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We consider the instabilities of field perturbations around a homogeneous background color-electric and/

or -magnetic field in SU(2) pure gauge theory. We investigate a number of distinct cases of background

magnetic and electric fields, and we compute the dispersion relations in the linearized theory, identifying

stable and unstable momentum modes. In the case of a net homogenous non-Abelian B field, we compute

the nonlinear (quadratic and cubic) corrections to the equation of motion and quantify to what extent the

instabilities are tempered by these nonlinearities.
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I. INTRODUCTION

The thermalization process of non-Abelian gauge fields
has been the subject of intense study—in particular, in the
context of heavy ion collisions (HICs; see Ref. [1] for a
comprehensive review). In the initial stages of the collision,
anisotropic particle distributions along and perpendicular to
the beam line may create large anisotropic classical fields
[2—6]. In this background, which is not necessarily homo-
geneous, perturbations may under certain conditions grow
(semi)exponentially. These (plasma) instabilities may result
in long-wavelength fluctuations with very large occupation
numbers that may impact the equilibration process as well
[1,7-9]. It turns out that fast hydrodynamization may likely
be understood from kinetic theory with input from pertur-
bation theory [10-18], but a thorough understanding of the
nonperturbative dynamics as well is still of great interest.

Instabilities in anisotropic backgrounds are well known
from both Abelian and non-Abelian gauge theory [19].
While a U(1) theory produces linear field equations of
motion for the gauge field instabilities, which could then in
principle grow very large, for QCD the equations of motion
are nonlinear, and the instabilities could turn out to be
short-lived and irrelevant. The Abelianization phenomenon
[20] implies that there may be directions in field space
where nonlinear contributions vanish, and where the
instability could continue unhindered for some time.
Ultimately, this will depend on the relative magnitude of
the nonlinearities, the range of modes that become unstable,
and the self-coupling. Substantial work has been performed
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analytically and numerically on plasma instabilities in QCD
and QCD-like theories (see, for instance, [21-25]), both in
a HIC context and for simplified models.

In the present work, we will explore the instabilities of
gauge field perturbations around homogeneous and con-
stant £ and B fields in pure classical SU(2) gauge theory.
For simplicity, we will ignore any fermions coupled to the
gauge fields, which may feel and enhance the anisotropy.
Our approach is inspired by [26,27], where the authors
investigated the dispersion relations of perturbations in
the linearized theory, in a variety of gauge field back-
grounds. Part of the present work is an extension of their
analysis, while later parts attempt to go beyond the linear
approximation.

A. The equations of motion order by order

The classical equation of motion for pure SU(2) gauge
theory reads

Dsz,uv.b — ju,a’ (1)
where the covariant derivative is
Dgb = 0,6 — ge“Pc AL, (2)
and the field strength tensor is
FHva — ghAv-a _ gV ARa g€abCA”’bAy’C. (3)

The gauge field A, , is a 12-component vector, correspond-
ing to color indices a =1,2,3 and Lorentz indices
u=0,1,2,3. Because of gauge invariance, there is some
redundancy in these degrees of freedom, and we will make
use of this point shortly. The metric signature is taken to be
(+——-), so that xp =x° =t and —x; = x' = (x,y,2),
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and o° = 9y = 9/0r, —9' = 9; = 9/dx". Then E"* = F"0,
while B¢ = LelikFhia,

We will assume that the gauge field may be decomposed
into a background field and a fluctuation, with the notation

Aly(x, 1) = Al(x, 1) + Ha(x, 1), 4)

and with an assumption that the fluctuations are in some
sense “small,” h; < A%. It then makes sense to expand
order by order in /.

1. Background field

The equation of motion for the background field
(expanding to zeroth order in the fluctuation A%) is simply

Dzbﬁwb,b — jv,a’ (5)

where the bars on D% and F** indicate that they are
expressed only in terms of the background field A%. We
have assumed that the external current enters in this
background field equation in its entirety. In practice, we
will in the following state the background field A" and
simply infer what the current j* is required to be to generate
such a field. In principle, this current may be taken to arise
from some distribution of color-charged particles, but we
will not discuss this further.

2. Linear in fluctuations

To linear order in fluctuations, one finds

0,0" R + gepe(20° AL HE + 20,AVK), + 2A%0,hY)
— P QALALHE — 2AVALRE + ACALRY — AGAGRY) = 0.
(6)

We adopt the Lorenz gauge dﬂAZ = 0 for the background
field, and we have imposed the background gauge fixing
condition on the fluctuations, D4’ h** =0, where D4’
again denotes the covariant derivative in terms of the
background field A% only. In a more compact notation,
this may be rewritten as

[glw(Dpr)ac + 2g€abcpgb]hz/,c = Mgﬁ[lz X lz]hyc =0.
(7)

As we will see, in momentum space this turns into a
[12 x 12] matrix equation for /%, which has unstable modes
for certain choices of A%. Some of these correspond to
nonzero homogeneous color-electric and/or -magnetic
fields, and we will in Sec. II consider a fairly broad subset.
Given A, one may compute the dispersion relations for
these modes.

3. Quadratic in fluctuations

At early times, when &Y is truly < A%, the linear
approximation is valid, and unstable modes grow expo-
nentially. However, nonlinearities will eventually impact
the evolution. At second order in fluctuations, we have

G€ape(20,hih)y + 0 hhRL)
— P QARG hY — 2ALhShY + ALhGHE — AYhShE),  (8)

which upon taking the expectation values for the fluctua-
tions, and truncating at quadratic order, naturally adds to
the background equation of motion (5). Below, we will be
investigating correlators of the fluctuations, defined
through expectation values of the form

Cl = (W), T = geupc (20,0l + *HIE).  (9)
in a state to be specified in Sec. IV C. Schematically, we
may then write

Dt Pt — Moy [ClAp = o= Jor - (10)

where M is some matrix involving the C correlators in (9).
This in effect changes both the background equation of
motion and the effective current, and if j% is constant, it will
eventually ruin the assumption of constant background
electric/magnetic fields. We will investigate the effect of
this nonlinear backreaction below.

4. Cubic in fluctuations

Finally, the equation of motion has cubic contributions in
the fluctuations, which read

-7 A A A A (11)

and which, again upon taking expectation values, naturally
add to the linear equation for the modes as

[¢(D,D") . + 2g€ap FYy — #Mic(C)]h, . = 0. (12)

The matrix M is expressed in terms of the C correlators,
providing a corrected linear equation for the fluctuations
hy. This gives rise to new time-dependent dispersion
relations, altering the pattern of instabilities.

B. This work

In Sec. II, we will consider a fairly general set of
homogeneous, anisotropic field backgrounds. For three
of these, we will in Sec. III compute the dispersion relations
of the fluctuation modes explicitly, and establish for which
momentum regions the fluctuations are unstable. The
remaining cases are more involved, and we will simply
sketch how one would go about finding dispersion relations
for them in the Appendix, relying heavily on Refs. [26,27].
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In Sec. IV, we choose one of the three cases and compute
the eigenmodes explicitly, in order to compute the C
correlators. This will in turn allow us to compute the cubic
correction matrix M and the quadratic corrections M and J,
from which we will be able to study the evolution of the
instabilities. We provide some discussion, conclusions, and
suggestions for future work in Sec. V.

