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We present the first theoretical calculation of nonfactorizable charm-quark loop contributions to the

B, — yI7I~ amplitude. We calculate the relevant form factors, HY

N (K2, k%), and provide convenient

parametrizations of our results in the form of fit functions of two variables, k> and k2, applicable in the

region below hadron resonances, k> < M 3 Ty and k> < M Ep We report that factorizable and nonfactorizable

charm contributions to the B; — yI™I~ amplitude have opposite signs. To compare the charm and the
top contributions, it is convenient to express nonfactorizable charming loop contribution as a nonuniversal
(i.e., dependent on the reaction) g>-dependent correction ANFC;(g?) to the Wilson coefficient C;. For the
B, — yl*1~ amplitude, the correction is found to be positive, ANFC;(¢?)/C;7 > 0.

DOI: 10.1103/PhysRevD.109.114012

I. INTRODUCTION

This paper reports the first theoretical analysis of non-
factorizable (NF) charming loops in rare flavor-changing
neutral currents (FCNC) B, — y[™ [~ decays making use of
theoretical approach formulated in [1].

Charming loops in rare FCNC decays of the B-meson
have visible impact on the B-decay observables [2] and
their reliable theoretical description is necessary for studies
of possible new physics effects (see, e.g., [3—12]).

A number of theoretical analyses of NF charming loops in
FCNC B-decays has been published in the recent years:
In [13], an effective gluon-photon local operator describing
the charm-quark loop has been calculated as an expansion in
inverse charm-quark mass m, and applied to inclusive
B — X,y decays (see also [14,15]); in [16], NF corrections
in B — K*y using local operator product expansion (OPE)
have been studied; NF corrections induced by a local
photon-gluon operator have been calculated in [17,18]
in terms of the light cone (LC) 3-particle antiquark-
quark-gluon Bethe-Salpeter amplitude (3BS) of K*-meson
[19-21] with two field operators having equal coordinates,
(0[5(0)G,, (0)u(x)|K*(p)), x* = 0. As noticed already long
ago, local OPE for the charm-quark loop in FCNC B-decays
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leads to a power series in Agcpm,,/ m2~1. To sum up
numerically large O(Aqcpmy,/m?)" corrections, Ref. [22]
obtained a nonlocal photon-gluon operator describing
the charm-quark loop and evaluated its effect making use
of 3BS of the B-meson in a collinear LC configuration
(0|5(x)G,, (ux)b(0)|Bs(p)), x* =0 [23,24]. The same
collinear approximation (known to provide the dominant
3BS contribution to meson tree-level form factors [25,26])
was applied also to the analysis of other FCNC B-decays [27].

In later publications [28-31], it was proven that the
dominant contribution to FCNC B-decay amplitudes is
actually given by the convolution of a hard kernel with
the 3BS in a different configuration; a double-collinear
light cone configuration (0[5(y)G,, (x)b(0)|B,(p)), where
y> =0, x> =0, but xy # 0. The corresponding factoriza-
tion formula was derived in [31]. The first application
of a double-collinear 3BS to FCNC B, — yy decays was
presented in [32,33].

As afurther step, [ 1] developed a theoretical approach to NF
charming loops in FCNC B-decays based on a generic 3BS of
the B-meson. This approach makes use of rigorous properties
of the generic 3BS: Namely, the generic 3BS of the B-meson
contains new Lorentz structures (compared to the collinear
and the double-collinear configurations) and new three-
particle distribution amplitudes (3DAs) that appear as the
coefficients multiplying these Lorentz structures; analyticity
and continuity of the 3BS as the function of its arguments at
the pointxp = yp = x*> = y*> = 0leads to certain constraints
on the 3DAs [31] which were implemented in the 3BS model
of [1]. Moreover, [ 1] applied this approach to B; — yy decays.
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Here we extend the analysis of [1] to the case of
B, — yl"I~ decays. The paper is organized as follows.
Section II recalls general formulas for the top contribution
to the B, — yI™1~ amplitude and describes the connection
between the charm contribution to the amplitudes of B, —
yITI~ and B, — y*y* containing two virtual photons in the
final state, including constraints on the latter imposed by
electromagnetic gauge invariance. Section III outlines the
calculation of the factorizable and nonfactorizable charm-
ing-loop contributions to the B, — y*y* amplitude.
Section IV gives numerical predictions for the form factors
HY", (K, k*) describing NF charm in B, — y*y* decays
and compares charm contributions with those of the top
quark. Section V presents our concluding remarks.
Appendixes A and B summarize some necessary details
of our theoretical analysis. Appendixes C and D contain
convenient and simple fit formulas for the form factors
HY, (K, k*) and Fry 74(k”, k*) in a broad range of their

arguments k> and k2.

II. TOP AND CHARM CONTRIBUTIONS
TO B, — yi*1~ AMPLITUDE

A standard theoretical framework for the description of
the FCNC b — s transitions is provided by the Wilson
OPE; the b — s effective Hamiltonian describing dynamics
at the scale u, appropriate for B-decays, reads [34-36] (we
use the sign convention for the effective Hamiltonian and
the Wilson coefficients adopted in [37,38]),

b—os
Heff -

ZC )OP ™ (u

(2.1)

Gr is the Fermi constant. The basis operators O (u)
contain only light degrees of freedom (u, d, s, ¢, and
b-quarks, leptons, photons, and gluons); the heavy degrees
of freedom of the SM (W, Z, and f-quark) are integrated
out and their contributions are encoded in the Wilson
coefficients C;(u). The light degrees of freedom remain
dynamical and the corresponding diagrams containing
these particles in the loops—in our case virtual ¢ and u
quarks—should be calculated and added to the diagrams
generated by the effective Hamiltonian. For the SM Wilson
coefficients at the scale uy =5 GeV (the corresponding
operators are listed below) we use the recent determination
[corresponding to C,(My) = —1] from [39]: C(pg) =
0147, Cz(ﬂo):—1053, C7('M0):0330, Cg(ﬂo) - —4327,
ClO(ﬂO) = 4.262.

