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We calculate the perturbative 7-odd contributions to the lepton angular distribution in the Drell-Yan
process. Using collinear factorization, we work at the first order in QCD perturbation theory where these
contributions appear, O(a?), and address both W+ and y/Z° boson exchange. A major focus of our
calculation is on the regime where the boson’s transverse momentum Q7 is much smaller than its mass Q.
We carefully expand our results up to next-to-next-to-leading power in Qr/Q. Our calculation provides a
benchmark for studies of 7-odd contributions that employ transverse-momentum dependent parton
distribution functions. In the neutral-current case we compare our results for the 7-odd structure functions

to available ATLAS data.
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I. INTRODUCTION

There is a long history of the study of 7-odd asymmetries
in QCD hard-scattering processes, starting with the seminal
papers [1-6] that showed how T-odd effects may be
generated by absorptive parts of QCD loop diagrams.
T-odd behavior refers to noninvariance of observables
under so-called naive time reversal, that is, under reversal
of momenta and spins without interchange of initial and
final states. As shown in the early papers, such behavior can
occur even in theories that are manifestly invariant under
true time reversal. Subsequent work [7-22] explored T-odd
QCD phenomena in a wide range of scattering reactions,
among them especially the Drell-Yan process. In Ref. [§]
it was proposed to study 7-odd asymmetries appearing
in the angular distributions of the charged leptons from
the decay of W bosons produced with high transverse
momentum at hadron colliders. The asymmetries manifest
themselves as terms proportional to sin ¢ or sin2¢ in the
lepton distribution, where ¢ is a suitably defined azimuthal
angle between the lepton plane and the hadron plane.
The T-odd part of the spin-averaged differential cross
section for W* production was expanded in [8] in terms
of three structure functions which were computed to
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lowest order of perturbation theory. The results were later
obtained independently in Ref. [10] and extended to the
case of longitudinal polarization of one of the initial
hadrons in [15,21].

In parallel developments, it was realized that 7-odd
effects in QCD may also arise in hadronic matrix elements,
especially in parton distribution functions (PDFs) [23-26],
where they are associated with correlations among three-
momenta, transverse momenta, and polarizations of partons
and hadrons and again generate azimuthal-angle dependent
terms. This has given rise to an intensive experimental
program aiming at the extraction of such 7-odd transverse-
momentum dependent parton distributions (TMDs) (for a
recent review, see Ref. [27]), either in semi-inclusive lepton
scattering (SIDIS) or via the Drell-Yan process.

The precise connection between T-odd effects in per-
turbative (collinearly factorized) hard scattering on the one
hand and T-odd TMDs on the other has been an area of
active research as well. This issue is important both theo-
retically and for phenomenology, where it is central for the
“matching” of resummed calculations based on TMDs to
fixed-order perturbation theory. While much progress has
been made for leading-twist observables [28-39], it was
also realized that for many of the azimuthal-angle depen-
dent terms in the Drell-Yan and SIDIS cross sections—both
T-odd and T-even—this matching is nontrivial and
will involve TMD PDFs at next-to-leading power in the
hard scale [40,41]. Correspondingly, TMD factorization
theorems at next-to-leading power were developed in the
literature [42—-46].
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In the present paper, we advance this area of research by
specifically exploring the low-transverse momentum limit
of the T-odd terms appearing in the Drell-Yan hard-
scattering calculation. The work is carried out in the spirit
of Ref. [22] that addressed T-odd effects in SIDIS, but goes
well beyond it in terms of calculational techniques. For our
purpose, we first perform an independent new analytical
calculation of the lowest-order 7-odd terms in the Drell-
Yan cross section, recovering results at this order from the
previous literature [8,10], but also extending them by
presenting results for pure Z-boson exchange and y —Z
interference. As one application, we will compare our
results to available ATLAS data [47] for the T-odd angular
terms taken around the Z resonance. Our main focus,
however, is to carefully expand the results for low 0%./02,
where O and Q are the boson’s transverse momentum and
mass, respectively. We do this to first and second power in
this ratio, identifying logarithmic behavior as well. As a
byproduct we also uncover a novel simple relation between
two of the T-odd structure functions valid at leading power
in Q2/Q? for both partonic channels, ¢gg annihilation and
g9 Compton scattering.

We hope that our explicit results will be useful in testing
TMD factorization at next-to-leading power and ultimately
contribute to a better understanding of the matching
between the TMD and collinearly factorized regimes. As
has been shown in Refs. [48-50], at leading power y/Z
interference generates a sin 2¢b azimuthal dependence in the
unpolarized Drell-Yan cross section, entering with the
Boer-Mulders function [24], while a term proportional to
sin ¢ is not generated. Effects beyond leading power have
been investigated in Ref. [51].

In more general terms, TMD factorization theorems
make a prediction also for the large-Q; “tail” of the
transverse-momentum distribution they provide, which
may be confronted with the terms generated by the colli-
nearly factorized cross section expanded to low Q;/Q. An
important issue is whether there is an overlap region of Q7
where the two approaches agree. This decides whether the
TMD and collinear contributions to the cross section are
manifestations of the same physical origin, or should be
regarded as genuinely separate pieces. While such an
overlap has been demonstrated in a few important cases,
notably the Sivers function [31,32,38], the situation is not
clear for next-to-leading power observables [40], especially
for those that arise only from loop corrections in the
collinear-factorization case. In any case, knowledge of
both the TMD and the large-Qr (collinear) parts of the
cross section is vital for phenomenology, in order to obtain
a formalism that encompasses the full range of Q. We will
not address the potential ramifications of our results for
TMDs in this paper, but rather view our work as providing
a part of a “library” of hard-scattering functions at low
transverse momenta. We stress that our techniques for
expanding the cross sections for low Q%./Q? are completely

general and may also be used in a variety of other settings,
such as for T-even contributions, collisions of polarized
hadrons, and so forth, or perhaps even at the next order in
perturbation theory, as available from [18].

Our paper is organized as follows. In Sec. II we present
the definition of the structure functions parametrizing the
lepton-angular distribution for the Drell-Yan process and
the main ingredients for the perturbative calculation
of the T-odd contributions. In Sec. III we collect the
analytic results, and subsequently in Sec. IV the small
QOr expansion is performed. In Sec. V we compare our
results with the ATLAS data. Section VI concludes our
paper. Some calculational details are collected in
Appendixes A-C, and the lengthy results for the small-
Q7 expansion to next-next-to-leading-power are presented
in the Supplemental Material [52].