II. ANISOTROPIC BACKGROUNDS
WITH CONSTANT, HOMOGENEOUS
ELECTRIC/MAGNETIC FIELDS

A. Electric field only

We will first consider a constant, homogeneous color-
electric field only, and set up our procedure and notation.
First, without loss of generality, we can choose the electric
field to be in the i = 1, a = 1 direction. We hence require
that

Fi0 = Ei = 5\ E. (13)
Since
Fi0 = 0'AY — Al + ge,p ALAY, (14)

such an electric field may correspond to a multitude of
choices for A% (some of which may be gauge equivalent).
We choose to restrict ourselves to two cases: one where only
the linear-in-A (“Abelian™) derivative part of F' is nonzero,
and one where only the quadratic-in-A (“non-Abelian”) part
is nonzero. A homogeneous, time-independent Abelian
electric field may then be written (in a compact notation
we will use repeatedly for the 12-component objects such
as Al ), as

AN [ALN A2\ [A\]
Ap=11AY || AL A3 || A3
a)\ay) \i3 ) \&) |
—xC, —tC, 0 0
= 0 0 0 0 , (15)
0 0 0 0
so that

This corresponds to a vanishing current j*¢ = 0. Similarly, a
homogeneous time-independent non-Abelian electric field
may be written as

AZ — D2 D4 0

=)

(17)

S
5
o
o

to find
E} = E = g(D4D, = D3D). (18)

This corresponds to a current with four nonvanishing
components:

0 0 0 0
j’; = —gE D3 Dl 0 O . (19)
-p,) \-p,) \o/ \o

B. Magnetic field only

For a homogeneous magnetic field, we can again choose
the 4 = 1, a = 1 direction, and write

|
5elkoﬁf = B, = 5\ B. (20)

An Abelian background field can be parametrized as

0 —ZC4 yC3
Ai=110]|]0 0 0 . (21)
0 0 0
so that

This again corresponds to a vanishing current j*** = (. The
non-Abelian realization is

0 0 0 0
AIZ = O D6 Dg 5 (23)
0/ \o/ \bs/ \D,

=)

with
B} = B = g(DsDg — D¢D). (24)

This again corresponds to a current with four nonvanishing
components:

0 0 0 0
0/ \o/)\-ps) \ D,

These expressions are minor generalizations to [26], where
the authors consider Abelian E with C; =E, C, =0;
Abelian B with C3 = B, C4 = 0; non-Abelian E with
D, =-D;=+/E/g, D, = D, =0; and non-Abelian B
with Ds = Dg = \/B/g, Dg = D7 = 0. In [27], the same
authors in addition considered arbitrary D,, D5, and Ds,
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Dyg, respectively. We see that there are a host of other
possibilities for choosing the C; or the D, for a given E or
B. It will not be possible to keep full generality in the
following, but we will further investigate some of the
combinations in terms of the resulting dispersion relations.

C. Electric and magnetic fields, combined

The natural generalization is to consider the combination
of an electric field E1 together with a magnetic field that is/
is not aligned in space and/or color. Allowing for all
combinations of Abelian/non-Abelian A*, one might expect
16 distinct cases. Some combinations are, however, not
possible, since additional components of magnetic and
electric field are sourced. The task is therefore to identify
vector potentials with the property that they generate only
E! and then some combination of B!, enforcing that they
are either of Abelian or non-Abelian type, and that £ and B
are constant in space and time. One then finds a limited set
of options, which we will briefly review in the following.

1. Abelian E and Abelian B

Choosing a vector potential of the form

—xCy —tCy — yCig + 2Cy
Al = 0 0
0 0
—zCy + xCy5 —xCio + yC;
X 0 0 (26)
0 0

gives Abelian E and B fields aligned in color, with

E|=C,+0C,,
Cs4+Cy\ [CotCro\ [Cis+Ce
Bi—g 0 0 0 . @7
0 0 0

Explicitly setting AY =0 (C; = 0), this opens up a few
more options:

0 —tCy, —yCi+2Cy 0 0
Ai=110 —yCi5+2Cy; oljo]|. (298)
0 —yC20+zC13 0 0

which gives Abelian E and B fields orthogonal in space:

E{ == CQ,

B,=g|| 0 Ch Cis | |- (29)

2. Abelian E and non-Abelian B

A vector potential of the form

0 —1C, Dy, Dy,
Al = 0 D, 0 0 (30)
0 D5 0 0

gives Abelian E and non-Abelian B fields orthogonal in
space and color:

E% = Cy,
0 0 0

B, =g 0 D;3Dy, —D3Dyy . (31)
0 —DyDy, DyDyy

3. Non-Abelian E and non-Abelian B

Finally, we may choose

0 0 0 0
A=l o |[Ds|] 0 o |]. 32
D, 0 ) \bps/) \D,

which gives non-Abelian E and B fields orthogonal in
space, but aligned in color.

E} = gD\ Dy,
0\ /DyD;\ [—=D,Ds
Bi—gl|o0 0 0 . (33)
0 0 0

The combination

AZ - D2 0 D6 Dg (34)

is equivalent.

In summary, we have seen that we can find

(1) Abelian E or B, or non-Abelian E or B, with a
somewhat generalized parametrization of what was
reported in [26].

(2) Space-aligned, color-aligned E and B: Possible as an
Abelian/Abelian combination. C| # 0, C3 # 0 is the
special case reported in [26].

(3) Space-aligned, color-orthogonal E and B: Cannot be
realized in our setup.

(4) Space-orthogonal, color-aligned E and B: Possible
as Abelian/Abelian and non-Abelian/non-Abelian
combinations.

114033-4
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(5) Space-orthogonal, color-orthogonal E and B: Pos-
sible as Abelian/Abelian and Abelian/non-Abelian
combinations.

We also see that there are several computationally distinct
cases, depending on whether the vector potential is itself
space- and/or time-dependent. We will press on with the
three purely non-Abelian cases (E only, B only, E and B),
where A/ is homogeneous and constant. We refer to the
Appendix for a brief discussion of the issues involved for
the Abelian vector potentials.

I11. DISPERSION RELATIONS IN THE
LINEARIZED THEORY

A. Non-Abelian B, E=0

Let us return to the case of a non-Abelian B field and
zero E field. In four-dimensional momentum space, the
|

Ok + D3 + Dg + D3 + Dg

2i(Dsk, + D7k.)

linear equation for the modes of the fluctuations reduces to
a set of 12 coupled linear algebraic equations for /;, which
can then be split into three independent sections:

MOO 0 0 0 h(l)$2,3
0 M 0 0 h!
Mbe[12 x 12]hE = 1 ;2,3 ’
0 0 My My hias
0 0 Mo M/ \ni,,
(35)

where in addition Mgy = M} = My, = M3; are all
Hermitian, and M,; = M3,, so that the whole matrix M
is Hermitian. Hence, the equations for A{,; (M) and

hi,s (M) are identical:

—2i(Dgk, + Dgk.,)\ [ h!

