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We analyze the low- and high-momentum rest frame modes in the second-order spin hydrodynamics and
check the asymptotic causality of the theory. A truncation scheme of the Israel-Stewart formalism derived
in our earlier work is proposed that extends the minimal causal formulation. It consists of altogether 40
interconnected relaxation-type dynamical equations—16 (24) of them correspond to the independent
components of the energy-momentum (spin) tensor. Similarly to previous studies, we find that the stability
of the perturbations and asymptotic causality require using the spin equation of state that satisfies the
generalized Frenkel condition demanding that the “electric” and “magnetic” components of the spin
density tensor have opposite signs. For low-momentum modes this behavior is similar to that found earlier
for the first-order (Navier-Stokes) spin hydrodynamics.
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I. INTRODUCTION

Investigations of the stability and causality properties of
relativistic spin hydrodynamics have attracted a lot of
attention lately [1–6]. They shed light on the mathematical
structure of the formalism and may determine its usefulness
for description of realistic systems, for example, those
produced in heavy-ion collisions [7–18]. They can also be
useful to distinguish between different formulations of spin
hydrodynamics, the most popular of which are the spin
conserving approach [19–24], the gradient expansion (of
the first and second order [1,2,25–28]) combined with the
condition of positive entropy production, kinetic theory
with nonlocal interactions [29–38], and quantum statistical
mechanics [39–45]; see also [46–67]. Stability and cau-
sality analyses based on the gradient expansion use (in the
leading order) the phenomenological form of the spin
tensor [68]

Sλ;μν ¼ uλSμν; ð1Þ

where uλ is the hydrodynamic flow and Sμν is the spin
density tensor. Recently, a connection between the phe-
nomenological form (1) and the canonical formalism,
where the spin tensor is totally antisymmetric, has been
established [26]. Moreover, the spin density (1) is taken in
the form

Sμν ¼ SðT; μÞωμν; ð2Þ

where ωμν is the spin polarization tensor (namely, the spin
chemical potential Ωμν divided by the temperature T),
while SðT; μÞ is a scalar function of temperature and
chemical potential. We note that the relation (2) can be
treated as a kind of constraint imposed on the spin equation
of state.
In this work we generalize the results obtained in

Refs. [1–4]. In Refs. [1–3] the first-order formulation
was used, while in Ref. [4] the minimal causal spin
hydrodynamics was studied. The latter is defined as an
analog of the minimal causal extension of conventional
hydrodynamics. It concentrates on the essential terms in the
second order of gradient expansion to get a causal theory.
Our present analysis can be treated as a generalization of
the minimal causal spin hydrodynamics, as we consider the
full 40 relaxation-type dynamical equations derived in [28]
[with 16 (24) equations corresponding to the independent
components of the energy-momentum (spin) tensor]. The
only truncation we propose is to neglect the so-called
mixed terms. We systematically repeat the linear stability
analysis of the rest frame low- and high-momentum modes.
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Dispersion relations for all possible excitations are derived.
We find that the stability conditions for the extended model
are essentially the same as those found before in the first-
order and minimally causal theories. Hence, going to
higher orders and including more terms in the second-
order theory is not crucial for the stability of the perturba-
tions. Furthermore, we check the asymptotic causality of
our framework and find that causality and stability con-
ditions agree.
As a matter of fact, the fundamental property responsible

for the stability is a specific dependence of the spin density
tensor on the components of the spin polarization tensor,
namely, the derivatives of the spin density tensor with
respect to the “electric” (ω0i) and “magnetic” (ωij) com-
ponents of the polarization tensor in the fluid rest frame
should have opposite signs. This means that the relation
Sμν ¼ SðT; μÞωμν should be replaced by a more general
formula, for example, by the expression [6]

Sγδ ¼ ðS1 − S2Þðωγαuαuδ − ωδαuαuγÞ þ S2ωγδ; ð3Þ

where S1 and S2 are two different functions of T and μ. In
the fluid rest frame, where uμ ¼ ð1; 0; 0; 0Þ, one finds

S0i ¼ S1ω0i; Sij ¼ S2ωij: ð4Þ

The stability conditions found in earlier works are

χb ≡ ∂S0i

∂ω0i < 0; χs ≡ ∂Sij

∂ωij > 0; ð5Þ

where the derivatives are taken in the reference frame where
the considered system rests as a whole and is unpolarized.
This leads to the conditions S1 < 0 and S2 > 0. We note
that the use of Eq. (3) instead of Eq. (2) may be treated as a
minimal improvement to achieve stability. In general, more
complex structures for the spin tensor may be considered
(see, for example, Refs [19–24]).
It is important to emphasize that the frameworks dis-

cussed herein also assume the following thermodynamic
relations1

εþ p ¼ Tsþ Sαβωαβ; dp ¼ sdT þ Sαβdωαβ: ð6Þ

Equation (6) combined with the conservation laws and the
condition of positive entropy production uniquely deter-
mine the structure of spin hydrodynamic equations without
invoking an explicit form of the spin density tensor. Hence,
we can use the results obtained before and decide to choose
between (2) or (3) only at the last stage of the stability
analysis.

Altogether, our analysis demonstrates that both the first-
and second-order theories exhibit stability of the rest frame
low-momentum modes provided the proper spin equation
of state is used. This finding agrees with conventional
relativistic hydrodynamics [69] and other relevant studies
[70–76]. Moreover, the same conditions provide the high
momentum stability and asymptotic causality of the con-
sidered framework (provided the used relaxation times are
sufficiently large). Similar theoretical explorations employ-
ing linear mode analysis have also been conducted in the
context of relativistic magneto-hydrodynamics [77] and
chiral hydrodynamics [78,79]. While we focus here on rest
frame studies, our future work could delve into the stability,
causality, and possible correlations between the two in a
boosted frame. One novel approach leverages the informa-
tion current introduced recently in Refs. [80,81], especially
considering its recent application in minimal spin hydro-
dynamics [82].
This work is organized as follows: Sec. II introduces our

