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2Département de physique, Institut quantique and RQMP, Université de Sherbrooke,
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Critical phenomena emerging from the critical end point of a first-order transition are ubiquitous in
nature. Here we bring the concept of a supercritical crossover, the Widom line, initially developed in the
context of fluids, into the interacting matter described by quantum chromodynamics (QCD). We show that
the existence of the putative critical end point between hadron gas and quark-gluon plasma in the
temperature versus chemical potential of the QCD phase diagram implies the existence of a Widom line
emerging from it in the supercritical region. We survey the thermodynamic anomalies already identified in
simplified theoretical models of QCD exhibiting a critical end point, to show that they can be interpreted in
terms of a Widom line. Then we suggest possible directions where the Widom line concept could provide
new light on the QCD phase diagram.
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I. INTRODUCTION

Understanding whether the phase diagram of quantum
chromodynamics (QCD) hosts a critical end point between
a gas of hadrons and a quark-gluon plasma remains a
central challenge [1–6]. Intense theoretical and experimen-
tal efforts are currently devoted to unravel this issue [1,3].
From a theory perspective, our current understanding of

the behavior of a system close to a critical point is shaped
by the ideas of the renormalization group approach. In this
approach, the concept of universality—quite generally, the
independence of some macroscopic properties from the
microscopic details of a system—is of key importance [7].
For example, there is a deep analogy between the phase
transition between liquid and gas and the transition
between a ferromagnet and a paramagnet.
As a consequence, the concept of universality has often

led to valuable exchange of ideas between different fields.
In this spirit, here we shall bring the conceptual framework
of the Widom line, developed in condensed matter, to the
interacting matter described by QCD. The Widom line is a
supercritical crossover emerging from the critical end point
of a first-order transition and serves to quantify the
proximity to the critical region. This concept, developed

by Eugene Stanley and coworkers in 2005 [8], offers a
novel perspective on the supercritical region of the critical
end point of a first-order transition and has since been
widely used in condensed matter, especially for the
description of crossovers in classical fluids and electronic
fluids, but not yet in QCD.
Therefore, the main aims of this paper are (i) to introduce

the conceptual framework of the Widom line in QCD
matter, (ii) to show that the thermodynamic anomalies
identified in prior work using simplified mathematical
models of QCD can be interpreted within the “Widom
line” framework, and (iii) to suggest some directions where
the concept of Widom line has the potential to bring new
perspectives on the QCD phase diagram.

II. THE CONCEPT OF WIDOM LINE

The Widom line, named after Benjamin Widom, has
been introduced in Ref. [8] in the context of fluids. It is a
supercritical crossover emerging from the critical end point
of a first-order transition. It is defined as the locus of
maximum correlation length ξ in the supercritical region
[8–10]. At the critical end point the correlation length ξ
diverges. In the language of the renormalization group, the
Widom line is the line of zero ordering field [11]. We will
return on this formal definition of the Widom line in
Sec. IV.
Operationally, the Widom line can be approximated by

the locus of local extrema of thermodynamic response
functions [8,9,11]. This is because asymptotically close to
the end point, all response functions are proportional to
powers of the correlation length ξ, so the extrema of the
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response functions converge into one line—the Widom line
—asymptotically close the critical end point [8,10,11].
Note that the extrema of thermodynamic response functions
have distinctive features: they are broad and weak in
magnitude far from the end point and become narrow
and pronounced in magnitude upon approaching the end
point, where they diverge. These distinctive features,
controlled by the Widom line, can be used to measure
the proximity to the critical end point.
For simplicity, let us exemplify the Widom line concept

by considering the familiar liquid-gas transition in water
(see Fig. 1). It has been shown [12,13] that in the pressure P
versus temperature T phase diagram, thermodynamic
response functions such as isothermal compressibility κT
[Fig. 1(c)], isobaric heat capacity CP [Fig. 1(d)], isobaric
expansion coefficient αP all show maxima upon crossing
the Widom line, and eventually diverge at the liquid-gas
critical end point.

