regular or subleading universal terms remain
smaller than 10% for (T —T,)/T,. < 0.06.

In the following we use the average of the fit results
for (T, zy. hy 1/ 5) obtained by leaving out the data for
H =1/160 in the fit. We take care of this dataset by

including the differences as systematic error contributing to
the quoted error for (7, z, hal/é). We use,

T, = 143.7(2) MeV, (36)
20 = 1.42(6), (37)
hy''? =39.2(4). (38)

Using the fit result for the scale parameter z;, we also
conclude from the rescaled order parameter data, shown in
Fig. 2 (left), that the parameter range in which we find good
scaling behavior without including subleading corrections
in our fits, corresponds to the region |z| <0.7. This
suggests that the peak positions of mixed susceptibilities
are only mildly influenced by contributions from sublead-
ing corrections to the dominant universal scaling behavior,
as z;, Z;(,u) are of similar magnitude [see Egs. (32), (33)].
On the other hand, their influence on the location of the
peak of the chiral susceptibility will be larger, as the peak is
located at z,,, ~ 1.7 [Eq. (31)]. We will analyze this in more
detail in the next subsection.

B. Pseudocritical temperatures

As we exploit in our determination of the chiral critical
surface, scaling relations, which are valid at small values of
the symmetry breaking parameter H, it is worthwhile to
analyze first the behavior of pseudocritical temperatures at
vanishing chemical potentials.

As pointed out in the previous section pseudocritical
temperatures are not unique. Using extrema in second
derivatives of the partition function with respect to either
(1) the external field coupling H, or (ii) mixed derivatives
with respect to H and one of the temperaturelike couplings
(T, 2, peps, p2), or (iii) by using the temperature derivative
of a particular renormalized version of the order parameter,

0.5 : ;
(M - fit)/ M
0.4 | % i
03 F  H-1/20 A«  1/80 ~= % % ]
o2 L 1/27 v+ 1/160 +o- |
1/40 +&-
0.1 -

o1} ¢ .

—0.2 + -
T[MeV]
_0.3 | | | | | |
135 140 145 150 155 160
FIG. 3. Relative deviation of data from the fit shown in Fig. 2

(left). Deviations are shown also outside the actual fit range and
for values of H not included in the fit.

we define three classes of pseudocritical temperatures,3
which converge for H — 0 to the uniquely defined critical
temperature 7. In the universal scaling region these three
sets of observables yield three different sets of pseudoc-
ritical temperatures, which will be ordered according to the
universal position of the extrema of the relevant scaling
functions given in Egs. (31)—(33), i.e., in the scaling regime
we expect to find
Typem(H)>T

(H) > T e (1.1 (H). (39)

p(,',[
In Fig. 4 we show results for the three types of suscep-
tibilities, the chiral susceptibility ()(%S“b: top, left), two
versions of mixed susceptibilities obtained from the
unrenormalized order parameter M, by taking derivatives
with respect to temperature (;(%;”): top, right) or the light

quark chemical potential (;(?(4; o bottom, left), and the

mixed susceptibility obtained as temperature derivative of

the renormalized order parameter M ()(%T): bottom, right).
M
t(;f)

obtained from simulation data, the susceptibilities )(%]‘1) and

X%T) are obtained by taking T-derivatives of the rational

While the susceptibilities )(%‘“" and y are directly

polynomial Ansdtze used to fit M, and M, respectively. As
expected from Egs. (29)-(30), we find that the rise of the
maxima of the mixed susceptibilities with decreasing H is

slower than that of the chiral susceptibility s

’In general one can also determine a pseudocritical temper-
ature from the susceptibility obtained as second derivative with
respect to temperature (specific heat). However, in the O(N)
universality class, this susceptibility does not diverge as the
relevant critical exponent « is negative.
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FIG. 4. The chiral susceptibility, ;(Aml “ (top, left) and the mixed susceptibilities ;(%;) (top, right), ;(Z’g f) (bottom, left), and ;(%T) (bottom,
right), plotted versus the temperature for various H values. Results for the susceptibilities shown on the right hand side have been
obtained from derivatives of the rational polynomial fits to the order parameter data for M, (top) and M (bottom), respectively.

M,

1(s,s)’
obtained by taking two derivatives of M, with respect to
the strange quark chemical potential. This susceptibility
first drops in the large quark mass region and starts to
increase only for H < 1/80. It suggests that regular terms
still contribute strongly to this susceptibility, which obvi-
ously is most sensitive to the strange quark sector. In our
analysis of pseudocritical temperatures we therefore do not

include )(%f 5"

We also calculate the mixed susceptibility y

Pseudocritical temperatures are obtained from maxima
of the fit functions used to fit the susceptibilities. For ;(%{i)
%T) .* we use the maxima of the T-derivative of the

rational polynomial functions used to fit M, and M

and y
respectively. The data for ym™ and )(%;’ f) have been

*Note that we used in Egs. (12) and (15), T, as a temperature
independent normalization for the dimensionless mixed suscep-

tibilities ;(?(4;) and )(%T). This insures that the maxima of these
mixed susceptibilities agree with the inflection points of the order

parameters M, and M, respectively.

interpolated directly using rational polynomial Ansdtze
from which the maxima have been calculated. We use
[3,2] Pade polynomials for all of the above fits. The error
bands have been obtained from a bootstrap analysis. We
summarize results of these fits in Table III and Fig. 5. Note
that in the table as well as in the figure, we also include
results for yet another mixed susceptibility obtained from a
derivative of M, with respect to the strange quark mass. We
discuss this observable in more detail in Sec. VL.

