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We modify the anomalous hydrodynamic equations of motion to account for dissipative effects due to
quantum chromodynamic (QCD) sphaleron transitions. By investigating the linearized hydrodynamic
equations, we show that sphaleron transitions lead to nontrivial effects on vector and axial charge transport
phenomena in the presence of a magnetic field. Due to the dissipative effects of sphaleron transitions, a
wave number threshold kcyhw emerges characterizing the onset of chiral magnetic waves. Sphaleron
damping also significantly impacts the time evolution of both axial and vector charge perturbations in a
QCD plasma in the presence of a magnetic field. Based on our analysis of the linearized hydrodynamic
equations, we also investigate the dependence of the vector charge separation on the sphaleron transition
rate, which may have implications for the experimental search for the chiral magnetic effect in heavy

ion collisions.
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I. INTRODUCTION

Chiral transport phenomena have recently attracted a
significant amount of attention in experimental and theo-
retical studies, as they may have a significant impact on the
collective dynamics of systems possessing (approximately)
chiral fermions. Since such systems are ubiquitous in
nature, possible manifestations of these phenomena occur
across a diverse range of energy scales, with examples
including the dynamics of baryo- and magnetogenesis in
the early universe [1], the quark-gluon plasma (QGP) in
heavy ion collisions [2], and Dirac and Weyl semimetals
in condensed matter systems [3].

Unlike ordinary transport phenomena, which describe
the macroscopic dynamics of conserved energy-momentum
and (vector) charges on large time and distance scales,
novel chiral transport phenomena are linked to the dynam-
ics of axial charges, which generically are not conserved
due to quantum anomalies [4,5]. Despite the expected
importance of axial charge changing processes in high
temperature QCD plasmas, the effects of such processes for
describing anomalous transport phenomena in heavy-ion
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collisions are frequently neglected in phenomenological
studies [6], and have only been explored to a limited extent
in the studies of [7,8]. The primary objective of this paper is
to clarify under which conditions anomalous charge trans-
port in high-temperature QCD plasmas can be described
macroscopically by anomalous relativistic hydrodynamics,
and to explore the extent to which the nonconservation of
axial charge due to QCD sphaleron transitions affects
transport processes in a QCD plasma.

Starting with a general discussion of axial charge
dynamics in high-temperature QCD plasmas in Sec. I,
we establish the conditions under which a macroscopic
description can be justified, and subsequently in Sec. III
demonstrate how to include axial charge changing proc-
esses due to sphaleron transitions in the anomalous hydro-
dynamic description of high-temperature QCD plasmas.
Based on this framework, we demonstrate in Sec. IV that
sphaleron transitions have a nontrivial effect on the coupled
hydrodynamic behavior of axial and vector charges in the
presence of a magnetic field. Strikingly, we observe that the
inclusion of the sphaleron damping term leads to the
emergence of a wave number threshold that characterizes
the hydrodynamic behavior of coupled charge modes and
indicates the formation of Chiral Magnetic Waves
(CMWs). Due to the particular form of the chiral anomaly,
the dissipative effects due to sphaleron transitions also
induce a nontrivial coupling between different species of
chiral fermions, which we discuss using the example of the
u, d light flavor sector of QCD. Subsequently, in Sec. V, we
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investigate the sensitivity of axial and vector charge trans-
port in the presence of a magnetic field to the sphaleron
transition rate. We provide illustrative examples of vector
and axial charge separation by numerically solving the
linearized hydrodynamic equations, as well as an analytic
expression for the vector charge separation in a space-time
homogeneous plasma that elucidates its dependence on the
sphaleron rate. We finally conclude in Sec. VI with a
summary of our findings and comments on the implications
for the experimental search for chiral transport phenomena
in heavy-ion collisions.

II. CHIRALITY CHARGE DYNAMICS
IN HIGH-TEMPERATURE QCD PLASMAS

Specifically, for an SU(N.)x U(1) gauge theory
coupled to N flavors of massless Dirac fermions, which
describes a high temperature QCD plasma in the presence
of electromagnetic fields, the nonconservation of the axial
current ji (x) = (x)r’r*y(x) of each fermion flavor
takes the form of a local balance equation
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where e, g are the U(1) and SU(N.) gauge couplings,

F,, and Gj, denote the corresponding Abelian and non-
Abelian fleld strength tensors, Frv = e"”"ﬂF o and
G = %e"”"ﬂGgﬁ, are their duals and ¢, is the electric
charge of each fermion flavor. By recognizing the terms on
the right-hand side (rhs) of Eq. (1) as the covariant
divergence of the respective Chern-Simons currents,
0,0"(x) = 1 Fu (x) P (x), 0,K"(x) = 552 G, (x) G ()
the axial anomaly relation in Eq. (1) expresses the local
conservation of the overall chirality of fermions jg. p and
gauge fields 2¢7N,Q°, 2K° for each massless flavor. Since
anomalous transport phenomena such as the chiral mag-
netic effect (CME) [9] only occur when a net chirality
imbalance is present in the fermion sector ( jg.f #0), it is
thus important to understand how a chiral charge imbalance
is transferred and redistributed between fermions and gauge
fields on the macroscopic timescales of interest.

Due to their expected importance, different mechanisms
of chirality transfer have been explored in the context of
condensed matter physics [10], nuclear physics [11], and
cosmology [12]. Straightforwardly, in QED plasmas or
QED-like materials, a chiral charge imbalance in the
fermion sector can be created via the application of
(aligned) external electric and magnetic fields [3], while
spacetime-dependent fluctuations of (chromo-)electromag-
netic fields [12,13] can generate local fluctuations of the
chiral charge imbalance of fermions in QED and QCD

plasmas. Conversely, a chirality imbalance in the fermion
sector can generate chiral plasma instabilities in both QED
and QCD plasmas [14,15], which induce a transfer of
chirality from fermions to gauge fields. However, on
sufficiently large time and distance scales, the transfer of
chirality in non-Abelian gauge theories, such as QCD, is
believed to be dominated by so-called sphaleron transitions
between different topological sectors of the SU(N ) gauge
fields [11,13,16,17].

By virtue of the nontrivial topology of the SU(N..) gauge
field configurations in the physical real space R* U {0},
non-Abelian gauge theories such as QCD feature an infinite
number of topologically inequivalent but otherwise degen-
erate field configurations labeled by an integer Chern-
Simons number N¢g = [d°xK°(x). In high-temperature
QCD plasmas, transitions between different topological
sectors are thermally activated by finite-energy configura-
tions called sphalerons. Sphaleron transitions between
different topological sectors result in a change in Ng by
plus/minus unity, which according to Eq. (1) results in
a change of the net-axial charge of fermions ng ;=

Jd*xJ%(x) by plus/minus two units for each flavor.
While in charge-neutral plasmas the dynamics of sphaleron
transitions thus induces time dependent fluctuations of the
chiral charge imbalance Jjj = dof jg’ ¢ of fermions, spha-

leron transitions in a chirally imbalanced plasma (J # 0)
exhibit a bias toward erasing any preexisting charge
imbalance J‘a‘ [11,16], such that on asymptotically large
timescales any chiral charge imbalance of fermions will
disappear. Since a nonvanishing chiral charge imbalance is
however required to realize, e.g., the chiral magnetic effect,
one concludes that anomalous transport phenomena in
high-temperature QCD plasmas are in a sense intrinsically
nonequilibrium phenomena, which can only occur on
transient timescales before the chiral charge imbalance is
eventually erased.