“40 ¼ 16þ 24” relaxation-time dynamical equations,
which lays the foundation for the subsequent linear mode
analysis in Sec. III. Section IV investigates the stability of
the system in both low- and high-momentum regimes.
Section V focuses on the asymptotic causality analysis.
Finally, Sec. VI presents our conclusions and outlines
potential areas for future research.
Throughout the text we use the metric tensor gμν ¼

diagðþ;−;−;−Þ. The projector orthogonal to uμ is defined
as Δμν ≡ gμν − uμuν. The partial derivative operator can be
decomposed into two parts, one along the flow direction
and the other orthogonal to it, i.e., ∂μ ¼ uμDþ∇μ where
D≡ uμ∂μ and ∇μ ≡ Δμ

α
∂α. The expansion rate is defined

as θ≡ ∂μuμ. For the symmetric and antisymmetric part of
the arbitrary tensor Xμν we use the notation Xμν

ðsÞ ≡ XðμνÞ ¼
ðXμν þ XνμÞ=2 and Xμν

ðaÞ ≡ X½μν� ¼ ðXμν − XνμÞ=2, respec-
tively. A projection orthogonal to uμ of a four-vector Xμ is
represented as Xhμi≡ΔμνXν. A symmetric, orthogonal, and
traceless part of Xμν is denoted as Xhμνi ≡ Δμν

αβX
αβ ≡

1
2
ðΔμ

αΔν
β þ Δμ

βΔν
α − 2

3
ΔμνΔαβÞXαβ. Similarly, Xh½μν�i ≡

Δ½μν�
½αβ�X

αβ ≡ 1
2
ðΔμ

αΔν
β − Δμ

βΔν
αÞXαβ denotes the antisym-

metric and orthogonal projection.

II. ISRAEL-STEWART-LIKE
EVOLUTION EQUATION

The framework of relativistic spin hydrodynamics is
based on the conservation laws for energy, momentum,
and angular momentum. They can be represented by the
following differential equations:

∂μTμν ¼ 0; ð7Þ

∂μJμαβ ¼ ∂μSμαβ þ 2T ½αβ� ¼ 0: ð8Þ
1Research employing a quantum statistical approach has

recently demonstrated that these relations may generally require
modifications, as outlined in [45].
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Here Tμν is the energy-momentum tensor (EMT), while
Jμαβ ¼ Lμαβ þ Sμαβ is the total angular momentum tensor,
with Lμαβ ¼ 2x½αTμβ� being its orbital part and Sμαβ ¼
−Sμβα its spin part. We use the following decompositions:

Tμν ¼ Tμν
0 þ Tμν

1s þ Tμν
1a

¼ ðεþ pÞuμuν − pgμν þ 2hðμuνÞ þ πμν þ ΠΔμν

þ 2q½μuν� þ ϕμν; ð9Þ

Sμαβ ¼ Sμαβ0 þ Sμαβ1

¼ uμSαβ þ 2u½αΔμβ�Φþ 2u½ατμβ�s

þ 2u½ατμβ�a þ Θμαβ; ð10Þ

where Tμν
0 is the equilibrium (perfect fluid) energy-momen-

tum tensor, Tμν
1s and Tμν

1a are the symmetric and antisym-
metric EMT dissipative corrections, whereas Sμαβ0 and Sμαβ1

represent the zeroth- and first-order contributions to the
spin tensor [28].
The energy-momentum tensor Tμν can typically have 16

independent components corresponding to: the energy
density ε, fluid 4-velocity uμ, heat flux hμ and its anti-
symmetric analog qμ, the shear-stress tensor πμν and its
antisymmetric counterpart ϕμν, and the bulk pressure Π.
The variables uμ, hμ, and qμ each have three independent
components due to the conditions uμuμ ¼ 1, hμuμ ¼ 0,
and qμuμ ¼ 0. Both πμν and ϕμν are orthogonal to uμ.
Furthermore, πμν is symmetric and traceless, while ϕμν is
antisymmetric. Hence, πμν has five independent compo-
nents, and ϕμν has three. The bulk pressure Π is a scalar.
This counting gives 19 degrees of freedom rather than 16.
Therefore, we adopt the Landau frame with hμ ¼ 0. The
spin tensor Sμαβ has in total 24 independent components,
where the spin density Sαβ ¼ uμSμαβ has six components
and is considered to be of the leading order in the gradient
expansion, i.e., Sαβ ∼Oð1Þ. The quantity Φ is a scalar, τμβs
is symmetric traceless and orthogonal to uμ so it has five

components, while τμβa is antisymmetric and transverse
to the uμ so it has three components. Finally, Θμαβ is
antisymmetric orthogonal to uμ in all indices, hence it has
only nine components.
Studies examining stability and causality properties of

the relativistic second-order relativistic hydrodynamics
without spin [76,83,84] were done by focusing on the
Naiver-Stokes terms and those proportional to the relaxa-
tion times. The resulting equations are known in the
literature as “simplified I-S equations” and have simple
consequences—dissipative quantities such as πμν;Π;…
relax to their corresponding Navier-Stokes values on time-
scales determined by the appropriate relaxation times
τπμν ; τΠ;…. Recently, a study of the stability and causality
properties for the second-order spin hydrodynamics has

been performed following a similar strategy as that outlined
above [4]. In this work, we extend this approach by
considering 40 ¼ 16þ 24 relaxation-type dynamical equa-
tions (where 16 corresponds to the independent compo-
nents of the energy-momentum tensor and 24 to those of
the spin tensor) without neglecting all the second-order
contributions. Therefore, we will keep nonmixing terms
sourcing fromQμ and those due to ∂μðβωαβÞSμαβ1 appearing
at the level of entropy current [see Eq. (21) in Ref. [28] for
details]. Technically, this is equivalent to using

∂μs
μ
IS ¼ Tμν

1að∂μβν þ 2βωμνÞ þ Tμν
1s∂μβν þ ∂μQμ

− ∂μðβωαβÞSμαβ1 ; ð11Þ

where

Qμ ¼ uμða1Π2 þ a2πλνπλν þ a4qλqλ þ a5ϕλνϕλνÞ
þ uμðã1Φ2 þ ã2τλνs τsλν þ ã3τλνa τaλν þ ã4ΘλαβΘλαβÞ:

