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The anomalous dimension for heavy-heavy-light effective theory operators describing nuclear beta
decay is computed through three-loop order in the static limit. The result at order Z2α3 corrects a previous
result in the literature. An all-orders symmetry is shown to relate the anomalous dimensions at leading and
subleading powers of Z at a given order of α. The first unknown coefficient for the anomalous dimension
now appears at OðZ2α4Þ.
DOI: 10.1103/PhysRevD.109.113007

I. INTRODUCTION

Precision measurements of nuclear beta decay rates pro-
vide important constraints on fundamental constants [1–14]
and can probe new physics [15–25]. Quantum electrody-
namics (QED) radiative corrections are enhanced by the
charge Z of the nucleus, and must be systematically
incorporated. For example, extractions of the Cabibbo-
Kobayashi-Maskawa (CKM) matrix element jVudj from the
inclusive decay rates of super-allowed beta decays require a
careful account of both short- and long-distance radiative
corrections [4,5,7,11,26]. Similarly, searches for the
energy-dependent Fierz Interference term [15,16,20],
which would shed light on currents induced by short-
distance physics beyond the Standard Model [15,27,28],
requires a detailed understanding of the energy dependence
of the beta decay spectrum and therefore a detailed
understanding of energy dependent QED radiative correc-
tions [29].
Radiative corrections receive contributions from many

scales, ranging from the weak scale μ ∼MW , to the
hadronic scale μ ∼mp and scales sensitive to nuclear
structure μ ∼ R−1. Physics at short distance scales can be
integrated out, to obtain an effective field theory (EFT)
that describes scales of order μ ∼Q ∼me with Q ¼ ΔM
the mass splitting between the parent and daughter nucleus
and me the electron mass [26]. For a nuclear beta decay
A → Bνe, the effective theory Lagrangian is

L ¼ LQED þ Lν þ h̄ðAÞv ðiv · ∂þ eQAv · AÞhðAÞv

þ h̄ðBÞv ðiv · ∂þ eQBv · AÞhðBÞv þ Ch̄ðBÞv ΓhðAÞv ν̄Γ0e; ð1Þ

where LQED is the QED Lagrangian for a single electron
field, and Lν contains the kinetic term for the neutrino. Beta
decay is mediated by a contact operator with a Wilson
coefficient, C ∼GF, and vμ ¼ ð1; 0; 0; 0Þ is the four-veloc-
ity of the nucleus A and nucleus B (we work in the static
limit neglecting nuclear recoil such that vμA ¼ vμB ¼ vμ). All
short-distance physics, including nuclear structure, has
been integrated out and absorbed into the Wilson coef-
ficient C. We focus on the theory at leading power, i.e., we
consider terms that are finite in the limit pR → 0 with p the
momentum of the electron in the lab frame.
The effective theory (1) separates contributions into a

low-energy matrix elementMðμLÞ that can be evaluated at
the “low-scale” μL ∼Q ∼me, and the Wilson coefficient of
operators at the same scale CðμLÞ. The Wilson coefficient
at the low scale contains logarithmic enhancements,
logðμH=μLÞ, due to renormalization group (RG) evolution
from the “high-scale”, μH ∼ R−1 (where matching from a
theory with explicit nuclear structure is performed), down
to the low-scale, μL. The RG evolution is described by

CðμLÞ ¼ CðμHÞ exp
�
−
Z

αH

αL

dα
γðαÞ
βðαÞ

�
; ð2Þ

where γ is the anomalous dimension of the operator
associated to the Wilson coefficient of interest, β ¼
dα=d log μ determines the running of the QED coupling,
and αL;H ¼ αðμL;HÞ. To systematically resum these loga-
rithmic enhancements, we need the anomalous dimension
for the effective operator multiplying C in Eq. (1).
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In what follows we present the formalism for the heavy-
heavy-light EFToperators inEq. (1) describing long-distance
QED radiative corrections to nuclear beta decay [26]. We
compute the anomalous dimension of these operators
through order Z2α3. In the massless-electron limit we show
that a symmetry relates different powers of Z at the same
order in α. In particular, this symmetry relates the anomalous
dimension at order Zα3 to that at order Z2α3, and the
anomalous dimension at order Z3α4 to that at order Z4α4.
Since we compute the Z2α3 result, and the Z4α4 result is
known via a solution of the Dirac equation with a static
background Coulomb field [30], this implies that the first
unknown coefficient now appears at order Z2α4.
The remainder of the paper is structured as follows. In

Sec. II we describe the new symmetry emerging in the
massless electron limit. Section III introduces notation
for amplitudes and renormalization constants. Section IV
evaluates amplitudes at one, two and three-loop order,
and Sec. V extracts anomalous dimension coefficients.
Section VI provides a summary discussion. Appendices
provide details on the background field Feynman rules used
in themain text, and on the evaluation of three-loop integrals.

II. EFFECTIVE OPERATORS AND SYMMETRY

Consider the heavy-heavy-light effective operator

OIJk ¼ ðh̄½Z�v ÞIðh½Zþ1�
v ÞJek ð3Þ

in QED with one massless electron. Here h½Z�v is a heavy
particle field of electric charge Z, and vμ ¼ ð1; 0; 0; 0Þ in

the rest frame of the heavy particle; e is the relativistic
electron field of electric charge −1. The anomalous
dimensions of interest are diagonal in the spin indices I,
J for the heavy particles and k for the electron. The matrix
element of OIJk can be expanded in powers of the QED
coupling e2. The contribution at a given order, ðe2Þn, can be
further decomposed into separate, gauge invariant contri-
butions involving different powers of Z: Z0;…; Z2n. It is
straightforward to show that n-loop contributions with
powers of Z larger than n vanish [26,31].
To compute the anomalous dimension of the operator (3)

we consider amplitudes involving one insertion of the
operator, neglecting the electron mass and external momenta
of all particles. Infrared divergences are regulated by includ-
ing a photon mass λ. In this limit, symmetry enforces
constraints relating different powers of Z at the same order
in e2. In order to demonstrate the symmetry constraints, we
generalize and consider the heavy-heavy-light amplitudes
involving massless electrons of charge Qe, initial heavy
particle of charge QA and final heavy particle of chargeQB.
The amplitudes under consideration are invariant under
the simultaneous transformationQe → −Qe andQA ↔ QB.
We are interested in the particular case Qe ¼ −1, QA ¼
Z þ 1 and QB ¼ Z.
Consider the amplitude with arbitrary photon attach-

ments to the electron (with polarizations μ1; μ2;… and
incoming momenta L1; L2;…), to the heavy particle A
(with polarization ν1; ν2;… and momenta K1; K2;…) and
to the heavy particle B (with polarization ρ1; ρ2;… and
momenta P1; P2;…). Using heavy-particle Feynman rules,
the amplitude is

ð4Þ
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where we have suppressed the indices IJk from Eq. (3) and the external spinor wavefunctions. It is readily seen that under
the transformation Qe → −Qe, QA ↔ QB, Li → −Li, Ki → −Ki and Pi → −Pi, we have

ð5Þ

Since the photon propagators and loop integration measure
are invariant under this transformation, the result is un-
changed after summing over subamplitudes.
In conjunction with the constraint that powers of Z larger

than the number of loops do not appear, invariance under
Qe → −Qe and QA ↔ QB enforces constraints on the Z
dependence of the anomalous dimension at each order in
perturbation theory. For example, at one-loop order the
possible charge structures are

Q2
e; QeðQA −QBÞ → 1; 1; ð6Þ

i.e., independent of Z. At two-loop order, the possible
structure are

Q4
e; Q3

eðQA −QBÞ;
Q2

eðQA −QBÞ2; Q2
eQAQB → 1; 1; 1; ZðZ þ 1Þ; ð7Þ

i.e., a linear combination of 1 and ZðZ þ 1Þ. At arbitrary
loop order, the amplitude can similarly be expressed as a
linear combination of powers of Q2

e → 1, QeðQA −QBÞ →
1 and QAQB → ZðZ þ 1Þ, with the total power of QA and
QB not exceeding the loop order. It is straightforward to see
that the amplitude, and thus the anomalous dimension at a
given loop order n is a linear combination of powers
ZiðZ þ 1Þi, where 2i ≤ n.
Expanding

