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The observation of the vector meson’s global spin alignment by the STAR Collaboration reveals that
strong spin correlations may exist for quarks and antiquarks in relativistic heavy-ion collisions in the
normal direction of the reaction plane. We propose a systematic method to describe such correlations in the
quark matter. We classify them as local and long range quark spin correlations in the system. We show in
particular that the effective quark spin correlations contain the genuine spin correlations originated directly
from the dynamical process as well as those induced by averaging over other degrees of freedom. We also
show that such correlations can be studied by measuring the vector meson’s spin density matrix and
hyperon-hyperon and hyperon-anti-hyperon spin correlations. We present the relationships between these
measurable quantities and spin correlations of quarks and antiquarks.
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I. INTRODUCTION

The global hyperon polarization has been observed first
by the STAR Collaboration at the Relativistic Heavy Ion
Collider (RHIC) [1] and later in a series of subsequent
experiments [2–6]. This confirms the theoretical predic-
tions made almost two decades ago [7–9]. The experi-
mental results can be described quantitatively using
phenomenological transport or hydrodynamical models
[10–26], that are now reviewed, e.g., in [27–40]. Such
studies open a new avenue in studying properties of the
quark gluon plasma (QGP) produced in heavy ion colli-
sions and have attracted much attention in the field.
Recently, the STAR Collaboration has published their

measurements on vector mesons’ global spin alignment
[41]. Their results, together with other measurements
[42–45] bring the field of spin physics in heavy-ion

collisions to a new climax [46–64]. The STAR results
[41], on the one hand, show that the global polarization
effects also exist for vector mesons, on the other hand, seem
to be inconsistent with the magnitude of hyperon polari-
zation if quark spin correlations due to strong fields are
neglected. As was shown in the original papers on the
global polarization effect [7–9], if we take quark polari-
zation as a constant and neglect fluctuations and correla-
tions etc., the hyperon polarization should be equal to that
of the quark but the vector meson’s spin alignment should
be proportional to the quark polarization squared. In this
case, since the observed hyperon polarization is only a few
percent [1–6], the vector meson’s spin alignment should
be much smaller than those observed in the STAR experi-
ment [41]. Hence, the data clearly reveal that there is strong
spin correlation between the quark and antiquark that
combine into the vector meson [46–64]. In this sense, this
provides the first opportunity to study the spin correlations
at the quark level in high energy heavy-ion collisions.
It is clear that the spin correlation of quarks and

antiquarks is an important property of QGP. It may contain
important information on strong interaction and provide
new clue to color confinement in quantum chromodynam-
ics (QCD). So it is crucial to present a unified and
systematic description of spin correlations in quark matter
and make connection with experimental observables.
The definition of spin correlations in a system of

spin-1=2 particles can be found in text books. However,
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to study spin properties of QGP, it is convenient to define the
correlations in a way so that one can study them in a given
sequence such as number of particles. More precisely, one
can start with two particle spin correlations, then continue
with two and three particle spin correlations and soon. Such a
definition will facilitate the study and reveal the underlying
dynamics. The connections between quark spin correlations
and experimental observables depend on hadronization
mechanism and thus may be model dependent.
The purpose of this paper is to propose a systematic

description of spin correlation of quarks and antiquarks in
heavy-ion collisions. We show that the spin correlation can
be decomposed into the genuine and induced one and also
into the local and long range one. We propose that the spin
correlation at the quark level can be extracted from the
vector meson’s diagonal and off diagonal elements of its
spin density matrix together with the hyperon-anti-hyperon
spin correlation. We present the relationships between the
spin correlation at the quark level and measurable quantities
in a simple quark recombination model.
The rest of the paper is organized as follows. In Sec. II,

we propose the systematic way to describe quark spin
correlation in the quark matter system and discuss its
properties. In Sec. III A, we present the results of the vector
meson’s spin alignment and off diagonal elements of the
spin density matrix as functions of the quark spin polari-
zation and correlation. In Sec. IV, we present the results for
the hyperon polarization and hyperon-hyperon or hyperon-
anti-hyperon spin correlation. We also present numerical
estimates of spin correlation parameters by fitting the
existing data in Sec. VI. Finally, a short summary and
an outlook are given in Sec. VII.

II. QUARK SPIN CORRELATIONS
IN QUARK MATTER SYSTEM

We consider a quark matter system such as QGP
consisting of quarks and antiquarks. The spin properties
of the system are described by the spin density matrix. For a
single particle, we study the spin polarization while for two
or more particles we can study not only the spin polari-
zation but also the spin correlation.

A. The spin density matrix

In a spin-1=2 particle system, the spin state of a particle
is described by the spin density matrix that can be expanded
in terms of the complete set of the 2 × 2 Hermitian matrices
fI; σ̂ig, i.e.,

ρ̂ðqÞ ¼ 1

2
ðI þ Pqiσ̂iÞ; ð1Þ

where Pqi ¼ hσ̂ii ¼ Tr½ρ̂ðqÞ bσi� with i ¼ x, y, z is the
ith component of the quark polarization vector Pq ¼
ðPqx; Pqy; PqzÞ, σ̂i denotes Pauli matrices, and Trρ̂ðqÞ ¼ 1

is normalized to one. The symbol I denotes the unit 2 × 2
matrix, and in the following of this paper, we simply write it
as 1. Also, we use the convention that a sum over repeated
indices is implicit through out the paper.
For two particle state in the system, we denote the spin

density matrix by ρ̂ð12Þ. Conventionally, one expands ρ̂ð12Þ
in terms of the complete set of Hermitian matrices
f1 ⊗ 1; σ̂1i ⊗ 1; 1 ⊗ σ̂2j; σ̂1i ⊗ σ̂2jg, i.e.,

ρ̂ð12Þ ¼ 1

4
½1þ P1iσ̂1i þ P2jσ̂2j þ tð12Þij σ̂1i ⊗ σ̂2j�; ð2Þ

where tð12Þij is called the spin correlation of particles 1 and 2.
Here, as well as in the following of this paper, we take the
following scheme of notations: the superscript of the spin
density matrix ρ̂ or the spin correlation t denotes the type of
particle where for hadrons we simply use the symbol while
for quarks or antiquarks we put it in a bracket; the subscript
denotes the indices of matrix elements or spatial compo-
nents such asmm0 or ij. For polarization vectors, we simply
use double subscripts to specify particle type and spatial
component, respectively.
There is however a shortcoming in the definition of the

spin correlation through tð12Þij in Eq. (2). In case of no spin
correlation between particles 1 and 2, we should have

ρ̂ð12Þ ¼ ρ̂ð1Þ ⊗ ρ̂ð2Þ and then tð12Þij ¼ P1iP2j that is non-
vanishing. The situation is the same for spin correlations
of three or more particles if they are defined in a similar
way. This is in particular inconvenient if we study the spin
correlations order by order.
To overcome such a shortcoming, we propose to expand

ρ̂ð12Þ in the following way:

ρ̂ð12Þ ¼ ρ̂ð1Þ ⊗ ρ̂ð2Þ þ 1

22
cð12Þij σ̂1i ⊗ σ̂2j; ð3Þ

where the spin correlation is described by cð12Þij . It is clear

that cð12Þij ¼ 0 if there is no spin correlation between
particles 1 and 2. In the same way, we expand the spin
density matrix for a system of three or four particles as

ρ̂ð123Þ ¼ ρ̂ð1Þ ⊗ ρ̂ð2Þ ⊗ ρ̂ð3Þ þ 1

23
cð123Þijk σ̂1i ⊗ σ̂2j ⊗ σ̂3k

þ 1

22
½cð12Þij σ̂1i ⊗ σ̂2j ⊗ ρ̂ð3Þ þ cð23Þjk ρ̂ð1Þ ⊗ σ̂2j ⊗ σ̂3k

þ cð13Þik σ̂1i ⊗ ρ̂ð2Þ ⊗ σ̂3k�; ð4Þ
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ρ̂ð1234Þ ¼ ρ̂ð1Þ ⊗ ρ̂ð2Þ ⊗ ρ̂ð3Þ ⊗ ρ̂ð4Þ þ 1