A. Top-quark contribution

Top-quark contribution to the B, — yI*[~ amplitude is
defined as follows [40]:

A(B —yll)

top < (q,)l+ (pl

q=p1+ pa-

)= (p2)|H L7 |Bo ()
(2.2)

Necessary for the B, — yI"I~ decays of interest are the
following terms in (2.1),'

GF aem
~ o

—2imb

b—slTlIm __ *
H eff th Vts

C _
761(2”) -56,,q" (1 +ys)b - Iy*l

+ Co(u) - 57,(1 —ys)b - Iy*]

+ Cio(u) - 57,(1 —ys)b - Iy'ysl|. (2.3)

The C; part of H%*"'"" is obtained from

s G y e )
o y__7%V1bV1sC7( )8” my-56,,(1+ys)b- F*
Oy Vi Cr )y 250, (1 +75)b-ch(q)
myi-30 -€*(q),
\/§ th 7\H g b uwd 75 q
(2.4)
by the replacement e*(q) —>#77"lte, Q;=-1, and

corresponds to the diagram Fig. 1(a) with the virtual
photon emitted from the penguin. Notice that the sign of
the b — sy effective Hamiltonian (2.4) correlates with the
sign of the electromagnetic vertex. For a fermion with
the electric charge Q,e, we use in the Feynman diagrams
the vertex

iQ,eqy,qe". (2.5)

The B; — y* transition form factors of the basis operators
in (2.3) are defined as [41]

<Y(k)|§J/ﬂYSb|Bs(p)>:iega(k)(gﬂak/k_k:xky)
22 1,2
Fa(kk )’
My,
o Fy (k2 k2
(1051, D1B. () = e (K)o,
BX
(r(k)|56,,75b|B;(p)) k" = eeq (k) (guak k—kik,)
Fra(k?.k?),

<}/(k) |3‘O'mb|BS<p)>km = ieea(k)euak’kFTV(klz’kz)' (26)

'Our notations and conventions are y° = iy’y'y%3, 6, =

[7;4’ yv] 0123 — =1, €apea = €apud b/fcﬂdl/ € = 4ﬂaem
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We treat the form factors as functions of two variables,
F;(K?,k*); here k' is the momentum emitted from the
FCNC b — s vertex, and k is the momentum of the (virtual)
photon emitted from the valence quark of the B-meson,
p = k + k'. The constraints on the form factors imposed by
gauge invariance are discussed in Appendix A. Notice that
the amplitude of the operator 5o, bk™ is reduced to a single
Lorentz structure and one form factor Fy4 (k2, k) if k> = 0
or k2 =0.

1 Sslt
Aty = (r(K), I (p1), 1= (p) [ HE T |Bo(p))
Gr (1), 217
* A — _
\/Evtbvtv o = eeq (k) €Ay’ (42)1(p2)7l(=p1)
+€,mk'kA5v( )l(Pz)J’,ﬁ’sl( p1) -
with
2C;(p
A(Vl()A)(qz) = ;2( )meTV(TA)(qz’O)
FV(A) (q270>
C —7
+ Co(u) M,
Fy(4*,0)
1 V(A
ASion () = Cuol) =7 (2.8)

2. Direct emission of the virtual photon from valence
quarks of the B-meson

Another contribution to the amplitude, Agll, describes

the process when the real photon is emitted from the
penguin FCNC vertex, whereas the virtual photon is
emitted from the valence quarks of the B-meson, see
Fig. 1(c).

The amplitude Amg, has the same Lorentz structure as the
C; part of A(') where now k = ¢, k' = p — g, K> = 0, and
k*> = g*>. The amplitude thus involves the form factors

B(p)

S(x)

E (q430)

(a) (b)

i(Guak'k — K, ) A"

i(Guak'k = Kok, )AL (@) 1(p2)rarsl(=p1),

C, 1
b(0) q
1
s Bp)
50 q’

E(q’0)

1. Direct emission of the real photon from valence
quarks of the B-meson

We denote as At(og the contribution to the B, — yl™1~
amplitude, induced by H’%*""""; the real photon is directly
emitted from the valence s or b quark, and the [*/~ pair
is coupled to the FCNC vertex, Figs. 1(a) and 1(b). It
corresponds to the momenta k' = g, k = p — q, k? = ¢°,
and k?> = 0, and thus involves the form factors F;(g?, 0) [42],

W@ (p2)y,l(=py)

K=gq, k=p-q,  (27)

Frarv(0,¢%), with F14(0,¢%) =
Appendix A),

Fry(0, %) (see details in

AQ) = (y(K), 1 <1>,z-<p2>|H§;”|Bs<p>>

_ Gp -
= Vi Vi K1 (=
\/§ th 2 ( ) (Pz)?’ ( P1>
X {euak’kAg/>(q2) - i(gﬂak/k - kkaﬂ)Af)(QZ)]’
k = q, kK = pP—q, (29)
with
2m,;,C
A(Vz(l‘)(qz) bq—7()FTV(TA)(O q°).  (2.10)
Obviously,
Syl
AL — A 4 Al (2.11)

b

5(x)

FTi (0’q 2)
(c)

FIG. 1. Diagrams describing top-quark contributions to B, — y/*I~ amplitude. Dashed circle denotes the O; operator, solid circle
denotes the O, operator. Diagrams (a) and (b) describe the contribution A(") where the real photon is emitted by spectator s-quark.

Diagram (c) describes A2) where the real photon is emitted from the penguin. We do not show 1/m,-suppressed diagrams where real or
virtual photon is emitted by spectator b-quark, see [42] for details.
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B. Charm-quark contribution

The charm-loop contribution to the B, — ylti~

amplitude,
By—=yll —scc
AGT) = (r (@) (p1) 1 (p2) | HE 7 By ().
q=p1+ P2 (2.12)

is described by the diagrams of Fig. 2. Hé’f?“z"' includes
four-quark operators and may be written in the form

b—scc[8x8]

Hgf?m = H:f?sac[lxu + H ) (2'13)

—sce,|[1x G C _
HSff [x1] 7{va (Cl—f—?z)syﬂ(l—ys)

xb-ey,(1-ys)c, (2.14)

Gr
——=V ., Vi (2Cy)5y,(1 —
\/§ b ( 2) J’u( 75)

X 1°b - ¢y, (1 —ys)t“c.

b—scc[8x8]
Heff -

(2.15)

Let us introduce the amplitude of the transition into two
virtual photons y" and y,

A(B =)

charm

= (v (K)r (k)| Hgz | By(p)).
p =Kk +k, (2.16)
where the photon y/(k’) is emitted by the c-quark, the
photon y(k) is emitted from the s-quark and no symmet-
rization over photons is performed at this point (but is done
later). The amplitude (2.16) may be written as [42]

(' (K7 (k)| H > |By(p)) = —e, (K )ea(k)H o (K, ),

(2.17)

with

B@ Bz <

2C

B(p)| @ 2
s 1 !
500 q 500 A ; 500 q

B(p) b(O)

H'(q%0) H(0,4)
(a) (b)

Ho(K.K) =i / dxe®* (O[T {eQ,(x)y c(x).