γO ¼
X∞
n¼0

�
α

4π

�
nþ1

γn ¼
X∞
n¼0

Xnþ1

i¼0

�
α

4π

�
nþ1

γðiÞn Znþ1−i

¼
Xnþ1

i¼0

γðiÞZnþ1−i; ð8Þ

we have in particular at one-loop order, γ0 ¼ Zγð0Þ0 þ γð1Þ0

with

γð0Þ0 ¼ 0: ð9Þ

At two-loop order, γ1 ¼ Z2γð0Þ1 þ Zγð1Þ1 þ γð2Þ1 with

γð1Þ1 ¼ γð0Þ1 ; ð10Þ

and at three-loop order, γ2 ¼ Z3γð0Þ2 þ Z2γð1Þ2 þ Zγð2Þ2 þ γð3Þ2

with

γð0Þ2 ¼ 0; γð2Þ2 ¼ γð1Þ1 : ð11Þ
Using the known Dirac solution [26], γð0Þ, at leading power
in Z, the number of undetermined coefficients describing Z
dependence of the anomalous dimension (i.e., beyond the

result γðnþ1Þ
n for the local heavy-light current) is zero for two

loops, and one for three loops. Extended to four loops, the

constraints imply γð1Þ3 ¼ 2γð0Þ3 , γð3Þ3 ¼ γð2Þ3 − γð0Þ3 , leaving a

single undetermined coefficient γð2Þ3 (beyond the Dirac

solution γð0Þ3 and the heavy-light, Z ¼ 0, limit γð4Þ3 ). At
arbitrary even loop order,

γð1Þ2n−1 ¼ nγð0Þ2n−1; ð12Þ
and there are n − 1 undetermined coefficients (2n loops,
n ¼ 1; 2;…). At arbitrary odd loop order,

γð2Þ2n ¼ nγð1Þ2n ; ð13Þ
and there are n undetermined coefficients (2nþ 1
loops, n ¼ 1; 2;…).

III. RENORMALIZATION CONSTANTS

To determine the anomalous dimension of the effective
operator (3) we compute the amputated amplitude involv-
ing one insertion of the effective operator (3). We work in
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arbitrary covariant gauge with gauge parameter ξ, and
photon mass λ to regulate infrared divergences. We use
dimensional regularization to regulate ultraviolet divergen-
ces using spacetime dimension d≡ 4 − 2ϵ, or equivalently
space dimension D ¼ d − 1 ¼ 3 − 2ϵ.
Let us compute the on-shell amplitude for the process

½Z þ 1� → ½Z�eþ, i.e., for initial state heavy nucleus of
charge Z þ 1 and final state heavy nucleus of charge Z and
positron. It is convenient to compute the equivalent process
½þ1� → eþ in the presence of a background field for charge
Z, where [þ1] is a heavy “proton” field with charge þ1.
The Feynman rules are given in Figs. 1 and 2. These
Feynman rules are equivalent, order by order in perturba-
tion theory to a brute force calculation in terms of the
original heavy-particle Feynman rules [i.e., those derived

from Eq. (1)] for the ½Z þ 1� → ½Z�eþ process. However,
the number of diagrams is drastically reduced, and powers
of Z can be easily isolated [32]. As discussed in [32] and
explicitly shown in Appendix A, diagrams in which the
heavy “proton” field interacts with the background field do
not contribute to the anomalous dimension and can be
neglected for our purposes.
In terms of the bare coupling e0 (whose mass dimension

is ½e0� ¼ 2 − d=2), let us introduce the dimensionless
quantity

ê20 ¼
e20

ð4πÞ2 ½ð4πÞ
ϵΓð1þ ϵÞ�λ−2ϵ: ð14Þ

The amputated amplitude can be expanded as

M ¼ 1þ ê20M1 þ ê40M2 þ ê60M3 þOðe80Þ; ð15Þ

where we use that the photon mass λ is the only mass scale
in the problem. The one-, two-, and three-loop contribu-
tions can be written as,

M1 ¼ ZðA1;0 þ A1;1ϵþ…Þ þ
�
B1;−1

ϵ
þ B1;0 þ B1;1ϵþOðϵ2Þ

�

M2 ¼ Z2

�
A2;−1

ϵ
þ A2;0 þþOðϵÞ

�
þ Z

�
B2;−1

ϵ
þ B2;0 þOðϵÞ

�
þ
�
C2;−2

ϵ2
þ C2;−1

ϵ
þ C2;0 þOðϵÞ

�

M3 ¼ Z3

�
A3;−2

ϵ2
þ A3;−1

ϵ
þOðϵ0Þ

�
þ Z2

�
B3;−2

ϵ2
þ B3;−1

ϵ
þOðϵ0Þ

�
þ Z

�
C3;−2

ϵ2
þ C3;−1

ϵ
þOðϵ0Þ

�

þ
�
D3;−3

ϵ3
þD3;−2

ϵ2
þD3;−1

ϵ
þOðϵ0Þ

�
: ð16Þ

Writing the bare operator as

Obare ¼ ZOOrenðμÞ; ð17Þ
we define the operator renormalization constant ZO in the MS scheme, writing

ZO ¼ 1þ ᾱ

4π

Zð01Þ
1

ϵ
þ
�
ᾱ

4π

�
2
�
Z2

Zð20Þ
1

ϵ
þ Z

Zð11Þ
1

ϵ
þ Zð02Þ

2

ϵ2
þ Zð02Þ

1

ϵ

�
þ
�
ᾱ

4π

�
3
�
Z2

�
Zð21Þ
2

ϵ2
þ Zð21Þ

1

ϵ

�
þ…

�
þ…: ð18Þ

The MS coupling, ᾱðμÞ, is given by

e20
4π

ð4πÞϵΓð1þ ϵÞ ¼ μ2ϵZαᾱðμÞ; ð19Þ

where (for one dynamical electron flavor)

Zα ¼ 1þ ᾱ

4π

�
zð1Þ1

ϵ

�
þ
�
ᾱ

4π

�
2
�
zð2Þ2

ϵ2
þ zð2Þ1

ϵ

�
þ…; ð20Þ

FIG. 1. Vertex Feynman rules. The cross denotes insertion of
background field.

FIG. 2. Propagator Feynman rules, with gauge parameter ξ and photon mass λ.
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with zð1Þ1 ¼ 4=3, zð2Þ2 ¼ 16=9, zð2Þ1 ¼ 2. The on-shell wave function renormalization constant for the heavy proton is
given by

Zh ¼ 1þ ᾱ

4π

�
λ

μ

�
−2ϵ

�
Zð1Þ
h1

ϵ
þ Zð1Þ

h0 þOðϵÞ
�
þ
�
ᾱ

4π

�
2
�
λ

μ

�
−4ϵ

�
Zð2Þ
h2

ϵ2
þ Zð2Þ

h1

ϵ
þOðϵ0Þ

�
: ð21Þ

The on shell wave function renormalization constant for the massless electron field is given by

Zψ ¼ 1þ ᾱ

4π

�
λ

μ

�
−2ϵ

�
Zð1Þ
ψ1

ϵ
þ Zð1Þ

ψ0 þOðϵÞ
�
þ
�
ᾱ

4π

�
2
�
λ

μ

�
−4ϵ

�
Zð2Þ
ψ2

ϵ2
þ Zð2Þ

ψ1

ϵ
þOðϵ0Þ

�
: ð22Þ

We will require the explicit expressions in arbitrary covariant gauge Zð1Þ
h1 ¼ 3 − ξ, and Zð1Þ

ψ1 ¼ −ξ. The operator
renormalization constant ZO is determined by enforcing that the physical amplitude is finite,

Z−1
O Z

1
2
qZ

1
2

hM ¼ finite: ð23Þ

After expressing bare coupling in terms of renormalized coupling, we find constraints order by order in ᾱ, and order by
order in 1=ϵ. At one-loop order,

Oðα=ϵÞ∶ Zð01Þ
1 ¼ B1;−1 þ

1

2
ðZð1Þ

h1 þ Zð1Þ
ψ1Þ: ð24Þ

At two-loop order,

Oðα2=ϵ2Þ∶ Zð02Þ
2 ¼ C2;−2 þ

�
zð1Þ1 þ 1

2
ðZð1Þ

h1 þ Zð1Þ
ψ1Þ

�
B1;−1 þ

1

2
ðZð2Þ

h2 þ Zð2Þ
ψ2Þ −

1

8
ðZð1Þ

h1 − Zð1Þ
ψ1Þ2:

Oðα2=ϵÞ∶ Zð20Þ
1 ¼ A2;−1;

Zð11Þ
1 ¼ B2;−1 þ ðzð1Þ1 − B1;−1ÞA1;0;

Zð02Þ
1 ¼ C2;−1 þ

1

2
ðZð2Þ

h1 þ Zð2Þ
ψ1Þ þ ðzð1Þ1 − B1;−1ÞB1;0 −

1

2
ðZð1Þ

h1 Z
ð1Þ
h0 þ Zð1Þ

ψ1Z
ð1Þ
ψ0Þ:

Oððα2=ϵÞ log λÞ∶ C2;−2 ¼
1

4
ððZð1Þ

h1 Þ2 þ ðZð1Þ
ψ1Þ2Þ −

1

2
ðZð2Þ

h2 þ Zð2Þ
ψ2Þ −

1

2
ðzð1Þ1 − B1;−1ÞB1;−1: ð25Þ

The final constraint results from the vanishing of the coefficient of ðα2=ϵÞ log λ. Finally, at three-loop order, we focus on the
coefficients involving Z2,

Oðα3=ϵ2Þ∶ Zð21Þ
2 ¼ B3;−2 þ

1

2
ðZð1Þ

h1 þ Zð1Þ
ψ1ÞA2;−1 þ 2zð1Þ1 A2;−1:

Oðα3=ϵ2Þ∶ Zð21Þ
1 ¼ B3;−1 − ðzð1Þ1 − B1;−1ÞðA1;0Þ2 − A1;0B2;−1 þ ð2zð1Þ1 − B1;−1ÞA2;0 − B1;0A2;−1:

OððZ2α3=ϵÞ log λÞ∶ B3;−2 ¼ A2;−1

�
−
4

3
zð1Þ1 þ B1;−1

�
: ð26Þ

As usual, the operator anomalous dimension is determined by the coefficient of 1=ϵ in ZO:

d
d log μ

Oren ¼ γOOren; γO ¼ −2α
∂

∂α
½ZO�1: ð27Þ

In particular, our focus is on γð1Þ2 ¼ −6Zð21Þ
1 , where Zð21Þ

1 is determined using Eq. (26). Through three-loop order,
contributions involving at most a single power of α not accompanied by Z involve: the Ai;j and Bi;j coefficients in the

amputated amplitudes from (16); the coefficient zð1Þ1 in Zα given after Eq. (20); and the wave function renormalization

factors Zð1Þ
h1 and Zð1Þ

ψ given after Eqs. (21) and (22).
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IV. AMPLITUDE EVALUATION

We proceed to evaluate amplitudes at one, two, and three loops (see the Appendices for details).

A. One-loop amplitude

Consider the amputated diagrams at one-loop. The contribution of order Z1 vanishes due to rotational symmetry:

ð28Þ

implying

A1;0 ¼ 0; A1;1 ¼ 0: ð29Þ

Next for the vertex correction of order Z0,

ð30Þ

where integral Mð1; 1; λÞ is given in Appendix B, implying

B1;−1 ¼ ξ; B1;0 ¼ ξ: ð31Þ

B. Two-loop amplitude

UV divergences from iterated Coulomb insertions first arise at two loops,

ð32Þ

where ðddkÞ ¼ ddk=ð2πÞd, and the integrals A, B, and L are given in Appendix B. This implies (in arbitrary covariant
gauge)

A2;−1 ¼ 2π2; A2;0 ¼ −4π2: ð33Þ
Here we have used for the numerator,

N ¼ ð=qþ =q0Þγ0=qγ0 → 1

4
TrðNÞ ¼ q · ðqþ q0Þ ¼ 1

2
½ðqþ q0Þ2 þ ðq2 þ λ2Þ − ðq02 þ λ2Þ�: ð34Þ
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While they are not needed for the OðZ2α3Þ anomalous dimension, the nonvanishing contributions at OðZα2Þ are as
follows:

ð35Þ

implying (in arbitrary covariant gauge)

B2;−1 ¼ 2π2; B2;0 ¼ −4π2: ð36Þ

C. Three-loop amplitude

We focus on the contributions at order Z2α3. Let us define the following integrals,

IðbÞða1; a2; a3; a4; a5; a6Þ ¼
Z

ðdωÞðdkÞðdqÞðdpÞωb 1

½ω2 þ ðkþ pÞ2�a1
1

ðp2Þa2
1

½ðp − qÞ2�a3
1

½ω2 þ ðkþ qÞ2�a4
1

ðq2Þa5
1

q2 þ λ2

×
1

ðω2 þ k2Þa6
1

ω2 þ k2 þ λ2
; ð37Þ

where ðdωÞ ¼ dω=ð2πÞ, and ðdkÞ ¼ dDk=ð2πÞD. Integrals written without a superscript imply b ¼ 0: I ≡ Ið0Þ. In the
following we illustrate the procedure by evaluating diagrams (a), (b), (c), ðb1Þ, and ðb2Þ in Feynman gauge. Details of the
evaluation for all diagrams in arbitrary covariant gauge are presented in the Appendix.

1. Jaus diagrams

Consider first diagrams (a), (b), (c), considered in Ref. [33]. For the first of these, in Feynman gauge (ξ ¼ 1),

Majξ¼1 ¼ −Z2e6
Z

ðdωÞðdkÞðdqÞðdq0Þ 1

−k0 þ i0
1

q2 þ λ2
1

q02 þ λ2
1

ω2 þ k2 þ λ2
1

ω2 þ ðqþ q0 þ kÞ2
1

ðqþ q0Þ2
1

q2
Na ð38Þ

where k0 ≡ ik0E ≡ iω and the numerator is

Na ¼ ð=qþ =q0 þ kÞγ0ð=qþ =q0Þγ0=qγ0 → 1

4
TrðNaÞ ¼ k0q · ðqþ q0Þ: ð39Þ

Note that the numerator evaluation is valid in d ¼ 4 − 2ϵ dimensions. With the substitution

qþ q0 ¼ p; ð40Þ

the integral becomes

Majξ¼1 ¼ Z2e6
�
1

2
ð−3− þ 2− þ 5−ÞI111010 þ δIa

�
; ð41Þ

where we introduce the notation n�Ia1���an−1ananþ1���a6 ¼ Ia1���an−1ðan�1Þanþ1���a6 . The term δIa results from writing

1

ðp − qÞ2 þ λ2
¼ 1

ðp − qÞ2 −
λ2

ðp − qÞ2ðp − qÞ2 þ λ2
: ð42Þ

After simplification we have
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δIa ¼ −
λ2

2

Z
ðdωÞðdkÞðdqÞðdpÞ 1

ω2 þ k2 þ λ2
1

ω2 þ ðkþ pÞ2 ½−ðp − qÞ2 þ q2 þ p2�

×
1

ðp − qÞ2½ðp − qÞ2 þ λ2�
1

q2ðq2 þ λ2Þ
1

p2
: ð43Þ

The integral is finite apart from the subdivergence atω; k → ∞. Up to finite terms (we use “∼” to denote equality up to finite
terms as ϵ → 0), we thus have

δIa ∼ −
λ2

2

�Z
ðdωÞðdkÞ 1

ω2 þ k2 þ λ2
1

ω2 þ k2

��Z
ðdqÞðdpÞ 1

ðp − qÞ2½ðp − qÞ2 þ λ2�
1

q2ðq2 þ λ2Þ
�

∼ −
λ2

2
Mð1; 1; λÞ

�
lim
r→0

�
1

λ2
ðf1ð0; rÞ − f1ðλ; rÞÞ

��
2

¼
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3
�
−
8π2

ϵ
þOðϵ0Þ

�
; ð44Þ

where the ðdqÞðdpÞ integration may be performed in D ¼ 3. Evaluating integrals,

Majξ¼1 ¼ Z2e6
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3

π2
�

4

3ϵ2
−
4

ϵ
þOðϵ0Þ

�
: ð45Þ

Similar manipulations for diagram (b) yield

Mbjξ¼1 ¼ Z2e6
��

−
1

2
3− þ 1

2
2− þ 1

2
5− þ 4− − 6−

�
I101110 þ δIb

�

¼ Z2e6
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3

π2
�
1

ϵ

�
−4þ 8π2

9

�
þOðϵ0Þ

�
: ð46Þ

In this case, the second term on the right-hand side of Eq. (42) leads to a finite integral, δIb ∼ 0. Similarly for diagram (c),