II. 7-ODD STRUCTURE OF THE DRELL-YAN
HADRONIC TENSOR

The hadronic tensor W# for the Drell-Yan process
can be written in terms of nine structure functions W,.
The most straightforward decomposition of this tensor is
obtained by using the helicity formalism proposed in
Ref. [53] for reactions with photon exchange and extended
in Ref. [10] to the electroweak case. The results of Ref. [10]
for the expansion of W can be conveniently rewritten
using a basis of orthogonal unit vectors T# = g*/ \/@ =
(1,0,0,0), X*=(0,1,0,0), Zz*=(0,0,0,1), Y+ =
e PT,7Z,X5 = (0,0,1,0), proposed in Ref. [53] and
constructed from the hadron and virtual-boson momenta.
This expansion reads as

W = (XEXY + YY" )Wy + i(XPYY = YFXY )Wy, + ZFZVW )
(V1YY = XFXY )W pp — (XFYY + YEXY)W s,
— (XMZY + ZP X)Wy — (YRZ + ZFY )W,
Fi(Z XY =X ZY )Wy +i(YFZ =207 )Wy, (1)

where g is the momentum of the gauge boson y, W=, or Z°,
with ¢> = Q7 its Minkowski momentum squared, and e**®
is the four-dimensional Levi-Civita tensor defined via
tr(ys}/"y”y”}/ﬂ) — 41'6;411(1/5’ with 60123 = —€g103 = —1.

The number of structure functions, 9 = 3 x 3, is deter-
mined by the number of possible helicity settings of the
gauge boson in the amplitude and its complex conjugate.
In the case of the purely weak Drell-Yan reactions or for
y— 7Y interference we have nine functions, while in the
case of the purely electromagnetic Drell-Yan we have only
four T-even structure functions. In general, the Drell-Yan
hadronic structure functions may be classified as
(a) two transverse functions, the P-even W; and the

P-odd WTP;
(b) one longitudinal function W; which is P-even;
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(c) two transverse-transverse interference (double-spin-
flip) functions, the P-even W,, and the P-odd
Waa,; and

(d) four transverse-longitudinal interference (single-spin-
flip) functions, the P-even W,, Wy and the P-odd
Wa,, Wy,.

The lepton angular distribution dN/dQ is expanded in

terms of the hadronic structure functions as

gr = 1 + cos®0,

gaa = sin%6cos 2¢, ga = sin 26 cos ¢,

gan, = sin’0sin2¢,

with 6 and ¢ being the polar and azimuthal angles of one of
the decay leptons in the center-of-mass system (c.m.s.) of
the lepton pair. The angle ¢ may be taken to define the
orientation of the lepton plane with respect to the hadron
plane. In Fig. 1 we show the polar and the azimuthal angles
for the Drell-Yan process in the Collins-Soper frame.

The six angular coefficients ¢g; (i =T, L, AA, A, AAp,
Ap) in (3) are invariant under the P-parity transformation
0 - n—60and ¢ — 7 + ¢, while the other three coefficients
g; (i = Tp, V, Vp) change their sign in that case. Therefore,
the six partial lepton angular distributions dN,;/dQ (i =T,
L, AA, A, Tp, Vp) are also P invariant, whereas the other
three distributions dN;/dQ (i = AAp, Ap, V) are P odd and
also T odd. As can be seen from Eq. (3), the latter
distributions are all proportional to either sin ¢ or sin 2¢.

We note in passing that two other commonly employed,
and equivalent, parametrizations of the lepton angular
distribution are [10,41,53-55]

dN 3

A
=1 2 e 2 A sin?2
16 < + cos“6 + > (I —3cos“d) + A sin260 cos ¢

A
+ 72 sin®6 cos 2¢p + A5 sinfcos ¢ + A, cos

+ Assin’'sin 2¢ + Aq sin 20 sin ¢p + A5 sin fsin ¢> ,

(4)
and
dN 3 1
—=——11 2 in2
70 4;;,1-1-3( + Acos”0 + u sin26 cos ¢

+gsin290032¢ + 7sinf@cos ¢ + ncosf
+ &£sin?@sin 2¢p + ¢ sin 20 sin ¢ + y sin O sin ¢> . ()

The relations between the three sets of structure functions
are recalled in Appendix A.

g, = 1 —cos?6,

ga, = sin20sin g,

aN___3
dQ  8x(2Wy + W)

+ 9aaWan + 91, Wr, + 9v, Wy, + gvWy
+ 928, Waa, + 9a, WAP] ; (2)

9rWr + 9.Wi + 9aWa

where g; = g;(0, ¢) denote the angular coefficients

gr, = cos0,
gv, = sin@cos ¢,

gy = sinfsin ¢, (3)

|

The T-odd structure functions Wy, Wy,,, and Wy, are
generated at O(a?) in the strong coupling constant o, by
the absorptive parts of parton scattering amplitudes. The
leading contributions arise from the interference of one-
loop and tree-level diagrams. The relevant channels are
quark-antiquark annihilation and quark-gluon Compton
scattering. Their one-loop diagrams providing an absorp-
tive part for photon exchange in Drell-Yan are shown in
Figs. 2 and 3; the diagrams with Z° and W* bosons are
generated analogously. The ensuing 7-odd effects were
first studied in Ref. [8] and later recalculated in [10]. Here
we will present an independent derivation that will allow us
to explore the low-Q7 limit of the results.

For our calculation of the 7-odd structure functions we
use a convenient orthogonal basis of vectors P, R, K [56],
defined by

Pt = (py + pa)H,
Rt = (Pl - Pz)”,

P-k R-k
K+ =K — P¥ le_Rﬂ R21
P. R-

= —g" + P* qu_'_RﬂR_;]’ (6)

FIG. 1. Definition of the polar and the azimuthal angles for the
Drell-Yan process in the Collins-Soper frame. The hadron plane
is depicted in blue, the lepton plane in red.
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FIG. 2. One-loop diagrams for gg — gy that produce an absorptive part.
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FIG. 3. One-loop diagrams for gg — ¢y that produce an absorptive part.

which obey the conditions

it
. K=-2 P.R=P.K=R-K=0.

(7)

Here p,, p,, and k; are the momenta of the two initial
partons and the final-state parton, respectively, satisfying
the momentum conservation relation p; + p, = k; + g.
Furthermore, § = (py + p2)% 1= (p1 — )% it = (p2 — 9)*,
with §+7+ &= Q> the parton-level Mandelstam
variables.

P2=-R*=3
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where 7 =z1+£2, 0O=+/0% and RK=

€”””ﬂPDRaKﬂ. We have z; = x;/&;, with the momentum
fractions ¢; of the partons defined by p; = &;P;, and with
the momentum fractions of the light-cone components of

the gauge boson,
v L0
X1 2= e B (9)

at nonzero Q7. We also introduce the variables

X, = eiy% (10)

relevant in the Q7 = 0 limit.

The hadronic structure functions W(x, x,, p*) for the
Drell-Yan process with colliding hadrons H, and H,
are related to the parton-level structure functions
w4 (x1, x5, p*) by the QCD collinear factorization formula

W(thz,Pz) X1X2 /d21/ dzyw 11722/))

X fah, <Z_1>fh/H2 (;C—j) (11)

where f;/(£) is the PDF describing the £ distribution of
partons of type i in hadron H. We are suppressing here the
scale dependence of the PDFs.