In the case of the mixed susceptibility obtained from M,
we actually use three different observables, obtained by
taking derivatives of the order parameter with respect to 7,
the chemical potential ji, or the strange quark mass m; (see
Sec. VI for a discussion of the latter). In the scaling regime
all these observables define the pseudocritical temperature
T, ; In fact, as can be seen in Fig. 5 the location of
maxima of these mixed susceptibilities is identical within
errors even for the physical value of the light to strange
quark mass ratio, H = 1/27. In addition to the mixed

susceptibility ;(?(%, defined as the 7-derivative of M,, we
also use the mixed susceptibility )(%T), which is obtained as

114516-9



H.-T. DING et al.

PHYS. REV. D 109, 114516 (2024)

TABLE III. Three sets of pseudocritical temperatures determined from (i) the chiral susceptibility ;(AW/,"“‘“, (ii) the
mixed susceptibilities obtained from temperature, chemical potential and strange mass derivatives of M,, and
(iii) the mixed susceptibility obtained from the temperature derivative of M, respectively.

Pseudocritical temperatures in units of MeV

Observable H=1/20 H=1/27 H=1/40 H=1/80 H=1/160
@ o Msuo 164.63(5) 160.99(12) 157.89(27) 153.91(30) 150.93(34)
(i) X?(d;) 162.84(28) 159.76(12) 155.66(09) 151.29(14) 147.92(14)
Xem, e 159.39(22) 156.38(25) 150.51(63) 148.48(74)
)(%; 2 e 159.94(32) 156.07(33) 150.7(1.6) 148.7(1.2)
M. e 162.76(26) 159.32(29) 153.6(96) 149.87(54)

xt(s s)
(iii) ;(%T) 156.40(68) 153.44(11) 150.70(06) 148.04(12) 145.85(17)

the 7-derivative of the renormalized order parameter M.
This defines another pseudocritical temperature, 7' (; u)-

As can be seen in Fig. 5 the pseudocritical temperatures
reflect the ordering of the universal scaling relations for all
H < 1/20. The pseudocritical temperatures, however, are
generally located outside the temperature range in which
we found good scaling behavior for the order parameter M,
shown in Fig. 2. When fitting data for the pseudocritical
temperatures to extract 7. we thus need to take into account
also the influence of subleading corrections to the location
of the maxima in susceptibilities.

We have fitted the data shown in Fig. 5 using scaling
Anscitze appropriate for the different observables used to

165 (H) [Me\/]

joint fit w/o H =1/160
160 2 _
x*/dof =117

155 |
Tpe obtained from
150 Y Moww 1o ]
M,
T, = 143.7 MeV X
[ c= . € M, A
145 | 20 = 1.42 Xu(eo) g
Xtms gl
M
N-=8 H = myg/ms Xi(r) B
140 | | | | |
0 0.01 0.02 0.03 0.04 0.05
FIG. 5. Pseudo-critical temperatures obtained from maxima in

1) ;(%’S“b, (ii) )(?E%, and )(?(4; oy Xm, and (iii) ;(%T). These three sets

of observables are related to universal maxima in three different
sets of scaling functions (see text). Lines show joined fits
performed with a scaling Ansatz and including corrections arising
from correction-to-scaling as well as regular terms as discussed in
the text. Dashed lines show the leading H-dependent correction
arising from the universal scaling Ansatz in this fit (see text).

define a pseudocritical temperature and allowing for con-
tributions from corrections-to-scaling as well as regular
terms. We start with an Ansatz for the unrenormalized order
parameter M,

My = by PHY (f(2) + cH™ fG.e1s (2) + O(HX ™))
nmax

+H Z

n=0

a,t" + O(H?), (40)

and similarly for the renormalized order parameter M,
where f(z) gets replaced by f(z) — f,(z). The definition
of the corrections-to-scaling function fs . and further
details about the above Ansatz are provided in Appendix B.
Calculating the various susceptibilities by starting from
Eq. (40) one obtains the influence of the subleading terms
on the locations of the maxima of the susceptibilities by
expanding the order parameter Ansatz for small values
of H [33] in the vicinity of the relevant, universal peak
locations z,,, z, or z, . Keeping terms up to n,,, = 2 for
the determination of 7', ,, and ny,, = 3 for the determi-
nation of T, ., x = t,(t,M), insures that in both cases
regular terms linear in ¢ are kept in the determination of
maxima of the susceptibilities. This gives for the position of
a peak in the mixed susceptibilities

TPCJ‘(H) = Tc(l + tl,le/ﬂ§ + tc,le/ﬂ5+wvc
+ 1y H'TCPIUPS 4t XH1+(4—5)/55)
X =1, (I,M), (41)

whereas for the chiral susceptibility one has [33],

Tpc,m(H) = TC(I —+ tl,mHl//}(s + tc,mHl/ﬁb‘eryc
+ by HITCPIB gy HYEC-PIB) - (42)
The coefficient 7, , of the leading H-dependent correction

to T, is related to the universal parameters z,, given in
Egs. (31)—(33), and the nonuniversal scale z,
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x=m,t(t,M). (43)

We performed fits in which 7', and ¢, , are kept as free
fit parameters as well as using for T, and f, , the values
determined from the scaling fits to the order parameter
M given in Eqs. (36), (37). Using T, and t,, as free
fit parameters gives result that are consistent with
Eqgs. (36), (37).

