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Renormalization of asymmetric staple-shaped Wilson-line operators
in lattice and continuum perturbation theory
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In this work, we study the renormalization of nonlocal quark bilinear operators containing an
asymmetric staple-shaped Wilson line at the one-loop level in both lattice and continuum perturbation
theory. These operators enter the first-principle calculation of transverse momentum-dependent parton
distribution functions (TMDPDFs) in lattice QCD using the formulation of large momentum effective
theory. We provide appropriate RI'-type conditions that address the power and logarithmic divergences, as
well as the mixing among staple operators of different Dirac structures, using a number of different possible
projectors. A variant of RI, including calculations of rectangular Wilson loops, which cancel the pinch-pole
singularities of the staple operators at infinite length and reduce residual power divergences, is also
employed. We calculate at one-loop order the conversion matrix, which relates the quasi-TMDPDFs in the

RI'-type schemes to the reference scheme MS for arbitrary values of the renormalization momentum scale

and of the dimensions of the staple.

DOI: 10.1103/PhysRevD.109.114501

I. INTRODUCTION

One of the directions of research in lattice QCD, which has
shown rapid progress in the last decade, is the first-principle
study of a family of nonperturbative distribution functions
(DFs) that describe the internal structure of hadrons: parton
distribution functions (PDFs), generalized parton distribu-
tion functions (GPDs), and transverse momentum-depen-
dent parton distribution functions (TMDPDFs). All three
types of DFs are crucial for a comprehensive understanding
of the three-dimensional hadron picture. Calculating DFs
from first principles has long been a challenge in Hadron
Physics due to their nonperturbative and light-cone nature.
The latter does not allow for a direct nonperturbative
computation of DFs on a Euclidean lattice. In the last
decade, a groundbreaking approach by X. Ji [1] has over-
come this issue. The approach connects Euclidean equal-
time correlation functions (referred to as quasi-DFs), which
are accessible by lattice simulations, to the physical light-
cone DFs using the framework of large momentum effective
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theory (LaMET) [2]. This breakthrough has paved the way
for extracting, for the first time, DFs from lattice simulations.

Several groups have successfully employed this
approach in the calculation of various quark and gluon
DFs on the lattice: quark PDFs and GPDs in Refs. [3-50],
quark TMDPDFs and soft-function in Refs. [51-68], gluon
PDFs in Refs. [69—78], and hadronic light-cone distribution
amplitudes (DA) in Refs. [7,79-82]. An overview of recent
progress in the research of DFs on the lattice can be found
in Refs. [83-87]. The goal of these studies is to comple-
ment the planned experimental programs for investigating
the 3D tomography of the nucleon in major experimental
facilities, such as the electron ion colliders of the U.S.
[88,89] and China [90]. Theoretical studies can signifi-
cantly complement the experimental investigations, espe-
cially when there are limitations either in the experimental
programs or in the phenomenological models used for the
analysis of the experimental data.

The computation of DFs using Ji’s approach (also called
the “quasi-PDFs” approach) involves a three-step process.
Firstly, nonperturbative calculations are performed to
determine hadron matrix elements of gauge-invariant quark
or gluon nonlocal operators. These operators contain path-
ordered Wilson lines with specific shapes, such as straight
lines for PDFs and staple-shaped lines for TMDPDFs.
Secondly, the nonlocal operators are renormalized to
establish a connection with physically measurable quan-
tities. This task is challenging compared to the case of local
operators, as explained below. Lastly, the renormalized
lattice DFs are perturbatively matched to the corresponding

Published by the American Physical Society
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physical light-cone DFs using LaMET. One-loop matching
formulas have been extracted in the literature for several
quasi-DFs [91,92]; in some cases a two-loop formula is
also available [93,94].

In this study, we focus on the implementation of the second
step in the quasi-PDFs approach regarding the renormaliza-
tion of nonlocal operators using one-loop perturbation theory
in both continuum and lattice regularizations. While a
nonperturbative calculation of the renormalization functions
in numerical simulations of lattice QCD is desirable, per-
turbation theory can give important feedback for the develop-
ment of an appropriate nonperturbative renormalization
prescription, which addresses all kinds of divergences, as
well as possible mixing with operators of equal or lower
dimension allowed by global symmetries. Most importantly,
perturbation theory gives us the matching functions (at a
given order) between nonperturbative renormalization
schemes and continuum perturbative schemes—primarily
MS—employed in phenomenology.

Studies of nonlocal operators with Wilson lines in
continuum perturbation theory go back decades, including
seminal work [95—104] for the renormalization of open and
closed (loops) Wilson lines, with and without singular
points (cusps, self-intersections), and having quark or
gluon fields at the end points. Lattice studies of nonlocal
operators have emerged only in the last decade after the
development of the quasi-PDFs approach. The first per-
turbative lattice calculation of Wilson-line operators was
made by our group in Ref. [105], to one loop for massless
quarks, using the Wilson/clover fermion action and a
variety of Symanzik-improved gluon actions. A straight
Wilson line with quark fields at the end points was
employed in order to investigate the renormalization of
quark quasi-PDFs. This study showed that the lattice
formulation introduces several new complications, such
as mixing among operators of equal dimension and differ-
ent twists, and power-law divergences (even in the absence
of mixing with lower-dimensional operators, in contrast to
the case of local operators). A number of extensions of this
study have been followed by our group regarding the
presence of finite quark mass [106] and the calculation of
one-loop artifacts to all orders in the lattice spacing a [107].
In a different extension of our study, we have considered
nonlocal operators with a symmetric staple-shaped Wilson
line [108] in order to investigate the renormalization of
quark quasi-TMDPDFs. In our current work, we extend
further the latter calculation by employing the more general
case of an asymmetric staple-shaped Wilson line, where all
three segments of the staple can have different lengths.
Studies by other groups along these lines have appeared in
Refs. [109-112].

Staple-shaped nonlocal operators have a wide range of
applicability. They enter the analysis of semi-inclusive
deep inelastic scattering (SIDIS) processes, as well as
the Drell-Yan (DY) processes, in a kinematic region where

the photon virtuality is large and the measured transverse
momentum of the produced hadron is of the order of
Aqgcp [113]. In these analyses, the segments of the staple
that are parallel to the direction in which the hadron is
boosted have an infinite length. Thus, while our study
focuses on finite lengths of the staple segments, an
extrapolation to infinite limit must be taken in the renor-
malized matrix elements of these operators. The presence
or not of an asymmetry in the shape of the staple operators
affects their renormalization. Besides the presence of an
additional scale in the renormalization conditions, the
mixing pattern is different between symmetric and asym-
metric staple operators (see Sec. IIB). However, this
difference is not visible in one-loop lattice perturbation
theory, as concluded by the present calculation.

As stated before, there are a number of challenges to
address in order to renormalize the nonlocal Wilson-line
operators of arbitrary shape:

(1) Power divergences arise for cutoff regularized the-
ories, such as lattice QCD [98]. The divergences
depend on the total length (L) of the Wilson line and
can be absorbed in an exponential factor of the form
e~omL where m is a dimensionful regularization-
dependent quantity whose magnitude diverges lin-
early with the regulator.

Logarithmic divergences arise not only from contact
terms but also from the singular points of the Wilson
line. In the case of a straight line, singular points are
just the end points. For operators of different shapes,
there can also be cusp divergences [100], which
depend on the angle and number of cusps present. In
the case of the staple line, there are two cusps of
angle 7/2. These divergences can be addressed by
using typical renormalization schemes, such as RI'
or ratio schemes.

Finite operator mixing arises between Wilson-line
operators Or with different (products of) Dirac
matrices " depending on the regularization. In the
case of straight-line operators, the one-loop compu-
tation [105] shows mixing in pairs between nonlocal
fermion bilinears of the form (Or, O{r%l }/2), Where

2

3

Dy is the direction of the straight line, for chirality-
breaking actions. Symmetry arguments (reflections,
charge conjugation) [114] confirm that the one-loop
mixing pattern is also valid nonperturbatively. In the
case of (symmetric and asymmetric) staple operators,
the one-loop computation [108] shows mixing in pairs
with a different pattern: (O, O[F%z] /2), Where D is

the direction of the sides of the staple line. However,
symmetry arguments [68] show a wider mixing
pattern: Quadruplets of operators emerge in the
asymmetric case and triplets in the symmetric case
when nonchiral fermions are employed.

In the case of (symmetric and asymmetric) staple
operators, a pinch-pole singularity [57] arises when

“
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one takes the infinite limit of lateral sizes of the staple
(this limit is included in the definition of TMDPDFs).
This singularity—a linear divergence—comes from
the gluon exchange between the two parallel (“longi-
tudinal”) segments of the staple.

(5) The renormalization functions are (in general) com-

plex in nonminimal subtraction schemes.'

Nonperturbative renormalization prescriptions
[8,58,65,68,115,116] have already been employed in lattice
simulations for both straight-line and staple operators using
RI'-type schemes. There are also studies of alternative
prescriptions, such as the ratio (or short-distance ratio)
scheme [66], Wilson-line-mass-subtraction scheme
[109,117], RI-xMOM scheme (using the auxiliary-field
approach [103,109,118-120]), and a hybrid renormaliza-
tion scheme [121].

While a standard RT-type scheme (extended in the
presence of mixing) can treat the various types of diver-
gences and mixing of the nonlocal operators at one loop,
recent nonperturbative examinations [66,122] at different
lattice spacings have provided compelling evidence indi-
cating the existence of residual linear divergences in both
straight-line and staple operators. In this regard, an alter-
native version of RI’, as suggested in Refs. [65,123], which
includes the computation of vacuum expectation value
for rectangular Wilson loops, is also employed in our
current work. This prescription (described in Sec. II D) is
expected to suppress the residual power divergences
from the Green’s functions of the staple operators (see
Sec. IV).

The paper is organized as follows: In Sec. II, we provide
the setup of our calculation, including the definition of
the operators under study and the renormalization con-
ditions that we employ throughout, corresponding to four
different variants of the RI' scheme. Sections III and IV
present our main results in dimensional and lattice
regularization, respectively. This includes both the renorm-
alization functions and conversion matrices between the
RI'-type and MS schemes. In Sec. V, we summarize and
give some future plans. We have also included three
appendices. In Appendix A, we provide a list of formu-
las for the calculation, in dimensional regularization,
of one-loop Feynman integrals appropriate to nonlocal
operators. Appendix B contains the definitions of
Feynman-parameter integrals appearing in our results. In
Appendix C, we collect one-loop results for the renorm-
alization of the quark field in both dimensional and lattice
regularizations.

'"The presence of an imaginary part in the renormalization
functions depends on the exact definition of the renormalization
scheme. For example, one can define purely real renormaliza-
tion conditions by using only the real part of “projected” Green’s
functions; in this way, both the real and the imaginary part of the
renormalized Green’s functions will be rendered finite.

A &

YA

(0,0)

FIG. 1. The shape of the asymmetric staple line, as defined in
the operator Or(x, z,y,y"). Here, the staple is placed at x = 0.