The Widom line has been originally introduced in the
context of supercooled water [8,9], and has been discussed
in the context of several other fluids [8–10]. It was then
extended to a completely different state of matter, the
strongly correlated electronic fluid obtained by doping a
correlated insulator (Mott insulator) in Ref. [15], sug-
gesting its generality, as proposed in Ref. [16]. It has since
then been applied to different strongly correlated electronic
systems.
The concept of the Widom line is important for two main

reasons. First, by rationalizing the behavior of different
thermodynamic response functions, the Widom line con-
cept provides a unifying theoretical framework to charac-
terize supercritical crossovers above the critical end point
of a first-order transition. This characterization opens up
novel theoretical predictions and may even unveil a novel
microscopic understanding of crossovers.
Second, by measuring the proximity to the critical

region, it is an “early predictor” of a critical end point,
i.e., it allows us to infer the location of a critical end point
even when this critical end point is in a region inaccessible
to experiments or is hidden by another phase. Let us discuss
two important examples. In supercooled water [8,9], the
Widom line concept has been introduced as an indicator to
predict the existence of a putative liquid-liquid transition
hidden in the so called “no man’s land,” a region inacces-
sible to experiments due to ice crystallization. For elec-
tronic fluids, the concept of Widom line has been
developed to predict the existence of a putative metal-
metal transition hidden below the superconducting phase of
hole-doped cuprates [15,17].

III. WIDOM LINE IN THE QCD PHASE DIAGRAM

As a first step, in this section we apply the Widom line
concept to the strongly correlated fluid realized in the QCD
phase diagram. As sketched in Fig. 2, in the temperature T
versus baryon chemical potential μ phase diagram of QCD,
it has been speculated that there lies a first-order transition
between hadronic matter and a quark gluon plasma
(continuous line). This transition ends at a second order
critical point (full circle) at finite temperature and finite
chemical potential. Based on physical grounds, the critical
point is supposed to belong to the universality class of the
3D Ising model [18–21] (see Ref. [1] for a review of the
QCD phase diagram).
The Widom line concept is a generic phenomenon

appearing in the supercritical region of any finite temper-
ature critical end point of a first-order transition. Hence, if
the critical end point of the hadronic matter to quark gluon
plasma transition exists, then the Widom line should
emerge from the critical end point and extend in the
supercritical region (dotted line in Fig. 2). The converse
is also useful to consider: the Widom line and its mani-
festation as extrema of response functions becoming closer
to each other can be used to support the existence of a

(a) (b)

(c) (d)

FIG. 1. Widom line concept for the liquid-gas transition in
water. Experimental data are taken from Ref. [14], following the
procedure described in Ref. [12]. (a) Pressure P vs temperature T
phase diagram of water. Solid red line indicates the liquid-gas
first-order transition, terminating in the critical point at ðTc; PcÞ
(full gray circle). From the critical end point crossovers emerge.
They are formed by the locus of local extrema of thermodynamic
response functions. These crossovers approximate the Widom
line. (b) Density ρ vs pressure P for different values of temper-
ature. Below Tc, ρðPÞ is discontinuous. Above Tc, ρðPÞ is
continuous and displays an inflection point. (c) Isothermal
compressibility κTðPÞ ¼ ρ−1ðdρ=dPÞT for different values of
T above Tc. The loci of κT maxima are denoted by open red
squares in panel (a). (d) Isobaric heat capacity CPðTÞ for different
values of P above Pc. The loci of CP maxima are indicated by
open blue triangles in panel (a).
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critical end point. This is the strategy used for the
conjectured liquid-liquid transition in supercooled
water [8,10] or for the conjectured metal-metal transition
below the superconducting phase in hole-doped cuprates
[15–17].
The introduction of the Widom line in the QCD phase

diagram is the first key contribution of this work.
Note that in the QCD phase diagram there can exist

multiple end points and hence multiple Widom lines. We
discussed the hadronic matter to quark-gluon plasma
critical point, but at small T and small μ there is a nuclear
liquid-gas end point [22] (not shown in Fig. 2). Similarly, in
the phase diagram of water there is the familiar liquid-gas
critical end point and the putative liquid-liquid critical end
point, each of which has an associated Widom line.