¢Q,5(0)7a5(0)}|By(p)), p=k+K. (2.18)
Here quark fields are understood as Heisenberg field
operators with respect to all SM interactions. The matrix
element (2.18) has the Lorentz structure dictated by
conservation of charm-quark and strange-quark vector
currents that requires k*H ,,(k',k) =0 and K*H ,,(k'.k) =0
(notice the absence of any contact terms),

_Gr
V2
kk'

. kk
() e

with the invariant form factors H; depending on two

variables, H;(k'?, k*) (H; include electric charges Q, and

Q.). The singularities in the projectors at k> =0 and

k”” = 0 should not be the singularities of the amplitude
4a(K', k), leading to the constraints,

H/m(k/?k) Vcchse |:€ﬂak’kHV (gaukk/ _k/ak/A)H

(2.19)

Hy(K? = 0,k2) = Hy(K2, k> = 0) = 0. (2.20)

As the result, H; does not contribute to the B, — yl[TI~
amplitude: to obtain the latter, H ,, should be multiplied by
either €”(k)ly,l or €"(k')ly,l. In each case, those terms
in the Hs-part of H,, containing kj or k;, vanish in the
B, — yITI~ amplitude; the contribution of the ‘regular’
structure k,k, also vanishes because the form factor

H3_01fk2—00rk’2—0
For the amplitude A%:~7"

charm W€ obtain,

—yll Q 5
Alger = 2 H,0(q.9)rlea(d)
=+ Hﬂa(ql’ q)‘c/‘ﬂ(q/)zytll}’ Ql =-1 (221)
¢ 3C+C, -~ 1
b EQ<
7 ™

B(p) s

H(q’,0)
(©

FIG. 2. The charm-loop contribution to the B, — yI*[~ amplitude. (a) and (b) are nonfactorizable (NF) contributions induced by

Hb—>scc [8x8]

off (sohd squares), (c) factorizable (F) contribution induced by Hg

b_’scc[] ] (empty squares); a similar factorizable contribution

with the real photon emitted from the charm-quark loop vanishes and is not shown.
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C. Summing top and charm contributions

Adding charm contributions to the top contributions and
taking into account that V,Vj, ~ -V Vi, leads to the
following simple modifications [42]:

2C Fi(¢*.0
A§1>(q2) - %meTi(qsz) + C9%
q B
H:(q%,0
82 ,(qz ).
2C H;(0,q*
AP(g?) - q_;meTi(Oa q*) +8n° 20.q) 2q ) ;
i= VA (2.22)
The full amplitude is the sum of A1) and A?),
2C Fi(¢*,0
Ai(qz):—27mb(FTi<q270)+FTi<0vq2))+C9¥
q Mp
H(¢*.0)+H;(0,4>
g tlila )t 09 iyva (223
q
|
G 3¢, +C
HE (K k) =Ly, v, —L 2
/m( ) \/§ cbVcs 3

where the expression in brackets is just the amplitude
of (A2) and

(k) = i / dxe*(0|T{e7,c(x). 27,¢(0)}[0)

= (_g;wklz + k;/tk;/)ncc (k/z)' (33)
For the invariant function I1..(s) we may write the spectral
representation with one subtraction,

Hcc(klz) - HCC(O) +

K / Imllee(s) ) (3.4

) s(s—k?)

At k”? < 4m?2, T1..(k”) can be calculated in perturbative
QCD. At leading order in a,, one finds

N.2m2 +s 1_4m%

fmll.(s) = 127 s s

9 8 m 4
M.(0) = —— 3 —2qp(2e) 20
(0) 167:2{ 9n<mb> 9}

The factorizable contributions to the form factors
H;(k”,k*) are related to f,a,,a, (see Appendix A) as
follows

(3.5)

The functions H;(k'?, k*) which contain factorizable and
nonfactorizable charming loop contributions will be dis-
cussed in the next section.

III. CHARMING LOOP CONTRIBUTIONS
TO B, - y'y”

In Eq. (2.18), quark fields are the Heisenberg operators
in the SM, i.e., the corresponding S-matrix includes weak
interactions of quarks. So we need to expand the S-matrix
to the first order in weak interaction.

A. Factorizable contribution of the charming loop

Factorizable contributions of the charming loop emerge in

A(Bx—)y/y) —

charm,F

b—sec[lx1]| 5
()Rl B (p)). (BD)
when no gluons are exchanges between the charm-quark
loop and the B-meson loop (whereas all gluon exchanges
inside the loops are allowed). The corresponding Hy, (k', k)
reads

QLI (1) (z' [ v 0 isn 1 =10, ersyas<o>}|Bs<p>>), (3:2)

3¢, +C
HY(K?, ) = =2 P (K292 ), (36)
3¢, +C K2, k2
HE W2 42) = 2T G oy ) IEKD g )
3 kk
3C, +C
(3.8)

Obviously, HY, , (k> = 0,k*) = 0. Therefore, the factor-
izable ¢c contribution to the amplitude A(?) vanish; the ¢c
contributions to A®) comes exclusively from NF gluon

exchanges. The factorizable contribution to AV takes the
form [HY (K", k* = 0) = 0 because of the constraint (A4)]

3C, +C,
3

(¢%.0)

F.
HE(4%.0) = 0.4 ;.(¢%) lMB . i=AV.

(3.9)

Since 3C;+C, <0 and for the B; — y transition
Fya(g*.0) >0 [42], we find that HY ,(¢*.0) <0 at
q* > 0.

Clearly, the factorizable ¢c contributions to A(") can be
described as a universal ¢g>-addition to the coefficient C,

114012-5
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Cy = C(¢?) = Co + AFCy(q?), B. Nonfactorizable contribution of the charming loop
3¢, +C Nonfactorizable (NF) contributions of the charming loop
AFC9(q2) = 8”2Qc%néc(q2)' (310) emerge in
Taking into account that Cy, C,, and 3C; + C, have the (Buory) o posstclsxs]
same sign, and I1;.(¢?) > 0, we find that Acparmni = (7' ('), v (k) | H o |B (p)). (3.12)

3"Cy(q*) = AT Cy(4%)/ Co > 0. (3-11) " The corresponding HJF has the form

G o
HYF(K k) = 3 =LV, Vi et (2C,) 0,0, / dzdxdye™® ety

Ha V2
x (0[T{ey,c(2),c(0)t%5(1 = 15)c(0), &(x)"y,c(x) }0)
X (OIT{5(y)7as (), 5(0)1%y5(1 = 15)b(0)g, B, (x) }| B,(p))- (3.13)

This expression takes into account photon emission by the B-meson valence s-quark; a 1/m,-suppressed contribution
related to photon emission by the valence b-quark will be omitted. We now outline the procedure of calculating H,I;g: and for
all details refer to our recent paper [1]:

(1) The amplitude Eq. (3.13) includes the charm-quark loop contribution described by the (VVA) three-point function,

2 (k. k) = / dx'dze™ (0| T{2(2)y"c(2), 2(0)7P (1 = 75)19c(0), &(x' )y P e (') }/0)
_ %5abr€gﬂ(,<, ), (3.14)

where k' is the momentum of the external virtual photon (vertex containing index u) and k is the gluon momentum
(vertex containing index v). Here 1, ¢ = 1,....8 are SU,(3) generators normalized as Tr(11") = 15%.

