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Irreversible vierbein postulate: Emergence of spacetime from quantum
phase transition
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We formulate a model for quantum gravity based on the local Lorentz symmetry and general-coordinate
invariance. A key idea is the irreversible vierbein postulate that a tree-level action for the model at a certain
energy scale does not contain an inverse vierbein. Under this postulate, only the spinor becomes a
dynamical field, and no gravitational background field is introduced in the tree-level action. In this paper,
after explaining the transformation rules of the local Lorentz and general-coordinate transformations in
detail, a tree-level action is defined. We show that fermionic fluctuations can induce a nonvanishing

gravitational background field.
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I. INTRODUCTION

Quantum gravity—how to consistently quantize inter-
acting spacetime fluctuations—is one of the most profound
mysteries that has defied human challenges over the past
century. On the other hand, it has been established
experimentally that there indeed exist spacetime fluctua-
tions that propagate over cosmic distances with the speed
of light, namely, the gravitational waves, consistently
described by Finstein’s general relativity; see, e.g.,
Refs. [1,2] for classic examples. Given the tremendous
success of the Standard Model (SM) of particle physics
based on quantum field theory (see, e.g., Ref. [3] for a
review), it is natural to expect that the gravitational field
governing the observed spacetime fluctuation must be
quantized too. Whether it is really quantized or not will
be experimentally explored within the forthcoming decades
as a form of quantized free spacetime fluctuations, grav-
itons, on a curved classical background during inflation in
observations of the B-mode polarization of the cosmic
microwave background [4—6] and further in direct obser-
vation of the cosmic gravitational-wave background [7];
see also Ref. [8].
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Recent advances in cooling, control, and measurement of
mechanical systems in the quantum regime, particularly
using matter-wave and optomechanical systems, have set
the stage for potential first observations of quantum gravi-
tational effects, as predicted by various low-energy quan-
tum-gravity models, though with certain challenges [9].
Concurrently, recent table-top experiments in quantum-
gravity phenomenology reassess classical descriptions
by focusing on gravitational effects from delocalized
quantum sources, aiming to uncover interactions beyond
the Newtonian potential and deepen our understanding of
gravity’s quantum nature [10].

It is well known, however, that the quantization of the
metric based on Einstein’s general relativity is perturba-
tively nonrenormalizable, requiring an infinite number of
counterterms and thus spoiling its predictability at the
quantum level due to the infinite number of free parameters;
see, e.g., Refs. [11-13], and also Ref. [14] for a review.
Furthermore, the truncation of the gravitational action up to
the dimension-two Einstein-Hilbert term with the Ricci
curvature scalar ‘R yields a conformal mode that has a
wrong-sign kinetic term, which makes Euclidean quantum
gravity ill-defined for both directions of Wick rotations
such that either the wrong-sign mode or the other fields
become exponentially growing along the imaginary time
direction; see, e.g., Refs. [15,16] and Appendix A in
Ref. [17] for a simple review.

It is known that a higher-derivative gravity involving the
R? and R3, terms, in addition to the Einstein-Hilbert term,
is perturbatively renormalizable. However, this leads to a
loss of unitarity in the theory [18], though this issue of
nonunitarity is under an attempt to be circumvented by
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recent works in Refs. [19,20] and references therein; see
also Refs. [21,22] for further discussions.

If we allow the theory to discard the Lorentz symmetry, it
could be perturbatively renormalizable [23], though the
speed of light depends on particle species, and hence we
need additional fine-tunings; see also Refs. [24-27]. In any
case, it appears that the realization of a renormalizable
theory of gravity in perturbation theory is difficult if we
retain all the essential symmetries and properties, in
particular, both the Lorentz symmetry and unitarity.

The above perturbative nonrenormalizability argument is
based on quantum theory around a free theory. In the
Wilsonian viewpoint, the perturbative gravity is constructed
around the Gaussian (trivial) fixed point. On the other hand,
the notion of renormalizability in quantum field theory is
generalized to the nonperturbative realm. This scenario is
known as asymptotically safe gravity [28-30]; see also
Refs. [14,31-43] for reviews. There is accumulating
evidence that there exists a nontrivial (interacting) ultra-
violet (UV) fixed point in gravitational systems by means
of the functional renormalization group method. Quantum
gravity is perturbatively nonrenormalizable but might be
nonperturbatively renormalizable. This situation is similar
to the O(N) nonlinear sigma model. (This will be discussed
in Sec. II.)

The statements mentioned above are based on an
assumption that the metric field (spin-2 symmetric tensor
field) is the fundamental degree of freedom. The view that
Einstein’s general relativity is a local Lorentz (LL) gauge
theory [44] is found almost at the same time as the (non-
Abelian) gauge theory itself [45] and has been developed in
Refs. [46,47]. To write down the LL symmetry, it is
essential to rewrite the metric degrees of freedom by the
vierbein (tetrad) ones. The vierbein is also indispensable to
writing down a spinor field on a curved space, namely, the
matter field in our Universe.! In this sense, the vierbein
degrees of freedom are more fundamental than the metric
ones. In this paper, we postulate that the dynamical degrees
of freedom that describe spacetime fluctuation are the
vierbein and the LL-gauge field.” The simplest gravita-
tional model with the vierbein and the LL-gauge fields is
the Einstein-Cartan gravity; see, e.g., Ref. [51] for a review

'One may consider replacing the vierbein degrees of freedom
by promoting the gamma matrices y,(x) = e?,(x)y, as dynami-
cal variables [48,49]. The fluctuation of y,, (x) can be decomposed
into that of metric and SL(4, C) transformation. If this SL(4,C)
transformation is not anomalous, the corresponding degrees of
freedom become redundant, unless there is a higher-dimensional
operator that includes derivatives of y, (x) in the action. We do not
delve into this issue in this paper, and choose to take the vierbein
as the fundamental degrees of freedom.

It is worth noting that supergravity also uses the vierbein and
the LL-gauge field as the fundamental (bosonic) degrees of
freedom; contrary to the simplest model presented here, super-
gravity induces torsion in general due to the presence of a
(fermionic) gravitino; see, e.g., Ref. [50] for a review.

on classical Einstein-Cartan gravity and Refs. [52,53] for
its quantization.

In this paper, we consider a model for gravity and matter
based on the LL-gauge symmetry as well as the invariance
under the general-coordinate (GC) transformation [some-
times interchangeably called diffeomorphism (diff)] at a
certain energy scale Ag [54]. In particular, we postulate that
its tree-level action admits the degenerate limit of the
vierbein [55,56]. This forbids inverse vierbeins in the
action, and therefore we call it the “irreversible vierbein
postulate.”

Under the irreversible vierbein postulate, only spinor
fields can have kinetic terms, while the other fields become
dynamical due to the quantum effects of spinor fields below
Ag. The main purpose of this work is to demonstrate
possible generation of a spacetime background, i.e., the
emergence of a nonvanishing background vierbein field,
due to quantum fluctuations of the spinor field. This idea
might also be viewed along the direction of pregeometry;
see, e.g., Refs. [54,57-68].

This paper is organized as follows: We start with a brief
overview of degrees of freedom and symmetries in gravi-
tational theories in Sec. II. In Sec. III, we introduce our
notation and explain transformation laws under the LL and
GC transformations in detail. In particular, together with
Appendixes A and B, we intend to highlight differences
between earlier works and ours. Then, we implement the
degenerate limit on the action in Sec. IV, where we refer to
Appendixes C and D for detailed calculations. After briefly
explaining transformation laws for the background fields in
Sec. V, we demonstrate a generation of a nonvanishing flat
background field of vierbein due to quantum effects of
fermionic degrees of freedom in Sec. VL. In Sec. VII, we
summarize this work and discuss future prospects.

II. DEGREES OF FREEDOM
OF GRAVITATIONAL FIELDS

In this section, we first review the ordinary minimal
Einstein gravity in the metric formalism and then in the
vielbein formalism.

A. Minimal Einstein gravity in metric formalism

It is known that the Einstein-Hilbert action as the metric
formalism

= [ @xvmal-acr BRG] )

well describes the classical gravitational interactions in
D = 4. Here, M3 = 1/(87Gy) is the Planck mass squared
or inverse Newtonian coupling constant and A, is the
cosmological constant. The Ricci scalar curvature R(g) is
given by the metric field g, and its inverse ¢**. The metric
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field is a symmetric tensor, so it classically has D(D + 1)/2
degrees of freedom in D-dimensional spacetimes.

It is known that the quantum theory based on the
action (1) is nonrenormalizable in terms of the perturba-
tive expansion of Gy [11]. The simplest explanation
for the perturbative nonrenormalizability is the negative
mass dimensionality of Gy. This may however be some-
what naive. Indeed, the Einstein-Hilbert action in three-
dimensional spacetime is renormalizable even though
the Newton coupling has the negative mass dimension-
ality [69]. This is because the Einstein-Hilbert action
in three-dimensional spacetime becomes a topological
theory and thus can be formulated as a Chern-Simons
theory due to the peculiarity of the three-dimensional
spacetime. In other words, this is because there are no
propagating degrees of freedom of a graviton. The simple
dimensional counting of the coupling constant cannot
fully capture the property of renormalizability.

Another viewpoint why the perturbation theory for the
Einstein-Hilbert action becomes nonrenormalizable is the
existence of the inverse metric which is defined by

Gug” = 8. (2)

This reversibility condition (2) for the metric field induces
an infinite number of interactions: When one considers the
metric fluctuation field 4, around a background field g,,,
namely, g,, = g,, + h,,, the inverse metric is expanded so
as to satisfy Eq. (2) and is given by

y‘”:gﬂy—h””-f—hﬂahmj‘f"“- (3)

This series continues infinitely around a certain background
field. That is, once the inverse metric is defined by Eq. (2),
the Ricci scalar curvature in the action (1) generally
contains an infinite number of vertices of metric fluctua-
tions, whereas all vertices have a common coupling
constant Gy. In general, one cannot remove all the UV
divergences arising from quantum loops including an
arbitrary number of vertices by only a single coupling
constant.

B. Nonlinear and linear sigma models

The above situation is quite similar to the O(N) non-
linear sigma model which is a low-energy effective model
of pions, z' (i =1,...,N —1). Its action is given by

2
SNLs = %/de [0, r'nl — (x'd®n')? +---], (4)

where f, is the pion decay constant. This theory can be
obtained from the spontaneous symmetry breaking in the
O(N) linear sigma model whose action reads

sis = [ x-S0 - @) -S| o

Here, ¢' = (n/,0) withi=1,...,Nand j=1,...,N — 1.
For m? < 0, a nontrivial vacuum

2

@) =2 (©
is realized and O(N) symmetry is broken into O(N — 1).
As a consequence, the ¢ mode becomes massive and
decouples from the low-energy dynamics, while z' are
massless and remain as effective degrees of freedom in the
low-energy regime. In this case, one has the constraint on
fields (6) with which integrating out the ¢ mode in Eq. (5)

[with the constraint ¢ = \/f2 — (z')?] results in the action
of the nonlinear sigma model (4). The decay constant
just corresponds to the vacuum expectation value f, =

\/2|m?|/. To summarize, the nonlinear sigma model (4)
is obtained from the expansion of the linear sigma model
(5) around the vacuum (6).

An important fact is that for D > 2, the nonlinear sigma
model is perturbatively nonrenormalizable, while the linear
sigma model is perturbatively renormalizable. The param-
eter f,, which arises from the consequence of the O(N)
symmetry breaking in the linear sigma model, is a free
parameter in the nonlinear sigma model. In particular, the
massless pions are realized only at the vacuum at () = f,
in the linear sigma model as a consequence of the Nambu-
Goldstone theorem. In this viewpoint, one has an incon-
sistency in the nonlinear sigma model between the massless
pion condition and a free choice of f,, and there is a range
of validity for pion field fluctuations: z' < f,. This makes
the system nonrenormalizable.’

C. Minimal Einstein gravity in vielbein formalism

In the metric theory describing gravity, Eq. (2) may be
regarded as the constraint analogous to Eq. (6). Following
the argument above, the inconsistency at high energies in
the metric formalism may be between an expansion of the
metric field around a background field, e.g., a flat back-
ground metric (g,,) = g, = 7,,,» and the existence of
massless metric fields. We expect that there exists an
appropriate high-energy theory of the metric theory, and
the generation of a vacuum (g,,) = g,, # 0 may imply the
appearance of the massless metric field. The reversibility
condition (2) for the metric field enforces a finite domain
where quantum fields can fluctuate analogously to 7' < f,

*Note here that the nonlinear sigma model in D = 3 is an
asymptotically safe theory; i.e., there exists a nontrivial UV fixed
point at which a nonperturbatively renormalizable theory is
constructed [70-72]. Quantum gravity as metric theories could
be an asymptotically safe theory as well [28-30].
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in the nonlinear sigma model. Beyond such a domain, we
expect that new degrees of freedom appear and participate
in the dynamics.