We performed joint fits to data for pseudocritical temper-
atures obtained from five different susceptibilities, demand-
ing that they yield the same critical temperature in the chiral
limit. It turns out that in the case of the mixed susceptibility
)(%T) these fits are not sensitive to a term proportional
to t3 ). We thus set #3(y) =0 in our final fits.
Furthermore, we need to control the influence of the
smaller volume used in our determination of T,. in
calculations with H = 1/160. We therefore performed fits
(1) leaving out or (ii) including the data for H = 1/160 as
well as (iii) using the data for H = 1/160 where we
corrected the T, values, obtained for H = 1/160, by a
global shift of 0.25 MeV. This is in accordance with
the finite volume dependence found in [4]. For N, = 8§,
H = 1/80 it was found there that pseudocritical temper-
atures determined at z; , ~ 1.1 and 0.8 differ by about
0.25 MeV. We use this value also as an estimate for finite
volume effects in our data obtained for H = 1/160
at zy , ~ 1.1

We find that fits using these three different approaches
yield similar results for the chiral transition temperature 7.,

143.9(5) MeV,
142.8(3) MeV,
143.4(3) MeV,

without H = 1/160 data
with H = 1/160 data
vol. corrected H = 1/160 data

(44)

T, =

The resulting critical temperatures, extracted from the fits
to pseudocritical temperatures, thus are in good agreement
with that determined from the scaling fit to the order
parameter M. We also find that keeping the slope param-
eters t, as free fit parameters gives results that are
consistent with those obtained by fixing these coefficients
to the universal values given in Eq. (43).

For our final fits we then fixed T. and ¢, , using for
(T., zp) the values given in Egs. (36), (37) and the universal
parameters z,,, Z;, Z, - given in Eqs. (31)—(33). Our final
joint fit of all T,.(H) datasets shown in Fig. 5 thus only
depends on fit parameters fixing contributions from regular
and correction-to-scaling terms.

The fit result, obtained by leaving out data obtained
for H=1/160, is shown in Fig. 5. This fit has a
x?/dof = 1.17. The contribution arising only from the
universal part of this fit, 7., = T.(1+ 1, H'7), is

shown by dashed lines in Fig. 5. As can be seen this
universal part dominates the fit of pseudocritical temper-

atures, obtained from the mixed susceptibility )(%T), at

least for H < 1/40. In the case of )(?(4;) or )(%"“", how-

ever, contributions from subleading corrections become
important already for H > 1/80. This is in accordance
with the conclusion drawn from the scaling fit performed
for the order parameter M, i.e., subleading corrections
need to be taken into account for temperatures larger than
T ~ 148 MeV.

V. CURVATURE COEFFICIENTS
AND PSEUDOCRITICAL
TEMPERATURES AT i # 0

We have introduced the dependence of pseudocritical
temperatures on light and strange quark chemical potentials
in Eq. (34). Equivalently this can be written in the (B, S)
basis where the chemical potentials up and g are obtained
from those in the flavor basis using

1 1

ﬂfzgﬂg, /ls:gﬂg—ﬂs- (45)

With this we may rewrite Eq. (34) as,

Tpc,x (ﬁB’ﬂS’ H) = Tc <1 - (Kgﬁ%} + Kgﬁg + 2K?fﬁBﬁS)

_i_Z_le/ﬁa)’ x=m,t,(t,M), (46)
20

where the curvature coefficients calculated for vanishing
chemical potentials using the quark-flavor or conserved
charge basis, respectively, are related to each other through,

1
Ky =g (K5 + 2} + k3)
4 ‘s s
2 TR
=2 (14220422 47
s (125 %) 7
Ky = K3, (48)
BS 1 s £s
K11 —_§(K2+K11
_ s (s (49)
3 k)

We also note that the mixed curvature coefficients x4
and x5 carry quite different information. While the former
is nonzero only due to flavor correlations arising, for
instance, in high temperature perturbation theory only at
O(¢®In(1/g) [46], the latter receives contributions also
from diagonal terms in the strangeness sector.
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The pseudocritical temperatures in the (B,S) basis
[Eq. (46)] may be rewritten when imposing constraints
on the strangeness chemical potential, e.g., in the case of a
strangeness neutral medium. To leading order the strange-
ness chemical potential, insuring vanishing net strangeness
number in an isospin symmetric medium is given by
fs=s1(T,H)pg [47], with s,(T,H) = —x55/x5. With
this we obtain for the jiz-dependence of pseudocritical
temperatures in strangeness-neutral, isospin-symmetric
(g = 0 < p; = 0) matter,

T, H) — Tc(l (4 ST )

+ 251 (T., 0)x¥5) 129+Z_le/ﬂ§>v
20
x=m,t, (t,M). (50)

A recent calculation of s;(7,H) for physical values
of the light and strange quark masses is given in [34].
This yields s(7 .. 1/27) ~0.236(5)(6). In Appendix C
we present results for the dependence of s,(7, H) on the
quark mass ratio H. An extrapolation to the chiral limit
yields s,(T.,0) = 0.216(3).