We may project onto the parton-level 7-odd structure
functions in the following way (here we drop parton labels):

1
Was, = = (XV + XV,
_ 2122 PRK ( pu_+ -
T A0 (1 1 20 [ePRE (P2, + RVzp,)

+ ePRE(Przf, + R”Zfz)]wuw

(12)

WAP =

! YrZY + YV ZH
- E ( + )Wﬂ

2122 "
:W[eﬂ RE(PY2, + R'zh)

+ €UPRK(P”Z1_2 + RMZTZ)] Wﬂw (13)

wy = L (x0ze XZM)w,,

)
ilez

T 20%(1+4?)

In the evaluation of the absorptive parts of the one loop
diagrams we use the following set of imaginary parts of
scalar one-loop integrals [56,57]:

(P*RF — P*R")w, (14)

= ImBo(,i) = 0,

ImCy(3.0) =~ (é—log%), ImCy(it,0) = ImCy(%,0) = 0,
ImC,(Q?,0) = é G—logf—j), IMCy(Q2,§) = ——5- glog%z,
ImCy(Q% 1) = Qf_ - (é— 1ogg—22), ImCy(Q2%.7) = Qzﬂ ; (é _ 1og§_22>,

ImCy(3, 1) = 3 7_7 p G - log%), ImCy(3,7) = - — (é - 10gl%),

ImD (02 5.7) =~~~ log QzQZ " mDy(0%.5.7) = — Zlog Q;;?,

where B denotes the two-propagator (bubble) diagram,
Cy the three-propagator (triangle) diagram, and D, the
four-propagator (box) diagram. We have used dimensional
regularization with D =4 —2¢ space-time dimensions;
as usual 1/é=1/¢+log(4n)+yg with the Euler-
Mascheroni constant yg.

We note that in the cases of the electroweak contributions
to waa, and wy,, we have to deal with an odd number of y

(15)

matrices in the relevant Dirac traces. We adopt the Larin
scheme for treating y5; details are discussed in Appendix B.

III. ANALYTICAL RESULTS FOR THE PARTONIC
T-ODD STRUCTURE FUNCTIONS

In this section we present our analytical results for the
parton-level T-odd structure functions way,, wa,, and wy.
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We first introduce some notation. We use the QCD color
factors Cp = (N2—1)/(2N,) =4/3,C, =N, =3,T; =
1/2, C;,=Cr—-N.2=-1/(2N.) =—1/6, which at
large N, scale as O(N,), O(N,), O(1), O(1/N,), respec-
tively. Specifically, the color factors for ¢gg annihilation and
qg scattering are C,; = Cp/N, = (N2 —1)/(2N%) = 4/9
and C,y=Tp/N.=1/(2N.) = 1/6. Furthermore, it is
convenient to introduce the coupling factors g,z; =
Coabins e/ (4n) and gy = Cyugitys €dad/ (4m),
where i = 1, 2. Here, ¢, is the electric charge of a quark
of flavor q. The electroweak couplings ggw.; and ggw:,
which incorporate the products of couplings of the gauge
bosons (W, Z°, y) with quarks and leptons, are given by

Gt = 2024 [97,((940) + (92,)7)|D2(Q*)P
+ gyRe[D2(0%)]].
ngz 295195, ((9%,)* + (95,)7)1D2(Q*)
+ gy, Re[Dz(0%)]]. (16)

in the case of electrically neutral gauge bosons (Z°, y) and

24 (ge)) IV g P Dw(
+ Gy ) ) Vg PIDw (0,

g}vsz;l = 29;/‘/44/93/%/ ((gt//Vf)
Jewa = 295%%%((9%4)2

(17)
in the case of the W* gauge bosons, where
Iwe = Tve = 9w gév':;’

a9 9 2sinOy\2
1 — 4sin%0 1
Vo _ w - _ I
Iz 2sin20y %2 =35 20,
g = 1 — 8/3sin’y, o= 1 —4/3sin’6
2 2e,sin20y “d 2e,sin20y
1 1
=, =— 18
2 2e, sin 20y 92 2e, sin 20y (18)

Sy 9q7:1 0% [
AAp 2 (QZ—M)(QQ—}

In the above expressions, V. is the relevant element of the
Cabibbo-Kabayashi-Maskawa (CKM) matrix, and 6y, is the
Weinberg angle measured to be sin? €y, = 0.23121 [58].
Furthermore, D (Q?) (G = W, Z°) denotes the product of
the Breit-Wigner propagator of a weak gauge boson and Q2.
Its real and imaginary part are given by

e (0P -ME)0?
Re[Dg(0%)] = (02 —Mé)ziMzGl%’
2
DG (Q%)] = —; el ol (19)

(Q* = M)* + METE

The masses M and total widths I'; of the bosons, taken
from the Particle Data Group [58], are M= = 80.377 £+
0.012 GeV, M, =091.1876 £0.0021 GeV, TI'y: =
2.085 £0.042 GeV, and I, = 2.49554+0.0023 GeV.
Note that in Egs. (16) and (17) the terms proportional to
the squares of the Breit-Wigner propagators (| D,(Q?)|* and
|Dy(0Q*)|?) correspond to the purely weak ZZ and WW
contributions to the couplings, while the terms proportional
to the real part of the Breit-Wigner Z boson propagator
Re[D,(Q?)] correspond to y-Z interference.

As a final ingredient, we note that all one-loop partonic
structure functions contain a factor 8((§ + 7 + &t — Q?)/3)
arising from phase space and corresponding to the fact that
the recoil in the final state consists of a single massless
parton. It is convenient to write

ab(ZhZz Y ) ab(Zl,Zz’Pz)é((g +i+a- QZ)/:V)-

With this notation in place, we obtain the following
partonic 7-odd structure functions. For the ¢gg annihilation
subprocess, we find

Femir o)

:> N)

SO

qué:gqé;l 0% [ < —1 Qz_”:‘)
2 \/(Qz—u)(Qz—tﬁ? -0 Q-1
2 A 2 _% _3 2 A
TN U o log 2 ”)] (22)
u S t S

114023-6
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qu QZA |:CF (2Q2 M )(Q )(l/t - t)
VI 2 (0P -k - 1)
0 —1) § 0*—1 5. Q-
Rl e | =

For gg scattering we have

19 7gqg;lﬁ 0% {&2Q2+3
Me 2 s\ (@ -a)(r -2 0P -i
0? Q*—a. (Q*-a)(Q*-1)  Q*-1 Q*—a. Q*-i
_C1<Q2—£¢+ 5 log o ; (1 5 log 3 ))] (24)
W19 — gqql QZA [&?_25‘
e % Q2—i) 2071
(@*-wa,  (Q*-)(Q*-1)
o oe ai )} (25)
~ q9 i st CF 2Q2M + 5 i
W T N T2 (0P =i
20% o -l &, Q—i @, (Q*-i)(Q*-1)
-a(@r @ i e 20

We note that in the large N, limit the terms proportional to C; in the structure functions are suppressed by a factor 1/N2
relative to those proportional to Cr and C,. The results for gg scattering are obtained from the ones for the gg process by
interchange of momenta, p; <> p,, which corresponds to an interchange of Mandelstam variables u <> t.