II. CALCULATION SETUP

A. Definition of asymmetric staple-shaped
Wilson-line operators

First, we define the operators under study along with our
conventions.” The asymmetric staple-shaped Wilson-line
fermion bilinear operators are defined in Euclidean space as
follows:

Or(x,2,3,Y) =w(x)IW(x,z,y.Y')

xw(x+z0 + (y=y)k),  (2.1)

where W(x, z,y,y') denotes the staple-shaped Wilson line
as given schematically in Fig. 1 and defined as

Wix,z,y,y) =U(x, yDr U (x + yDo, zD1)

XU (x+ 20y + (y = ¥)Do, V'Da),  (2.2)

U(r,fi) = Pexp [ig/fd?Aﬂ(r—i—?ﬁ)} (2.3)
0

U(r,Zp) denotes the straight-line path-ordered (P) expo-

nential (Wilson line), expressed in terms of the gluon field

A,, which connects the points r and r+ Zji. A lattice

discretization of U(r, Zji) in terms of gluon links U, (x) that

connect points x and x + aji is given below:

=
U(r,tp) = H Uy, (r+7Zap),
=0

(2.4)

where U_,(x) = Uj(x—ajt) and upper (lower) signs
correspond to £ > 0 (£ < 0). Other discretizations involve
smeared gluon links, e.g., stout, HYP, Wilson flow. We plan
to investigate the impact of stout smearing at the one-loop
level in future work. There is a total of 16 different

2A number of different conventions can be found in the
literature. For example, one can match our convention to
Ref. [68] through y —» [, z = b, and (y — ') = —z.
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operators that can be extracted from Eq. (2.1) depending on
the choice of the Dirac matrix I" inserted between the
fermion and antifermion fields: I' =1 (scalar §), ys =
Y1727374 (pseudoscalar P), y, (vector V), ysy, (axial vector
A)), 6, = 1y, 7,]/2 (tensor T,,). Of particular interest is
the study of vector, axial-vector, and tensor operators,
which correspond to the unpolarized, helicity, and trans-
versity types of TMDPDFs, respectively.

Since we are working in one-loop perturbation theory
with massless fermions, the flavor content of the fermion
fields w and v is irrelevant for our calculations up to this
order. Thus, our one-loop results are valid for both flavor
singlet and nonsinglet operators, given that there is no
additional mixing with gluon nonlocal operators [70,119].

B. Symmetry properties of staple-shaped operators

We examine below the properties of staple operators
under symmetry transformations. Similar investigations
can be found in [65,68]. Operators with the same behavior
under all symmetries can mix among themselves. In this
way, one can identify the mixing pattern of the staple
operators based on nonperturbative arguments. Since the
staple operators depend on two special directions (Z; and
D) in which the staple is defined, we consider appropriate
versions of the symmetry transformations of the QCD
action (in Euclidean space) with respect to the special
directions.

(1) Translational symmetry: The operators are covariant
under translations in Euclidean space. Similarly to
the case of local operators O(x) that cannot mix with
translated versions of themselves (O(y)), mixing
among nonlocal operators involving different paths
and shapes for the Wilson line joining the fermion-
antifermion pair cannot occur [98,100,103].

(2) Two-dimensional (2D) rotational (or square, on the
lattice) symmetry: The operators are covariant under
rotations over the two-dimensional (2D) plane trans-
verse to the plane in which the staple is defined. The
16 staple operators are classified into two represen-
tations of the 2D rotational group: (1) scalar:
{s.p.v,.V,.A,.A,.T,,,.T,,} (2) vector:
{(Vv3 ’ Vb4)’ (Av3»A1/4)’ (Tlgul ’ Tl/4l/1 )’ (nguz’ Tu4v2)}v
where (vy,v,,v3,14) correspond to  different
orthogonal directions in the 4D Euclidean space.
The first representation is one-dimensional, while
the second is two-dimensional reducible [e.g.,
(V,,»V,,) splits into two different one-dimensional
representations: V, + iV, and V, —iV, ]. Oper-
ator mixing can only occur among operators that
support the same irreducible representation. The fact
that an operator such as V, + iV, can mix with
Ay, +iA,, but not with A, —iA, implies certain
relations among the corresponding renormalization
and mixing coefficients. Thus, in contrast to the local

114501-4
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operators, which are covariant under 4D rotations,
the residual rotational symmetry cannot completely
prevent mixing between scalar, pseudoscalar, vector,
axial-vector, and tensor operators. Also, operators
that support the same representation of the 4D
rotational group but different representations of
the 2D rotational group, e.g., V, (or V,) and
V y4(1,.,)> Will not share the same renormalization
factor (in contrast to the case of local operators); at
least, the 2D rotational symmetry prevents the
mixing among these operators.

Parity (P): In Euclidean space, temporal and spatial
directions are not distinguished. Thus, parity can be
generalized in any direction. The generalized parity
transformations P, for the fermion and gluon
fields with respect to the direction u are defined
below [124]. Here, X is the three-vector, which is
perpendicular to the y direction.

- 7)/‘ -
w(X,x,) — 1 (=%, x,), (2.5)
> Pu _ o
‘//(x’ xﬂ) _”//(_x7xu)7w (26)
- Pl‘ -
A, (X, x,) — A (=X, x,),
- Pﬂ -
U,(X.x,) — U,(=X,x,), (2.7)
- PI‘ -
Ay (¥, x,) — = A (=X, x,),
Py E NN
Uypu(X.x,) — Uy(=X = 0, x,). (2.8)

The transformation of the staple-shaped operators
under generalized parity is

P
Or(x,2,5,") = Oy ry, (x, (= 1)z, (= 1)ty
(=1)%2"1y). (2.9)

In the above relation, it is understood that, after the
parity transformation P, there follows a translation
T,z by an amount 2X; such a translation is clearly
allowed by translational invariance, and it also does
not affect the “relative coordinates” y,y’, z. Thus,
P

o P ST o

X—> —X —> +X,

(2.10)

and X remains unchanged. Due to parity, mixing
between operator Or with operators O, Or?’ﬁhl’
(’)r},mz, (’)r},m]“2 is prevented, as shown below (see
Table I).

Time reversal (T): As in the case of parity, time
reversal in Euclidean space is generalized in any
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TABLE I. Symmetry transformations of (7)1»(1“ ) [defined in Egs. (2.26)—(2.33)] under C, P, 7. The operators are odd or even under

these transformations: (7)1»(1“) - i@,» (T'). The relative sign for each transformation and for each operator is given in the table. The sign is
affected by the commutation and anti-commutation relations of I with y,, and ys, as well as the Hermiticity or anti-Hermiticity of I":

d,(I) = £1 when I'y, = £y,I', ds5(T') = £1 when I'ys = £ysI, and dy () = £1 when I'" = £I". Operators Os5 — Oy (given in
square brackets) share the same signs as operators O; — O, respectively, for all symmetry transformations, except under C (see last
row), where the signs are opposite: plus (minus) signs correspond to operators O, — O, (Os — Oy).

O, (IN[0s(I')] O,(IN)[O(I')] O5(I)[0;(I)] O,4(1)[0s(I)]
Pul +dl/| (F) _dl/l (F) +dl/| (F) _dul (F)
Puz +d,,2 (F) +duz (r) _dvz (F) _duz (r)
P., +d,,(I') —d,,(I') —d,, () +d,,(I')
Pu4 +dv4 (F) _dU4 (r) _dw, (F) +du4 (F)
7, +d,, (I)ds (') +d,, (N ds(I) —d,, (I)ds(I") —d,, (I)ds(I)
7, +d,,(I)ds(T') —d,,(I')ds(I") +d,,(I)ds(I') —d,,(I)ds(I")
7, +d,,(I)ds(I') +d,,(Ids(I") +d,,(I)ds(I') +d,,(Ids(I")
7, +d,,()ds(T') +d,, (I)ds(I") +d,,(I)ds(T') +d,,(1)ds(I")
C  (+D(=Ddn.N)ds([D)dy(T) (+D)[(=D]dn. (N)ds(T)dy(T) (+D[(=1D)]dpc.(T)ds(D)dy(T)  (+1)[(=1)]dn.c.(N)ds () da(I)

direction. The generalized time-reversal transforma- C =T
C 2.16
tions 7, for the fermion and gluon fields with vl — v (), ( )
respect to the direction y are defined below. We B c ,
use the same notation as in parity. ¥ (x) — -y (x)C, (2.17)
¢ CorrteenT
W% 3) —5 s (E, -, (2.11) Al = =A@, U, = (Uu) - (2.18)

where C is the charge conjugation matrix satisfying
w(X,x,) i,y—,(}’ —X,)75 s (2.12) C;/MC‘1 = —y/. The transformation of the staple-
shaped operators under charge conjugation is
- T, -
A, (X, x,) — = A, (X, —x,),

¢t
, Or(x,z,y.y) — (’)MCFC,,W4 (x,z,y,y), (2.19)

- u + o ~
Up(Fo%) — Un(% =%, = 1) (2.13) where 7,4 is the Dirac matrix in the temporal direction.
. Charge conjugation does not provide any additional
Ay (3. x,) 4 A (X - X)), information on the mixing of asymmetric §taple
; operators compared to the previously m§nt10ned
U,z 3, X,) - U, (X, — X,). (2.14) symmetries. However, in the case of symmetric staple

operators (¥ = y), charge conjugation forbids the

The transformation of the staple-shaped operators mixing between operator Or with operators O, ~or

under generalized time reversal is (a translation TZx;, Orm or Ol"yvl Yop? when [T, F}’yl] =0or|l, th] =0
has also been applied): or [T, F}’ylhz] = 0, respectively, as shown below (see
Table I).
Or(x,z,v,Y) (6) Chiral transformations: Under chiral transforma-
- tions of fermion fields,
N 075}’,41"}/,475 (x, (—1)5/”4 Z, (—1)’%2)}, (—l)ﬁmzy’). o
(2.15) w(x) — ey (x), (2.20)
a .
Time reversal does not provide any additional ¥ (x) — p(x)ers, (2.21)
information to the mixing compared to the residual ) )
rotational symmetry and generalized parity. the staple-shaped opergtprs are invariant only for
(5) Charge conjugation (C): The transformations of I'= 74,757, Thus, mixing between operator O
fermion and gluon fields under charge conjugation with operators OF}/LI ) Orn2 is eliminated in chirality-
are given below: preserving actions.

114501-5
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Since C, P, and 7 transformations can flip the direction
of one or more staple segments or can give a Hermitian
conjugate operator, it is useful to consider the following
basis of eight operators for each I':

Of" = Or(x.2..Y), (2.22)
Or" = Or(x,=z.3.Y), (2.23)
Of~ =Op(x.z.-y.—Y'), (2.24)
Or~ = Or(x, =z, =y, =), (2.25)

and their Hermitian conjugates. The action of the three
discrete symmetries is manifest by taking linear combina-
tions of the eight operators [68], which are odd/even under
C,P,T:

O,(0) =[0f" + O + OF~ + O + (O )T

+ (O + (OF7)" + (0r7)7]/8. (2.26)

Oy(1) = [OfF = O = Of” + O + (OF)" = (O 1)’
= (OF7)" +(0r)7/8, (2.27)

Oy(I) = [OF " = OF* +0f~ = O + (07 )" = (OF )
+ (Of7)" = (07)7]/8, (2.28)

O4(1) = [OF" +OFF - OF = O + (O )" + (OF1)'
~ (OF) = (0F)11/8. (2.29)

Os(T) = [Of + OFt + Of~ + O~ = (01T = (OFF)'
—(Of)" = (Or)']/8, (2.30)

05(I) = [0F ~OF* ~ OF + 05 = (OF) +(OF")!
O = (0P8, 231)

O;(0) = [OFF = O + OF™ = O = (OF)" + (O5F)*
— (O )+ (Or7)')/8, (2.32)

O =[O + 05"~ OF =07 = (O} = (O’
+H(OF) + (O )8 2.33)

In Table I, we provide the action of the symmetry trans-
formations C, P, 7 on the operators O;(I"). We find that
quadruplets of the form {O;(I), @j(l“y,,lyw), @k(ryyl),
@I(Fybz)} have the same symmetry properties, where i,
J, k, [ are all different, and their values depend on which
Dirac matrix I" is employed. Switching back to the
original basis, we conclude that when the fermion action
breaks chiral symmetry (e.g., Wilson/clover fermions,

twisted-mass fermions), asymmetric staple operators will
mix in groups of 4, as follows™:

(Or, Ol"nlnz , Ol"nl , Ol"nz)- (2.34)
When chiral fermions (e.g., massless overlap/domain-wall/
continuum fermions) are employed, the mixing pattern is
minimized to (Or., Oy, ,, ).