We notice at this point that the gravitational theory with
the action (1) is similar to the nonlinear sigma model (5).
Hence, we intend to construct a gravitational theory with
new additional degrees of freedom analogous to the meson
o in the linear sigma model.

Having this viewpoint in mind, we are motivated to
consider a theory for gravity with more degrees of freedom.
Let us here deal with a formulation for the gravitational
theory with vielbein e?,(x) and LL-gauge field o, (x)
known as the Einstein-Cartan gravity based on SO(1,d) LL
symmetry. Its minimal form of action is given by

M3 @
sic= [ de|e<x>|[—Acc+Peawx)eb”(x)fab,w(x) ,

2
(7)

where |e(x)| = det, ,e*,(x) is the determinant of the

vielbein, and F ?*, (x) is the field strength of LL-gauge
field @®p,(x). Note here that LL indices a,b,... are

@
antisymmetric in @,p,, (x) and F oy, (x), namely, @,y (x) =

— Oy (%) and F oy (x) = = F s (x), due to the SO(1. d)
algebra; see Sec. III D below for details. It is worth stressing
that the action (7) does not contain the LL-gauge kinetic

(0] w
term F up,, (x)F ##(x), whereas the existence of the term

[0}
e, (x)ep?(x)F* ,(x) is peculiar in the Einstein-Cartan
theory, as compared to an ordinary gauge theory that does
not have such a term.

In this formulation, it seems that there are apparently
D(3D —1)/2 independent classical degrees of freedom
because e*,(x) and wj,(x) have D> and D(D—1)/2
degrees of freedom, respectively. In the action (7), however,
there are no apparent kinetic terms for the vielbein or the
LL-gauge field, so these fields are auxiliary fields at this
stage; i.e., they are not dynamical degrees of freedom yet.
Imposing the equation of motion on @?,(x), ie.,
0Sgc/dw, = 0, one obtains its solution to @",,(x) as a
function of the vielbein, namely, the Levi-Civita spin

connection: @y, (x) = éahﬂ(x); see Eq. (73) below for
its explicit definition. By substituting this into @®p,(x) in
the field strength, the LL-gauge field disappears from the
action, and the action is written in terms of only the vielbein
with the kinetic term. At this point, the second term on the
right-hand side of Eq. (7) just turns into the Einstein-Hilbert
term written in terms of the vielbein, and the number of
dynamical degrees of freedom is D(D + 1)/2 which is the
same as that of the symmetric metric field, being the
composite of vielbein fields g, (x) = 7ape?,(x)e®, (x).

From the fact above, it turns out that a certain condition
between e®,(x) and @?®;,(x), such as the equation of
motion for @, (x), reduces the original (tree-level) aux-
iliary degrees of freedom to the “dynamical” ones that have
the kinetic term. A question now is whether such a
condition can be generalized or not.

In this paper, we advocate the irreversible vierbein
postulate [54]: At a certain energy scale Ag, the action
for gravity must admit the degenerate limit of the vielbein
[55,56,73] in which an arbitrary set of eigenvalues of the
vielbein goes to zero, and hence the inverse vielbein cannot
be defined. In a sense, the action at Ag corresponds to the
linear sigma model (5). The irreversible vierbein postulate
shares the same assumption that, in the language of the
linear sigma model, we do not take into account inverse
powers of O(N) invariant ¢'¢p* such as (¢'¢p')~' and
(¢'¢")~2. Even though they do not spoil renormalizability
in terms of power counting, they do prevent defining the
symmetric phase (¢'¢p’) = 0. In this sense, the irreversible
vierbein postulate ensures a well-defined symmetric
phase (g,,) = 0.

Indeed, solving the equation of motion for the auxiliary
field @™y, (x) requires the inverse vielbein. Thus, at Ag, we
cannot impose the equation of motion. If one introduced the
inverse vielbein a priori, it could kinematically reduce the
degrees of freedom. By contrast, in our postulate, we claim
that the reduction of degrees of freedom takes place
dynamically below the scale Ag. Hence, the inverse
vielbein is defined thanks to quantum dynamics.

We consider a gravitational theory which is based
on SO(1,d) x GC in the degenerate limit which entails
(9) = 0 at the tree level. Its dynamics realizes (g,,) # 0
and the massless metric field as a consequence of
spontaneous symmetry breaking: SO(1,d) x GC — GC.
In the following sections, we explain the transformation
laws under the LL and GC transformations and introduce
corresponding gauge fields in detail.

III. LOCAL LORENTZ AND GENERAL-
COORDINATE TRANSFORMATIONS

In this section, we clarify how the fields transform under
the LL and GC symmetries in details. In Sec. III A, we spell
out the field content. In Secs. III B and III C, we present
their transformation laws under the LL and GC symmetries,
respectively. In Sec. III D, we show the field strength for the
LL-gauge field and argue that we do not need an extra GC-
gauge field or its field strength. Through this section, we
work in d 4 1 spacetime dimensions. Later, we will specify
d = 3 when constructing a concrete action.

This section is intended to be mainly a review; see, e.g.,
Refs. [51,74] for further details. Nevertheless, to our best
knowledge, the following are the first to be clearly stated in
our paper comparing with the literature:
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(i) The reduction condition of GL(4) to GC in Eq. (45)
(i1) The fact that the antisymmetric part becomes unnec-
essary for GC as shown in Eq. (69)
(iii) The GL(4) field strength being a differential oper-
ator as shown in Eq. (82)
(iv) The distinction between our GC and what we call the
LD transformations

A. Field content

We introduce the fields and symmetries to clarify our
notations and to construct an action. Our starting
assumption is that at a certain scale Ag, the action enjoys
the LL and GC symmetries. In particular, the gravitational
sector consists of the vielbein (vierbein in four-dimensional
spacetime) and the LL-gauge field.

The gravity sector consists of the vielbein field e*,(x)
and the LL-gauge field ®®y,(x), where u,v, ... (a,b,...)
run for the spacetime (tangent-space) indices O,...,d
(0, ...,d). Here and hereafter, we make the dependence
on a specific coordinate system x* explicit on each chart,
unless otherwise stated, since it is anyway necessary for
any realistic calculation of a dynamical quantity; this will
make a distinction between a variable and constant more
apparent. From the vielbein, we construct the metric field

G (%) = Nane®, (x)e®, (x), (8)

where the tangent-space metric and its inverse are

in which “diag” denotes the corresponding diagonal matrix.
We note that the metric field g,,(x) can be constructed
without using the inverse vielbein field e,”(x), whereas
construction of an inverse metric field ¢"*(x) does require
the inverse vielbein.

The matter sector of an effective field theory consists of
scalar, spinor, and 1-form fields ¢(x), y(x), and A, (x) with
spin-0, —1/2, and —1, res.pectively.4 Precisely speaking,
A,(x) are the components of the 1-form field A(x) :=
A, (x)dx*, but we sloppily call these components a 1-form
field too. Below, ¥(x) will denote either ¢)(x) or y(x) fields
collectively. Also, ®(x) will denote any one of the fields,
including both the gravity and matter sectors.

Here, we take the 1-form field A, (x) rather than the
corresponding vector field A*(x):= ¢"(x)A,(x) as a
fundamental degree of freedom because the former rather

“The existence of a nearly massless spin-3/2 field, gravitino,
implies nearly unbroken local supersymmetry, supergravity,
which does not seem to be realized in our Universe at low
energies. It may still be interesting to include it since our scale Ag
is supposed to be much higher than the electroweak one; see
Appendix C 3.

than the latter primarily appears in a gauge covariant
derivative’

A
D, =0, + A,(x). (10)

More explicitly, on a field ¥(x) in the fundamental
representation of a gauge group,

¥Y(x) - U(x)¥(x), (11)

A
the covariant derivative D, =d, + .A,(x) transforms
covariantly,

A A
D,¥(x) —» U(x)D,¥(x), (12)

due to the gauge transformation of the gauge field A, (x):
A (x) = Ux)A,(x)U " (x) —0,U(x)U™ (x),  (13)

or for an infinitesimal transformation U(x) = I + 9(x),
Ay (x) = A, (x) + [9(x), A, (x)] = 9,9(x),  (14)

where [ is the identity matrix and the commutator
is [A,B] :== AB — BA.

In the following sections, for totally symmetric and
antisymmetric tensors denoted here by S and A, respec-
tively, we use the notation

S

e = S Ay = Ao} (15)

Hi )
. . 6
In particular, second-rank tensors are given by

_ S/w + S’/ﬂ

Aﬂv B 'AW
/41/) 2 ’ .

S 2

uw — S( Aﬂl/ = A[yv] = (16)

B. Local Lorentz transformation

Here, we review the LL transformations on various fields
to spell out our notation. The LL transformation is a local
rotation of the tangent-space basis; therefore, in particular,
it does not act on a spacetime-scalar field.

For a compact gauge group G with the corresponding Lie
algebra g, one usually writes A, (x) = iggA,(x) = igcA§(x)T"
where g is the gauge coupling and 7% (a = 1, ..., dim g) are the
Hermitian generators of the gauge symmetry. In particular, the
kinetic terms of A, (x) and Aj(x) have opposite signs.

®Note that in this notation, {8,.8,} =25,S,) and
(A A =2A,A,.
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1. LL transformation on the gravity sector

Under an LL transformation that satisfies the defining
relation of the SO(1,d) symmetry

Aca(x>’7chdb(x) = Nab> (17)
the gravitational fields transform as

e, (x) = A%y (x)eP, (%), (18)

Oy (%) T2 A% () g, () (A71)8 (x)

= 0% (x) (A7) (x), (19)

where (A7!)2, = A2, with their indices being lowered
and raised by the tangent-space metric and its inverse (9).
Here and hereafter, a derivative such as d, := ﬁ acts only
on its neighbor:
d,AB := (d,A)B, d,(AB)C = (9,(AB))C,  (20)
etc.
We will also use a matrix notation such as

[0,(x)]2) = @, (x). (21)
leading to
A (x)nA(x) = n, (22)
and
e,(x) = A(x)e, (x), (23)

w,(x) N A(xX)w,(x) A7 (x) = 9,A(x)A™ (x),  (24)

where the superscript “t” denotes the transpose.

For an infinitesimal transformation A(x) =1+ 60(x)
in the matrix notation, or more explicitly, A?,(x) =
& + 0%, (x), we have

0,(x) = 0,(x) + [0(x), 0,(x)] —9,0(x), (25)

or more explicitly,

Oy (%) > @, (X) + 0 (X) 0, (x)

— 0%, (x)60% (x) — 9,67 (x). (26)

Note that the defining relation for SO(1,d) in Eq. (17),
or (22), implies the antisymmetry @p,(x) = —0,p(x).

To summarize, the vielbein transforms as a fundamental
representation of the LL. symmetry, while being a spacetime
I-form. Recall that the Higgs field transforms as a

fundamental representation of gauge symmetry while being
a spacetime scalar. On the other hand, the LL-gauge field
transforms just as an SO(1,d) gauge field under the LL
symmetry.

It is the transformation (19), or (24), that makes the
LL-covariant derivative on an LL-vector (spacetime-scalar)
field V2 (x),

D, V3(x) := 0,V3(x) + @y, (x) VP (x), (27)
to be covariant:

D,VA(x) = A% (x)D, VP (x). (28)

In the matrix notation, the above equations read

DV(x) = [0, + @,(x)]V(x) (29)
and
D,V(x) =5 A(X)D,V(x). (30)

2. LL transformation on the matter sector

Now we turn to the matter fields. The bosonic matter
fields transform as a scalar (namely, do not transform)
under the LL symmetry:

$(x) = B(x), (31)
A (x) = A, (%), (32)

We here comment on the relation to the irreversible vierbein
postulate which we will impose on the action. The 1-form
field A, (x) can be regarded as a composite field A, (x) =
A, (x)e?, (x) made of the vielbein e?,(x) and an LL-vector’
spacetime scalar 4, (x) that transforms as

Au(x) =5 Ay () AP, (x). (33)

Even when we regard A, (x) as a fundamental degree of
freedom, we can always construct A, (x) without contra-
dicting the irreversible vierbein postulate. In contrast, if
starting from the 1-form field A, (x), we need the inverse
vielbein field e,*(x) to construct the LL-vector spacetime-
scalar field A,(x) = e,”(x).A,(x). That is, we cannot
reconstruct A,(x) from A,(x) under the irreversible
vierbein postulate at the scale Ag.