IV. SIGNS OF WIDOM LINE IN THEORETICAL
MODELS OF QCD

In this section we survey some thermodynamic anoma-
lies reported in prior work on theoretical models of QCD
which exhibit a critical end point at finite T and finite μ.
The generality of the concept of Widom line implies that
these models must exhibit a Widom line emerging from the
critical end point. We shall show that this is indeed the case.
We review two such models, without claim of complete-
ness, but just to show the usefulness of the Widom line
concept.
It is important to stress that critical fluctuations emerging

from the QCD end point have long been expected to
generate thermodynamic anomalies [1], and that the
thermodynamic anomalies detected in theoretical models
of QCD that contain a critical end point have also been
already ascribed to the presence of the critical end point.
Our contribution in this section is simply to rationalize the
thermodynamic anomalies obtained in previous work
within the conceptual framework of the “Widom line.”

A first example deals with the Einstein-Maxwell-dilaton
holographic model [23–28]. As sketched in Fig. 3, the
equation of state of this model contains a critical end point
[full gray circle in Fig. 3(a)]. The baryon density ρ versus
chemical potential μ at fixed T has been calculated in
Refs. [23,27] for different temperatures [see Fig. 3(b)].
From ρðμÞT , the quark susceptibility χ2 ¼ dρ=dμ (propor-
tional to the isothermal compressibility κT ¼ ρ−2dρ=dμ in
statistical physics) can be extracted [see Fig. 3(c)]. Below
Tc, ρðμÞ is multivalued as expected from a first-order
transition. At Tc, ρðμÞ has an infinite slope at μc, corre-
sponding to a diverging quark susceptibility. Above Tc,
ρðμÞ has an inflection point, which corresponds to a
maximum of the quark susceptibility. The position of this
maximum for different temperatures will delineate a line
in the T − μ phase diagram, which is an often used proxy
for the Widom line [see dotted red line in Fig. 3(a)].

FIG. 2. Sketch of the QCD phase diagram according to the
hypothesis of a critical end point at finite T and μ. The Widom
line (dotted line) is the supercritical crossover emanating from the
critical end point (full circle) of a first-order transition (solid line)
between hadron gas and quark-gluon plasma.

(a)

(b)

(c)

FIG. 3. QCD thermodynamics based on the Einstein-Maxwell-
dilaton holographic model of Ref. [23]. (a) Sketch of the QCD
phase diagram. Full gray circle denotes the QCD critical end
point, which in Ref. [23] has been estimated to occur at μc ¼
783 MeV and Tc ¼ 143 MeV. Lines are guides to the eye: solid
line indicates the first-order transition, and dotted line indicates
the locus of the maxima of the quark susceptibility
χ2 ¼ ðdρ=dμÞT , which is a proxy of the Widom line. (b) Baryon
density ρ as a function of chemical potential μ for different values
of temperature T. Inflections develop in the supercritical region.
Data are extracted from Ref. [23]. Due to the extraction
technique, the curves capture only the qualitative trends of the
original data of Ref. [23]. (c) Quark susceptibility χ2 ¼ ðdρ=dμÞT
as obtained by numerical derivative of the data in panel (b). A
maximum appear: it is broad and weak in magnitude far from the
critical end point and becomes narrow and sharp in magnitude
near the critical end point, where it diverges.
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References [24,27] also calculated the thermodynamic
entropy, which likely shows inflections at constant T in
the supercritical region, delineating another supercritical
crossover. Reference [27] shows a crossover obtained from
the locus of the minimum speed of sound squared, which
lies close to the Widom line obtained from the quark
susceptibility.
A second example deals with a mapping of the QCD