24
cð1234Þijkl σ̂1i ⊗ σ̂2j ⊗ σ̂3k ⊗ σ̂4l

þ 1

22
½cð12Þij σ̂1i ⊗ σ̂2j ⊗ ρ̂ð3Þ ⊗ ρ̂ð4Þ þ cð34Þkl ρ̂ð1Þ ⊗ ρ̂ð2Þ ⊗ σ̂3k ⊗ σ̂4l þ cð13Þik σ̂1i ⊗ ρ̂ð2Þ ⊗ σ̂3k ⊗ ρ̂ð4Þ

þ cð24Þjl ρ̂ð1Þ ⊗ σ̂2j ⊗ ρ̂ð3Þ ⊗ σ̂4l þ cð14Þil σ̂1i ⊗ ρ̂ð2Þ ⊗ ρ̂ð3Þ ⊗ σ̂4l þ cð23Þjk ρ̂ð1Þ ⊗ σ̂2j ⊗ σ̂3k ⊗ ρ̂ð4Þ�

þ 1

23
½cð123Þijk σ̂1i ⊗ σ̂2j ⊗ σ̂3k ⊗ ρ̂ð4Þ þ cð124Þijl σ̂1i ⊗ σ̂2j ⊗ ρ̂ð3Þ ⊗ σ̂4l þ cð134Þikl σ̂1i ⊗ ρ̂ð2Þ ⊗ σ̂3k ⊗ σ̂4l

þ cð234Þjkl ρ̂ð1Þ ⊗ σ̂2j ⊗ σ̂3k ⊗ σ̂4l�: ð5Þ

The polarizations and spin correlations can be extracted
by taking expectation values of a direct product of Pauli
matrices on spin density matrices. The results are

P1i ¼ hσ̂1ii; ð6Þ

cð12Þij ¼ hσ̂1iσ̂2ji − P1iP2j; ð7Þ

cð123Þijk ¼ hσ̂1iσ̂2jσ̂3ki − cð12Þij P3k − cð23Þjk P1i − cð13Þik P2j

− P1iP2jP3k; ð8Þ

cð1234Þijkl ¼ hσ̂1iσ̂2jσ̂3kσ̂4li − cð123Þijk P4l − cð124Þijl P3k − cð134Þikl P2j

− cð234Þjkl P1i − cð12Þij P3kP4l − cð13Þik P2jP4l

− cð14Þil P2jP3k − cð23Þjk P1iP4l − cð24Þjl P1iP3k

− cð34Þkl P1iP2j − P1iP2jP3kP4l: ð9Þ

For a four-particle system, according to Eq. (5), if the
system does not have any spin correlations, i.e., the spin
density matrix of the system is the direct product of spin
density matrices of single particles, we have

cð12Þij ¼ cð23Þjk ¼ cð13Þik ¼ cð34Þkl ¼ cð24Þjl ¼ cð14Þil ¼ 0;

cð123Þijk ¼ cð234Þjkl ¼ cð124Þijl ¼ cð134Þikl ¼ 0;

cð1234Þijkl ¼ 0: ð10Þ

If there are only two-particle spin correlations, we have

cð123Þijk ¼ cð234Þjkl ¼ cð124Þijl ¼ cð134Þikl ¼ cð1234Þijkl ¼ 0: ð11Þ

If there are only two-particle and three-particle spin

correlations, we have cð1234Þijkl ¼ 0. In this way, we can
include spin correlations order by order.
We note that if we define the spin correlation for two

spin-1=2 particles h1h2 in the conventional way, i.e.,

cnn ¼
fþþ þ f−− − fþ− − f−þ
fþþ þ f−− þ fþ− þ f−þ

; ð12Þ

where n stands for the spin quantization direction n̂,
fm1m2

¼ hm1m2jρ̂ð12Þjm1m2i (with m1; m2 ¼ � denoting
spin states) is the fraction of the particle pair in the spin
state jm1m2i. We then obtain the relationship between cnn
and cð12Þij defined above as

cnn ¼ cð12Þnn þ P1nP2n: ð13Þ

B. With other degrees of freedom

We suppose particles in the system have other degrees
of freedom that are denoted in general by α. We consider
here a very simple case that the polarization and spin
correlation have α dependence so that spin density matrices
are given by

ρ̂ðqÞðαÞ ¼ 1

2
½1þ PqiðαÞσ̂i�; ð14Þ

ρ̂ð12Þðα1; α2Þ ¼ ρ̂ð1Þðα1Þ ⊗ ρ̂ð2Þðα2Þ

þ 1

22
cð12Þij ðα1; α2Þσ̂1i ⊗ σ̂2j: ð15Þ

Now supposewe have a system (12) composed of 1 and 2.
We assume that the system is at the state jα12i so the
probability to find particle 1 and 2 at α1 and α2, respectively,
is determined by the amplitude hα1;α2jα12i. We obtain the
effective spin density matrix for the system (12) at α12 as

ρ̂ð12Þðα12Þ ¼ hα12jρ̂ð12Þjα12i
¼

X
α1α2

jhα1; α2jα12ij2ρ̂ð12Þðα1; α2Þ: ð16Þ

We decompose this effective spin density matrix ˆ̄ρð12Þðα12Þ
in the same way as that in Eq. (3) or (15), i.e.,

ˆ̄ρð12Þðα12Þ ¼ ˆ̄ρð1Þðα12Þ ⊗ ˆ̄ρð2Þðα12Þ

þ 1

22
c̄ð12Þij ðα12Þσ̂1i ⊗ σ̂2j; ð17Þ

where ˆ̄ρð1Þðα12Þ is the average of ρ̂ð1Þðα1Þ weighted by the
wave function hα1; α2jα12i squared and is decomposed as
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ˆ̄ρð1Þðα12Þ ¼ hρ̂ð1Þðα1Þi≡
X
α1α2

jhα1; α2jα12ij2ρ̂ð1Þðα1Þ

¼ 1

2
½1þ P̄1iðα12Þσ̂1i�; ð18Þ

and similar for ˆ̄ρð2Þðα12Þ. Here, as well as in the following of
this paper, we use h� � �i to denote such an average on the
state of the system. In this way, by reversing Eq. (18), we
obtain that

P̄1iðα12Þ ¼ hP1iðα1Þi≡
X
α1α2

jhα1; α2jα12ij2P1iðα1Þ: ð19Þ

However, the situation for c̄ð12Þij ðα12Þ is different. By
reversing Eq. (17) and using Eq. (15), we obtain that

c̄ð12Þij ðα12Þ ¼ hcð12Þij ðα1; α2Þ þ P1iðα1ÞP2jðα2Þi
− P̄1iðα12ÞP̄2jðα12Þ: ð20Þ

We see that c̄ð12Þij ðα12Þ is not simply the average of

cð12Þij ðα1; α2Þ weighted by the wave function hα1; α2jα12i

squared. In particular, in the case of cð12Þij ðα1; α2Þ ¼ 0, we
have

c̄ð12;0Þij ðα12Þ¼ hP1iðα1ÞP2jðα2Þi− hP1iðα1ÞihP2jðα2Þi: ð21Þ
We see clearly that c̄ð12;0Þij ðα12Þ is in general nonzero ifPqi

(q ¼ 1; 2) have α dependences even if cð12Þij ðα1; α2Þ ¼ 0 so

that ρ̂ð12Þðα1; α2Þ ¼ ρ̂ð1Þðα1Þ ⊗ ρ̂ð2Þðα2Þ. To distinguish

them from each other, we propose to call cð12Þij ðα1; α2Þ, the
genuine spin correlation, but the corresponding c̄ð12Þij ðα12Þ,
the effective spin correlation, and c̄ð12;0Þij ðα12Þ, the induced
spin correlation. To be consistent, we will also call P̄qiðα12Þ,
the effective, and PqiðαqÞ, the genuine polarization.
Also, we suggest to distinguish the induced spin corre-

lations into local and long range correlations depending on
whether they are short or long ranged in the α space. An
example that leads to such induced spin correlations was
given in Refs. [51–55]. The spin correlation between s and
s̄ was shown to be strong and local in phase space due to
strong interaction with the ϕ-meson field.
Similarly, for a three-particle system (123), the α-

dependent spin density matrix reads

ρ̂ð123Þðα1; α2; α3Þ ¼ ρ̂ð1Þðα1Þ ⊗ ρ̂ð2Þðα2Þ ⊗ ρ̂ð3Þðα3Þ þ
1

22
½cð12Þij ðα1; α2Þσ̂1i ⊗ σ̂2j ⊗ ρ̂ð3Þðα3Þ

þ cð23Þjk ðα2; α3Þρ̂ð1Þðα1Þ ⊗ σ̂2j ⊗ σ̂3k þ cð13Þik ðα1; α3Þσ̂1i ⊗ ρ̂ð2Þðα2Þ ⊗ σ̂3k�

þ 1

23
cð123Þijk ðα1; α2; α3Þσ̂1i ⊗ σ̂2j ⊗ σ̂3k: ð22Þ

If the system (123) is in the state jα123i, the effective spin density matrix is given by

ˆ̄ρð123Þðα123Þ ¼ ˆ̄ρð1Þðα123Þ⊗ ˆ̄ρð2Þðα123Þ ˆ̄ρð3Þðα123Þ þ
1

22
½c̄ð12Þij ðα123Þσ̂1i ⊗ σ̂2j ⊗ ˆ̄ρð3Þðα123Þ þ c̄ð23Þjk ðα123Þ ˆ̄ρð1Þðα123Þ⊗ σ̂2j ⊗ σ̂3k

þ c̄ð13Þik ðα123Þσ̂1i ⊗ ˆ̄ρð2Þðα123Þ⊗ σ̂3k� þ
1

23
c̄ð123Þijk ðα123Þσ̂1i ⊗ σ̂2j ⊗ σ̂3k; ð23Þ

where the effective polarizations such as P̄1iðα123Þ and effective two-particle correlations such as c̄ð12Þij ðα123Þ have similar
expressions as those in the two-particle system given by Eqs. (19) and (20), and the effective three-particle correlation

c̄ð123Þijk ðα123Þ is given by

c̄ð123Þijk ðα123Þ ¼ hcð123Þijk ðα1; α2;α3Þ þ P1iðα1ÞP2jðα2ÞP3kðα3Þ þ cð12Þij ðα1; α2ÞP3kðα3Þ
þ cð13Þik ðα1; α3ÞP2jðα2Þ þ cð23Þjk ðα2; α3ÞP1iðα1Þi − c̄ð12Þij ðα123ÞP̄3kðα123Þ − c̄ð13Þik ðα123ÞP̄2jðα123Þ
− c̄ð23Þjk ðα123ÞP̄1iðα123Þ − P̄1iðα123ÞP̄2jðα123ÞP̄3kðα123Þ: ð24Þ

If cð12Þij ðα1; α2;α3Þ ¼ 0 and cð123Þijk ðα1;α2; α3Þ ¼ 0, the spin density matrix of the system in Eq. (22) is the direct product of
single-particle spin density matrices. In this case, we have a similar result for the induced two-particle spin correlations to
Eq. (21), and the induced three-particle spin correlation becomes

c̄ð123;0Þijk ðα123Þ ¼ hP1iðα1ÞP2jðα2ÞP3kðα3Þi þ 2hP1iðα1ÞihP2jðα2ÞihP3kðα3Þi
− hP1iðα1ÞP2jðα2ÞihP3kðα3Þi − hP1iðα1ÞP3kðα3ÞihP2jðα2Þi − hP2jðα2ÞP3kðα3ÞihP1iðα1Þi: ð25Þ
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If cð123Þijk ðα1;α2; α3Þ ¼ 0 but there are two-particle spin correlations, the induced three-particle spin correlation has the form,

c̄ð123;1Þijk ðα123Þ ¼ hP1iðα1ÞP2jðα2ÞP3kðα3Þ þ cð12Þij ðα1; α2ÞP3kðα3Þ þ cð13Þik ðα1; α3ÞP2jðα2Þ þ cð23Þjk ðα2; α3ÞP1iðα1Þi
− c̄ð12Þij ðα123ÞP̄3kðα123Þ − c̄ð13Þik ðα123ÞP̄2jðα123Þ − c̄ð23Þjk ðα123ÞP̄1iðα123Þ
− P̄1iðα123ÞP̄2jðα123ÞP̄3kðα123Þ: ð26Þ

We see that if the system only has two-particle spin
correlations but has α-dependence, three-particle spin
correlations are not vanishing due to averages over α in
a given region and/or given α-dependent weight. We call

c̄ð123;1Þijk ðα123Þ in Eq. (26) the first order induced spin

correlation and c̄ð123;0Þijk ðα123Þ in Eq. (25) the zeroth order
induced spin correlation.

III. SPIN DENSITY MATRIX
FOR VECTOR MESONS

We take a simple case that quarks and antiquarks in the
system combine with each other to form hadrons. We use
this as an illustrating example to show the relationship
between the quark-quark spin correlations and the polari-
zation of hadrons as well as other measurable quantities.
In this section, we consider the combination process

q1 þ q̄2 → V and present the results for the spin density
matrix of the vector meson V. We use M̂ to denote the
transition matrix for a q1q̄2 to form V in the combination
process so that the spin density matrix of V is given by

ρ̂V ¼ M̂ρ̂ðq1q̄2ÞM̂†: ð27Þ

Using this, we will calculate elements of ρ̂V in various cases
in this section.

A. With only spin degree of freedom

If we only consider the spin degree of freedom, the
matrix element of ρ̂V is given by

ρVmm0 ¼ hjmjM̂ρ̂ðq1q̄2ÞM̂†jjm0i
¼

X
mn;m0

n

hjmjM̂jmnihmnjρ̂ðq1q̄2Þjm0
nihm0

njM̂†jjm0i;

ð28Þ

where j ¼ 1 is the spin of V. Hereafter, we will use
shorthand notations jmni≡ jj1m1; j2m2i and jm0

ni≡
jj1m0

1; j2m
0
2i for spin states of the quark-antiquark system

in case of no ambiguity.
The transition matrix element hjmjM̂jmni can be further

written as

hjmjM̂jmni ¼
X
j0m0

hjmjM̂jj0m0ihj0m0jmni; ð29Þ

where hmnjjmi is the well-known Clebsch-Gordan coef-
ficient. The space rotation invariance demands that j ¼ j0

and m ¼ m0 and that hjmjM̂jjmi be independent of m.
We therefore obtain that

ρVmm0 ¼ NV

X
mn;m0

n

hjmjmnihmnjρ̂ðq1q̄2Þjm0
nihm0

njjm0i; ð30Þ

where NV is a constant that can be absorbed into the
normalization constant.
We insert ρ̂ðq1q̄2Þ by Eq. (3) into Eq. (30) and obtain the

element of the vector meson’s spin density matrix,

ρV00 ¼
1

CV
f1þ cðq1q̄2Þxx þ cðq1q̄2Þyy − cðq1q̄2Þzz þ Pq1xPq̄2x

þ Pq1yPq̄2y − Pq1zPq̄2zg; ð31Þ

ρV1−1 ¼
1

CV
fcðq1q̄2Þxx − cðq1q̄2Þyy þ Pq1xPq̄2x − Pq1yPq̄2y

− i½cðq1q̄2Þxy þ cðq1q̄2Þyx þ Pq1xPq̄2y þ Pq1yPq̄2x�g; ð32Þ

ρV10 ¼
1ffiffiffi
2

p
CV

fcðq1q̄2Þxz þ cðq1q̄2Þzx þ Pq1xð1þ Pq̄2zÞ

þ ð1þ Pq1zÞPq̄2x − i½cðq1q̄2Þyz þ cðq1q̄2Þzy

þ Pq1yð1þ Pq̄2zÞ þ ð1þ Pq1zÞPq̄2y�g; ð33Þ

ρV0−1 ¼
1ffiffiffi
2

p
CV

f−cðq1q̄2Þxz − cðq1q̄2Þzx þ Pq1xð1 − Pq̄2zÞ

þ ð1 − Pq2zÞPq̄2x þ i½cðq1q̄2Þyz þ cðq1q̄2Þzy

− Pq1yð1 − Pq̄2zÞ − Pq̄2yð1 − Pq1zÞ�g; ð34Þ

where CV ¼ Trρ̂V ¼ 3þ cðq1q̄2Þii þ Pq1iPq̄2i is the normali-
zation constant.
From Eqs. (31)–(34), we see clearly that we have

contributions from quark-anti-quark spin correlations in
all elements of the spin density matrix of the vector meson.
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B. With other degrees of freedom