The fermionic matter field, spinor, transforms nontri-
vially under the LL symmetry. In the matrix notation, we
may parametrize an LL transformation as

"For the LL symmetry, we call both the covariant vector V,
and the contravariant vector V* the LL-covariant vectors.
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A(x) = €™, (34)

that is,

A" (3) = 8 + 0% (x) 5,000 (0) - (35)

Now the spinor field transforms as

y(x) = S(A))y(x), (36)

where we define
S(e“)(x)) = e%eab(x%’ab’ (37)
in which the LL generators on the spinor representation are

b
ab ._ [ya’ 4 ] 38
o 4 ’ ( )
with y? being the gamma matrices that obey the Clifford
algebra:

{r*. r"} =291 (39)

Here the anticommutator is defined by {A, B} := AB + BA.

Among the matter fields, the spinor field is the only
nontrivial representation under the LL symmetry. As
stressed in the Introduction, the LL symmetry is necessary
to define a spinor field at all on a curved spacetime. Note
also that in our treatment, the LL symmetry is no different
from the ordinary gauge symmetry other than it is under a
noncompact group SO(1,d).

C. General coordinate transformation

Next, we discuss the GC transformation x* — x™#(x),
where, throughout this paper, the prime symbol ' exclu-
sively denotes a quantity after the GC transformation and
not a derivative. Accordingly, the bases for 1-form and
spacetime vector transform as

ox'H

GC
dxt — dx* = dx?, 40
X X e (40)
GC ox¥

0

i — = ()x_’” v* (41)
The GC transformation is generally identified with diff,
while it is often said that the transformation under diff is
given by the Lie-derivative (LD) transformation. One might
regard that these three transformations were equivalent.
Strictly speaking, however, GC/diff and the LD trans-
formation should be distinguished. Indeed, the GC trans-
formation introduced in this section is not given by the LD.

A detailed comparison between the GC transformation and
diff is given in Appendix A. In the main body of this paper,
we use the terminology “GC” rather than diff.

In a matrix notation

ox'H oxY
M, (x) = (M~1),(x) =0

(42)
and writing similarly to Eq. (21) such as [M(x)]/‘y =
M* ,(x), the above GC transformations on the bases read

dv 25 de = M# (x)dx”, (43)

GC

0, — d, = [M~'(x)]“ 0. (44)

u

2
It is important that the “matrix” M satisfies the extra @

conditions
()MM”D]()C) =0 (45)

for the GC transformation (42). Conversely, it is also true
that any function M*,(x) that satisfies the condition (45)
can always be written (locally) in terms of (d + 1) functions
x"(x) (u=0,...,d) as in Eq. (42). The transformation by
M*,, without the condition (45) corresponds to the general
linear (GL) transformation, i.e., GL(d + 1).

From d,(M~'M) = 0, we obtain o,M~'M = -M~'0,M,
or specifying indices, it is given by d;(M~')* M, =
—(M~")* 0;M”,. By antisymmetrizing 1 and v, we get

M”[yal] (M_l)”p =0. (46)
Similarly, the derivative of the inverse function gives

0 P x* B 0x* 9 ox* _
~oxlax ox'Ml ox® ox!lM)

(M1 (M), (47)

Hl?

where vertical lines (between the antisymmetrization sym-
bols in indices) denote that the indices between the vertical
lines are not antisymmetrized. For instance, in Eq. (47), the
index o between the vertical lines is not antisymmetrized. In
actual computations such as will be done in Eq. (72), it is
more convenient to use the coordinate notation on the right-
hand sides in Eq. (42) rather than to use these relations (42),
(46), (47), etc., in the matrix notation on the left-hand
sides in Eq. (42). The matrix notation is of use for more
conceptual understanding.

1. GC transformation on fields

Under the GC transformation, the gravitational fields
transform as
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2,0 S e () = e () I )
y(x) %S 0, () = 0t () o (49)
and the matter fields as
p(x) == ¢ () = p(x), (50)
w(x) <= /() = wi), (51)
A(x) % A () = A (1) 22 (52)

ox'"”

The transformed scalar field ¢'(x") is defined to satisfy
@' (¥'(x)) = ¢(x) such that the pullback of the function
¢'(x") by the function x'(x) becomes ¢(x). Equivalently,
the pullback of the function ¢(x) by the inverse function
x(x') is ¢’ (x'), namely, ¢(x(x")) = ¢'(x’). Here, the spinor
field also transforms the same as the scalar field (namely, as
the pullback of the function) under the GC transformation;
see Appendix B for another point of view and our opinion
on it. Note that the spinor field transforms as scalar under
the GC transformation because it does not have any
spacetime index, while the “LD transformation” gives
different transformation laws from Eq. (51). They are
discussed in Appendix B.

In the matrix notation, with Eq. (42), the GC trans-
formation is, on the gravitational fields,

(1) 25 () = ¢, (1) [M (0)]7, (53)

D (1) < @, () = 0%, (1) [MT ()], (54)
and, on the matter fields,

Plx) <> ¢ () = (). (55)

w(x) <> v/ (¥) = (). (56)

GC

A, (x) — A (X)) = A (x) [M"(x)}”ﬂ. (57)

In the matrix notation, a spacetime vector V# transforms
like a fundamental representation under the GC trans-
formation: V¥ — M* V¥,

2. GC-gauge field

Now we want to define a GC-covariant derivative. To
this end, let us first suppose that there exists a GC-gauge
field that transforms as

T, (x) = Yo() = [M() Y, ()M~ (x)

— 0, MM ()] [M ()], (58)

where we employ the matrix notation [Tﬂ (x)]“ 5=
T, (x) similarly to Eq. (21). More explicitly, the trans-
formation (58) means

T (06) = T ()= (M2 ()T, () (M) (x)

= 0,M (x) (M) 5(3) ) (M7 (x).
(59)

Here, we stress that the difference from the gauge trans-
formations of the ordinary and LL-gauge fields in Egs. (13)
and (19) [or (24)], respectively, is the last M~! factor that
rotates the spacetime index too.

Then, one can construct a GC-covariant derivative on a
spacetime-vector field V#(x) and a 1-form field W, (x): In
the matrix notation, we write

V,V@] = [0+ LV (60

«—

[%MW(x)} = W00, - T,(x)],.  (61)

a
where the left derivative reads A((Z := d,A, with the neigh-
. . < Rl
boring notation AB9, = A(9,B), A(BC)d, = A(d,(BC)),

etc., similar to Eq. (20). More explicitly, they are
expressed as

%ﬂ Va(x) = 0,V*(x) + T, (x)V/(x), (62)

6;4W(1(x) = 0,W,(x) — W/;(x)Tﬂ(,M(x). (63)

It is straightforward to check their covariance under the GC
transformation: In the matrix notation,

T
V,V(x) st V WV (x)

= (09, + T, (x")V'(x')

= [(0, + MY M~ — o, MM~ ) (MV)]| (M),

[M DV} Vo (64)
T GC T
V,W(x) — VW (x)

= W(x ><a*—’w ("))

= [(WM=)(9, = MY, M~ + o,MM~")| (M1},

= [vowmt] ey, (65)
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where we have suppressed the dependence on x on the right-
hand side and have used the identity d,(MM™') =
6/¢MM_1 + M@MM‘1 = 0. Recall that we are employing
the neighboring notation for derivatives as given in Eq. (20).
More explicitly, the above transformations read

Y Ge T
V,Ve(x) — M)V, VP (x)(M71), (x). - (66)

T g T
VuWa(x) — VW) (MY (x)(M71), (x). - (67)

We may separate the GC-gauge field T, into symmetric
and antisymmetric parts:

(%) = T gy () + T (%), (68)
|

where the parentheses and square brackets for the indices
are defined in Eq. (16). Note that we have mixed the indices
f and p that correspond to an internal gauge index and a
spacetime index, respectively, for the case of the ordinary/
LL-gauge field. The symmetric and antisymmetric parts in

the first and second terms of Eq. (68) have w and

d(dT“)z degrees of freedom, respectively. The number of
degrees of freedom of the antisymmetric part Tz, is the
same as that of the GC conditions (45). This fact suggests
that it is redundant for the GC symmetry.

Let us see that this is indeed the case. Under the
GC transformation (59), the antisymmetric part of the

GC-gauge field transforms homogeneously:

GC
T (%) — T (X) = MO 5, (M) (MY g = 0,M%, (MY (s (M1,
= M7 5y (M) (M), — 0, My (M)l (M=),
=M Y75 (M) s (M), (69)

where we have omitted the dependence on x on the right-
hand side for simplicity and have used the GC condition (45)
in the last step. That is, the GC covariance of the GC-
covariant derivative is maintained even if we do not include
the antisymmetric part Y15, (x). (Though it means that we
do not need the antisymmetric part at all in order to realize
the GC covariance of the GC-covariant derivative, this
argument itself does not prohibit having the antisymmetric
part.)

3. Levi-Civita (spin) connection

g
Conventionally, the Levi-Civita connection I" has been
used as the GC-gauge field®

= [M()T, ()M ()] % (M7 (x)] %,

() =41

2 (70

(_aygﬁﬂ ()C) + aﬂgw (x) + aﬂg}'ﬂ (x))’

which is the solution to the metricity condition on T:

T

Vogpu(x) = 0. (71)

g
By construction, it has only the symmetric part I" %4, (x) =

lg““(ﬂ”)(x); recall the discussion in the paragraphs contain-
ing Egs. (68) and (69). The transformation of the Levi-
Civita connection can be found, as in any textbook of
general relativity, e.g., Ref. [75], to be the same as Eq. (58),
or (59):

ox'®  9%xv
# +W&x’”0x’ﬂ
ox¥ 0*x'® ox¥
ox' ox*ox” ox"P

= [M(X)IZD(X)M"(X)] BIMT ()] = (M), ()0, M (x) (M) ()

= [M(X)IQV(X)M‘I(X) = 0,M(x)M~!(x)] “p(M~")", (x).

(72)

$This is the case in supergravity too [50]: “One has four choices: @ or w(e) for Lorentz connection, and I or I'(g) for the other
connection. The choice appropriate for local supersymmetry is @ and I'(g). Any other choice would do as well, but one would need extra

complicated terms in the action.”
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We note that the Levi-Civita connection requires an
inverse metric ¢** and hence an inverse vielbein e,*.
Therefore, it cannot be used under the irreversible vierbein
postulate imposed on our action at the scale Ag. That is, the
GC-gauge field is absent at Ag since we do not further
introduce it as extra degrees of freedom; see also footnote 8.
We will come back to this point below.

g

Once the Levi-Civita connection I, is introduced (in our
scenario, it is induced by quantum fluctuations below the
scale Ag), then another LL-gauge field can also be induced,

e
namely, the Levi-Civita spin connection €2,

Q2 (x) 1= e, (1)V, ey (x)

= (1) (Ouen(x) + T (e (x)).  (73)

It is straightforward to check that the Levi-Civita

e
spin connection Q,(x) transforms in the same way as
the LL-gauge field w,(x) under the LL and GC
transformations.

D. Field strengths, Riemann tensor, and GL(d +1)

Now we come back to considering the general gravita-
tional gauge fields w and T.

The field strengths for the ordinary and LL-gauge fields
are given in the matrix notation, respectively, as

Now let us take the commutator of the GC-covariant
derivative (60), or (62), on a spacetime-vector field V(x) =
V#(x)0, that transforms as a fundamental representation
under GC transformation: In the matrix notation,

For a compact gauge group such as that introduced in
footnote 5, it is more common to use F,(x) = 0d,A,(x) -

A
0,A,(x) +igslA,(x),A,(x)] that follows from F, (x)=
igGFs, (x)T°.

F (%) = 0,00, (x) = 0,00, (x) + [@,(x). @, (x)]. (75)
More explicitly, the LL field strength reads
:Fabpw(x) = aﬂa)aby(x) - abwabﬂ(x)

+ 0" u ()0, (x) = 0%, (X)Cp, (x).  (76)

We can rewrite the field strength as a commutator of the
covariant derivatives (10) and (27), or (29), on the funda-
mental representation:

A A A
Fulx) = D, D], (77)
Fulx) = [DuD.]. (78)

It is important that the field strengths reduce to functions
(74) and (75) when deriving their covariance

A A
Fu(®) = UR)F,, (U (x), (79)
F () =5 AX)F (x)A (x) (80)

from the covariance of the covariant derivatives (12) and
(30), respectively, as follows:

- <A(x)§)-'ﬂ,,(x)/\_1(x))A(x)‘P(x). (81)
l’I‘ T T
FulV(@) = V.V, | V()

- (aﬂTD(x) - 9,7, (x) + [Tﬂ@’ﬁr”(x)}

T
+ 2077, (x)v,,) V(). (82)

or more explicitly,
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F()VP(x) = (3,1, (x) = 9,7, (x)
+ Tuyﬂ (x) Tyﬁu (x) - Tayu (X) Ty/fﬂ (X)

T
+ 265171, (x)Vp)V/’(x). (83)

The last term is peculiar to the GC-field strength: The
antisymmetric part Y”},,;(x) is not only in vain in cova-
riantizing the GC-covariant derivative, but also, it is an
obstacle to making the GC-field strength a function rather
than a differential operator. This fact disfavors an intro-
duction of the extra GC-gauge field T, with the antisym-
metric part. See also the discussion around Eq. (69) for the
redundancy of the antisymmetric part.