Evidently, the typical timescale for which a chiral charge
imbalance can persist in a high-temperature QCD plasma
then crucially depends on the rate of sphaleron transitions.
Despite the fact that sphaleron transitions are known to
occur in high-temperature QCD plasmas, it is notoriously
challenging to compute the sphaleron rate from first
principles [17,18]. The sphaleron transition rate is defined
as the thermal expectation value of the zero frequency, zero
momentum limit of the Wightman correlation function of
G, krg,x+ (. K) as

T a
Fsph_/d4X<32—2G G (X )32—2G

Gro) @
and describes the occurrence of a Chern-Simons number-
changing process per unit volume per unit time [17].
Evaluated at weak coupling for SU(N,) gauge theories,
the sphaleron transition rate is parametrically given by
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Ton o a3 T*, where ag = ¢g*/4x [17], while at strong
coupling, the rate of sphaleron transitions is computed
via the AdS/CFT correspondence for an NV =4 super-
symmetric Yang-Mills plasma is given by N — oo: 'y, =
(¢?N)*>T*/2567> [19]. Very recently, (quenched) lattice
QCD calculations [20] have determined the sphaleron
transition rates at temperatures 7 = 1.57,. to be on the
order of I'yy, = (0.02-0.2)T*, with large systematic uncer-
tainties stemming from the analytic continuation of
Euclidean correlation functions to Minkowski space.
Even though the estimated rates from lattice QCD are
actually sizeable, we will demonstrate shortly that a more
careful assessment of their magnitude suggests that an
effective macroscopic description of axial charge transport
in high-energy heavy-ion collisions may still be warranted.
We note that, in this study, we consider the effect of
sphaleron transitions in the weak magnetic field regime.
Conversely, for strong magnetic fields, the sphaleron
transition rate explicitly depends on the magnetic field
strength, which becomes an independent thermodynamic
variable and also affects e.g. the equation of state [21].

III. HYDRODYNAMIC DESCRIPTION
OF ANOMALOUS TRANSPORT
IN QCD-LIKE THEORIES

Although chiral transport phenomena in high-temperature
QCD plasmas are in principle intrinsically nonequilibrium
phenomena, their possible macroscopic manifestations also
emerge naturally within the framework of anomalous hydro-
dynamics [22]. Indeed, if the process of axial charge
equilibration is slow compared to the typical kinetic equili-
bration of the QCD plasma, the axial currents jﬁ.’  represent
additional slow variables whose dynamics can be described
macroscopically by introducing additional axial chemical
potentials yﬁ associated with the residual deviations of the
axial charge jg’ ¢ from the genuine equilibrium state.
However, a meaningful hydrodynamic description based
on an expansion around transient equilibrium states with

nonvanishing axial chemical potentials (ﬂﬁ # 0) can only be
achieved if the equilibration of axial charge is slow compared
to the equilibration of the system. Certainly this is the case for
weakly-coupled SU(N,.) plasmas, where the timescale of
axial charge relaxation due to sphaleron transitions 7y, &

JICA—C ~ ag°T? [17] is much larger than the timescale associated

Sp!
with the kinetic equilibration of the plasma, 7y, ~ 4LT7/S ~
ag?T~! [23]. When considering the QGP created in
heavy ion collisions at RHIC and LHC energies, where
temperatures typically range up to ~4T ., one finds that with
the estimate of I'yy, ~ 0.17* from [20] 7y, ~ 10T~" can be
larger, but not significantly larger than 7y, ~ 27~ fm/c for
favorable values of the transport coefficient/s = 0.16 [24].

Now that we have established the anticipated range of
applicability of an effective macroscopic description, we
proceed to develop the hydrodynamic description of anoma-
lous charge transport following previous works [22,25].
We consider a viscous relativistic fluid in 341
spacetime dimensions, governed by the Minkowski metric
¢ = (—1,1), with conserved U(1) vector currents' vp=
(¥;y"¥;) and U(1) axial currents Jay= (¥ ;yiys\¥y) that
are not conserved due to the axial anomaly for N flavors of
massless Dirac fermions. In the presence of a slowly
varying, nondynamical background electromagnetic field,
the conservation laws take the form

0,T" = ZequMij’ (3)
f
uly.y =0, (4)
g -
0.y = (eq)*CE'B, — 1622 G, Ga’ (5)

where the right-hand side of Eq. (3) reflects work done on
the system by the external electromagnetic field.
Conversely, the right-hand side of Eq. (5) reflects the
nonconservation of axial charge, where effects due to the
Abelian chiral anomaly are described explicitly by the term
(eq;)*CE*B, with the anomaly coefficient C = N./2x°.
Non-Abelian contributions to the axial anomaly are
described by the last term in Eq. (5), which—in accordance
with the discussion in Sec. [I—tend to erase any preexisting
axial charge imbalance and hence leads to disspative
damping of the axial charge. By following the arguments
of Shaposnikov et al. [16], the expectation value of

? - .
<# GZDG’ZD> can be expressed in terms of the sphaleron

transition rate Iy, as

92 = Hra
a (HY _ y
<16”2 Ge, Gl > _4rsph; > (6)

which in the presence of finite axial chemical potentials
> 7 M. 1s manifestly nonzero. By inserting Eq. (6) into the
hydrodynamic equations, the nonvanishing expectation
value of (12; Gﬁ,,éﬁ") due to sphaleron transitions gives
rise to a damping rate for the axial charge yqn =
40/ (xaT), which we will refer to as the sphaleron
damping rate in the following sections. We additionally
note that even though individual sphaleron transitions
represent singular local events, which result in an integer
change of the net axial charge, the macroscopic description
in Eq. (5) is valid over large time and distance scales, where

"Note that the vector current is defined such that the electric
current is jh . = eqy j"‘,'f.
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on average multiple sphaleron transitions provide a dis-
sipative effect on the axial charge evolution of the fluid.

The electromagnetic fields are defined in Lorentz covar-
iant form,

E*=F"y,, Bt :%6"”’/”14,,F,1ﬁ, (7)
such that u”B” = u,,E” — (0. Here, u# denotes the rest-
frame velocity field, which, following Landau and Lifshitz,
is defined as the timelike eigenvector of the energy
momentum tensor: —u, 7" = eu” such that u? = —1.
Besides u*, we use local temperature 7 and chemical
potentials uy A for each fermion flavor as thermody-
namic variables. We also define the vorticity,

1
o = E Myaﬁubaau/)” (8)

which must be included in the hydrodynamic description of
anomalous relativistic fluids [22].

Next, to obtain the complete set of hydrodynamic
equations of the system, we supplement Egs. (3)—(5) with
the constitutive relations for the vector/axial currents j"‘, IAf
and the energy momentum tensor 7, which, in the most
general form in the Landau frame, are written as

T = (e + P)utu + Py + o, 9)
Jy g =ny ' + 1, (10)
Jay =nagu + V. (11)

where € = (T, pty s, 4 ;) denotes the energy density and
P =P(T,py s pay) is the thermodynamic pressure. By
definition, 7 satisfies the relation u,7** =0, and the
dissipative currents vy, , - are defined such that u,2%, , » =
Oand ny s r = u, j"‘, JAf is the vector/axial charge density in
the local rest frame of the fluid. We also note that, following
the common practice in the field of heavy-ion physics, we
take all of the above quantities to correspond to their
expectation values, and we will not consider thermody-
namic fluctuations in this study.