For calculating the hadronic structure functions via the factorization formula (11) and subsequently investigating their
small Q7 behavior, it is convenient to express our results in terms of the variables z; = x,/&,, z, = x,/&,, and p* = Q?/ Q%.
Using

N Y 2 S T )
2122 7] Z
i 2 (Q*—0)(Q*-1) s
- =1+ 27
05" 0% o (27)
one gets for ¢gg annihilation
2., 2
caq _ _Yaz1 | 0+ 5 )
WAAP - _4Z1Z2 m CA 2 + CI(ZIFI(ZZ) + ZZFI(ZI)) , (28)
~ qq 9gg:1 1 Zz — Z2
will = q9; |: 1 2+C Z2F z _ZZF z :|’ 29
Ar 22112/7\/@ B 1(21F2(22) = 23Fa(21)) (29)
~44 Yqz2 1 K P > -2 }
WS s [\ ¢ + Ci(21Fa(2) = 22Fa(21)) | 30
v 2122pP A ) 1(21F2(22) = 22F2(21)) (30)

114023-7



VALERY E. LYUBOVITSKIJ et al.

PHYS. REV. D 109, 114023 (2024)

and for gg scattering

- 91 1 — 22 1 CF 22122 1 —p2 2 p2
Wiy, =22 [—z 1+ +Cizizn| | Fi(z) ——5 ) 5 +talog——=] |
AAp 2 22 /—1+p2 5 <l 1+ 2 12122 (z1) 1+2)2 1 g1+p2

P19 — Ygg1 1 — 25 1 {

2 gz /142

1+ p? 2z,

Here, the functions F; and F, are defined as

1+2z 2zlog(z) =
Fl(Z)E + =2
-z (1-2z)? Nz::l
zlog(z) 1-z
F2(Z)EI+T(Z): )

They obey Fi(1)=
around z = 1.
We now have

F,(1) =0 and F,(0)

+Zl 222) +C122

1-2z1 1- 1- -
Wy ——gqg;27Z2* |:CFZI <Zl( Z2)+ Zl) +Cin|——7
2

(31)

z3) log (32)

)]

p —(l—zz)Fz(zl))]. (33)

(34)

= F,(0) = 1. For later reference, we have also given their expansions

! !
W(xhxz’ﬂz)—xlxz /d21/dZ2W 21,22, p%)6 ((I_ZI)( ) = = 2Z1Z2>fa/H1< )fb/hr2 <x§> (35)

This factorization is formally valid when Q7 is of order Q,
that is, for Agep < Q ~ Q. For Q7 < Q the appropriate
factorization formalism is TMD factorization. Here, we will
take the collinear factorization and extrapolate to small
values of Q7 by formally expanding the result about
Q7 = 0. This will result in an expansion in powers of
p? which can be matched to TMD results in the region of
intermediate Q7 for a smooth transition from the TMD to
the collinear regime. We will perform the expansion in p?
beyond the leading power, which has been the main focus
in the existing literature, to provide information about
which higher-power corrections are accounted for in the
collinear formalism.

IV. SMALL-Q; EXPANSION

In the expansion of hadronic structure functions of the
form in Eq. (35) we have three contributions. First, there is
the direct dependence of the partonic structure function
on Q7. Second, the phase space delta function has non-
trivial Q7 dependence. Third, the variables x;, x, have
implicit Q7 dependence. The first type of contribution may
be straightforwardly taken into account by simple expan-
sion of the partonic structure functions. The second and
third contributions require more discussion.

The phase space delta function in (35) is well known in
the literature, see, e.g., Refs. [41,54,59]. Its expansion to
leading power in p? = Q2/0Q? was also given in that
reference and reads as

6((1 (- 2) —1_’;2%)

5(1—z) 5(1—22)
= —o(l —z7)6(1 —
U=z, -, 72
x log p* + O(p?). (36)
Here the “plus” distribution is defined by
v e _ [ ) =)
Adz(1—2)+_A dz = (37)

for a function f that is regular at z = 1. We note in passing
that in Ref. [60] a general method for the expansion of
distributions was developed, based on Mellin integral
techniques. Building on these ideas, we recently formulated
[61] an algorithm for the small-Q7 expansion of singular
functions valid to arbitrary order of p?> and arbitrary number
of radiated partons. This will be presented in a separate
publication. Here we are only concerned with the
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expansion of integrals containing the phase space delta function in (36). For a general regular function ¢(z;, z,) such an

integral can be expanded for small Q7 including O(p*

,p*log p?) terms in the following way:

1 1
2
P
IoE/dzl/deé((l -z)(1 _ZZ)_22112>¢(11722)
14p
X1 X

:/dzl/dZZ(‘S(l_ZZ)GI(Z17Z2)+5(1 - 21)G1(22.21)

X1 X
+6(1 = 21)8(1 — 22)Ga(z1, 22))@ (21, 22) + O(p®, p°log p?), (38)
with
Gi(e1.2) (L+p°)(L+p%0,,) +p'0%/2 pP(1+p+(1 +3p)@+p20§2) p*(1+20,, + 02 /2)
1Z1,32) = s
1

(1 _Zl)+

Gy(z1.22) = p*

%(a,, +0,)? + plo?

Here 1/(1-2z)",_, is a generalized plus distribution of
power m, defined by

1) ) =T £(2)
/‘”u—azml G 1—z> - (40)

where f(z) is again a sufficiently regular test function and
7™ f(z) denotes the Taylor polynomial of f(z) about
z=1to order m — 1,

m=1 ¢ 1\k £(k)
T;n:_ll (Z) = Z(l)k#'(l)(l _ Z)k- (41)

k=0

A lower integration bound of x instead of zero introduces
additional boundary terms of the form

1 1
f2) ! -
[dz( Z)+m 1 [dz |:<1 - Z)ﬁx,m—l - 6(1 Z)
x log(1 —x;) é’;l_)ml_)! on-!
; (= 1D(m=j)!
1 i
X(u—xn 11>@ e

1
(1 +P2 <E+ azl + azz + 63112>> - logp (

Z[Zz< +aZ| +612 +

Zl +1 (1_11)1,2

(azl + aZz + a%[ZZ))

4)) (39)

|
where f(z)/(1-2z)",,._, is the generalized plus distri-
bution defined for an integral starting at a finite lower
limit x, i.e.,

ZU&<

Comparing Eq. (38) with (36) one can see that we re-
produce the known leading terms, while the terms of order
p?, p>logp?, p*, and p*log p? are new.