A calculation of curvature coefficients making use of the
universal scaling relations discussed in the previous section
has been performed previously at physical values of the
quark masses [23]. Most calculations, however, make use
of Taylor expansions for the dependence of the maximum

of the chiral susceptibility )(%" or inflection points of the
chiral condensates. In that case one starts from either Taylor
expansions of the observables O =M, y,,,y; [1,23,27] or
simulations performed with imaginary values of chemical
potentials [3,24,25],

00
O(T’ﬂf’ﬂ.y):O(TO.)nv()?O) oT (T TOm)
+_62(’) 2 1070 |
20021 s
0
e ——— Qo+ O(p* ATE? (AT)?).  (51)
Here AT = (T - T(’),m)/TO,m and TOJn = T(’),pc (mf)

denotes the pseudocritical temperature, which at nonvan-
ishing values of light quark masses m, depends on the
particular observable O used for its definition. As discussed
in the previous section, in the chiral limit all these
pseudocritical temperatures will converge to the uniquely
defined phase transition temperature 7.(z) also for non-
vanishing chemical potentials.

A. Curvature coefficients from the order parameter

Although the curvature coefficients are defined at T'., we
may evaluate the relevant observables at any value of the

temperature 7" and for f1, = ji, = 0. Making use of the fact
that derivatives of the order parameter with respect to
energylike couplings, i.e., temperature or chemical poten-
tials, will be dominated by the diverging singular contri-
bution, and using the Taylor expansion of the energylike
scaling field u,, we determine the curvature coefficient from
a ratio of derivatives of order parameter M, with respect to
chemical potentials and temperature, respectively,

1 [0*M,/op>
K3(T,H 7 . f=ts, (52
( )2T<(3Mg/0T e [l (Y
(T .fi=0)
1 [0*M,/op,0p
(T H) = <M> ' (53)
2T\ oMy/oT ) 1)

The curvature coefficients are then given by

K =KL(T.0). f=t.s, (54)

k3 = K43 (T, 0). (55)

In the vicinity of the critical point at 7. and for small
values of the chemical potentials we may use the scaling
Ansatz for the order parameter M., given in Eq. (27), to
determine the curvature coefficients in the flavor basis.
We will also take into account possible regular contribu-
tions to the order parameter using a linear Ansatz similar
to Eq. (40),

A A T - T(?
fr(T’ﬂf7Ms> :H<a0+at T
c

+ afﬂ? + asﬁ% + 2afsﬁflas) : (56)

Using the expansion of f;(z) for small z, i.e., in the vicinity
of T,

f6(2) + f6(0)z2 4+ O(2?)

VPt + O(2/HYP),  (57)

= /6(0)
= [6(0) + 20fG(0)H™

we may expand IC{(T , H) in the vicinity of T,

K£h<ﬁ_l)/ﬁﬁfﬁ(z)/to + Hay

KL(T, H) =
! WP £ () /10 + Hay
K5+ aH' PP f(2)
1+ Zth”(“ﬁ)/ﬁ‘S/f’G(z)
= ik} + A H DI 4 g 1oy,
f=21s, (58)

where the last line of Eq. (58) gives explicitly the leading
quark mass and temperature dependence arising from the
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FIG. 6. Curvature coefficients determined from M, using the universal scaling Ansatz for M ,. Shown are ICI2 (left) and K3 (middle),
and ! (right) as function of temperature. The final results for the curvature coefficients are determined at 7', (yellow band) as defined

in Egs. (54) and (55).

rescaled regular term. Similar relations hold for the flavor
off-diagonal curvature term «4j. Furthermore, we may
directly calculate ratios of curvature coefficients, e.g.

| K(T, H
5 _ i (T H)
Ky mf—’OK:Z (T, H)

M,/ o3
m-—s———5
m,—»O@sz/a/t?p

(Twﬁ:O)

(59)

(Tc,ﬁ=0)

We note that the scaling function f[;(z) as well as the
critical exponents entering the scaling relations, of course,
are specific to a given universality class. However, the basic
definition of the curvature coefficients, given in Egs. (52)
and (53) as well as Eq. (59), do neither depend on the value
of these exponents nor do they depend on the specific form
of the scaling functions. The fact, that the global symmetry
group for staggered fermions, used in our calculations at
finite lattice spacings, is different from that of QCD in the
continuum limit thus does not enter in these relations.

Results for lCé(T, H) and K{3(T, H) are shown in Fig. 6.
From this we determine the curvature coefficients in flavor-
basis at T'.. It is apparent from Fig. 6 that the curvature
coefficient related to the light quark chemical potential is
almost an order of magnitude larger than that in the

direction of the strange quark chemical potential. The
off-diagonal curvature coefficient, in turn, is an order of
magnitude smaller than x5. We give results for the various
curvature coefficients and different quark mass ratios H in
Table IV.

The resulting curvature coefficients in the (B, S) basis
can be obtained by using similar equations corresponding
to Egs. (52) and (53). The curvature coefficients x5 and «%}
are shown in Fig. 7. Note that k5 = 3 is shown already in
Fig. 6. Moreover, it is evident from Fig. 7 that the off-
diagonal coefficient %5 is clearly nonzero and negative. As
expected, its value is dominated by the contribution of the
diagonal curvature coefficient «3.