Mcjξ¼1 ¼ Z2e6
�
−4Ið2Þ101101 þ

�
1− þ 4− þ 6− −

1

2
2− −

1

2
3− −

1

2
5−

�
I101101 þ δIc

�

¼ Z2e6
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3

π2
�
2

3ϵ2
þ 1

ϵ

�
−2þ 8π2

9

�
þOðϵ0Þ

�
; ð47Þ

where δIc ∼ 0.
We are unable to make a direct comparison to the results of Ref. [33] (cf., also Ref. [34]), which considered only diagrams

(a), (b) and (c) in Fig. 3. We note that UV subdivergences appear in these diagrams that are not regulated by working at
finite proton mass.1 For example, inspection of diagram (c), cf. Eq. (13) below, shows an unregulated divergence when
jpj; jqj → ∞ at fixed ω; jkj.2

2. Vacuum polarization diagrams

Diagram (b2) is obtained by inserting

q2

q2 − λ2
Πðq2Þ ¼ e2

ð4πÞ2 ½ð4πÞ
ϵΓð1þ ϵÞ�ðq2Þ−ϵ q2

q2 þ λ2

�
−
8

ϵ
βð2 − ϵ; 2 − ϵÞ

�
; ð48Þ

1The proton propagator used in Ref. [33] corresponds to the replacement i=ðk0 þ i0Þ → 2Mi=ðk2 þ 2Mk0 þ i0Þ in the heavy particle
propagator, cf. Fig. 2.

2In Eq. (3) of Ref. [33] a nuclear form factor is included, which would regulate this subdivergence; however this form factor is later set
to unity, as discussed beneath Eq. (4) of Ref. [33], and can therefore not remove the subdivergence.
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into the skeleton integral (32). A straightforward integration yields the result

Mb2jξ¼1 ¼ Z2e6
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3

π2
�
−

16

9ϵ2
þ 1

ϵ

�
32

3
logð2Þ − 32

27

�
þOðϵ0Þ

�
: ð49Þ

Similarly, inserting ½q02=ðq02 − λ2Þ�Πðq02Þ from Eq. (48) into the skeleton integral (32), we obtain the result

Mb1jξ¼1 ¼ Z2e6
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3

π2
�
−

16

9ϵ2
þ 1

ϵ

�
−
32

3
logð2Þ þ 32

27

�
þOðϵ0Þ

�
: ð50Þ

3. Summary of three-loop diagrams

As described in the Appendix, the remaining diagrams are obtained by similar manipulations to those described
for diagrams (a), (b), and (c): expanding on the integral basis, extracting subdivergences and writing remainders as 1=ϵ
times convolution integrals in integer dimension. Collecting results for all diagrams, including gauge dependent terms, the
results are

FIG. 3. Three-loop amputated amplitude at order Z2α3. Our momentum routing is illustrated withMw where q0 ¼ p − q. The photon
labeled with k has a nonzero k0 component whereas those labeled with three-vectors do not.
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Ma ¼ Z2e6
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3

π2
�
4

3ϵ2
−
4

ϵ
þ ð1 − ξÞ

�
−

2

ϵ2
þ 10

3ϵ

�
þOðϵ0Þ

�
;

Mb ¼ Z2e6
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3

π2
�
1

ϵ

�
−4þ 8π2

9

�
þ ð1 − ξÞ

�
2

3ϵ2
þ 2

3ϵ

�
þOðϵ0Þ

�
;

Mc ¼ Z2e6
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3

π2
�
2

3ϵ2
þ 1

ϵ

�
−2þ 8π2

9

�
þ ð1 − ξÞ

�
−

2

3ϵ2
−
2

ϵ

�
þOðϵ0Þ

�
;

Mb1 ¼ Z2e6
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3

π2
�
−

16

9ϵ2
þ 1

ϵ

�
−
32

3
logð2Þ þ 32

27

�
þOðϵ0Þ

�
;

Mb2 ¼ Z2e6
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3

π2
�
−

16

9ϵ2
þ 1

ϵ

�
32

3
logð2Þ − 32

27

�
þOðϵ0Þ

�
;

Mp1 ¼ Z2e6
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3

π2
�
−

4

3ϵ2
þ 16

3ϵ
þ ð1 − ξÞ

�
−

4

3ϵ

�
þOðϵ0Þ

�
;

Mp2 ¼ Z2e6
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3

π2
�
−

4

3ϵ2
þ 4

ϵ
þ ð1 − ξÞ

�
10

3ϵ2
þ 10

ϵ

�
þOðϵ0Þ

�
;

Mv1 ¼ Z2e6
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3

π2
�
4

3ϵ2
−
8

ϵ
þ ð1 − ξÞ

�
−

2

ϵ2
−
14

3ϵ

�
þOðϵ0Þ

�
;

Mv2 ¼ Z2e6
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3

π2
�
4

3ϵ2
−
20

3ϵ
þ ð1 − ξÞ

�
−

4

3ϵ2
−
4

ϵ

�
þOðϵ0Þ

�
;

Mw ¼ Z2e6
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3

π2
�
1

ϵ

�
8 −

8π2

9

�
þOðϵ0Þ

�
: ð51Þ

Using the above results we obtain

B3;−2 ¼ −
14π2

9
− 2π2ð1 − ξÞ; B3;−1 ¼ π2

�
8π2

9
−
22

3

�
þ 2π2ð1 − ξÞ: ð52Þ

TABLE I. Summary of known coefficients in the perturbative expansion of γO for heavy-heavy-light operators for
aUð1Þ gauge theory with ne light fermions. The coefficients atOðZnαnÞ are fixed by solutions of the Dirac equation
and vanish for odd-loop orders due to rotational invariance [30]. The one-loop result for γð1Þ0 was first computed by

Sirlin [35] and the two-loop result for γð2Þ1 by Ji and Ramsey-Musolf [36]. The three-loop result for γð3Þ2 is given by

γð3Þ2 ¼ −80ζ4 − 36ζ3 þ 64ζ2 − 37
2
þ neð− 176

3
ζ3 þ 448

9
ζ2 þ 470

9
Þ þ 140

27
n2e as computed by Chetyrkin and Grozin [37].

The four-loop result for γð4Þ3 has recently been computed by Grozin and is presented in analytic form in Eq. (3.3) of

Ref. [38]. The new results of this work are the coefficient γð1Þ2 and the identification of a symmetry relating
coefficients at a fixed loop-order with differing powers of Z. Entries marked with “?” are currently unknown, while
entries expressed in terms of other coefficients in the table are fixed by the symmetries discussed in Sec. II.

Loops

Zn 1-loop 2-loop 3-loop 4-loop

Z0
γð1Þ0 ¼ −3 γð2Þ1 ¼ −16ζ2 þ 5

2
þ 10

3
ne γð3Þ2 ¼ ðsee captionÞ γð4Þ3 ¼ ðsee captionÞ

Z1
γð0Þ0 ¼ 0 γð1Þ1 ¼ γð0Þ1 γð2Þ2 ¼ γð1Þ2 γð3Þ3 ¼ γð2Þ3 − γð0Þ3

Z2 � � � γð0Þ1 ¼ −8π2 γð1Þ2 ¼ 16π2ð6 − π2

3
Þ γð2Þ3 ¼ ?