Substituting the small-Q7 expansion of the parton-level
structure functions w“b(zl , 20, p2) for the various partonic
channels into Eq. (11) we get for the contributions to the
small-Q; expansion of the hadronic structure function

W(x;. xz,ﬂz)3

/ f(z) - T) ()' (43)

= WO(xl’ X2, L/)) +p2W1(X1, X2, L/))
+,04W2(X1J2,Lp) + 0(106)’ (44)

Wt (Xl > X2 P2)

were we have abbreviated

L, =logp’. (45)

The expansion coefficients with i =1, 2, 3 have the
structure
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Wi(xi,x,L,) = —— Z [Rap.i(x1.%2. L) faym, (X0) o1, (%2) + (Poai @ Foy,) (X2, %1, L) faym, (X1)

+ (Pap,i ® fa/HI ) (X1, X2, Lp)fb/H2 (xz)]’ (46)

where

P& L) = [ Eren(t) @)

denotes a generalized convolution, R;(x;,xs, Lp),
Pyoi(22.x1.L,), and P, (21, X5, L,) are perturbative co-
efficient functions containing differential operators acting
on the PDFs f,/y (x;) and f}/p,(x;). We note that the
generalized convolution (47) reverts to the ordinary one,

m®mm5[%mw6) (48)

when P(z,y, L/,) does not depend on y and L,,. Details are
given in Appendix C. We stress that, as indicated in
Eq. (44), the functions W; may carry dependence on

|

However, Eq. (44) is not yet the complete expansion. As
mentioned above, we need to take into account that x; and
X, are defined at finite Q7 [see Eq. (9)] and hence must also
be expanded about their respective values at Q7 = 0, x(f
and x2 in (10). Therefore, we substitute x; = x; 0/1 4+ p?
as arguments of the structure functions W; and perform
the p? expansions of the latter. We now present our final
result for the full small-Q7 expansion of the hadronic
structure functions, including the leading-power (LP) term
WEP(x9,x9,L,), the next-to-leading-power (NLP) term
WNEP (X0 %9, L ,), and the next-next-to-leading-power
(NNLP)term WNNLP(x?, x3,L,):

W(xl,xz,pz) = WLP(x?,xg,Lp) +p2WNLP(x?vx(2)vLﬂ)
+ ptWNNEP (O X L,) + O(p°),  (49)

log p?, on top of the overall power of p that they multiply. ~ where
|
WLP(xwxva ) = WO(X(l)’xg’Lp)’ (50)
1
WNP (X0 X9, L,) = Wi (x9,x0.L,) + = 5 (x99, oWO(xl,xz, ,) x50, oWO(xl,xz, ). (51)
1 1
WANEP (0 30 L) = Wy (x9,x9, L) +Zx?x(2)0x?dng0(x?,xg,Lp) g (6000 Wo(x0, x5, L,) = 4x00,0W, (20, 23, L,,)
1
_ (x(l))Qai?Wo(x(l),xg,Lp)) 3 (x20 oWO(xl,x(z), L,) - 4x90, 0W1 (xl,xg,Lp)
— (8P, Wo(xd. 8. L,)). (52)

Here 0! 0%, W;(xy, x5,

L,) denotes the mth partial derivative with respect to x; and the nth partial derivative with respect to

X,. The calculational techniques for taking these derivatives are discussed in Appendix C.
Explicitly we obtain the following analytical results for the LP contributions W}"* ab (x9,x9,L,) to the T-odd hadronic

structure functions (here ab = ¢q, qg and J = AAp, Ap, V):

_ 3 -
Waks (a0 0. L) = gyﬂggﬁMMd>ﬁ@émwwmm@wmmmw@w]
4 (1) gcl (01 (D) (f1 ® 32)(x3) + (f1 ® q1)(x9)72(x9)]. (53)

LP;qq LP;gq
Wy qq(xl’xva )= ZﬂWAqu(x?,xg)
gqql CA

- pxY Xg 2Ck [ql(xl)(qu ® QZ)(XZ)

Yqq:1 0 _ 0
- C _
a0 1[611(x1)(f2 ® 72)(x3)

(qu ® Q1)(xl)q2(x2>]

(f2 ® ¢1)(x)3>(x3)]. (54)
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; g,
Wit (x9.x8. L,) = ~ 1 qé’ 5d(x))(Pog ® 9)(x9),  (55)
XX
W 9 (x9,x9, L,) = 2BW 9 (x9.x9. L)
9qg
= - oé]( NP ®9)(x3),  (56)
PXIX,
where
_ 9EW:1
gEWZ,
1+22
P‘I‘](Z) CF (1_Z)++§5(1_Z) ’
Py(z) = Cp(1 +2),
Py (z.L,) = Cp(142z2) + Cyz(2L, - 2),
P/q/g(z, Lp) = Cp(l — Z) =+ C]Z( p(l - Z) + 1- 2Z), (57)
and
Fi(2)

with F; as defined in Eq. (34). Note that the f; are regular
functions with f(1) = 1/3, f,(1) =1/2.

As shown in (56), there is an interesting relation
between the structure functions Wy “’(x9,x9,L,) and

LP;ab o
Wy, (0, x5, L,):
W (0,69, L,) = 2BWEHe (0,29, L,),  (59)

valid both for the ¢g and the gg subprocess at leading
power. The NLP and NNLP contributions to the 7-odd
hadronic structure function are listed in the Supplemental
Material [52].

To illustrate the numerical behavior of these expansions,
we consider the ¢gg contribution to the hadronic double-flip
structure function, Wi, (xi,x), as an example. In Fig. 4
we compare the full expression without Q7 expansion with
the LP, NLP, and NNLP results. Here we use the CTEQ
6.1M PDFs of Ref. [62], taken from LHAPDF [63], along
with their MANEPARSE [64] Mathematica implementation.
We choose /s = 8 TeV, Q = 100 GeV, as representative
of the kinematics in the ATLAS measurements [47], and
the renormalization and factorization scales in the calcu-
lations are set to 4 = \/Q? + Q%. As one can see, the LP
piece describes the full result only at low Q7 and rapidly
departs from it for Q7 > 10 GeV or p? > 0.01. By contrast,
already inclusion of the NLP term leads to excellent agree-
ment with the full result out to Q7 = 40 GeV (p*> = 0.16),
only marginally further improved by the NNLP contribu-
tion. In particular, for Q7 = 20 GeV, the LP result deviates

4 R VVNH
4x10 e
,,,,,, VVLP+p2 VVM'P
——— WP R WALP  p ANLP
o 2x107
[S24]
0
-2x107
10 20 30 40 50 60 70 80
QT (GeV)

FIG. 4. Comparison of the full analytical result for the quark-
channel contribution to W,,, [black solid line, taken from
Eq. (30)] with expansions to LP (dashed), NLP (dot-dashed),
NNLP (blue solid) as given in the Supplemental Material [52].

from the full one by about 20%, whereas at NNLP the
relative deviation is only ~0.4%.