We fitted the results for curvature coefficients in the
flavor basis, (3, k3, k%3), as well as in the conserved charge
basis, (K5, k%) using for the quark mass dependence the
Ansatz given in Eq. (58). Results of these fits are given in
the last row of Table IV.

With this we find for the curvature coefficient in the
case of (i) vanishing strangeness chemical potential,
us =0 < u, = pp, (i) along the strangeness neutral line,
ng =0 <> ug = s,(T, H)pug, and (iii) for vanishing strange
quark chemical potential, y, = 0 <> ug = ug/3,

Kf*/‘S:O = Kg = 0-015(1)’ (60)

TABLE IV. Curvature coefficients in the flavor and conserved charge basis, respectively. Given are results for
several values of the quark mass ratio H. In the last column the curvature coefficient defining the dependence of T,
on the strange quark mass in the vicinity of the physical strange quark mass value is given. The last row gives our
estimates for the chiral limit extrapolated values based on fits using in addition to the scaling Ansatz a regular term
proportional to H.

H K5 K3 K7y K5 SHS K

1/27 0.109(2) 0.0141(2) 0.0004(4) 0.0138(2) —0.0048(1) 0.147(1)
1/40 0.111(2) 0.0136(2) 0.0009(5) 0.0141(3) —0.0048(2) 0.129(1)
1/80 0.121(7) 0.0129(5) 0.002(1) 0.015(1) —0.0052(5) 0.111(2)
1/160 0.12(1) 0.0123(6) 0.003(3) 0.015(2) —0.0048(10) 0.098(2)
0 0.122(7) 0.0124(5) 0.003(2) 0.015(1) —0.0050(7) 0.097(2)
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FIG. 7. The ratios K5 (top) and K% (bottom) defined in
analogy to the corresponding functions in the flavor basis, K
[Eq. (54)] and IC{{ [Eq. (55)], respectively. The chiral extrapo-
lation at T, defines the curvature coefficients x5 (top) and %}
(bottom).

K" = kE s} (T., 0)kS + 28y (T, 0)kFS

= 0.893(35)x?, (61)

_ 1 =
K0 = 5K = 0.968(23)c5 ™. (62)

We thus find that the curvature coefficient in strangeness
neutral matter is about 10% smaller than that for yg = 0. In
the curvature coefficient for the case u, =0, which
corresponds to the relation pg = up/3 and which some-
times is used as convenient approximation for the strange-
ness neutral case, is only about 3% smaller than Kf ns=0
The above results for the curvature coefficients are reflected
in the critical temperature surface in the jig-fig plane shown
in Fig. 8. In that figure a solid line is shown for the case that
corresponds to the strangeness neutral line in the jip-fig
plane and two dashed lines show lines for constant g = 0
and p, = 0, respectively.

=
< 144
= 146 - - 143
— 142
& 2r 141
= 140 - 140
%3 138 | 139
= 136 138
Q 134 + 137
5 132 136
3 130 - 135
=
0 TR
0.5 - T
ps/T L5 o702 0 pug/T
FIG. 8. Surface of critical temperature in the pp-ug plane. The

solid line shows 7. as function of up in strangeness neutral
matter. The dashed line in the front corresponds to ug =0
whereas the dashed line at large ug corresponds to the case
u, = 0, which is equivalent to ug = ug/3.

The results obtained here agree within errors with deter-
minations of curvature coefficients obtained with physical
light and strange quark masses and various choices for the
chemical potentials (for recent summaries see, e.g., [3,28]).
By making use of relations between curvature coefficients in
the (B, S) and (¢, s) basis, respectively, we could establish
the systematic differences of curvature coefficients obtained
along different lines of fixed fig/fip.

VI. DEPENDENCE OF THE CHIRAL
TRANSITION TEMPERATURE
ON THE STRANGE QUARK MASS

The dependence of the chiral phase transition temperature
on chemical potentials, determined in the previous section to
leading order in the chemical potentials, has been performed
at fixed value of the strange quark mass. This has been tuned

to its physical value m™ . We may also use the various
observables, obtained in the course of this analysis, to
calculate the dependence of the chiral phase transition
temperature on the value of the strange quark mass.

Varying the strange quark mass from m; = 0 to my; = o0
at vanishing values of the two degenerate light quark
masses interpolates between the chiral limits of 3 and
2-flavor QCD, respectively. Several lattice QCD calcula-
tions, using different discretization schemes, suggest that
the chiral phase transition in both limits remains to be
second order. In particular, no indication for a first order
transition in 3-flavor QCD has been found. We thus expect
that universal features of the chiral phase transition in
(2 + 1)-flavor QCD is described by the same universality
class for all finite, nonzero values of the strange quark
mass. As the strange quark mass does not break chiral
symmetry in the light quark sector explicitly, it will appear
as an external parameter in the energylike scaling variable ¢,
just like the chemical potentials.
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We may expand the chiral phase transition temperature
T., appearing in the definition of the energylike scaling
field ¢ given in Eq. (19), in terms of a Taylor series around
the physical strange mass, m™ . To leading order we
obtain,

oT .(m)
T (mg) =T (md™) + “om.