—2i(Dsky + D7k.) Oc+ D34+ D7 —(DsDg + D;Dyg) hg’l =0, (36)
2i(Dgk, + Dgk,) —(DsDg + D7Dg) Oy + D%+ D3 Ry
while the h%:% sections mix (M»3733233):
O+ D2+ D%+ D3+ D} 2i(Dsk, + Dqk,) —2i(Dgk, + Dgk,)\ [ h? 0 0 0 K3
—2i(Dsky + D7k,) Oy + D2+ D3 —(DsDg+ D;Dyg) ml+[0 0 -2B n | =0, (37)
2i(Dgky + Dgk) —(DsDg+ D;Dg) U+ DZ+ D3 3 0 2B 0 h3
and
O+ D2+ D%+ D3+ D} 2i(Dsk, + Dqk;) —2i(Dgk, + Dsk,)\ [h3 0 0 0 n
—2i(Dsky + D7k,) Oy + D2+ D3 —(DsDg+ D;Dyg) B|+|10 0 2B n | =o0. (38)
2i(Dgk, + Dgk,) —(DsDg+D;Dg) O+ D%+ D3 n3 0 2B 0 h3
To somewhat mitigate notational clutter, we have ag = (D2 + D% + D2 + D3}) > 2B, (40)

absorbed ¢ into A, gD; — D;, and defined the box opera-
tor in momentum space [, = —w® + k2 + k2, with
k% = k3 + k*. We note that Dsg,g not only appear in
the combination B = DsDg — D¢ D+, but also depend on D;
individually.

1. Non-Abelian B: 0 and 1 sectors

The condition on @ to satisfy the equation is that
Det[M] = 0 = Det[M;], which reduces to the cubic
equation

0% + 2ap2 + gl + 75 =0, (39)

with

Bp = aj + B> — 4((Dsk, + Dsk,)* + (Dgk, + Dsk,)?),
(41)

vp = B*(ap — 4k7). (42)

Let us first consider the zero-momentum case k; = k, = 0,
so that w*> = —[J;, and

—(@0*)? + 2a5(0?)? = (% + B*)w* + B*az = 0. (43)

The solutions for w? depend only on the combination
ap / B:
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®*  ag o 1 [ag az
—_=—, —_ == —i\/—B— , 44
B B B 2(3 B? (44)

and they are all real and positive (see Fig. 1, top). For
instance, in the case Ds= Dg =0, Dy = —D; = /B,
we find az/B =2 so that the eigenvalues reduce to
w* = (2B, B, B). For the more general case Dy = /B4,
—D; = \/B/A for some A [26], az/B = 4>+ 172 > 2, and
the solutions are again real and positive (see Fig. 1,
bottom). As a sanity check, we note that when B =0,
the eigenvalues are @* = (0, ag, ap). These are real and
positive, and they are only zero when all the D;’s are zero.

For nonzero momentum k7, k,, the explicit realization of
,,,,, ¢ becomes more important. Again, for the case
D¢ = —D; = /B, one finds (az/B =2, pp/B>=5-
4k2./B, yg/B® = 2—4k%/B)

a)2 kZ k2 3 602 kZ k2 2
<—+T+’“> +4(—B+ T+E;‘>

B B B B
k3 o* kK k3
5-4 L) ——4+-TL4+=X)4+2-4-L=0, (45
+< B>( B+B+B>+ B (45)
which has the solutions (see Fig. 2)

G

3.0

25t

2.0

1.5k

1.0F

0.5

20 22 24 26 28 305

5

5,

4,

3,

2+

1k

00 05 10 15 20"

FIG. 1. Non-Abelian B: The three eigenvalues in the 0, 1 sectors
for k = 0, for general D; (top), and for VB = D¢/ = —D-A
(bottom).

w? ok o 3 kK ko1 i
— =142 = Ty 1416
B et B2 BTV IO

(40)

These are real and positive for all B, k,, ky, and hence the
0 and 1 components of the fluctuations are stable for this
choice of Ds__ .

For fixed B, a three-dimensional space of realizations
YYYYY s 1s available, which we will not fully explore
here. We will, however, briefly consider again the case
D¢ = —D, = /B, fixing Dg =0, which allows us to
choose any value for D5 without changing B. We choose
Ds = +/qB and vary ¢. In Fig. 3, we show the eigen-
values for ¢ =1 and their dependence on k. . (respec-
tively, keeping the other two constant). We note how the

kT -
different dependences on k, and k.. We can further examine
the g dependence of the lowest eigenvalue as a function of

ky and k_, shown in Fig. 4. We see a nontrivial dependence,
but the eigenvalue remains real and positive.

,/kﬁ + k2 dependence in Fig. 2 is resolved into

2. Non-Abelian B: 2 and 3 sectors

For the 2 and 3 components, the requirement
Det[M;;53.32.33] = 0 amounts to [compare to (39)]

[OF + 2ap002 + (Bp —4B*) Ty + 75 — 4B%ap.]* = 0. (47)

kr

i
4 B

T L L

1 2 3

FIG.2. Non-Abelian B: The three eigenvalues in the 0, 1 sectors
for VB = Dg = —D5, with ky = 0 (top) and k, = 0 (bottom).
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ke

3‘.0 \IE

0.5 1.0 1.5 2.0 25

FIG.3. Non-Abelian B: The three eigenvalues in the 0, 1 sectors
for VB = Dy = —D,, with nonzero Ds = +/qB, q=1; for
nonzero k, (top), k, (middle), and k, (bottom).

We may focus on the expression inside the square bracket
and infer that any solution is a double solution. For
kr, k., = 0, this becomes

—(0?)} + 203(0*)* — (a3 = 3B%)@”* —3B%az =0, (48)

which has the solutions

®*  ag , 1 [ag o
— = =—|Z2+4/E2+12]. 4
-8 Y2\ V@™ (49)

One of these eigenvalues is negative for all ag/B (see
Fig. 5, top). In particular, for Ds=Dg=0,
D¢ = —D; = \/B, we find »* = (3B, 2B, —B), while the
parametrization Dg = /BA, —D; = +/B/A allows the

Twl§,

(%))

IS

ke

“ B

0 1 2 3

FIG. 4. Non-Abelian B: The lowest eigenvalues in the O,
1 sectors for /B = Dy = —D;, with nonzero Ds = +/¢B,
g =0,1,2,3,4; For nonzero k, (top) and k_ (bottom).

lowest @?/B to take values in the interval [—1,0] (see
Fig. 5, bottom). Again, when B = 0, * = (0, ag, ag).