If there are other degrees of freedom, we have

ρVmm0 ðαVÞ ¼ hjm; αV jM̂ρ̂ðq1q̄2ÞM̂†jjm0;αVi
¼

X
mn;m0

n

X
αn

hjm; αV jM̂jmn; αni

× hmnjρ̂ðq1q̄2ÞðαnÞjm0
nihm0

n;αnjM̂†jjm0; αVi;
ð35Þ

where similar to mn, we use αn to denote ðα1;α2Þ; and we
considered only the case discussed in Sec. II B, i.e., we
considered only the α-dependence of ρ̂ðq1q̄2Þ but neglected
its off diagonal elements with respect to α.
The transition matrix element hjm; αV jM̂jmn; αni is

further simplified as

hjm; αV jM̂jmn; αni ¼
X

α0V ;j
0m0
hjm; αV jM̂jj0m0; α0Vi

× hj0m0; α0V jmn; αni: ð36Þ

If we consider only the case where all j, m and α are
conserved, we obtain

hjm;αV jM̂jmn;αni ¼ hjm;αV jM̂jjm;αVihjm;αV jmn;αni:
ð37Þ

where the rotation invariance of M̂ leads to that
hjm; αV jM̂jjm; αVi is independent of m. In this case,
the matrix element ρVmm0 ðαVÞ is obtained as

ρVmm0 ðαVÞ ¼ NðαVÞ
X
mn;m0

n

hjmjmnihm0
njjm0i

× hmnj ˆ̄ρðq1q̄2ÞðαVÞjm0
ni; ð38Þ

where NVðαVÞ is a constant for given αV and ˆ̄ρðq1q̄2ÞðαVÞ is
given by

ˆ̄ρðq1q̄2ÞðαVÞ ¼
X
αn

ρ̂ðq1q̄2ÞðαnÞψ�ðαn; αV ;m;mnÞ

× ψðαn; αV ;m0; m0
nÞ; ð39Þ

that in general depends on m, m0, mn, and m0
n through the

function,

ψðαn; αV ;m;mnÞ ¼
hmn; αnjjm; αVi

hmnjjmi : ð40Þ

Note that ψ does not depend on m and mn if the wave
function is factorized,

hmn; αnjjm; αVi ¼ hαnjαVihmnjjmi: ð41Þ

In this case, we have ψðαn;αV ;m0; m0
nÞ ¼ hαnjαVi that

depends on ðαn; αVÞ only and

ˆ̄ρðq1q̄2ÞðαVÞ ¼ hρ̂ðq1q̄2ÞðαnÞiV
≡X

αn

ρ̂ðq1q̄2ÞðαnÞjhαnjαVij2: ð42Þ

We have a similar formula to Eq. (17) for ˆ̄ρðq1q̄2ÞðαVÞ,
ˆ̄ρðq1q̄2ÞðαVÞ ¼ ˆ̄ρðq1ÞðαVÞ ⊗ ˆ̄ρðq̄2ÞðαVÞ

þ 1

22
c̄ðq1q̄2Þij ðαVÞσ̂1i ⊗ σ̂2j; ð43Þ

where the effective spin density of q1 and the effective spin
correlation are given by

ˆ̄ρðq1ÞðαVÞ ¼ hρ̂ðq1Þðα1ÞiV ¼
X
αn

jhαnjαVij2ρ̂ðq1Þðα1Þ

¼ 1

2
½1þ P̄q1iðαVÞσ̂1i�;

P̄q1iðαVÞ ¼ hPq1iðα1ÞiV ¼
X
αn

jhαnjαVij2Pq1iðα1Þ;

c̄ðq1q̄2Þij ðαVÞ ¼ hcðq1q̄2Þij ðαnÞ þ Pqiðα1ÞPq̄jðα2ÞiV
− hPq1iðα1ÞiVhPq̄2jðα2ÞiV; ð44Þ

and similar for ˆ̄ρðq̄2ÞðαVÞ and P̄q̄2iðαVÞ. We see that the
above results are similar to Eqs. (19) and (20).
Equation (42) just corresponds to the case discussed in

Sec. II B. We note that the factorization in Eq. (41) is true
in nonrelativistic quark models. In relativistic quantum
systems, spin is not an independent degree of freedom
so the wave function is not factorizable as in Eq. (41). In
the following of this paper, we limit ourselves to the
factorizable case and leave the general case for future
studies.
Using Eqs. (38) and (43), we can obtain the results for

ρVmm0 ðαVÞ similar to ρVmm0 in Eqs. (31)–(34). The results can
be obtained from Eqs. (31)–(34) by the replacement of spin
polarization and correlation quantities, Pq1i → P̄q1iðαVÞ,
Pq̄2j → P̄q̄2jðαVÞ and cðq1q̄2Þij → c̄ðq1q̄2Þij ðαVÞ, where P̄q1iðαVÞ
and c̄ðq1q̄2Þij ðαVÞ are defined in Eq. (44).
By applying Eq. (20), the above results can be put in

similar forms as those given by Eqs. (31)–(34) but with the
average taken over each numerator and each denominator
separately weighted by jhαnjαVij2. Here, we show the result
of ρV00 corresponding to Eq. (31),

ρV00ðαVÞ ¼
1

hCViV
½1þ hPq1xPq̄2x þ Pq1yPq̄2y − Pq1zPq̄2z

þ cðq1q̄2Þxx þ cðq1q̄2Þyy − cðq1q̄2Þzz iV �: ð45Þ
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In practice, in particular in experiments, we often study
ρ̂VðαVÞ averaged over αV in a given kinematic region. In
this case, we obtain e.g., for ρV00,

hρV00i ¼
1

hhCViViS
½1þ hP̄q1xP̄q̄2x þ P̄q1yP̄q̄2y − P̄q1zP̄q̄2z

þ c̄ðq1q̄2Þxx þ c̄ðq1q̄2Þyy − c̄ðq1q̄2Þzz iS�

¼ 1

hhCViViS
½1þ hhPq1xPq̄2x þ Pq1yPq̄2y − Pq1zPq̄2z

þ cðq1q̄2Þxx þ cðq1q̄2Þyy − cðq1q̄2Þzz iViS�; ð46Þ

where S denotes the kinematic region of αV or the
subsystem over that we average.
We emphasized [48] in particular that the average now is

twofold. For example, for cðq1q̄2Þij , it is

hcðq1q̄2Þij i ¼
X
αV

fVðαVÞhcðq1q̄2Þij ðαnÞiV

¼
X
αV

fVðαVÞ
X
αn

jhαnjαVij2cðq1q̄2Þij ðαnÞ; ð47Þ

where fVðαVÞ is the αV distribution of V. We see that for

the genuine quark spin correlation cðq1q̄2Þij ðαq1 ;αq̄2Þ and
polarizations Pq1ðαq1Þ and Pq̄2ðαq̄2Þ of q1 and q̄2, we
first average over ðαq1 ; αq̄2Þ inside the vector meson V.

In this step, we obtain hcðq1q̄2Þij ðαq1 ; αq̄2ÞiV and the

induced correlation cðq1q̄2;0Þij ðαVÞ ¼ hPq1ðαq1ÞPq̄2ðαq̄2ÞiV −
hPq1ðαq1ÞiVhPq̄2ðαq̄2ÞiV . It is clear that in this step only
local quark-anti-quark spin correlations contribute. In the
second step, we average over V with different αV . For both
the genuine and induced correlations, we average the
results obtained in the first step at different αV weighted
by the αV distribution fVðαVÞ. We never consider a q1 and
q̄2 separated by a large distance in the α space. Hence, we
do not have any contribution from long range correlation.
This implies that by studying vector meson spin alignment
and off diagonal elements of the spin density matrix, we
study only local quark-anti-quark spin correlations.

IV. GLOBAL HYPERON POLARIZATION

For hyperon formation from three quarks,
q1 þ q2 þ q3 → H, similar to the vector meson discussed
in Sec. III A, the spin density matrix for the hyperon is
given by

ρ̂H ¼ M̂ρ̂ðq1q2q3ÞM̂†: ð48Þ

The calculation of the hyperon’s polarization is also similar
to the vector meson which we will present in this section.