Let us comment on the relation to the Levi-Civita (spin)
connection. It is noteworthy that if the GC-gauge field is
identified with the Levi-Civita connection (70),

g
T{Iﬂﬂ = aﬂ;u (84)

the GC-field strength becomes the Riemann tensor itself:

F () = Ry, (x), (85)

[Fu)] 4 = [0 - 80+, (o)
IO LA
F ) = 0,1, () = 0,15, (x)

g

+ 1, ()07 (x) = Do, ()75, ()5 (87)

the right-hand side is nothing but the Riemann tensor.
Under the assumption (84), the antisymmetric part of the
GC-gauge field 1%, does not take part and play any role.

In the same manner, we can define the Riemann tensor
from the LL-field strength with the Levi-Civita spin

e
connection, 1.€., T"‘ﬂﬂ =Q%,, together with a vielbein
and its inverse:

€2 (x)eP 5(X) F P (x) = R, (x),

F oy (x) = €3, (x)en (X)R%,, (x),  (88)

e Q
where F *,,(x) == F *y,,(x), namely, in the matrix

notation,

Fuulw)= [D, D] =20, +0,(0) (0 + 2 ()
=d

0, (%) = 0,0, (x) +Q, ()2, () — O, (1), (x),

in which 6” =0, + !elﬂ [see Eq. (73)], or more explicitly,

{]g:uy()c)] b = [aﬂév(x) - al/éﬂ(x) + Ezﬂ (x)éy(x)

— 0, (1), (x)] %,
:Fab/w(x) = ayQabu(x) - augab;t(x) + Qacu(x)‘gcbu(x)

e

— Q2 ()20, (x). (90)

Under the irreversible-vielbein postulate, we expect that
physically the following scenario takes place: In the action
at Ag, there is no specific background of the vielbein. The
quantum dynamics induces a nontrivial background viel-
bein &%, (x) that has its inverse ,”(x) everywhere, namely,
a nondegenerate &*,(x), on which the expectation value of
the LL-gauge field should become the Levi-Civita spin
connection:

(@,(2)) 2= D (1), (91)

where

8, (x) = Q,(x) (92)

e(x)—e(x)

This way, our formulation would reproduce the conven-
tional covariant derivative acting on the spinor field in
the metric formulation. It suffices therefore that only the
LL-field strength exists to construct the Riemann tensor at
lower energies below Ag if the physical expectation (91) is
met. We do not need to prepare the GC-field strength as a
source for the Riemann tensor from the beginning at Ag.

We comment on the application order of transformations,
namely, the GC transformation after a gauge transforma-
tion, or the other way around. The GC transformation acts
on all spacetime indices, so that gauge transformations are
affected by it. In other words, one may think that elements
of their transformations do not commute. Fortunately, our
definition of the GC transformations (48)—(52) commute
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with any gauge transformation, while diff defined by the
LD transformation does not. This means that the former is
given by a direct product “GC x gauge,” while the latter is
by the semidirect product “GC X gauge.” These facts are
discussed in Appendix A 3.

Finally, let us comment on the GL(d + 1) theory. If we
do not impose the GC conditions (45)—(47), etc., and we
regard M*, as a general (d + 1) x (d + 1) matrix, then the
theory becomes a GL(d+ 1) gauge theory; see, e.g.,
Refs. [76,77]. This theory might be of interest in itself,
but we do not go in this direction and do not introduce the
extra GC-gauge field T, at Ag because of the above-
mentioned points: (i) the nonnecessity of its antisymmetric
part for the covariance of the GC-covariant derivative,
(i1) the GC-field strength becoming a differential operator
rather than a function due to the antisymmetric part, and
(iii) the nonnecessity as a source for constructing the
Riemann tensor.

E. Summary on covariant derivatives

For general LL and GC-gauge fields @ and Y, respec-
tively, we summarize our notation for the covariant deriv-
atives:

LL only Z%Mea,,(x) = 0,6%,(x) + @y, (x)eP,(x),  (93)

T
GConly V,e*,(x) =0, (x)— ea,l(x)T’lw (x), (94)
|

w,T
LLandGC Z ,¢*,(x)=0,e*,(x)+ o™y, (x)e?, (x)
- ea/{ (X)Tiw (x)

=D eav(x) - eall(x)'rﬂw ()C)

IV. ACTION UNDER IRREVERSIBLE
VIERBEIN POSTULATE

In this section, we construct a “tree” action given at a
certain scale Ag based on the LL and GC symmetries, i.e.,
GC x SO(1,3). As discussed in the Introduction, a central
assumption at Ag is the irreversible vierbein postulate that
forbids the action at Ag to contain an inverse of the
vielbein.

In Sec. IVA, we start with the introduction of the Levi-
Civita tensor which is independent of the vielbein and
inverse vielbein. Then, in Sec. IV B, the definition of the
irreversible vierbein postulate is explained, and the action
respecting this postulate is shown.

This section fully explains, for the first time, the idea
briefly sketched in the preceding Letter [54] to this paper.

A. Levi-Civita tensor

To write down the action, we spell out our notation on
the totally antisymmetric tensor, etc. We first introduce the
Levi-Civita symbol:

1 when (pyg, ..., ftg) is even permutation of (0, ..., d),

when (ug, ...

0 otherwise,
and similarly,

1 when (@, ...
when (a, ...

0 otherwise.

We write the determinant of the vielbein and metric as

le(x)] = dete?,(x) = €[ag...aq|e"g(x) - -

au

,Hq) is odd permutation of (0, ..., d), (96)

,ag) is even permutation of (0,...,d),
,ag) is odd permutation of (0, ...,d), (97)

‘e[ao...ad]e[yo...ud]e"“m-~-e"d”d, (98)
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l9(x)] := det(x) = € [Ho-+-Ha) 90 (*) - - G, (%)
= e[t va) Gouy () G, )
- ﬁe[ﬂo...ﬂd]e[uo...yd]
Guoro (%) ** Gy (%), (99)

where the summation over repeated indices is understood
for the Levi-Civita symbol as well. It follows that

le(x)] = V/=lg(x);

where |g(x)| is always negative due to the Lorentzian
signature.

From the Levi-Civita symbol, we define the Levi-Civita
tensor for the LL transformation,

(100)

€ay...aq = €[do---aq), (101)
i = pfobo . pibagy = —¢lag...ay],  (102)
and for the GC transformation,
€1y (X) = le(x) € [po..pa] (103)
Ho---Hd = gtoto HaVa — e[ﬂo'“ﬂd]
€ (x) = g0 (x) - - g (x)ey, ,(x) = —W-
(104)
Note that the Lorentzian signature leads to
— gl = —1, 105
(d+ 1)!€a0...ad ( )
1
(x)eko--Ha(x) = —1, (106)

m Epg-..ua

which follows from the p = d case of more general
identities: for 0 < p < d,

I
(p+1)
= (d+1=-p)dr ... 5%

)
Hp+i ﬂd}

! €[Ho - -Hphp1---Hal €[ o Hphty sy - Yy

(107)

etc.'” Using the Levi-Civita tensor, we can write down the
volume element in terms of the local coordinate system of
each chart:

19See footnote 6 for the normalization.

1
x1 = (d+ 1)1 ot

=le(x)|dx® A -+ A dx? = |e(x)|d x,

(x)dxﬂo A o+ A dxHd

(108)

where * is the Hodge dual, which is defined for a p-form

alx) = #aﬂomﬂpq (x)dxto A <o A dwtret byt
1 , )
XX = T =y KW (R Ao A,
(109)
with
1 L v
(*a)ﬂp“'ﬂd (x) = Eal/o...vl,_l (x)g 0 p—lﬂp“'”d (x)- (110)

Note that from the vielbein, the LL-gauge field, and its field
strength, we can construct GC-scalar 1- and 2-form fields
such that

e*(x) = e, (x)dx, (111)
@ (x) = @y, (x)dx*, (112)
® 1 @

Fap(x) = E]—"abw(x)dx A dx? (113)

B. Irreversible vierbein and action

Let us now construct an action invariant under GC x
SO(1, 3) symmetry. Hereafter, we work in the d = 3 spatial
dimensions, assuming that it is already settled down to be
so at Ag. We call the vielbein for the d + 1 = 4 spacetime
dimensions the vierbein, accordingly.

The formulation of the irreversible vierbein postulate
starts by imposing regularity under the limit of any zero
eigenvalues 1, — 0 of the vierbein among four eigenvalues
in four-dimensional spacetime. Obviously, in such a case,
the inverse vierbein cannot be defined. In other words, the
inverse vierbein contains divergences. Then, the irreversible

Hor else, one may first define

1
*(dx/m A ---dx ,-1) = (d_|_ 1= p)'gﬂo ﬂ,)_lb ..,bd(x)de')
A A dx¥e

so that
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vierbein postulate at Ag states that the action at Ag does not
diverge even for the (not necessarily simultaneous) zero
eigenvalue limit of vierbein. We call this kind of limit the
degenerate limit [55,56,73].

There are some cases where, even when a term is
apparently written down using the inverse vierbein, the
irreversible vierbein postulate does not forbid such a term

we obtain

le(x)]eat (x) = %e[abcd] e[pvpoe®, (x)ec, (x)ed, (x),
le(x)|ef” (x) ey (x) = %6 [abcd} € [/wpa] ecp(x)edg(x),
el lea ()en (et (x) = elabed]e apo] e, (),

le(x)|ef (x)en” (x)e” (x)eq” (x) = e[abed]e[urpo].

Though the left-hand sides of these equations appear to
have the inverse vierbeins, the right-hand sides do not. Only
these combinations of the inverse vierbeins can be used to
write down the action at Ag without contradicting the
irreversible vierbein postulate.

Let us now write down the action explicitly. First, it turns
out that the kinetic terms for the GC-scalar and vector fields
contain the inverse vierbeins, all of which cannot be
simultaneously absorbed into the volume element via
Egs. (115)—(118). They contain the inverse metric ¢** that
is symmetric for its indices (see Appendix C for more a
explicit discussion)'*:

Ston = [ &4le0)] [ 3 (1)3,000,00

b W (£ F )] 19)

Therefore, these terms are forbidden, and thus the GC-
scalar and vector fields are not dynamical at Ag. The
kinetic terms for vierbein e?, and LL-gauge fields oy,
cannot be introduced due to the same reason.

On the other hand, the spinor kinetic term is consistent
with the irreversible vierbein postulate because it contains

"2See footnote 5 for the sign of the gauge kinetic term.

in the degenerate limit. An important observation for this is
that some inverse vierbeins can be absorbed into the
determinant |e(x)| from the volume element. More spe-
cifically, from the identities (107) and

le(x)|e[prpo] = e[abed]e?, (x)eP,(x)eC,(x)ed, (x),
(114)

(115)
(116)
(117)

(118)

only a single inverse vierbein, and thus we can use
Eq. (115)":

Sir = [ @85l | Pt (7
< (9 + 30nes000% Yo
_ / d'x {_ % e[abed]e[uvpo] e, (x)e, (1), (x)
<o (9, + Joun e Juo)]. (120)

Unlike the ordinary gauge theory, the LL symmetry has a
fundamental representation that is a spacetime vector, the
vierbein. It allows one to write down an LL-invariant term
constructed from a single field strength:

One may regard the action (120) as « [ e[abed]e®(x) A

e (x) A e¢(x) A AY(x), where A? (x) = (x)y*D,y(x). This is
nothing but a replacement from the action (122), being
x [elabed]e®(x) A P (x) A e¢(x) A ed(x), of a single vierbein
I-form: e%(x) — A%(x). In principle, one may replace any
vierbein e®,(x) by A%,(x) without contradicting the irreversible
vierbein postulate. When one replaces all of the four vierbeins to
the fermion bilinear in the cosmological constant term (122), one
obtains the action for the spinor gravity « [e[abed]A?(x) A
AP(x) A A°(x) A A%(x) [68,78]. In this paper, we restrict our-
selves to the lowest-derivative terms up to single A, (x). Further
generalizations will be presented in a separate publication.
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s = [ e[ Be (e, 0, 0)]

:/d4x {MT%e[abcd]e[uvpa} ecp(X)eda(x)jw'_abpu(x)]-

(121)

This term has become compatible with the irreversible
vierbein postulate thanks to Eq. (116). Note that as
mentioned in the paragraph containing Eq. (92), it is not
necessary to introduce the term with the field strength

T
corresponding to the GC transformation F.
Finally, one can also write down the cosmological
constant term:
S = [ dirle(s)lAce (122)
Barring the topological terms (see discussion below) as
well as the higher-derivative terms (see footnote 13), the

terms (120)—(122) are the only combinations that are
consistent with the irreversible vierbein postulate:

S, = [ @tlel|-Zyp e o
< (4 30nes000% o)

M 12’ " v 7 ab

—l—Xw?e[a (x)eb} (x)F 2, (x) = V], (123)
where Z,,, X,,, and V are arbitrary functions of spacetime
scalars at x constructed by matter fields, say, ¢(x),
w(x)w(x), etc. For example, V includes the mass term
for spinor M, (x)y(x) and the cosmological constant A,
as well as the ordinary scalar potential. Note that the kinetic
term for the Rarita-Schwinger field, which is a spin-3/2
field, is also compatible with the degenerate limit (see
Appendix C3). In this work, we do not take this into
account.