V. COMPARISON TO ATLAS DATA

As shown in Eq. (4), the Drell-Yan cross section can be
expressed in terms of eight angular coefficients A;_ 7.
The relations of these coefficients to the hadronic helicity
structure functions are recalled in Appendix A. Previous
experimental and phenomenological studies mostly
focused on the first five A; coefficients [18,47,65-71]
which are related to the T-even structure functions. The
T-odd structure functions have received less attention.
Experimentally, it has not yet been possible to measure
the T-odd angular coefficients in W boson production,
but results in neutral-current scattering in the vicinity of
the Z-boson mass peak are available from the ATLAS
Collaboration [47]. Specifically, the measurement was
performed in the Z-boson invariant mass window of
80-100 GeV, as a function of Qr, and also in three
bins of rapidity y: (a) |y| <1, (b) 1 <|y| <2, and
(©) 2 < |y| <3.5. We note that near Q = m the contri-
bution by y — Z° interference is suppressed relative to that
for pure Z° exchange. In the following, we compare our
results for the angular coefficients As, Ag, and A5 to the
ATLAS data. Here we use the full expressions at O(a?) for
the helicity structure functions Wy, ,,, Wy, and Wy. In the
denominator of the coefficients, we use the O(a;) expres-
sions for the transverse and longitudinal structure functions
Wy and W, (see details in Refs. [41,54,72]). This approach
thus consistently gives the leading contribution to As, Ag,
and A, which is of order a.

To begin with, we investigate the rapidity and QO
dependences of the angular coefficients As, Ag, A7 near
the Z° pole. As in the previous section the calculation is
done using /s =8 TeV and u = \/Q? + Q%. Figure 5
shows the rapidity distribution for fixed Q7, while Fig. 6
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FIG. 5.
Q ~my and /s = 8 TeV.

T-odd angular coefficients As, Ag, and A5 for various transverse momenta Qr of the lepton pair, as functions of pair rapidity at

1<yl <2
0.0030

0.0025
0.0020
0.0015
0.0010
0.0005
0.0000
—0.0005
—0.0010

— full
---
—-ag

10! 10?

1<yl <2

1<yl <2
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0.0025 { ==
0.0020
0.0015
< 0.0010
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0.0000
—0.0005
—0.0010 1(')1 1(')2
QT (GEV)
0.0030 T——
0.0025 1 =72 :;
0.0020
0.0015
< 0.0010
0.0005 1
0.0000
—0.0005
—0.0010

Qr (GeV)

FIG. 6. Qr dependence of the angular coefficients As, Ag, and A for the rapidity interval 1 < |y| < 2atQ ~ my and /s = 8 TeV. We

also show the individual gg and gg contributions.

presents the results as functions of Qr in one of the three
rapidity bins accessed by ATLAS. As the plots show, the
coefficients are overall small, reaching at most 0.1-0.2%
near Qy ~ my or toward larger |y|. This finding does not
really come as a surprise: Small values of the T-odd As ¢ ;
coefficients have been predicted in Refs. [8,10] also for W
boson production. In the case of Z boson production As ¢ ;
are further suppressed because of the smallness of the
corresponding weak couplings, relative to the couplings
appearing in W and W, .

The increase of Asg; at larger values of rapidity in
Fig. 5—which is consistent with the leading-power relation
between Wy and W, we found in Eq. (59)—follows the
trend observed in Ref. [8] for W boson production in pp
collisions at /s = 540 GeV. Likewise, a similar depend-
ence on rapidity was found for the angular coefficients in

Refs. [47,66]. At fixed rapidity, the T-odd coefficients are
small for small Q7 and then increase, peaking when Q7 is
near the Z mass (see Fig. 6). We also show in the figure the
individual contributions by gg and gg scattering, the latter
dominating for all kinematics. Among the 7-odd structure
functions, W,,,, being symmetric under interchange
7y <> 7, has the largest contribution from quark-antiquark
annihilation.

Figure 7 explores the role played by the pair mass Q for
the Qy distribution. We show results for O = 80 GeV,
Q = my, and Q = 100 GeV, which span the range of Q
used for the ATLAS measurements. As one can see, As and
Ag are rather insensitive to 0, whereas A, exhibits a strong
dependence, even turning negative at high Q. This suggests
that A, will be quite sensitive to smearing effects if data are
sampled over a sizable range in Q.
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FIG. 7.

We now turn to the actual comparison with the ATLAS
data [47]. Of their three rapidity bins (|y| < 1,1 < [y| <2,
and 2 < |y| < 3.5) we only use the two with higher |y
since, as we saw above, the angular coefficients are very
small for |y| < 1. We note that ATLAS presents the data in
two ways, as an “unregularized” and a “regularized” set.
The regularization smoothes the data by correcting for bin
migration. This procedure involves the use of Monte-Carlo
pseudo data which are at lowest-order accuracy. Details
about the data regularization method are presented in
Appendixes C and E of Ref. [47].

Figures 8—10 show the comparison. Neither the regu-
larized nor the unregularized data are in particularly good

0,03 s 1<yl <2
= Our result Q~ mz
4 unregularized Atlas data
#®  regularized Atlas data
0.02
——
0.01 $
) PES: ]
< 0.00 +— —
| ——
—0.01 | +
; - L halh
—0.02 = SRR LN
—e—
—
—0.03 g 1
10t 102
QT (GeV)
FIG. 8.

102
Qr (GeV)

Q7 dependence of the angular coefficients As, Ag, and A5 for rapidity 1 < |y| <2 at /s = 8 TeV and for different Q.

agreement with our theoretical predictions. At best, there is
qualitative agreement in that the theoretical results show
positive values for all three 7-odd angular coefficients, with
a similar trend in the data. In particular, for the bin 1 <
ly| <2 one observes a rise of Asg; with Q7 up to about
Or ~ my, exactly as predicted theoretically. Quantitatively,
however, the regularized data—which is the set primarily
to be used for comparisons—shows overall much higher
coefficients than obtained in our calculation. We note that
ATLAS used the DYNNLO package [73] to obtain theoretical
results for As¢ ;. DYNNLO predicts values of up to 0.005
for the coefficients As ;. However, as stated in [47], the
prediction of nonzero values is at the limit of sensitivity of

2 < |yl <35
0.0100 — Our result Q~
4 unregularized Atlas data
0.0075 #  regularized Atlas data
——
0.0050 1 4
-
0-0025 //—1f———\
< 0.0000 L
—0.0025
—0.0050 1
++#A?A+i‘&+i
oo
‘ i
~0.0100 ! |
10! 10%
QT (GeV)

Comparison of our result for A; to ATLAS data [47] at Q ~m . The black and red experimental points denote the

unregularized and regularized data, respectively, and show their statistical error. The left panel shows the results for 1 < |y| < 2, while
the right is for 2 < |y| < 3.5. (The scale on the y axis has been chosen for better visibility of the small values of the coefficient; as a
result, some data points fall outside the plot range. The full dataset is shown in the left lower inset in each plot).
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FIG. 9. Same as Fig. 8, but for the coefficient A4 for rapidity
1<yl <2

both the theoretical calculation and the data. Hence it seems
preliminary to delve into a detailed analysis of the visible
discrepancies between our result and the existing data.
More robust conclusions regarding the agreement of
data and theory for the 7-odd structure functions will only
become possible after significant improvements of both
the experimental results and the theoretical description. A
natural question to ask is whether higher-order (say, NLO)
QCD corrections to the angular coefficients could lead
to a better agreement with the data. In this context it is
important to keep in mind that the 7-odd coefficients
effectively carry an overall factor . This immediately
means that they will be more susceptible to QCD correc-
tions than ratios of cross sections would normally be.
Just to give a simple estimate: For the values of Q7 rele-
vant here, varying the scale in a; from Q7/2 to 20,
easily generates differences of £15% or more in the
calculated coefficients. On top of this, there will be smaller
uncertainties associated with the scale dependence and