In this study, we restrict ourselves to studying the
dissipative corrections 7#* and v}, /4 Up to first order in
gradients of the hydrodynamic variables and external fields.
The correction to Eq. (9) is then given by

= —pot’ — CAO - u, (12)

which corresponds to ordinary first-order viscous correc-
tions to energy-momentum transport, where 7 and ¢ are the
shear and bulk viscosity, o = A**AY(d,up + Oy, —
% Gap0 - ) is the transverse traceless symmetric shear-stress

tensor, and A* = ¢ + u*u” denotes the spatial projector
orthogonal to the direction of fluid flow. Similarly, the first
order viscous corrections to Eqgs. (10) and (11) take the
following general form

v = —olfy (TM”@D ”VTf —eq f,Eﬂ) (13)

_ O{,{:TA””@U'L% + equ(/BBﬂ + &y,

By = ol (13025~ )

— ol A0, o 4 eqyal B &y gar, (14)
and, if not stated otherwise, we will consider the
various conductivity tensors to be diagonal in flavor space
o/f" = 68/, to comply with the SU(N;) x SU(N/) flavor
symmetry of a charge-neutral plasma in the chirally
symmetric phase. We note that the various coefficients
in Egs. (13) and (14) have straightforward physical
interpretations, where oy and 0,4, are the vector and axial
conductivities, while the “off-diagonal” transport coeffi-
cients oy, and o,y describe the coupled transport of
axial and vector charges associated with the chiral electric
separation effect [26], with oy, = o4y due to the Onsager
relations [27]. The other coefficients are related to anoma-
lous chiral transport phenomena associated with the mag-
netic field and vorticity: oy is the conductivity due to the
chiral magnetic effect [9], op4 is the conductivity due to
the chiral separation effect [28,29], &, is the coupling
of the chiral vortical effect, and &, is the spin-vorticity
coupling [22].

Evidently, the transport coefficients in Eqs. (12)-(14) are
constrained by the second law of thermodynamics, which
requires local entropy production to be non-negative. Based
on this requirement, it follows directly that the ordinary
transport coefficients satisfy the relations 7 > 0 and { > 0
for the shear and bulk viscosities in Eq. (12), as well as
Foon 2 0, oyy 2 0 and o044 > 0, while o4y0y4 < 6440vy,
for the sphaleron rate and the various conductivities in
Egs. (13) and (14). Strikingly, as pointed out in a seminal
paper by Son and Surowka [22] and follow-up works [25],
the various anomalous chiral transport coefficients in
Egs. (12)—(14) are constrained to an even greater extent
by the same condition. To show this, we quantify entropy
production via the entropy current,

St = su + DB + D, 0" _'“"T»fl/‘t/’f_ﬂA,fo;f, (15)

where s is defined by the thermodynamic relation 7's =
(e+P)— My ghy s — pHa sy and Dp, are general func-
tions of temperature 7" and chemical potentials yy /4 . By
exploiting the hydrodynamic equations and thermodynamic
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relations, we can then express the divergence of S* as (see
Appendix A for details)

1 Hvy €qy
RS =~ o~V (aﬂ T T

Ha.f KAy 2
- (Z’% (eqf)2> CE'B, + 0,(DyB" + D ,0").
f

(16)
and require positive entropy production with the condition
9,8" > 0. (17)

Dissipative effects due to shear () and bulk () viscous
corrections, vector and axial charge diffusion (6y/4v,4), as
well as sphaleron damping (Iy,,) contribute positively to
entropy production. Deferring the details of the calculation
to Appendix B (see also [22]), one finds that a thermo-
dynamically consistent description of the anomalous
transport phenomena associated with the coefficients
ovp,0pa,éa,Ey, requires these phenomena to be non-
dissipative in the sense that their contribution to 9,5"
vanishes identically. Based on this requirement, following
the calculations in [22,25], one obtains the following
constraints on the anomalous transport coefficients in the
single-flavor case:

nyHAR
UVBZC(ﬂA— €V+APV>, (18)
ons = Cluy =" 1 (eq) 1 L giny). (19)
€+ P 7 opy
2
NgpAp By 0
—Clu2 - A v NEY
& <ﬂv s ) +(eqs)™ 7 i 9(fia)
o ., _
+0TG(/’£A)7 (20)
HaA
=2C nVﬂA/‘%/ 1 ./= 21
Sy = Hyha — > + (eqs) ™ g(fia), (21)

where jiy =p,/T and g and G are hitherto arbitrary
functions of ji,. These coefficients agree with the
single flavor calculations by [22,25] and with the con-
ductivities calculated microscopically in the original
works of [9,22,25,28-30]. While the positivity of entropy
production alone does not lead to such stringent con-
straints in the multiflavor case (see Appendix B), we will
assume that individual quark flavors behave independently
with respect to the chiral anomaly and entropy production

and employ the same transport coefficients for the multi-
flavor case for respective quark flavors.

Next, we take these coefficients and insert them into the
first order corrections to the constitutive relations in
Egs. (13) and (14). We can then take the constitutive
relations with the conservation equations to obtain the
closed set of hydrodynamic equations that govern the
vector and axial charge dynamics in a high-temperature
QCD plasma.

IV. HYDRODYNAMIC EXCITATIONS IN
CHARGE-NEUTRAL PLASMA

Now that we have established the effective macroscopic
description of vector and axial charge transport in the
presence of QCD sphaleron transitions, we will study the
behavior of hydrodynamic excitations on a static equilib-
rium background, characterized by a fluid velocity field
" = (1,0), temperature 7, and vanishing vector/axial
charge chemical potentials uy, = uy, = 0, which is typical
in high energy heavy ion collisions. In order to analyze the
hydrodynamic equations, we first perform a spatial Fourier
transform of the equations of motion, according to

3
u'(t,x) z/(jﬂ]; e™®Xul (1,k), (22)

and similarly for the other fields, then subsequently
linearize the equations of motion around the static equi-
librium background. In the presence of an external mag-
netic field B, the velocity field can be decomposed as

k' B k xB

i: _— — —_—
u uk |k| +MB‘B| +ukXB |k % Blﬂ

(23)

such that the longitudinal and transverse components of the
fluid velocity fields are given by

u; = mui = Uk + ug COS(ng), (24)

‘ B ki (k x B)/
i - - 7 2
u, =ug <|B Cos(ekB)|k|> + UkxB kxB| (25)

and the transverse component can be further decomposed
into two components:

B! k!
Ujp = Uup <® — cos(fkp) m) (26)
k x B)’
Uy = UgxB ﬁ (27)

We choose the hydrodynamic variables to be fluctu-
ations in energy density de = 67%, momentum density

114022-5
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m' = 68u'(e+ P) = 6T%, and charge densities Sny ;=
8jy s and ény s = 8j} ;. as these quantities can be defined
microscopically in the underlying theory of QCD. By using
thermodynamic relations, it is straightforward to express
intensive variables from 7, w”, and puy,, in terms of
extensive ones; in particular we can express changes in
charge density in terms of changes in chemical potential
according to

2
Sn. :X/ff'g . ff — _oOP (28)
if ij OMjf's ij aﬂi faﬂj / T’

while changes of the pressure are determined by the
equation of state as 6P = c}de. Since we are considering
a charge-neutral background, all transport coefficients are
evaluated at uy ; = uy y = 0. We also assume SU(N) x
SU(N/) flavor symmetry, such that )({jf/ = 6,6/ We
note that in this situation, the “off-diagonal” transport
coefficients, oy, = o4y in Eqs. (13) and (14) also vanish,
since the leading-order contributions are o s ppy p [26],
i.e., of second order in the chemical potentials.