For nonzero momentum, we consider again

D¢ = —D; = /B, for which we need to solve
wZ k% k2 3 0)2 k2 k2 2

4T g =4 2L X

( B+B+B> + < B+B+B>
k3 * k2 k3 k3
1-4- ) (——4L 12 ) —6-4-L=0. (50
+ < B) < B + B + B) B (50)

This is a general cubic equation, which may be solved
straightforwardly, to reveal (Fig. 6) that the (double) unstable
mode becomes stable as k, and/or k; increase. Explicitly, for

ky = 0, the unstable region is |k, |/ VB < 1, whilefork, = 0,
itis kr/VB < /(3 - vB)'2 + (3 + VB) 3 = 153,

We can again extend our analysis somewhat, by
allowing Ds = \/qB while keeping Dg =0. In Fig. 7,
we show the negative eigenvalue and its momentum
dependence (nonzero k,, ky, or k,) for different values
of ¢q=0,1,2,3,4. We see that larger n reduces the
region of instability, and we find that for n — oo,
@?(k=0) - 0.

Hence, in the presence of a constant, homogeneous non-
Abelian magnetic field, for this choice of D5 g, of the 12

.....
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o
B

3+

2+

@
T

1.0 1.5 g .0

2L

FIG. 5. Non-Abelian B: The three double eigenvalues in the
2, 3 sectors; for k = 0, general D; (top), and for VB = Dg/A =
—D;4 (bottom).

FIG. 6. Non-Abelian B: The three eigenvalues in the 2, 3 sectors
for VB = Dg = —D-, with ky =0 (top) and k, = O (bottom).

Pwlg,

IN

=

- °.’cu|€~

g
o

P |

)

5

,ﬁ_ﬂ 2 3 7

2L

FIG.7. Non-Abelian B: The lowest (negative) eigenvalue in the
2, 3 sectors for /B = Dg = —D;, with nonzero Ds = \/¢B,
g=0,1,2,3,4; for nonzero k, (top), k, (middle), and k,
(bottom).

sets of momentum modes present, two are potentially
unstable, growing as

o exp (£|wlt), (51)

with an @ given by the two lowest, degenerate solutions
to (47) [exemplified by the — solution in the special case
of (49)]. Furthermore, the region of instability is cen-
tered around the origin (k = 0), and for large enough k,
these modes are again stable. Hence, only a finite IR
region of momentum modes are unstable, and this region is
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dependent not only on B, but also on the concrete choice of
_____ s, exemplified here by varying Ds.

In Sec. IV, we will further find the eigenmodes of the
system for non-Abelian B only, with B = D¢ = —D,
Ds = Dg = 0, and we will compute the quadratic and cubic
corrections to the evolution equations and solve them

including these corrections.
|

0, — D} — D} + D3 + Dj

—2l(D1(1) — D3kx)

B. Non-Abelian E,B=0
For a non-Abelian background E field and zero B field,
the linear equation for the Fourier modes again splits into
three independent sections. The sections for A7 , 5 (M) and
h?,2,3 (M5) are now identical and decoupled from each
other, and they read (again absorbing g as gD; — D)

2i(Dyw — Dyky)\ [ h7?

+2i(Dyw — D5k, ) O, — D} + D3 DD, — DD, | =0, (52)
—2i(Dyw — Dyk,) DD, — DD, O — D3 + D3 23
while the h(l):éﬁ—sections mix (Mg, Moy, Mo, M)
Oy —D? = D3 + D2+ D} =2i(Dyw— Dsk,) 2i(Dyw — Dyk,) hY 0 0 0 hl
2i(Dyw — Dsk,) O — D} + D3 DD, — DD, W 1+[0 0 =2E||h |=0 (53
—2i(Dyw — D4k,) DD, — D3D, O — D3 + D? h3 0 2E O h!
and
O¢—D?=D3+ D2+ D2 =2i(Dyw— Dsk,) 2i(Dyw — Dyk,) hl 0 0 0 n
2i(Dyw — Dsk,) O — D + D3 DD, — DD, l+[0 0 =2E||K|=0 (54)

1. Non-Abelian E: 2 and 3 sectors

The condition on @ is now that Det[M,)] =0 =
Det[M 3], which is again a cubic equation of the form

2 +2a_[82 + gl + v =0, (55)

where still O, = —w? + k2 + k2, k2 = k§ + k2, and
a_=-D} - D3} + D3+ Dj, (56)
a, = D} + D3+ D3 + D3, (57)

ﬂE = ag - E2 - 4<(Dla) - D3kx)2 + (D2a) - D4kx)2)a
(58)
ve = —E*(a- —4(ki — @), (59)

keeping in mind that E = DD, — D,D5. For kr = k, = 0,
we obtain

—(0?)? + 20, (0?)? = (a2 + 3E?)w* — E?a_ = 0.  (60)
There is now one real solution for w?, while the other two

solutions are in general nonreal. Hence, already in the 2 and
3 sectors, there are unstable modes in the presence of finite

E. However, for the special case D, =D, = E,
D, = D5 = 0, the eigenvalues are o® = (0, E, 3E), while
for the generalization D, = v/EA, D4 = \/E/A, one of the
eigenvalues is negative in the interval 1€ [0, 1], and the
other two are real and positive (see Fig. 8). It appears that
the curve traced out by DD, = E in the space of D;
quite special, avoiding the regions where the eigenvalues
are nonreal. In Fig. 9, we show the a,/a_ plane and
the contours of nonzero imaginary values of the eigenval-
ues. Overlaid in red, the curve traced out at A is varied,
which precisely avoids those regions. Overlaid in green, the

le

(4}
— m

. | LA

65— 1.0 15 20

FIG. 8. Non-Abelian E: The three eigenvalues in the 2, 3 sectors
for kr =k, =0, VE=D,/A = DyA.
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\m||Q

-2 1 L L 1 L 1 L L 1 L L L 1 L 1 n L L
2.0 25 3.0 35 4.0

FIG.9. Non-Abelian E: Regions of the nonzero imaginary part
of the eigenvalues in a /a_ space. Overlaid are the curve E =
D,/ = D44 (red), and curves when further adding nonzero
D3 = \/qB, g = 0.5, 1 (green). In this and later contour plots, the
change in colors denotes equisurfaces, but the details are not
important here.

curves are traced out by adding nonzero D; = /qFE,
g =0.5,1. As another sanity check, we note that for

E=0, w* = (0,a, +/a% —a?), which is real and pos-
itive, but it is nonzero whenever the D,’s are.
For nonzero momentum, we immediately specialize to

D, =D, =+E, D, = Dy =0, so that we need to solve
o Kk o? K k2\? o k2
SRS AT N Y (N I A ) RN (e A B |

CE ) EE) (75

2 k2
—4(“’———x>—0. (61)
E E

The solutions are real, and one of them is negative for some
regions of (k,, k%), as shown in Fig. 10.

2. Non-Abelian E: 0 and 1 sectors
We compute Det[M g o;.10.11] = O to find [compare (55)]
(8 +2a_ 02 + (B +4E*) T, + 7, +4E%a > =0, (62)
and so we may consider the expression inside the square,
and treat each solution as a double root. We again first

consider the case k, = k; = 0, for which we have

—(@?)® 4+ 2a, (0?)? = (0> + TE?)@* + 3E%a_ = 0. (63)

w?