(ms - mghy)

h
m? Y

+ O((Amy)?), (63)

Omitting just for clarity the p-dependence of the scaling
variable #, introduced in Eq. (19), we rewrite ¢ as

t:% {Tc(Tms) } 1}

phy
_1 { _r 1) _Ku]
lo T, (m?h}’) m?hy

+ O((AT)?, ATAmy, (Amy)?) (64)
where
phy
s 0T .(m
Kmx [ m n (m ) (65)
TC (mI: y) ams mPhY

Using the definition of the light-strange susceptibility,
introduced in Eq. (11), we may obtain the curvature
coefficient k™ from the ratio

= Xlm, (66)

Results for the light-strange susceptibility are shown in
Fig. 9 (top). We see that the peak position of the
susceptibility shifts to smaller values as H decreases.
Results for the pseudocritical temperatures corresponding
to the location of these peaks are also given in Table III and
shown in Fig. 5. It is apparent that these pseudocritical
temperatures vary with H just like the other mixed
susceptibilities obtained from derivatives of the chiral order
parameter M, with respect to a energylike variable. This
confirms our expectation that the strange quark mass enters
the universal scaling relations just like other energylike
couplings.

Results for X" (T, H), obtained for several values of H,
are shown in Fig. 9 (bottom). From this we obtain the
curvature coefficient ¥ in the chiral limit as

R = im ™ (T, H). (67)

From a fit to the data for K™ (T .., H), using only the leading
correction arising from a regular term (reg) proportional to

12 T T T !
11 F Xems % % = )
1/40 6
10 F 1/80 i
7
9+ ¢ @ “@1‘ . )
7 ¥ . 1/160 &
8t ' X 3 i
4 @
7} V = ] |
. i
6 o= ¥ i
|8 o E
4+ N, =38 Y e |
0
N ]
T[MeV] @
2 ' : , 1
130 140 150 160 170 180
0.22 T T T T ' '
. 0.16
ICm' No—s Kms (Tm H) ‘
0.20 + T 0.14 F kms(T.,0) |
0.097(2)(reg) ¥
01z L 012 | 0.090(3)(reg+cts) 44
/ reg
o6 | 0.10 L rog tcts 14
H
0.08 ‘
H=1/27
0.4 | / 0 002 ho
1/40
012 F  1/80 )
1/160
0.10 | —_——— 1
T.=143.7(2) MV T[MeV|
0.08 : : ; : : :

130 135 140 145 150 155 160 165

FIG.9. Derivatives of light quark condensate with respect to the
strange quark mass (top) and the curvature coefficient in the
strange quark mass direction (bottom) obtained from Eq. (66).
The yellow band shows T, as given in Eq. (36). In the inset we
show fits using the universal scaling Ansatz and a regular term
(reg) only or including in addition also the leading correction-to-
scaling term (reg + cts).

H as well as the additional subleading correction arising
from a correction-to-scaling (cts) contribution,

ICmS(TC,H) — s +bH1+(1_ﬁ)/ﬁ6—|—CH1+(]_/j)/ﬁ6+wD" (68)
we obtain

reg only

s —

{ 0.097(2), )

0.090(3), reg+cts

where the errors include the uncertainty on 7. It is
interesting to note here that the cts term is parametrically
subleading relative to the regular term in contrast to the case
for pseudocritical temperatures in Eqs. (41) and (42) (see
Appendix B for more details). Establishing the importance
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of corrections-to-scaling terms would require a more
detailed analysis of the H-dependence of K™ (T,H) at
small values of H. From both extrapolations shown in the
inset of Fig. 9 we conclude that the variation of the chiral
phase transition temperature with the strange quark mass is
rather small. A variation of m,; by 10% would lead to a
change of T, by less than 1%.

VII. CONCLUSIONS

We have performed a systematic analysis of the light
quark mass dependence of pseudocritical temperatures in
(2 + 1)-flavor QCD with the strange quark mass tuned to
its physical value. Making use of scaling relations that
describe the dependence of the magnetic equation of state
on energylike scaling fields, i.e., temperature and chemical
potentials, close to the chiral limit, we determined the
leading order Taylor expansion coefficients (curvature
coefficients) defining the dependence of the chiral phase
transition temperature on the strangeness and baryon
number chemical potentials, T (ug, ps) = T.(1 — (K53 +
K% + 2685 i), for several values of the light to
strange quark mass ratio H = m,/mg, and extrapolated
these curvature coefficients to the chiral limit (H = 0). We
find that the curvature coefficient decreases on lines of
constant fig/fiz = s, with increasing s;. On a line corre-
sponding to strangeness neutral matter [s; = 0.216(3)] it is
about 10% smaller in than on a line with vanishing
strangeness chemical potential (s; = 0).

The curvature coefficients on lines with fixed s, obtained

on lattices with temporal extent N, = 8 at 7Y% turn out to
be consistent with the corresponding continuum extrapo-
lated results obtained with the physical light to strange
quark mass ratio, H = 1/27, at the pseudocritical temper-
ature T, = 156.5(1.5) MeV. In the latter case one has

T (fig) =T pe(1-15"""33) with 3 "5~ =0.012(4) [1],
0.0145(25) [27], 0.0153(18) [3], whereas in the chiral
limit we obtain the not yet continuum extrapolated
result k5= = 0.013(2).