1<yl <2

0.020

—— Our result Q~ mz —
#  unregularized Atlas data
4 regularized Atlas data

0.015 1

< 0.000

0.010 { et
0.005 1 -+
T > 9
- ‘ —o—

—0.005 1

—0.010 4

—0.015 1

—0.020 : |
10! 10?
Qr (GeV)

uncertainties of the PDFs. One would thus expect the NLO
corrections to Asg; to be overall non-negligible, even
though judging by the sizeable discrepancy in magnitude
and shape between the existing data and our result it would
come as a surprise if higher -order corrections were to
account for the entire difference. We note that NLO
corrections could in fact be obtained from Ref. [18].
Clearly, a phenomenological study of As¢; at NLO will
be an interesting project for the future. Along with hope-
fully improved future data it would open the door to careful
assessments of the validity of fixed-order perturbation
theory for the 7-odd angular coefficients.

VI. CONCLUSION

We have performed a detailed analysis of perturbative
T-odd effects in charged- and neutral-current Drell-Yan
processes, taking into account W* and Z° exchange, as
well as y — Z0 interference. To this end, we have computed
the relevant 7-odd structure functions for the gg annihi-
lation and gg Compton channels at order O(a?), where they
become nonvanishing thanks to absorptive contributions to
loop amplitudes. While the corresponding results are not
new, we have used them in novel ways. Foremost, we have
presented a new formalism to expand the results for low
transverse momentum, or low p = Q/Q, with the goal of
facilitating comparisons to frameworks that analyze 7-odd
effects in terms of TMDs, especially at nonleading power.
Our new formalism is completely general and can in
principle be used to obtain expansions to arbitrary order
in Or/Q. As a proof of concept, we have applied it to the
T-odd structure functions and expanded them to order
O(p*). In doing so, we uncovered a new relation between
two of the T-odd structure functions, W°(x;,x,) and
WP (x1,x,), valid at leading power in the small-Qr
expansion. Although in the present paper we have not
attempted to connect our results to calculations based on

2< |yl <35
-
0.01 + 411t T
- r
n + L 4 *99 T
——
< 0.00 BN
Y S o - &
—0.01
. -
—+ l‘ -
+
—0.02 A+ +
"'v—_—l L 3
10 10%
Qr (GeV)

FIG. 10. Same as Fig. 8, but for the coefficient A.
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TMD factorization, we think that our paper has much to
offer for such comparisons in the future.

We have also presented numerical results for the validity
of the expansion in p?, and we have compared our full
results for the T-odd structure functions to available data
from the ATLAS experiment. We found that in the present
situation it is impossible to draw any quantitative con-
clusions from this comparison.

In the present paper we have restricted our analysis to the
case of the T-odd effects in the Drell-Yan process with
unpolarized beams. Extensions to the T-even sector and to
polarized scattering will be natural extensions of our work.
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APPENDIX A: RELATIONS AMONG DIFFERENT
SETS OF THE STRUCTURE FUNCTIONS

The three sets of structure functions {A;}, {W;}, and
{A, p,v, ...} are related as [10,41,53-55]

L Wr-w_2-34 W, 24, W s 24,
= = s = = s UV = = s
Wt W, 2+A, P =W, w,  2+4A, Wr+ W, 2+ A4
WVP 2A3 WTP 2A4 5 WAAP 2A5
T = = . = = s = = s
Wt W, 2+ A4, T=W,+w, " 2+A, Wrt W, 2+ A4
w 2A W 2A
(=t =08 =¥ =7 (A1)
Wrt W, 2+ A4, Wrt W, 2+ A4,
and
2WL 2(1 - /1) 2WA 4/.l 4WAA 4y
AO = = R Al = — , A2 — — ,
Wt W, 342 W+ W, 3+ W+ W, 3+
2’va 4z 2WTP 4]’] ZWAAP 45
A3 = = ) A4 == — . A5 = = s
Wyt W, 3+ Wyt W, 3+ Wyt W, 3+
2w 4 2w 4
Ao = goti = 2 Ay =g = (A2)

TOWr W, 3+4

APPENDIX B: TREATMENT OF y° MATRIX
IN CALCULATION OF STRUCTURE
FUNCTIONS

In the calculation of the T-odd structure functions we
have to deal with the > matrix in dimensional regulariza-
tion. We encounter two different cases:

(a) Dirac traces with an even number (in practice, two) of
y> matrices in case of wy; and

(b) Dirac traces with an odd number (in practice, one) of
y> matrices in case of Wwana, and wy .

For case (a), it is permissible even in dimensional regu-

larization to anticommute the two y> matrices toward each

other and to use (y>)?> = 1. As a result, the contributions of

[vector ® vector] and [axial-vector @ axial-vector]| cou-

plings to wy are identical.

TOWr AW, 3+4

In case (b) we use techniques established in the literature
for the treatment of y°> in dimensional regularization.
In particular, for the axial-vector spin matrix we use the
Larin prescription [74-77], expressing y° as the product
of the four-dimensional Levi-Civita tensor ¢*** and three
gamma matrices:

i
Y = 56"”"”3@%@- (B1)

Next, in order to evaluate the structure functions wy,, and
wa,, wWe apply the method proposed in Ref. [77] for the
contraction of two Levi-Civita tensors. One Levi-Civita
tensor occurs in the definition of the structure functions
waa, and wy, [see Egs. (12) and (13)], and the other
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appears because of the Larin substitution (B1). In general,
the product of two Levi-Civita tensors must be evaluated in
terms of the D-dimensional Kronecker tensor &, in order to
preserve Lorentz invariance [77]:

A
GO e A an)
A
iy &y i

€”1ﬂ2ﬂ3”4€yly2y3y4 = —d

(B2)

For our purposes we need to evaluate two types of
contractions [see Egs. (12) and (13)],

. 1
ZG”PRK}//A}/S = _6 ”PRkeypaﬁypyay/ja (B3)
and
. 1
ie'PREy ys = ——e""RKe L ogy?y P (B4)
Using Eq. (B2) we get
ie""Ry ys = (D - 3)PRK, (B5)

and

ie"PRKy ys = &' | PRK + v'{ (P,KR + R,PK + K,RP),
(B6)

where D = 4 —2¢ and &), and y/| are the perpendicular
D-dimensional Kronecker tensor and gamma matrices,
respectively, defined as

P*P, R‘R, K'K,
P2 R K
PP RFR KHK
P2 - R2 - KZ

5ﬂ;¢55¢f

12

y’i = 5’:;J_y” =yt — ,  (B7)

which are manifestly orthogonal to all momenta of the basis
(P,R,K). The obey the following conditions:

5’:;L5Z;L = %;Léz = 5Z;L =D -3,
8 P, =8 R,=38 K,=0.