ð12Þ

Note that Qμ neglects mixing terms proportional to
Πqμ; πμνqν;Θαβμϕαβ;…; see Ref. [28]. Here βμ ¼ uμ=T
is the thermal velocity, ωμν is the spin polarization tensor
(ωμν ∼Oð∂Þ in our hydrodynamic counting scheme), while
a0is and ã0is are dimension-full coefficients. Therefore, the
evolution equations for the energy, momentum, and dis-
sipative parts of the energy-momentum tensor derived
in [28] are reduced to

Dεþ ðεþ pÞθ ¼ πμν∂μuν þ Πθ −∇ · qþ ϕμν
∂μuν; ð13Þ

ðεþpÞDuα−∇αp¼−Δα
ν∂μπ

μν−Δμα
∂μπþπDuα−qμ∂μuα

þΔα
νDqνþqαθ−Δα

ν∂μϕ
μν; ð14Þ

τΠDΠþ Π ¼ ζ½θ þ Ta1Πθ þ TΠDa1�; ð15Þ

τπΔ
μν
αβDπαβ þ πμν ¼ 2η

��
∇ðμuνÞ −

1

3
θΔμν

�
þ Ta2θπμν þ TπμνDa2

�
; ð16Þ

τqΔ
μ
νDqν þ qμ ¼ λ½ðβ∇μT þDuμ − 4ωμνuνÞ

− Ta4qμθ − TqμDa4�; ð17Þ

τϕΔ
½μν�
½αβ�Dϕαβ þ ϕμν ¼ γ½ðβ∇½μuν� þ 2βΔμαΔνβωαβÞ

þ a5θϕμν þ ϕμνDa5�; ð18Þ
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where ζ ≥ 0, η ≥ 0, λ ≥ 0, and γ ≥ 0 are the corresponding transport coefficients. The relaxation times of various
dissipative quantities are defined as, τΠ ¼ −2a1ζT ≥ 0, τπ ¼ −4a2ηT ≥ 0, τq ¼ 2a4λT ≥ 0, and τϕ ¼ −2a5γ ≥ 0 [28].
Similarly, the evolution equations of the spin density and spin dissipative currents reduce to

DSαβ þ Sαβθ þ ∂μS
μαβ
1 ¼ −2ðqαuβ − qβuα þ ϕαβÞ; ð19Þ

τΦDΦþΦ ¼ χ1½−2uα∇βðβωαβÞ þ ã1θΦþΦDã1�; ð20Þ

ττsΔ
μν
αβDταβs þ τμνs ¼ χ2

�
−uα

�
ΔγμΔρν þ ΔγνΔρμ −

2

3
ΔγρΔμν

�
∇γðβωαρÞ þ ã2θτ

μν
s þ τμνs Dã2

�
; ð21Þ

ττaΔ
½μν�
½αβ�Dταβa þ τμνa ¼ χ3½−uαðΔγμΔρν − ΔγνΔρμÞ∇γðβωαρÞ þ ã3θτ

μν
a þ τμνa Dã3�; ð22Þ

τΘΔα
λΔ

μ
σΔν

βDΘλσβ þ Θαμν ¼ −χ4½−ΔδμΔρνΔγα∇γðβωδρÞ þ ã4θΘαμν þ ΘαμνDã4�; ð23Þ

where χ1 ≥ 0, χ2 ≥ 0, χ3 ≥ 0, and χ4 ≥ 0 are the new
spin transport coefficients. Various spin-relaxation times
can be identified as τΦ ¼ −2 ea1χ1 ≥ 0, ττs ¼ −2ã2χ2 ≥ 0,
ττa ¼ −2ã3χ3 ≥ 0, and τΘ ¼ 2ã4χ4 ≥ 0 [28]. As previ-
ously discussed, our formalism is composed of 40 ¼
16þ 24 equations corresponding to 40 unknowns; there-
fore, the system is mathematically closed.

III. LINEAR MODE ANALYSIS

We investigate the dynamic evolution of hydrodynamic
and nonhydrodynamic modes within a spinful relativistic
fluid. This is achieved through the examination of linear
perturbations superimposed on a state of global equilibrium

and solving the hydrodynamic equations. Our focus lies on
perturbations characterized by the following form:

εðxÞ→ ε0þδεðxÞ; uμ→uμ0þδuμðxÞ¼ ð1; 0⃗Þþð0;δv⃗Þ;
ωμνðxÞ→ 0þδωμνðxÞ; SμνðxÞ¼ 0þδSμνðxÞ;
XðxÞ→ 0þδXðxÞ; ð24Þ

where X represents the behavior under linear perturbation
of various dissipative currents of the energy-momentum (9)
and spin tensors (10). Below, we introduce the equation(s)
of state and the constants as follows:

δp ¼ c2sδε; δT ¼ T0c2s
ε0 þ p0

δε; χb ¼
∂Si0

∂ωi0 < 0; χs ¼
∂Sij

∂ωij > 0;

Db ¼
4λ

χb
; Ds ¼

4γ

χs
; λ0 ¼ λ

ε0 þ p0

; γ0 ¼ γβ0
2

;

χ̃1 ¼
2β0
χb

χ1; χ̃2 ¼
β0
χb

χ2; χ̃3 ¼
β0
χb

χ3; χ̃4 ¼
β0
χs

χ4; ð25Þ

where c2s is the speed of sound. By linearizing the spin
hydrodynamic equations [Eqs. (13)–(23)] with respect to
the perturbation specified in Eq. (24), we arrive at