The octet current ¢(0)y”(1 —y5)t“c(0) is a charm-quark part of the octet-octet weak Hamiltonian. Taking into
account vector-current conservation, it is convenient to parametrize Ffﬁ”(x, k') as follows [43]:

T2 (1, 1) = —i(P + P )eet Fy — i(K2ePe — RnePke) By — i(k2ehk — ek ) (3.15)

The form factors £ ; , are functions of three independent invariant variables k”, k?, and xk’. We use a convenient
representation of the one-loop form factors in the form [1],

1 1-¢
1 A,
Fi(k?, k', K?) _—z/d.f/dn . _ Ailen) . =012,
] ] =2 (1= k7 = (1= )

Ay = —¢n, Ay =¢(1-n-¢), Ay =n(l—n=¢). (3.16)

As shown in Sec. III of [1], the operator describing the contribution of the charm-quark loop may be written in the
form containing only GZ,,

i vpla 1 l Py
/ die™ TP (¢ )Y B (x)dx =2 / die L (k, k') G2 (x)dx. (3.17)
with

fgﬁ”g(lc, K) = (i + KPS Fo + (KHePer 1 k2ePHE)Fy + (kP 4 it ePX — ikl eP")F,.  (3.18)

114012-6
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(2) Making use of this result for the charm-quark (VVA) triangle, we have

G

HY = TVcbV e*(2C,) 0,0 HM (K. k), (3.19)
R0 =y | dhdye e T2 KOOI A (1 )G (BO)B(p). (320)

For k? =0 or k> =0, H contains two form factors,
FI}:IQF(k’, k) = I:Il‘\,lpeﬂakrk - iI:IzIF(gpnk/k — kﬂk’a), (3.21)

such that
HYF (K2, k%) = 2C,0,Q HYF (K2, 12). (3.22)
(3) The B-meson structure contributes to Hhy via the full set of 3BS,

(0[5 (n)Ti7b(0)G{a (%) By (p)). (3.23)

with I'; the appropriate combinations of y-matrices. This quantity is not gauge invariant, since it contains field
operators at different locations. To make it gauge-invariant, one needs to insert Wilson lines between the field
operators. To simplify the full consideration, it is convenient to work in a fixed-point gauge, where the Wilson lines

reduce to unity factors.

When the coordinates x and y are independent variables, the 3BS has the following decomposition [1]:

(03(») G (x)Tb(0)|B,(p

=t [

{(pm —Del) M,

+( L/}/f xfyu (

L Oure=yer) (J’ﬁ’g ym (

L, —w,)-

—Myp—ia)xpTr{ySF(l + 75)

i, — CPe = XePs) <ng> N iMBWm)
xXp xp
SIS >> _Owpe=yer)) (Xy e MBWw)
P yp yp

H pﬁ

xp

+ MBZ( )> - ieyéﬂ/}—ys}?&w
yp

X* U b Hyb
Xyl @ _ . XD 5o, XV s p0)
M Y —X — MY , 3.24
iy~ MY —lewy— S Xa ey S MY, }} (3.24)
|
where 2
/ D(w, )¥s (0, 1) = 31;2 :
D(w, 1) = dod)8(w)0(1)0(1 —w —1) (3.25) lzB
/ D(w. )¥y(w. 1) = L. (3.26)
takes into account rigorous constraints on the 3My
variables @ and A. All invariant amplitudes
o =¥,,¥y,... are functions of five variables, A number of Lorentz structures in (3.24) contain

®(w, A, x*,y%, xy), for which we may write Taylor
expansion in x2, y?, xy. Here we limit our analysis to
zero-order terms in this expansion. The correspond-
ing zero-order terms in @®’s are functions of dimen-
sionless arguments A and @ and are referred to as the
Lorentz 3DAs.

The normalization conditions for ¥, and ¥y, have
the form [24],

114012-7

singularities at xp =0 and yp = 0. Since 3BS
(3.24) is a continuous regular function at the point
x>=0, y»=0, xp =0, yp =0, the absence of
singularities at xp — 0 and yp — 0 leads to a
number of constraints on the corresponding 3DAs
[31]; namely, the primitives of these 3DAs should
vanish at the boundaries of the 3DA support regions.
The appropriate modifications of 3DAs at the upper
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endpoint region of w and A have been developed
in [1]. Here we follow the approach of [1] and refer
to that publication for details.

(4) Making use of Eq. (3.24) (i) reduces the matrix
element in Eq. (3.20) to trace calculation and
(ii) reduces the integrations over x and y to §(k +
wp)8(k — k4 Ap) (see details in [1]). Using these
o-functions to integrate over k and k, the form factors
H;, i = A,V are obtained as integrals of the form

2wy 2w—w 1

H,NF(k/Z,kZ):/dw / dﬂ/df:
0 0 0
1-¢

x/dniﬂ,“(w,/l,g,n|k'2,k2). (3.27)
0

Here h; are linear combinations of the 3DAs entering
Eq. (3.24) and their primitives, and include the form
factors F;, describing the charming (VVA) tri-
angle and the s-quark propagator. As an illustration,
we present the leading part of the w, and ywy
contribution to A} (K2, k?) [neglecting in the nu-
merator all powers of 1= O(Agcp/m)) and
o = O(Aqcp/mp)]

Ev(w’ A4, ’7|k/2, kz)
_ 3 fsMj
m? 4+ A(1 = )M% — (1 = 1)k? — Ak
x {(Wy + ¥ [(M3 + K? — k*)Fy — 2k"F]
—2W,k2[Fy — 3F,]}. (3.28)

The form factors F;, given by Eq. (3.16) depend
on ¢ and x and should be evaluated for k = —wp.
Notice that F, <0 and thus Hy(k?, k*) > 0; the
form factor H,(k"?, k?) turns out numerically close
to Hy (K2, k2).2

IV. RESULTS FOR THE B, — yl*l~ NF
CHARMING-LOOP FORM FACTOR

Our further calculation directly follows the approach
of [1] with the difference that now both photons are virtual.