E

5-
4/
3

0.5 1.0

(AJZ

E

o

Kt
20
150
1.0
0.5
1 1 ! 1 1 ! I 1 . k
0.5 1.0 1.5

20"

FIG. 10. Non-Abelian E: The three eigenvalues in the 2,
3 sectors for /E = D, = Dy, as a function of k, (top) and kr
(middle), and the region in the k,/k; plane, where the lowest
eigenvalue is negative (bottom).

Again, we have one real solution and two solutions that are
nonreal in part of the parameter space, shown in Fig. 11 as a
function of @, and a_. Overlaid is the now-familiar curve
parametrized by D, = VEA, D, =VE/A, D, =D; =0
which lies fully in the region of nonreal eigenvalues. For
1 =1, the eigenvalues are > = (0, (2 + iv/3)E). The real
part of two eigenvalues is always positive, while the third
has a negative real part whenever a_ is negative.

For nonzero momentum and Dy = Dy = VE, we need
to solve

114033-10
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FIG. 11. Non-Abelian E: Regions of the nonzero imaginary
part of the eigenvalues in the O, 1 sectors in @, /a_ space
(shaded). Overlaid is the curve VE = D /4 = D44 (red), as well
as curves that result when further adding nonzero D5 (green).

0 KB K 0 KB\ (0 K
AT T I I TS A VY (e
< E+E+E)K E+E+E) <E+E)+3}
2 k2
—4<w———x> —0, (64)
E E

which provides one real solution and two solutions that are
in general nonreal. In Fig. 12, we show the real and
imaginary parts of these eigenvalues as functions of &, (top)
and k7 (bottom), respectively. We see that the eigenvalues
are real and positive everywhere, except for a finite region
near the origin (an ellipse in the k, — ky plane).

And so, for the non-Abelian electric field only, of the set
of 12 momentum modes present, several are potentially
unstable, depending on the precise choice of D, 4. For the
special case of D; = D,y = VE, the 0, 1 sectors have a
finite-momentum region with two unstable modes near the
origin with nonreal eigenvalues, while in the 2, 3 sectors,
there are two unstable modes in certain momentum regions
with real, negative eigenvalues (imaginary ).

C. Non-Abelian £ and B

Including both an electric and a magnetic field allows us
to specify two directions in space, and hence completely
break isotropy. We recall the non-Abelian/non-Abelian
configuration

A_g - D 1

A% - D4, A_g - D7, (65)

-1.0F

-1.5F

FIG. 12. Non-Abelian E: Real and imaginary parts for the
three (double) eigenvalues in the 0, 1 sectors, as functions of k,
(top two) and kr (bottom two), for k7, = 0, respectively.

which gives
E% = gD\ Dy, B% = gDyD;. (66)

The linear equation in momentum space is again a 12-by-12
matrix, but now the sectors are coupled. Introducing a
shorthand, where we absorb g as before and define
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Mdiag
Oy —D?+ D3+ D3 2i(D7k, —D\w) —2iD4k,
= | =2i(Dsk.-Dw) 0Oy—D}+D3 0
2iDyk, 0 O + D3
(67)
and
0 O 0 0 0
Mp=|(0 0 =2E], Mg = 0 2B |,
0 2E O -2B 0
(68)
we have schematically
Mg Mg 0 0\ [h;;
-ML Mg, 0 M hi
E diag B 123 [ _ (69)
0 0 M giag 0 h%,z,s
0 Mg 0 Mdiag h?,2.3

This couples the 0, 1, and 3 sectors, while the 2 sector
is decoupled. Note that this is not simply combining the
non-Abelian E and the non-Abelian B that we consid-
ered above.

We write D, = E/D, and D; = B/D,, in which case the
determinant of the entire matrix may be conveniently
written as

1
x [D{0} + 2D5a3 0% + (B3 — 4D3 (a3 — D))
+ 73 —4Djas3(a; — DY) =0, (70)

(D30} + 2D3a3 03 + B30, + 73)?

with
ay; = B> — E? + D}, (71)

B3 = az(az + D}) — DY — 4DSk2 — 4D3(Bk, — Ew)?,
(72)

Y3 = Dﬁ[a3(a3 - Di) - 4Di(a3 - Di)k%
— 4D3(Bk. — Ew)?], (73)

which reduces to (56) in the limit B = 0 (D; = 0). We see
that the 12 roots split up into six double roots, with three for
each term.

We can again specialize to zero momentum, and we will
rescale all quantities with the appropriate power of Dy,

(w/Dy4, B/D?%, E/D?, a;/D3%, and so on, which amounts to
setting D, = 1) to find the requirements

—(0?)® +2(B* + E? + 1)(w?)?
_ ((BZ —E2)2 —|—332 +E2 + 1)w2
+(B>-E*)(B*-E*+1)=0 (74)
and
— (0?)? +2(B*> + E? + 1)(w?)?
- ((B*—E*)? —=B*+5E* + 1)
-3(B>-E*)(B*-E*>+1)=0. (75)

These provide 3 + 3 distinct (double) eigenvalues for
w?/D3. The first three can be found straightforwardly:

W =1, (76)

1
P :5(1 +2B% 4+ 2E* + /1 +8E2+1632E2)-

These are all real, and one is negative in a region of the
E — B plane, as shown in Fig. 13. The remaining three
eigenvalues are in general complex, and Fig. 14 shows the
regions in the E — B plane, where the real part is negative
(top) or the imaginary part is non-zero (bottom).

The solutions for nonzero momentum now involve k,,
ky, and k, independently, in addition to £ and B, and it is
perhaps not so helpful attempting to display the eigenvalues
in all generality. But, for instance, for k, # 0, we simply get

E
3.0

20
1.5
1.0

0.5F

P T SR S E T SN B S I R I |
0.5 1.0 1.5 2.0 25 3.0

FIG. 13. Non-Abelian E and B: The region in the £ — B plane
where one of the first three (double) eigenvalues is negative.
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E
3.0

25

20
1.5~

1.0+

Ll 11 g
0.5 1.0 1.5 20 25 3.0

FIG. 14. Non-Abelian E and B: Regions in the E — B plane,
where one or more of the second set of three (double) eigenvalues
has a negative real part (top) or nonzero imaginary part (bottom).

the same relations, but with @* — w® — ;. Hence, all
solutions for w? are shifted by +k2, so that unstable but real
o solutions become stable for large k,. For k, # 0, a similar

shift appears, but there are additional terms involving k2 as
well in both equations:

+4k2(w* — k2 — B + E?). (77)

Something new happens for k, # 0, where in addition to the
shift w*> = w? — k2, we pick up terms linear in w, k,, and
proportional to BE,

+4(B%k? = 2BEk.w)(w? — k2 — 1), (78)

so that the (relative) signs of E, B, k, matter for determin-
ing w.