Z3 � � � � � � γð0Þ2 ¼ 0 γð1Þ3 ¼ 2γð0Þ3

Z4 � � � � � � � � � γð0Þ3 ¼ −32π4
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V. ANOMALOUS DIMENSION

Using Eq. (27), the expansion of the anomalous dimen-
sion reads

γO ¼ −2
ᾱ

4π
Zð01Þ
1 − 4

�
ᾱ

4π

�
2

½Z2Zð20Þ
1 þ ZZð11Þ

1 þ Zð02Þ
1 �

− 6

�
ᾱ

4π

�
3

½Z2Zð21Þ
1 þ ZZð11Þ

1 þ Zð02Þ
1 � þ… ð53Þ

Using the results above, we may read off the results at one
and two-loop order,

γð1Þ0 ¼ −2Zð01Þ
1 ¼ −3;

γð0Þ1 ¼ −4Zð20Þ
1 ¼ −8π2;

γð1Þ1 ¼ −4Zð11Þ
1 ¼ −8π2: ð54Þ

In particular, γð0Þ1 and γð1Þ1 obey the relation (12).At three-loop
order we verify the consistency condition forB3;−2, Eq. (26).
For the anomalous dimension at OðZ2α3Þ we obtain

γð1Þ2 ¼ −6Zð21Þ
1 ¼ −6

�
B3;−1 −

26π2

3
− 2π2ð1 − ξÞ

�

¼ 16π2
�
6 −

π2

3

�
: ð55Þ

This is our main result, and represents new perturbative input
for the evaluation of long-distanceQED radiative corrections
to nuclear beta decay.
Using the symmetries of Sec. II, and existing results for

heavy-light currents [35–37], we obtain the anomalous
dimension of the heavy-heavy-light operators complete
through three-loop order. Moreover, fixing the leading-Z
contribution at four loops with the Dirac equation [30] and
again using the symmetries of Sec. II we also fix the Z3α4

coefficient of the anomalous dimension. Our results are
summarized in Table I, where one sees the remaining
unknown coefficient at four-loop order marked with “?”.

VI. DISCUSSION

We have computed the order Z2α3 coefficient of the
anomalous dimension for heavy-heavy-light operators
contributing to nuclear beta decay. Our result makes use
of simplified Feynman rules that are valid in the static limit
of zero nuclear recoil. We have identified new symmetries
that relate coefficients in the expansion of the anomalous

dimension. With our new result for γð1Þ2 , the first unknown
coefficient occurs atOðZ2α4Þ, i.e., at four-loop order and at
second subleading order in Z.
The combination of the symmetry introduced in Sec. II

and the leading-Z asymptotics discussed in Ref. [30]
implies powerful constraints on logarithmically enhanced
contributions to beta decay. As an illustration, we may

adopt the “intermediate-Z” power counting introduced in
Ref. [26] where Z ∼ L ∼ α−1=2 with L ¼ logðμH=μLÞ.
Using the results summarized in Table I the running of
Wilson coefficients can be computed through Oðα2Þ with
unknown coefficients entering first at OðZ2α4LÞ ¼ ðα5=2Þ
and OðZ4α5LÞ ¼ Oðα5=2Þ.
These new perturbative inputs have important numerical

impacts for the extraction of jVudj from superallowed beta
decays [11]. They allow the systematic resummation of
logarithms arising from RG evolution from short-distance
scales set by nuclear structure, down to long-distance scales
set by the reaction’sQ-value and the electron mass. Given a
short-distance matching calculation of CðμHÞ, and the RG
evolution determined by Eq. (2) (and discussed in more
detail in Ref. [26]), the remaining operator matrix element
can be evaluated perturbatively using Eq. (1). Evaluation of
this matrix element will be presented in future work.
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APPENDIX A: BACKGROUND FIELD
FEYNMAN RULES

Consider the Lagrangian for heavy particles of charge
QA ¼ Z þ 1 and QB ¼ Z, interacting by an operator of the
form (3),

L¼ h̄ðAÞv ðiv · ∂þ eQAv ·AÞhðAÞv

þ h̄ðBÞv ðiv · ∂þ eQBv ·AÞhðBÞv þ Ch̄ðBÞv ΓhðAÞv ν̄Γ0e; ðA1Þ
where C ∼ GF is a constant and vμ ¼ ð1; 0; 0; 0Þ. Consider
the field redefinition,

hðAÞv ¼ SðAÞv hðA0Þv ; hðBÞv ¼ SðBÞv hðB0Þv ; ðA2Þ
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where SðAÞv and SðBÞv are Hermitian timelike Wilson lines,

SðAÞv ¼ exp

�
iZe

Z
0

−∞
ds v · Aðxþ svÞ

�
;

SðBÞv ¼ exp

�
−iZe

Z
∞

0

ds v · Aðxþ svÞ
�
: ðA3Þ

The choices of integration limits correspond to initial state
A particles and final state B particles,

ðA4Þ

The Lagrangian becomes

L ¼ h̄ðA0Þv ðiv · ∂þ ev · AÞhðA0Þv þ h̄ðB0Þv iv · ∂hðB0Þv

þ CSðBÞ†v SðAÞv h̄ðB0Þv ΓhðA0Þv ν̄Γ0e; ðA5Þ
where the combination of Wilson lines is

SðBÞ†v SðAÞv ¼ exp
�
iZe

Z
∞

−∞
ds v · Aðxþ svÞ

�

¼ exp½2πiZeδðiv · ∂Þv · A�: ðA6Þ

This Lagrangian leads to the Feynman rules in Fig. 1.
We have omitted diagrams in Fig. 3 involving photons

connecting the background field and the charge þ1 proton.
These diagrams correspond to a residual mass for the heavy
proton field and do not affect the computation of the
anomalous dimension. Explicitly, the contribution of these
diagrams to the heavy proton self-energy is

ðA7Þ

where with photon mass regulator,

δm ¼ Ze2λ1−2ϵΓð− 1
2
þ ϵÞ

ð4πÞ32−ϵ þ… → −ðZαÞλþ…: ðA8Þ

Contributions involving δm can be removed by the field

redefinition hðA0Þv ðxÞ → exp½iδmv · x�hðA0Þv ðxÞ in Eq. (A5).
The additional diagrams involving δm could be evaluated
explicitly, yielding finite contributions to amputated ampli-
tudes. In this case, an additional regulator (e.g., residual
momentum) should be used to regulate infrared divergen-
ces in diagrams involving multiple heavy proton propa-
gators. It can be seen explicitly using a momentum regions
analysis that this additional regulator is unnecessary for the
diagrams in Fig. 3.

APPENDIX B: ELEMENTARY INTEGRALS

We collect here results for Euclidean integrals that are
used in the amplitude evaluation. When dimension is not
specified, the integration measures refers to dimension D:
ðdkÞ ¼ ðdDkÞ ¼ dDk=ð2πÞD, ðdωÞ ¼ dω=ð2πÞ. First, let us
define the elementary integral,

Jða; bÞ ¼
Z

ðdωÞðω2Þa2ð1þ ω2Þb

¼ 1

2π
β

�
aþ 1

2
;−b −

aþ 1

2

�
; ðB1Þ

where βðx; yÞ ¼ ΓðxÞΓðyÞ=Γðxþ yÞ. Next, we tabulate
some simple one-loop integrals,

Aða;mÞ ¼
Z

ðdpÞ 1

ðp2 þm2Þa ¼
ðm2ÞD2−a
ð4πÞD2

Γða − D
2
Þ

ΓðaÞ ; ðB2Þ

Lða; b;mÞ ¼
Z

ðdpÞ 1

ðp2Þa
1

ðp2 þm2Þb ¼
ðm2ÞD2−a−b
ð4πÞD2

Γðaþ b − D
2
Þ

ΓðaÞΓðbÞ β

�
a;
D
2
− a

�
; ðB3Þ

Mða; b;mÞ ¼
Z

ðdkÞðdωÞ 1

ðω2 þ k2Þa
1

ðω2 þ k2 þm2Þb ¼
ðm2Þd2−a−b
ð4πÞd2

Γðaþ b − d
2
Þ

ΓðaÞΓðbÞ β

�
a;
d
2
− a

�
; ðB4Þ

Yða; b; q2Þ ¼
Z

ðdpÞ 1

ðp2Þa
1

½ðp − qÞ2�b ¼ ðq2ÞD2−a−b Γðaþ bÞ
ΓðaÞΓðbÞAðaþ b; 1Þβ

�
D
2
− b;

D
2
− a

�
: ðB5Þ
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Another useful one-loop integral is

ZðcÞða; b; p2Þ ¼
Z

ðdωÞðdkÞðω2Þc2 1

ðω2 þ k2Þa
1

ðω2 þ ðkþ pÞ2Þb

¼ ðp2Þcþ1þD
2

−a−b Γðaþ bÞ
ΓðaÞΓðbÞAðaþ b; 1ÞJ

�
c;
D
2
− a − b

�
β

�
cþ 1þD

2
− b;

cþ 1þD
2

− a

�
: ðB6Þ

Finally, some simple two-loop results often arise as subintegrals. These are given by