In the specific case of symmetric staple operators
(y/ =), the basis of independent operators is reduced:
By employing appropriate translations, (Of%)" = Op*,
(O7) =Of". (OF)' = OF, (OF)' =0f". and
thus, the independent operators are only four for each I'.
Therefore, the mixing pattern takes the form (O,
O[F-h.nzl /25 O[F-n,] /25 O[F,nz] /2) for nonchiral fermions
and (Or, O[F%lm] /2) for chiral fermions. Depending on

the Dirac matrix I', one or three out of the three commu-
tators [I',y, ], [I,7,,], [[.7,,7,,] appearing in the mixing
pattern of the symmmetric staple operators with nonchiral
fermions will be zero, thus leading to a mixing triplet or
singlet (multiplicatively renormalizable operator), respec-
tively. In particular, one commutator vanishes when
I'=ys, v, (u can be any direction), ysy,,, ¥sYu, Ouu,»
6y (WM FV1,1), 6, (UFV,1,), and three commutators
vanish when I'=1, ysy, (for u#v,v,), o, (for
W, p # vy, 1,). Similarly, when [I,y, 7,,] # 0, the mixing
pattern of the symmetric staple operators with chiral
fermions gives a mixing pair; otherwise it leads to a
multiplicatively renormalizable operator. The sets of mix-
ing operators in the case of symmetric staple are given
explicitly below:
(a) For nonchiral fermions, the mixing sets are triplets:
(O-ylvzv Yu s 71/2)’ (75’ V5Vu,» 7571/2)’ (714 s Ousuys 61/31/2)’
(yv4 ’ 01/4v1 s 61/402)’ and SingletS: 1 ’ }/Syl/g ’ }/5}/1/4 ) 6v41/3 )
(b) For chiral fermions, the mixing sets are doublets:
(71,1 ’ yyz)’ (7/57/1/1 ’ 7571/2)7 (6031/, ’ O'z/3v2)’ (6,/41,1 ’ 0'1/4112)’
and SingletS: 1 » 755 yl/3 s ym s 7/57/1/3 s YSVL% ’ Guluz s 61/41/3 s
where (v,v,,v3,14) correspond to different orthogonal
directions in the 4D Euclidean space. In contrast to the
symmetric case, symmetry arguments alone are not suffi-
cient to establish multiplicative renormalization for any
asymmetric operator.

We note that all-order perturbative studies in the con-
tinuum show that a multiplicative renormalization can
address all the divergences of the nonlocal Wilson-line
operators [98,100,103]. Thus, the mixing that is allowed by

’In principle, the symmetry properties of (7),-(1“) reduce the
possible mixing among the 8 x 16 operators in the original basis
to multiplets of 8 x 4 operators with Gamma structures given by
(Or, Ornlnz , Orn] . Ory, ). The mixing sets are further reduced
to multiplets of four operators by excluding mixing among staple

operators, which involve different paths but the same shape of the
Wilson line [98,100,103].
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d1 d2

One-loop Feynman diagrams contributing to the Green’s functions of the asymmetric staple-shaped operator with external

FIG. 2.

D

fermions. The straight (wavy) lines represent fermions (gluons). The operator insertion is denoted by a filled rectangle.

symmetries is absent in minimal subtraction schemes.
However, it can occur as finite mixing in nonminimal
schemes. On the lattice, the mixing is present when
employing MS or any nonperturbative intermediate
scheme; while MS is a minimal continuum scheme, on
the lattice, additional finite regularization-dependent terms
contribute to the renormalization functions in order to be
able to match the continuum MS-renormalized Green’s
functions.

In our work, we focus on the wider mixing pattern
arising in the case of asymmetric staple operators when a
chirality-breaking fermion action is employed. Our goal is
to construct a common prescription for renormalizing the
staple operators in any regularization (regularization inde-
pendent). To this end, we consider the following quadru-
plets 0{ the 16 independent bilinear operators Or (with
res i) .

Si1={1000, 70,70, } (2.35)
Sy ={V5: 00 V570, V570, b (2.36)
S3 = {V00 ¥5V045 Ouss Oy (2.37)
Sa ={V0,: 157035 Ouy s Ougsn }- (2.38)

In the present study, we do not consider possible mixing
(on the lattice) with higher dimensional operators multiplied
by the appropriate power of the lattice spacing. In the case of
local operators, such mixing is present only for finite values
of the lattice spacing, and it vanishes when taking the
continuum limit. However, in the case of nonlocal operators,
where power divergences a ", n€ Z* are present, O(a)
effects in the bare Green’s functions can contribute to the
renormalized Green’s functions at two loops.5 Alternatively,
one can suppress these unwanted effects in two ways: (1) by
removing power divergences from the Green’s function
through an appropriate ratio with another Green’s function
that has the same power divergences, e.g., a closed Wilson
loop, (2) by subtracting artifacts from the bare Green’s
functions calculated in lattice perturbation theory. Our group

“There is freedom in choosing the signs in front of each
operator, leading to different conventions.
’O(a g*) terms from the bare Green’s function multiplied by

O(1/ag?) terms from the renormalization function lead to
O(a® g*) contributions to the renormalized Green’s function.

has successfully applied this method to the renormalization
of local quark bilinear operators [125-127], and more
recently to the renormalization of nonlocal straight
Wilson-line operators for quasi-PDFs [107]. We plan to
study one-loop discretization effects for the staple operators
to all orders in the lattice spacing in future work.

C. Green’s functions of staple-shaped operators
with external fermions

As is standard practice, one-particle-irreducible (1-PI)
two-point amputated Green’s functions of the operators
under study with external elementary fields, e.g., fermion
fields, can be used for the extraction of renormalization
functions®:

Ar(@.2.3.9) = > W (@)Or (.2, 3)[(9))amp-  (2-39)

X

A summation over the position of the staple-shaped
operator is taken, which is allowed by translational sym-
metry, in order to simplify the calculations. Such Green’s
functions using local operators are easily calculated in
continuum perturbation theory to very high order. However,
due to the nonlocal nature of the staple-shaped operators,
additional scales (staple lengths) appear in Green’s func-
tions, which make the computation more complex even at
the one-loop level. The corresponding calculation on the
lattice is even more demanding since the procedure for
isolating divergences from the Feynman integrals, as well
as the procedure for taking the continuum limit a — 0
(where a is the lattice spacing) are more complicated (see,
e.g., Refs. [105,108]).

There are four one-loop Feynman diagrams contributing
to Ar(q,z,y,Y'), shown in Fig. 2. These diagrams will
appear in both continuum and lattice regularizations since
all vertices are present in both regularizations. To this
perturbative order, zero (d;), one (d, — d;) or two (dy)
gluons stem from the staple-shaped Wilson line. Due to the
shape of the staple, the diagrams are further divided into
thirteen subdiagrams, shown in Fig. 3, depending on the
side of the staple from which gluons emanate.

%The removal of the standard momentum-space delta functions
that appear in Green’s functions such as Eq. (2.39) and Eq. (2.47)
is understood.
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One-loop subdiagrams contributing to the Green’s functions of the asymmetric staple-shaped operator with external fermions.

The straight (wavy) lines represent fermions (gluons). The operator insertion is denoted by an asymmetric staple-shaped line.

The transformation properties of Ar(g, z,y,y’) under C, P, T are given below (g is the momentum three-vector, which is
perpendicular to the y direction appearing in each transformation):

P -
Ar(q:2.3: ) == 1y, (=G5 ), (1)1 2, (= 1)y, (1)t )y,
/ T" - d, d, o, /
AF((’I’ ),y ) - 7#75/\;/5}/#1‘7,‘}/5((‘]’ _Qﬂ)’ (_1) "z, (_1) "y, (_1) ny )75}/;4’

C —
Al"(q’ Z, y, y/) — CTJ/4A;4(CFC—1)*“ (_q’ 2, y’ yl>}/4(c I)T'

By combining P,, 7, and C, Ar(g,z,y,y’) transforms to

P, T, C

/ T T
Ar(q:2.3.Y) — 1sCrah

D. Renormalization conditions

We formulate below different versions of appropriate
regularization-independent (RI') prescriptions that address
all possible divergences and mixing of the staple-shaped
operators. In contrast to our previous study regarding the
renormalization of symmetric staple operators, we con-
struct renormalization matrices that address the mixing as
observed by studying symmetries and not by studying one-
loop lattice perturbation theory; thus, the renormalization
matrices will be 4 x 4. Several of the nondiagonal elements
of these matrices will vanish at one loop. In this way, the
renormalization prescription will be more appropriate for
nonperturbative calculations addressing possible mixing

(CTC)ra7s (g, —2.=y. =Y )ra(C")Tys.

(2.40)

(2.41)

(2.42)

(2.43)

l
that can be seen in higher loops. We first give our
conventions regarding the renormalization of the operators
under study, as well as of the relevant elementary fields and
parameters that enter our perturbative calculations:

Of (x.2.3.Y) = Zi7 O (x, 2.3, Y'),
yR(x) = (Zy™)' Py (),
gt = WPz X, (2.44)

where y* (yR) is the bare (renormalized) fermion field, and
g% (g¥) is the bare (renormalized) coupling constant. X
denotes dimensional (DR) or lattice (LR) regularization,
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R denotes renormalization schemes of RI' or MS, u is
related to the MS renormalization scale i [ji=
u(4r/ere)'/2, yp is Euler’s constant], and d is the number
of Euclidean spacetime dimensions (in DR: d = 4 — 2¢, in
LR: d = 4).7 A sum over I"" matrices, which belong to the
mixing set of ' [cf. Egs. (2.35)—(2.38)], is implicit in
Eq. (2.44).8 Given the above conventions, the renormalized
Green’s function AR(q,z,y,y') under study is defined
through

AR(q.z.9.Y) = (Zy*) ' 28NS (g.2.9.Y').  (2.45)

1. RY conditions

We first employ the typical RI' scheme as defined for the
renormalization of local fermion bilinear operators [128] by
extending the renormalization conditions consistently with
the mixing and the definition in Eq. (2.45):

P[rl] = e AT,

e—iq~r (‘“ _ drd.
ar

Jr

,Pl[g] _ e_iq.r(-]] _ (dT_dv3)(%L+%b3)

43—4z,

e_l'q.r (.]] _ (dT_dm)(%L‘i’%m)

G4,

where T=z0 4+ (y=y)b, 4§ =4q, 0 +4q,,0, and
4r =4 —qr = q,,03 + q,,04. Use of these two choices
of projectors amounts to the implementation of two differ-
ent RI' prescriptions, which we will denote as RI|, R, from
now on. Compared to the first choice of projectors, the
second one can further remove finite contributions of some
Dirac structures, allowed by Lorentz symmetry, from the
elements of the renormalization matrices. Similar projec-
tors have also been studied in the renormalization of local
operators, leading to reduced contributions from hadronic
contamination in the nonperturbative data, especially for
small values of the renormalization scale g.