A. With only spin degrees of freedom

In this case, the matrix element of ρHmm0 is written as

ρHmm0 ¼ hjmjM̂ρðq1q2q3ÞM̂†jjm0i
¼

X
mn;m0

n

hjmjM̂jmnihmnjρ̂ðq1q2q3Þjm0
nihm0

njM̂†jjm0i;

ð49Þ
where j ¼ 1=2 is the spin of the hyperon H. For the quark
spin state, we also omit jn in jjnmni since they are all 1=2
and use the shorthand notation jmni to stand for
jm1; m2; m3i. Similar to Eq. (29), the transition matrix
element hjmjM̂jmni is given by

hjmjM̂jmni ¼
X
j0m0

hjmjM̂jj0m0ihj0m0jmni: ð50Þ

Similar to the vector meson case discussed in Sec. III A, we
use again the space rotation invariance that demands that
j ¼ j0 and m ¼ m0 and that hjmjM̂jjmi is independent of
m. We therefore obtain that

ρHmm0 ¼ NH

X
mn;m0

n

hjmjmnihmnjρ̂ðq1q2q3Þjm0
nihm0

njjm0i: ð51Þ

Note in particular that the spin density matrix in Eq. (51)
for the hyperon has the same form as that in Eq. (30) for the
vector meson.
By inserting Eq. (4) into Eq. (51), we obtain the

spin density matrix ρ̂H and the hyperon polarization
PH ¼ ΔρH=CH, where ΔρH ¼ ρH1=2;1=2 − ρH−1=2;−1=2 and
CH ¼ Trρ̂H is the normalization constant. The result for
Λ is the simplest one since according to the wave function
jΛ↑i ¼ judsi 1ffiffi

2
p jð↑↓ − ↓↑Þ↑i (where ↑ or ↓ denotes spin)

spin of Λ is completely carried by the s quark. The result is
given by

PΛ ¼ Psz −
δρΛ
CΛ

; ð52Þ

δρΛ ¼ cðusÞiz Pdi þ cðdsÞiz Pui þ cðudsÞiiz ; ð53Þ

CΛ ¼ 1 − cðudÞii − PuiPdi: ð54Þ

From Eqs. (52)–(54), we see in particular that the Λ
polarization is not simply equal to that of the s quark
when quark spin correlations are considered. This is
because to produce a spin-up or spin-down Λ, we need
not only a spin-up or spin-down s quark but also a spin zero
ud-di-quark. If the spin of s and those of u and d are
correlated, the probability to have a spin zero ud-di-quark
in the case that s is spin-up can be different from that in the
case that s is spin-down. This leads to influences on the
final polarization of Λ.
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For other JP ¼ ð1=2Þþ hyperons, we obtain

PH112
¼ 1

3
ð4Pq1z − Pq2zÞ þ

δρH112

CH112

; ð55Þ

PΣ0 ¼ 1

3
ð2Puz þ 2Pdz − PszÞ þ

δρΣ0

CΣ0

; ð56Þ

where δρH112
, CH112

, δρΣ0 and CΣ0 are given by

δρH112
¼ −

4

3
ðPq1iPq1i − Pq1iPq2i þ cðq1q1Þii − cðq1q2Þii ÞðPq1z − Pq2zÞ − 4cðq1q1Þiz Pq2i þ 2ðcðq1q2Þiz − 2cðq1q2Þzi ÞPq1i

þ cðq1q1q2Þiiz − 4cðq1q1q2Þzii ; ð57Þ

CH112
¼ 3þ Pq1iPq1i − 4Pq1iPq2i þ cðq1q1Þii − 4cðq1q2Þii ; ð58Þ

δρΣ0 ¼ −
2

3
ðPuiPdi þ cðudÞii ÞðPuz þ Pdz − 2PszÞ þ

2

3
ðPuiPsi þ cðusÞii Þð2Puz − Pdz − PszÞ

þ 2

3
ðPdiPsi þ cðdsÞii Þð2Pdz − Puz − PszÞ þ ðcðusÞzi − 2cðusÞiz ÞPdi

þ ðcðdsÞzi − 2cðdsÞiz ÞPui − 2ðcðudÞiz þ cðudÞzi ÞPsi þ cðudsÞiiz − 2cðudsÞizi − 2cðudsÞzii ; ð59Þ

CΣ0 ¼ 3þ PuiPdi − 2PdiPsi − 2PuiPsi þ cðudÞii − 2cðusÞii − 2cðdsÞii ; ð60Þ

where H112 denotes JP ¼ ð1=2Þþ hyperon with quark

flavor q1q1q2 and we have used cðq1q1Þxz ¼ cðq1q1Þzx and

cðq1q1q2Þijk ¼ cðq1q1q2Þjik . We see again that there are contribu-
tions from spin correlations in hyperons’ polarizations.

B. With other degrees of freedom

If there are other degrees of freedom besides spin, the
matrix elements of ρHmm0 ðαHÞ is given by

ρHmm0 ðαHÞ ¼ hjm; αHjM̂ρ̂ðq1q2q3ÞðαnÞM̂†jjm0; αHi
¼

X
mn;m0

n

X
αn

hjm; αHjM̂jmn; αni

× hm0
n; αnjM̂†jjm0;αHihmnjρ̂ðq1q2q3ÞðαnÞjm0

ni:
ð61Þ

The transition matrix element hjm; αHjMjmn; αni can be
further written as

hjm; αHjM̂jmn; αni
¼

X
α0H;j

0m0
hjm; αHjM̂jj0m0; α0Hihj0m0;α0Hjmn; αni: ð62Þ

In the case that j, m and α are conserved, we obtain

hjm; αHjM̂jmn; αni
¼ hjm; αHjM̂jjm; αHihjm; αHjmn; αni; ð63Þ

so that the matrix element ρHmm0 ðαHÞ is given by

ρHmm0 ðαHÞ ¼ NHðαHÞ
X
mn;m0

n

hjmjmnihm0
njjm0i

× hmnj ˆ̄ρðq1q2q3ÞðαHÞjm0
ni; ð64Þ

where ˆ̄ρðq1q2q3ÞðαHÞ in general depends on m;mn;m0; m0
n

and is given by

ˆ̄ρðq1q2q3ÞðαHÞ ¼
X
αn

ρ̂ðq1q2q3ÞðαnÞψ�ðαn; αH;m;mnÞ

× ψðαn; αH;m0; m0
nÞ; ð65Þ

where ψðαn;αH;m;mnÞ is defined as

ψðαn; αH;m;mnÞ ¼
hmn;m; αnjjm; αHi

hmnjjmi : ð66Þ

If the wave function is factorizable, hmn; αnjjm; αHi ¼
hαnjαHihmnjjmi, we have ψðαn; αH;m;mnÞ ¼ hαnjαHi. So
Eq. (65) is simplified as
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ˆ̄ρðq1q2q3ÞðαHÞ ¼
X
αn

ρ̂ðq1q2q3ÞðαnÞjhαnjαHij2: ð67Þ

Inserting Eq. (67) into Eq. (64), we can calculate the
hyperon polarization and results take exactly the same form
as Eqs. (52)–(60) except that all quantities are replaced by

effective ones, e.g., Pqi → P̄qi, c
ð12Þ
ij → c̄ð12Þij and so on. For

example, the polarization of Λ is in the form,

PΛðαΛÞ ¼ P̄sz −
c̄ðudsÞiiz þ c̄ðusÞiz P̄di þ c̄ðdsÞiz P̄ui

1 − c̄ðudÞii − P̄uiP̄di

: ð68Þ

By applying Eqs. (17) and (24), we can rewrite Eq. (68) as

PΛðαΛÞ

¼hPszð1−cðudÞii −PuiPdiÞ−cðudsÞiiz −cðusÞiz Pdi−cðdsÞiz PuiiΛ
h1−cðudÞii −PuiPdiiΛ

;

ð69Þ
where the averages are taken with the weight jhαnjαΛij2.
We see that the situation is similar to vector mesons. If all

the genuine quark correlations cðq1q2Þij ¼ 0 and cðq1q2q3Þijk ¼ 0,
we still have induced correlations,

PΛðαΛÞ ¼
hPszð1 − PuiPdiÞiΛ

h1 − PuiPdiiΛ
: ð70Þ

Similar to the vector meson’s spin alignment, we often run
into PΛðαΛÞ averaged over αΛ in a given kinematic region.
Then, we will have an additional average over the dis-
tribution fΛðαΛÞ. It is also obvious that we have only local
quark-quark spin correlations in this case.
Together with the results obtained in Sec. III, we see that

by the spin polarization of one hadron, we can only probe
local quark spin correlations.