12

(B8)

Similarly one can define the perpendicular D-dimensional
metric tensor ¢ introduced in Ref. [56],

v , P'P" R‘R” KMK"
dj-:g”_PZ_RZ_K2'

(B9)

One should mention that the identities (B4) and (B6) are
generalizations of (B3) and (B5), respectively. In particular,
Eq. (BS5) follows from (B6) for v — p. In this limit,

5fj;l = D — 3, the second term on the rhs of Eq. (B6)
vanishes, and we arrive at the identity (BS5).

We also stress that using the orthogonal basis (P, R, K)
along with the orthogonal metric tensors and gamma
matrices turns out to be very useful and economical in
our analytical calculations. In addition, we note that the
use of identity (B6) is further simplified in the case of the
evaluation of wy,, and w,,. The reason is that the Levi-
Civita tensor e#"RK on the lhs of Eq. (B6) is accompanied
by the basis vector P* or R* [see Egs. (12) and (13)].
Therefore, the first Lorentz structure 6’;; | PRK on the ths of
Eq. (B6) vanishes thanks to P8, = R'8,. =0. The
second Lorentz structure y/ (P,KR+ R,PK + K,RP)
on the rhs of the identity (B6) is also simplified because
of the orthogonality of the (P, R, K) basis. In particular,
depending on the accompanying momentum P* or R”, we
deduce from the identity (B6) two simplified identities
useful for the calculation of wy,, and wy,:

ie"PRE pys = y/ KRP?,

ie"PRKRys = v/ PKR®. (B10)

APPENDIX C: CALCULATIONAL TECHNIQUE
FOR THE PARTIAL DERIVATIVES OF THE
STRUCTURE FUNCTIONS W;(x,. x;)

In this appendix we discuss the calculational technique
for the partial derivatives of the structure functions
W;(xy, x,) defined in Eq. (46), which have the following
form:

Wi(x1,x5.L,)

1

= [Rab,i(xlvxb Lp)fa/H1 (x1>fb/H2 (x2)
)CIXZ ab

+ (Ppai ® fom,) (X2, X1, L) faym, (X1)

+ (Papi @ faym,) (X1, %2, L) /11, (%2)]. (C1)

where Rapi(x1, %2, L), Pupi(z1,%2, L), and
Py, (22, %1, L,) are perturbative coefficient functions con-
taining differential operators acting on the PDFs f, /5, (x)
and f,/y,(x,). In particular, the functions R, ;(xy, x5, L),
Py i(21.%2,L,), and Py, ;(z5.%1,L,) can be expanded
using the set of the differential operators to factorize the
dependence on the variables x; and x,, z; and x,, z, and x;,
respectively (see detailed discussion in the Supplemental
Material [52]). One can see that W;(x;, x,, L,) is composed
of three main terms, one term proportional to the pertur-
bative function R;(x;,x,,L,) times the PDFs, and two
terms each containing a single integral representation of the
convolution of the perturbative functions P, ;(z;,L,), and
P}, (22, L,) with the PDFs. Also the latter terms depend on
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the second variable x; = x| or x, via the simple form of a
product of f(x;) with some polynomial in x;.

The first term can be trivially dlfferentlated with respect
to x; and x, to the desired order. In the case of the other
two terms one can straightforwardly differentiate the non-
integral terms. It remains to specify how to take the partial
derivative of the terms with integrals. Let us discuss the
treatment of such terms by considering the following
integral:

(€2)

The nth derivative of the integral J(x) can be taken using
the binomial formula

0(x) Z (=) (). )

ox" = m! xomtl o gym

Therefore, we only need to derive an analytical formula

for the nth derivative of the integral I(x), where n is an

arbitrary natural number. In our derivation we will consider

two possible choices for the function P(z):

(a) P(z) = R(z) is aregular function of the variable z, and

(b) P(z) =[1/(1=z)"],,-, is the generalized plus
distribution of power m, defined in Eq. (40) in the
main text.

We first consider the simpler case (a). Here, the first-
order derivative of /(x) reads as

1
M) _ 2 / ) f@ o [Crerare
rae [ d2oR(x/2
—- ?5(§—x)R(x/§)f(§)+ AL
- / oo+ | ER
E | & a9

_j_c/idzé(l—z)R(z)f<§> +%Zdza];§)f<§>
_%{—R(l)f(x)jt]dzR’(z)f(g)],

X

(C4)

where R'(z) = 0R(z)/0z.
One can prove by induction that the nth derivative of
I(x) is given by

(1)

I(x) _ ;(%)in_k)le(
—l—xin/dzz”']R(")(Z)f <§)

where

RO(2) = dR()/0z5 () = () on

For case (b) we recall the definition for the generalized
plus distribution when applied to a PDF f(x/z):

(Co)

1 1
NGO 1
[dz (1 - Z)il.m—l B [dz |:<1 - Z)sz,m—l * 5(1 - Z)
x log(1 — x) ((_1_)'”1_)!@;" 1
—5(1-2) . (="

(€7)

The x dependence of f(x/z)/(1—z)"%,,._, induces a
subtraction of the (m — 1)-th order Taylor polynomial
T[f(x/z)]" evaluated at z = 1,

(C8)

where C%, = m!/(£!(m — ¢)!) is the binomial coefficient
and f)(x) = 0’ f(x)/0x’. Note that the partial derivatives
5(1 —2)0" 7 f(x/z) with respect to z in Eq. (C7) can be
simplified and reduced to derivatives with respect to x as

51 _Z)a;"f(’zf) =5(1-2) Y _1ynct,
f:l
(m )'

In all cases the derivatives 0"I(x)/0x" can be easily taken
by changing the integration variable z — x/£ and, after
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some simplifications, returning back to the integration over
z. We stress that the choice P(z) = R(2)[1/(1 = 2)"], ,,_1>
where R(z) is a regular function, can be reduced to
case (b) by carrying out a Taylor expansion of R(z)
around z = 1:

= f:(z_ ®(1), (C10)

k=0
where R (1) = (0*R(z)/dz"),_;, which results in the

cancellation of the respective powers of (1 — z) between
|

PIx) a1 o 1 o x
TS < o =) 2f(£>>

n k—2)! k=2 r(x (n—k)
o3 (e )
1 x(m—-1)! (1- ) ks i

k=1

= lim
z—1 = ( (

( 1)m+k am+k—1

1) (m+k_1)azm+k 1

the numerator and the denominator of the integrand of 7(x).
In particular, the distribution P, (z) defined in Eq. (57)
contains the term (1 + z2)/(1 — z),, which can be repre-
sented as the sum of a regular term corresponding to case
(a) and a single distribution 2/(1 — z), corresponding to
case (b),

1+ 22 2
(1-2); (1-2),°

In case (b) the nth derivative of the integral I(x) reads as

1
1 1
+_n dZ |: :| ”_]f<{>
x I_Z)+m 1 <

=—(1+2)+ (C11)

(n—k) 1 _
k2 o X (m+n-1)! Z Z
: f(z)D I K e

1
(m+n—1)! ()
d
X (m—1)! / RS

n lf(x)

(C12)
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