Note added in proof. A paper addressing similar scenarios
in the framework of NJL model calculations appeared
shortly after our work appeared on the arXiv [49].

All data from our calculations, presented in the figures of
this paper, can be found in Ref. [48].
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APPENDIX A: FINITE VOLUME EFFECTS
IN THE VICINITY OF THE CHIRAL
PHASE TRANSITION

In our previous analysis of critical behavior in (2 + 1)-
flavor QCD [4] the region z;;, < 1 has been found to
correspond to a region where finite volume effects are
small. This can, for instance, be deduced from the z;-
dependence of the finite-volume scaling functions
f6(z.21). f(z.2,) in the 3-d, O(N) universality class.
In Ref. [45] a polynomial parametrization, valid in the
vicinity of T, i.e., for small z, has been given. For z =0
this has a particularly simple form,

8
f6(0,z,) =1+ ZaOmZ?7 (A1)

m=4

fOZL

BRI R

with coefficients a,,, given in Ref. [45]. The scaling
function f;(0,z;) is shown in Fig. 8 of Ref. [45]. This
figure shows that finite volume effects at the chiral phase
transition temperature, i.e., at z = 0, rapidly increase for
77 2 0.5-0.6 and are negligible for z; <0.4. As
21, = 20.1.21.p» the onset of finite volume effects as function
of z; 5, of course, depends on the nonuniversal parameter
20..- From finite-volume fits performed for the determi-
nation of the pseudocritical temperature, 7', in the vicinity
of T, this nonuniversal scale parameter has been found to
be close to 0.5.

We show in Fig. 10 a finite-volume fit to ks for
temperatures close to the chiral phase transition temper-
ature T, at a fixed H = 1/80. For this fit we use
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FIG. 10. Finite volume dependence of the chiral susceptibility
obtained from the subtracted chiral condensate as defined in
Eq. (16). The values z; ;, = 0.836, 1.17 and 1.46 correspond to
lattice sizes N, = 56, 40 and 32 respectively at fixed N, = 8.
Results for N, = 56 are obtained with our current, updated
statistics. The data points for N, = 32 and 40 can be found in the
Supplementary Material of Ref. [4].

pl/o-1

ho

fr(z ), (A3)

Xﬁ/l[sub —

which is the finite volume version of the scaling form of the
chiral susceptibility given in Eq. (30). For the scaling
function f,(z,z,) we use the parametrization given in
Ref [45]. In the fit, the chiral phase transition temperature on
lattices with temporal extent N, = 8§ has been fixed to the
value 7. = 143.7 MeV as obtained from the scaling analy-
sis of the chiral order parameter [see Eq. (36)]. For the

remaining fit parameters (z, /1, 1/ 2, 20,2 ) we find from the fit

20 = 1.45(4), (A4)
hy''? =39.6(2), (A5)
201 = 0.394(3), (A6)

with a y?/dof = 0.9. We note that the result for (z, h, 1/ %)

is in good agreement with the parameters obtained from
the scaling analysis of the chiral order parameter [see
Egs. (37), (38)]. From this we deduce that in (2 4 1)-flavor
QCD studies close to T, finite volume effects are small for
Zp.» =~ 1 in observables of interest in our current analysis.

APPENDIX B: CORRECTIONS-TO-SCALING
AND REGULAR CONTRIBUTIONS

The leading singular contribution to the free energy
density has been introduced in Eq. (22). Subdominant, still
divergent, universal corrections to this arise from from
another scaling field, usz, in the singular part of the free
energy density,

f5(2) = fi(z,u3) = hoh" V2 f (2, ush>),  (B1)

with v, = v/p6, with @ = 0.79, v = 0.6723.

This can be used as a starting point for a scaling analysis
that takes into account corrections to scaling. The mag-
netization then is given by

Mf = —h]/(s <(1 + 1/5)ff(Z, M3]’lwy")

1
- pe

T usaw o fO(, ughﬁ’”f)) .

Zf;l,O)(Z’ uahwyc)

(B2)

Here f;l’()) and f;()-]) denote the derivatives of f, with

respect to the first and second argument, respectively.

For small £, i.e., close to the chiral limit, one may expand
S in terms of u3. Keeping only the leading order correction
term one gets,

th_l/é :fG(Z) - u3hwyrfG,cts (Z) + O(thl/p)’ (B3)

where f;(z) has been introduced in Eq. (25) and

foas(@) = (1 +1/6+av)f PV (2.0) = &£V (2.0).

In addition to the correction-to-scaling (cts) term we also
consider a contribution from regular terms,

M,= '/ (fG(Z) - ”3hw”"fc.czs(z))

a
H(ata(T-TO+ I -T 04 ). (B4
From this one obtains for the mixed susceptibility )(?(4;),

M, -1/6 _
iy = —2ohg PHOVIP (f(2)
_ u3h5wy('Hwb" / (Z))

G,cts

+H(a,+ay(T—T,)+ ). (BS)

In the absence of contributions from regular and cts terms,
M, . .

