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In earlier papers it was shown that the correct kinetic term for scalar, vector gauge field and the spin two
field in AdSDþ1 space is obtained starting from the exact renormalization group (ERG) equation for a
CFTD perturbed by scalar composite, conserved vector current, and conserved traceless energy momentum
tensor respectively. In this paper interactions are studied, and it is shown that a flipped version of the
Polchinski ERG equation that evolves toward the UV can be written down and is useful for making contact
with the usual AdS/CFT prescriptions for correlation function calculations. The scalar-scalar-spin-2
interaction in the bulk is derived from the ERG equation in the large N semiclassical approximation. It is
also shown that after mapping to AdS the interaction is local on a scale of the bare cutoff rather than the
moving cutoff (which would have corresponded to the anti–de Sitter scale). The map to AdSDþ1 plays a
crucial role in this locality. The local nature of the coupling ensures that this interaction term in the bulk
action is obtained by gauge fixing a general coordinate invariant scalar kinetic term in the bulk action. A
wave function renormalization of the scalar field is found to be required for a mutually consistent map of
the two fields to AdSDþ1.
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I. INTRODUCTION AND OUTLINE

A precise realization of holography [1,2] is the AdS/CFT
correspondence [3–7]. One of the most interesting ideas
that have come out of the AdS/CFT correspondence is that
of holographic RG [8–22]. It has been shown in a series of
papers by one of the authors of this paper [23–26] that the
bulk anti–de Sitter (AdS) dual can be derived from first
principles starting from a Polchinski exact renormalization
group (ERG) equation [27–36] of the boundary conformal
field theory (CFT).1

In this paper we build on the work done in [23–26]. Our
goal is to construct, from “first principles” the bulk AdS
dual of the O(N) vector model in D ¼ 3. The O(N) vector
model has two fixed points—the Gaussian point and the

Wilson-Fisher fixed point. Both these fixed point theories
are conjectured to have as bulk AdS dual some variant of
the higher spin theory [37] of the type studied by
Vasiliev [38].
By the phrase “from first principles” we mean the

following:
We start with the boundary field theory with D ¼ 3. We

then write down an ERG for the evolution of single trace
perturbations. These are functional differential equations.
We then write down an evolution operator for this ERG
equation in the form of a functional integral over a field
theory in one higher dimension, i.e., Dþ 1 dimensions.
This field theory is nonlocal and has nonlocal kinetic and
interaction terms. Because this bulk action implements an
RG evolution they are guaranteed to reproduce the correct
correlators of the boundary theory. We map this nonlocal
action by a field redefinition to an action in AdS space
where the kinetic term has the standard local form. This
bulk action is by construction the AdS dual one is
looking for.
We also get a well-defined mathematical expression for

the interaction terms. This was done for the three scalar
interactions in [25]. In this paper we obtain the graviton-
scalar-scalar interaction. There is no guesswork involved in
this procedure: One does not have to start with a general
ansatz and fix the coefficients so that the boundary
correlators are reproduced using the standard AdS/CFT
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1To avoid confusion, one should emphasize that a CFT is a
field theory at a fixed point of the RG and as such has no RG flow.
The RG flow is for the CFT perturbed by the addition of some
terms, for instance of the form

R
λO where O is some operator in

the CFT.
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framework. It is in this sense that we use the phrase “from
first principles.”
The result of the calculation is that the interaction terms

are almost local. It turns out that with some minor
modifications they can be made exactly local. This is
one of the important results of this paper. It is not clear
whether this procedure can be consistently extended for
quartic and higher interactions or indeed for all other cubic
interactions.
We give an outline of the paper below.

A. Outline

To start with, the fixed point theory is a conformal field
theory. We consider the Gaussian fixed point of the O(N)
model, free field theory with the action

S ¼ 1

2

ffiffiffiffi
N

p Z
d3p
ð2πÞ3 ϕ

IðpÞ 1

Δl
ϕIð−pÞ; ð1:1Þ

where Δl is the regulated propagator.
The free O(N) model has an infinite number of conserved

currents that are O(N) singlets, one for each even spin. They
could be scalars or in the form of higher spin currents. These
currents are the objects that have bulk duals. Hence their
correlators are of interest. In this paper we consider two—
the scalar composite σðxÞ ¼ ðϕIϕIÞðxÞ and the energy
momentum tensor composite σμνðxÞ ¼ Tμν½ϕIðxÞ�. For
obtaining their correlators, one adds perturbations of the
form

R
jσ or

R
hμνσμν to the free action. The theory then

flows away from the fixed point and undergoes a nontrivial
RG evolution. The correlators of these objects, even in the
free theory, are nonzero, and further, require renormaliza-
tion. Thus, they have a nontrivial RG evolution. This
evolution is captured by the ERG equation. The AdS bulk
action can be determined once the form of this ERG
equation is obtained.
Polchinski’s ERG equation that describes this flow is

∂Ψ
∂t

¼ 1

2
ffiffiffiffi
N

p
Z
p
Δ̇l

δ2

δϕIðpÞδϕIð−pÞΨ; ð1:2Þ

where Ψ ¼ e−SI ½ϕI �. Here SI is the perturbation; t is the RG
parameter, and dot denotes derivative in t. Note that the
form of the equation does not depend on SI . It does depend
on the free theory kinetic term through Δl.
Since we are interested in perturbations involving σ

rather than ϕI , it is convenient to rewrite the fixed point
theory in terms of σ. Thus one integrates out ϕI keeping σ
fixed, and one obtains an action for σ to be of the form

S0½σ� ¼
Z
x

1

4
σðxÞ 1

Δ2
l

σþ
X∞
n¼3

Z
xi

gnðx1;…; xn;ΛÞ
Yn
i¼3

σðxiÞ:

ð1:3Þ

The gn ≈OðN−n
2
þ1Þ come from diagrams of the form Fig. 1.

The diagrams for the connected correlators of ϕ2 are shown
in the lhs of the equations in Fig. 1. These have to be
reproduced by the vertices of S0½σ� as shown. Thus we see
that S0½σ� contains interactions of all orders even though the
starting theory is a free field theory for ϕI.
Note that we are merely rewriting the theory at the fixed

point in terms of σ. We have not moved away from the
fixed point. To reiterate, S0½σ� is a nontrivial interacting
fixed point action for σ, even though it comes from the free
theory for ϕI.
Having done this we rewrite Polchinski’s equation in

terms of the field σ. It turns out that the equation is of the
form

∂Ψ
∂t

¼
�Z

p

˙ðΔlÞ2
δ2

δσðpÞδσð−pÞ þ V½σ;Λ�
�
Ψ; ð1:4Þ

whereΨ ¼ e−S½σ�. Note that S½σ� is the full action for σ. This
results in a nontrivial flow for perturbations of the fixed
point action S0½σ�. Thus if we add

R
jϕ2 to the free field

theory for ϕI, this becomes the perturbation
R
jσ in S½σ�.

Thus we can take S½σ� ¼ S0½σ� þ
R
jσ.

The potential term V½σ;Λ� depends on the coefficients gn
above. Once again the form of the equation depends on the
fixed point action. This is expected because in AdS/CFT
duality the bulk action is tied to the CFT at the boundary.
One we have this ERG equation the evolution operator is

easy to write down:

FIG. 1. The vertices of S½σ� should reproduce the correlators
of ϕ2.
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Z
Dσðt; pÞ exp

�
−
1

4

Z
t

Z
p

1

˙ðΔlÞ2
σ̇ðp; tÞσ̇ð−p; tÞ

þ V½σðp; tÞ; t�
�
: ð1:5Þ

Thus, the crux of the calculation is to obtain V½σ�.
A field redefinition of the form σ ¼ fy, along with

interpreting the RG parameter t as the radial coordinate,
z ¼ et, then gives us the final AdS action and thus also the
interaction vertices for the AdS field y.2 Similar steps are
performed with σμν and the AdS field yμν. The main result
is that (after some massaging) the cubic vertices y3 and
y2yμν are local. Since yμν is the metric tensor perturbation
this is crucial for general coordinate invariance of the bulk
theory.
In the (semiclassical) bulk calculation of the boundary

correlation function one finds that the final result for the
correlation function is independent of the details of
dependence of the Green function on the moving cutoff.
This is true for any field redefinition. However for the
particular field redefinition that gives AdS space it turns
out that this freedom can be fruitfully used to make the
interaction vertex local. This is intimately tied to the
conformal nature of the correlation functions. In particular
we calculate the cubic scalar-scalar-spin 2 coupling and
find that it can be made local in this manner. Thus, just as
with the kinetic term, the map that gives AdS space is
picked out as special by the requirement of locality of the
cubic coupling as well. Locality requires incorporating the
correct falloff conditions for the bulk fields, i.e.,
the leading term in powers of z for the scalar should be
the boundary operator vacuum expectation value (VEV)
and for the graviton it should be the source for the
operator.
The locality of the coupling of the massless spin-2 field

has implications for general coordinate invariance of the
theory. If one starts with a general coordinate invariant
scalar kinetic term and expands about an AdS background,
the linear coupling of the metric perturbation in an
appropriate gauge reduces to precisely this local coupling.
Hence one can conclude that this term is consistent with
general coordinate invariance of the theory [39–43]. It also
implies that if one performs a coordinate transformation,
the modification of the AdS background metric can be
absorbed by the dynamical graviton as a gauge trans-
formation—equivalently it changes the fixed gauge to some
other gauge.