The RI' scheme can address the power9 and logarithmic
divergences, as well as the mixing between different Dirac
structures, in the same way as MS does. However, in
contrast to the MS scheme, RI’ can also treat the pinch-pole
singularity when y — oo. This means that this infinite limit
can be taken only in the RI'-renormalized Green’s functions
and not in the MS-renormalized Green’s functions of the

7Superscripts X and R are omitted when they are clear from the
context.

8From now on, sums over repeated I" matrices are understood.

Some power divergences may remain beyond one loop [66].

)FT’ I'e {}/lq ’ YSJ/L{; ’ 61/31/1 ’ 61/31/2} ,

1 ’ _ ’
N (Z§" ) ZR T AR (g, 2.y, Y ) Pro]
¢ 4=q
- 5[‘[‘//, F, F” (S Si, (246)
where
22— Ll ety 4|
v N, w* (@)w* (q)) 2. (2.47)

(wX(q)y*(q)) is the fermion propagator, g is the
RI' renormalization four-vector scale, and N, is the
number of colors. Note that the traces appearing in
Eqgs. (2.46)—(2.47) regard both Dirac and color indices.
Also, Eq. (2.46) corresponds to 16 x 4 = 64 conditions,
which determine all the elements of the 4 x 4 renormaliza-
tion matrices for the 4 mixing sets S;.

We use two different choices of projectors in Eq. (2.46):

(2.48)

res,.s;

(2.49)

)FT’ e {}/v4 ) 7/5},1/4 »Opu» 01/41/2}

|
staple operators. This is true because both schemes are
defined for finite values of y, where pinch-pole singularities
are not present. Then, terms that diverge with y (in the
y — oo limit) do not contribute to the MS renormalization
function, but they do so in RI'. Thus, when multiplying the
bare Green’s functions with their renormalization func-
tions, only in RI’ these terms are eliminated. However,
since RI' is just an intermediate scheme entering the
procedure of renormalizing the operators in the reference
scheme MS, nonperturbatively, we cannot benefit from this
additional feature of RI’; after conversion to the MS
scheme, the pinch-pole singularity comes back. Thus,
the standard MS prescription is not appropriate for renorm-
alizing staple operators in the infinite limit y — oo.

2. Alternative prescriptions

Alternative prescriptions that are also applicable in the
limit y — oo are described below. The main feature in these
prescriptions stems from the fact that the same pinch-pole
singularity arises in a closed Wilson loop. Also, this object
shows power and cusp divergences as the staple-shaped
operators. As proposed in Ref. [65], we can redefine the
standard staple-shaped operator O by dividing it with the
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square root of the vacuum expectation value of a rectan-
gular z x (y +y') Wilson loop L(z,y +'):

7 Or(x,z,y,y)
Or(x,z,y,y ) =——"22 2.50
where
1 R
L(z.y+y) =3 Ti[PiU. (v +y)P2)
XU(x+(y+Y)ip,201)
xUT (x+ 20y, (y+3)0o)UT (x,201)}].  (2.51)

The dimensions of the Wilson loop are chosen in such a
way as to cancel the power,10 cusp, and pinch-pole
divergences of Or. Both the standard MS prescription
and the RT prescription [Eq. (2.46)] can now be applied to
the operator O.. In particular, the condition for RI' (we will
call it RI'-bar; the related renormalization functions are
denoted by lef’r),() now reads

1 Y1 =RV -
v T 2 A (g, 2.3, ) P
: ]

= 51"1"// 5
where

A¥(g.2.9.) =Y WX (@)|OF(x. 2. V)T () ammp

X

A (q.z.v.Y)

— , 2.53
(LX(z.y + )72 239

Zi" =z (DX (y + )2
Of(x,2,3.¥) = Z{1 Of (x, 2,3, ¥). (2.54)

lefl‘-)f addresses the remaining end-point divergences, as
well as the mixing.

In order to extract Zﬁff , we need to calculate the one-
loop Feynman diagrams of Fig. 4 contributing to
(LX(z,y +')). Older studies of Wilson loops can be
found, e.g., in Refs. [123,129] in both continuum and
lattice using Wilson gluons. Here, we extend these calcu-
lations to the case of Symanzik-improved gluons. For
completeness, we have also repeated the continuum
calculation.

'9As in the original RI' scheme, some power divergences may
remain beyond one loop. However, by dividing with the Wilson
loop, we expect that the residual power divergences are sup-
pressed.

¥ - 3
* i

M

ey

FIG. 4. One-loop diagrams contributing to the vacuum expect-
ation value of the rectangular Wilson loop. The wavy lines
represent gluons.

Since the end-point divergences do not depend on the
dimensions of the staple,'' a nonperturbative determination
of fo‘r)f is expected to exhibit a much milder dependence on
the staple lengths z,y,y’ that lie in the renormalization
window: a <z << Agtp, @ Ky < Aglp, @ <Y < Agep.
In this way it becomes more acceptable to renormalize the
modified operators Oy defined at large values of the lengths

Z,y,y', using renormalization functions ZREX defined at
smaller values of z,y,y" within the perturbative region. To
distinguish the lengths appearing in the bare operators from
the reference lengths appearing in the renormalization
functions, we will call the latter as Z, ¥, . If one is interested
in taking the limit y — oo, then there are only two relevant
lengths: 7 and y — y'.

Another option that we do not consider in this work is the
short-distance ratio (SDR) scheme, described in Ref. [66].
In this scheme, ratios of hadron matrix elements of the
modified operators at different external momenta are
considered. All the good features of RT'-bar are also valid
in the SDR scheme. However, we stress that SDR is valid
when operator mixing is absent or negligible.

III. CALCULATION IN DIMENSIONAL
REGULARIZATION

A. Green’s functions

We provide below our one-loop results for the bare
Green’s functions ARR(g, z,y,y’) in dimensional regulari-
zation (DR) up to O(&°). For the calculation of the one-loop
momentum integrals, we make use of the formulas given in
Appendix A. The results depend on several Dirac structures
allowed by the residual rotational symmetry, and they are
expressed in terms of integrals over Feynman parameters
and/or over { variables running over the sides of the
staples: F; = F,(q.r), G; = Gi(q.y.2), G;i=Gi(q,y'.2),

"0n the contrary, power divergences depend on the total
length of the staple line, and thus, renormalization functions in
ordinary RT' must be computed separately for each choice of the
dimensions of the staple.
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H;=H(q.y.2), Hi=Hq.y.2), I;=Ii(q.y-Y.2).
These integrals are listed explicitly in Appendix B. The

following notation is employed: f= zd, + (y = y")Dy,

ADR

Gy

(9:2.9,Y") = Z6.16p, + Z6264, + Z63q,1

+ X644u0,,0, + Z6.57ud

H = U3,U4. + ZG,égulyzprS}'pq
+ Z674u70,4 + Z689u70,9 (3.6)
APR(q,2.9,Y) =Z14 1+ 2126y, + Z1370,4 + Z1.470,4 . v
(3.1) Az]?,,lfz (9.2.9,Y') = 27164, + X764, +Z73q,1
+ 274946, + Z757.4
Dyl}(qv 2 3:Y) = Z01%, + Z0o¥y, + o314 + 20 46,,,4. T 0
(3 2) + 27,681/11/2yp757pq + 27,7%471/14
+ 27,8%471/247 (37)
AR (g 2.9, Y) = 23170, + 2327, + 23314 + Z346,,,,4.
Tv VA2 24V 3, AP,
2 2 | 1(32 3) AR(q.2.9.Y) = 1A (q. 2. 9.Y). A, (4.2.5.Y)
' = 7500 (q. 2.7, Y),s (3.8)
ARG 2,9 Y) = Zaa¥u + Za2€0map?sVp + Za3qu7
Tu s s Vs 417 p 420 ,upl57p 4,39/ vy
e (@23, Y) = 1A% (q. 2.5, Y ). AP (9.2, )')
+ 2449u70, + Z456u,4 + Z4.60u,4 z 2 D; / ST
= , Y ), 3.9
4 24,74,41]4, (34) 75[\7” (q y y) ( )
ADR (g, =ysADR (q, 3.10
AR, (4.2.3.Y') = Z516,0, + 521 + 25 37,,4 + Zs 47,4, g (0:2:02Y) = Tshha,,, (6:200.)). (3.10)
(35) where z“i,j Ezi,j<ﬁ27 QU|7QD27 q27 zZ, y?.y/):
|
2C 8 — _2
¥, = el 5,1+g g i ( ﬂ)+(1—ﬂ) 1+m(2 + 80| +8i5 ¢ +0O(g") ). (3.11)
: 167 £ q*
and sy = so(@% ¢*.z.5,Y), Sij = Si,j(le’qyzquvZ’y’yl):
/ oy oy
(6+ﬁ)7/E+4[ tan™ <y) +y tan™ (y) ERARR AP <y y)]
Z Z Z Z
ﬁ ,u r? ,u 7 22 7
+(1=p)In({= | +2+p)In +41n +2|In +In{ 1+, (3.12)
q 4 y y
sl,l =15 + 4F1 +ﬁ(—1 + 2F1 - 2F4) + 2ﬁ(F1 - Fz)lq = 2(261 + Gz + Gz)iqylz
—2(H,y — Hy)iqy,y + 2(2H, + Hy = 2H; — H,)iq,,y' — 4(I; + L,)ig,,(y =), (3.13)
12 =S42 = 2(G3 + Hs)q*yz + 2(G5 + Hs)¢*y'z, (3.14)
s13 =845 = —2(G, — Gl)iz’ (3.15)
S14 =824 = S46 = Se6 = —2(H, — H3)iy — 2(H, — H3)iy’, (3.16)
(y - y/)z -22 )
$21 = 15— (2F, = Fy) + f(=1 + 2F, = F4) + (2F, = 4F, — F,) 2 - PF3q7z
2
22\ 1 _ 1
—|— (3ﬂF1 - 4ﬂF2 + 4F3ﬁ> lq . r+ |:—4F3 +§ﬁF4 —_ 2<2G1 + 2G1 + G2 + G2> quIZ
+ BF3(Q-1)q, 2z —2(Hy — Hy)iq,,y + 2(2H, + Hy — 2H5 — H,)iq,,y'
— [B(Fy = 2F,) + 4(I, + I)]iq,,(y = '), (3.17)
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$22 = —2(Gs + Hs)q*yz + 2(Gs + Hs)q*y'z + (=pF5 + 413)¢*(y — ')z

N L ,
+2(—2F1 +4F2 +F4 +2F3lq . I’)T—él»(Hl —H3)lqy1y

#[p(Fi =27+ ) < atrs 4 1) i, 0= + 5@ D, 0=,

F ~ .
$23 = —PF3(y =Y )q,(y=Y) — .,z + l:_ﬂ(Fl —2F, +74) +2(=2F3+ G, + Gy)|iz
u,

+2[-2F; +4F, + (=1 + p)F4 + 2F5iq - 1] 2

(y_y/)z_zz 2 N2
s31 = 15— (2F, = F4) + B(=1 +2F, = F4) — (2F, —4F2—F4)T—ﬁF3q y—=>y)