Various combinations of fields can be contracted with the
LL metric 7,, and the totally antisymmetric LL tensor
€ [abcd} to yield topological terms of the action, which are
summarized in Appendix D. In general, one may multiply,
on these “topological” terms, arbitrary functions of GC
scalars such as Z,,, X,,, and V in Eq. (123) so that they
become dynamical (nontopological). Since all such inter-
actions are higher dimensional, we neglect them in this
paper. The inclusion of these terms might be of interest in
itself, which we leave for future study.

Finally, we stress again the reason why we impose the
irreversible vierbein postulate at the tree level. A typical
criticism may be as follows: The existence of inverse
vierbein in the tree action is harmless since terms with

inverse vierbeins behave as ¢=?¢”") — 0 for e — 0 within
the path integral. On the other hand, the Standard Model of

particle physics assumes that the action does not have
inverse power of the fields such as 1/H"H, where H is the
Higgs field, even though such terms can be perfectly
consistent with all the gauge and spacetime symmetries.
The absence of inverse power is particularly noteworthy in
the effective field theory picture because such negative-
power terms are more relevant than the normal ones toward
the IR direction. We can interpret this as the requirement of
the existence of the weak-field limit H — 0O for the action
such that the symmetric phase (H) = 0 is well defined."*

The irreversible vierbein postulate introduces a well-
defined symmetric phase in our quantum-gravity frame-
work. Conventional quantum field theories, like the
Standard Model, also assume the existence of the symmetric
phase. Our framework facilitates the exploration of quantum
spacetime dynamics where the spacetime metric g,
approaches zero. By excluding inverse vierbeins, which
are undefined in this degenerate limit, the postulate offers a
novel approach to studying quantum gravitational phenom-
ena under extreme conditions. This method extends beyond
mathematical convenience, providing a framework that
enhances our understanding of spacetime in scenarios such
as near singularities or strong gravitational fields, and may
offer valuable insights into phenomena like the early
Universe and black hole interiors.

V. LOCAL LORENTZ AND GENERAL-
COORDINATE TRANSFORMATIONS
FOR BACKGROUND FIELDS

One of thte main purposes in this paper is to demonstrate
the generation of nontrivial background fields due to
quantum effects in four-dimensional spacetimes. This will
be done in Sec. VI. In this section, assuming that back-
ground vielbein and LL-gauge fields are induced in
arbitrary spacetime dimensions, we discuss their trans-
formation laws and covariance. Those are important for
understanding of the low-energy effective theory from the
action (123). After these summary reviews, in Sec. V C, we
fully explain the idea briefly sketched in the preceding
Letter [54].

A. Invertible background vielbein and Levi-Civita
(spin) connection

To begin with, we introduce a certain gravitational
background @ = (&, @), while we do not assume a classical
background for the matter fields for simplicity: ¥ =

(4_5, l/_/vAy) =0.

"*The weak-field limit H — 0 here is different from that in the
gravitational literature (see, e.g., Ref. [79]) in the sense that the
latter means the limit of zero fluctuation around a background,
that is, 6¢g,, — 0 for g,, = g,, + 8g,,. For the former, the whole
Higgs H = H + 6H goes to zero rather than H — H. The
existence of limit H — H # 0 cannot forbid the negative power
such as 1/H'H.
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Here, an important assumption is that the background
vielbein field &*,(x) is invertible that allows the inverse
background vielbein &,”(x) and the inverse background
metric

7 (x) =02t (x)2y" (x).
where the background vielbein is defined to satisfy

éa”(x>éau(x) = by, éa”(x>éb”(x) = 527

(124)

gﬂb<x)§vp(x) - 5% (125)
In general, the full vielbein and metric fields
e*,(x) =2, (x) + e*,(x), (126)
(%) = G (%) + 8 (%) (127)

will also become invertible, where e and g represent their
quantum fluctuations, respectively. However, we hereafter
raise and lower the spacetime indices by the background
vielbein and/or metric. In particular, we can now give

Ay(x) =2, (x)A,(x); (128)

recall the argument below Eq. (33).
The invertible background vielbein also allows us to
write down the background Levi-Civita (spin) connection:

D= L (=000 + 9,00+ 00). (129
Q2 =2,V 8y =2%0,8" +T%,.  (130)
where
V, 2" = 0,8y" + 17,87, (131)
| (132)

etc. Note that T and Q are solely made of the vielbein and
its inverse. In the previous language,

) =Tho (), O, () = Q%,(x).  (133)

The background spin connection Q transforms the same as
the background LL-gauge field @ under the background LL
and GC transformations.

B. Background covariance

For the given background field of the gravitational fields
®, we define the following LL-background-covariant
(only) derivatives denoted by Z_Dﬂ for matter fields

Dyp(x) = 9,9(x), (134)

D) = dpx) + 22 vy )

5 (135)

D,A?(x) = 0,A%(x) + @y, (x)AP(x), (136)
and for gravitational fields
Dye?, (x) = 9,¢%,(x) + @y, (x)e, (x), (137)
Doy, (x) = 0,0, (x) + &g, (x)0p, (x)
— 0 (X) D, (X). (138)

We also define the LL-and-GC-background-covariant
derivative Z,,. It acts the same as 1_)” on the matter fields
without the spacetime indices P,

2,%¥(x) =D, ¥(x). (139)

whereas on the gravitational fields,"

@ﬂeau(x) = ,D;teav(x) - eai(x)'fﬁw(x)
= 0”62'”()6) + d)aby(x)ebu(x) - eai(x)Tﬁvﬂ(xL
@[la)abp(x) = ,D;twaby(x) - wab/l(x)Tiuu(x)
= aﬂa)aby(x) + @acu(x)wcbv(x)
- wacu(x)d)cbﬂ (x) - wabl(x)’rlluﬂ ()C)
So far, @ is pretty much unconstrained.'® In this paper,

we assume that the background vielbein should obey the
metricity

For a given background e and @, we may always construct a
background GC-gauge field

7oulx) = @'y, (x) =2, (x)0,8* (x)

that is defined to satisfy the metricity:

.y
7,8, (x) =0.

We can explicitly check that 7’1W is invariant under the back-
ground LL transformation.

'®We might end up with the following expression:
2,0, = (0,0, )8, + @ ¢, @, — D¢, @ p;
see, e.g., Ref. [49]. Using Ze=0, we may rewrite

) MHA ~a ~a =d ~a  =d
.@”(U be — aﬂw be + o d”a) be — W qc@ bu-

In the language of differential forms,
2 =dx"9,,
d=dx"d,,

@ (x) = &%, (x)dx",
e¢(x) ==e, (x)dx".

This can be written as

P =do N e+ 2o A d.

106018-16



IRREVERSIBLE VIERBEIN POSTULATE: EMERGENCE OF ...

PHYS. REV. D 109, 106018 (2024)

Z,e,(x) =0, (140)
the background LL-gauge field @*,(x) be Eq. (91), and
the background GC connection be the Levi-Civita one

_ g
() =T4,(x)| 5

9=9

(141)

recall Eq. (70).

C. Global background Lorentz invariance after
spontaneous symmetry breaking

For a general background e?,, there remains a local
SO(1,3) x GC background symmetry:

S0(1.3)xGC

P (), (142)
(0 "R ) = sA@)(), (143)
2,00 "B H ) = A0 T (144)
and
2, (1) "L (1) = A% ()P, (1) (M), (),
(145)
()R, ()
= [AWB, (A (x) = (Q,AX)A™ (0)]2, (M), (x).
(146)

The Lorentz transformation under the global SO(1,3) is
nothing but an accidental symmetry arising only when we
take the flat background e?®, = &3 for which @%,, = 0.
That is, the gobal SO(1,3) is the “diagonal subgroup”:
From Eq. (145), one has !

oy — AP (A‘l)’“ﬂ = oy, (147)

x* — A, x¥ (this is mere a reparametrization),  (148)
s0 to say

SO(1,3) x GC = SO(1,3) je- (149)

Hence, under this transformation in the diagonal subgroup,
the kinetic term of spinors transforms as usual, even though
we assign them only a trivial representation under GC.

"See the discussion around Eq. (BS) in Appendix B for the

reduction of (M~')*,(x) = (A™"),.

VI. DYNAMICAL GENERATION OF FLAT
SPACETIME FROM A SPINOR LOOP

In this section, we derive the effective potential for a
vierbein background field, assuming it to be a flat space-
time background, and then demonstrate that indeed a
nonvanishing flat vierbein background is induced by
quantum effects of the fermion field.

As emphasized in the preceding Letter [54], both the
vierbein and LL-gauge fields are auxiliary at Ag, and both
of them are shown to acquire the kinetic terms below Ag.
This situation is in accordance with the emergence of the
hidden local symmetry applied in QCD; see, e.g., Ref. [80]
for a review. Now we show the effective potential for the
vierbein as a (linearly realized) Higgs field [68,73,81-83].

A. Effective action for conformal mode

We study now the dynamical symmetry breaking of the
LL symmetry in four-dimensional spacetime. A central
object for the observation of such a symmetry breaking is
the effective potential for the vierbein field. To obtain it, we
assume a background field for vierbein e, and investigate
the effective potential. The degenerate limit would enforce
such a minimum to be located at e*, = 0. What we want to
see in this section is whether quantum effects generate a
nontrivial expectation value of e, or not. In this section,
we consider the quantum effects of the spinor fields at the
one-loop level on the effective potential for the vierbein,
while we deal with the vierbein and the LL-gauge fields as
classical fields. The one-loop approximation might be
justified by a large number of spinor degrees of freedom
in the SM that is 90 without including the right-handed
neutrinos, whereas we do not exclude the possibility of
large effects from other sectors; we will come back to this
point later.

We start with separating the vierbein field into the
background and fluctuation as in Eq. (126). For simplicity,
we concentrate on a constant background field in this paper.
At the tree level of our action (123), the potential of the
(constant) vierbein field is simply given by

Viee(8) = Accle]. (150)
Here, we suppose that the kinetic term of the vierbein,
which will be generated dynamically below Ag, will take a
“correct” (negative) sign so that the action is given by
Serr = [ d*x[—(0,2%,)* = Vegr(2)]. This assumption will
be discussed at the end of this section. For a negative
cosmological constant A, < 0, we have an unbounded
potential, and |e| = 0 is an unstable extremum, while for
A > 0, the potential is bounded and has a minimum at
e = (0. The former induces the spacetime background
already at the tree level. How about the latter?

We next consider quantum corrections to the effective
potential. At the level of the action (123) at Ag, only the
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spinor fields are dynamical and give the leading effects on
the effective potential. Here, we compute the effective
potential for an assumed background vierbein field value
e*,(x), taking into account the spinor one-loop correction.
In order to evaluate the spinor action concretely, let us here
assume a flat spacetime background, i.e., we parametrize

et, = Co, (151)
where C is a dimensionless constant. This parametrization
is a special case in that all eigenvalues 4, of the vierbein
take the same value, namely, &*, = diag(4y. 4. 4. 43) =
diag(C, C, C, C). For such a flat background, the equation
of motion may entail @y, = 0.

Hence, the point C = 0 corresponds to the degenerate
limit for the eigenvalues, and thus is identified with a
“symmetric phase” of GC x SO(1,3) in analogy to the
ordinary Higgs mechanism [81]. Needless to say, the point
C = 0 has no background spacetime at all and is intrac-
table. Our strategy to handle this “symmetric” point to
compare with the broken phase18 C # 0 is first computing
the effective potential for C > 0 and then examining the
limit C\0.

Let us derive the effective potential for C arising from the
spinor loop. The assumption (151) for the background field
gives [e| = C* and e,* = C~'8,. In order to obtain the one-
loop effects from a spinor under the background (151), it
suffices to take its quadratic terms:

Sun = [ E[-2,CHOP () - CM ().
(152)

where we have included the spinor mass term coming
from V and have written y* := 6’;7/".19 Now we redefine the

spinor field as y(x) — Z,"/>C=3/2y(x):

Sun = [ xR0 (x) = Cmy (). (153

where m,, == M, /Z,,.
Integrating out the spinor field yields the effective action

[t (C) = — / d*xC* A — iTrlog[-y*0, —m,C], (154)

where Tr acts on all internal degrees of freedom involved
in the spinor field, e.g., eigenvalues of the covariant

" This phase is sometimes called the Einstein phase in the
literature [55].