A. Model for 3DAs
Following [1], we make use of the set of 3DAs of local-
duality (LD) model of [24,44] and perform the appropriate

modifications of the 3DAs X', X0, ... All necessary
details including the explicit expressions of the 3DAs are

2Analytic expressions for 71,—, i =A,V,3 as a Mathematica file
may be obtained from the authors upon request.

given in Sec. IV of [1] and will not be repeated here. As a
reference, we present just the Lorentz 3DAs ¥, and ¥y, of
the LD model [24],

Py(w, 1) = (¢3 + ¢4)/2,

Py (w.2) = (=¢3 + ¢4)/2 (4.1)
with

_ 105(4% — 47)

= 202 2wy — w — 2202wy — w — 2),
¢3 32(0(7)M% @ ( Wy — @ ) ( Wy — 0 )
(4.2)
35(A2 + A2
¢4:Ma)z(Zwo—a)—/l)39(2wo—a)—/1). (4.3)

32603M129

Dimensionless parameter m is related to Az, the inverse
moment of the B-meson LC distribution amplitude, as

57

=——. 4.4
20 2M, (4.4)

For this model, the integration limits take the following
form 2wy < 1):

2wy 2wy—w

/D(w,l)9(2a)0—w—/1)(...):/da) / da(...).

0 0

(4.5)

The form factors H 4 y (k' k*) have explicit linear depend-
ence on A%, SO we write

HYF (K2, k%) = 2C20,0 [Rip (K2, k)2 + Ry (K2, k) 23]
i=AV. (4.6)

QCD sum rules suggest an approximate relation [24],

23 202, (4.7)
Then, the appropriate combinations of the form factors
which describe NF charm contributions have the form

R;i(K?. k) = Rip(K?.k?) + 2Ry (K*. k?),

H;(K?,k*) =2C,0,0 %R (K?,k*), i=AV. (4.8)

Combining (4.7) with QCD equations of motion, 3BS
model used in our analysis leads to approximate relations
Y 1.2/1123\_,

30623 . (4.9)
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This leads to an explicit linear dependence of H; on ﬂ%x.
It should be noticed however that the form factors have
also a complicated implicit dependence on Ap through a
Ap -dependent shape of the three-particle distribution
amplitudes of B;. We present below our results for the
benchmark point [1],

A, (1 GeV) = 0.45 GeV. (4.10)

For a discussion of the existing estimates of Az and 13,
including their dependence on the scale, we refer to
[45-54]. A remark may be useful before we go to the
results for the form factors; the parameters A% ,; as well as
the parameter 1z depend on the scale. We do not discuss
this dependence and perform numerical calculations just
assuming that the form factors are represented in terms of
these parameters at a fixed scale 1 GeV as given in (4.9)
and (4.10). The parameter 45 is presently not known with
good accuracy (see [53]) and at the same time one observes
a sizeable sensitivity of the form factors HYF to its value
[see Fig. 7 in [1] for the form factor HNF(0,0)]. In this
situation, studying the scale dependence of the form factors
HYF (k" k*) induced by the scale dependence of 15 would
not be useful.

B. Results for the form factors HNY (k2 k?)

The analytic expressions (3.27) are based on finite-order
QCD diagrams and thus cannot be trusted near quark
thresholds. For instance, the calculated form factors exhibit
steep rise at negative k> — 0 which is unphysical, as the
nearest hadron pole lies at k> = M} and the two-meson

threshold lies at k*> = 4M~%.

We therefore pursue the strategy previously applied in
[1,55] to the form factors of one variable, and extend it to
the case of R;(k?, k*) depending on two variables: We first
calculate the form factors R;(k?, k*) using the analytic
expressions (3.27) in the rectangular region relatively far
from quark thresholds in QCD diagrams,

0 < k?(GeV?) < 4, -5 < k*(GeV?) < —0.6. (4.11)
We then interpolate the results obtained in this region as
function of two variables k> and k> by a formula (C1)
which takes into account the correct location of the hadron
poles at k> = M7, and k> = M7, and contains a number of

fit parameters allowing us to fit R;(k”%, k?) in the rectan-
gular region (4.11) with an accuracy of not worse than 2%.
The fit formula and its parameters obtained by this
procedure are given in Appendix C. Finally, since our
interpolating formula takes into account correct location of
the lowest meson poles in the k> and k> channels, we find it

800 10°Ry(q?,0) [GeV ]
Rv(q?,0)=Rve (4%,0)+2 Ry (4,0

600

400 10°R, (0,0)=400.4 GeV "'

800 I 10°R,(02,0)[GeV "]

Ra (@%,0)=Rag (4°,0)+2 Ran (6°,0)
600
400

10°Ra (0,0)=398 GeV"'

200 200
q°[GeV?] q°[GeV?]
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
8001 10°R,(0,0°) [GeV '] 800 | 10°Ra(0,q°) [GeV ']
Rv (0,0)=Rye (0,0°)+2 Ryn(0,0%) Ra (0,0)=Rae (0,0°)+2 Ran(0,0%)
600 600
400 10°R, (0,0=400.4 [GeV '] 400 10°Ra(0,0)=398 GeV ™"
200 200
¢F1GeV?] ¢1GeV’)
-4 -3 -2 -1 0 1 -4 -3 -2 -1 0 1
FIG. 3. Solid lines are the fits. For R(0, qz), dashed lines present the results of direct calculations.
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0.1

NF (2
‘ 08 AC, ‘(q ,0)
ACN () &
G
0.6
0.05
04
0.2
2 2 2 2
q[GeV~] q°[GeV~]
0.2 04 0.6 0.8 1 4 5 6 7 8 9
(@ (b)

FIG. 4.
NFC7(g?) for ¢* > 3 GeV?,

eligible to use this formula to extrapolate the form factors to
the region of timelike momenta k> < M? /,y and K? < 4M%.

Figure 3 shows our numerical predictions for the NF
form factors corresponding to the central values of all
parameters, for the discussion we refer to [1]. As reported
in [1], the accuracy of the predictions for the form factors
depend sizebly on Az . However, for a given value of Az ,
the form factors H;(k",k?) may be calculated with an
accuracy around 10%.

C. NF charm vs top

The effect of factorizable charming loops may be
conveniently described as a process-independent but
g*-dependent correction to the Wilson coefficient Co,
Eq. (3.10), with 6FCy(g?) > 0.