By imposing these conditions, we obtain the complete
system of linearized hydrodynamic equations:

d,6¢ + ilk|m, = 0, (29)

e[ A2 4 05
atﬂL+l|k|C35€+§yﬂk Ty, :O, (30)
07 g+, km 5 =0, (31)

omy) +y,Km | — Zieqﬂk X B|(D{,5nv_f) =0, (32)

f
) ik-B
at5nv.f—|—ka 5nvf+equ (3I’lA.f:O, (33)
. . )(A .
ik-B
0,0ny s+ D,K%dny s+ eq fcx—énv,f =YY _ONa ;.
\%4
f

(34)

where y, =n/(e+ P) is the shear diffusion coefficient,
D; = o,;/y; are the vector/axial charge diffusion coeffi-
cients and the coefficient yg, = 4,/ (xaT) describes
dissipative effects due to sphaleron transitions. Since the
right-hand side of Eq. (34) contains a sum over all flavors,
this contribution leads to an explicit coupling of different
flavor components, which tends to erase the net axial
charge in the system.

We first observe that Egs. (29) and (30) are coupled and
describe sound waves, whereas Eq. (31) describes a purely
diffusive shear mode. Equation (32) is also a diffusive shear
mode, coupled to Egs. (33) and (34), which describe vector

and axial charge density modes. We restrict our analysis to
the coupled charge density equations, leaving out Eq. (32)
as the vector charge density fluctuations feed into the shear
mode but the shear mode does not feed back into the charge
density equations at linear order.

A. Single flavor dynamics

Before we address the more complex situation of
multiple flavors, we will analyze the effect of sphaleron
transitions on the coupled vector and axial charge dynamics
of a single fermion flavor (N = 1) with charge g in the
presence of a magnetic field.

We rewrite Egs. (33) and (34) in matrix form, using

_ DKk?
mY = (

ieq/Cy;'k - B
. 3 artxa > (35)
ieq;Cyy k- B

DK? + 7
such that the fields ¢, = (6ny, dny) satisfy the equation
0py + My, = 0. (36)

By following standard procedure, the dispersion relations
of the linearized hydrodynamic equations are then found by
determining minus / times the complex eigenvalues asso-

ciated with the matrix M’/ in Eq. (35).

Before studying the collective modes that emerge when
explicitly accounting for the dissipative contribution of
sphaleron transitions, we first address the dynamics of
vector and axial charges in the absence of sphaleron
transitions by setting yon = 0 in Eq. (35). The resulting
dispersion relations of the charge modes take the form

C
0. = —iDK> F (a)C g, (37)
VX AXv

which are the known dispersion relations associated with
the CMW up to O(k?) [30]. We observe that the dispersion
relations have two distinct, competing parts, namely a
diffusive imaginary part and a propagating real part. Since
the diffusion constant D is fixed, the mechanism dominat-
ing the behavior of the excitations depends primarily on the
magnitude and orientation of the wavevector k of the
perturbation and on the strength of the magnetic field. In
the presence of a weak magnetic field, the dynamics of
charge modes will be governed by diffusion. As the
magnetic field increases in strength, the low k modes
oriented along the magnetic field will propagate with
decreasing influence from diffusion.

We can further characterize the modes by discussing the
associated eigenvectors,

( cos Q2 > (38
Vo = . ,
i €'+ sin Q. )
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FIG. 1. Single-flavor dispersion relations w, (42) and @y (43) for different values of I'yy, plotted for eB/ T? = 0.05,0.15, 0.45 (top to
bottom) respectively. Vertical dotted line represents kcyw for each case.

in which the subscripted sign corresponds to the sign of
the real part of the dispersion relations. The mixing angles
Q- are

tan Q. = . (39)

XA
and the phases ¢ are

eif-=—1, e =1, (40)
such that for equal vector/axial charge susceptibilities
Xv = xa, vector and axial evolution is maximally mixed.

When sphaleron transitions occur (yg,, # 0), the
dispersion relations can no longer be simply divided into
a diffusive and a propagating part. Instead, the inclusion of
sphaleron transitions associated with the term y, leads to
the emergence of a wave number threshold,

Xv 21—‘sph
kemw = | — = (41)
"V 4 elafICIB]
which provides the minimum wave number above which a
propagating chiral magnetic wave (CMW) can form for a
given magnetic field strength. Hence it is convenient to

express the dispersion relations in terms of the character-
istic scale kcyw as

i Ysph |k|cosOyp )2
UUA_—5(}’sl)h‘f'2Dk2)—sz—p\/<WWkB -1, (42)

i . k|cosé 2
wV:__<ysph+2Dk2)+@ ||—kB _1’ (43)
2 2 kemw

where w, is the dispersion relation of the mode dominated
by axial charge diffusion and wy, is the dispersion relation
of the mode dominated by vector charge diffusion.

We plot the dispersion relations in Fig. 1 for three
different values of the magnetic field strength eB/T? =
0.05, 0.15, 0.45 and further illustrate the behavior for
two different values of the sphaleron transition rate,
namely T,/ T4 = 0.001, corresponding to perturbative
estimates [17], and T'gy,/ T* = 0.01, which is on the order
of recent (quenched) lattice QCD results [20]. For illus-
trative purposes, we consider N. =3 with the charge
susceptibilities of the free theory, given by

2
)(A/V(TvﬂA/V = O) = NcT? =717 (44)
in a charge-neutral plasma.

Each plot shows two distinct regimes separated by their
respective value of kcyw. Below kcyw, CMWSs cannot
form and modes are purely dissipative as the dynamics is
dominated by damping due to sphaleron transitions. On the
other hand, above kcyw, the dynamics of the modes
depends on the magnetic field strength. As eB/T?
decreases, the wave number threshold for the formation
of a CMW increases and dissipative effects increasingly
dominate the propagation due to charge mixing in the
presence of the magnetic field. At high kcyw, modes will
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FIG.2. Mixing angle cos Qi v for the single-flavor case plotted
for eB/T? = 0.45, Cgon/ T4 = 0.001. Vertical dotted line repre-
sents kcyw -

form a CMW but is strongly damped due to the combined
effects of sphaleron damping and charge diffusion. Only at
sufficiently high eB/T? can the CMW overcome the effects
of sphaleron damping and propagate without significant
dissipation, as seen in the lower left panel of Fig. 1 for a
small sphaleron transition rate and large magnetic field
strength. In the case of a large sphaleron rate, shown in the
right panel of Fig. 1 dissipative effects dominate for all
magnetic field strength considered. Even for the larger
magnetic field strength shown in the bottom right panel, the
dominant effect of the vector/axial charge mixing is not the
formation of a propagating CMW but rather the additional
dissipative effects due to sphaleron transitions.