∂0δεþ ðε0 þ p0Þ∂iδui þ ∂iδqi ¼ 0; ð26Þ
ðε0 þ p0Þ∂0δui − c2s∂iδε − ∂0δqi þ ∂μδπ

μi þ ∂
iδπ

þ ∂μδϕ
μi ¼ 0; ð27Þ

τΠ∂0δΠþ δΠ − ζ∂iδui ¼ 0; ð28Þ

τπ∂0δπ
ijþδπij−ηð∂iδujþ∂

jδuiÞþ2

3
ηΔij

0 ∂kδu
k¼0; ð29Þ

τq∂0δqi þ δqi − λ0c2s∂iδε − λ∂0δui þDbδSi0 ¼ 0; ð30Þ

τϕ∂0δϕ
ijþδϕij− γ0ð∂iδuj−∂

jδuiÞ−β0
2
DsδSij ¼ 0; ð31Þ

∂0δS0i þ Δki
0 ∂kδΦþ ∂kδτ

ki
s þ ∂kδτ

ki
a − 2δqi ¼ 0; ð32Þ

∂0δSij þ ∂kδΘkij þ 2δϕij ¼ 0; ð33Þ
τΦ∂0δΦþ δΦ − χ̃1∂iδSi0 ¼ 0; ð34Þ

ττs∂0δτ
ij
s þ δτijs −χ̃2ð∂iδSj0 þ ∂

jδSi0Þ þ 2

3
χ̃2Δ

ij
0 ∂kδS

k0 ¼ 0;

ð35Þ
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ττa∂0δτ
ij
a þ δτija þ χ̃3ð−∂iδSj0 þ ∂

jδSi0Þ ¼ 0; ð36Þ
τΘ∂0δΘijk þ δΘijk − χ̃4∂

iδSjk ¼ 0: ð37Þ
The above perturbations δε, δΠ, δSij, δΘijk, etc., can be
expressed as plane waves:

δε ¼ eδεe−iωtþik⃗·x⃗; δΠ ¼ fδΠe−iωtþik⃗·x⃗;

δSij ¼ fδSije−iωtþik⃗·x⃗; δΘijk ¼ fδΘijke−iωtþik⃗·x⃗: ð38Þ
Since the system exhibits rotational symmetry, we can focus
on waves propagating only in the z direction, with a wave
vector k⃗ ¼ ð0; 0; kzÞ. For such a choice, Eqs. (26)–(37) can
be expressed as a matrix equation, where a 40 × 40 block-
diagonal matrix M40×40 multiplies a vector V composed of
the 40 Fourier components of the fluctuations, namely, we
derive the condition M40×40V ¼ 0, where

M40×40 ¼

0BBBBBB@
A10×10 0 0 0 0

0 B9×9 0 0 0

0 0 B9×9 0 0

0 0 0 C3×3 0

0 0 0 0 D9×9

1CCCCCCA;

V ¼ ðvA; vBx
; vBy

; vC; vDÞ⊺ ð39Þ

and

vA ¼ ðδε̃; δũz; δπ̃xx; δπ̃yy; δΠ̃; δq̃z; δΦ̃; δS̃0z; δτ̃xxs ; δτ̃yys Þ;
vBx

¼ ðδũx; δq̃x; δπ̃zx; δϕ̃zx; δS̃0x; δτ̃zxs ; δτ̃zxa ; δS̃
xz; δΘ̃zxzÞ;

vBy
¼ ðδũy; δq̃y; δπ̃zy; δϕ̃zy; δS̃0y; δτ̃zys ; δτ̃

zy
a ; δS̃yz; δΘ̃zyzÞ;

vC ¼ ðδS̃xy; δϕ̃xy; δΘ̃zxyÞ;
vD ¼ ðδπ̃xy; δτ̃xys ; δτ̃xya ; δΘ̃xxy; δΘ̃xxz; δΘ̃yyz; δΘ̃xyz;

δΘ̃yxz; δΘ̃yxyÞ: ð40Þ

The block parts of the matrix M40×40 represent three
groups of coupled channels and one group of decoupled
channels. The coupled channels are the sound channels
described by the matrix A10×10, the shear channels de-
scribed by B9×9 (appearing twice), and a group of purely
spin channels defined by C3×3 that is distinctive for spin
hydrodynamics. The decoupled channels are defined by
D9×9. The explicit forms for thematricesA10×10,B9×9,C3×3,
and D9×9 are

A10×10¼

0BBBBBBBBBBBBBBBBBBB@

−iω ikz 0 iðε0þp0Þkz 0 0 0 0 0 0

ic2skz iω 0 −iðε0þp0Þω −ikz −ikz −ikz 0 0 0

0 0 0 −ikzζ 1− iτΠω 0 0 0 0 0

0 0 0 −2
3
iηkz 0 1− iτπω 0 0 0 0

0 0 0 −2
3
iηkz 0 0 1− iτπω 0 0 0

ic2sλ0kz 1− iτqω −Db iλω 0 0 0 0 0 0

0 −2 −iω 0 0 0 0 −ikz −ikz −ikz
0 0 iχ̃1kz 0 0 0 0 0 0 1− iτΦω

0 0 2
3
iχ̃2kz 0 0 0 0 1− iττsω 0 0

0 0 2
3
i eχ2kz 0 0 0 0 0 1− iττsω 0

1CCCCCCCCCCCCCCCCCCCA

; ð41Þ

B9×9 ¼

0BBBBBBBBBBBBBBBB@

iω 0 0 −iðε0 þ p0Þω 0 ikz 0 0 ikz
0 0 0 iηkz 0 1− iτπω 0 0 0

1− iτqω −Db 0 iλω 0 0 0 0 0

0 0 − Ds
2T0

−iγ0kz 0 0 0 0 −1þ iτϕω

−2 −iω 0 0 0 0 ikz ikz 0

0 0 −iω 0 ikz 0 0 0 −2
0 −iχ̃2kz 0 0 0 0 0 1− iττsω 0

0 −iχ̃3kz 0 0 0 0 1− iττaω 0 0

0 0 iχ̃4kz 0 1− iτΘω 0 0 0 0

1CCCCCCCCCCCCCCCCA
; ð42Þ
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C3×3 ¼