We will not pursue this further, but simply note that there
is much fun to be had in this large parameter space.

IV. COMPUTING THE QUADRATIC AND CUBIC
CONTRIBUTIONS FOR NON-ABELIAN B

A. Setting up the matrix structures: Mode equation

Having completed our survey of realizations of insta-
bilities, we now return to Eq. (12), which implies that the
equation of motion for the fluctuations 4, including self-
interaction at leading order takes the form

[g/w(Dpr)ac + 2g€abcpgy]hu,c - QZMZZ(C>hv,b - 0, (79)

where the matrix M*} is expressed in terms of the expect-
ation values of the fluctuation fields themselves:

Cop = (ha(x, ), (x, 1)) = (ha(0,1)R; (0, 1)) (80)

Pk, )
= [ Gap e ey, sy

where we have assumed evaluation in a homogeneous state.
For the case of a non-Abelian B field, the matrix structure is
as follows (in the 2 and 3 sectors):

[—-M,, 0 0 0 0 0
. 0 My, -M 0o -M 0
Wi ab — 32 33 ’ 35 ’
0 0 0 —Myy 0 0
0 0 -Msy 0 —Mss —Ms
[ 0 Mgy O 0 —Me —Mes
(82)
where
My =CH+C3, Mu=CR+C, (83
My, = C} + C3, My =CE+CH. (84)
Mss = C3 + C%, Mg =C1+CB.  (85)
and
M23 = M32 = —ng = _C%g’ (86)
Mss = M65 = —C% = —C%%, (87)
My = Mg, = 2C33 — C3, (88)
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Mys = Msy = 2C3 - C33. (89

~—

We have at this point already implemented that several
correlators vanish identically, and we have for simplicity by
hand set to zero all correlators involving the modes in the 0
and 1 sectors, since they are stable. The 0 and 1 sectors of
the matrix have the same structure as the 2 and 3 sectors,
but without the sector-mixing components M26,62,35,53. In
our particular setup, we in addition find that M, = My,
My = Mz3 = Mss = Mes, ~ Myz = M3y = Msq = Ms,
and Mss = Msy; = —Moq = —M,, as there are only four
distinct correlators to take into account: C23, C33, C33, C33.

Our task is then to compute these time-dependent
correlators, and again solve the eigenvalue equations
(Det[M — ¢*M] = 0) to find corrected, time-dependent
values of w?>. We will do this below, but already at this
stage, we note that in the limit where M > M, the
corrected system now has three double eigenvalues,

M, Mo + 4 /M%3 + Mgé, of which one is negative when-

ever M%; + M3¢ > M3,. This means that (some of) the
instabilities remain even at late times, provided the back-
ground field remains constant. In the 0 and 1 sectors,
all modes remain stable, since M26 — 0, and as we will
see, My, > M.

B. Setting up the matrix structures:
Background equation

Similarly, we can express the quadratic contribution (10)
in terms of correlators:

Dt = o = M4 [CIA, . (%0)

Again, in our specific setup, the space-derivative terms in
the correction to the current j% vanish because the corre-
lators are space-independent. The time-derivative terms
also vanish, because they either act on a stable correlator (in
the 0 —u sector, which we neglect) or because of the
antisymmetrization of €,,.. We are therefore left with the
matrix M(C), which multiplies A, and we find that this
matrix has the same structure as M. Since there is no
original current in the 0 and 1 sectors, it is consistent to set
Al =0 throughout, and we will consider it no further. In
the 2 and 3 sectors, however, we would have to solve the
full Yang-Mills equation with a time-dependent current.

We will not attempt this here, but simply estimate at
which time the assumption of constant A is likely to break
down. We quantify this as when the correction is larger than
the original current:

M [CIA,, > Jo. (91)

We recall that

0 0 0 0
jz = —gB 0 0 D7 —D5 s (92)
0o/ \o/)\-ps) \ D,

with Dg = —D; = \/B/g, and Ds = Dg = 0. The correc-
tion simply becomes

0 0 0 0
(MA),=-gB||0 0 J7 =Js ||, (93)
o/ \o)\=s)\ s
with

B

Bgc22
Js =—=Jg = \/>BB, (94)
g

so that the form of the total current is unchanged, and it
will still generate a B field in the 4 = 1, @ = 1 direction.
This B field is, however, now time-dependent, and the time-
dependence of A% could also potentially source an Abelian
E field. This means that as soon as either of the correlators
is larger than B/ g, our approximation breaks down. We will
now estimate when that happens.

Bg(CH + CH3 —3C33)
Jo=—J7=4/— e :
g

C. Eigenvectors, quantization, and correlators

The 2 and 3 sectors of the linear system have six
eigenvalues for each set of momenta k, ,, ., wj, correspond-
ing to six eigenvectors ¢;(k, f) which are solutions to

gipi(k.1) = —wi(K)g;(k.1). i=1...6. (95)
— ¢i(k, l) = a;'ceiu)i{l _|_'B;'ce—im{(t‘ (96)

In order to define the state in which to compute the
expectation values, we will assume that the system is
prepared in a vanishing background A% =0 for t <0,
and that A% is instantaneously turned on at ¢t = 0, remaining
constant for # > 0. Then, we may write for <0

1 - . .
Pi(k. 1) = (ai e + (i, )Te~ ), (97)
./20)2
ia)g i iat i\t =it
o, (k.t) = (a e — (aly)e™ ), (98)

\/2602 B

where we note that for A* =0, all the eigenvalues
coincide: w;(k) = @? = |K|.
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For t > 0, we may write in general
(99)

— al ezwk +ﬂl —la)

¢i(k, 1) =
0pi(k, 1) = iw

Matching the expressions at ¢ = 0, we can express o and

(100)

(a el(uk ﬁz l{u ) .

i i i
Py in terms of ay and a’, as

\/%wg{a{(<1+w
;{ (1—w—0>+(a )<+Z—E>} (102)

0
2wy k

i
ay =

Choosing our initial state as the vacuum at 7 < 0, a [0) = 0

and using the standard commutation relations [aj} ., (ay,)"]

(27)%65% (k — K'),
expectation values of any combination of oy, f.

we can straightforwardly compute

The fluctuation fields Ay (k) in the 2 and 3 sectors
are linear combinations of the eigenmodes ¢;(k), written
in terms of a unitary matrix UY(k). With (u=2,3

a=1,2,3->1,...,6), so

(h'(k)(W (k))") = (U;¢" (K)[U;5¢° (K)]T)

= U"U"];(¢" (K)[g* (K)[T).  (103)
keeping in mind that (¢"(k)[¢*(k)]") « 6. We wish to
compute the correlators
3
ct = [ S i (k)
_ [k (W)W K)] + [A (k)] R (K))

which follow from combining Egs. (96), (102), and (103),
and using these, we can construct the nonlinear correction

to the linear mode equation (79).