Bða1; a2; a3; mÞ ¼
Z

ðdpÞðdqÞ 1

ðq2Þa1
1

½ðp − qÞ2 þm2�a2
1

ðp2Þa3

¼ ðm2ÞD2−a1−a2−a3
ð4πÞD

Γða1 þ a2 þ a3 −DÞ
Γða1ÞΓða2ÞΓða3Þ

βðD
2
− a3;

D
2
− a1ÞβðD − a1 − a3; a1 þ a3 − D

2
Þ

Γða1 þ a3 − D
2
Þ ; ðB7Þ

KðbÞða1; a2; a3; mÞ ¼
Z

ðdωÞðdkÞðdpÞðω2Þb2 1

ðω2 þ k2 þm2Þa1
1

ðp2Þa2
1

ðω2 þ ðkþ pÞ2Þa3

¼ ðm2ÞD−a1−a2−a3þ1þb
2

ð4πÞD
Γða1 þ a3 − D

2
Þ

Γða1ÞΓða3Þ
Jðb;D − a1 − a2 − a3ÞL

�
a2; a1 þ a3 −

D
2
; 1

�
: ðB8Þ

APPENDIX C: FOURIER TRANSFORMS

The follow Fourier transforms are evaluated in D ¼ 3:

fnðM; rÞ ¼
Z

ðdpÞeip·r 1

ðp2 þm2Þn ; ðC1Þ

with the results (using r ¼ jrj)

f1ðM; rÞ ¼ 1

4π

e−mr

r
; ðC2Þ

f2ðm; rÞ ¼ −1
2m

∂

∂m
f1ðm; rÞ ¼ 1

4π

e−mr

2m
; ðC3Þ

f3ðm; rÞ ¼ −1
4m

∂

∂m
f2ðm; rÞ ¼ 1

4π

ð1þmrÞe−mr

8m3
: ðC4Þ

The following convolution integrals are evaluated in D ¼ 3 with p ¼ jpj:

gðm1; m2; pÞ ¼
Z

ðdqÞ 1

m2
1 þ q2

1

m2
2 þ ðqþ pÞ2 ¼

1

4πp
arctan

�
p

m1 þm2

�
; ðC5Þ

hðm1; m2; pÞ ¼
Z

ðdqÞ 1

ðm2
1 þ q2Þ2

1

m2
2 þ ðqþ pÞ2 ¼

−1
2m1

∂

∂m1

gðm1; m2; pÞ ¼
1

4π

1

2m1

1

p2 þ ðm1 þm2Þ2
: ðC6Þ

The following is also useful:

jðn1;n2Þðm1; m2; kÞ ¼
Z

ðdpÞ p
ðp2 þm2

1Þn1
1

½m2
2 þ ðpþ kÞ2�n2 ¼ k̂jðn1;n2Þðm1; m2; kÞ: ðC7Þ

We have

jð1;1Þðm1; m2; kÞ ¼
−1

ð4πÞ2
�
m1A

�
k; 2;

m1 þm2

k

�
þA

�
k; 3;

m1 þm2

k

��
; ðC8Þ

with

Aðk; n; ρÞ ¼ kn−3ð4πÞ
Z

∞

0

dr r−nþ1

�
cos r −

sin r
r

�
e−ρr; ðC9Þ
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and then also

jð2;1Þðm1; m2; kÞ ¼
−1
2m1

∂

∂m1

jð1;1Þðm1; m2; kÞ;

jð1;2Þðm1; m2; kÞ ¼
−1
2m2

∂

∂m2

jð1;1Þðm1; m2; kÞ: ðC10Þ

APPENDIX D: AMPLITUDES AND NUMERATOR
ALGEBRA

In this section we describe how to arrive at the integral
basis discussed in Eq. (37) from the Feynman rules and by
use of the projector 1

4
Tr½…� to simplify numerator algebra.

We work in Feynman gauge, however general covariant
gauge expressions are easily obtained by similar manipu-
lations. For the diagrams in Fig. 3, we label the momentum
flowing through the outermost Coulomb photon by q, the
momentum flowing through the innermost Coulomb pho-
ton by p − q and the momentum flowing through the
“dynamical” photon (i.e., that with nonzero energy trans-
fer) by kμ ¼ ðk0;kÞ. Let us introduce the denominators,

D1 ¼ ω2 þ ðpþ kÞ2; ðD1Þ
D2 ¼ p2; ðD2Þ

D3 ¼ ðp − qÞ2 þ λ2; ðD3Þ

D4 ¼ ω2 þ ðqþ kÞ2; ðD4Þ

D5 ¼ q2; ðD5Þ

D6 ¼ ω2 þ k2; ðD6Þ

D7 ¼ q2 þ λ2; ðD7Þ

D8 ¼ ω2 þ k2 þ λ2: ðD8Þ

For the numerator algebra it is convenient to introduce
four-vectors qμ ¼ ð0;qÞ such that =q ¼ qμγμ ¼ −γ · q.
Similarly, pμ ¼ ð0;pÞ.
Let us now use the Feynman rules in Figs. 1 and 2 to

determine the relevant integrals that must be computed.
Consider, e.g.,Mw from Fig. 3. Direct evaluation using the
Feynman rules and Wick rotation k0 → iω gives

Mw ¼ −Z2e6
Z

ðdpÞðdqÞðdkÞðdωÞ =p
D2

γμ
=pþ k̃
D1

γ0
=qþ k̃
D4

× γ0
k̃
D6

γμ
1

D3

1

D7

1

D8

; ðD9Þ

where we define k̃ ¼ iωγ0 − γ · k. Acting with 1
4
Tr½…�

we find,

Mw ¼ Z2e6
Z

ðdq0ÞðdqÞðdkÞðdωÞ ð1 − ϵÞ½D1ðD5 −D4Þ þD6ðD7 −D3 þD4 −D5Þ þ 4ω2ðD1 −D6Þ�
D1D2D3D4D6D7D8

: ðD10Þ

Using partial fraction identities this can be re-expressed in terms of the integral basis presented in the main text.
Similarly for diagrams (a), (b), (c), ðp1Þ and ðp2Þ, direct evaluation using the Feynman rules, Wick rotating, acting with

1
4
Tr½…� and performing numerator algebra gives

Ma ¼ Z2e6
Z

ðdpÞðdqÞðdkÞðdωÞ 1

iω
=pþ k̃
D4

γ0
=p
D2

γ0
=q
D5

γ0
1

D3

1

D7

1

D8

¼ Z2e6
Z

ðdq0ÞðdqÞðdkÞðdωÞ 1
2

ðD2 −D3 þD7Þ
D2D3D4D5D7D8

; ðD11Þ

Mb ¼ Z2e6
Z

ðdpÞðdqÞðdkÞðdωÞ 1

iω
=pþ k̃
D1

γ0
=qþ k̃
D4

γ0
=q
D5

γ0
1

D3

1

D7

1

D8

¼ Z2e6
Z

ðdq0ÞðdqÞðdkÞðdωÞ 1
2

ðD2 −D3 þ 2D4 − 2D6 þD7Þ
D1D3D4D5D7D8

; ðD12Þ

Mc ¼ Z2e6
Z

ðdpÞðdqÞðdkÞðdωÞ 1

iω
=pþ k̃
D1

γ0
=qþ k̃
D4

γ0
k̃
D6

γ0
1

D3

1

D7

1

D8

¼ Z2e6
Z

ðdq0ÞðdqÞðdkÞðdωÞ 1
2

ð2D1 −D2 −D3 þ 2D4 − 2D5 þ 2D6 þD7 − 8ω2Þ
D1D3D4D6D7D8

; ðD13Þ
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Mp1 ¼ ð−1ÞZ2e6
Z

ðdpÞðdqÞðdkÞðdωÞ =p
D2

γ0
=q
D5

γμ
=qþ k̃
D4

γμ
=q
D5

γ0
1

D3

1

D7

1

D8

¼ Z2e6
Z

ðdq0ÞðdqÞðdkÞðdωÞ ð1 − ϵÞ½D1ðD3 −D2 −D7Þ þD2ðD4 −D5Þ þD6ðD7 −D3Þ�
D1D2

2D3D5D7D8

; ðD14Þ

Mp2 ¼ ð−1ÞZ2e6
Z

ðdpÞðdqÞðdkÞðdωÞ =p
D2

γμ
=pþ k̃
D1

γμ
=p
D2

γ0
=q
D5

γ0
1

D3

1

D7

1

D8

¼ Z2e6
Z

ðdq0ÞðdqÞðdkÞðdωÞ ð1 − ϵÞ½D1D5 −D2ðD4 þD5 −D6Þ −D3ðD6 −D4Þ −D4D7 −D5D6 þD6D7�
D2D3D4D2