0B@ − Ds
2T0

0 1 − iτϕω

−iω ikz 2

iχ̃4kz 1 − iτΘω 0

1CA; ð43Þ

D9×9 ¼

0BBBBBBBBBBBBBBBB@

1 − iττsω 0 0 0 0 0 0 0 0

0 1 − iττaω 0 0 0 0 0 0 0

0 0 1 − iτΘω 0 0 0 0 0 0

0 0 0 1 − iτΘω 0 0 0 0 0

0 0 0 0 1 − iτΘω 0 0 0 0

0 0 0 0 0 1 − iτΘω 0 0 0

0 0 0 0 0 0 1 − iτΘω 0 0

0 0 0 0 0 0 0 1 − iτΘω 0

0 0 0 0 0 0 0 0 1 − iτπω

1CCCCCCCCCCCCCCCCA
: ð44Þ

Due to the block-diagonal form of the matrix M,2 its
determinant becomes the product

detðMÞ ¼ detðAÞ detðBÞ2 detðCÞ detðDÞ: ð45Þ

The dispersion relations are determined by the solutions of
the equation detðMÞ ¼ 0. In relativistic hydrodynamics
without spin, the linearized equilibrium fluctuations are
commonly split into the “sound channel” and “shear
channel” modes [70]. Below, we perform a similar clas-
sification for the case including spin.

A. Low-momentum modes

1. Coupled sound channels A

The sound channel describes longitudinal fluctuations.
They are parallel to the flow direction ð0; 0; kzÞ. We may
think of them as sound waves propagating alongside the
moving fluid. In our case, the sound channels can be
identified with the fluctuations forming the vector vA in
Eq. (40). By analyzing the determinant of the matrix A in
Eq. (45), we can isolate the frequencies associated with such
longitudinal waves, and find the following expressions:

ω1;2 ¼ �cskz − i
ð4
3
ηþ ζÞ

2ðε0 þ p0Þ
k2z ; ð46Þ

ω3 ¼ −
i
τΦ

− i
χ̃1
ΣΦ

k2z ; ð47Þ

ω4 ¼ −
i
τπ

þ 4

3
i

η

ðε0 þ p0ÞΛπ
k2z ; ð48Þ

ω5 ¼ −
i
τΠ

þ i
ζ

ðε0 þ p0ÞΛΠ
k2z ; ð49Þ

ω6 ¼ −
i
ττs

−
4

3
i
χ̃2
Στs

k2z ; ð50Þ

ω7;8 ¼ −i
ð1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8Dbðτq − λ0Þ þ 1
p Þ

2ðτq − λ0Þ þOðk2zÞ: ð51Þ

In Eqs. (46)–(51), we have introduced the notation

ΣΦ ¼ 1þ 2Dbτ
2
Φ

ðτΦ− τqÞþ λ0
; Στs ¼ 1þ 2Dbτ

2
τs

ðττs − τqÞþ λ0
;

Λπ ¼ 1þ λ0

2Dbτ
2
π þ τπ − τq

; ΛΠ ¼ 1þ λ0

2Dbτ
2
Πþ τΠ − τq

:

ð52Þ

We note that it is expected to have here 10 dispersion
relations as the matrix A is 10-dimensional. We display
above only eight of them, as two purely damped modes (for
small values of kz) are shifted down to the group D (that
becomes 11-dimensional in this way). In the following
subsection, we discuss the shear channels.

2. Degenerate coupled shear channels B

The shear channels encompass fluctuations that deviate
from the main flow direction, essentially being orthogonal
to the momentum direction ð0; 0; kzÞ. They can be imag-
ined as waves rippling perpendicularly to the overall flow
of matter. In our specific case, the shear channels can be

2In places where we do not emphasize the importance of the
dimension of a considered matrix, we skip the index containing
this information. We also use the symbols from A to D to denote
the corresponding groups of channels.
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identified with the fluctuations forming the vectors vBx
and

vBy [as defined by Eq. (40)]. These vectors represent
displacements in the x and y directions, respectively.
Similarly to the previous case, the shear channel modes
are obtained from the condition detðBÞ2 ¼ 0, where the
square implies that each shear mode in the group B is
doubly degenerate. After lengthy but straightforward cal-
culations we find

ω1 ¼ −i
η

ðε0 þ p0Þ
k2z ; ð53Þ

ω2 ¼ −
i
τπ

þ i
η

ðε0 þ p0ÞΛπ
k2z ; ð54Þ

ω3 ¼ −
i
ττΘ

þ i
χ̃4
ϒΘ

k2z ; ð55Þ

ω4 ¼ −
i
ττa

− i
χ̃3
Στa

k2z ; ð56Þ

ω5 ¼ −
i
ττs

− i
χ̃2
Στs

k2z ; ð57Þ

ω6;7 ¼ −i
ð1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4Dsτϕβ0
p Þ

2τϕ
þOðk2zÞ; ð58Þ

ω8;9 ¼ −i
ð1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8Dbðτq − λ0Þ þ 1
p Þ

2ðτq − λ0Þ þOðk2zÞ: ð59Þ

Here we have introduced the notation

Στa ¼ 1þ 2Dbτ
2
τa

ðττa − τqÞ þ λ0
;

ϒΘ ¼ 1þDsβ0

�
τ2Θ

τϕ − τΘ

�
: ð60Þ

3. Coupled channels C

Our exploration of relativistic hydrodynamics with spin
indicates existence of new phenomena going beyond the
familiar sound and shear fluctuations. They correspond to
channels C and are given by the vector vC defined by
Eq. (40). Studying the determinant of the matrix C in
Eq. (45), we obtain:

ω1 ¼ −
i
τΘ

þ i
χ̃4
ϒΘ

k2z ; ð61Þ

ω2 ¼ −i
ð1 − ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4Dsτϕβ0
p Þ

2τϕ
− i

χ̃4τϕð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4Dsτϕβ0

p Þ
−2ð2DsτΘβ0 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4Dsτϕβ0

p Þτϕ þ ð1 − ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4Dsτϕβ0

p ÞτΘ
k2z ; ð62Þ

ω3 ¼ −i
ð1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4Dsτϕβ0
p Þ

2τϕ
− i

χ̃4τϕð−1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4Dsτϕβ0

p Þ
2ð2DsτΘβ0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4Dsτϕβ0

p Þτϕ − ð1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4Dsτϕβ0

p ÞτΘ
k2z : ð63Þ

The fluctuations included in C involve spin densities
and antisymmetric part of the energy-momentum tensor.
Investigating their physical properties requires separate
research.