We then investigate the extent of charge mixing by
analyzing the corresponding eigenvectors,

< cos £; ) (45)
vV, = . . .
e sin Q;

for i = A, V. The mixing angles Q,,y, shown in Fig. 2,
characterize the mixing of vector and axial charged for the
two modes. While at k=0 vector and axial charge
dynamics is decoupled, a significant charge mixing already
builds up in the dissipative regime k < kcyw regime,
before for k > kcyw, the mixing angle is identical for
both modes, and the evolution of vector and axial charges is
maximally mixed.

The phases ¢4y are shown in Fig. 3. In the regime where
k < kcyw, the phases are the same, ¢y = —7/2.
However, for k > kcyw, as k increases, the phases diverge
toward a phase difference A¢ = z. That is, ¢, approaches
0, whereas ¢y approaches —x.

B. Multiflavor dynamics

We now move on and consider a two fermion-flavor
system with up and down quarks. In this case, the evolution

A5 Oy
Oa

3+ J

0 0.05 0.1 0.15 0.2 0.25 0.3
k/T

FIG. 3. Phases for the single-flavor case plotted for
eB/T? = 0.45, Cgon/ T4 = 0.001. Vertical dotted line represents

kCMW-

matrix for vector and axial charge dynamics of up and
down quarks is given by

) 0 0
N,=2 ab = 0 7en
M = P . (46)
i .
0 7sph “ =44

where M vaf ~! denotes the single-flavor matrix given in (35),
evaluated for the electric charge of the up quark and down
quark, respectively. The dynamics is then governed by
Eq. (36) for ¢, = {ény . na,.6ny 4,604 ,}, the vector
and axial charge densities for up and down quarks. We
emphasize that the dissipative term due to sphaleron
transitions couples the dynamics of the up and down quarks,
as can already be seen in Eq. (34), where the right-hand side
is proportional to the net axial charge imbalance of all
flavors.

The dispersion relations in the two flavor case are shown
in Fig. 4 for both a low and higher sphaleron rate, for three
different values of the magnetic field. As in the single-
flavor case, we can express the eigenvectors in terms of
mixing angles and phases. We parametrize the four
eigenvectors via

u
cosf,,,cos 2y,

e'?vacos@,,sin QY

V= . i={1,23,4}. (47)

€'’ sing,  cos QS ,

; ind . .
e'Pude'?vasin@,,; sin Q‘{, N
Based on this parametrization, we find the mixing angles

shown in Fig. 5 and the phases shown in Fig. 6, where the
mixing angle cosf,; describes mixing between up and
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FIG. 4. Dispersion relations in the multiflavor case for different values of Iy, plotted for eB/ T? = 0.05, 0.15, 0.45 (top to bottom),
respectively. Black solid lines indicate the asymptotic limits of small or large wave number k.
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KT
FIG. 5. Mixing angles for two-flavor system, eB/T? = 0.45.

down flavors, while cosQi¢ describe axial and vector
charge mixing. Since the general structure in Figs. 4-6 is
rather complicated, we discuss the analytic forms of the
vector/axial charge modes and dispersion relations in the
two-flavor system in the limiting cases of small and large
wave number.

In the large wave number limit, the sphaleron rate

becomes increasingly less important, such that the asymp-

. . . . Ng=2
totic case is described when we take yg, — 0in M A

this case, there is no mixing between up and down flavors,
such that the corresponding eigenvalues take the form

c

w4 = —iDk? § S240= ¢ldlC =k B. (48)
c

@, = —iDk? F 9l g, (49)
Tty

which is identical to Eq. (37) and describes the independent
dynamics of up and down quarks. Conversely, in the small
wave number limit (k — 0) sphaleron damping plays a
prominent role. In this limit, the leading eigenvalues are

) = =2iY ph» W, = w3 =wy =0, (50)
where the first mode corresponds to the relaxation of the net
axial charge density (6n% + 6n4) due to sphaleron tran-
sitions, while the axial charge difference between up
and down quarks (6n% —én9) is conserved, as well as
the corresponding vector quantities, (5n% + én¢) and
(6n% — 5n$). One can further disentangle the three degen-
erate eigenvalues by applying degenerate perturbation
theory to next-to-leading order. By assuming y, = yy =
y for simplicity, and leaving details of the calculation for
Appendix C, the eigenvalues to first order in perturbation
theory are given by

w0, =0, w34= \/- (qd+qu)|k B[. (51

indicating the emergence of constant mode and conjugate
pair of propagating chiral magnetic waves, which is
indicated by a black line in the bottom right panel of Fig. 5.
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FIG. 6. Phases for two-flavor system, eB/ T2 = 0.45.

Generally beyond these two simple limits, the coupled
dynamics is rather complicated, as can be inferred from
the rather complex structures seen in Figs. 4-6. Clearly, the
reason for this is that, in the multiflavor case, even in the
small k£ limit, all of the modes are associated with linear
combinations of u and d vector and axial charges, as can be
deduced the analytic expressions for the eigenvectors in
Appendix C as well as from the mixing angles and phases
in Figs. 5 and 6.

V. EFFECTS OF SPHALERON DAMPING ON
VECTOR AND AXTAL CHARGE DYNAMICS

Next, in order to assess the impact of sphaleron tran-
sitions on normal and anomalous transport phenomena in a
QCD plasma, we investigate the response of the system to
an initial charge inhomogeneity by solving the linearized
hydrodynamic equations (36) numerically. We orient the
magnetic field along the y-direction and study perturbations
in the x—y plane to loosely mimic the evolution in
the transverse plane in an off-central heavy-ion collision.>
We set the scale by setting temperature 7 = 47 -, where
Tc =155 MeV is the QCD cross-over temperature and
study the evolution over a timescale r = 10 fm/c. We limit

ourselves to the single-flavor scenario (Ny = 1) and con-
sider two magnetic field strength regimes: eB/T? = 1/16
and eB/T?> =1. The first of these regimes, where
eB/T?> = 1/16, was chosen to correspond to m2, an
optimistic estimate for the magnetic field strength achieved

in a heavy ion collision [31]. The second, ¢B/ T2 =1, was

*When solving Eq. (36) numerically, in practice we discretize
the evolution on a two-dimensional spatial lattice (256). The
lattice is scaled such that the length of the sides were 10 fm with
spacing ag = 10/256 fm.

chosen arbitrarily such that it was much stronger than
m2. We consider four different values of the sphaleron
rate I'y,, for each magnetic field strength eB/ T2, and
monitor the evolution of the vector/axial charge distribu-
tions along the magnetic field direction, i.e., ny s (v.1) =
f“ nV/A(x, v,2,t), to probe how sphaleron transitions
affect vector and axial charge transport.