5D7D8

:

ðD15Þ
The vertex correction diagrams ðv1Þ and ðv2Þ involve substantially more complicated numerator algebra. Following the
same steps as above we have

Mv1 ¼ Z2e6
Z

ðdpÞðdqÞðdkÞðdωÞ Nv1
0 þ ϵNv1

1

D1D2D3D4D5D7D8

; ðD16Þ

Mv2 ¼ Z2e6
Z

ðdpÞðdqÞðdkÞðdωÞ Nv2
0 þ ϵNv2

1

D2D3D4D5D6D7D8

: ðD17Þ

with

Nv1
0 ¼ −D1ð−D2 þD3 þD5 −D7Þ −D2ðD3 þD5 −D7 þ 2ω2Þ þD2

3 −D3D4 þD3D5 þD3D6

− 2D3D7 þ 2D3ω
2 þD4D7 þD5D6 −D5D7 −D6D7 þD2

7 − 2D7ω
2; ðD18Þ

Nv1
1 ¼ −D1D5 −D2ðD4 − 2ω2Þ þD3D6 − 2D3ω

2 þD5D6 −D6D7 þ 2D7ω
2; ðD19Þ

Nv2
0 ¼ −D1D5 þD2D4 − 2D2ω

2 −D3D4 þD3D5 þ 2D3ω
2 þD4D7 þD5D6 −D5D7 − 2D7ω

2; ðD20Þ

Nv2
1 ¼ −D1D5 þ 2ω2ðD2 −D3 þD7Þ þD2D5 −D2D6 þD3D6 þD5D6 −D6D7: ðD21Þ

The evaluation ofMb1 andMb2 is discussed explicitly in Sec. IV C 2. Having obtained explicit integral representations of
the amplitudes, Appendix E maps to the integral basis of Eq. (37) and describes the evaluation of the integrals.

APPENDIX E: AMPLITUDE EXPANSION

Let us consider the amplitudes corresponding to the diagrams in Fig. 3, in terms of the basis of integrals (37). Gauge
dependence affects only the photon propagator that is not connected to the background field, and the general amplitude has
the structure

M ¼ Mjξ¼1 þ ð1 − ξÞΔM: ðE1Þ

Subamplitudes Ma;b;cjξ¼1 have been given above and corresponding gauge-dependent pieces are

ΔMa ¼ Z2e6
�
1

2
½−1−2− þ 1−3− − 1−5− þ ð2−Þ2 − 2−3− þ 2−4− − 2−6−�I111011 þ δΔIa

�
;

ΔMb ¼ Z2e6
�
−2Ið2Þ101101 þ

1

2
½1−5− − 2−4− þ 3−4− − 3−5− − ð4−Þ2 þ 4−5− þ 4−6−�I101111 þ δΔIb

�
;

ΔMc ¼ Z2e6
�
2Ið2Þ101101 þ

1

2
½−1−6− þ 3−6− − 4−6−�I101102 þ δΔIc

�
: ðE2Þ

The quantities δΔIa;b;c refer to the replacement (42) and can be evaluated by isolating subdivergences, yielding
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δΔIa ¼
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3
�
8π2

ϵ

�
; δΔIb ¼ δΔIc ¼ 0: ðE3Þ

AmplitudesMb1jξ¼1 andM
b2jξ¼1 have been evaluated in Eqs. (48) and (49), and ΔMb1 ¼ ΔMb2 ¼ 0. For the remaining

subamplitudes, we have, at ξ ¼ 1,

Mp1jξ¼1 ¼ Z2e6fð1 − ϵÞ½1−2− − 1−3− þ 1−5− − 2−4− þ 2−5− þ 3−6− − 5−6−�I121010 þ δIp1g;
Mp2jξ¼1 ¼ Z2e6fð1 − ϵÞ½−1−5− þ 2−4− þ 2−5− − 2−6− − 3−4− þ 3−6− þ 4−5−�I011120 þ δIp2g;
Mv1jξ¼1 ¼ Z2e6f2ð1 − ϵÞ½Ið2Þ101110 − Ið2Þ110110 þ Ið2Þ111100� þ ½ϵð1−5− þ 2−4−Þ − ð1þ ϵÞ3−6−

− 1−2− þ 1−3− þ 2−3− − ð3−Þ2 þ 3−4− þ 3−5− − 4−5−�I111110 þ δIv1g;
Mv2jξ¼1 ¼ Z2e6f2ð1 − ϵÞ½Ið2Þ001111 − Ið2Þ010111 þ Ið2Þ011101� þ ½ϵð−2−5− þ 2−6− − 3−6−Þ þ ð1þ ϵÞ1−5−

− 2−4− þ 3−4− − 3−5− − 4−5− þ ð5−Þ2 − 5−6−�I011111 þ δIv2g;
Mwjξ¼1 ¼ Z2e6f4ð1 − ϵÞ½−Ið2Þ011101 þ Ið2Þ111100� þ ð1 − ϵÞ½1−4− − 1−5− þ 3−6− − 4−6−�I111101 þ δIwg; ðE4Þ

with

δIp1 þ δIp2 þ δIv1 þ δIv2 ¼ 0; δIw ¼ 0: ðE5Þ
For the remaining gauge-dependent terms,

ΔMp1 ¼ Z2e6
��

1−2−3− − 1−ð2−Þ2 þ 1

2
ð−1−2−5− − 1−2−4− þ 1−3−6− − 1−5−6−

þ ð2−Þ3 − ð2−Þ26− − ð1−Þ23− þ ð1−Þ25− þ ð1−Þ22− − ð2−Þ23− þ ð2−Þ24−Þ
�
I121011 þ δΔIp1

�
;

ΔMp2 ¼ Z2e6
��

3−4−5− − 4−ð5−Þ2 þ 1

2
ð−2−4−6− þ 3−4−6− − 1−4−5− − 2−4−5−

þ ð5−Þ3 − 3−ð4−Þ2 þ ð4−Þ25− þ 2−ð4−Þ2 − 3−ð5−Þ2 − 6−ð5−Þ2 þ 1−ð5−Þ2Þ
�
I011121 þ δΔIp2

�
;

ΔMv1 ¼ Z2e6
�
−2Ið2Þ101101 þ

1

2
½1−2−5− þ 1−2−4− þ 1−5−6− þ 2−4−6− þ 1−4−5− þ 2−4−5− − 1−3−4−

þ 2−3−4− þ 1−3−5− − 2−3−5− − 2−ð4−Þ2 − 1−ð5−Þ2 − ð1−Þ25− − ð2−Þ24−�I111111 þ δΔIv1
�
;

ΔMv2 ¼ Z2e6
�
1

2
½−1−5−6− þ 2−4−6− − 3−4−6− þ 3−5−6− þ 4−5−6− − 6−ð5−Þ2 þ 5−ð6−Þ2�I011112 þ δΔIv2

�
;

ΔMw ¼ Z2e6
�
2Ið2Þ101101 þ

1

2
½ð1−Þ26− − 1−2−6− − 1−3−6− þ 1−5−6− − 1−ð6−Þ2 þ 2−3−6− − 2−4−6−�I111102 þ δΔIw

�
;

ðE6Þ

with

δΔIp1 þ δΔIp2 þ δΔIv1 þ δΔIv2 ¼ 0; δΔIw ¼ 0: ðE7Þ

The necessary integrals IðbÞa1a2a3a4a5a6 can be evaluated as follows. For cases involving a single difference of the momenta k,
p and q in Eq. (37), the integrals factorize and can be evaluated using the elementary integrals in Appendix B. For example,
the first term in Eq. (41) for MðaÞ is

I110010 ¼
�Z

ðdωÞðdkÞðdpÞ 1

ω2 þ ðkþ pÞ2
1

p2
1

ω2 þ k2 þ λ2

��Z
ðdqÞ 1

q2ðq2 þ λ2Þ
�
¼ Lð1; 1; λÞKð1; 1; 1; λÞ ∼ 0: ðE8Þ
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Integrals involving two momentum differences can be evaluated by first observing that for these single-scale integrals,