4. Decoupled nonpropagating channels D

Finally, we present the purely damped modes included in
the group D. They correspond to the deviations described
by the vector vD defined in (40). The frequencies are
obtained again by solving the equation detðDÞ ¼ 0. In this
way we find:

ω1;2 ¼ −
i
τπ

; ð64Þ

ω3→8 ¼ −
i
τΘ

; ð65Þ

ω9 ¼ −
i
ττa

; ð66Þ

ω10;11 ¼ −
i
ττs

: ð67Þ

B. High-momentum modes

We now turn on to the characteristics of the modes within
the high-momentum limit. It is crucial to emphasize that the
channel classification framework we have outlined in
Sec. III A remains entirely valid in the high-momentum
regime. From a physical standpoint, when the wave number
along the z direction, kz, assumes large values, it becomes
particularly insightful to prioritize our analysis on two
categories of terms: those constituting the leading order and
those exhibiting proportionality to the momentum itself.
This allows us to extract the most essential information
about the modes.
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1. Coupled sound channels A

Similar to the low-momentum case, the longitudinal
fluctuations, vibrations parallel to the flow direction, are
the focus of the sound channel. The sound channels can be
identifiedwith the fluctuations representedby thevectorvA in
Eq. (40).By analyzing the determinant ofmatrixA inEq. (45)
in the high-momentum limit we obtain the following modes:

ω1 ¼ −
i
�
4
3
ηþ ξ

�
4
3
ητΠ þ ξτπ

þO
�
1

k2z

�
þO

�
1

k4z

�
; ð68Þ

ω2 ¼ −
i
�
4
3
χ̃2 þ χ̃1

�
4
3
χ̃2τΦ þ χ̃1ττs

þO
�
1

k2z

�
þO

�
1

k4z

�
; ð69Þ

ω3;4 ¼ −
i

2ττsτΦ

τ2τs χ̃1 þ 4
3
τ2Φχ̃2

ττs χ̃1 þ 4
3
τΦχ̃2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

4
3
χ̃2τΦ þ χ̃1ττs

ττsτΦ

s
kz

þO
�
1

kz

�
; ð70Þ

ωs1;s2 ¼ −i
P

3
n¼0 cnv

2n
s1;s2P

3
n¼0 dnv

2n
s1;s2

þ vs1;s2kz þO
�
1

kz

�
: ð71Þ

For the sake of simplicity, here, ωs1;s2 represents four modes
with s1 ¼ � and s2 ¼ �. The four modes can be thought of
as ωþ;þ;ωþ;−;ω−;þ;ω−;−, where

vs1;s2 ¼ s1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aþ s2B

2ðε0 þ p0Þðτq − λ0ÞτπτΠ

s
;

A≡ c2sðε0 þ p0Þðτq þ 3λ0ÞτπτΠ þ τq

�
4

3
ητΠ þ ξτπ

�
;

B2 ≡A2 − 4c2sτπτΠλðτq − λ0Þ
�
4

3
ητΠ þ ξτπ

�
;

along with the terms,

c0 ¼ −c2sλ0
�
χ̃1

�
4η

3
ðτΠ þ ττsÞ þ ξðτπ þ ττsÞ

�
þ 4χ̃2

3

�
4η

3
ðτΠ þ τΦÞ þ ξðτπ þ τΦÞ

��
;

c1 ¼
1

9
ð−3c2sðλ0ð4ηðτΠτΦ þ ττsðτΠ þ τΦÞÞ þ 3ξðτπτΦ þ ττsðτπ þ τΦÞÞ

− 3ðε0 þ p0ÞðτπτΠð3χ̃1 þ 4χ̃2Þ þ 4τΦχ̃2ðτπ þ τΠÞ þ 3ττs χ̃1ðτπ þ τΠÞÞÞ
− ðε0 þ p0ÞðτqðτπτΠð3χ̃1 þ 4χ̃2Þ þ 4τΦχ̃2ðτπ þ τΠÞ þ 3ττs χ̃1ðτπ þ τΠÞÞ þ τπτΠð3ττs χ̃1 þ 4τΦχ̃2ÞÞÞ
þ 4ηðτqðτΠð3χ̃1 þ 4χ̃2Þ þ 3ττs χ̃1 þ 4τΦχ̃2Þ þ τΠð3ττs χ̃1 þ 4τΦχ̃2ÞÞ
þ 3ξðτqðτπð3χ̃1 þ 4χ̃2Þ þ 3ττs χ̃1 þ 4τΦχ̃2Þ þ τπð3ττs χ̃1 þ 4τΦχ̃2ÞÞÞ;

c2 ¼
1

3
ððε0 þ p0Þð3c2sð3λ0ðτπτΠτΦ þ τπττsðτΠ þ τΦÞ þ τΠττsτΦÞ þ τπτΠτqðτΦ þ ττsÞ þ ττsτΦðτqðτπ þ τΠÞ þ τπτΠÞÞ

þ λ0ðτπð3τΠχ̃1 þ 4τΠχ̃2 þ 4τΦχ̃2Þ þ 4τΠτΦχ̃2 þ 3ττs χ̃1ðτπ þ τΠÞÞ
− τπτΠð4τΦχ̃2 þ 3τqχ̃1Þ − 4τqχ̃2ðτπðτΠ þ τΦÞ þ τΠτΦÞ − 3ττs χ̃1ðτqðτπ þ τΠÞ þ τπτΠÞÞ
þ 4ηðτΠτqτΦ þ τqττsðτΠ þ τΦÞ þ τΠττsτΦÞ þ 3ξðτπτqτΦ þ τqττsðτπ þ τΦÞ þ τπττsτΦÞÞ;

c3 ¼ −ðε0 þ p0Þð−λ0ðτπτΠτΦ þ ττsτΦðτπ þ τΠÞ þ τπτΠττsÞ þ τΦðτΠτqðτπ þ ττsÞ þ τπτqττs þ τπτΠττsÞ þ τπτΠτqττsÞ;