A. Vector charge perturbations

We first consider an initial vector charge perturbation,
given by a Gaussian distribution of width ¢ =0.4R,,
R, =1 fm, such that the width is on the order of the size
of a nucleon—the characteristic length scale of variations in
the transverse plane of a heavy-ion collision. By studying
the vector and axial charge profiles after + = 10 fm/c of
evolution as depicted in Fig. 7, we observe that vector
charge diffuses while axial charge separates along the
direction of the magnetic field. At eB/T? = 1/16, the
vector charge diffuses with no discernible difference with
respect to the value of the sphaleron transition rate.
However, when the magnetic field strength is increased
to eB/T? = 1, the charge either purely diffuses or forms a
highly diffusive wave. This behavior depends on the
sphaleron transition rate. In fact, there is a clear transition
in behavior between the charge distribution for I'gy,/ T4 =
107 and I',,/T* = 1072; as the sphaleron rate increases,
the behavior of the vector charge changes from diffusive
propagation to purely diffusive. On the other hand, axial
charge separates in the same manner for both magnetic field
strengths, though the magnitude of charge separation is
greater for a strong magnetic field. One sees immediately
from Fig. 7 that the magnitude and distance of charge
separation depend on the value of the sphaleron transition
rate. Hence, as the rate of sphaleron transitions increases,
the magnitude and distance of separation decreases.

B. Axial charge perturbations

Next we consider an initial perturbation of the axial
charge density, which can be seen as a simple toy model for
dynamics of the chiral magnetic effect (CME) in heavy ion
collisions [9]. We employ the same parameters as for the
initial vector charge perturbation, and present our results
for the vector and axial charge profiles in Fig. 8. As can be
expected, the response to an initial axial charge perturba-
tion is significantly more sensitive to the sphaleron rate.
Specifically, for eB/T? = 1/16 shown in the left column,
the axial charge profile diffuses and decays and the decay
rate depends on the sphaleron rate. For eB/T? = 1, the
modes for each of the four sphaleron rates form a decaying
and highly diffusive wave. With regards to vector charge for
the initial axial distribution, one clearly observes a sepa-
ration of vector charges along the direction of the magnetic
field, albeit the amount of charge separation strongly
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FIG. 7.

Spatial profiles of axial (n,) and vector (ny) charge distributions for initial vector charge perturbation after an evolution for

t = 10 fm/c. Different curves in each panel correspond to four different values of the sphaleron transition rate I'y,,. Different columns
show the results for different magnetic field strength eB/T? = 1/16 in the left column and eB/T? = 1 in the right column.

depends on the sphaleron rate and the magnetic field
strength.

We also find that for the weaker field case, eB/ T2 =
1/16 where the magnetic field strength is relevant for heavy
ion collisions, the axial charge charge only diffuses and
there is no clear sign of propagating waves. Even though a
small amount of vector charge separation is still generated
also in this case, it is clear that dissipative effects dominate
in this case, and clearly need to be taken into account in a
realistic description of the dynamics of CME and CMW in
heavy-ion collisions.

C. Sensitivity of charge separation
to the sphaleron rate

Importantly, the vector charge separation along the
direction of the magnetic field has been suggested as
an experimental signature of the CME in heavy-ion

collisions [32]. Since this charge separation is sensitive
to the sphaleron transition rate, we will further quantify this
dependence by using the dipole moment. Specifically, we
consider vector charge separation as the result of an initial
axial charge perturbation, and determine the electric dipole
moment

x-B
D(B.1) = [ 532 S eqm . (2
f

which quantifies the amount of electric charge separation
along the direction of the magnetic field.

We first derive an expression for the dipole moment for
the case of a single quark flavor (N, =1), rewriting
Eq. (52) as
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FIG. 8.

Spatial profiles of axial (n,) and vector (ny) charge distributions for initial axial charge perturbation after an evolution for

t = 10 fm/c. Different curves in each panel correspond to four different values of the sphaleron transition rate I'y,,. Different columns
show the results for different magnetic field strength eB/T? = 1/16 in the left column and eB/T? = 1 in the right column.

x-B [ &Pk I\!
D(B — 43 ik-x
0= [ el [ o5 (,)

wcexp ()= ) (710 ). (53

where we have used the notation iy 4 (k) to differentiate
between the charge distributions in coordinate space and
their Fourier-transformed counterparts. Recall, matrix M,
is defined by Eq. (35). Then, switching the order of
integration,

b= [ 2[RI (1Y

cexp () - ) (7/000), (s

alto, Kk

which becomes

T

< oxp (M () (1 = m)}(ﬁv““k))

fig(to. k)
_iB;

- (;)’expwgb(k)(t—to)}
(o)

Evaluating Eq. (55) for an initial axial charge perturbation
and one quark flavor (N = 1), we find the dipole moment

(55)

k=0

—eq;|B|CT
D(B.1) = % (1= e~/ D87, (56)

sph
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FIG. 9. Electric charge separation, quantified by the electric
dipole moment D for an initial axial charge distribution as a
function of I'y,, for single- and two-flavor configurations of
various initial charge ratios at ¢t = 10 fm/c.

where we use 671 = 67i,(t = 0,k = 0) to denote the initial
net axial charge imbalance.

Similarly, in the case of two quark flavors (N = 2),
we find

—e|B|C(q7+q3)T L N P T
D(B’t): 16Fsph ’ l_e t (5’11':’ +5nAY )

2 2 oh!
_¢IBlClau—q,)T <F5Phte—8§;”? ) (670 — 57%0).
2I—‘sph )(AT

(57)

where as before 5i1%/"" = 5i%/“(t = 0,k = 0) denote the
initial axial charge imbalance of u and d flavors, such that
the terms in the second line describe the response to a net
axial charge imbalance of both flavors, whereas the terms in
the third line describe the response to an axial charge
difference between u and d flavors. However, most
importantly, from Eqgs. (56) and (57), we immediately
see the relationship between the sphaleron transition rate
[spn and separation of charge, as quantified by the dipole
moment D(B,¢).

We illustrate the relations for both the single-flavor and
two-flavor case in Fig. 9, where we present the dependence
of the dipole moment D(B, t) on the sphaleron transition
rate I'y,;,. By normalizing the dipole moment to its value for
[ypn = 0, the quantity D(Ty,)/D(T'gpn = 0) becomes in-
dependent of the magnetic field strength [cf. Eqgs. (56)
and (57)] and can be viewed an overall suppression factor
of the charge separation signal due to sphaleron transitions.
When the sphaleron transition rate is large, all terms
proportional to e *'w/zT" in Egs. (56) and (57) can be
dropped and the charge separation is proportional to 1 /Ty
By inspecting the results in Fig. 9 one finds that after an

evolution for 10 fm/¢, the suppression for sphaleron rates
L/ T* <0.01 is still rather modest. However, for values
on the order of the (quenched) lattice QCD estimates [20]
Cpn/ T* > 0.02 there is in a significant suppression of the
signal, as well as a strong sensitivity of the result to the
actual value of the sphaleron transition rate. While such a
suppression may make it harder to detect possible signa-
tures of the CME and CMW in heavy-ion collisions, the
strong sensitivity to the sphaleron rate also suggests a
possible experimental avenue for constraining the spha-
leron rate using charge separation measurements associated
with chiral phenomena such as the CME and CMW.

VI. CONCLUSIONS AND OUTLOOK

Based on a general discussion of the criteria for the
validity of a macroscopic description of the axial charge
dynamics in high-temperature QCD plasmas, we modified
the anomalous hydrodynamic equations of motion to
explicitly include dissipative effects sourced by sphaleron
transitions. Within this framework, dissipation due to
sphaleron transitions is incorporated as a damping term
proportional to the sphaleron transition rate, which depletes
the net axial charge imbalance of all fermion flavors and
contributes positively to entropy production in the system.
Notably, in the case of multiflavors the dissipative contri-
bution from sphaleron damping also coupled the dynamics
of different flavors, as the dissipative term is proportional to
the sum of the axial charge density of all flavors.