A few technical comments are in order:
(1) A large N expansion is essential in obtaining V½σ�.

The ERG equation otherwise would involve higher
order functional derivatives.

(2) A conceptual issue in relating Wilsonian ERG to
AdS/CFT is that the AdS/CFT prescription involves
integration of the bulk moving outward to large
radius—toward the UV [16]. Wilsonian RG natu-
rally starts with a UV region and moves inward. We
show in this paper that a flipped ERG equation that
evolves to the UV can easily be written down simply
by interchanging the low and high energy propa-
gators. They lead to the same results. This equation
is unnatural physically from the point of view of RG,
but is mathematically valid and corresponds more
naturally to the usual AdS/CFT holographic RG
calculations. In holographic RG one places the
boundary at z ¼ ϵ and imposes boundary conditions
on this surface and (in pure AdS which is what we
consider in this paper), at z ¼ ∞ one requires the
fields to vanish. ϵ is taken to zero at the end. In the
field theory this corresponds to taking the UV cutoff
Λ → ∞. We evaluate the cubic interaction using the
flipped UV version of the ERG equation. While we
have incorporated the cutoff ϵ in the calculations for
obtaining the expressions, these must be renormal-
ized as prescribed in [44] to get finite expressions.

(3) To see explcitly that S0½σ� is a fixed point theory
it is easier to work with the generating functional
Z½J�. This is easily shown to satisfy a fixed point
equation provided we assign to J a correct scaling
dimension [45].

(4) One of the technical issues one faces in calculating
the graviton-scalar-scalar coupling is that of con-
sistently mapping the kinetic terms of both the
composite scalar and spin-2 composite energy
momentum tensor (which becomes a graviton in
the bulk) to the correct AdS form. As was pointed
out in [26], since both kinetic terms are made up of
the fundamental scalar kinetic term with a specific
cutoff function, it is not possible to map them both
simultaneously. The way out of this problem is to
perform an additional wave function renormaliza-
tion of the composite scalar field. This gives some
freedom to modify the cutoff dependence of the
composite scalar kinetic term at high energies. It
becomes possible then to map both kinetic terms to
the AdS form simultaneously.

This work, along with [23–26], has similar goals as [46],
and earlier work using ERG for building the AdS higher
spin theory from the O(N) vector model [47–50]. See
also [51,52]. We hope to extend our formalism to all the
higher spins and their cubic, quartic interactions in the
future, and to understand the connection of our work with
the above mentioned works.

2This is natural, because, in Polchinski’s ERG, the parameter t
that appears is the logarithm of RG cutoff Λ, defined in units of
the bare cutoff Λ0, i.e., t ¼ logΛ=Λ0. Thus, since the bulk radial
cutoff ϵ is dual to the bare UV cutoff of the boundary theory,
z=ϵ ¼ Λ0=Λ ¼ et.

HOLOGRAPHIC RG FROM AN EXACT RG: LOCALITY AND … PHYS. REV. D 109, 106017 (2024)

106017-3



This paper is organized as follows: In Sec. III, we discuss
the general coordinate invariance of the theory and the issue
of gauge (coordinate) transformations. In Sec. IV, the
flipped ERG equation is worked out, and the connection
with the usual formulations of the AdS/CFT correspondence
is explained. In Sec. V the locality of the cubic scalar
coupling is explained. The map to AdS space is also given,
and it is shown that it leads to a local interaction term in the
bulk. Section VI discusses this issue for the graviton-scalar-
scalar coupling, and Sec. VII has the mapping of this term to
AdS. Section VIII contains a summary, conclusions, and
some open questions. The Appendices contain supplemen-
tary calculations, viz., the mapping to AdS for the tensor in
Appendix A, the issue of consistency of simultaneously
mapping the scalar and the tensor by our procedure in
Appendix B, and the computation of the scalar-scalar-tensor
vertex integral in Appendix C.

II. A NOTE ON NOTATION

In several places below we omit the measure in integrals
to make the equations more readable. Instead we indicate
the parameter to be integrated over with a subscript, like so:R
x. More specifically, when a momentum is being inte-
grated over,

Z
p
≡
Z

dDp
ð2πÞD ; ð2:1Þ

where D is the number of dimensions of the boundary
manifold.

III. GENERAL COORDINATE INVARIANCE

A. Gauge fixing a general coordinate invariant action

1. Free theory

In [26] it was shown that starting from the ERG
equation for a free O(N) scalar field theory perturbed
by the term hμνTμν, (where Tμν is the improved energy
momentum tensor), in the boundary of AdS, one can
construct a bulk dual action for a free massless spin-2 field
in the AdS bulk. In the boundary theory this spin-2 tensor
is an auxiliary field standing for the traceless conserved
energy momentum tensor composite field. In the bulk a
massless spin-2 field must be a graviton. This is confirmed
by comparing this action with a bulk calculation. To be
more precise, one starts with the Einstein action and takes
the metric in the form ðgAdSÞMN þ hMN , where ðgAdSÞMN
(M ¼ 1;…; Dþ 1) is the background AdSDþ1 metric
given by

ds2 ¼ dz2 þ δμνdxμdxν

z2
;

and hMN is a small deviation. Let us extract the quadratic
action for hMN from the Einstein action. One can set
(xM ¼ ðz; xμÞ) (in the gauge hzM ¼ 0)

hzz ¼ 0 ¼ hμz ¼ ∂
μhμν ¼ hμμ: ð3:1Þ

This is a transverse-traceless gauge. The quadratic action
so obtained, i.e., by gauge fixing a general coordinate
invariant action is [39–42]

S ¼ 1

2

Z
dz

dDp
ð2πÞD z1−D½z4∂zhμν∂zhμν þ ∂ρhμν∂ρhμν

þ 4z3hμν∂zhμν þ 4z2hμνhμν�: ð3:2Þ

Indices are raised in the above action using δMN . Setting
hμνz2 ¼ yμν,

S ¼ 1

2

Z
dDþ1xz−Dþ1½∂zyμν∂zyμν þ ∂ρyμν∂ρyμν�: ð3:3Þ

This is compared with what is obtained from ERG, and
one finds that there is agreement [26]. Thus one can say that
at the free level, a dynamical gravity consistent with general
coordinate invariance is obtained starting from the ERG
equation of a boundary CFT in flat space. That dynamical
gravity emerges from ERG is conceptually remarkable.

2. Interactions

One can further test general coordinate invariance at the
interacting level as follows. The ERG procedure applied to
a scalar composite of the boundary theory generates an
action [25]:

S ¼ 1

2

Z
x

ffiffiffiffiffiffiffiffiffi
gAdS

p
gMN
AdS∂Mϕ∂Nϕ: ð3:4Þ

Here
R
x ≡

R
dDþ1x.