and,

d0 ¼−2c2sλ0
�
4

3
ητΠþ ξτπ

��
4

3
χ̃2τΦþ χ̃1ττs

�
;

d1 ¼ 4

�
τq

�
4

3
ητΠþ ξτπ

��
4

3
χ̃2τΦþ χ̃1ττs

�
þ c2s

�
−λ0ττsτΦ

�
4

3
ητΠþ ξτπ

�
þðε0þp0ÞτπτΠð3λ0 þ τqÞ

�
4

3
χ̃2τΦþ χ̃1ττs

���
;

d2 ¼ 6τqττsτΦ

�
4

3
ητΠþ ξτπ

�
þ 6ðε0þp0ÞτπτΠ

�
ðλ0 − τqÞ

�
4

3
χ̃2τΦþ χ̃1ττs

�
þ c2sττsτΦð3λ0 þ τqÞ

�
;

d3 ¼ 8ðε0þp0Þðλ0 − τqÞττsτπτΠτΦ:
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2. Degenerate coupled shear channels B

Shear channels deal with deviations perpendicular to
the main flow, essentially orthogonal to the momentum
direction ð0; 0; kzÞ. In a similar process, yet in the high-
momentum limit, as in Sec. III A we obtain

ω1 ¼ −
i
τq

þO
�
1

k2z

�
þO

�
1

k4z

�
; ð72Þ

ω2 ¼ −
iðγ0 þ ηÞ
γ0τπ þ ητϕ

þO
�
1

k2z

�
þO

�
1

k4z

�
; ð73Þ

ω3 ¼ −
iðχ̃2 þ χ̃3Þ

ττa χ̃2 þ ττs χ̃3
þO

�
1

k2z

�
þO

�
1

k4z

�
; ð74Þ

ω4;5 ¼ −
i
2

�
1

τπ
þ 1

τϕ
þ λ0

τqðτq − λ0Þ −
γ0 þ η

γ0τπ þ ητϕ

�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

τqðγ0τπ þ ητϕÞ
ðε0 þ p0Þðτq − λ0Þτπτϕ

s
kz þO

�
1

kz

�
; ð75Þ

ω6;7 ¼ −
iðτ2τa χ̃2 þ τ2τs χ̃3Þ

2ττaττsðττa χ̃2 þ ττs χ̃3Þ
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
ττa χ̃2 þ ττs χ̃3

ττaττs

s
kz

þO
�
1

kz

�
; ð76Þ

ω8;9 ¼ −
i

2τΘ
�

ffiffiffiffiffi
χ̃4
τΘ

s
kz þO

�
1

kz

�
: ð77Þ

The shear channel modes are obtained from the condition
detðBÞ2 ¼ 0, where the square implies that each shear
mode in the group B is doubly degenerate.

3. Coupled channels C

Channels C corresponding to new phenomena beyond
relativistic hydrodynamics without spin. They are given by
the vector vC defined in Eq. (40). Studying the determinant
of the matrix C in Eq. (45), we obtain in the high-
momentum momentum limit

ω1 ¼ −
i
τϕ

þO
�
1

k2z

�
þO

�
1

k4z

�
; ð78Þ

ω2;3 ¼ −
i

2τΘ
�

ffiffiffiffiffi
χ̃4
τΘ

s
kz þO

�
1

kz

�
þO

�
1

k2z

�
: ð79Þ

IV. STABILITY STUDY

To guarantee that perturbations of the equilibrium state
do not grow exponentially with time, we demand that they
satisfy the condition

Im½ωðkzÞ� < 0: ð80Þ

A. Low-momentum regime

In the sound channels, this leads to the following list of
conditions:

ΣΦ < 0 & τΦ > τq − λ0; ð81Þ

Λπ < 0; ð82Þ

ΛΠ < 0; ð83Þ

Στs < 0 & ττs > τq − λ0; ð84Þ

τq > λ0; ð85Þ

−1<
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8Dbðτq−λ0Þþ1

q
< 1 ðjðτq−λ0Þ8Dbj< 1Þ: ð86Þ

For the shear channels we find:

ϒΘ < 0; &τϕ < τΘ; ð87Þ

Στa < 0 & ττa > τq − λ0; ð88Þ

−1 <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4Dsτϕβ0

q
< 1 ð4Dsτϕβ0 < 1Þ; ð89Þ

and for the channels C, after several algebraic manipu-
lations, one can find that the stability conditions is

−ð1 − 4Dsβ0τϕÞ
τΘ

τΘ − 2τϕ
<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4Dsτϕβ0

q
< þð1 − 4Dsβ0τϕÞ

τΘ
τΘ − 2τϕ

:

ð90Þ

If the conditions (81)–(90) are satisfied, our truncation of
the second-order Israel-Stewart spin hydrodynamics is stable
in the low-momentum range in the system’s rest frame.
In particular, we can see that the stability condition (86)

requires that Dbðτq − λ0Þ is negative. Since τq − λ0 is
positive [see Eq. (85)], we find Db < 0. On the other
hand, Eq. (89) leads to the condition that Ds is positive
(note that τϕ and β0 are both positive). These two findings
agree with the previous results obtained within the minimal
second-order study presented in Ref. [4] and are satisfied
assuming the spin equation of state (3). Thus, we find that
going to higher orders and including more terms in the
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second-order theory is not crucial for the stability of the
low-momentum rest frame perturbations. The necessary
conditions are always those given by Eq. (5).
Within our truncation scheme we find further interesting

relations. For example:
(1) Using expressions derived in [28], the condition (87)

can be further rewritten as

τϕ < τΘ ⇔ −2a5γ < 2ã4χ4: ð91Þ

This implies that the transport coefficient χ4 of the
spin dissipative current Θλμν (23) is directly related
to the rotational viscosity transport coefficient γ
(introduced in [1,85]) of the current ϕμν (18). This
observation supports the full spin tensor decompo-
sition done in Ref. [28].

(2) Similarly, the conditions (81), (84), and (88) imply
that the transport coefficients χ1, χ2, and χ3 of the
spin dissipative currents Φ, τμνs , and τμνa [see
Eqs. (20)–(22), respectively] are related to the
transport coefficient λ of the dissipative current
qμ (17).