POnce we identify y as one of the SM fermions, each M,,
should be regarded as the one from the electroweak symmetry
breaking, with M,, < Ag. Here we treat it as a massive Dirac
spinor for simplicity since the generalization is straightforward.

derivative, spinor space, and so on. The second term in
Eq. (154) may give a nontrivial form of the effective
potential.

One can perform the Fourier transformation to obtain

[ d'p .
Feff(c):_/d4xc4 |:Acc+l/(2”)410g[_lyﬂpﬂ_mlllc] ,
(155)

where we have taken the spacetime volume from the
momentum-space delta function 5*(0) in the trace as
(27)*5*(0) = C* [ d*x, which can be naturally understood
by first performing the heat-kernel expansion and then
taking the limit (151). Thus, the effective potential for C
under the flat background (151) is given by

I_‘eff(c>
B Jd*x

d4PE -
X / (2”)4log[—1y’ PEu —m,,,C],

Veff(c) = = Acc ct-ct

(156)

where we have performed the Wick rotation such that p® =
ipog and p' = p;z. If we neglect the second term corre-
sponding to the quantum correction from the spinor field,
the effective potential would be simply Vg(C) = A C*
and hence, for A, > 0, the effective potential would have
vacuum C = 0, implying &*, = (e*,) = 0.

Let us now perform the loop momentum integral in
Eq. (156). To this end, we need regularizations. Here, we
attempt to employ the momentum-cutoff and dimensional
regularization. The use of the momentum cutoff such that
0 < pg < Ag and C?m} < Ag gives

b, CY N,
Vet (C) = A C +W/0 d(pg)(pg)

< |~ 5log(rk+ (m,CP)

4

m
_ f
= Ao CH+ >dn) C*(log A — log(m7C?))
ct AL AL A2
_ 1 A2 G 2C2,
+2(4;;)2[ g T4 Lol G)} TR
(157)

while by dimensional regularization, we obtain

4—e
|- J1og(r + (my)|

Veff(c> = Accc4 -c /
A (2 g, (158)
€ 2(4n)* ~ \& =)

where 2/€¢ = 2/¢ —yp —log4n with ¢ =4 — d.
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The momentum regularization case (157) is more com-
plicated than the dimensional regularization case (158). To
understand Eq. (157), let us consider the chiral limit
(m; — 0) for which

C4 A4 A4
—-5 +-Slog(A2)].

Veir(C) = A C*
eff( ) cC +2(47L’)2 8 4

(159)

The quartically divergent terms ~A¢; can be subtracted by
the additive renormalization for the cosmological constant
A... More specifically, we prepare counterterms for A
such that §A + A rSp, Where 6A . additively subtracts
terms proportional to A, while the counterterm O,
multiplicatively subtracts divergent terms. Therefore, by
employing an appropriate renormalization condition, we
would obtain

1] AL AL
~06 4 D6 10e(A2)].
anr |8 T e leelAs)

B = =~ (160)

This counterterm does not contribute to the running of the
cosmological constant. Indeed, such a prescription is
analogous to the mass-independent scheme in scalar theo-
ries: For the scalar mass term, we give 6m? + m%8,,» and
subtract quadratic divergences ~A? by ém?, while loga-
rithmic divergences are removed by m%4,,» and the running
effects of scalar mass originate from m%8,,2, but not from
quadratic divergences. The cancellation between the A
terms and SA. is nothing but the cosmological constant
problem [84]. We do not intend to solve this problem in
this work.

Next, we consider the last term on the right-hand side of
Eq. (157). It seems that this term cannot be subtracted
because no counterterm proportional to C? exists in the
original action (123). However, this is not the case. The
momentum-cutoff regularization explicitly breaks the sym-
metries GC x SO(1, 3). In such a case, one has to estimate
symmetry-breaking effects from the corresponding Ward-
Takahashi identity and add counterterms to the action.
Therefore, the last term on the right-hand side of Eq. (157)
should be also removed from the effective action. To
summarize, the effective potential under the momentum-
cutoff regularization reads

4
myg

Ve (C) =A . C*
eff( ) cc +2(4ﬂ_)

2C4(10gAé—log(mJ%C2)>. (161)

This is compatible with the result from dimensional
regularization (158) together with the identification
log Ag <> 2/¢.

After removing the power divergences, which do not
affect the running of theory parameters, the effective
potential for C becomes

= Of
=
—1r B
72 [ 1 1 1 1 1 1
-6 -4 -2 0 2 4 6
C
FIG. 1. Plots of the potential as a function of C. The dashed line

shows the tree-level potential (150), Ve (C) = A, C*, while the
effective potential (162) is depicted by the solid line. We set
Ag =my =1and A, = 0.01 and assume a correct-sign kinetic
term for C.

mj‘f mJZCC2
_ 4 4
Veir(C) = A C —2(4”)2C 10g< Aé >, (162)

in the sense of bare perturbation theory around the scale
Ag. In Fig. 1, we plot the effective potential (162) as a
function of C. Here, we set Ag = my = 1 and A, = 0.01
for displaying the effective potential. It is expected that the
effective potential could yield a nonzero expectation value
of C, ie., <e“ﬂ> # 0 due to the quantum tunneling effects.
However, at this level of the approximation, the effective
potential becomes a “runaway” form. Thus, a non-trivial
stable vacuum cannot be determined. So far, there are
mainly two interpretations within the current model:

(1) Inclusion of higher-order effects such as loop effects
of the vierbein and the LL-gauge field stabilize the
effective potential.

(i) The runaway behavior of C implies the cosmologi-
cal evolution of the scale factor [85].

First we comment on the possibility (i). In the tree-level
action (123), there are no kinetic terms for the vierbein and
the LL-gauge field, so these fields do not contribute to the
effective potential at the leading order. In possibility (i),
after the kinetic terms are induced by the fermionic
quantum effects, the effective potential receives loop effects
from the vierbein and the LL-gauge field and could be
stabilized. As a demonstration, we plot in Fig. 2 the
potential with a possible higher-order correction « |e|?,

m m2C? A
Ve (C) = A C* — —L - C*1 / 88,
eff( ) cc 2(471')2 0g< Aé +(4ﬂ_)4

(163)

with a sample value Ag = 0.02. For other parameters, we
use the same value as Fig. 1, ie., Ag = my =1 and
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FIG. 2. Plots of the sample potential (red line) (163) as a
function of C with Ag =0.02 and the same values of other
parameters as in Fig. 1. The black solid and gray dashed lines are
the same as Fig. 1.

A = 0.01. In this case, there is a stable global vacuum at
(C) = 7.04. However, if g is large, the origin becomes the
global minimum, and we do not get the emergence of
spacetime.

Second, we comment on possibility (ii). The field C can
be actually regarded as a conformal factor because the
parametrization (151) with C = e° gives the Weyl rescaling

G = ﬂabéaﬂébv = ezgrlﬂv- (164)
Here, o is called the dilaton, the conformal field, or the
scalaron, depending on the situation, and is associated with
the scale symmetry. Indeed, in the potential (162), powers
of C reflect the canonical scaling of dimensionful param-
eters such as A . and m . Another possible interpretation is
therefore that C is regarded as a renormalization scale. The
change of C may give the running of renormalized
couplings. The evolution of C may be reasonable for
realizing the expanding universe in cosmology.” In this
sense, the runaway potential is not excluded from possible
scenarios. Moreover, the runaway potential may be also
related to the wave function of the Universe [86]. In any
case, an important fact is that the solution (C) =0 is an
unstable vacuum, and then a nonvanishing vacuum is
realized.

Finally, we comment on the kinetic term of the con-
formal mode C in the vierbein. In the argument above, we
have assumed a “correct-sign” kinetic term of the con-
formal mode and then have obtained a runaway effective
potential. Conversely, if the conformal mode has a wrong-

2OObtalining a runaway potential for the vierbein has been
discussed in Ref. [85] in a different mechanism: A background
metric is assumed to be a cylinder of topology R x M? with an
arbitrary three manifold M?, i.e., ds?> = C?(¢)(—d#* + dx?) with
time-dependent factor C() and the effective potential for C*(¢) is
derived. In this scenario, a “wrong-sign” kinetic term of C(¢) is
crucial to obtain an unbounded potential for C(7).

sign kinetic term, the effective potential is unstabilized by
the cosmological constant term and is bounded by the
fermion loop effect. Consequently, we obtain a stable
vacuum at

(€) =2 exp (ﬂ> (165)

The sign of the kinetic term for the conformal mode highly
depends on interactions between gravitational fields and
matter fields. Indeed, depending on the interaction between
the scalar curvature R = R“ﬁaﬁ [see Eq. (85) for the
definition of the Riemann tensor] and scalars, the sign
of the kinetic term for the conformal mode varies; see, e.g.,
Appendix A in Ref. [17]. In our model, it depends on
whether or not the Planck mass in Eq. (121) is regarded as a
function of scalars. Therefore, we do not specify the sign of
the kinetic term for the conformal mode. Nonetheless, we
stress that in any case, background vierbein has a nontrivial
expectation value thanks to the fermion loop effect.

VII. SUMMARY AND DISCUSSION

In this paper, we have proposed a model for quantum
gravity based on the LL gauge and GC symmetries. In
Sec. II, we have explained our viewpoint on constructing a
quantum-gravity model. We have summarized transforma-
tion laws under these symmetries and the corresponding
covariance carefully in Sec. III. Our main claim is to
impose the irreversible vierbein postulate on the tree-level
action at the scale Ag such that the action does not contain
an inverse vierbein in invariant operators under the LL
gauge and GC symmetries. This postulate also prohibits, at
Ag, the background field of the gravitational fields,
especially the vierbein. It has been shown in Sec. IV that
with matter fields, only three types of terms are admitted
among operators up to dimension four in the tree-level
action (123): the cosmological constant, the linear term in
the field strength of the LL-gauge field, and the kinetic term
for the spinor, possibly with their couplings being GC- and
LL-invariant functions of matter fields. This means that
only the spinor can behave as the dynamical quantum field
at the lowest level. Transformation laws for background
fields have been summarized in Sec. V. In Sec. VI, we have
argued the generation of a nonvanishing background
vierbein field. There, supposing that a flat background
vierbein field is induced, e*, = C57, we have discussed the
effective action for C. Depending on the signs of the kinetic
term of C and of the cosmological constant, the symmetric
vacuum (C) = 0, which is consistent with the irreversible
vierbein postulate, can be a stable minimum of the potential
at the tree level, and then the fermionic fluctuations can
make it unstable so that a nonvanishing value of (C) is
realized. This implies the generation of the spacetime
background.
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With the nontrivial background vierbein generated by the
quantum dynamics, we can discuss an effective theory. In
the low-energy regime, gravitational interactions are well
described by metric theories in which only 2 degrees of
freedom within 10 degrees of freedom of symmetric tensor
are physical, while our model (123) has 4% + 6 x 4 = 40
degrees of freedom at the tree level since the vierbein and
the LL-gauge fields have 16 and 6 x 4 = 24 degrees of
freedom, respectively. This discrepancy can be understood
by the Higgs mechanism: The vierbein field plays the role
of the Higgs field in generating the background spacetime
as its vacuum expectation value. The LL-gauge field eats
6 degrees of freedom in the vierbein field and becomes
massive [54]. The remaining 10 degrees of freedom of the
vierbein field are the same as those of the symmetric tensor
field. At the quantum level, only 2 degrees of freedom
remain due to the subtraction of 8 degrees of freedom by
the gauge fixing and the ghost field. This picture provides a
similar analogy to the nonlinear sigma model from the
linear sigma model as discussed in Sec. II. Hence, in high
energy, there are heavy modes for describing the gravita-
tional interactions which cannot be observed in low-energy
experiments; see Refs. [73,81,83,87-91] for a similar
mechanism in the GL(4) case.

In this paper, we have not explored renormalizability of
the theory because the existence of its further UV theories
is unclear. String theory might be a high-energy theory for
our model. Another possible candidate within the realm of
quantum field theory is spinor gravity [78,92-94], in which
vierbein and LL-gauge fields are composites of spinor
fields. This can be studied by the renormalization group
with the compositeness condition [95].
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APPENDIX A: LIE DERIVATIVE, GENERAL
COORDINATE, AND GAUGE
TRANSFORMATIONS

In this appendix, we summarize the transformation laws
under the GC transformation and the Lie derivative. In
particular, the difference between them is clarified in
Appendixes A1 and A 2.