Let us analyze this from the bulk viewpoint. Our bulk
starting point is a general coordinate invariant action:

S ¼ 1

2

Z
x

ffiffiffi
g

p
gMN

∂Mϕ∂Nϕ: ð3:5Þ

If we expand about AdS background gMN ¼ ðgAdSÞMN þ
hMN one expects a graviton-scalar-scalar coupling of the
form

S ¼ 1

2

Z
x

ffiffiffiffiffiffiffiffiffi
gAdS

p ½gMN
AdS∂Mϕ∂Nϕþ hMN

∂Mϕ∂Nϕ�: ð3:6Þ

(The
ffiffiffi
g

p
does not contribute a linear term in h if it is

traceless.) In the gauge (3.1) the interaction term becomes
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S ¼ 1

2

Z
x

ffiffiffiffiffiffiffiffiffi
gAdS

p
hμν∂μϕ∂νϕ: ð3:7Þ

In this paper wewill verify that such a coupling does indeed
exist. This shows that the action obtained from ERG is
general coordinate invariant to this order.
Since the action obtained in the bulk using the ERG

procedure can be obtained by gauge fixing a general
coordinate invariant theory, one concludes that the bulk
theory obtained by the ERG procedure is indeed a general
coordinate invariant theory of gravity. One can then ask
whether it is possible to change the gauge from (3.1) to

some other gauge. This should be equivalent to a coordinate
transformation. Thus we are interested in studying the
change in form due to a coordinate transformation (change
of variables).
We start with

S ¼ 1

2

Z
x

ffiffiffiffi
G

p
GMN

∂Mϕ∂Nϕ:

Here GMN has the functional form of an AdS metric but is
not a dynamical field. Thus let us begin with GMN ¼
ðgAdSÞMN . Under a change of coordinates

GMNðxÞ ¼ GMNðx0 þ ϵðx0ÞÞ ¼ GMNðx0Þ þ ϵPðx0Þ∂PGMNðx0Þ;
∂ϕðxÞ
∂xM

¼
�
δQM −

∂ϵQ

∂xM

�
∂ϕðx0 þ ϵÞ

∂x0Q
;

ffiffiffiffi
G

p
GMNðxÞ∂MϕðxÞ∂NϕðxÞ ¼

ffiffiffiffi
G

p
GMN ∂ϕðx0Þ

∂x0M
∂ϕðx0Þ
∂x0N

þ ϵR∂R

� ffiffiffiffi
G

p
GMN ∂ϕðx0Þ

∂x0M
∂ϕðx0Þ
∂x0N

�

−
ffiffiffiffi
G

p �
∂ϵM

∂xQ
GQN þ ∂ϵN

∂xP
GMP

�
∂ϕðx0Þ
∂x0M

∂ϕðx0Þ
∂x0N

:

Similarly,

Z
dDþ1x ¼

Z
dDþ1x0ð1þ ∂Rϵ

RÞ:

This modified action is physically equivalent to the original
action because all we have done is a change of variables. But
it is not manifestly invariant because the metric is not a
dynamical variable. If we drop the boundary term, (assum-
ing that ϵR vanishes at the boundary—small gauge trans-
formations), then we are left with a change (x derivative has
been changed to x0 to this order in ϵ):

−
Z
x0

ffiffiffiffi
G

p �
∂ϵM

∂x0Q
GQN þ ∂ϵN

∂x0P
GMP

�
∂ϕðx0Þ
∂x0M

∂ϕðx0Þ
∂x0N

:

If we find a coupling to a dynamical spin two field of the
form

δS ¼ 1

2

Z
x

ffiffiffiffi
G

p
hMN

∂Mϕ∂Nϕ; ð3:8Þ

then this change can be absorbed into a change of field
variable,

hMN −
∂ϵM

∂x0Q
GQN −

∂ϵN

∂x0P
GMP ¼ h0MN: ð3:9Þ

Since h is an integration variable this does not affect
anything, and our action is now manifestly general

coordinate transformation invariant—to this order in h. At
higher orders

ffiffiffiffi
G

p
has to become

ffiffiffiffiffiffiffiffiffiffiffiffi
Gþ h

p
. This is the

linearized gauge transformation of the spin-2 graviton field.
Below we show that we do obtain a coupling given

in (3.8), but in a specific gauge where hzz ¼ hμz ¼ ∂μhμν ¼
hμμ ¼ 0. The gauge transformation (3.9) then takes us out of
this gauge. Thus the spin-2 field in the new gauge is

h0zz ¼ −2z2
∂ϵz

∂z
; h0μz ¼ −z2ð∂μϵz þ ∂

zϵμÞ;
h0μν ¼ hμν − z2∂ðμϵνÞ: ð3:10Þ

IV. UV-IR INTERCHANGE IN POLCHINSKI ERG
EQUATION AND AdS/CFT

A. Polchinski ERG equation and UV-IR interchange

Let us start with the OðNÞ vector field theory (see
[53,54] for reviews):

Z½J� ¼
Z

Dϕe
−1
2

ffiffiffi
N

p R
p
ϕIðpÞΔ−1ϕIð−pÞ−SB;I ½ϕ�þ

R
JIϕI

: ð4:1Þ

SB;I contains interaction terms in the bare action. The
index I runs over the first N positive integers. The
unmarked integrals areD-dimensional momentum integrals,R
dDp=ð2πÞD.
We define ϕl;ϕh by

Δ ¼ Δl þ Δh; ϕ ¼ ϕl þ ϕh ð4:2Þ
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with corresponding propagators Δl and Δh. l; h stand for “low” and “high.” Δl, Δh will be chosen to propagate only low/
high momentum modes. We leave the propagators unspecified for the moment.
Up to some field independent factors Z½J� can be written as [27–30]

Z½J� ¼
Z

Dϕl

Z
Dϕhe

−1
2

ffiffiffi
N

p R
ϕI
lΔ

−1
l ϕI

l−
1
2

ffiffiffi
N

p R
ϕI
hΔ

−1
h ϕI

h−SB;I ½ϕlþϕh�þ
R

JðϕlþϕhÞ: ð4:3Þ

The derivation of Polchinski’s ERG equation proceeds as follows: The high energy mode ϕh is integrated out, and what
remains is the Wilson action for ϕl. Separating out the kinetic term for ϕl defines the interacting part of an action:

Ψl½ϕl; J�≡ e−SI;Λ½ϕl;J� ≡
Z

Dϕhe
−1
2

ffiffiffi
N

p R
ϕI
hΔ

−1
h ϕI

h−SB;I ½ϕlþϕh�þ
R

JðϕlþϕhÞ: ð4:4Þ

Let us evaluate

δΨl

δϕI
lðpÞ

¼
Z

Dϕhe
−1
2

ffiffiffi
N

p R
ϕJ
hΔ

−1
h ϕJ

h
δ

δϕI
l
e−SB;I ½ϕlþϕh�þ

R
JðϕlþϕhÞ

¼
Z

Dϕhe
−1
2

ffiffiffi
N

p R
ϕJ
hΔ

−1
h ϕJ

h
δ

δϕI
h
e−SB;I ½ϕlþϕh�þ

R
JðϕlþϕhÞ

¼ −
Z

Dϕh
δ

δϕI
hðpÞ

ðe−1
2

ffiffiffi
N

p R
ϕJ
hΔ

−1
h ϕJ

hÞe−SB;I ½ϕlþϕh�þ
R

JðϕlþϕhÞ

¼
ffiffiffiffi
N

p Z
DϕhΔ−1

h ϕI
hð−pÞe−

1
2

ffiffiffi
N

p R
ϕJ
hΔ

−1
h ϕJ

he−SB;I ½ϕlþϕh�þ
R

JðϕlþϕhÞ:

Then, ignoring a field independent term,

δ2Ψl

δϕI
lðpÞδϕI

lð−pÞ
¼ N

Z
DϕhΔ−2

h ϕI
hð−pÞϕI

hðpÞe−
1
2

ffiffiffi
N

p R
ϕJ
hΔ

−1
h ϕJ

he−SB;I ½ϕlþϕh�þ
R

JðϕlþϕhÞ:

Now find that, (using ∂Δ−1
h

∂t ¼ − Δ̇h
Δ2

h
),

∂Ψl

∂t
¼

ffiffiffiffi
N

p Z
Dϕh

�Z
p

1

2
ϕI
hð−pÞΔ̇hΔ−2

h ϕI
hðpÞ

�
e−

1
2

R
ϕJ
hΔ

−1
h ϕJ

he−SB;I ½ϕlþϕh�þ
R

JðϕlþϕhÞ

¼ 1

2

1ffiffiffiffi
N

p
Z
p
Δ̇hðpÞ

δ2Ψl

δϕI
lðpÞδϕI

lð−pÞ
:

This gives Polchinski’s ERG equation:

∂Ψl

∂t
¼ 1

2

1ffiffiffiffi
N

p
Z
p
Δ̇hðpÞ

δ2Ψl

δϕI
lðpÞδϕI

lð−pÞ

¼ −
1

2

1ffiffiffiffi
N

p
Z
p
Δ̇lðpÞ

δ2Ψl

δϕI
lðpÞδϕI

lð−pÞ
: ð4:5Þ

As Λ is lowered the ϕl modes get integrated over.
Notice that mathematically there is complete symmetry

between ϕl;Δl and ϕh;Δh in the way they appear in the
starting action, i.e., there is a symmetry:

Δh ↔ Δl ; ϕh ↔ ϕl: ð4:6Þ

1. Flipped Polchinski ERG equation

Thus let us repeat all the steps above, but this time we
integrate out ϕl first and obtain a Wilson action for ϕh. We
can then derive an equation describing the evolution of the
Wilson action as Λ is increased and the ϕh modes are
integrated out. The resulting equation can be obtained
simply by interchanging l, h in the previous Eq. (4.5) to
obtain
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∂Ψh

∂t
¼ 1

2

1ffiffiffiffi
N

p
Z
p
Δ̇lðpÞ

δ2Ψh

δϕI
hðpÞδϕI

hð−pÞ

¼ −
1

2

1ffiffiffiffi
N

p
Z
p
Δ̇hðpÞ

δ2Ψh

δϕI
hðpÞδϕI

hð−pÞ
; ð4:7Þ

where

Ψh¼e−SI;Λ½ϕh;J� ¼
Z

Dϕle
−1
2

ffiffiffi
N

p R
ϕI
lΔ

−1
l ϕI

l−SB;I ½ϕlþϕh�þ
R
JðϕlþϕhÞ:

ð4:8Þ

This is an action obtained by integrating out ϕl rather
than ϕh. We will refer to (4.7) as the flipped ERG equation.
We hasten to add that this exchange given in (4.6) does

not imply any physical symmetry between the low energy
dynamics and the high energy dynamics. All that is being
done is that the order of integration has been reversed—ϕl
is integrated out first and then ϕh.
So far, since Δl, Δh have not been specified the physical

significance of these equations has not become apparent.
Let us now make a choice of propagators:

Δl ¼
e−p

2=Λ2

p2
; Δh ¼

e−p
2=Λ2

0 − e−p
2=Λ2

p2
: ð4:9Þ

Here Λ0 (with Λ ≤ Λ0) refers to a bare cutoff, and for the
continuum theory one can take Λ0 → ∞. So for our
purposes

Δl ¼
e−p

2=Λ2

p2
; Δh ¼

1 − e−p
2=Λ2

p2
: ð4:10Þ

Now it becomes clear that in Ψl the high energy modes
ϕh have been integrated out and thus SI;Λ½ϕl; J� is the
Wilson action and (4.5) is Polchinski’s ERG equation.
Equation (4.7) is a mirror image of Polchinski’s equation
where the low energy modes have been integrated out. In
(4.7), when Λ → ∞ the full functional integral has been
done, and we have the final answer for Z½J�.
Integrating ϕl may seem unphysical from a Wilsonian

point of view, because one obtains nonlocal terms, but in
fact this is what a standard perturbative Feynman diagram
calculation does. Consider the typical loop integral in a
field theory:

Z
Λ

0

d4p
ð2πÞ4

1

p2ðpþ kÞ2 :

It is clear here that the low energy modes with 0 < jpj < Λ
are the ones being integrated. Eventually Λ is taken to
infinity to get continuum results. Thus while the interpre-
tation of a “low energy” effective action is lost, mathemati-
cally this is a valid procedure.

In practice the low energy theory may be complicated,
and one may not know how to do the integral over the low
energy fields due to infrared problems for instance. One
may also imagine that the low energy integral is done using
the bulk theory. In any case the evolution equation con-
tinues to be valid.

B. Holographic RG and AdS/CFT

The above discussion has relevance to AdS/CFT
calculations.
The usual AdS/CFT prescription for evaluating Z½J� is

depicted in Fig. 2. The bulk functional integral over the
region z > ϵ is done with some boundary conditions at
z ¼ ϵ, and this gives Ψh;ϵ. This is equivalent to integrating
out low energy modes of the dual boundary CFT. We thus
set ϵ ¼ 1

Λ. The continuum limit is obtained by taking the
limit ϵ → 0. The evolution of Ψh;ϵ to the outer boundary is
described by (4.7). Usual bulk holographic RG calculations
also follow the situation in Fig. 1. Equations of motion are
solved with boundary conditions that set the fields to zero at
z ¼ ∞, and boundary conditions are specified at z ¼ ϵ. The
limit ϵ → 0 is taken after counterterms are added to make
the action finite.
The Wilsonian picture on the other hand is (4.5) and

describes the situation in Fig. 3. The blue region has high
momentum modes which are integrated over. This gives
Ψl;a and is the standard Wilsonian picture. Taking a → ∞
gives Z½J�. Both pictures are valid. For actual bulk
calculations Ψh is more useful.
We turn now to an actual calculation.

C. Correlation of scalar composite using Ψl

1. ERG equation for composite scalar

We will use the Polchinski ERG equation in the conven-
tional Wilsonian form involving Ψl first. In the next
section, we repeat using Ψh.

FIG. 2. Integration over the red region gives Ψh;ϵ. Taking ϵ → 0
gives Z½J�. Outer boundary is at z ¼ 0.
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Thus, let us start with a free OðNÞ vector model like before:

Z½J� ¼
Z

Dϕe−
1
2

ffiffiffi
N

p R
ϕIΔ−1ϕIþi

R
Jϕ2

; ð4:11Þ

where ϕ2 stands for ϕIϕI. We have perturbed the (free) CFT by adding a source term for the composite operator ϕ2.3 Our
strategy will be to introduce an auxiliary field σ to represent ϕ2 and determine an action S½σ� that can be used to calculate σ
correlators using

hσðx1Þ…σðxnÞi ¼
Z

Dσσðx1Þ…σðxnÞe−S½σ�: ð4:12Þ

The action S½σ� can be extracted from

Z½J� ¼
Z

Dϕ

Z
Dσδðσ − ϕ2Þe−1

2

ffiffiffi
N

p R
ϕIΔ−1ϕIþi

R
Jσ;

≡
Z

Dσe−S½σ�þi
R

Jσ: ð4:13Þ

We will next obtain an ERG equation for determining S½σ�. To this end we integrate out the modes of ϕðpÞ with
Λ < p < ∞ as was done in Sec. III 1 while deriving the Polchinski ERG equation. This will enable us to define SI;Λ½σ;ϕl�
and an ERG equation for it.
Thus we have, after introducing ϕl;ϕh as before,

Z½J� ¼
Z

Dϕle
−1
2

ffiffiffi
N

p R
ϕI
lΔ

−1
l ϕI

l

Z
Dϕh

Z
Dσei

R
Jσ
Z

Dχ exp

�
i
Z

χðσ − ðϕl þ ϕhÞ2Þ −
1

2

ffiffiffiffi
N

p Z
ϕI
hΔ−1

h ϕI
h

�
:

One can do the ϕh integral:

FIG. 3. Integration over the blue region gives Ψl;a. Taking a → ∞ gives Z½J�.