2
(y—y)?
—-2(2H, + H, — 2H3 — Hy)iq,,y + 2(2H, + H, —2H; — H4)i%2)’/

+ [2ﬂ(F1—F2)+4F3 }iQ'r—2(251+G2+Gz)i%IZ

F
- p(Fi=2m 1 ) <atrran )i, - ) 4 ARG =0

s32 = 2(G3 + Hs)q?yz — 2(Gs + Hs)q*y'z — (BF5 + 413)q*(y — ¥ )z + 2(=2F | + 4F, + F4 + 2F5iq - 1)

F
+ [ﬁ(Fl —-2F, +74> —4(F5 + Gl):| iq,,2 + PF5(q-r)q,,z,

(3.18)

(3.19)

(3.20)

y')z

(y-
r2

(3.21)

_ _ F
s33 = fF3z[q,,(y =') = q,,2l + 2(H, — H3)iy — 2(H, — H3)iy' + |:_ﬂ<F1 —2F, +74> +4(=Fj3 +11)] i(y =y

F2[=2F, +4F, + (=1 + f)F, + 2Fsiq - r]%,

s34 =576 = 2(G) — Gy)iz,

Sq41 =15 —4F, + B(—=1 4+ 2F, = Fy) + 2B(F, - F»)iq - r = 2(2G, + G, + G,)ig,,z
—2(H, — Hy)iq,,y + 22H, + Hy — 2H; — Hy)iq,,y — 4(1, + L,)iq,,(y = ¥'),

S43 = [ﬂ(Fl —2F2+%> —4(F;3 +G1)} iz + pF5z(q-T),

sua = =A(H, = 1)y + [p(F = 2P 4 50 ) =4t 4 1) ir =) + B =)@

1 q-r

S47 =2[-2F, +4F, - (1 —ﬂ)F4]?—ﬂF3”2+4F3172’
F

ss1=15=2p(1 = F,) — 4F, —ﬁF361272+ﬂ<3F1 —4F2+74>iq-r+ﬁF3(q-r)2

—2(2G, +2G, + Gy + Gy)iq,,z = 2(2H, + Hy — 2H3 — Hy)iq,,y
+2(2H, 4+ H, —2H5 — H,)iq,,y — 421, + L,)iq,,(y — '),
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S52 = ﬁ(Fl —2F, + 74) ilg,,(y—y) —q,2) +2(Gs + Hs)q*yz — 2(G5 + Hs)q*y'z

- pFslq, (y=Y') —q,2(Q-r) —4(H, — H3)iq, y — 4liq, (y = Y') +4G,q,,iz.
ss3 = —PF3lq,,(y =) — q,,2)z + 2(H, — H3)iy — 2(H, — H3)iy'

+ |:—ﬂ<F1 —2F2+%) +411:|l(y—yl),

F _
$s4 = —PF3lq,(y—Y) —q,2l(y = ¥) + [ﬁ <F1 —-2F, + 74) -2(G, + Gl)} iz,

S¢1 = 15+ (=1 +2F,) —4F, — BF3q*2* + p(3F, — 4F,)iq - r
F = = . )
+ [ﬂf -2(2G, +2G, + G, + Gz)} iq,,2 + PF5(Q-1)q,,z — 2(H, — Hy)iq,,y

+2(2H, + Hy —2H5 — Hy)iq,,y' + [-f(F| — 2F,) — 4(1, + I)]iq,,(y — '),
S62 = —2(G3 + Hs)q*yz +2(Gs + Hs)q*y'z + (—pF5 + 413)¢*(y — ¥')z — 4(H, — H3)iq,,y

F
+ |:ﬂ(F1 —2F2+74> —411}1'%1()’—)’/) +BF3(q-1)q,, (y =),
F, )
563 = S74 = |:/3(F1 - 2F, +7> —4G1}12+ﬂF3Z(q 1),
F
S¢a4 = —S73 = 4(H| — H3)iy + [—ﬁ(ﬂ —2F, +74) +411}i(y—yl) - pF3(y=y)(q-r1),

F — .
Ses = —PF3(y=)q,(y =) — q,2 + {—ﬂ <F1 —2F, + 7“) +2(G, + Gl):| iz,
S67 = —S78 = PF3[(y —')* = 2°],
Se8 = S77 = —2BF3(y — ')z,

$71 =154 (=1 +2F,) —4F, — BF3¢*(y — y')* + 2B(F| — F»)iq -t = 2(2G| + G, + G,)ig, 2
- 2(2H1 + H2 —_ 2H3 —_ H4)iqbzy + 2(2F11 + I:Iz —_ 21:13 - 1:14)l'qy2yl

+|p(F - 28+ 5 = h 4 1) i, 0= + 5@ D, (=)

$72 = 2(G3 + Hs)q*yz — 2(Gs + Hs)g?y'z — (BF5 + 413)¢*(y — ¥')z

F
+ |:ﬁ<Fl —2F, +74> —4G1} iq,,z + pF3(Q-1)q,,z,

_ _ F
51 = 20, ~ H)iy =28, = Ay’ + |-p(Fy =28+ 51 ) 41 it =)

+ BF3zlq,, (y —Y') — q,,2].
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p is the gauge-fixing parameter [ = 0(1) in Feynman
(Landau) gauge], and ¢,,, is the Levi-Civita tensor
(€1234 = +1). The pole term O(1/¢) [Eq. (3.11)] comes
from the sum of cusp (dyy, dyf), end p01nt (d>y, ds.), and
contact singularities (dy,, dy;, d,.)."* Linear dlvergences
are not present in DR. Also, the term [y/ztan"!(y/z) +
y'/ztan™!(y'/z)] appearing in s, [Eq. (3.12)] gives rise to a
pinch-pole singularity (linear divergence) in the limit
y — oo for fixed values of (y —y’). This term stems from
the subdiagram d,,. Our results agree with previous studies
in Refs. [108,123] that consider specific cases of the staple
operators. More specifically, when y’ — y, in which the
asymmetric staple gauge link becomes symmetric, the
above expressions reproduce the results of Ref. [108],
where a slightly different basis of Feynman-parameter
integrals has been employed, which is related to our basis
(when y’ = y) through linear combinations and/or integra-
tion by parts. Other vanishing limits of the lengths for one
or more staple segments, which classically result to simpler
shapes, e.g., straight-line gauge link of length y — y’ when
(z — 0), or, straight-line gauge link of length z when (y=y’
and y — 0), or, single point when (y=y" and y—0 and
z — 0), are singular because cusp and end points do not
vanish smoothly in these limits giving rise to linear or
logarithmic divergences [see Eqgs. (3.82)—(3.83)]. Thus, in
these cases, a complete consistency check is not applicable.
However, by excluding the divergent parts of our results
(sg), the aforementioned limits can be taken in order to
reproduce the finite parts of the corresponding Green’s
functions with simpler shapes of Wilson line [105]. In
particular, some of the form factors %; ; are zero resulting in
fewer Lorentz structures for each operator, as expected by
symmetries. The basis of Feynman-parameter integrals is
now reduced due to vanishing terms, or identical integrals.
The different Dirac structures appearing in Egs. (3.1)-
(3.10) can be classified into two categories: (1) the struc-
tures corresponding to the tree-level Green’s functions of
the staple operators that belong to the same mixing set
according to symmetries (structures multiplied by X, or
%;5) and (2) all the remaining structures. The former
structures are multiplied by regularization-dependent form
factors (Z; ;), while the form factors of the latter structures
do not depend on regularization. This is confirmed by
comparing our one-loop results in both continuum and
lattice regularizations [Eq. (4.2)]. In particular, the bare
Green’s functions in the continuum consist of two instead
of four structures of the first category because chiral
symmetry is preserved (see discussion in Sec. II B). On
the other hand, the lattice bare Green’s functions at one
loop also contain a pair of the four first-category structures,
which is different from that obtained in DR (see Sec. IV).
Since the lattice regularization that we employ breaks chiral

“For a per-diagram determination of the pole terms, see
Ref. [108].

symmetry, we expect that the missing two structures of the
first category will appear in higher loops.

By taking into account the classification of the Dirac
structures in the Green’s functions, we conclude that a
renormalization prescription that considers a wider mixing
pattern, i.e., mixing among all 16 independent operators of
different I" matrices, is not an optimal choice for renorm-
alizing the staple operators. In this case, several form
factors %, ; will contribute to the 16 x 16 mixing matrix,
including pure dependence on the regularization-indepen-
dent form factors %, ., in some nondiagonal elements.
Given that we are interested in matching bare lattice
Green’s functions to the MS scheme (through an inter-
mediate nonperturbative scheme), in which the regulariza-
tion-independent form factors cannot contribute, it is more
economic to consider an intermediate renormalization
prescription that includes only the minimum number of
operators necessary for disentangling the mixing occurring
in the MS scheme on the lattice. In our study, we consider
such a minimal set of operators as dictated by symmetries.

The one-loop renormalized Green’s functions in the MS
scheme can be obtained by removing the O(1/¢) term in
Eq. (3.11). Also, the renormalized Green’s functions in any
variant of the RI' scheme can be obtained by imposing the
corresponding renormalization conditions to the above
results. The extraction of the conversion functions among
these schemes (RI' variants and MS) is then straightfor-
ward; they are given in Eqgs. (3.49), (3.52)—(3.80) for the
schemes under study.

Specific combinations of the form factors Z; ; contribute
in the renormalization conditions of Eq. (2. 46) for each

choice of projectors P[Fl Vand P[Fz . The latter choice has the
advantage that in most cases, only X;; and X;, survive,
which multiply the relevant structures for the study of

mixing. However, in the case of projectors Pﬁ and 73%]7“,
for u = v3,v,, some additional form factors can survive
when taking the trace with the amputated Green’s functions
A, and A, respectively [where p # (v1,vs,p4)]. For
instance, Eq. (2.46) for the case I' =I'"" = y,, takes the
following form (in terms of Z; ;), when employing 7391

/ RI' DR
(ZRI\DRy - 2y, (Zay + 2450, + Za64,, +Z4743,)

RI, DR
= Zy, ) ysre, (B2 + 245G, — Zasqy, )= =1, (3.42)

while employing ’P%L gives

RI'.DR RI,,.DR
(Z" ") Zn 2, Za

RI,,.DR

= Zy, ysn, (Zan + 2434, — (3.43)

24,4qy1)]|q=?] =1
We see that the second choice of the projector can give a

simpler combination of Z; ;, at least for the term multiplying
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Z}]?fﬁz. But here, the main advantage of using the second

choice of projectors is that the renormalization matrices are
independent of the individual components of the momentum
scale, which are orthogonal to the plane in which the
staple lies. Equation (3.42) depends explicitly on g,,, while
Eq. (3.43) only depends on g,, through g = 5153 + 6_112,4.
Indeed, the same dependence on transverse components of g
regards all renormalization functions resulting from the
choice of projectors 791[3 I, Consequently, the nonperturbative
determination of renormalization functions in this prescrip-
tion will only depend on g2, rather than on its individual

|

2

1672

1
(LPR(z.y +y)) = 1 +8-7 CF[2+E+2”+

In the limit y — oo [keeping (y — y) fixed] the divergent
term (y +y')/ztan"!((y +y')/z) in Eq. (3.44) cancels the
divergent term [y/ztan"'(y/z) +y'/ztan"'(y'/z)] of s
[Eq. (3.12)] when calculating Ar(q,z.y.y') [Eq. (2.53)]
for the RI'-bar schemes.