B. High-momentum regime

To determine the range of applicability of our relativistic
spin hydrodynamic model, it is crucial to check the
behavior of the perturbations also in the kz → ∞ limit.
To get stable perturbations in the high-momentum limit, the
modes (68)–(79) demand according to (80)

τΦ > 0; τq > 0; ττa > 0; ττs > 0; τπ > 0;

τΠ > 0; τϕ > 0; γ> 0; τΘ > 0; τq > λ0; ð92Þ

χ̃1 < 0; χ̃2 < 0; χ̃3 < 0; ð93Þ

c0 > 0; d0 > 0; ð94Þ

1

τπ
þ 1

τϕ
þ λ0

τqðτq − λ0Þ −
γ0 þ η

γ0τπ þ ητϕ
> 0: ð95Þ

Our verification process has demonstrably confirmed that
all the above conditions are satisfied and exhibit complete
congruence with the established conditions in the low-
momentum limit, as detailed in Sec. IVA.
This provides a compelling foundation for a conclusion:

second-order spin hydrodynamics demonstrably exhibits
stability. While our present investigation has prioritized
the stability question within the high-momentum regime,
there remains a compelling need for future studies to delve
into the realm of stability analysis at finite momentum
values. This deeper examination could be effectively
accomplished by employing the well-established Routh-
Hurwitz criterion [71,86,87]. By incorporating a more

comprehensive analysis at finite momenta, we can ensure
a more robust understanding of the system’s behavior.

V. ASYMPTOTIC CAUSALITY STUDY

The causality of matter generally refers to its property of
admitting only perturbations that propagate no faster than
the speed of light in vacuum within the fluid (i.e., not
admitting superluminal perturbations). After checking sta-
bility in Sec. IV, verifying causality is crucial. Without
causality, any solutions to the equations may not have
physical meaning. If our system satisfies causality, we can
solve our set of 40 interconnected relaxation-type dynami-
cal equations and describe physical observables. This
would allow us in the future to connect our formalism
to other relevant topics [88–91]. Here, we follow the
seminal work of [92], followed by [76], where the
asymptotic causality conditions boil down to

sup

�
lim
kz→∞

�
ReωðkzÞ

kz

��
≤ 1; ð96Þ

and

ωðkzÞ
kz

has a limit for kz → ∞ ði:e: boundedÞ: ð97Þ

Note that, as formulated mathematically in [92] and
illustrated physically in [76], the first condition alone is
not sufficient to guarantee causality.3,4 This can be seen
through the nonrelativistic, acausal diffusion mode with
ω ∼ ik2, which satisfies Eq. (96) but not (97).
Therefore, we need to the following constraints:

0 ≤ −
4
3
χ̃2τΦ þ χ̃1ττs

ττsτΦ
≤ 1; ð98Þ

0 ≤
A� B

2ðε0 þ p0Þðτq − λ0ÞτπτΠ
≤ 1; ð99Þ

0 ≤
τqðγ0τπ þ ητϕÞ

ðε0 þ p0Þðτq − λ0Þτπτϕ
≤ 1; ð100Þ

0 ≤ −
ττa χ̃2 þ ττs χ̃3

ττaττs
≤ 1; ð101Þ

0 ≤
χ̃4
τΘ

≤ 1: ð102Þ

3Condition (96) is also written in some literature as
limkz→∞

∂ReωðkzÞ
∂kz

≤1. This can be verified as all the real parts of
the dispersion relations in this limit approach a constant multiple
of kz.

4While (96) and (97) provide strong indications of causality, a
complete causality assessment would require the evaluation of the
characteristics [93].
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Under the conditions (25) discussed in Sec. III, the
coefficients χ̃1; χ̃2; χ̃3 present in the above conditions are
all negative, and χ̃4 is positive. Additionally, τq > λ0 as
mandated by the stability conditions (85) and (92). Since
the conditions (98)–(102) all include relaxation times, their
values are critical for ensuring causality. Therefore, to
illustrate, we will first analyze condition (98). The results
obtained will serve as a foundation for analyzing the other
conditions. Starting from conditions (25), the coefficients
χ̃1 and χ̃2 are defined as

χ̃1 ¼
2β0
χb

χ1; χ̃2 ¼
β0
χb

χ2;

where χ1, χ2 are two spin transport coefficients defined in
Ref. [28]. The expressions of electric χb and magnetic χs
susceptibilities were explicitly derived in Ref. [6].
Henceforth condition (98) explicitly takes the form,

0 ≤
π2

T4ð4K2ðxÞ þ xK1ðxÞÞ
�
4χ2
3ττs

þ 2χ1
τΦ

�
≤ 1; ð103Þ

where KiðxÞ is the modified Bessel function of the second
type and x ¼ m=T is the ratio of mass to temperature.
Clearly, the above condition is satisfied if the relaxation
times are sufficiently large. The fulfillment of these con-
ditions allows us to say that second-order dissipative spin
hydrodynamics [28] exhibits asymptotic causality; this
holds provided the new spin equation of state (3) and
sufficiently large relaxation times.

VI. CONCLUSION

In this work, we have analyzed in detail the rest frame
stability and asymptotic causality of the second-order spin

hydrodynamics. We have used the truncation scheme of the
Israel-Stewart formalism derived in our earlier work that
extends the minimal causal formulation studied earlier. The
crucial property to achieve stability is the use of the spin
equation of state, which allows for opposite signs of
the electric and magnetic components of the spin density
tensor. We demonstrate the rest frame stability of both the
first- (Navier-Stokes) and second-order dissipative (Israel-
Stewart) spin hydrodynamics in the low-momentum regime.
Additionally, the second-order theory exhibits stability and
causality at high momentum (with suitably adjusted relax-
ation times, which is similar to the Israel-Stewart theory).
In our future investigations we plan to study stability in a

moving (boosted) frame, as well as the correlation between
these two properties. Among the novel approaches that can
be used, we are going to consider the information current
introduced recently in Refs. [80,81]. The recent application
of this method in minimal spin hydrodynamics [82] makes
this approach particularly attractive.
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