onto the three-dimensional (3D) Ising model, in the spirit of
scaling theory [29–32], as studied in many QCD works
[33–40]. In this case, the Widom line is clearly expected to
emerge from the critical end point.
Let us explain this in more detail. Close to the critical

point ðTc; μcÞ, where Tc is the critical temperature and μc is
the critical baryon chemical potential, there is a linear
invertible relation [11,41] between physical variables
ðT − TcÞ=Tc, ðμ − μcÞ and 3D Ising model thermal field
t ¼ ðT − TcÞ=Tc and magnetic field H. The equation of
state is determined by this relation between physical
variables and the universal equation of state of the 3D
Ising model that depends on t and H.
The quantities t andH are parametrized as follows. In the

Ising model the free energy is well behaved along any
contour leading from one side of the coexistence curve to
the other side without crossing coexistence. As a result,
Ref. [29] noted that close to the critical point it is possible
to express the scaling fields in terms of the variables R and
θ. The former gives a measure of the distance from the
critical point, and the latter measures the distance along a
contour of constant R. With this transformation, the
thermodynamic functions are well behaved in θ with the
singular behavior controlled by R.
The parametrization of the QCD equation of state com-

monly used in QCD literature [33,34,39,40] uses the linear
mapping from physical variables to Ising variables, as
mentioned above. Then, for the universal equation of state
of the 3D Ising model, use is made of the so-called extended
parametricmodel found in theworkofGuida andZinn-Justin
[31,32].With the notation ofRef. [32], the parametrization of
the Ising variables ðt; HÞ in terms of ðR; θÞ is given by

t ¼ Rð1 − θ2Þ ð1Þ

H ¼ h0RβδhðθÞ: ð2Þ

Here h0 is a scale parameter, β and δ are the usual critical
exponents for the 3D Ising model, and hðθÞ is a fifth-order
polynomial of odd powers of θ: hðθÞ ¼ θð1þ aθ2 þ bθ4Þ.
The best fit to available data obtained in Ref. [32] gives
a ¼ −0.76201 and b ¼ 0.00804, while ϵ expansion to order
ϵ3 gives a ¼ −0.72 and b ¼ 0.013 [32]. With this notation,
the magnetizationM, or more generally the order parameter,
is given by

M ¼ m0Rβθ; ð3Þ

i.e., is a linear function of θ, with m0 a scale parameter.
A simpler approximation for the universal equation of

state of the 3D Ising model was also studied in QCD
[35–38]. It is based on the condensed-matter work of
Schofield et al. [30] who studied CrBr3, Ni, CO2, Xe, He
and β—brass above and below their critical points and
found very good agreement between experiment and the
simpler linear parametric model

FIG. 4. QCD thermodynamics based on the mapping of the
QCD onto the 3D Ising model obtained in Ref. [39]. All panels
are taken from Ref. [39]. (a) Baryon density nB=T3 as a function
of temperature T and baryon chemical potential μB. Red circle
indicates the QCD critical end point, which in Ref. [39] has been
estimated to occur at μc ¼ 350 MeV and Tc ≈ 143.2 MeV.
Inflections develop in the supercritical region. (b) Second cu-
mulant of the baryon number χ2 ¼ T−2

∂
2P=∂μ2B as a function of

T and μB. A peak appears and becomes sharper in magnitude
upon approaching the critical end point. (c) Entropy density S=T3

as a function of T and μB. Inflections occur in the supercritical
region.
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t ¼ Rð1 − b2θ2Þ ð4Þ

H ¼ h0Rβδθð1 − θ2Þ ð5Þ

M ¼ m0Rβθ; ð6Þ

with

b2 ¼ δ − 3

ðδ − 1Þð1 − 2βÞ ; ð7Þ

which is exact to order ϵ2 [42,43].
The Widom line is the line of zero ordering field, and is

thus given by θ ¼ 0. On the other hand, the coexistence line
is given by θ ¼ �1 in the linear parametric model of
Schofield et al. [30], whereas it is given by θ ¼ �1.154 for
the best nonlinear model in Eq. (2) [32].
Indeed, as shown in Fig. 4, taken from the recent