B. Renormalization functions

The renormalization functions of O and O in the MS
scheme have been determined by imposing that the MS-
renormalized Green’s functions of the two operators are
equal to the finite parts (exclude pole terms) of the
corresponding bare Green’s functions:

__ MS)2
. g
ZMSDR _ S [1 _ ( ”2

TR Gl 0. 649

ZVSPR _ 511 — (ng)zc ZHO((MH]. (3.46)
e AT 1622 e g ' '

As expected, the renormalization functions in Eqs. [(3.45)—
(3.46) are diagonal (there is no mixing) and independent of
the Dirac matrices I', T”, and the lengths of the staple. In
addition, the result coincides with that obtained for the
symmetric staple operators in our previous work [108];
thus, the asymmetry in the shape of the staple does not
affect the renormalization in MS. The divergent term 7 /¢ of
Eq. (3.45) comes from the sum of the pole terms in the bare
Green’s function (3.11) and in the renormalization factor of
the external quark fields (see Appendix C). The divergent
term 3 /¢ of Eq. (3.46) includes the additional O(1/¢) terms
coming from the vacuum expectation value of the Wilson
loop (Eq. (3.44). In the latter case, the resulting 3/¢ term

components. This gives us the possibility of increasing
statistics in the nonperturbative calculations of renormaliza-
tion functions on the lattice by averaging over different g,
and g,, components that have the same G, according to the
residual 2D symmetry. Furthermore, we expect that by
eliminating contributions coming from the form factors
Z; ;(j > 2), hadronic contaminations, which may be present
in the nonperturbative calculation of the renormalization
functions, will be reduced, as it happens in the case of local
quark bilinear operators.

We also provide the one-loop result for the bare Green’s
function of the Wilson loop (LPR(z,y +y')):

/ /
yt+y tan"<y+y> + < ,tan"( < ,>
Z Z y+y y+y

+In (@) - ln(l + ﬁﬂ +O(g).

(3.44)

|
coincides with that found in the renormalization of a
straight Wilson-line operator.

In the RI'-type schemes (RI|, RI,, RI|-bar, RI,-bar), the
renormalization functions are (in general) nondiagonal
matrices due to the operator mixing. Their expressions
are given below in terms of the conversion matrices that
connect the RI'-type schemes with the MS scheme, as
defined in the next subsection [Eq. (3.49)]:

RI',.DR MS.RI IV

Zoy =0 + PR =TT+ O((MS)Y),  (3.47)
—RI'.DR =MS _ MS,RI IV
Zoy =0 + 2SR =TT+ O((MS)Y). (3.48)

C. Conversion matrices

By using our results for the bare Green’s functions, we
extract the conversion matrices that match the renormal-
ization matrices of the staple operators from RI'-type (RT,,
RI,, RI}-bar, RI,-bar) schemes to MS:

MS.X MS.RI/ _RI! X SMS.X _ ~MSRI SRI.X
Zp" = CI;IF” Zpip s Zpp” =Crpr ' Zpip

(3.49)
The conversion matrices are regularization (X) indepen-
dent, and thus, our results in DR are also applicable to the
lattice. They can be used in lattice simulations in order to
translate the renormalized hadron matrix elements of the
staple operators, such as the quasibeam function [68] and
the soft function [62], from the intermediate RI-type
schemes to MS. According to the mixing pattern, we need
to calculate a total of four (one for each mixing set S;)
conversion matrices of dimensions 4 x 4 for each RI'-type
scheme. We found that the matrices are block diagonal in
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two submatrices of dimensions 2 x 2 at one-loop level?;
these blocks have the same generic structure for all I':

MS.RI MS Rl
Crr T.ly, 7., 0 0
MS .RI MS Rl 0 0
CM—S’RI/ _ Dy 70 U ST 70, 70,70,
MS.RI MS.RI
0 0 Cl“nl Iy YTy, I,
0 0 MS.RI MS.RI
Iy, Ir, “Tr, I,
+O((gMS)4). (3.50)

Introducing a ys matrix in both operator and projector
leaves the conversion matrix unaffected to one loop”:

MS R MS RT MS
Cy5r,y5r’ =Crp + O((g™)").

(3.51)

Thus, the conversion matrix for the mixing set S, is
identical to the conversion matrix for the mixing set S;.
Also, the conversion matrices for the mixing sets S; and Sy
are related through the interchange 13 S 1/4.15

We provide below all nonzero elements of the conversion
matrices for each mixing set for the RI| and RI, schemes;
they are expressed in terms of the coefficients s, and s; ;
given in Egs. (3.12)—(3.41) by setting ¢ = g. Here, we use
the notation e c = ¢€,,,,,,,,, and p = v3, vy.

B T Ui S 2
= omr +W F(Orrsg + crﬁr,)
+O((6")%). (3.52)
where for the RI| scheme (i = 1):
no_ o n = = 3.53
€11 = Crsps = S11 + 513G, +5144,,,  (3.53)
= el =812+ 5137, — 5144 (3.54)
16,10, LCCy5.0,, 1.2 139y, — 5149y, .
W - - (355
€yl = ELCCo, x5 = 552 1 853Gy, + 5544, (3.55)
1 1 _ _
L,]lyz,apl,z = Cc[rp]m.ows =851+ 853Gy, — 5549y, (3.56)
o=l =551+ 523G, + 5247 3.57
Yoty = Crsty sty = S21 + 8234y, + 5244, (3.57)
PL RSN = S5yt S230,. — S5 40 3.58
Yoy Yoy VsVu, Y5Y0y 2215233, = 524G, (3.58)

"The form of Eqgs. (3.50) and (3.51) is valid for all four RI'-type
schemes studied in this work (RI{, RI,, RI}-bar, RI,-bar).
“Different definitions of y5 in d dimensions do not affect the
one-loop result.
For the second choice of projectors 771[-2], the interchange
U3 5 vy is not needed.

1] 1]

oty = Crsviyvsr, = $32 15330, +534G,,.  (3.59)
"7['1»]277»2 = cg'ls]nﬂsnz =531 +533G,, —5344,,» (3.60)
C%],n = ";['15]7,,,757,, =541+545Gy, +5460,, +54775.  (3.61)
[71]3 sV, = 6;151703 Ty T _cwﬂsm = _C[rls]7p4,7p3
= e1c(542 + 545G, — 5467y, ) (3.62)
n[rl,l]yl O, = 561 1 565Gy, T 5664y, — $6.7G5- (3.63)
t[fl,,]pl Oy = 56215650y, — 5664y, — S6805- (3.64)
cc[rl,,]yz,o,wl =872+ 57154, + 5764, — 57773 (3.65)
Cf[;l,,],z Oy =571 + 57540, =764y, — 57875 (3.66)
and for the RI) scheme (i = 2):
0%2,]11 = 0;251775 =511 (3.67)
cﬂmz = sLch,zs],,,ws =S12, (3.68)
cz]m,ﬂ = sLCct[;zy]m% =S5, (3.69)
Py = gy = 5.1 (3.70)
0[72»]1 Ty T cg'zs]nlvsnl =521, (3.71)
c[yzy]l Ty = cgzs]nl sV, — 5225 (3.72)
c[yzu]zsnl = c%]nz,hnl =832, (3.73)
[73]2 Yy "g'zs]nz,)'snz =531, (3.74)
c%,],n = cg'zs]y,,-ysn =541 (3.75)
sz]s Y5ty = Cys]m Ty = _c%#sm = _C[rzs]m.na
= e (542 + 54370, — 5447y, ) (3.76)
c[rz,,]yl.a,w] = S61> (3-77)
Co) on, = S62- (3.78)
Cob op, =572 (3.79)
Co) on, =571 (3.80)
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The conversion matrices for the RI|-bar and RI,-bar schemes are related to those of RI| and RI} schemes, respectively,

through
=MS.RI/ MSRI, |+ VS
Crp = Crp /(LM (zy + )2
, MS\2
= AN _ a5y (?Z) Cr {2+2 et

)~ )

As observed, the conversion matrices in the RI; and RI}-bar
schemes exhibit differences in their diagonal elements
while remaining unchanged in the nondiagonal elements
up to one loop.

There is a nontrivial dependence of the conversion
matrices (as well as of the bare Green’s functions) on
the staple lengths (z, y,y’) and momentum scale g leading
to singular limits at vanishing or infinite values of these
parameters due to the appearance of contact terms beyond
tree level. In particular, the limit z — 0, despite the fact that
classically it results in a straight Wilson line of length
(y—y'), gives rise to a linear ~1/|z| and a logarithmic
~1In(z?) divergence in the conversion matrices of O
coming from the cusp and pinch-pole divergent terms of
the original operator:

MS\2 / /
MS.RI, z-0 g Y|+ I=ly=y _
O(Z0)+C’)((gm)4). (3.82)

Setting y' = y, and considering the limit y — 0, where
the staple becomes a straight line of length z, cusp points
do not vanish smoothly giving logarithmic divergences
~In(y?):

CM_ Ty y>—>0 (QM_S)2 ) 0
il - 45FF'WCF In(z°y*) + O(y")
+ O((gMS)H). (3.83)

As discussed in Sec. IIT A, the limit y — oo, when (y — /)
is fixed, results in a pinch-pole linear singularity (~|y|):

1 y—>00, fixed MS
C?/I RI/ =y) — 85y (?6 2 cpl ||)’||+O( )
+O((g")*). (3.84)

which is eliminated in Crr’ . In contrast to the afore-
mentioned limits, the limit (y —y') = 0, in which the
asymmetric staple Wilson line becomes symmetric, is

not singular, and thus, our present results can reproduce

+O0((6")").

/ /
YV ! (ﬂ) +—= ,tan‘1< < ,)
z z yt+y yt+y

(3.81)

|

our previous results in Ref. [108] for the case of symmetric
staples. Furthermore, the limit §> — 0 is nonsmooth for
some of the operators O giving a logarithmic divergence
(~1n(g?)), as follows:

MS.RI, *=0 MS)2 q*
e e 5rr’dr(g6”2 cm(" +O((3)°)

+0((9")*),

where dr = =3 for "= 1,y5), 1 for I" = o-l,l_yl_), and O for
(' =17,,,757,,)- Note that the limit is taken by rescaling
simultaneously all components of the four-vector scale g.
Moreover, the limit > — co also gives a logarithmic
divergence, which is independent of the operator Or:

(3.85)

R o (%) + o))
+O(()),

Another property of the conversion matrices comes from
the combination of P, T s C symmetries: One can prove
[see Eq. (2.43)] that the real (imaginary) parts of the
conversion matrices are even (odd) under (z — —z,
y = =y, ¥/ = —y/). This is confirmed by our one-loop
computation.

We illustrate our results for the conversion matrices in the
plots of Figs. 5-7 by employing certain values of the free
parameters used in lattice simulations: i =2 GeV, =1
(Landau  gauge), ag = (¥%ny,%n,y, % n3.% (ny +3)),
where a is the lattice spacing, Lg x T is the lattice volume,
and n; € Z. Following simulations by ETMC, we choose
isotropic momentum scales in the spatial directions
(n; = ny, = n3) and a nonzero twist of 1/2 in the temporal
component; the latter choice is compatible with the
antiperiodic boundary conditions applied on the fermion
fields in the temporal direction. As an example, we
apply ny =n, =n3 =4, ny =5, L=32, T =64, and
a = 0.09 fm. We note that specific choices of n; can lead
to a vanishing imaginary part. In particular, by setting to zero
the two momentum components parallel to the staple seg-
ments, the one-loop expression for the conversion matrices

(3.86)
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FIG.7. Real and imaginary parts of the conversion matrix elements C[7
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becomes purely real. However, such a choice of momentum
gives rise to unwanted Lorentz noninvariant contributions in
the nonperturbative calculations. Thus, in our example, we
follow the common practice of employing democratic
momenta with reduced Lorentz noninvariant contributions
at the cost of introducing an imaginary part in the RI'-type
renormalization matrices and the conversion matrices. In
Figs. 5-7, we examine the dependence of some representa-
tive conversion matrix elements on the Wilson-line scales y,
z,and y — ¥’ (in lattice units), respectively. In particular, we
plot the real and imaginary parts of the 2 x 2 block CIMFS,’RI/,
(I.T" = y,,.7,,), for the four renormalization prescriptions:
RI|, RI,, RI}-bar, RI}-bar.