By linearizing the hydrodynamic equations around a
space-time independent background, we investigated the
coupled dynamics of vector and axial charge perturbations
in a charge neutral background and contrasted our results
including sphaleron damping to the traditional behavior of a
chiral magnetic wave. When sphaleron damping is taken
into consideration, a characteristic wave number scale kcyw
emerges. Below kcyw, charge modes experience decaying
diffusive behavior as the dynamics is dominated by spha-
leron transitions. Conversely, above kcyw, the modes
behave like an ordinary CMW, albeit the latter is typically
strongly damped. The threshold kcyw ~ 'spn/eB depends
on the sphaleron transition rate and magnetic field strength
and we expect that for typical values achieved in heavy-ion
collisions at RHIC and LHC energies dissipative effects
dominate and the decaying diffusive behavior is realized.

By studying the time evolution of linearized vector/axial
charge perturbations, we visualized the impact of the
sphaleron transition rate on vector and axial charge trans-
port in a QCD plasma in the presence of a magnetic field.
Strikingly, for sufficiently strong magnetic fields, the
sphaleron transition rate also has an impact on vector
charge transport, i.e. the vector charge response to a vector
charge perturbation, which may be interesting from the
point of view of extracting the QCD sphaleron rate on the
lattice. Second, in the presence of an axial charge
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imbalance, we observe the expected separation of vector
charges along the direction of the magnetic field. Even
though the amount of charge separation strongly depends
on the sphaleron rate and magnetic field strength, the
general phenomenon of charge separation persists. We
further quantified the amount of charge separation in terms
of the electric dipole moment, and determined its depend-
ence on the sphaleron rate. We find that for realistic values
of the sphaleron transition rate, the charge separation can
easily be suppressed by a factor of two compared to the
situation where dissipative effects due to sphaleron tran-
sitions are not taken into account.

Since the charge separation is highly sensitive to the
sphaleron transition rate, it is conceivable that experimental
measurements of charge separation can be used to constrain
the QCD sphaleron rate. Such constraints would not only be
useful to confront current state-of-the-art calculations, but
would provide a unique measurements that can elucidate
topological properties of QCD. Our results thus motivate the
development of a more comprehensive treatment of axial
charge dynamics, where it would also be important to extend
the present framework to include fluctuations of axial charge
sourced by sphaleron transitions.
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APPENDIX A: DIVERGENCE OF ENTROPY
CURRENT, MAGNETIC FIELD, VORTICITY

Let us first derive the divergence of the entropy current.
The viscous correction to the entropy current in first order
hydrodynamics is

o (e +P) gV Hag

T T Jv.f T Jaf- (A1)

Immediately, the divergence takes the form

(e+P) Hy.f
aﬂSﬂ ES dﬂ <T ut ) — dﬂ Tnvwfu"

Hay Ky f Ha.r
+ T”A.f”# + TVL‘;f + TDIIZ}[) . (AZ)

We focus on the first term on the right-hand side of
Eq. (A2). From the longitudinal projection on the diver-
gence of the energy-momentum tensor, we have

0,(e + Pu' = 10, P — (9,u,) — u,(9,T).  (A3)

Now, using the thermodynamic relations 7's = (e + P) —
,uA,an,f - /'tV.an,f and dP = SdT+I’lA’fd/lA’f+l’lV.fd//£V.f,
WE can express

1 1 Hv.f
TM”O”P = —(€+P)Mﬂ <0”T> +I’lV.fMM< ”Tf>

Haf
+ nA,fI/lﬂ< ﬂT)

Dividing Eq. (A3) by 7, and then combining with Eq. (A4),
we obtain

(A4)

€+ P 1 1
()ﬂ< T u”) = —?7’”’(6”14,,) —?uu(dﬂT‘”’)

+ 5 (a,, M) (AS)
J=V.A r
We substitute this result into Eq. (A2), and obtain
L 1 .
0,8" = —?1/‘ (0,u,) —?uv(aﬂTﬂ )
, Ky f Hv f
= (b = v gu) < : T) ~7 Olvy)
, HA.f KAy

Identifying j% — nu* = V!, we evaluate

u,(9,T") = =) _eqsE; (i, —nvu). (A7)
-

where in the last step we used the fact that E¥ is a spacelike
vector (i.e. u,E* = 0). After making the appropriate sub-
stitutions into Eq. (A6), it is straightforward to find

L, Hy, eq
08" = =77 (Ou) ‘”@-f<< ”Tf> ‘TfE”>

Ha, Ha,
- (0,10) 102 9,05 ) (A8)

We now take into account external fields. The most general
modification we can make to the entropy current Eq. (A1)
in the presence of an external magnetic and vorticity field is

St = DgB* + D, ", (A9)

with divergence
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6/¢S’éxt = (0,Dg)B" + Dgo,B" + (9,D,,) 0"

+ D, 0,0". (A10)
Substituting the divergence of axial current and adding the
divergences of the external vortical and magnetic fields into
Eq. (A8) yields the total divergence of the entropy current,
as expressed in Eq. (16).

Now, we can derive identities for the divergences of
vorticity @ and magnetic field B* found in Eq. (A10) using
the ideal hydrodynamic equations. We first note that both
fields B* and w" can be expressed in an analogous way in

terms of the components of the tensors F,; = d,Ap — 954,
and Q5 = ¢*P0,u; according to
Faﬂ = MaEﬂ - MﬂEa - €aﬂy§MyBE, (All)
Qup = ;05 — U0y — Eqpy 517 A°, (A12)
where
H 1 uvop 1 H
at=3 U, = Eubd"u (A13)

is the acceleration of the fluid. Since for sufficiently smooth
fields 0”9"” = 0, we can then express the derivatives as

1
0,B" = Ee/w"ﬁ (0411, )Fop = =20, E* + 2a,B", (Al4)

0,0 = 0,(Q"u

u) = (aﬂub

By transversely projecting the energy-momentum conser-
vation equation A%,9,T*, one obtains

) = da,0h. (A15)

(€ + p)urdu® = A" P+ eq A% Fj;7
7
+ A%0,7", (A16)
which upon keeping only terms linear in gradients becomes
(e+ P)u'du* = —A",0"P + Zeqfnv'fE"
f
+ O(0%). (A17)

Collecting everything, one obtains the identities

B#
9,B" = 2w, — ((@P)—E e%’”v,fEﬂ)’ (A18)
e+P f

20k
— Jd,P
K e—l—p((”)

(A19

~—

- Zeqf}’l‘/.fE#> .
f

APPENDIX B: CONSTRAINTS
ON TRANSPORT COEFFICIENTS

In order to determine the constraints on the chiral
coefficients, following [22], we use the identities derived
in Appendix A that follow from the ideal hydrodynamic
equations:

=2 (o
€+P

(B1)

ZeqanfE >

1
0B = —20'E, + ——

P (—B"aﬂP + Zeq‘fnv.fE"B”)
f
(B2)

By inserting Egs. (B1) and (B2) and the expanded forms of
v"’//A [Eqgs. (13) and (14)] into Eq. (16), one then finds
various contributions to the divergence of the entropy
current that are proportional to either o, B*, E,»", or
EMB”. Since neither of these terms has a definite sign, in
order to comply with a locally positive semidefinite entropy
production, the combinations of coefficients multiplying
them must vanish identically such that the effects asso-
ciated with the coupling to o, B¥, E,@", or E,B* are in
fact nondissipative, yielding the equations

H H 2D,
< —&a 50, Af —&v 0 L aP)(CU”)IO,

T e+P*
(B3)

(Ze qj;UVB _CZ/"Af( f

7
x (E,B") = 0.