V. GLOBAL SPIN CORRELATIONS
OF HYPERONS

The calculations can be extended in a straightforward
manner to hyperon-hyperon and hyperon-anti-hyperon spin

correlations. In this section, we take hyperon-anti-hyperon
as an example to show the calculation and results.
For a spin-1=2 hyperon pairH1H̄2, the spin correlation is

usually defined in the conventional way as given by
Eq. (12),

cH1H̄2
nn ¼ fH1H̄2þþ þ fH1H̄2−− − fH1H̄2þ− − fH1H̄2

−þ
fH1H̄2þþ þ fH1H̄2−− þ fH1H̄2þ− þ fH1H̄2

−þ
; ð71Þ

where fH1H̄2
mH1

mH̄2
¼ hmH1

mH̄2
jρ̂H1H̄2 jmH1

mH̄2
i and mH1

;
mH̄2

¼ � denoting the spin states parallel or antiparallel
to the n̂ direction, respectively. We simply adopt this
definition and calculate its relationship to those quantities
defined at the quark level using quark combination mecha-
nism. In the calculation, the most convenient way is to
rotate the Cartesian system so that n̂ direction becomes z
direction in the new system. We choose this case as an

example to do the calculation and denote cH1H̄2
nn by cH1H̄2

zz in
the following of this paper.
Now the task is to compute the spin densitymatrix element

ρH1H̄2
mH1

mH̄2
;mH1

mH̄2
¼hmH1

mH̄2
jρ̂H1H̄2 jmH1

mH̄2
i. Similar to spin

density operators for vector mesons and hyperons given by
Eqs. (27) and (48), ρ̂H1H̄2 is related to that of the six body
system q1q2q3q̄4q̄5q̄6 by

ρ̂H1H̄2 ¼ M̂ρ̂ð1…6ÞM̂†; ð72Þ

where we simply used “1…6” to label q1q2q3q̄4q̄5q̄6. The
matrix element of ρ̂H1H̄2

is given by

ρH1H̄2

mH1
mH̄2

;m0
H1

m0
H̄2

¼ hjH1
mH1

; jH̄2
mH̄2

jM̂ρ̂ð1…6ÞM̂†jjH1
m0

H1
; jH̄2

m0
H̄2
i:
ð73Þ

The complete expansion of ρ̂ð1…6Þ is

ρ̂ð1…6Þ ¼ ρ̂ð1Þ ⊗ ρ̂ð2Þ ⊗ ρ̂ð3Þ ⊗ ρ̂ð4Þ ⊗ ρ̂ð5Þ ⊗ ρ̂ð6Þ þ 1

22
½cð12Þij σ̂1i ⊗ σ̂2j ⊗ ρ̂ð3Þ ⊗ ρ̂ð4Þ ⊗ ρ̂ð5Þ ⊗ ρ̂ð6Þ þ 14 exchange terms�

þ 1

23
½cð123Þijk σ̂1i ⊗ σ̂2j ⊗ σ̂3k ⊗ ρ̂ð4Þ ⊗ ρ̂ð5Þ ⊗ ρ̂ð6Þ þ 19 exchange terms�

þ 1

24
½cð1234Þijkl σ̂1i ⊗ σ̂2j ⊗ σ̂3k ⊗ σ̂4l ⊗ ρ̂ð5Þ ⊗ ρ̂ð6Þ þ 14 exchange terms�

þ 1

25
½cð12345Þijklm σ̂1i ⊗ σ̂2j ⊗ σ̂3k ⊗ σ̂4l ⊗ σ̂5m ⊗ ρ̂ð6Þ þ 5 exchange terms�

þ 1

26
cð123456Þijklmn σ̂1i ⊗ σ̂2j ⊗ σ̂3k ⊗ σ̂4l ⊗ σ̂5m ⊗ σ̂6n: ð74Þ
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In the rest part of this section, we take ΛΛ̄ as an example
to show the calculation of the hyperon-anti-hyperon spin
correlation. For simplicity, we only consider two-particle
spin correlations and set all other correlations with more
than two particles as zero. As before, we consider two
cases, the one with only spin degree of freedom and the one
with other degrees of freedom denoted by α. The calcu-
lations can be extended to other hyperons and/or include
spin correlations of more than two particles in a straight-
forward way.

A. With spin degree of freedom

As in previous sections, we insert the completeness
identity

P
mn

jmnihmnj ¼ 1 into Eq. (73) and obtain

ρH1H̄2

mH1
mH̄2

;m0
H1

m0
H̄2

¼
X
mn;m0

n

hmH1
mH̄2

jM̂jmnihmnjρ̂ð1…6Þjm0
ni

× hm0
njM̂†jm0

H1
m0

H̄2
i; ð75Þ

where we have suppressed jH1
¼jH̄2

¼1=2 for H1 ¼ Λ and
H̄2 ¼ Λ̄. The transition matrix element can be written as

hmH1
mH̄2

jM̂jmni ¼ hmH1
mH̄2

jM̂jmH1
mH̄2

ihmH1
mH̄2

jmni
¼ hmH1

jM̂HjmH1
ihmH̄2

jM̂H̄jmH̄2
i

× hmH1
mH̄2

jmni; ð76Þ

where we have assumed a factorization form for
hmH1

mH̄2
jM̂jmH1

mH̄2
i with M̂ ¼ M̂HM̂H̄, so that the

transition matrix contributes only to the normalization
constant and has no effect on the spin part. Then, we obtain

ρH1H̄2

mH1
mH̄2

;m0
H1

m0
H̄2

¼ NH1H̄2

X
mn;m0

n

hmH1
mH̄2

jmnihmnjρ̂ð1…6Þjm0
ni

× hm0
njm0

H1
m0

H̄2
i: ð77Þ

We note that in production processes of H1 and H̄2, q1 þ
q2 þ q3 → H1 and q̄4 þ q̄5 þ q̄6 → H̄2, the Clebsch-
Gordan coefficient hmH1

mH̄2
jmni is just the product of

hmH1
jm1m2m3i and hmH̄2

jm4m5m6i.
When all two-particle spin correlations are considered,

the result for the spin correlation of ΛΛ̄ is

cΛΛ̄zz ¼ PszPs̄z þ
1

CΛΛ̄
fcðss̄Þzz ð1 − PuiPdiÞð1 − PūiPd̄iÞ

− Psz½ðcðds̄Þiz Pui þ cðus̄Þiz PdiÞð1 − PūiPd̄iÞ
þ ðcðd̄ s̄Þiz Pūi þ cðū s̄Þiz Pd̄iÞð1 − PuiPdiÞ�
− Ps̄z½ðcðdsÞiz Pui þ cðusÞiz PdiÞð1 − PūiPd̄iÞ
þ ðcðd̄sÞiz Pūi þ cðūsÞiz Pd̄iÞð1 − PuiPdiÞ�g; ð78Þ

where the normalization constant CΛΛ̄ is given by

CΛΛ̄ ¼ CΛCΛ̄ − cðudÞii cðū d̄Þjj þ cðuūÞij PdiPd̄j þ cðdd̄Þij PuiPūj

þ cðdūÞij PuiPd̄j þ cðud̄Þij PdiPūj; ð79Þ

where CΛ is given by Eq. (54) and CΛ̄ is obtained from CΛ
with the replacement of all quantities for quarks by those
for corresponding antiquarks.
We compare the results given by Eqs. (78)–(79) with

those given by Eqs. (52)–(54) for Λ polarization. We note
that we need to put all spin correlations of more than two
quarks and/or antiquarks and products of two particle spin
correlations as zero since we consider only two particle spin
correlations. In this way, we obtain

cΛΛ̄zz ≈ PΛzPΛ̄z þ cðss̄Þzz −
Psz

CΛ
½cðds̄Þiz Pui þ cðus̄Þiz Pdi�

−
Ps̄z

CΛ̄
½cðsd̄Þzi Pūi þ cðsūÞzi Pd̄i�: ð80Þ

From Eq. (80), we see clearly that the spin correlation of Λ
and Λ̄ comes from those of quarks and antiquarks. We also
see clearly that cΛΛ̄zz ¼ PΛzPΛ̄z if only quark-quark and
antiquark-antiquark spin correlations are considered.