As shown in Fig. 5, the real part of the diagonal elements
(first plot in the left column and second plot in the right
column) has an almost linear (flat) dependence on y/a in
the RI; (RI/-bar) schemes due to the presence (absence) of
the pinch-pole singularity. As expected, the convergent
behavior of RI}-bar appears for large values of y/a (Z6).
There are no significant differences in the real diagonal
elements between schemes with index 1 and 2. The real part
of the nondiagonal elements (first plot in the second
column and second plot in the first column of Fig. 5) also
converges for large values of y/a (=8) for all RI'-type
schemes. Note that the nondiagonal elements are identical
between RI; and RI-bar schemes (for the same i) at one
loop. Differences between schemes with index 1 and 2 are
now visible: The real nondiagonal elements for the RI,
scheme have smaller absolute values compared to RI,
which are closer to zero. The relative size of the real
nondiagonal elements compared to the diagonal ones is
~20%. The imaginary part of the conversion matrix
elements (the four plots in the last two rows of Fig. 5)
gives a much milder contribution compared to the real one
(<10%). The imaginary (diagonal and nondiagonal) ele-
ments for RI/-bar coincide with the corresponding elements
for R, (for the same i) at one loop. A plateau is observed at
large values of y/a; a more stable behavior is seen for the
nondiagonal elements. As in the case of real nondiagonal
elements, noticeable distinctions can also be spotted in the
imaginary parts between schemes with index 1 and 2.
However, there is no consistent pattern regarding which
scheme yields smaller contributions, as it varies for each
element.

Similar conclusions are extracted from Fig. 6 by con-
sidering the dependence of the conversion matrix elements
on z/a. Here, we observe a convergent dependence for
z/a Z 6 for all conversion matrix elements, except for the
imaginary diagonal parts (the four plots in the last two rows
of Fig. 6). Now, the real diagonal parts have flat behavior in
both RI; and RI}-bar schemes since the pinch-pole singu-
larity does not arise for large values of z/a.

Examining the dependence of the conversion matrix
elements on (y — y’)/a in Fig. 7, we conclude that a more
flat behavior is observed for smaller values of (y —y')/a,

while for larger values, the elements decrease (in most
cases) rapidly. An almost linear dependence on (y —y')/a
with a negative slope is obtained in the real diagonal parts
of the RI; schemes (see the first plot in the first column and
the second plot in the second column of Fig. 7), coming
from the pinch-pole divergent term.

In summary, the conversion matrices exhibit significant
contributions from the real diagonal components, whereas
the imaginary diagonal and nondiagonal elements make
comparatively milder yet perceptible contributions. Safer
conclusions by comparing the different types of renorm-
alization schemes can be obtained when combining the
conversion matrices with the nonperturbative data.

IV. CALCULATION IN THE LATTICE
REGULARIZATION

A. Green’s functions

In the lattice calculation, we employ the Wilson/clover
fermion action (see Ref. [130]) and a family of gluon
Symanzik improved actions [131] of the form:

2
S = 7 {COZReTr{l = Uplaq} + CIZReTr{l - Urect}] ,

plagq rect

(4.1)

where U,j,q and Uy are the standard four-link “plaquette”
and six-link “2 x 1 rectangle” Wilson loops. We selected
three of the most common choices of the Symanzik
coefficients c;, called Wilson, Tree-Level Symanzik, and
Iwasaki gluon actions, as shown in Table II.

Since we consider mass-independent renormaliza-
tion schemes, we set the quark mass equal to zero.
Consequently, the results from this study are also appli-
cable to the twisted mass fermions [132] in the chiral limit.
One should, however, keep in mind that, in going from the
twisted basis to the physical basis, operator identifications
are modified (e.g., the scalar density, under “maximal
twist,” turns into a pseudoscalar density, etc.).

The results for the one-loop lattice bare Green’s func-
tions of the asymmetric staple operators AR are presented
below in terms of the MS-renormalized Green’s functions,
derived by the corresponding calculation in DR. The
methodology for calculating the one-loop momentum
integrals on the lattice is described in Refs. [105,108].
Here, we cite results for a general Wilson-line lattice

TABLE II. Selected sets of values for the Symanzik coeffi-
cients. In all cases, they satisfy c¢q + 8¢; = 1.

Gluon action o cy
Wilson 1 0
Tree-Level Symanzik 5/3 -1/12
Iwasaki 3.648 —0.331
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operator with n cusps [(n + 1) segments] and no self-
intersections, as calculated in our previous study consid-
ering symmetric staples [108]. We confirm that the formula
constructed in the latter publication gives the correct result

|

for the difference between the bare lattice Green’s functions
and the MS-renormalized Green’s functions, also in the
case of asymmetric staple operators studied in this work.
Thus, for a general Wilson-line lattice operator we have

5AF = Al]:R(q, r,n, {fl’ caey f,1+1},l,>i,ﬁf) - AIMS(Q, r,n, {flv ...,lxﬂn_;,_l},f/i,ﬁf)

— _ngF el‘q.r
1672

+ F[(n + ety + nas — 162°Po + (2(n+ 1) + p) log(a*i?) + ag l] } + O(g"),

where r is the four-vector that connects the two end points
of the Wilson line, ; is the length of the jth straight-line

segment and [ = 7;' Z; is the total length of the Wilson
line, cqy is the clover coefficient in the fermion action, and
©;(Dy) is the direction of the Wilson line in the initial (final)
end point. P, = 0.02401318111946489(1) [133] and «;
are numerical constants that depend on the gluon action and
the Wilson parameter of the fermion action #; their values
are given in Table III for the Wilson, Tree-level Symanzik,
and Iwasaki gluon actions and for » = 1. The first two
terms in the curly brackets of Eq. (4.2) come from the
sum of Feynman diagrams d, and d;, while the last term
comes from diagram d,. The expression for the case
under study (asymmetric staple operator with two cusps)
can be extracted by setting n =2, [ =|z|+ |y| + |[y/|,
b; = sgn(y)i,, and Dy = —sgn(y')D,. The corresponding
MS-renormalized Green’s function AMS can be read from
Egs. (3.1)—(3.41) by removing 1/¢ terms.

Conclusions from this calculation are summarized

below:

(1) Linear divergence: On the lattice, there is a linear
divergence, which depends on the length of the
Wilson line and the gluon action that is employed.
This divergence comes from diagrams contributing
to the Wilson-line self-energy. At one loop, the
contributing diagram is only dj.

(2) Logarithmic divergences: In both regularizations
(DR and lattice), there are end-point logarithmic
divergences, coming from diagrams d, and ds, and
cusp and contact logarithmic divergences, coming
from diagram d,. The coefficients in front of these
divergences are regularization independent.

TABLE III.

1 N ~
{2F[al + 1677 Pof + (1 — B) log(a*ii?)] + 2 (I + 2,7 (ay + azcsw)

(4.2)

a

[

(3) Operator mixing: Diagrams d, and d; give rise
(upon summation) to the Dirac structure I" =
(I'Z; +ﬁAfF) /2, which differs from the tree-level
structure I' of the operator. This indicates that
operator mixing is present: In order to remove this
additional structure, we need to renormalize the
Wilson-line operators Or and Op as a doublet by
introducing a 2 X 2 mixing renormalization matrix.
However, as concluded by symmetries, the employ-
ment of 4 x 4 mixing matrices for renormalizing
quadruplets of asymmetric staple-shaped operators
is expected to be required at higher loops. The
mixing contributions at one loop depend solely on
the direction of the Wilson line entering the end
points, regardless of the shape of the Wilson line.
Also, the coefficient a, + azcgw in front of the
structure I depends on # and cgy; in particular, a,
vanishes when 7 = 0. Thus, the one-loop mixing
contributions originate from the chirality-breaking
parts of the fermion action. As concluded by
symmetries, these specific contributions are ex-
pected to be absent when a chiral-fermion action
is employed.

Finite contributions: Diagram d; is identical in DR
and lattice regularization [up to discretization effects
O(a)], giving no contribution to the difference SAr.
Finite contributions of diagrams d, and d5 stem only
from the end points of the Wilson line. Any parts
of a segment that do not include the end points give
finite contributions that differ between DR and
lattice regularization only by discretization effects.
In diagram d,, the finite contributions come from the

“

Numerical values of the coefficients a; — @ appearing in the difference dAr of Eq. (4.2) for » = 1. A systematic error is
quoted coming from the numerical integration over loop momenta.

Gluon action a ay as ay as ag

Wilson —4.464066(5) 14.44991(1) —8.284666(8) —4.52575(1) 0 19.95484(2)
Tree-Level Symanzik —4.341269(5) 12.75582(1) —7.673556(8) —3.93028(1) —0.809890(1) 17.29374(2)
Iwasaki —4.163735(5) 9.93653(1) —6.527638(6) —1.90532(1) —2.101083(2) 12.97809(1)
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cusps and the straight-line segments of the Wilson

line; they depend on both the number of cusps ()

and the number of segments (n + 1).
Hence, the exact shape of the Wilson line does not affect the
one-loop continuum and lattice Green’s functions of the
Wilson-line operators differently; the only additional con-
tributions on the lattice depend on the total length, the
number of cusps, and the direction of the Wilson line
entering the end points.

In order to investigate RT'-bar schemes on the lattice, we
have also calculated the one-loop bare Green’s function of
the Wilson loop (L™®(z,y + ")), given below in terms of
the corresponding MS-renormalized Green’s function:

_ 2
aﬁway+va=uM%ay+y»—T%;cme4+ag

/
+ 81I1(612/_t2) + 2“6 |Z| + |):1| + |y |:|

+ O(g*). (4.3)

(LMS(z,y + ")) can be read from Eq. (3.44) by removing
1/e terms. The result agrees with [129] in the case of
Wilson gluon action. As expected, the linearly divergent
term (1/a) of Eq. (4.3) cancels the linearly divergent term
of Eq. (4.2) when calculating AR (g, z,y,y") [Eq. (2.53)].

B. Renormalization matrices

The lattice renormalization matrices of the Wilson-line
operators O in the MS scheme (ZI}AIE’LR) can be extracted
from Eq. (4.2) by imposing that the terms in the curly
bracket are canceled when renormalizing both operator and

external fermion fields in the lattice Green’s function.