1. Infinitesimal general-coordinate transformation

For an infinitesimal GC transformation

XM (x) = x* + & (x), (Al)
we have
Mr,(x) =6, + ©,(x), (A2)
(M=), (x) = 8 — @, (x), (A3)
where
®”,(x) = 9,&"(x). (A4)
This implies
0[,,(9”,,] (x) =0. (A5)

Conversely, a function ©*,(x) that satisfies the condition
(A5) can always be written (locally) as Eq. (A4). The
condition (AS5) is the infinitesimal version of the GC
condition (45).

For the infinitesimal transformation (A1), the variation of
the bases becomes

Sgedx* = OF (x)dx* = dx¥0,&"(x), (A6)
5GC6;4 = —®"M(X)au = —5y§”(x)au (A7)

of the gravitational fields
Soce®y(x) = =€, (x)0", (x) = =9,¢"(x)e?, (x),  (A8)

SGe® 'y, (X) = =0y, (X)0Y,(x) = =0,&" (x)@?p, (x) (A9)

and of the matter fields

5Gc¢(x) =0, (AIO)
Saey (x) =0, (A11)
Soc A, (x) = —A, ()0, (x) = 9,8 (x) A, (x).  (A12)

The 1-forms e?(x) = e, (x)dx*, @*,(x) = @™y, (x)dx*,
and A(x) = A,(x)dx* are trivially invariant under the
GC transformation:

dgce™(x) = =0, (x)e?, (x)dr* + e, (x)dx"9,¢" (x) = 0,
(A13)
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Sge®®y(x) = —Oﬂf"(x)a)aby(x)dx”

+ @y, (x)dx* 0,8 (x) = 0, (A14)

ScA(x) = —0,8(x) A, (x)dr + A, (x)dx0,&(x) = 0.
(A15)

For the infinitesimal GC-gauge transformation
M?s(x) = 8f + O%(x), the GC-gauge field (as well as
the Levi-Civita spin connection, both if they exist) trans-
forms as

8o Tpu(x) = % (x) Y7 g, (x) = T, (x)@%(x)

=T, (x)0",(x) - 0M®”/j(x). (A16)
The next-to-last term comes from the rotation of the
spacetime index and is peculiar to the GC-gauge field,
compared to the ordinary and LL-gauge transformations in
Egs. (14) and (25) [or (26)], respectively. The last term is
the inhomogeneous transformation that characterizes the
gauge-field transformation.

It is important that the antisymmetric part has a vanishing
inhomogeneous term under the GC transformation:

S T (x) = ©% (x) Y7 5,0 (x) = T, (x) 0% (x)
— 07, (x) T, (x)

due to the condition (A5) for the GC transformation. That
is, the antisymmetric part is in vain for covariantizing the
GC-covariant derivative. This is the infinitesimal version of
the discussion in the last paragraph in Sec. III C 2.

(A17)

2. Lie-derivative transformation

Choosing the coordinate system (chart) x for each open
subset U of a manifold M can be regarded as a diffeo-
morphism from U to R?"!. The GC transformation
between two different coordinate systems is a map between
two different diffeomorphisms U — R%*! from the same
U; see the upper panel in Fig. 3.

U Rd+ 1

FIG. 3. Schematic figure for the GC (upper) and LD (lower)
transformations.

Instead, one may consider two different maps from U to
the same coordinate values in R%*!. The transformation
between these two maps can also be regarded as a diffeo-
morphism. We can define a derivative of such a diffeo-
morphism, namely, the Lie derivative, which we will call the
LD transformation below; see the lower panel in Fig. 3. In
the literature [52,53,96,97], the self-diffeomorphism group
on M is called the diffeomorphism, or diff in short, and this
LD transformation can be regarded as its infinitesimal.*’

A Lie derivative along an infinitesimal vector field & (x)
is defined as the difference between fields on two distinct
spacetime points that happen to have the same coordinate
value x’ before and after the infinitesimal GC transforma-
tion (Al):

LD(x) = B(¥) - D'(x') = B(x + &(x)) — ' ()
= (®(x) + () P(x)) - P'(x)
= {(x)@(x) + (D(x) - @'(x))

= £(x)®(x) — 66 P(x). (A18)
where £(x) in an argument (of ® in the first line, in this
case) denotes the (d+ 1) variables (£°(x),...,&%x)),
whereas those in other places denote the differential
operator £(x) := &(x)d,. In other words, the Lie derivative
(A18) is the difference between the original field at the
GC-transformed point and the GC-transformed field. In
terms of the Lie derivative, the GC transformation can be
written as
Soc®(x) = EX)D(x) - L(x). (ALY
By construction, the Lie derivative does not change the
basis, unlike the GC transformation (A6) and (A7).
We spell out the concrete forms using Egs. (A8)—(A12):

Lee%, (x) = E()en, (x) + 0,8 () (x), (A20)

Loy, (x) = E(R)ty, () + 0,E (o, (x).  (A21)
and

Lep(x) = ER)P(). (A22)

Lap(x) = Exw (), (A23)

L:A,(x) = E(x)A,(x) + 0,8 (x) A, (x).  (A24)

In the language of differential geometry,

*'Such a transformation can be interpreted as either “passive”
or “active,” and it is claimed that they are distinct concepts; see,
e.g., Fig. 10 and Sec. 4 in Ref. [98]. The GC and LD trans-
formations in our language may correspond to the passive and
active interpretations, respectively.
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Lee®(x) = &(x)e(x) + (e (x), dg(x)), (A25)
L™y (x) = E(x) ™y (x) + (0 (x), dE(x)),  (A206)
LeA(x) = E(x) A(x) + (A(x)., dé(x)), (A27)

where the exterior derivative on the vector field &(x) =
&(x)o, is given by d&(x) = (9,£"(x)dx*)d, and the inner
product defined through that of the bases (dx*,d,) = &,
reads
(A(x), d&(x)) = (A;(x)dx*, (98" (x)dx*)d,)
= A;(x)(9,&" (x)dx)(dx*, 9,)
= 0,8 (x) A, (x)dx",

—~ o~

(A28)

etc.

One might find it uneasy to transform the coordinate
bases as in Egs. (A6) and (A7). Then it might be tempting
to define another transformation, which we call the LD
transformation:

gauge

SLp®@(x) = S P(x) — E(x)@(x) = —L:D(x). (A29)

An advantage of the GC transformation over the LD one
is that the former commutes with gauge symmetries,
whereas the latter does not [52,53,96,97] because the latter
is the difference between two distinct spacetime points,
which are gauge transformed differently.

3. (Semi)direct product of general-coordinate
and gauge transformations

Since the GC transformation acts on spacetime indices, it
acts on those of the gauge field. Therefore, when we apply
both GC and gauge transformations for a system, one may
worry about the order of transformations, that is, a GC
transformation after a gauge transformation or the other
way around. To clarify this, we show explicit computations.

We first perform a gauge transformation and then a GC
transformation:

P(x) — P(x) = U(x)¥(x)
sy ¥ (x) = U'(¥)¥(x) = Ux)¥?(x), (A30)
A (1) =5 A,(x) = U)A,(x)U™ (x) = 9,U(x) U™ (x)
S ) = U AU (&) - U (YU ()
= [U@)A,x) U (x) =0, Ux) U (x)] [M~ (x)]*. (A31)
where U’(x') is the pullback defined by U’(x'(x)) = U(x). In the opposite order, we obtain
P(x) =S ¥ (x') = P(x)
LW () = Ux)P(x). (A32)
A,x) =5 A) = A )],
= A,) = [U®) AU (x) = 0,U(x) U (x)] M7 (x)]%,. (A33)

Obviously, the GC and gauge groups commute each other:
The generators of the gauge and GC transformations &
and 85" satisfy

(657, 5P| W (x) = 0. (A34)

(555, 6EP] A, (x) = 0, (A35)

where 6(x) and &, (x) are their transformation parameters,
respectively. Thus, they form a direct product:

GC x gauge. (A36)

For instance, our action is invariant under GC x SO(1, d).
Indeed, the commutativity between the GC and gauge
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groups is because of the definition of the GC transforma-
tions (48)—(52).

In the literature (see, e.g., Refs. [52,53,96,97]), instead of
GC, one has imposed the symmetry (A29) that acts only on
path-integrated quantum fields. We write it diff-. In diff-P,
the first term in Eq. (A19) is absent, which results in the
nonvanishing commutator of diff*® and elements of a
gauge transformation ¢. In particular, their commutator
becomes the generator of the gauge transformation g with

W) T w(x) - & (x)0, ¥ (x)

gauge
—

A, (x) o Ay (x) = &(x)0,A,(x)

gauge

W(x) +0(x)¥(x) = &(x)9,0(x)¥ (x) — &(x)9,¥(x) — &(x)0(x)9, ¥ (x),

- -Au (x)aﬂcf”(x)

gauge parameters —&(x)d,0(x). In this case, the group
becomes a semidirect product:

difft X gauge. (A37)

This can be seen explicitly. To this end, let us deal with
infinitesimal transformations. First, diff"® and subsequent
gauge transformations yield

(A38)

(A39)

— Au(x) £ 0(x) A, (x) = A (x)0(x) - 9,0(x)
= &(x)0, (A, (x) + 0(x) Ay (x) = A, (x)6(x) = 9,0(x))

= (A, (x) +0(x) A, (x)

- Ay(x)g(x) - 0D9<x>)aﬂf”(x)

— A, +0A, — A0 —0,0—EA, - EOA, —OEA, + EAO+ AE0+ E0,0

— (A, +0A, — A0 —0,0)0,&".

(A40)

Note that A, = AjT“ and 6 = 0°T* do not commute here. On the other hand, a gauge transformation and a subsequent

diff'> yield

P(x) 2 W(x) + 0(x)¥(x)

i P(x) = &(x)0,¥(x) + 0(x)¥(x) — O(x)& (x)9,¥(x), (A41)
A () =5 A (x) + 0(x) A, (x) = A, (x)0(x) = 9,0(x)
(ﬂfui A,M (x) - fy(x)avAﬂ ()C) - Av(x)auéy(x) + 9()() (-A/t (x) - fy(x)avAﬂ ()C) - Au(x)aﬂé:y(x))
- ('Aﬂ('x> - é:y(x)avAﬂ(x) - Au(x)aﬂ§y<x))9(x) - aﬂe(x)
=A,—EA, - A0, +0(A, —EA, —A0,8) — (A, —EA, — A0,E)0 —0,0. (A42)
Subtracting these two, we obtain

(655, 5P W (x) = =& (x)9,0(x)¥ (), (A43)
(65, 6EP] AL (x) = —&(x)0,0(x) A, (x) + A, (x)&(x)0,0(x) + &(x)0,0,0(x) +0,0(x)9, & (x).  (A44)
The commutator becomes the extra gauge transformation with the gauge parameter £:0(x) = —&0 = —&"(x)d,6(x). For this

noncommutativity, it is important that diffl-?

does not transform €(x) by assumption. To avoid noncommutativity of LD and

diff, one may further introduce a modified diff"® denoted by SED to make it commute with ¢ [52,53,96,97].
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We comment on the global Poincaré transformation
1SO(1,d) in the Minkowski space M!?. The global
Poincaré transformation /SO(1, d) contains the translation
in M4 as a normal subgroup in the sense that x — Ax —
Ax+a— A" (Ax+a) =x+A'a. Since SO(1,d)~
1SO(1,d)/T(1,d), we write”

1S0(1,d) = T(1,d)xSO(1.d). (A47)

The local version of T(1,d)xSO(1,d) is given by

diffxSO(1, d), (A43)
which is opposite Eq. (A37). In a gravitational theory based
on the global Poincaré transformation, we infer to realize
the symmetry breaking

1SO(1,d) = T(1,d)xSO(1,d) — diff.  (A49)

APPENDIX B: COMMENT ON THE LIE
DERIVATIVE ON THE SPINOR

In this appendix, several definitions of the Lie derivative
acting on the spinor are argued.

Once the background-covariant derivative Z is defined
for the matter field ¥, we may consider a parallel transport
with respect to Z:

W(x+ &) = P(x) - &92,¥(x). (B1)
Here, we stress that this parallel transport differs from the
GC transformation in Eqgs. (50)—(52) in the sense that the
transport (B 1) compares fields on physically distinct points
that happen to have the same coordinate values before and
after the GC transformation.

The parallel transport (B1) induces another Lie deriva-
tive of ¥:

L:¥(x) = &(x)2,%(x). (B2)
On spinors, this is nothing but the Lie derivative introduced
by Weyl [99],

Lap) = &) (o0 + 222wy ). 3

*In the case of SU(2) — U(1) breaking, ie., T ~SU(2)/
U(1), we write
SU2) =T X U(1). (A45)

For the SM SU(2) x U(1)y — U(1),, we have T =~ (SU(2)x
U(1)y)/U(1), and then write

SUQ) x U(1)y =T X U(1),. (A46)

if @",, is identified to the Levi-Civita spin connec-
tion (130).”