One final complication is that the diagonal correlators
are (IR and UV) divergent, and so in order to gauge the

effect of the instability, we will in practice compute

CZ’Z?I‘CH
d3k H v H v
Gy 0 5 (k1)) = (R0 0 =k, 0)]
(105)
In Fig. 15, we show the four distinct (renormalized)

correlators in momentum space at times f=1,2,3

L
YX

60F '

20 - N

~ \\~
DR T . L k
y
3 4

.......

FIG. 15. Non-Abelian B: The correlators Cﬁ, C%%, C%%, and C%g
(top to bottom) as functions of k, for times gBr = 1,2,3 (red
blue, green). Renormalized (full lines) and unrenormalized

correlators (dotted lines) are shown.
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gBt

FIG. 16. Non-Abelian
My £ /M3 — M.

B: The three eigenvalues M,

(in units where gB = 1). We see that the C33 and C53
correlators are substantially larger than the other two.

D. Corrected dispersion relations

In Fig. 16, we show M|, My, + /M3, + M5, which

was our late-time estimate for the eigenvalues in Sec. IV A.
The lowest eigenvalue is indeed negative throughout, and
so for any momentum, for late enough time, instabilities
remain if they are not switched off for other reasons.

We can do better, and simply compute the eigenvalues at
k = 0 of the whole matrix M — g>M, as a function of time.
Figure 17 shows the three distinct eigenvalues in the 2 and
3 sectors as a function of time. The initially unstable mode
is briefly stabilized around gBt = 3.5, but by 4.7 the late-
time behavior takes over, and the eigenvalue becomes
negative again.

E. Corrected current

In a similar way, we can insert the correlators into the
effective current. Figure 18 shows the quantities J5 ¢ 7 g (94)
in time. We see that Jo = —J; grows the fastest, and it
becomes order 1 (our criterion for ¢ = B = 1) around
gBt = 4-5. At this time, we can then no longer assume a

200

10F

gBt

-10f

FIG. 17. Non-Abelian B: The corrected eigenvalues w; as a
function of time.

FIG. 18. Non-Abelian B: The quantities J5¢75/+/B/g in time.

constant background field. Whether this leads to stability is
beyond our approach here, but it may be readily studied
using numerical simulations.

V. CONCLUSIONS

To summarize, we have investigated the instabilities of
field fluctuations in pure SU(2) classical gauge theory with
a constant homogeneous background E and/or B field. We
first, in Sec. I, presented a fairly general set of background
vector potentials, generalizing the setup of [26,27]. We
then, in Sec. III, focused on non-Abelian £ and B field
backgrounds, and we derived the dispersion relation that
the fluctuations obey. Nonreal instances of frequencies
(k) signal unstable modes in the linear theory, and we
confirmed that these arise for homogeneous E fields, B
fields, and when combining the two. As an aside, we also
found that the instability does not simply depend on the B
or E field, but on the vector field components A% separately.

Our focus was primarily to identify the computationally
distinct possibilities (space-/time-dependent/independent,
Abelian/non-Abelian), and we have not investigated in
great detail whether some of these cases are gauge
equivalent. But as an example, one can convince oneself
that there is a gauge transformation connecting the C; = 0
and C, =0 instances of the Abelian E-only case in
Eq. (15), but that there is no gauge transformation con-
necting the non-Abelian B-only case, D¢D; =B,
Ds =Dg =0, to Ds #0 Dg =0 (Fig. 9), under the
constraint that it does not generate other nonzero compo-
nents of A%.

Of particular interest is understanding to what extent
these instabilities shut themselves off due to the non-
linearities of the theory. To that end, we computed the
nonlinear (Gaussian) corrections to both the background
field equation and the linear fluctuation equation. We found
that the corrections certainly influence the instabilities of
the fluctuations, but that rather than turning them off, they
can make them stronger. This, however, assumes that
the background field stays constant and homogeneous
throughout, which is spoiled by the nonlinearities in the
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background field equation. We estimated the time when the
background field is no longer a constant non-Abelian B
field to be gBt ~ 4, but further details of how this comes
about, and the explicit effect on the instabilities is likely
better addressed numerically.

Although the context of this type of instabilities is the
thermalization of the plasma in HICs, anisotropic gauge
fields are not unique to QCD. Anisotropic conditions
also appear in cosmology—for instance, in the context
of first-order phase transitions. In that case, the walls of
nucleated bubbles sweep through the ambient plasma, so
that immediately in front of and behind the advancing
wall, the plasma is anisotropic (see, for instance, [28—30]).
Although it is not clear to what extent net E and B fields are
produced, it would be worth investigating whether an
anisotropic out-of-equilibrium background could poten-
tially source similar instabilities.

The obvious continuation of this work is to make a full
investigation of the other realizations of background £ and
B fields presented in the Appendix. This could also readily
be compared to direct numerical simulations of the pure
gauge SU(2) system, going beyond the Gaussian approxi-
mation to the nonlinearities. Further generalizing to SU(3)
gauge theory involves writing down a M (32 x 32) matrix
equation and solving for the dispersion relations and then
unstable modes there. This is ongoing work, but we note
that the results for SU(2) presented here naturally arise as a
subsector in the SU(3) theory.
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APPENDIX: SPACE- OR TIME-DEPENDENT
VECTOR POTENTIALS

For completeness, we now briefly present a few cases of
Abelian vector potentials, and how one might go about
solving the linearized equations of motion.

If the background field A% has no space dependence, we
can simply Fourier-transform in three dimensions and write

dk.dk,dk
hg(xvyaZ7t) :/#

(Zﬂ)3 e—ikxx—ik),y—ikzzhlé (kx, ky’ kz’ l).

(A1)

Then, the equation of motion in momentum space reads
M0}, 0, ky ky kA =0, (A2)
which can be solved as a set of coupled linear differential

equations. One may further Fourier-transform in time, in
the sense that

d .
h’;(kx,ky,kz,t):/%h’t‘,(kx,ky,kz,w)e’“”, (A3)

in which case one may substitute d, — iw in (A2). The
expectation is that for some of the modes (for certain values
of k,, ky, kZ,A), wy, has a nonzero imaginary part, and the
mode grows (or decays) exponentially in time.

If the background field depends on a spatial coordinate,
we can only Fourier-transform in the remaining coordinates
(say y, z), to find

dkydk, .
Ha(x.y.z.1) = /W@ kyikiply (x, ky ko t),  (A4)
and we are led to a relation of the form
M(0},0,,03, 0., ky, k., A)hla = 0. (AS)

This implies that the field profile is not a product of
plane waves in x, y, z, but that the x dependence is some
other function to be solved for explicitly. Similarly, if the
background field depends on two spatial coordinates, we
can only Fourier-transform in the remaining coordinates
(say, z), to find

dk

ha(x,y, z,1) :/(T];)e_[kfzhﬁ(x,y,kz,t). (A6)

Neither the x nor y dependence can then be expressed as
plane waves. Finally, if A" is a function of ¢, the Fourier
transform in time also fails, and the field has a nontrivial
time evolution. We again refer to [26] and the Appendix for
a discussion on this.