B. With other degrees of freedom

It is clear that in this case the six-quark (antiquark) spin
density matrix ρ̂ð1…6ÞðαnÞ takes the same form as ρ̂ð1…6Þ in
(74) except that all ρ̂ðnÞ (n ¼ 1;…; 6) depends on αn
and that all correlation coefficients cð1���nÞi1���in with n ≤ 6

depend on αn. The spin density matrix for H1H̄2 now

becomes ρH1H̄2

mH1
mH̄2

;m0
H1

m0
H̄2

ðαH1
; αH̄2

Þ that depends on αH1

and αH̄2
. Then we obtain a similar formula for

ρH1H̄2

mH1
mH̄2

;m0
H1

m0
H̄2

ðαH1
; αH̄2

Þ to Eq. (77). By assuming a

factorization condition similar to Eq. (76) for H1 and H̄2

and that for the spin and α parts of wave functions, we
obtain

ρH1H̄2

mH1
mH̄2

;m0
H1

m0
H̄2

ðαH1
; αH̄2

Þ

¼ NH1H̄2
ðαH1

;αH̄2
Þ
X
mn;m0

n

hmH1
mH̄2

jmni

× hmnj ˆ̄ρð1…6ÞðαH1
; αH̄2

Þjm0
nihm0

njm0
H1
m0

H̄2
i; ð81Þ

where the effective density matrix is given by

ˆ̄ρð1…6ÞðαH1
; αH̄2

Þ
¼

X
αn

X
αm

ρ̂ð1…6Þðαn; αmÞjhαnjαH1
ij2jhαmjαH̄2

ij2: ð82Þ
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We see the difference between Eq. (77) for the case with
only the spin degree of freedom, and Eq. (81) is the
replacement ρ̂ð1…6Þ → ˆ̄ρð1…6ÞðαH1

; αH̄2
Þ.

We emphasize the average in Eq. (82) can be carried out
inside H1 and H̄2 for quarks and antiquarks successively.
This is different from the case for vector meson discussed in
Sec. III B, where the average inside V is carried out for
the quark and antiquark, simultaneously. More precisely,
we have

P̄qlðαH1
Þ ¼

X
αn

PqlðαqlÞjhαnjαH1
ij2 ¼ hPqlðαqlÞiH1

; ð83Þ

P̄q̄lðαH̄2
Þ ¼

X
αm

Pq̄lðαq̄lÞjhαmjαH̄2
ij2 ¼ hPq̄lðαq̄lÞiH̄2

: ð84Þ

We obtain two-particle spin correlations as

c̄ðq1q2Þij ðαH1
; αH̄2

Þ ¼
X
αn;αm

½cðq1q2Þij ðαq1 ; αq2Þ þ Pq1iðαq1ÞPq2jðαq2Þ�jhαnjαH1
ij2jhαmjαH̄2

ij2 − P̄q1iðαH1
ÞP̄q2jðαH1

Þ;

¼
X
αn

½cðq1q2Þij ðαq1 ; αq2Þ þ Pq1iðαq1ÞPq2jðαq2Þ�jhαnjαH1
ij2 − P̄q1iðαH1

ÞP̄q2jðαH1
Þ; ð85Þ

c̄ðq̄1q̄2Þij ðαH1
; αH̄2

Þ ¼
X
αn;αm

½cðq̄1q̄2Þij ðαq̄1 ; αq̄2Þ þ Pq̄1iðαq̄1ÞPq̄2jðαq̄2Þ�jhαnjαH1
ij2jhαmjαH̄2

ij2 − P̄q̄1iðαH̄2
ÞP̄q̄2jðαH̄2

Þ;

¼
X
αm

½cðq̄1q̄2Þij ðαq̄1 ; αq̄2Þ þ Pq̄1iðαq̄1ÞPq̄2jðαq̄2Þ�jhαmjαH̄2
ij2 − P̄q̄1iðαH̄2

ÞP̄q̄2jðαH̄2
Þ; ð86Þ

c̄ðq1q̄2Þij ðαH1
; αH̄2

Þ ¼
X
αn;αm

½cðq1q̄2Þij ðαq1 ; αq̄2Þ þ Pq1iðαq1ÞPq̄2jðαq̄2Þ�jhαnjαH1
ij2jhαmjαH̄2

ij2 − P̄q1iðαH1
ÞP̄q̄2jðαH̄2

Þ

¼
X
αn;αm

cðq1q̄2Þij ðαq1 ; αq̄2ÞjhαnjαH1
ij2jhαmjαH̄2

ij2: ð87Þ

We see that c̄ðq1q2Þij is independent of αH̄2
and c̄ðq̄1q̄2Þij is

independent of αH1
, while c̄ðq1q̄2Þij just reduces to

c̄ðq1q̄2Þij ðαH1
; αH̄2

Þ ¼ hcðq1q̄2Þij ðαq1 ; αq̄2ÞiH1H̄2
; ð88Þ

because

hPq1iðαq1ÞPq̄2jðαq̄2ÞiH1H̄2
¼ hPq1iðαq1ÞiH1

hPq̄2jðαq̄2ÞiH̄2
:

ð89Þ

Here, we neglect the overlap of H1 and H̄2 in α space.
In this case, we have no contributions from the induced
spin correlation between the quark and antiquark, i.e.,

c̄ðq1q̄2;0Þij ðαH1
; αH̄2

Þ ¼ 0. Also, because αqi is inside H1

while αq̄j is inside H̄2, we do not have contributions from
local spin correlations between quarks and antiquarks. This
can be seen more clearly if we assume all genuine two-
particle correlations vanish. In this case, the average of each
term in Eqs. (82) can be separated into a product of two
factors, one is inside H1 for quarks and the other is inside
H̄2 for antiquarks. This shows explicitly that we have
contributions from local quark-quark and antiquark-
antiquark correlations but no contribution from local
quark-antiquark correlations. Hence, in spin correlations

between the hyperon and anti-hyperon, there is no con-
tribution from local correlations between the quark and
antiquark.
Now we compute the spin correlation of ΛΛ̄ with above

formula. With only two-particle spin correlations, the result
is just those given by Eqs. (78)–(80) with the replacement
of all quantities by the corresponding effective ones, i.e.,

cΛΛ̄zz ðαΛ; αΛ̄Þ ≈ PΛzðαΛÞPΛ̄zðαΛ̄Þ þ c̄ðss̄Þzz

−
P̄sz

C̄Λ
½c̄ðds̄Þiz P̄ui þ c̄ðus̄Þiz P̄di�

−
P̄s̄z

C̄Λ̄
½c̄ðsd̄Þzi P̄ūi þ c̄ðsūÞzi P̄d̄i�: ð90Þ

We emphasize in particular that all quantities for quarks
and/or antiquarks on the rhs of Eq. (90) are effective ones
and are functions of αΛ and/or αΛ̄. More precisely, P̄qi and

P̄q̄i are functions of αΛ and αΛ̄, respectively, while c̄
ðq1q̄2Þ
ij is

a function of ðαΛ; αΛ̄Þ. These results are valid in the case
that we neglect the overlap of the wave function of Λ with
that of Λ̄.
We now discuss a simple case where both quark polar-

izations and quark spin correlations are small so that we can
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neglect the last two terms in Eq. (90) compared with the
first two. In this case, when further averaged over αΛ and
αΛ̄ in a given kinematic region, we obtain

hcΛΛ̄zz i ≈ hPΛzðαΛÞPΛ̄zðαΛ̄Þi þ hc̄ðss̄Þzz i
≈ hPΛzihPΛ̄zi þ hcss̄;0zz i þ hc̄ðss̄Þzz i; ð91Þ

where hc̄ðss̄;0Þzz i ¼ hP̄szðαΛÞP̄s̄zðαΛ̄Þi − hP̄szðαΛÞihP̄s̄zðαΛ̄Þi.
Compared to the correlation inside a hadron, we call

this long range correlation. We see that hc̄ðss̄;0Þzz i is the

contribution from the induced spin correlation, while hc̄ðss̄Þzz i
is from the genuine quark spin correlation of ss̄.
Since we do not consider the overlap of the wave

functions of the hyperon and antihyperon, the results
obtained above can be extended directly to hyperon-
hyperon spin correlations. In particular, those given by
Eqs. (90)–(91) can be extended to ΛΛ spin correlations if
we neglect the overlap of the wave function of the two Λ’s.
In this case, we need only to replace P̄qðαΛÞ and P̄q̄ðαΛ̄Þ by
P̄qðαΛ1