— MS )2
g C
2R = [1 —$ <1 —2a; — (n+ 1)ay — nas

l 4 y W
_0‘6;+€l{ + €Y csw +e§c§w
- (2n+3) ln(a2ﬁ2)>}
(¢S )2Cr
+9 T2 1622 (@ + azcsw)
+O((g")*), (4.4)
where ¢ comes from the renormalization factor of the

i
external fermion fields [Eq. (C5)]. In the case under study
(n=2, I=|z[+|y[+|y']. 2 = sgn(y)ba, Dy = —sgn(y')02),
the one-loop renormalization matrices take the following

form, where mixing in quadruplets (O, Ol“rp,m’ol"}'pl’

Ory,, ) is employed:

MS.LR MS,LR
Zrr 0 0 Zrry,,
0 MS,LR MS.LR 0
Zm LR Fyv] ypz -Fybl 7L2 Fyvl J/pz 'FYD]
o 0 MS,LR MS,LR 0
Ty I 1, Iy, I'r,
MS.LR MS.,LR
Iy, I’ 0 0 Ty, Iy,
MS\4
+O((g™)%). (4.5)

The elements of the above matrix can be read from
Eq. (4.4) by setting (I',T”) equal to pairs of {I".T'y, 7,,,
I'y,,.Ty,,}. Note that only two nondiagonal elements
survive in each renormalization matrix depending on
whether (I'/;+¢,T")/2=sgn(y)[[".7,,]/2 vanishes or not
foreachT € {I",Ty, Y0,-T7,,.T7,,}. Thus, the nondiagonal

elements Z?{_S,'LR that are nonvanishing are those corre-

sponding to (I.T") = (r5.757.,)s (¥57u,:75)s (Y, 0u0,)s
(Gy]uz » Yo, )’ (71/3 > 01/31/2)’ (6v3v2 > 71/3)’ <7v4 ’ 51/41/2)’ (6u4u2 > 71/4)'

The lattice renormalization matrices for the modified
asymmetric staple-shaped Wilson-line operators O in the
MS scheme have the same form as (4.5). Their elements are
given by

(9"5)C
6721:(1 - Zal — 0y + el{/ + egCSW

v
IT T

ZWS'LR = 5FF/ |:1 -
+ ey = 3|

MS 2
() Cr (o + azcsw)

+ 6 [ry,,1/2580(y) BT

+O0((g™)%). (4.6)

The linear divergence is now absent from the renormaliza-
tion matrices. The nondiagonal elements are identical
to (4.5).

In the RI'-type schemes, the lattice renormalization
matrices can be obtained from Eq. (3.49) by combining
the corresponding renormalization matrices in the MS
scheme [Egs. (4.4), (4.6)], and the conversion matrices
calculated in Eqgs. (3.52)—(3.81), as follows:

RI'LR MS.RI

Zo " =0 + Zp T = Ol O((GMS)), (47)

=RI'.LR MS.
Z i

SMS ~MS.RI/ VS
iy = 5IT’ + leylrs/’LR — 1 t+ O((QMS)4) (48)
They take the following matrix form':

"“The form of Eq. (4.9) is valid for all four RI'-type schemes
studied in this work (RI}, RI,, RI}-bar, RI,-bar).
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RI' LR RI' LR RI',LR
ZF,F ZF,F]/,/I Yoy 0 Zl",l";/,,2
RI.LR RI' LR RI.LR 0
ZRILR (DN N b N A b 0 s DN P S
o 0 RI' LR RI' LR RI' LR
Ly Ly 1, Iy, Ty, Ty, I,
RI' LR RI' LR RI' LR
Zl"hz I 0 Z 7,1y, Iy, I,
MS\4
+O((g"™)). (4.9)

As in the MS scheme, there are further zero elements in
(4.9) depending on the commutation relations of I, 'y, ,
I'y,,, and Ty, y,, with y,,.

V. SUMMARY AND FUTURE PLANS

In this work, we present an extensive and comprehensive
study of the renormalization of nonlocal quark bilinear
operators featuring an asymmetric staple-shaped Wilson
line. This project is motivated by the increased interest in
studying TMDPDFs from lattice QCD using novel
approaches, such as large momentum effective theory
and short-distance factorization, which require matrix
elements of the operators under study. More details can
be found in the TMD Handbook [134].

The analysis is based on a one-loop perturbative calcu-
lation of Green’s functions of such operators in both lattice
and continuum (dimensional) regularizations. Based on our
results, we identify the mixing pattern of these operators
and propose renormalization prescriptions applicable to
perturbative and nonperturbative data. More precisely, we
discuss RI'-type conditions by using different projectors
that effectively address power and logarithmic divergences,
as well as the finite mixing among operators with different
Dirac structures. We have systematically analyzed the
mixing patterns of these operators, leveraging symmetry
arguments for both chiral and nonchiral fermions. We also
introduce a variant of the RI' prescription, which removes
the pinch-pole singularities inherent in staple operators of
infinite length by incorporating rectangular Wilson loops.
This strategy also eliminates residual power divergences.
Another novel aspect of this work is the extraction of the
conversion factors to the MS scheme using the results in
dimensional regularization. Our calculations are performed
for arbitrary values of the renormalization momentum scale
and the spatial dimensions of the staple. This ensures their
applicability across a broad spectrum of nonperturbative
investigations that may use the results of this work.

Potential future work includes an ambitious extension of
this calculation to two-loop perturbation theory. This
direction has the potential to offer valuable insights and
improvements to ongoing nonperturbative investigations.
By performing higher-order loop calculations, we aim to
refine the renormalization procedure and eliminate sources
of systematic uncertainties. Additionally, we plan to cal-
culate one-loop lattice discretization effects across a range

of staple lengths and momentum scales, which has sig-
nificant potential for enhancing nonperturbative estimates,
particularly at short distances. Other possible directions
include calculations with different lattice formulations,
which might be interesting for the TMD community.
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APPENDIX A: ONE-LOOP FEYNMAN
INTEGRALS WITH ONE EXTERNAL
MOMENTUM IN THE PRESENCE
OF PHASE FACTORS

In this appendix, we collect some useful formulas for
the calculation of one-loop Feynman integrals with one
external momentum in the presence of phase factors. We
briefly describe the procedure that we follow for the
derivation of these formulas in dimensional regularization.
For Supplemental Material we refer to Refs. [105,106].

We consider the following d-dimensional tensor
Feynman integral with one external momentum ¢, a phase
factor e’P¢, where & is a nonzero four-vector and an
arbitrary number (n) of momentum-loop components p,,
in the numerator:

pnn) g q)z/ dlp  erp,...p,, '
“b Q2n)! (p*)*((=p + q)*)F

(A1)

In our calculation, £ is a two-vector lying in the staple’s
plane. In the case of £ = 0, the phase vanishes, and the
integral is simplified to the standard-form one-loop
Feynman integral calculated in Ref. [135].

The tensor integral of Eq. (A1) can be written in terms
of derivatives with respect to & of the scalar integral

Ig,/} (57 q) :

d{pr.e ot} w4 d
I (& q) = ( )dém-'-dgﬂnli,ﬂ(é,q% (A2)
dip e'rs
1 .q) = . A3
w60 = [ G T O
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The scalar integral 7¢ ﬂ(cf, q) can be computed using Feynman or Schwinger parametrization leading to the following
expressions (s =a+ f — d/2):

21-s—d 52 s/2 )
Iiﬁ(f,q #0)=—o—— < 2> / dxK, ( g*& (1 —x)x) e ExTIHP=s/2 (] — x)~1Ha=s/2] (A4)

@) \g
(=g
(60 =0) = e (@ (3)

APPENDIX B: FEYNMAN-PARAMETER INTEGRALS

We write down a list of Feynman-parameter integrals appearing in the one-loop Green’s functions of the asymmetric
staple-shaped Wilson-line operators; they are classified into four categories:
(i) Category F: F; = F;(q,r)

Fi(q,r) / deO( x(1—x qzrz)e‘i’fq'r, (B1)
Fy(q,r) —/ de0< x(1=x) q2r2) e~XATx, (B2)
1 :
Fs(q,r) = A de0< x(1— x)qzrz) e~y (1 - x), (B3)
I :
F4(q,r) = A del( x(1 —x)qzrz) ety [x(1 — x)g*r?, (B4)

(ii) Category G: G; = G(q,y,2).G: =Gi(q.y',z)

qyot/w/dao X(1 =g + 2 )RR (1 ), (B5)
q y, Z / dx/ dCKO l—x) 2(y2 +Z2é‘2))e—l'XQ'<Z§I91+_\7132)x, (B6)
G3(q.y.2) / dX/ dCK1 x(1=x)g?(y* +ZQCZ)) ~ixq (i tyt) % (B7)
> (y* +2°0%)
Gi(q.y.z) =Gi(q.y.—2).(i=1,2,3), (B8)
(iii) Category H: H; = H;(q,y,2),H; = H(q,y,2)

\(4.7.0) / dx / dg“KO (1 = x) 252) =i (1 _ ), (B9)
2(.7.0 / dx / chO x(1 = x)¢ 2@) emixayCha (B10)

1 1 . N ~
H3(q,y,z) :/ dx/ dCK()(\/x(l —X)q2(22 +y2c2))e—1xq-(zm+,\’5vz)(1 —x), (1311)

0 0

Hy(q.v.2) / dx / cho x(1 = x)g?(2 +y262)) e~ (@1 +yCDs) x| (B12)
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x(1=x)

V.2 dx/ dé’K x(1—x 2 22+y2C2 e~ ix0 (201 +y(Dn) A S — B13
s(4, / )q( )) A2 + 20 (B13)

Hi(q.y.z) = Hi(q.Y.2), (i=1,2,3,4,5), (B14)

(v) Category I: I, =1;(q.y - ', z)

higr=y.2) = [ [Mdeko(\x(1=0)g@ + (= P Jerrat@ (- x), (B13)

(C] y— y Z / dx/ dCKO 1 _x)qz(zz + (y _y/)2¢2))e—ixq‘<zz>|+<y—yr)éﬁz)x’ (B]6)

I (61 y— y Z / dx/ dCKl l—x)qz(zz + (y _y/)zé«z))e—ixq-(zi/1+(y—y/)§z72).

x(1 —x)
\/qz(z2 + =y (B17)

APPENDIX C: RENORMALIZATION OF FERMION FIELDS

The one-loop expressions for the renormalization factors of the fermion fields in MS and RI' schemes, using both
dimensional (DR) and lattice (LR) regularizations, are provided in this appendix. The expressions are taken from
Refs. [136,137], respectively. We also give the one-loop conversion factors between the two schemes. We use the

convention X (x) = (Z )12y X (x).

ZMSPR — [ _ LMS)ZCF (B- 1)1+ O((5)), (C1)
167 €
MS )2
Ao =1 - O (L og(%) ) + 0, ()
/ ZW.DR ZMSLR ( M_S)ZC i’ S
CMS RI ZRI, _ = Z‘;}%I/,LR -1 +%(ﬁ— 1)<1 +log<q >> +O((g™)h), (C3)
RI'LR _ 1 _ (9")2Cr 2 V¥ Y s - 7 M)
2R =1 B 162+l ey + efcdy + (1-B)log (@) + O((PF)). (C4)

16z

— — MSy2 &
’ 1 g _
ZVMS’LR =q°N Zv%l =1 —7( 16) > d 1+ 167z2P2/}+e'{' +e'é'csw —l—eg'cgw +(1-p)log (azyz)] + (’)((gMS)4). (C5)

The numerical constants ¢! depend on the gluon action in use; their values for Wilson, tree-level Symanzik, and Iwasaki
improved gluon actions are given in Table IV.

TABLE IV. Numerical values of the coefficients e{-¢% appearing in the one-loop renormalization factors of
fermion fields on the lattice for » = 1. A systematic error is quoted coming from the numerical integration over loop

momenta.

Gluon action eV ey ey

Wilson 11.8524043(2) —2.24886853(1) —1.397367103(3)
Tree-level Symanzik 8.2312629(2) —2.01542508(3) —1.242202721(2)
Iwasaki 3.3245571(2) —1.60101083(6) ~0.973206902(1)
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