3In Minkowski space there would be an i, and it implements an invertible functional Fourier transform. We continue with an i even in
Euclidean space—it is unconventional but legitimate. It makes it invertible just as in Minkowski space. Physics is not altered by this
device.
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Z½J� ¼
Z

Dϕle
−1
2

ffiffiffi
N

p R
ϕI
lΔ

−1
l ϕI

l

Z
Dσei

R
Jσ
Z

Dχei
R

χσ
Z

Dϕh

× exp

�
−
1

2

ffiffiffiffi
N

p Z
ϕI
h

�
Δ−1

h þ 2i
1ffiffiffiffi
N

p χ

�
ϕI
h þ 2i

Z
χϕI

lϕ
I
h þ i

Z
χϕ2

l

�

¼
Z

Dϕle
−1
2

ffiffiffi
N

p R
ϕI
lΔ

−1
l ϕI

l

Z
Dσei

R
JσDχei

R
χσ exp

�
−
N
2
Tr ln

�
Δ−1

h þ 2i
1ffiffiffiffi
N

p χ

�
−
1

2

Z
ϕI
l

2iχ
ð1þ 2i 1ffiffiffi

N
p ΔhχÞ

ϕI
l

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

e−SI;Λ ½ϕl ;J�≡Ψl½ϕl;J�

:

ð4:14Þ

Polchinski’s ERG equation is (note that Δ̇h ¼ −Δ̇l)

∂Ψl

∂t
¼ 1

2

1ffiffiffiffi
N

p
Z
p
Δ̇hðpÞ

δ2Ψl

δϕI
lðpÞδϕI

lð−pÞ
: ð4:15Þ

Let us also define Ψ̄½ϕl; σ� and Ψ̃½ϕl; χ� as follows:

Ψl½ϕl; J� ¼
Z

Dσei
R

JσΨ̄l½ϕl; σ� ¼
Z

DσeiJσe−SI;Λ½ϕl;σ�;

ð4:16Þ

so that

Ψ̄l½ϕl; σ� ¼
Z

Dχei
R

χσe
−N

2
Tr lnð1þ2i 1ffiffi

N
p ΔhχÞ−1

2

R
ϕI
l

2iχ

ð1þ2i 1ffiffi
N

p ΔhχÞ
ϕI
l|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Ψ̃l½ϕl;χ�
:

ð4:17Þ

Thus,

Ψl½ϕl; J� ¼
Z

Dσei
R

Jσ
Z

Dχei
R

χσΨ̃l½ϕl; χ�:

Now we can insert this in (4.15). Thus, we can write

∂Ψ̃l

∂t
¼ 1

2

1ffiffiffiffi
N

p
Z
p
Δ̇hðpÞ

δ2Ψ̃l

δϕI
lðpÞδϕI

lð−pÞ
: ð4:18Þ

Following [25], we will evaluate this equation at ϕl ¼ 0.
This simplifies things dramatically. By setting ϕl ¼ 0 in the
equation after taking the derivative, we no longer track the
RG flow of any interactions involving the low energy
fundamental fields. If we are only interested in the RG flow
of the interactions of composite operators, we can safely
throw away the ϕl terms. The disadvantage is that we
cannot integrate out any more ϕl modes. This means Λ is a
physical IR cutoff in the problem. Thus to recover the
physics, one has to set Λ ¼ 0. Once we have a general
solution valid for arbitrary Λ this is not difficult to do.
This is

1

2

1ffiffiffiffi
N

p
Z
p
Δ̇hðpÞ

δ2Ψ̃l

δϕI
lðpÞδϕI

lð−pÞ





ϕl¼0

¼ −
1

2

ffiffiffiffi
N

p Z
p
Δ̇hðpÞ

�
2iχ

1þ 2i 1ffiffiffi
N

p Δhχ

�
ðpÞΨ̃l:

Let us expand this in powers of χ—ignoring the linear
term, which comes from a tadpole diagram and can be
gotten rid of by shifting the field σ [26]. The quadratic and
cubic terms are, acting on Ψ̃l,

�
−2

Z
k

Z
p
Δ̇hðpÞΔhðkþ pÞχðkÞχð−kÞ þ 4i

3

1ffiffiffiffi
N

p
Z
k1;k2;k3

δðk1 þ k2 þ k3Þ

×
Z
p

d
dt

ðΔhðpÞΔhðk1 þ pÞΔhðk1 þ k2 þ pÞÞχðk1Þχðk2Þχðk3Þ
�
Ψ̃l:

We can write the quadratic term more suggestively as

−
Z
k

d
dt

ðΔ2
hðkÞÞχðkÞχð−kÞΨ̃l: ð4:19Þ

We get
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−
Z
k
χðkÞχð−kÞ d

dt
ðΔ2

hðkÞÞΨ̃l þ
4i
3

1ffiffiffiffi
N

p
Z
k1;k2;k3

δðk1 þ k2 þ k3Þ

×
Z
p

d
dt

ðΔhðpÞΔhðpþ k1ÞΔhðpþ k1 þ k2ÞÞχðk1Þχðk2Þχðk3ÞΨ̃ljϕl¼0: ð4:20Þ

This pattern generalizes to higher orders. The nth terms are of the form [a factor
R
k1;k2;…kn

δðk1 þ � � � þ knÞ is understood in
each term]

N1−n
2

Z
p
Δ̇hðpÞΔhðpþ k1Þ…Δhðpþ k1 þ…kn−1Þχðk1Þ…:χðknÞ

¼ 2n−1

n
N1−n

2

Z
p

d
dt

ðΔhðpÞΔhðpþ k1Þ…Δhðpþ k1 þ…kn−1ÞÞχðk1Þ…:χðknÞ:

We have used symmetry of the integrand to introduce a factor 1=n in the second expression. We thus see that the term
multiplying the n external χ’s is a total derivative. This will be important.
Let us proceed now with our analysis of the quadratic and cubic terms. It will be convenient to work with Ψ̄½ϕl; σ�

[defined in (4.17)] in which we can replace χ by −i δ
δσ. Converting χ → −i δ

δσ we get

∂Ψ̄l½ϕl; σ�
∂t






ϕl¼0

¼ 1

2

Z
k

d
dt

ð2Δ2
hðkÞÞ

δ2

δσðkÞδσð−kÞ Ψ̄l½ϕl; σ�jϕl¼0

−
4

3
ffiffiffiffi
N

p
Z
k1;k2;k3

δðk1 þ k2 þ k3Þ
d
dt

�Z
p
ΔhðpÞΔhðpþ k1ÞΔhðpþ k1 þ k2Þ

�
δ3Ψ̄l½ϕl; σ�

δσðk1Þδσðk2Þδσðk3Þ





ϕl¼0

:

ð4:21Þ

We see that the propagator for the composite σ is 2Δ2
h as expected.

Let us pause and check whether the leading order term in Ψ̄ satisfies this equation. From (4.16), we have

Ψ̄ljϕl¼0 ¼
Z

Dχei
R

χσe
R
k
χðkÞχð−kÞΔ2

hðkÞ ¼ e
−1
2

R
k

σðkÞσð−kÞ
2Δ2

h
ðkÞ : ð4:22Þ

We have dropped field independent terms. This clearly satisfies the Eq. (4.21) to leading order.
Acting on the leading order Ψ̄l we can write the second term as a cubic monomial in σ:

−
4

3

1ffiffiffiffi
N

p
Z
k1;k2;k3

δðk1 þ k2 þ k3Þ
d
dt

�Z
p
ΔhðpÞΔhðpþ k1ÞΔhðpþ k1 þ k2Þ

�
δ3

δσðk1Þδσðk2Þδσðk3Þ
Ψ̄ljϕl¼0

¼ 4

3

1ffiffiffiffi
N

p
Z
k1;k2;k3

δðk1 þ k2 þ k3Þ
d
dt

�Z
p
ΔhðpÞΔhðpþ k1ÞΔhðpþ k1 þ k2Þ

�
1

8

σðk1Þ
Δ2

hðk1Þ
σðk2Þ
Δ2

hðk2Þ
σðk3Þ
Δ2

hðk3Þ
Ψ̄ljϕl¼0

≡ 1ffiffiffiffi
N

p
Z
k1;k2;k3

δðk1 þ k2 þ k3Þgðk1; k2; k3;ΛÞσðk1Þσðk2Þσðk3Þ: ð4:23Þ

Thus, the ERG equation becomes to this order

∂Ψ̄l

∂t






ϕl¼0

¼
�
1

2

Z
k
ĠsðkÞ

δ2

δσðkÞδσð−kÞ þ
1ffiffiffiffi
N

p
Z
k1;k2;k3

δðk1 þ k2 þ k3Þgðk1; k2; k3;ΛÞσðk1Þσðk2Þσðk3Þ
�
Ψ̄ljϕl¼0; ð4:24Þ

where
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gðk1; k2; k3;ΛÞ ¼
4

3

d
dt

�Z
p
ΔhðpÞΔhðpþ k1ÞΔhðpþ k1 þ k2Þ

�
1

Gsðk1; tÞGsðk2; tÞGsðk3; tÞ
:

We have set 2Δ2
h ¼ Gs. This determines Ψ̄ljϕl¼0 ¼ e−SI;Λ½0;σ�. The leading order expression for SI;Λ½0; σ� is given in (4.22).