Þ and P̄qðαΛ2
Þ, respectively, in order to obtain

cΛΛzz ðαΛ1
; αΛ2

Þ,

cΛΛzz ðαΛ1
; αΛ2

Þ ≈ PΛzðαΛ1
ÞPΛzðαΛ2

Þ þ c̄ðssÞzz ðαΛ1
; αΛ2

Þ

−
P̄szðαΛ1

Þ
C̄ΛðαΛ1

Þ ½c̄
ðdsÞ
iz ðαΛ1

; αΛ2
ÞP̄uiðαΛ1

Þ þ c̄ðusÞiz ðαΛ1
; αΛ2

ÞP̄diðαΛ1
Þ�

−
P̄szðαΛ2

Þ
C̄ΛðαΛ2

Þ ½c̄
ðsdÞ
zi ðαΛ1

; αΛ2
ÞP̄uiðαΛ2

Þ þ c̄ðsuÞzi ðαΛ1
; αΛ2

ÞP̄diðαΛ2
Þ�: ð92Þ

In the simple case considered above for hcΛΛ̄zz i, we obtain
similar result for cΛΛzz as

hcΛΛzz i ≈ hPΛzi2 þ hc̄ðss;0Þzz i þ hc̄ðssÞzz i: ð93Þ

We see that in this case the spin correlation between two
Λ’s measures the spin correlation between two s quarks.
To compare with the results obtained in Sec. III, we see

clearly that the spin alignment of the ϕ meson probes the
spin correlations between s and s̄ inside the vector meson.
In contrast, ΛΛ̄ and ΛΛ spin correlations probes the spin
correlations between ss or ss̄ in the whole QGP system
[13,54,55]. The former is in general short ranged while the
latter includes long range contributions. The strength of
such correlations is determined by the dynamics of the
system and is an important direction for future study.

VI. NUMERICAL ESTIMATES

The global quark spin polarizations and correlations are
determined by the QCD dynamics in heavy-ion collisions
and can be calculated using QCD-based theoretical models.
Having the relationships between measurable quantities at
the hadron level and global spin properties at the quark
level, we can also extract them from data available and
make predictions for other measurable quantities. The
available data are however still far from enough to make
high precision predictions. In this section, we just present a
rough estimate based on the data available [1–6,41].
We use Eqs. (70), (45), (91) and take approximately,

hPΛi ∼ hPsi; ð94Þ

hρϕ00i ∼
1 − c̄ðss̄Þzz;ϕ − hPsi2
3þ c̄ðss̄Þzz;ϕ þ hPsi2

; ð95Þ

hcΛΛ̄zz i ∼ c̄ðss̄Þ
zz;ΛΛ̄ þ hPsi2; ð96Þ

where all quark spin correlations are effective ones and are
in general sums of genuine and induced contributions. We

use these equations to extract hPsi and c̄ðss̄Þzz;ϕ from data for

hPΛi and hρϕ00i [1–6,41], and make estimates of hcΛΛ̄zz i.
We take the following forms of hPsi and c̄ðss̄Þzz;ϕ as

functions of
ffiffiffiffiffiffiffiffi
sNN

p
:

FIG. 1. Fit to the global Λ polarization as a function of energyffiffiffiffiffiffiffiffi
sNN

p
. The data are taken from Refs. [1–6].
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hPsi ¼ as−bNN þ c; ð97Þ

c̄ðss̄Þzz;ϕ ¼ es−fNN þ d: ð98Þ

By taking a ¼ 0.123, b ¼ 0.42, c ¼ 0.002, d ¼ 0.032,
e ¼ −0.25, and f ¼ 0.18, we obtain the fits to hPΛi and

hρϕ00i as in Figs. 1 and 2, respectively. The obtained c̄ðss̄Þzz;ϕ as
a function of

ffiffiffiffiffiffiffiffi
sNN

p
is shown in Fig. 3(a).

We take two extreme examples, i.e., c̄ðss̄Þ
zz;ΛΛ̄ ¼ c̄ðss̄Þzz;ϕ or

c̄ðss̄Þ
zz;ΛΛ̄ ¼ 0 and draw the results for hcΛΛ̄zz i as functions offfiffiffiffiffiffiffiffi
sNN

p
in Fig. 3(b). We see that the results in these two

extreme cases are quite different from each other and they
can be tested by future experiments.
We stress that from Eqs. (45), the vector meson spin

alignment for ϕ mesons is determined mainly by the local
spin correlation between s and s̄ while those for hcΛΛ̄zz i
depends mainly on the long range spin correlation between
them. They are in general quite different from each other.
The results in Fig. 3(b) are just for two extreme cases.
Similarly, if we consider, e.g., other vector mesons, the
results are determined by the local spin correlations
between the quark and antiquark with corresponding
flavors. In this sense, measurements, e.g., of K�0 by the
STAR Collaboration [41] at RHIC seem to suggest that the
local spin correlations between d and s̄ are much smaller
than those between s and s̄.

VII. SUMMARY AND OUTLOOK

The STAR measurements of the global spin alignment
of vector mesons ρϕ00 [41] indicate that there are strong
global quark-antiquark spin correlations in relativistic
heavy-ion collisions. It opens a new window to study
properties of QGP and reaction mechanisms of relativistic
heavy ion collisions. We propose a systematic way of
describing quark and/or antiquark spin correlations in the
QGP. We show that effective quark spin correlations
contain contributions from genuine spin correlations from
dynamics and induced spin correlations due to average
over other degrees of freedom. We derive the relationships
between these spin correlations at the quark level and those
for hyperons and vector mesons that are measurable in
experiments. We show in particular that the vector meson’s
spin density matrix elements, either diagonal or off
diagonal, are sensitive to local spin correlations between
the quark and antiquark, while hyperon-anti-hyperon
spin correlations are sensitive to long rang quark spin
correlations. We present a rough estimate of spin corre-
lations based on available data [1–6,41] to guide future
measurements.
We point out that genuine spin correlations have never

been considered in most theoretical studies of spin phe-
nomena in heavy-ion collisions to our knowledge [46–64].
The global vector meson’s spin alignment in previous
studies comes only from induced quark correlations. We
note that genuine spin correlations exist in general for
quarks and/or antiquarks produced in elementary high
energy processes such as eþe− → qq̄ [65,66] and have
been discussed in connection with dihadron spin correla-
tions in eþe−, lp or pp collisions [67–70]. The STAR

FIG. 2. Fit to ρϕ00 as a function of energy
ffiffiffiffiffiffiffiffi
sNN

p
. The data are

taken from Ref. [41].

(a)

(b)

FIG. 3. (a) The effective global spin correlation c̄ðss̄Þzz between s
and s̄ as a function of energy

ffiffiffiffiffiffiffiffi
sNN

p
obtained by fitting the

data [1–6,41] using Eqs. (94) and (95). (b) Estimates of hcΛΛ̄zz i
as functions of

ffiffiffiffiffiffiffiffi
sNN

p
in two extreme cases described in

the text.
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data [41] suggest a strong global quark-antiquark spin
correlation, so the study of global genuine quark spin
correlations in heavy-ion collisions at the dynamical level
can be an important direction in the future.
When other degrees of freedom characterized by α are

considered, we assume that the spin and α part of the
wave function are factorizable. This is general true in the
nonrelativistic case. However, in the relativistic case,
spin and other degrees of freedom such as momentum
are usually coupled in an intrinsic way so that such a
factorization is impossible. In such cases, the calculation is
more complicated but can be done, which we reserve for a
future study.
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