Xur) has a maximum at a pseudocritical temperature 7', ,

given by the condition z = z,. Corrections to this result

will be small for small H. We therefore expand the right

hand side of Eq. (B5) around the maximum of fi;(z), i.e.

around z,,

. 1
2y = —zohg P HP-DIP ( folz) +316(z)(z =)

- u3h(;(MEH(WC (f/G,cts(Zf) + fg,cts (ZI)(Z - Zt)))

+H(a, +ay)(T-T,)). (B6)
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With this we determine the location of the maximum of
M
){ [(’]"") (T’ H ) 4

e (T, H) 2)-1/6
(7) Z =
= i =— OTOC HP=2IP(F(z,)(z — z,)

= ushy™ H £, 01s(21)) + Ha

= Ty, (H) =T, <1 + j—’HWﬁ + B,HI+ov)/ps
0

+ c,a2H1+<3—ﬂ>//’5> : (B7)
Similarly one finds for the pseudocritical temperature
T ¢ m> determined from the maximum of )(%b [33]

Z_mHl/ﬂé + BmH(l-‘rwu)/ﬂ&

TPc.m(H) = Tc<1 + 2

- CmalH”@—/f)//fé) (B8)
Note that regular contributions are suppressed relative to
the corrections-to-scaling terms in 7', , and T .

The curvature coefficients are obtained from ratios
of susceptibilities, e.g. like IC’; (T,H) given in Eq. (58).
These ratios will be evaluated at or close to 7. In the
presence of corrections-to-scaling the scaling function
f&(z), appearing in that equation, gets replaced by
fo(2) = ush® f; .,s(z). The cts term thus multiplies the
dominant divergent term and is proportional to the curva-
ture coefficient, e.g. :c§ .

At T, one obtains

th(ﬁ_])/ﬂé(f/c(()) - ﬁ3H(we.f’G,cts (0))/t0 + Haf
W 1,(0) = i H™ £, (0)) 10+ Hat,
(B9)

K(T,.H) =

—oU,

with @i = h," “us3. In the absence of a regular term the cts
contribution thus cancels and there is no H-dependent

correction to K‘g As a consequence the cts corrections
becomes subleading to the regular term, i.e.

K5 + apH DI (£ (0) = iisH™ £ 1 (0))
1+ ZZtI_IH—(l_ﬁ)/ﬁg/(f,G(O) - IZ3H(UD£ /G,cts (0))
_ Ké +AfH1+(1—ﬁ)/ﬁ5 +BfH1+(1_ﬁ)/ﬂ5+my‘.
(B10)

K(T. . H) =

APPENDIX C: STRANGENESS NEUTRALITY
IN THE CHIRAL LIMIT

We give here results for the quark mass dependence of
the leading order strangeness neutrality relation between
the strangeness and baryon number chemical potentials.

0.30 T
S1 (T, H)
0.28 - i
0.26 i
0.24 i
T. = 143.7(2) Me
0.22 i
P
4
20 0.22 B
0-20 Wp® sl(chH)
018 | f Z .
: @ 4 $1(T5,0) = 0.216(3
0.20 L ? 1(Te. 0) (3) i
0.16 & .
.
0.14 | o <
. |
T[Mev] 0184 0.02 0.04
012 | | | |
130 140 150 160 170 180
FIG. 11. Light quark mass dependence of the leading order

strangeness neutrality coefficient s;(7, H) versus temperature.
The inset shows s, (7., H) versus H. Here the band gives a chiral
extrapolation using the scaling Ansarz given in Eq. (C5). The
yellow band shows T'. as given in Eq. (36).

Expanding the net strangeness number density, ng, to
leading order in the chemical potentials (fig, i1y, fis) gives,
_ ,BSH oS~ Sp
ns = xiifis +xn fo + 0ok, (C1)
where y{7, with X = B,Q, and x5 are second order
conserved charge cumulants. Their definition and recent
continuum extrapolated results obtained in calculations
with the HISQ action are given in [34]. In the case of
vanishing electric charge chemical potential, f, =0,
which is considered throughout this work, one thus finds
from Eq. (C1) that strangeness and baryon number chemi-
cal potentials are related through,

fis = 5,(T. H)jip, (C2)
with
BS
X
s1(T H) = =1 (C3)
X2

Continuum extrapolated results for this ratio at physical
values of the light and strange quark masses, i.e., for
H = 1/27 have also been reported in [34]

Sl(T

1/27) = 0.236(5)(6). (C4)

pe
Here T, is obtained by averaging over continuum extrapo-
lated results for T,.,, and T,., [1]. For the analysis
presented in this work we are interested in the chiral limit
results at the chiral phase transition temperature on lattices
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with fixed N, = 8, i.e., we want to determine s,(7,0).
In Fig. 11 we show results for s;(7, H) obtained on latti-
ces with temporal extent N, = 8 as function of temper-
ature and quark mass ratio H. In the inset of Fig. 11 we
show s;(T.,H). A chiral extrapolation of these data,
using the scaling Ansatz appropriate for the scaling of
energylike observables in the 3d, O(N) universality
classes [30],

S (Tw H) =8 (Tw()) + CHIHﬂ_l)/ﬁé’ (CS)

yields

51(T..0) = 0.216(3), (C6)

where the error includes the statistical error and the
uncertainty arising from the error on 7.. In order to
provide further support for the use of a scaling Ansatz for
the chiral extrapolation, clearly more data at different
values of H are needed.
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