2. Evolution operator

The evolution operator for the ERG equation (4.24) can be written as a functional integral:

K½σf; tf; σi; ti� ¼
Z

σðtfÞ¼σf

σðtiÞ¼σi

Dσ exp

�
−
1

2

Z
tf

ti

dt

�Z
k

σ̇ðk; tÞσ̇ð−k; tÞ
Ġsðk; tÞ

þ 1ffiffiffiffi
N

p
Z
k1;k2;k3

δðk1 þ k2 þ k3Þgðk1; k2; k3;ΛÞσðk1; tÞσðk2; tÞσðk3; tÞ
��

: ð4:25Þ

The cubic potential term has been added to the action in the path integral, with the σ fields becoming functions of t.
Let us evaluate it semiclassically, order by order. The leading equation of motion (EOM) is

d
dt

σ̇ð−k; tÞ
Ġsðk; tÞ

¼ 0 ⇒ σ̇ð−k; tÞ ¼ JðkÞĠsðk; tÞ:

Thus,

σðk; tÞ ¼ JðkÞGsðk;tÞ; ð∵σðk;z¼ 0Þ ¼Gsðk;z¼ 0Þ ¼ 0Þ:
ð4:26Þ

The boundary condition is required—(4.22) is ill-defined at z ¼ 0 unless σðk; z ¼ 0Þ vanishes.
If we plug this solution into (4.24), one obtains a product of three factors of σðk;tÞ

Gsðk;tÞ ¼ JðkÞ, which is t independent, and the
cubic term becomes a total derivative. At one boundary t ¼ ∞, where it is nonzero, we get

1ffiffiffiffi
N

p
Z
p
ΔðpÞΔðpþ k1ÞΔðpþ k1 þ k2ÞJðk1ÞJðk2ÞJðk3Þ:

ð4:27Þ
This is clearly the correct answer for the one loop contribution of the cubic vertex to the amplitude.

D. Correlation of scalar composite using Ψh

Given the symmetry l ↔ h described in (4.6), all the results of the last section can be taken over with l, h interchanged.
Thus, the ϕl fields are integrated over, and we get

∂Ψ̄h

∂t
¼ 1

2

Z
k

d
dt

ð2Δ2
l ðkÞÞ

δ2

δσðkÞδσð−kÞ Ψ̄hjϕh¼0 −
4

3

1ffiffiffiffi
N

p
Z
k1;k2;k3

δðk1 þ k2 þ k3Þ
d
dt

�Z
p
ΔlðpÞΔlðpþ k1ÞΔlðpþ k1 þ k2Þ

�

×
δ3

δσðk1Þδσðk2Þδσðk3Þ
Ψ̄hjϕh¼0: ð4:28Þ

Equation (4.22) becomes

Ψ̄hjϕh¼0 ¼
Z

Dχei
R

χσe
R
k
χðkÞχð−kÞΔ2

l ðkÞ ¼ e
−1
2

R
k

σðkÞσð−kÞ
2Δ2

l
ðkÞ : ð4:29Þ
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The flipped ERG equation is

∂Ψ̄h

∂t






ϕh¼0

¼
�
1

2

Z
k
ĠsðkÞ

δ2

δσðkÞδσð−kÞ þ
1ffiffiffiffi
N

p
Z
k1;k2;k3

δðk1 þ k2 þ k3Þgðk1; k2; k3;ΛÞσðk1Þσðk2Þσðk3Þ
�
Ψ̄h






ϕh¼0

; ð4:30Þ

where

gðk1; k2; k3;ΛÞ ¼
4

3

d
dt

�Z
p
ΔlðpÞΔlðpþ k1ÞΔlðpþ k1 þ k2Þ

�
1

Gsðk1; tÞGsðk2; tÞGsðk3; tÞ
:

We have set 2Δ2
l ¼ Gs. This determines Ψ̄hjϕh¼0 ¼ e−SI;Λ½ϕh¼0;σ�. The leading order expression for SI;Λ½ϕh ¼ 0; σ� is given

in (4.29).
The evolution operator is the same as in (4.25):

K½σf; tf; σi; ti� ¼
Z

σðtfÞ¼σf

σðtiÞ¼σi

Dσ exp

�
−
1

2

Z
tf

ti

dt

�Z
k

σ̇ðk; tÞσ̇ð−k; tÞ
Ġsðk; tÞ

þ 1ffiffiffiffi
N

p
Z
k1;k2;k3

δðk1 þ k2 þ k3Þgðk1; k2; k3;ΛÞσðk1; tÞσðk2; tÞσðk3; tÞ
��

: ð4:31Þ

Solving semiclassically as before one obtains the same
equations, but with the boundary condition that σ vanishes
at ∞ rather than zero, because Δ2

l vanishes at Λ ¼ 0:

d
dt

σ̇ð−k; tÞ
Ġsðk; tÞ

¼ 0 ⇒ σ̇ð−k; tÞ ¼ JðkÞĠsðk; tÞ:

Thus,

σðk;tÞ¼JðkÞGsðk;tÞ; ð∵σðk;z¼∞Þ¼Gsðk;z¼∞Þ¼0Þ:
ð4:32Þ

This is the boundary condition used in AdS/CFT correla-
tion function calculations.
The calculation of the correlation function proceeds as

before by plugging in this solution into the action. As

before, since σðki;tÞ
Gsðki;tÞ ¼ JðkiÞ is t independent, one obtains

again a total derivative, and we pick up the contribution this
time, at the t ¼ −∞ (z ¼ 0) boundary where Δ2

l ¼ Δ2, and
the same final answer is obtained:

1ffiffiffiffi
N

p
Z
p
ΔðpÞΔðpþ k1ÞΔðpþ k1 þ k2ÞJðk1ÞJðk2ÞJðk3Þ:

ð4:33Þ

V. LOCALITY OF INTERACTION TERM
AND MAPPING TO AdS

In the following, we work with the action resulting from
the flipped ERG equation. TheDþ 1 dimensional action in
(4.31) has a nonstandard kinetic term, and following
[23,25] we will perform a field redefinition that maps it

to an action in AdSDþ1 with the usual scalar kinetic term
in AdSDþ1.
The redefinition4 is

σðp; tÞ ¼ fðp; tÞyðp; tÞ; ð5:1Þ

with

1

f
¼ z

D
2ðAðpÞKνðpzÞ − BðpÞIνðpzÞÞ; ð5:2Þ

where ν ¼ jΔ −D=2j, Δ ¼ D − 2 being the dimension of
the boundary operator σðx; 0Þ. Near the boundary z ¼ ϵ, the
leading z behavior of y is

yðp; zÞ ∼ zΔσðp; ϵÞ: ð5:3Þ

Near the boundary z → ϵ, f → z−Δ. Then

AðpÞ ¼ 1

ΓðνÞ 2
1−νpν: ð5:4Þ

Then we get

1

f
¼ 1

ΓðνÞ 2
1−νpνz

D
2KνðpzÞ −

1

γ
2ν−1ΓðνÞpνz

D
2IνðpzÞ: ð5:5Þ

The Green function Gs in turn is given by

4Both these fields are essentially “generalized free fields” as
described in [55].
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Gsðp; zÞ ¼
γ2p−2νKνðpzÞ

γKνðpzÞ − 22ν−2ΓðνÞ2IνðpzÞ
: ð5:6Þ

It vanishes as z → ∞, and

Gs → γp−2ν; pz → 0

with γ a normalization factor.
The combination f=Gs occurs in some calculations

below and is given by

f
Gs

¼ ΓðνÞ2−1þνz−
D
2

pν

γKνðpzÞ
: ð5:7Þ

A. Kinetic term

The kinetic term in (4.31) is

−
1

2

Z
tf

ti

dt
Z
p

σ̇ðp; tÞσ̇ð−p; tÞ
Ġsðp; tÞ

: ð5:8Þ

Making the field redefinition (5.1) with f given by (5.2)
converts it to

S0 ¼
1

2

Z
dz

Z
p
z−Dþ1

�
∂zyðp; zÞ∂zyð−p; zÞ

þ
�
p2 þm2

z2

�
yðp; zÞyð−p; zÞ

�
; ð5:9Þ

with m2 ¼ ν2 − D2

4
¼ 4 − 2D.