Zeqfnv f>
(B6)

In order to evaluate these constraints more explicitly, it is
convenient to then switch variables from 7" and p,,y ; to
fajv.g =Hayv/T and P. Based on the thermodynamic
relations Ts=¢e+ P —py ny s —panas and dP =
sdT + ny rduy y + ny gduy ¢, one finds the relations

<0T> T <6T) _onT?
oP), €+P’ i/ pg, e+P’

(B7)
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Expressing the derivatives of the various coefficients in
Egs. (B3) and (BS) as

0X 0X _
X =35 |IuP + i s ay/"V,f
17).¢
+ | =—— ) 9udia s,
<0/"A.f> uHAf

and exploiting the fact that variations of P and fiy,  are
independent of each other, one finds that Eq. (B3) splits
into 2Ny + 1 equations:

(B8)

Dy Dy Dy _ 2D,
aﬂvﬁf v 0/1A,f ’ ()P €+P

(B9)

Based on Eq. (B7), one then concludes that the solutions for
Eq. (B3) are of the form

Dw = Tsz(ﬁV,fv ﬂA,f)’ (BIO)
0

&) = T (T2 f oty g itas)) (B11)

5,/; = (Tsz(/_lv.f’/_‘A,va (B12)

aﬂA

in which f,(fty ;. fi ) is a hitherto arbitrary function of
fv g and fiy ;. Similarly, Eq. (B5) also splits into 2N, + 1
equations,

0Dg
Oty g

oDy

oDy Dy
——=eq o, =
O s 1B

0P e+P’
(B13)

= eqfd\;B’

which with the help of Eq. (B7) yields

Dg =Tfg(fiy s fias)s (B14)
d

EQfO‘(/B = % (TfB(ﬁV,f’/_‘A,f))’ (B15)
0

equfffm = aﬂA (TfB(,“Vf Ha f)) (B16)

By taking into account Egs. (B4) and (B6), one then finds

10
> g = vy g (B17

(B18)

afB 2 2-

Specifically, for the case of a single flavor (N; = 1), the
functions f, and fp can then be obtained directly via
integration

ey, fia) = eqrChapty + g(fia), (B19)

_ o H _ _
fm(l’lV’ MA) = CM%//"A + ég(ﬂA) + G(/"A)? (BZO)
f

where ¢(fiy) and G(jiy) are hitherto arbitrary functions
of jiy.

Generalizing the single-flavor result to multiple inde-
pendent flavors and dropping the unspecified contributions
then yields

Tl fia) = CZleﬁA,_fﬁV.fv (B21)
f
o(fiv,fia) CZMV fHaf- (B22)

APPENDIX C: DEGENERATE PERTURBATION
THEORY CALCULATIONS
FOR MULTIFLAVOR DYNAMICS

Below we explain the calculation of the eigenmodes in
the two quark-flavor case. We focus for simplicity on the
case yy = ya = ¥, where the matrix is symmetric and the
calculations can be carried out in a familiar fashion. One
finds that to leading order in the small k limit, the matrix

= [Eq. (46)] becomes

0O 0 0 O
- 0 7 0 7
N,=2 sph sph
MLy = , Cl
k=0 0 0 0 0 (1)
0 7V sph 0 Ysph
with eigenvalues
A= Zysphv Ay = /13 =, =0. (CZ)

We use degenerate perturbation theory to disentangle the
three degenerate eigenvalues and determine the perturba-
tions up to first order in k. By perturbing the matrix (C1)
with the first order contributions from (46), one obtains the
first-order matrix,
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0 ieq,Cy 'k - B 0 0
jeq,Cy 'k - B 0
MNf:2|O(k> - teq,Cx Vsph Y sph (C3)
0 0 0 ieq,Cy 'k - B
0 Ysph ieq,Cy™'k - B Ysph
We then can choose an orthonormal basis for the > o7 A N2 K0\ =
kv, = e; (M -M
leading order eigenvectors that diagonalizes the degenerate Ui =€ (Mg, |/(k) )ér,
subspace, ieq.q,CvV2k-B
1N Gt
i 2 2
1 - — ’e<q4_qu>Ck'B
e, = —1{0,1,0,1}, (C4) ko= e (C10)
\/i ie(qlzl—qﬁ)Ck-B
2/ 4+
e, :;{q 2 0,4,,0}, (C5) From the diagonal components of the matrix in (C9),
1/q5 +q2 we immediately obtain the first-order corrections to the
eigenvalues,
A =0,
—qu , leCk B
——5 ¢ (CO) Ay = a+ qi
qd + Qu \/- qd + Qu \/'
¥ leCk B
a3+ - (C11)
1 Our shifted eigenvalues are A, = 4; + 4}, and from the
T T T E T e (C7)  relation @ = i1 we obtain the shifted frequencies
2 2 V2 2 2 V2 ’
9at qu 9+ qu

By projecting the matrix (C8) onto the leading order
eigenvectors in Eq. (C7), we obtain a matrix of the form

(2}/ kz_?T)
kv kD

where the matrix D describes the mixing between the
degenerate leading order eigenvectors (i, j = 2,3,4),

M= o4 = (C8)

kD;; = e (MN7=2| 0 =MLy ey,
0 0 0
ieCk-B 2 2
kp=| 0 ~5F Vet 0 . (C9)
0 0 SRR

and the vector v describes the coupling between the
degenerate eigenvectors (i = 2, 3, 4) and the nondegenerate
state (j = 1)

W) new = 0, (C12)
eC 5 5

D3 pnew = ——=\/4q7 T+ QM|k ' B|’ (C13)
V2V
eC ) 5

Dprew = /4% + 2|k - BJ. Cl4

o = S\ BL(C19

The first-order corrections to the eigenvectors take
the form

(C15)

€1 new —

Eie], (C16)

€inew —

for i =2, 3, 4. Using this prescription, we compute the
shifted eigenvectors,

ieCg,k-B 1 ieCq;k-B 1
€] new =

s T s T = (> (C17)
YsohZ2V2 V2 yenr2V2 \@}
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ieCquq,k - B jeCquq,k - B
ez,newz{ :]d - ie qdqu2 - ;zu - ie qdquz _t (C18)
\/9a + qu MsphZ\/qurqu \/qd+qu XYsph27/4a + G
1 ieCV2k -B(q%— ¢ 1 CV2k-B
e — du . _ieCVk-B(gi—qi) | s ieCV2k-B(gg—qu) | | (C19)
2(q5+4qz) oo/ G5+ @2 2(q3+4q?) Krsm\/ 45+ 42
1 ieCV2k -B(q%— ¢ 1 CV2k-B
e4,new: —7%‘ ) g 4+le \/— (Qd qu) 5 Qd ,g le \/— (qd qu) (CZO)
2(q5+4qz) oo\ G5+ @2 2(q3+4q2) Krsm\/ 45+ 42
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