λ
d
dλ

IðbÞa1a2a3a4a5a6 ¼ ½3ðD − 1Þ þ b − 2ða1 þ a2 þ a3 þ a4 þ a5 þ a6Þ�IðbÞa1a2a3a4a5a6 : ðE9Þ

After isolating and subtracting any divergent subintegrals, the remaining integral has 1=ϵ divergence given by convolution
integrals in D ¼ 3. For example, the second term in Eq. (41) for MðaÞ is

I101010 ¼
1

3ϵ

�
−
1

2
λ
d
dλ

�
I101010

¼ 1

3ϵ

Z
ðdωÞðdkÞðdpÞðdqÞ

�
1

ω2 þ ðkþ pÞ2
1

ðp − qÞ2
1

q2ðq2 þ λ2Þ
λ2

ðω2 þ k2 þ λ2Þ2

þ 1

ω2 þ ðkþ pÞ2
�

1

ðp − qÞ2 −
1

p2

�
λ2

q2ðq2 þ λ2Þ2
1

ω2 þ k2 þ λ2

�

þ 1

3ϵ

Z
ðdωÞðdkÞðdpÞðdqÞ 1

ω2 þ ðkþ pÞ2
1

p2
λ2

q2ðq2 þ λ2Þ2
1

ω2 þ k2 þ λ2

∼
1

3ϵ

Z
dω
2π

Z
d3r

�
λ2f2ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ λ2

p
; rÞf1ðω; rÞf1ð0; rÞ

1

λ2
½f1ð0; rÞ − f1ðλ; rÞ�

þ f1ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ λ2

p
; rÞf1ðω; rÞf1ð0; rÞ

�
1

λ2
½f1ð0; rÞ − f1ðλ; rÞ� − f2ðλ; rÞ

− lim
r→0

�
1

λ2
½f1ð0; rÞ − f1ðλ; rÞ� − f2ðλ; rÞ

���
þ 1

3ε
λ2Lð1; 2; λÞKð1; 1; 1; λÞ

∼
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3
�
−
8π2

3ϵ

�
: ðE10Þ

Similarly, the third term in Eq. (41) for MðaÞ is

I111000 ¼
1

3ϵ
λ2Bð1; 2; 1; λÞMð1; 1; λÞ þ 1

3ϵ

Z
ðdωÞðdpÞ 1

p2

�Z
ðdkÞ λ2

ðω2 þ k2 þ λ2Þ2
1

ω2 þ ðkþ pÞ2
�

×

�Z
ðdqÞ 1

q2 þ λ2
1

ðp − qÞ2
�
þ 1

3ϵ

Z
ðdωÞðdpÞ 1

p2

�Z
ðdkÞ 1

ω2 þ k2 þ λ2
1

ω2 þ ðkþ pÞ2

− lim
p→0

Z
ðdkÞ 1

ω2 þ k2 þ λ2
1

ω2 þ ðkþ pÞ2
� �Z

ðdqÞ λ2

ðq2 þ λ2Þ2
1

ðp − qÞ2
�

¼ 1

3ϵ
λ2Bð1; 2; 1; λÞMð1; 1; λÞ þ

Z
ðdωÞðdpÞ 1

p2

n
λ2hð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ λ2

p
;ω; pÞgðλ; 0; pÞ

þ ½gð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ λ2

p
;ω; pÞ − gð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ λ2

p
;ω; 0Þ�λ2hðλ; 0; pÞ

o

∼
�ð4πÞϵΓð1þ ϵÞ

ð4πÞ2
�
3
�
8π2

3ϵ2
þ 32π2

3ϵ

�
: ðE11Þ

Using Eq. (41), together with the explicit expressions (44), (E8), (E10), and (E11), yields MðaÞjξ¼1 in Eq. (51).

The remaining amplitudes are evaluated similarly. Some basis integrals involve all three momentum differences (i.e.,
a1 ≠ 0, a3 ≠ 0, a4 ≠ 0), but can be written as integrals involving only two momentum differences by change of variable,
and then evaluated by the above procedure. For example, from MðbÞ, with k ¼ k0 þ q0, p ¼ p0 − q0, q ¼ −q0,

I101100 ¼
Z

ðdωÞðdk0Þðdp0Þðdq0Þ 1

ω2 þ k02
1

p02
1

ω2 þ ðk0 þ p0Þ2
1

q02 þ λ2
1

ω2 þ ðk0 þ q0Þ2 þ λ2

∼
1

3ϵ

Z
ðdωÞðdk0Þ 1

ω2 þ k02
gð0;ω; k0Þ½λ2hðλ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ λ2

p
; k0Þ þ λ2hð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ λ2

p
; λ; k0Þ�: ðE12Þ
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Some integrals involve all three momentum differences (i.e., a1 ≠ 0, a3 ≠ 0, a4 ≠ 0), but one of these appears in a
numerator. For example, (after change of variable)

I1−11110 ¼
Z

ðdωÞðdk0Þ 1

ω2 þ k02

�Z
ðdp0Þ 1

p02
1

ω2 þ ðk0 þ p0Þ2
��Z

ðdq0Þ 1

q02ðq02 þ λ2Þ
1

ω2 þ ðk0 þ q0Þ2 þ λ2

�
ðp0 − q0Þ2

∼ I100110 þ I101100 − 2

Z
ðdωÞðdk0Þ 1

ω2 þ k02
jð1;1Þð0;ω; k0Þ 1

λ2
½jð1;1Þð0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ λ2

p
; k0Þ − jð1;1Þðλ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ λ2

p
; k0Þ�:

ðE13Þ

An exception is Ið2Þ111100. This integral can be evaluated by noting either of the integration by parts (IBP) identities,

D − ða1 þ a2 þ 2a3Þ ¼ a11þð3− − 4−Þ þ a22þð3− − 5−Þ;
D − ða1 þ 2a2 þ a3Þ ¼ a11þð2− − 6−Þ þ a33þð2− − 5−Þ; ðE14Þ

which result by using that in dimensional regularization

0 ¼
Z

ðdωÞðdkÞðdpÞðdqÞ ∂

∂pi ðpi − qiÞIðω; k; p; qÞ;

0 ¼
Z

ðdωÞðdkÞðdpÞðdqÞ ∂

∂pi p
iIðω; k; p; qÞ; ðE15Þ

for functions I given by the integrands in Eq. (37). Using these relations, we have

Ið2Þ111100 ¼
1

D − 4

h
Ið2Þ210100 − Ið2Þ211000 þ Ið2Þ120100 − Ið2Þ1211−10

i
;

Ið2Þ111100 ¼
1

D − 4

h
Ið2Þ201100 − Ið2Þ21110−1 þ Ið2Þ102100 − Ið2Þ1121−10

i
: ðE16Þ

The basis integrals on the right hand side of Eq. (E16) contain at most two differences of momenta, or a negative subscript
a5 ¼ −1 or a6 ¼ −1. The former integrals are evaluated as above. The latter integrals simplify after partial fractioning. For

example, using the second IBP identity for Ið2Þ111100 in Eq. (E16), we require

Ið2Þ21110−1 ∼ Zð2Þð1; 2; 1ÞBð3 − d=2; 1; 1; λÞ; ðE17Þ
and

Ið2Þ1121−10 ∼ −λ2Bð1; 1; 2; λÞ 1
d
Mð1; 1; λÞ þ

Z
ðdωÞðdk0Þðdp0Þðdq0Þ ω2

ω2 þ k02
1

p02
1

½ðp0 − q0Þ2�2
�

1

ω2 þ ðk0 þ q0Þ2 −
1

ω2 þ k02

�

×
1

ω2 þ ðk0 þ p0Þ2 þ λ2

∼ −λ2Bð1; 1; 2; λÞ 1
d
Mð1; 1; λÞ þ 1

3ϵ

Z
ðdωÞðdkÞ ω2

ω2 þ k2
hð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 þ λ2

p
; 0; kÞlim

δ→0

�
hðδ;ω; kÞ − 1

ω2 þ k2
f2ðδ; 0Þ

�
:

ðE18Þ
The integration by parts identities (E16) also provide an alternative evaluation of other integrals; for example, I1−11110 in
Eq. (E13) can be evaluated using the first identity in Eq. (E16).
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