1. Abelian configuration of B field (C5=B # 0)

Consider a potential A% in the y = 3 direction with a
constant homogeneous magnetic field in the i = 2 direction
and in the a = 1 color direction:

0\ /0\ /0\ /By

Al = 0 0 0 0 (A7)
0 0 0 0
The linearized Yang-Mills equation becomes
Okt — 2gBye'o, iy, — 2gBe! (5" ki, — 8**h))
_ ngZyzeaclecblhﬁ =0. (AS)

Let us define the functions

T+ = hY + inj,
YE = ) + ik,

X* = h% + ik},
7 = b + ik,
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Modifying Eq. (A8) and then solving for each mode in
Fourier space, we obtain the dispersion relations

d2
(—w2 R (k. F gBY) - E) () =0, (A9)

d?
(-0 + 8+ (k7 a8y = 5 )X40) =0, (10

d2
<—a)2 +2gB + k% + (k, — gBy)* — F) U*(y) =0,
y

(Al1)

<—w2 F 2B + ki + (k. + gBy)* — ;—;) W*(y) =0,
(A12)
where
Ut =Y+ +izZt, W=y +iz".

The above equations resemble a Schrodinger equation
for a harmonic oscillator and have a discrete spectrum
of frequencies. We can solve for the frequencies for W and
U~ to find

1
w} = 29B (n + E) + k2 (A13)
and
1
w? = 2gB (n + 5) +2gB + k2 (A14)

for discrete n =0, 1,2, ... and continuous k.

It is clear that w3 and w? are always positive (> 0) for
any value of n, but @? is negative whenever n < %— 2];2‘3.
That means there are unstable modes of U~ and W+ which
grow exponentially. The remaining modes 7+ and X, U™
and W~ are stable for all k,. We see that the dependence of

k, is absorbed in a redefinition of the y coordinate.

2. Abelian configuration of E field (C; =E # 0)

Consider instead a potential A in the y = 0 direction
with a constant homogeneous electric field in the i =1
direction and in the a = 1 color direction:

—Ex 0 0 0
Al = 0 0 0 0
0 0 0 0

(A15)

The linearized Yang-Mills equation becomes

919,06 = gf*UA5) (0 S4c = 9f acr A} i)

+ 2gfabe PP he = 0. (A16)

Solving Eq. (A16) for the modes in Fourier space gives us
dispersion relations such as

d2
<k§ + k2 £ 2igE — (0 + gEx)? — —) G*(x) =0,

dx?
(A17)
2, g2 : 2N
k; + kz F 2igE — (w — gEx) 2 H*(x) =0,
’ X
(A18)
2 g2 N
ki + kz — (0 + gEx)* — e Y*(x) =0, (Al19)
. x
d2
(k% + k% — (o F gEx)* — F) ZE(x) =0, (A20)
. X
where the functions G* and H* are defined as
Gt=T++ X", H¥f=T"+X".
The above equations again resemble an inverted

Schrodinger equation, an “upside-down” harmonic oscil-
lator. This does not have any normalizable solutions.

3. Abelian E and Abelian B (C; # 0 # C3)

Consider a potential A% corresponding to a constant
homogeneous electric field in the x direction and a constant
homogeneous magnetic field also in the x direction:

—Ex 0 0 By
Al = 0 0 0 0
0 0 0 0

(A21)

The linearized Yang-Mills equation in this case becomes

2
((kz — gBy)? — (o + gEx)? + 2igE — &£ _d )

dx?  dy?
x G*(x,y) =0, (A22)
. &P &
<(kz +gBy)? — (w — gEx)* F 2igE — el d—y2>
x H:(x,y) =0, (A23)
& &
<(kz — gBy)? — (o + gEx)*> + 2gB — e dy2>
x Ui<xv )’) =0, (A24)
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PP
<(kz +9By)’ = (0 = gEx)* F 29B —— _d_yz)

x WE(x,y) = 0. (A25)

Since there is explicit dependence on x and y, we are left
with a partial differential equation in both coordinates.
The equations (A22)—-(A25) can be further solved using
variable separation. For example, considering Eq. (A24),
we can write

U*(x.y) = Ug(x)Uz(y). (A26)

We can split them into two equations:
Ny ) drm
[QU—W—QE (g—E—i—x) :|UE()C):O, (A27)

—ijzzB—d—2 2B? K _ zUi =0
0y +2g dy2+g B 5(y) =0,

(A28)

where QF is the separation constant. Equation (A28) is
another Schrodinger equation with the following replace-

ments: Of F 2gB — 2me, gB — ma, (’;—g — . Since the
oscillator energy ¢, = (n + %)(7), n=0,1,2,3,...,
Q7 = gB(2n+ 1) +2¢B. (A29)
Equation (A27) is an inverted Schrédinger equation with
the following replacements: QF — —2me, gE — ma,
g% — Xp. It has no normalizable solutions.
Similarly, by separating variables, one can write
W (ry) = WEOWE (). (A30)

This can also be split into two equations:

[i dz—ngz(ﬁ—x>2}W§(x):0, (A31)

W ax? gE
|

(O+ ¢*D3)
—2lgkxD3
g*tD3C,

t —
MANA -

ZngxD:;
O+ ¢*(£C5 + DT, + D3)
—2ig(D12kz —_ lCzkx)

+ & 2o [ Kz ol
- W:FZQB_d_yz'f'gB g_B+y Wi(y) =0,

(A32)

where Qviv is the separation constant. Similarly, one can
solve the remaining two equations.

4. Abelian E and non-Abelian B (C,=E, D;=4/B/g,
and Dy, =}/B/g)

Consider a potential A% corresponding to a constant

homogeneous electric field in the x direction and constant

homogenous magnetic field components in the x and z
directions:

A=1lo 0 0 0
0 D, 0 0

(A33)

In this case, the linearized Yang-Mills equation reduces to

Okt + 2ge®'? (D150, — tC10, ) h),
+ 2ge3* D30, 1y — e e (12C3 + D3, ),
+ g2tC2D3hl;<€a1d€d3b + €a3d€d1b) _ 92€a3d€d3bD%hﬁ
+ 2¢°€"??(8"* D, D3k} — ' D3 D, h3)
+ 2ge?1 (C,8"aj; + C,8"a)) = 0. (A34)

We may now Fourier-transform in space, but not in time,
and the linear equation for the modes of the fluctuations
reduce to a set of 12 coupled linear differential equations,
which we can split into four 3 x 3 matrices corresponding
to the y =0, 1,2, 3 sectors introduced earlier, with cross
terms coupling the 0, 1, and 3 sectors. The diagonal 3 x 3
matrix has the form

GtD;C,
2ig(Dypk, — tCak,)
O+ ¢*(*C5 + DY),

(A35)

where [ = % + k%, k* = k? + k% + k?. Diagonalizing this set of equations is nontrivial, but it would result in a set of 12
nonlinear differential equations in ¢, which would most likely require numerical evaluation.
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