Now we proceed to the interaction term.

B. Interaction term

SI¼
1ffiffiffiffi
N

p
Z

dt

Z
k1;k2;k3

δðk1þk2þk3Þgðk1;k2;k3Þσðk1;tÞσðk2;tÞσðk3;tÞ;

ð5:10Þ

with

gðk1; k2; k3;ΛÞ ¼
4

3

d
dt

�Z
p
ΔlðpÞΔlðpþ k1Þ

× Δlðpþ k1 þ k2Þ
�

×
1

Gsðk1; tÞGsðk2; tÞGsðk3; tÞ
: ð5:11Þ

We can now substitute (5.1) into (5.10). We will also
perform one simplification. Consider the integral

Iðk1; k2;ΛÞ ¼
Z
p
ΔlðpÞΔlðpþ k1ÞΔlðpþ k1 þ k2Þ:

We have seen that when the on shell action is used to
evaluate the correlation function, only the boundary value
of I, namely when Λ ¼ Λ0 → ∞, enters the final answer.
Thus we have the freedom to choose any regularization
procedure for evaluating I as long as it gives the correct
answer when Λ ¼ Λ0 → ∞. So we use this freedom and
modify the regulator in gðk1; k2; k3;ΛÞ. Thus let us choose
a regulator and define

Imodified ¼
�Z

p
ΔðpÞΔðpþ k1ÞΔðpþ k1 þ k2Þ

�
regulated;Λ

:

In this particular case, (near D ¼ 3), one can take
Λ → Λ0 → ∞, and the result is finite. It is clear that this
differs from the ERG prescription by OðkiΛÞ, i.e.,

Imodified ¼ I þO

�
ki
Λ

�
:

Since only the value of I at Λ ¼ Λ0 → ∞ enters the final
result, the error in the correlation function is ki

Λ0
and goes to

zero as Λ0 → ∞. Thus we are free to use any Imodified.
Now the interaction term becomes

4

3

1ffiffiffiffi
N

p
Z

dt
Z
k1;k2;k3

δðk1 þ k2 þ k3Þ

×
d
dt

��Z
p
ΔðpÞΔðpþ k1ÞΔðpþ k1 þ k2Þ

�
regulated;Λ

�

×
fðk1; tÞfðk2; tÞfðk3; tÞ

Gsðk1; tÞGsðk2; tÞGsðk3; tÞ
× yðk1; tÞyðk2; tÞyðk3; tÞ:

ð5:12Þ

The integral has been evaluated in Appendix C for a
convenient and commonly used form of the regulator, and
one finds

dImodified

dt
¼ d
dt

�Z
p
ΔðpÞΔðpþ k1ÞΔðpþ k1þ k2Þ

�
regulated;Λ

¼N
Kνðk1zÞ

kν1

Kνðk2zÞ
kν2

Kνðk3zÞ
kν3

z2ðD−3Þþ3ν;

whereN is some numerical constant. The value of f=Gs is
given in (5.7). Plugging all this into (5.12), one finds that
there is an exact cancellation of all momentum dependence!
The interaction is local,
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SI ¼N 0
Z

dt
Z
k1;k2;k3

δðk1þ k2þ k3Þyðk1; tÞyðk2; tÞyðk3; tÞ;

ð5:13Þ

with possible cutoff dependence of order p
Λ0

where Λ0 → ∞
is the bare cutoff which is to be taken to infinity. The
precise form of f=Gs in (5.7) was required for this to
happen. Thus the nonlocal factor coming from the con-
formal momentum integrals is exactly compensated for by
the function f=Gs only when the map is to AdS space.
This concludes our discussion of the cubic scalar vertex.

The same logic and techniques will be used for the scalar-
scalar-spin 2 vertex. There is a subtlety that needs to be
considered before we can do field redefinitions for both
scalar and the tensor simultaneously. This is discussed in
detail in Appendix B.

VI. GRAVITON COUPLING

In this section we calculate the cubic correction, involving
one spin-2 composite and two scalars, to the ERG equation
for the scalar composites in theOðNÞ model. We will repeat
the procedure described in [25] mutatis mutandis.

A. Scalar and tensor auxiliary fields in the bare action

We work around the Gaussian fixed point as in [56] for
simplicity. The free massless spin-2 kinetic term in AdS
background was obtained there, starting from the ERG
equation for the action for the auxiliary field that stood for
the energy momentum tensor composite operator. An
auxiliary field standing for the scalar composite will also
be introduced. This, in turn, is very similar to the calcu-
lation in [25] except that the Wilson-Fisher fixed point
action was used there.
Our starting point is thus a generating function:

Z½J; hμν� ¼
Z

Dϕe−
1
2

R
ϕIΔ−1ϕI−SB;I ½ϕ;J;hμν�: ð6:1Þ

Δ is a UV regulated propagator of the bare theory with a
cutoff Λ0. J is a source for the composite ϕ2, and hμν is a

background metric that can be used to define the energy
momentum tensor Tμν. For the free theory we take5

SB;I ¼ −i
Z

Jϕ2 − i
Z

hμνTμν½ϕ�: ð6:2Þ

Tμν½ϕ� is the traceless and conserved energy momentum
tensor of the free theory. It is given by

Tμν½ϕ� ¼ ∂μϕ
I
∂νϕ

I −
1

2
δμν∂αϕ

I
∂
αϕI

−
D − 2

4ðD − 1Þ ð∂μ∂ν − δμν□Þϕ2; ð6:3Þ

and satisfies

∂
μTμν½ϕ� ¼ Tμ

μ½ϕ� ¼ 0: ð6:4Þ

We can then restrict hμν by the “gauge” choice:

∂μhμν ¼ hμμ ¼ 0: ð6:5Þ

Once these constraints are imposed on hμν it follows that
only the first term in the expression (6.3) for the energy
momentum tensor participates in all further computations.
Introduce auxiliary fields σ; σμν via delta functions

Z
Dσ

Z
Dσμνδðσ − ϕ2Þδ

�
σμν þ i

δ

δhμν

�
¼ 1;

and χ; χμν, Lagrange multiplier fields to implement the
delta functions. Because of (6.4)

∂
μσμν ¼ σμμ ¼ 0; ð6:6Þ

and because of (6.5) χμν can also be chosen to satisfy

∂μχ
μν ¼ χμμ ¼ 0: ð6:7Þ

Then

Z½J; hμν� ¼
Z

Dϕ

Z
Dσ

Z
Dχei

R
χðσ−ϕ2Þ

Z
Dσμν

Z
Dχμνei

R
χμνðσμνþi δ

δhμνÞe−
1
2

ffiffiffi
N

p R
ϕIΔ−1ϕI−SB;I ½ϕ;J;hμν�

¼
Z

Dϕe−
1
2

ffiffiffi
N

p R
ϕIΔ−1ϕI

Z
Dσ

Z
Dχ

Z
Dσμν

Z
Dχμνei

R
χσei

R
χμνσμνei

R
ðJ−χÞϕ2þi

R
ðhμν−χμνÞTμν½ϕ�:

Redefining χ − J → χ, χμν − hμν → χμν, we get

5The factor i is unusual. For real sources it is a Fourier transform and thus invertible.
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Z½J; hμν� ¼
Z

Dσei
R

Jσ
Z

Dσμνe
i
R

hμνσμν

Z
Dχ

Z
Dχμν

Z
Dϕe−

1
2

ffiffiffi
N

p R
ϕIΔ−1ϕI

ei
R

χσei
R

χμνσμνe−i
R

χϕ2−i
R

χμνTμν½ϕ�

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
e−S½σ;σμν �

: ð6:8Þ

S½σ; σμν� is the action for the auxiliary fields obtained after integrating out ϕ. It can be used to evaluate correlation functions
of the composite operators. For instance,

Z
Dσ

Z
DσμνσμνðxÞσρσðyÞe−S½σ;σμν� ¼ hTμν½ϕ�ðxÞTμν½ϕ�ðyÞi: ð6:9Þ

B. Wilson action

We now proceed to integrate out just the high energy modes of ϕðpÞ, Λ0 > p > Λ (with Λ0 → ∞) and thus obtain the
Wilson action. Thus using standard methods [29] we write

ϕ ¼ ϕl þ ϕh; Δ ¼ Δl þ Δh:

The low energy propagator, Δl propagates modes with 0 < p < Λ, and the high energy propagator Δh propagates modes
with Λ < p < ∞.