One may in principle describe also NF charming-loop
contribution as a correction to Cy; in this case, however, the
correction explodes at small ¢. So it is more natural to
describe the effect of NF charm in B; — y/[ as additions to
the Wilson coefficient C; related to different A;(¢?) (i = A,
V) in Eq. (2.23),

Ay(g*): C; = C7 4+ AYFCy(4%),
Ax(g?): C; > C7 + ANFCy(g?). (4.12)

with the relative correction

ANFC (g
5?FC7(42):7C7( )
7
C, 1 HNF(¢%,0) + HYF(0, 42
ZSHZQch—z— i (q2 )+ i ( g>’
Cymy, Fri(q”,0) + Fr;(0,g%)
i=AV. (4.13)

The form factors F;(k’?, k*) have been evaluated using the
2DAs ¢, belonging to the same set of the distribution
amplitudes as the 3DAs (4.2) and (4.3), see details in [1].
Convenient parametrizations for the form factors

(a) The relative NF correction 8)f C;(g?) given by Eq. (4.13). (b) s"FC;(¢?,0) given by Eq. (4.13) which dominates in

Fr;(K?,k*) in a broad range of their momenta are given
in Appendix D.

The Wilson coefficients C, and C; have opposite signs,
HYF(g%,0) and HYF(0,4%) as well as Fy;(¢*,0) and
Fr:(0,¢?) are positive [42]. So, the relative correction
SNFCy is found to be positive

SN Cy(q2) > 0. (4.14)
Numerically, S\FC;(g?) ~ &) C;(¢?). The form factors
H;(q*,0) are predicted in the region ¢> < M7, , whereas
H;(0, ¢?) is predicted in the region g*> < 4M% [recall that at
q* > 4M%, H,(0,¢*) have imaginary part]. In principle,
one can model H,(0, g*) for g*> > 4M%, but this interesting
problem is beyond the scope of this paper. So, Fig. 4(a)
presents SN C;(g?) in the range 0 < ¢> < 4M%, where our
predictions are less model dependent. On the other hand, as
the analysis of [42] has shown, for ¢*> > 3 GeV? (i.e., far
above M), the contribution of the amplitude H}"(0, ¢)

turns out to be much suppressed compared to HN (42, 0).
The same occurs for the form factor Fy;; in this range of ¢2,
Fri(g*0) > F7,(0,¢?). Therefore the contribution of
HYF(0,4%) in the numerator and the contribution of
F7;(0,¢?%) in the denominator of (4.13) may be neglected
[one however might need to be careful as both HYF(0, ¢?)
and HN'(0, ¢*) have imaginary parts at g*> > 4M%]. Then
the main contribution to 8NFC;(¢?)/ C in this range of ¢? is

HY(42.0)

Fla0)" This contribution

expected to come from the ratio
is denoted as

5 Cy(¢%.0) = AN Cy(¢%.0)/ C, (4.15)

and is shown in Fig. 4(b) for i = V. Closing this section, we
would like to emphasize that factorizable and nonfactor-

izable contributions of the charming loops, H' and HNF,
have opposite signs.
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V. DISCUSSION AND CONCLUSIONS

This paper extended the theoretical approach to NF
charming loops in FCNC B, decays recently formulated
in [1] and for the first time reports the results for NF charm
in By — yll decays:

(i) We derived analytical expressions for the form
factors HNF(k”,k?), i = A, V, describing NF con-
tribution of charming loops to the amplitude of the
B, meson transition into two virtual photons (the
first argument, k> corresponds to the momentum
emitted from the charming loop, whereas the second
argument, k2, corresponds to the momentum emitted
by the valence s-quark of the B -meson). These
expressions may be written in the form

HNF(kIZ kZ)
=2C,0,0.[AzRig(K?, K*) + 23Ry (K, k*)]
i=AV.3. (5.1)

Since an approximate relation 12, ~ 242 is expected,
the linear combination
Ri(K?, k) = 2Ry (K?. k%) + Rig (K, k*)  (5.2)
is appropriate for the description of NF charming
loops in B, decays such that
HYF (K2, k?) = 2C,0,0 /2R (K%, K?).  (5.3)
We emphasize that according to our analysis,
R;(k?,k*) > 0 in the region k> < M3, and k* <
M, and thus HY"(k™, k?) is positive in this region.
Recall that the factorizable contribution HE (k”?, k?)
is negative.

(i) The analytic expressions allow one to calculate the
form factors R;(k'?, k%) in a broad range k"> < 4m?
and k? < 0. However, calculations based on finite-
order QCD diagrams are not expected to provide
good description of the physical hadron amplitudes
near quark thresholds (for instance, the calculated
form factors exhibit steep rise at k> — 0 which is
unphysical, as the nearest meson pole lies at k> = M

and the two-meson threshold lies at k> = 4M%). So
we pursue the following strategy. We make use of
the results of our calculation in the rectangular
region 0 < k?(GeV?) <4 and -5 < k*(GeV?) <
—0.6 (i.e., sufficiently far from quark thresholds) and
interpolate them by a simple analytic formula
depending on k> and k2, which takes into account
the presence of the poles at k> = M7, and k*=Mj,.

Numerical parameters in this formula are obtained
by the fit to the results of our calculations and
interpolate them with a 2% accuracy in the rectan-
gular region mentioned above. The corresponding

easy-to-use fit formulas for R;(k’, k*) are presented
in Appendix C.

(iii) Since the interpolating formulas exhibit the correct
location of the lowest hadron singularities, i.e.,
poles at k> = M3, and at k* = M, our fit formulas
are expected to provide reliable theoretical predic-
tions for the form factors in a broader range

0 < k? < M7, and =5 GeV* < k”? < Mj. Figure 3

shows R;(0,¢%) and R;(q*,0) related to B, — yll
decays.

(iv) The contribution of factorizable charm in B, — yll
decay may be treated as the g>-dependent correc-
tion to the Wilson coefficient Cg, such that

A¥Cy(¢*)/Co>0 at ¢* < M7, At the same time,

the contribution of nonfactorizable charm in
B, — yll decay may be conveniently treated as the
g*-correction to the Wilson coefficient C;, such that
ANFC,(g?)/C; > 0 at ¢> < 4M% (at higher values
of g* the physical NF charming loop has imaginary
part). Figure 4 presents our prediction for these
quantities™;

(v) Our numerical results for the form factors
HYF(K?,k*) depend sizeably on the precise value
of the parameter 4z . In this respect we see the same
picture as for the By — yy decay, see Fig. 7 in [1].
And, similar to the form factors for B; — yy decay,
for a fixed value of Ag, HYN'(K? k*) may be
calculated with about 10% accuracy.