One may further extend the above definition to the
following form [100] (see also Ref. [101]*)

2y (x)e"y (x) 2Py (x).

(B4)

Lay(x) = &(x) 2, (%) +%ﬂ](")

This extension is motivated by the fact that on the flat
Minkowski background e?, =4} and @%,, =0, there
remains the global SO(1, d) invariance under

X o= AN = (SO, )X =X+ &, (BS)
namely, & (x) = 6#,x* + - - -. This is the same as Eq. (A2)
with Eq. (A4). Hence, Eq. (B4) becomes equivalent to the
Lie derivative obtained when the background GC trans-

formation reduces to the global SO(1,d) on the flat
background, namely, when M¥ (x) — A*:

w(x) = /() = (1 s )w(x). (B6)

The transformation (B6) corresponds just to the global
SO(1, d) transformation for the spinor. The definition (B4)
may however be a detour notation in our case. As discussed
in Sec. VC, in our formulation, the global Lorentz
SO(1,d) transformation is accidentally realized as a
diagonal subgroup of SO(1,d) x GC, so that the detour
notation is not necessary.

APPENDIX C: DEGENERATE LIMIT
OF THE VIERBEIN

In this appendix, we explain the detailed definition of the
degenerate limit and show its application for explicit
several examples.

1. General definition of degenerate limit

As discussed in the Introduction, we assume that the
action at Ag admits the weak-field limit e*,,(x) — 0 just as
the SM action does for the limit H(x) — 0, etc. In
particular, we postulate that the action admits the degen-
erate limit for any combination of the (d+1)>=16
components of the vierbein [54]. This requirement puts
a more severe constraint on the action than just requiring
a simultaneous limit for all the components, as we will

# As said above, whether or not @™y, coincides with Qabﬂ is to
be determined dynamically in our formalism.

*In Ref. [101], the original Lie derivative by Weyl is said to be
Lyy = U0,y without the background LL connection, corre-
sponding to the transformation (51).
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see. The degenerate configuration of the vierbein appears
in the topology change of the background spacetime
and is expected to play an important role in quantum
gravity [55,56].

In general, a vierbein e”, has four eigenvalues in four-
dimensional spacetime. In the degenerate limit, at least one
eigenvalue goes to zero, resulting in the determinant of the
vierbein to be zero: |e| — 0. Note that the degenerate limit
does not necessarily mean the null limit e*, — 0 for all 16
components. Let us see this fact using a specific example.
By a rescaling e?, > Ce?,, we obtain |e| > C*|e| and
¢ +— C~2¢", and hence the term

el g0, p0, 1> C2le|0, b0, (1)
does not diverge in the null limit C — 0. However, this term
is in general divergent in a degenerate limit as we will
see below.

Now, we define the degenerate limit. The power for the
degenerate limit can be counted by |e| rather than by the
overall normalization factor C: The inverse of the vielbein
and metric, e,* and ¢"*, contains one and two factors of
le|~!, respectively,

=T

b v
”a Ca”Cb
ey’ ) g = |e|2 ’

(C2)

where the transpose of the cofactor matrix of e?,, is denoted
by C,*, which remains finite in the degenerate limit.
Hereafter, we write the power of |e| as
lea| = —1, lg"] = -2, etc. (C3)

Each upper greek index of the vielbein or metric serves an
extra —1 power of |e|, and its power —1 cancels the power
+1 from a lower index of the metric or vielbein.

This can be explicitly seen as follows. The D? =
(d + 1)? degrees of freedom of the vielbein can be para-
metrized as

0. (C4)
where (Ao, ...,4y) ERP  with 1, <0 and ;>0
(i=1,....d) and each of A,M €SO, (1,d) has 221
degrees of freedom.” In the degenerate limit, an eigenvalue
A4 goes to zero: 4, — 0. The determinant reads

le] = 0+ Za- (Cs)

while the metric and its inverse are

PPercacci has generalized M to be M € GL(D) having D?
degrees of freedom.

.....

x (Adiag(2y, ..., 14)M")
= Mdiag(—/%, /1%, cees ié)Mt, (C6)
[gﬂb}y v=0,..d — Mdiag(_ﬂ'az’ /11_2’ ’ /IEZ)MI (C7)

, = Adiag(=25", 27", ... A7 )M (C8)

gives the power [e*,¢" | = —1. In one more example, for
V,e*, =0,e*, — eI, with the Levi-Civita connection
(70), we have

v

l/
eaﬂr‘iuu = eai 7 (_a/l’gvy + aygﬂi’ + aﬂg}/u)’ (C9)
which gives |¢*;I",,| = —1 because the first term does not
contain a vierbein whose A’ leg is to be contracted.
Other examples are in order: The Levi-Civita connection
I, contains two extra inverse powers of |e| coming from

¢*, [I*,,] = =2, while the Levi-Civita spin connection
has Q] = -2 because of |e*;¢g%| =—1 and hence,
le*: T, ] = —1 (contraction of e,° with I**,, does give the

additional power —1 because the latter contains the index
from d,, which does not come from the vielbein or from
metric). Note that the contraction of F’lw with e,” does
raise the power by 1 because the former contains the second
term in the parentheses in Eq. (70), d,g,,, whose lower p
index comes from the derivative.

2. Concrete examples

Here, we more explicitly show the degenerate limit on
various terms and list the terms prohibited by having a
negative power of eigenvalues of e®,.

(1) The kinetic term of a scalar

o= [ alel| -3 @0]|  (c0)

is prohibited because from Egs. (C5) and (C7)

le|g" o (Ao - - - A3)diag(—252, 472, 132, 457)
_ diag _hidods Aodads Aodids Aodidy
/10’/1,’/12’/13 ’
(C11)

When some eigenvalues become zero 4, — 0, the
matrix contains a divergent component « A;'. We
note that Eq. (116) cannot be used in Eq. (C11) since
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(i)

(iii)

(iv)

le|g" = |e|ea”ep) n™ which is different from

lelefey” to be vanishing for the contraction
with #72P.
The symmetric kinetic term for the vierbein

Z(f ! !
Se = /d4x|e| [_7914/4 gyy Mab (vyeav)(vﬂ’ebzx’>

(C12)

(with a factor Z, being mass dimension 2) is
prohibited because

le]g* nape®, ey
 (Zo -~ As)diag(=452. 477, 477, 45%)
X diag(—/lo, ll s 12, ﬂ3)diag(—/10, /11 s /12, /13)

. Moy Aodods Apdids /10/11/12)
= diag <— , , =5 . (C13
Ao A A A3 (C13)

The ath diagonal element of this matrix has 1!
which diverges for 4, — 0.
The antisymmetrized kinetic term

] ! /
Se,a.mi—sym = /de|€| |:_§gﬂ” g* (a[ueu])(a[y’ev']):|
(C14)

is prohibited. Note that this term is GC invariant
because V[ﬂeay] = Jje*, due to the torsion-free
identity of the Levi-Civita connection I, = 0.
Even though the power [V ,e?, | = —1 is raised to
|0je?,;] = 0, we still have the total power —1.
The gauge kinetic term

1 ! !
SA = /d4)€|€| |:+§gﬂﬂ gw/ Fab/waay’b’ (ClS)

is proportional to A;* because

(Ao - - - Ay)diag(—Ag2, 472, 452, 132)
x diag(—45%, 4%, 437, 43%)
_ dine [ _rteds dokads dohids ohida
= diag| — B3 0 B3 083
0 1 2 3
(C16)

lelg g o

and thus diverges for 4, — 0. Therefore, the gauge
kinetic term is not compatible with the degener-
ate limit.

(v) The Einstein-Hilbert action solely made of e,

SEH:/dDX|€|R. (C17)

The Riemann and Ricci tensors that are solely made
of e are RV, =0,I%,;,—09,I", + F”,lpl"iw -
r# Ml"lyp and R,, =9,I",,—0,I", +T*" ,1”1"’1”6—
I MWW. Both give the power —4. The Ricci scalar
R = gyg(aﬂl—wva - aﬂl—wl/ﬂ + Fﬂiﬂl—%w - rﬂial—%yﬂ)’
which is solely made of e, gives the same power
—4.% Therefore, it has the power —3.
These terms are forbidden in the action consistent with the
degenerate limit.
In contrast, the following operators can admit the
degenerate limit:
(i) The cosmological constant term

/de|e|

is obviously not divergent for A, — 0 thanks
to Eq. (C5).
The linear term in F2P

(C18)

(ii) > Namely,

S = /de|e|e[a”eb]”FabW (C19)

does not diverge because the use of Eq. (116) yields

leeat en” = ée [abcd} et el [,ul/po]

o (diag(—4g, 41, 42, 43))?

= diag(43, 43,23, 43). (C20)
(iii) The kinetic term of the spinor field
5= [@xepesrDw (€21
has
le]ey” *le[abcd]e" e e e [uvpo]
a - 3! v p€ o HUp
o (diag(=4, 41, 42, 43))°

This term does not contain any inverse of eigenval-
ues of the vierbein field, so that it is free from

In v A,,Fiw, the power —4 term is one in which both the
lower indices p and A come from derivatives. In that case, the
lower indices v and ¢ are from metrics, and hence erase the power
from ¢*°.
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divergences for 1, — 0. Note that the mass term of
the spinor field is also accepted.
Hence, imposing the degenerate limit on the action accepts
only these three terms. In particular, only spinor fields have
their kinetic terms, i.e., become dynamical.

3. Rarita-Schwinger field

Here we examine if the spin-3/2 Rarita-Schwinger field
is compatible with the irreversible vierbein postulate.

When we regard the lower-indexed v, as the funda-
mental field, its free action is

5= / @2l ()| [=ie0 (1), ()57, (X) o ()]

(C23)
|

B / d*x i€ [uvpo] i, (x)rsy,(x)0,w,(x)].

When we regard the upper-indexed one y* fundamental, its
free action is

5= / &2l () [y (6)# (2) 757 (6) P ()]

= [ @leCoP lielwpolpt (rseat (7"

(x)0,p7(x)]. (C24)

The former action is consistent with the irreversible
vierbein postulate, whereas the latter is not. The compat-
ibility of the Rarita-Schwinger field with the irreversible
vierbein postulate is contingent upon whether we consider
the field with upper or lower indices as the fundamental
entity.

APPENDIX D: TOPOLOGICAL TERMS

There are four topological terms: (i) the Immirzi term, (ii) the Nieh-Yan invariant, (iii) the Pontryagin index, and (iv) the
Euler number; see, e.g., Ref. [102] for others.”” More specifically, they are given in the language of differential forms by

1 o 1o
Stmmirzi = E/}_ab N ey N\ ey = /d4xe[ﬂ1/ﬂ5] Zfabuu(x)eap(x)eba(x),

1 1
SNieh-Yan = E/d(f?a AT,) = 5/(Ta ATy—=Fap A e A eP)

1 [o o 1
Sponuyagin = 5 / F®NFap= / d*xe[pvpo] st B (%) Fanpe(X),

1 w b 0] d 1
SEuler = 8/€abcdfa NF = ﬁ
where we have omitted the coupling constants. We define

T? := de? + o, A e =

namely,

1)

= [ txelino] (5T 0 o) = Fapn et (03 ). (02)
(03)

d4xe [/41/,06] eabcd';é abﬂu(x)%Cdpa(x)’ (D4)

30, (0) + 0%, (P, (1)) A i, (03)

T4 () = 8,6 () + @ (1)eh (), (06)

and we have used dx* A dx¥ A dx” A dx® = e[ﬂupa] d*x. More specifically, the Nieh-Yan terms are computed as

27Recently, another topological term [ d(e® A xT,) is proposed [103]. This term would be interesting to study on its own, though it is
incompatible with the irreversible vierbein postulate because it contains the Hodge dual of the 2-form and hence two inverse metrics.
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d(e? ATy) =de* AT, —e* AdTy = (T? — 0®y A e®) ATy —e® A (dwgy A €® — wap A deP)

@
=T AT, =y Ae® ATy —e* A ((Fap

— Wpje| N Op)) A €” —wap A (TP — 0P A ef))

@
:Ta/\Ta—a)ab/\eb/\Ta—ea/\eb/\}—ab—l—ea/\eb/\a}[a‘c‘/\a)cb]—l-ea/\wab/\T"

— e A wgp A @ A et

@

_ b
=T*ANT,—e* Ne® AN Fap-

These terms are compatible with the degenerate limit.
However, barring the field-dependent couplings as dis-
cussed in the second-to-last paragraph in Sec. 1V, they do

(D7)

not affect the quantum dynamics of the vierbein and LL-
gauge fields since these topological terms give the propa-
gators of neither the vierbein nor the LL-gauge fields.
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