Ref. [39], the baryon density [Fig. 4(a)] and the thermo-
dynamic entropy [Fig. 4(c)] all show inflections, which will
delineate crossover lines in the supercritical region [see
peak of χ2 in Fig. 4(b)].
Therefore our cursory survey shows that loci of extrema

in different response functions are indeed displayed by
simplified models of QCD whose equation of state contains
a critical end point. Hence the Widom line is present in
simplified models showing a critical end point in the QCD
phase diagram. Rationalizing the lines of inflections
obtained in previous work as a “Widom line” is the second
main contribution of our work. Clearly, this result is
expected, since it follows of course from the generality
of the Widom line mechanism as an extension of the
coexistence line in the supercritical region. Nevertheless,
we believe that our work could open up future investiga-
tions to reanalyze some of these models within the
framework of the Widom line.

V. SIGNIFICANCE OF THE WIDOM LINE IN QCD

We have introduced the concept of Widom line for QCD
matter and have shown that anomalous physical properties
detected in previous theoretical work can be ascribed to
Widom line phenomenology. The next step is to consider
the significance or usefulness of the Widom line concept
for QCD investigations. After all, as discussed in Sec. IV,
thermodynamic anomalies have already been detected and
linked to the critical end point. Hence, from this perspec-
tive, the Widom line concept looks like just a new label for
crossovers that have already been identified.
As discussed in the introduction, the Widom line is an

intrinsically interesting concept for describing supercritical
region above a critical end point. Also, analogies with other
fields often lead to cross fertilization of ideas that end up
useful. Beyond these general considerations, and based on
the analogies with work done in the context of supercooled
fluids [8,10] and doped cuprates [15–17], we suggest three

directions where the Widom line has the potential to bring a
novel perspective onto the QCD phase diagram.
First, the Widom line can provide a unifying framework

for describing and predicting the pronounced changes of
thermodynamic anomalies at finite temperature and finite
chemical potential in the QCD phase diagram. It rational-
izes existing crossovers into a single coherent theoretical
framework, hence shedding new light on the origin of
different crossovers, which can be attributed to the critical
end point. As an analogy, the existence of anomalies in
supercooled water was documented well before the intro-
duction of the Widom line in 2005 [8]. Similarly, electronic
phase crossovers in the hole-doped cuprates were docu-
mented well before the introduction of the Widom line in
2012 [15]. In both fields, the Widom line emerged as a
valuable concept to characterize the supercritical region.
Second, the Widom line concept has predictive power. If

a critical point exists, the anomalous behaviors in the phase
diagram are attributed to fluctuations emanating from the
critical end point. Hence, if the QCD critical point exists,
then the Widom line can be used to predict its precise
location in the phase diagram. This is because the Widom
line concept contains a large amount of information about
the supercritical state. The extrema of different thermody-
namic response functions have defining features: upon
approaching the critical end point, they become closer to
each other, they narrow in width and they grow in
magnitude, and eventually diverge at the critical end point.
These characteristic signatures of the Widom line can be
especially useful for QCD investigations, since the region
at finite baryon chemical potential μ is difficult to access
theoretically (e.g., sign problem in lattice QCD calcula-
tions). Ascertaining whether these distinctive signatures of
the Widom line phenomenon (i.e., sharpening and narrow-
ing of the extrema of response functions) occur as we move
from μ ¼ 0 to small values of μ in lattice QCD calculations
or Taylor expansion methods can thus be used to infer what
happens at large values μ and to estimate the location of the
end point in the phase diagram.
Third, the Widom line is the continuation of the first-

order transition in the supercritical region. This fact has two
important consequences. (a) Close to the end point, the
slope of the Widom line and of the first-order transition line
are the same. Hence studying the Widom line will provide
information on thermodynamic properties and stability of
phases at the first-order transition between hadron gas and
quark-gluon plasma. (b) More importantly, as shown in
Ref. [11] using linear scaling theory, the slope of the first-
order transition controls the order of the crossovers and
determines the speed of convergence of the loci of extrema of
different response functions toward a single line asymptoti-
cally close to the critical end point. The smaller the slope
dT=dμ of the first-order transition in the T − μ QCD phase
diagram, the closer the crossovers in the different response
functions, as shown in Fig. 5. It is the non-universal relation
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between physical variables and theuniversal equationof state
that leads to the different rates of convergence to the Widom
line, as explained in Ref. [11].
These insights could be useful for QCD investigations.