It might be useful to recall that the B; — yl/ decay ampli-
tude receives contributions from the weak-annihilation
type diagrams [56—59]. The weak-annihilation mechanism
differs very much from the mechanism discussed in
this paper and is therefore beyond the scope of our
interest here. However, weak-annihilation diagrams should
be taken into account in a complete analysis of B, — yll
decays.
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114012-11



BELOV, BEREZHNOY, and MELIKHOV

PHYS. REV. D 109, 114012 (2024)

APPENDIX A: CONSTRAINTS ON THE
TRANSITION FORM FACTORS

We present here a discussion of the -constraints
imposed by the electromagnetic gauge invariance on the
(r*|q0:b|B,(p)) transition amplitudes induced by the
vector, axial-vector, tensor, and pseudotensor weak cur-
rents. This discussion extends the discussion of [41] and
includes also the case when the real photon is emitted from
the FCNC b — ¢ vertex. The corresponding form factors
are functions of two variables, k2 and k2, where k' is the
momentum of the weak b — ¢ current, and k is the
momentum of the electromagnetic current, p =k + k'.
Gauge invariance provides constraints on some of the form
factors describing the transition of B, to the real photon
emitted directly from the quark line, i.e., for the form
factors at k> = 0.

These form factors fully determine the amplitudes of the
FCNC B-decays into leptons in the final state. For instance,
the four-lepton decay of the B meson requires the form
factors f;(k", k') for 0 < k*, k' < M%. For the case of
the B — yIT[~ transition one needs the form factors
fi(k? = q* k? =0) and f;(k? =0,k* = ¢*), where ¢
is the momentum of the [t/ pair.

1. Form factors of the vector weak current

In case of the vector FCNC current, the gauge-invariant
amplitude contains one form factor g(k’2, k),

Tow=i / dxe™* (O[T {2 (x). 7, b(0)} B, ()

= e€,qui29(kK%, k?). (A1)
The amplitude is automatically transverse and is free of
the kinematic singularities so no constraints on g(k'?, k?)
emerge.

2. Form factors of the axial-vector weak current

For the axial-vector current, the corresponding amplitude
has three independent gauge-invariant structures and three
form factors, and in addition has the contact term which is
fully determined by the conservation of the electromagnetic
current, ¢ j;" = 0,

75, =i / dxe™ (O[T {2 (x). 7,755 (0)} By ()

. kok
=1e <g/m - kzﬂ>f(k/2’ kz)

kk'
e (= )y (2, 00) 4 by 47, 2)
. koD
+ZQququ kZ”' (AZ)

Here Q B, = Oy — Q, is the electric charge of the Bq meson
and fp > 0 is defined according to

(01gr,75b|B4(p)) = if B, Py- (A3)
The kinematical singularity in the projectors at k* =0
should not be the singularity of the amplitude, and therefore
gauge invariance yields the following relation between the
form factors at k2 = 0:
[+ (KK)asley=0.  a/(K%K*=0)=05 f5. (A4)
For the neutral Bd’s mesons, the contact term is absent
and therefore the form factor a; should vanish at k*> = 0,
a; (K, k* = 0) = 0. This relation is fulfilled automatically,
as the two contributions, corresponding to the photon
emission from the valence b-quark and from the valence
s, d-quark cancel each other at k* = 0.

The amplitude of the transition to the real photon is
described by a single form factor,

(r(k)|ay,rsb|B,(p))
= —iee“(k)(gwk’k - k’akﬂ)az(k’z, k* = 0). (AS)
3. Form factors of the tensor weak current

The transition amplitudes induced by the tensor weak
current can be decomposed in the Lorentz structures
transverse with respect to k,,

T =1 [ dxe ™ O1T"().40,,b(0)} By (1)
. ka .
=1e <€/wap - pe;wkp> 9 (klz’ k2) + lee/wakQZ (klz’ kz)

. pk
+e (pa - Fka) eﬂuk’kgO(kQ’ kz) (A6)
The contact terms are absent in this amplitude as well as in
the amplitude of the pseudotensor current. The kinematic
singularity of the projectors at k> = 0 should not be the
singularity of the amplitude, therefore
[91 = (kp)golie—o = 0. (A7)
Multiplying (A6) by k,, we obtain the penguin transition
amplitude,

i/ dxe™ (0|{Tjg"(x), 3o,k b(0)}|B,(p))
= ie€uqip(91 + 92)- (AB)

Notice that the penguin amplitude contains only one
combination of the form factors. Nevertheless, the
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requirement of the regularity of the amplitude (A6) yields
the constraint (A7).

4. Form factors of the pseudotensor weak current

The transition amplitude of the pseudotensor weak
current is given in terms of the same form factors as the
amplitude (A6), and, similar to (A6), contains no contact
terms,

TS, =

S = / dxe (O{T 2 (x). G0, 75b(0)} B, ()

kok, kak,
= G — 7 Pu—\ Gou — kz Pv|€eg
+ (g(ll/k/l - gaﬂkl/)eQZ

k-p
+ (pa - 7’%) (k,py, — puk,)ego. (A9)

The kinematical singularity in the projectors at k> =0
should cancel in the amplitude, again leading to the
constraint in Eq. (A7).

For the penguin pseudotensor amplitude we then obtain,

i/ dxe™ (0|{T j¢™(x), 30,5k b(0)}|B,(p))

k/2
= e(kﬁlku _gllﬂkk/) {gl +92 +ng }

kk' kk' k'
+e <k:1 _?ka> <k;4 k/z ﬂ) kk/ {kk/go 91 } (A]O)

Notice that the contribution of the second Lorentz structure
in (A10) vanishes both for k2 = 0 [because of the constraint
of Eq. (A7) at k? = 0, kp = kk'] and for kK> = 0. However,
it does not vanish for both k%, k> # 0; therefore, the
second Lorentz structure contributes to the amplitude of
the four-lepton decays.

We can now build the bridge to the form factors which
describe the real photon emission by the valence quarks
defined in Eq. (2.6); denoting the momentum of the [/~
pair as ¢, i.e., setting k> = 0 and replacing k> — ¢°, we
obtain the form factors in Eq. (2.6) through the form factors
9. a3, 62, 91 (K* = ¢*, k> = 0),

Fy(q*.0) = 2Mpg(q*.0),

Fa(q*.0) = =Mpa,(4*.0), (A11)
Frv(g*,0) = =[92(¢%.0) + g1(¢4*.0)],
Fra(¢*.0) = —|92(¢*.0) + ﬁgl(qz,o) . (A12)

The form factors describing the real photon emission from
the penguin, are obtained by setting k> = 0 and replacing
k* - ¢ in the form factors g, ,(k”, k%),

(A13)

Fry(0,6%) = Fr4(0,¢*) = =[92(0.¢%) + 91 (0,4)].

APPENDIX B: DERIVATION OF H}f,f

Here we provide the derivation of Eq. (3.13). Our starting
point is the matrix element,

p=K+k (B1)

Hyo(K k) =i / dze™*(0|T{eQ.e7,c(2). ¢Q,57,5(0)}|B(p)),
where the quark operators are Heisenberg operators in the SM, i.e., the corresponding S-matrix includes weak and strong

interactions. The nonfactorizable contribution is related to the octet-octet part of the weak Hamiltonian and requires the
emission of at least one soft gluon from the charm-quark loop,

HN (K k) = i / dzefk’z<0|r{chc<z>y,,c<z>,i / dy LEZ5 B8 ) / dx Lo >er<>ya<>}|Bs<p>>. (B2)

~ivP Using

e~'P)|By(p)), and changing the variables x —y = x, z —y — z,

We place Ly, at y = 0 by shifting coordinates of all operators through the translation O(x) = eiPy O(x—y)e
the relations (0]e!™>) = (0| and e~0P)|B(p)) =
y — —y, we find

Hia (K. k) = P00, / dxdydze I O|T{2(2)7,0() Lugi 2 (0). Lee (). 50)r,s0)}By(p).  (B3)
. . b—stc[8x8] b—scc[8x8] . .
Taking into account that L, =—H [the latter given by Eq. (2.13)], we obtain
Gr S _ _ -
Hja (K, k) = =2C, —= 75 VenVes Q. Qi / dxdydze™ = (0[T{2(2)y,¢(2), 2(0)rp(1 = ¥5)1¢(0), (x)r,1¢(x)[0)
X (OIT{3(y)7as (), 5(0)rs(1 = 75)1°b(0), B (x)}|B(p))- (B4)
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It is convenient to insert, under the integral (B4), the identity

1 : ,
Bb(x) = W/dkdx’Bf(x’)e’K(x_x). (B5)
This allows us to isolate the contribution of the charm-quark loop %" (k. q),
NF (7,/ Gr ) i iky —ikx < b( 1\ <
H/m (k,k) = _2C27§V0bvcse QCQSW dye Ydke <0|T{S(0)7ﬂ(1 _yﬁ)b<0)aBu(x)7S(y)7as(y)}|BS(p)>
x [ dvdze s = QTE(E)e(2). 6011 = r5)e(0). e e(0}0) (B6)
2 (x.9)
Using momentum representation for the s-quark propagator
~ . ¥ -+ m
o|T 5(0)}|0) = dke ™ ———* B7
OO0 = 5 [ et (87)
we obtain
HYE(.K) = =26, LV, v,0.0,
V2
1 - o C gunla _ k ; -
X =3 / didye==0 dxdice= ST (1, g) (O[5 (v)y" =5 /(1 - 7°)1BL(x)b(0) By (p)).  (BS)
(27) m? —k

APPENDIX C: NUMERICAL RESULTS FOR THE
FORM FACTORS R, y (k"% k?)

We have calculated the form factors R; (k'2, k*) in the region
-5 < k*(GeV?) < 0 and 0 < k”>(GeV?) < 4m?. However,
calculations based on finite-order QCD diagrams cannot be
trusted near quark thresholds (for instance, the calculated form
factors exhibit steep rise at k> — 0 which is unphysical, as the
nearest meson pole lies at k* = Mj and the two-meson
threshold lies at k> = 4M%). So we pursue the following
|

TNF
H;m

strategy. We make use of the results of our calculation in the
restricted rectangular region —5 < k?(GeV?) < —0.6 and
0 < k?(GeV?) < 4 (i.e., relatively far from quark thresholds)
and interpolate them by a simple analytic formula which takes
into account the presence of the poles at k> = M3 1y and

k* = M. Numerical parameters in this formula are obtained

by the fit in the mentioned restricted area.
For the form factors Hy, and H, we use the following
fitting function:

Ry
1=y)(1=y2)(1 = giyi — g12y3) (1 = (ag + agiyy + anyi)ys + (by + baryy + baay})y3)’

Y1 EkQ/M%/W, Y2 Ekz/ng

Rav(y1.32) = (
(C1)
This formula takes into account the correct location of meson poles at K = M7, and k* = M. The coefficients in this

formula are obtained by interpolation in the region where our results may be trusted. The outcome of the fitting procedure is
given in Table I.

TABLE I. Parameters in (C1) obtained by the interpolation of our numerical results for Ry 4.

Roo[GeV™'] In 912 ] ) an by by by
Ry 400.4 —0.204 0.421 0.141 —0.041 —0.044 —-0.026 0.006 0.005
Ry 398.0 —0.154 0.426 0.141 —0.063 —0.016 —-0.026 0.010 0.001
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APPENDIX D: NUMERICAL RESULTS FOR THE
FORM FACTOR Fyy (K2, k?)

The fit formula for the form factor F7 (k?, k?) is obtained

by a similar procedure as described in Appendix C:
(i) The numerical results for Fyy (k”?, k?) are obtained
by evaluating the formulas from Sec. 5B of [I]

and the 2DAs ¢. given in Egs. (5.11) and (5.12)
of [1].

(i) We use the numerical results in the range 0 <
kK?(GeV?) < 15 and -5 < k*(GeV?) < —0.6 [i.e.,
far below the quark thresholds located at k> =
(my + m)? and k*> = 4m?] and interpolate these
numerical results using the analytic fit formula,

|

900
1=y)(1=y2)(1 = g11y1 — g12y7) (1 = (a0 + a21y1 + aznyi)ya + (bag + baryi + baoyi)y3)’
v Ek’z/M%:, yZEkZ/Mé.

Fry(y1.y2) = (

(D1)

The analytic formula (D1) reflects the correct location of the physical poles at k> = M %:' and K> =M 5, The fit parameters
obtained by the interpolation procedure are summarized in Table II. The deviation between the fit formula and the results of

the direct calculation are below 2% in the full range where the interpolation is made.

TABLE II. Parameters in (D1) obtained by the interpolation of our numerical results for Fry.
oo g 912 )0} az a bag by bay
Fry 0.152 —0.038 —-0.129 -0.197 0.144 0.360 0.026 —0.021 —0.058
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