The crossover at μ ¼ 0 and T ≈ 156.5 MeV [44] from
hadron gas to quark gluon plasma found in lattice QCD
calculations has a narrow temperature width [44]. Studies
with Taylor expansion method report that this crossover
remains narrow as μ is increased, at least up to μ ≈
150 MeV [44,45]. Within the Widom line framework,
the sharpness and closeness in temperature of the cross-
overs at zero and small chemical potential would imply a
small slope of the first order transition line in the T − μ
QCD phase diagram, in agreement with the findings of
Refs. [39,40]. They would also imply that all crossovers
lines will get closer each other upon increasing μ.
Furthermore, since response functions extrema converge
asymptotically close to the critical end point, the

temperature where they converge would give an upper
boundary on the temperature of the critical end point, as
pointed out in Refs. [8,10].

VI. CONCLUSIONS

In conclusion, we have introduced into the QCD phase
diagram the concept of the Widom line, which is already
widely used in the theory of critical phenomena of fluids
and of correlated electron systems. In the QCD phase
diagram, the Widom line, defined as the locus of maximum
correlation length, is a supercritical crossover emanating
from the critical end point of the hadron gas to quark-gluon
plasma transition.
We have surveyed some prior theory work based on

simplified models of QCD whose equation of state contains
a critical end point, to show that the thermodynamic
anomalies that were identified emerging from the critical
end point can be interpreted within the Widom line
framework.
Finally, we have suggested a few directions where the

concept of Widom line could bring new ideas on the QCD
phase diagram: it can be a unifying framework for further
theoretical exploration of the crossovers emerging from the
end point, can be a useful tool to test the hypothesis of a
critical end point in the QCD phase diagram and can link,
through linear scaling theory, the slope of the first-order
transition to the speed of convergence of the loci of extrema
of response functions toward a single line (the Widom line)
asymptotically close to the critical end point.
The Widom line has a simple physical interpretation: in

the equation of state of the 3D Ising model, it is para-
metrized by θ ¼ 0, where θ measures the distance along a
contour of constant R, so that thermodynamic functions are
well behaved in θ with the singular behavior controlled by
R. In the linear scaling theory framework, theWidom line is
usually close to the loci of maximum isothermal com-
pressibility [11].
Further studies should examine the relevance of these

theoretical suggestions. The discussion of the relevance
of the Widom line concept for experimental results
on heavy-ion collisions [1,46–48] also deserves further
investigations.
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(a) (b)

FIG. 5. Sketch of the QCD phase diagram for two different
slopes of the first-order transition (solid line) close to the critical
end point (full circle). Based on the results of Ref. [11], the slope
dT=dμ of the first-order transition close to the end point
determines the speed of convergence of the loci of extrema of
different response functions (indicated by three dotted lines)
toward a single line—the Widom line—asymptotically close to
the end point. According to Ref. [11] the Widom line is usually
found close to the loci of maximum isothermal compressibility. A
small slope jdT=dμj of the first-order transition close to the end
point [panel (a)] implies that the crossovers in the different
response functions remain close each other. On the other hand, a
large slope jdT=dμj of the first-order transition [panel (b)] implies
that the crossovers in the different response functions separate
from each other as we move away from the end point. The
closeness in temperature of the crossovers at small chemical
potential found in QCD calculations [44,45] would imply a small
slope of the first-order transition line, as sketched in panel (a).
Charge-conjugation symmetry implies that the crossover lines
must cross the μ ¼ 0 line with zero slope.
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