Z½J; hμν� ¼
Z

Dσei
R

Jσ
Z

Dσμνe
i
R

hμνσμν

Z
Dχ

Z
DχμνZ

Dϕl

Z
Dϕhe

−1
2

ffiffiffi
N

p R
ϕI
lΔ

−1
l ϕI

l−
1
2

ffiffiffi
N

p R
ϕI
hΔ

−1
h ϕI

hei
R

χσei
R

χμνσμνe−i
R

χðϕlþϕhÞ2−i
R

χμνTμν½ϕlþϕh�: ð6:10Þ

The Wilson action is a functional of ϕl (and also J; hμν), and is obtained by integrating out ϕh. Thus, let us write

e−SΛ½ϕl;J;hμν� ¼ e−
1
2

ffiffiffi
N

p R
ϕI
lΔ

−1ϕI
l

Z
Dσei

R
Jσ
Z

Dσμνe
i
R

hμνσμν

Z
Dχ

Z
Dχμν

Z
Dϕhe

−1
2

ffiffiffi
N

p R
ϕI
hΔ

−1
h ϕI

hei
R

χσei
R

χμνσμνe−i
R

χðϕlþϕhÞ2−i
R

χμνTμν½ϕlþϕh�

¼ e−
1
2

ffiffiffi
N

p R
ϕI
lΔ

−1ϕI
l e−SI;Λ½ϕl;J;hμν�: ð6:11Þ

Thus,

e−SI;Λ½ϕl;J;hμν� ¼
Z

Dσ

Z
Dσμνe

i
R

Jσþi
R

hμνσμνe−SI;Λ½ϕl;σ;σμν�: ð6:12Þ

SI;Λ½ϕl; J; hμν� as well as its Fourier transform SI;Λ½ϕl; σ; σμν� obey the Polchinski ERG equation, which describes their
evolution as Λ taken to zero. Thus S½σ; σμν� used in (6.9) is defined as

S½σ; σμν� ¼ lim
Λ→0

SI;Λ½ϕl ¼ 0; σ; σμν�:

Let us focus on the ϕh integration first, treating the other fields as background fields. Define

e−S̃I;Λ½ϕl;χ;χμν� ¼
Z

Dϕhe
−1
2

ffiffiffi
N

p R
ϕI
hΔ

−1
h ϕI

he−S̃I;Λ½ϕl;ϕh;χ;χμν�

¼
Z

Dϕhe
−1
2

ffiffiffi
N

p R
ϕI
hΔ

−1
h ϕI

he−i
R

χðϕlþϕhÞ2−i
R

χμνTμν½ϕlþϕh�:
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Then

e−SI;Λ½ϕl;σ;σμν� ¼
Z

Dχ

Z
Dχμνei

R
χσþi

R
χμνσμν−S̃I;Λ½ϕl:χ;χμν�: ð6:13Þ

C. Doing the ϕh integral

Let us isolate the various types of terms in S̃I;Λ½ϕl;ϕh; χ; χμν�:
(1) Quadratic in ϕh

S̃I;Λ;hh ¼
Z
x

Z
y

�
1

2

ffiffiffiffi
N

p
ϕI
hðxÞΔ−1

h ðx; yÞϕI
hðyÞ þ iϕI

hðxÞχðxÞδðx− yÞϕI
hðyÞ þ iϕI

hðxÞχμνðxÞΘμνδðx− yÞϕI
hðyÞ

�
; ð6:14Þ

where Θμν is defined as the differential operator contained in Tμν, cf. (6.3):

TμνðxÞ≡ ϕIðxÞΘμνðxÞϕIðxÞ: ð6:15Þ

We write this as

S̃Λ;hh ¼
1

2

Z
x

Z
y
ϕI
hðxÞO−1ðx; yÞϕI

hðyÞ; ð6:16Þ

with

O−1ðx; yÞ ¼
ffiffiffiffi
N

p
Δ−1

h ðx; yÞ þ 2iχðxÞδðx − yÞ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
A

þ 2iχμνðxÞΘμνδðx − yÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
B

:

(2) Quadratic in ϕl

S̃I;Λ;ll ¼ i
Z

χϕ2
l þ i

Z
χμνϕI

lΘμνϕ
I
l

¼ i
Z
x

Z
y
ϕI
lðxÞ½χðxÞδðx − yÞ þ χμνðxÞΘμνδðx − yÞ�ϕI

lðyÞ

¼ 1

2

Z
x

Z
y
ϕI
lðAþ BÞϕI

l : ð6:17Þ

(3) Linear in ϕl;ϕh

S̃I;Λ;lh ¼ 2i
Z

χϕI
lϕ

I
h þ i

Z
χμνðϕI

lΘμνϕ
I
h þ ϕI

hΘμνϕ
I
lÞ

¼ 2i
Z
y

Z
x
ϕI
lðxÞ½χðxÞδðx − yÞ þ χμνΘμνδðx − yÞ�ϕI

hðyÞ

¼
Z
x

Z
y
ϕI
lðAþ BÞϕI

h:

≡
Z
y
jIðyÞϕI

hðyÞ: ð6:18Þ

We have integrated by parts and used ∂μχ
μν ¼ 0.

Now we can do the ϕh integral in
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Z
Dϕhe

−1
2

R
x

R
y
ϕI
hO

−1ðx;yÞϕI
hðyÞ−

R
x
jIðxÞϕI

hðxÞ

¼ e
N
2
Tr lnOþ1

2

R
x

R
y
jIðxÞOðx;yÞjIðyÞ

:

Thus we obtain

S̃I;Λ½ϕl;χ;χμν� ¼ i
Z
x

Z
y
ϕI
lðxÞ½χðxÞδðx− yÞ

þ χμνðxÞΘμνδðx− yÞ�ϕI
lðyÞ

−
N
2
Tr lnO

−
1

2

Z
x

Z
y
jIðxÞOðx;yÞjIðyÞ: ð6:19Þ

D. ERG equation

If we let Ψ̃ ¼ e−S̃I;Λ½ϕl;χ;χμν� then Polchinski’s ERG
equation is

∂Ψ̃
∂t

¼ −
1

2

1ffiffiffiffi
N

p
Z
p
Δ̇lðpÞ

δ2Ψ̃
δϕI

lðpÞδϕI
lð−pÞ

: ð6:20Þ

Following [25] we will evaluate this equation at ϕl ¼ 0.
This simplifies the equation considerably. As mentioned in
Sec. IV C 1, by setting ϕl ¼ 0 in the equation after taking
the derivative, we no longer track the RG flow of any
interactions involving the low energy fundamental fields. If
we are only interested in the RG flow of the interactions of
composite operators, we can safely throw away the ϕl
terms. The disadvantage is that we cannot integrate out any
more ϕl modes. This means Λ is a physical IR cutoff in the
problem. Thus to recover the physics, one has to set Λ ¼ 0.
Once we have a general solution valid for arbitrary Λ this is
not difficult to do.
This procedure gives us an equation for S̃I;Λ½0; χ; χμν�

and after integrating over χ; χμν as in (6.13), an equation
for SI;Λ½0; σ; σμν�.

Define Ψ ¼ e−S̃I;Λ½ϕl;σ;σμν� ¼ R
Dχ

R
Dχμνei

R
χσþi

R
χμνσμνΨ̃ as in (6.13). Then (6.20), on setting ϕl ¼ 0, immediately

leads to

∂Ψ
∂t






ϕl¼0

¼ −
1

2

1ffiffiffiffi
N

p
Z
p
Δ̇lðpÞ

δ2Ψ
δϕI

lðpÞδϕI
lð−pÞ






ϕl¼0

: ð6:21Þ

Since Δ̇l ¼ −Δ̇h we can write an equivalent equation:

∂Ψ
∂t






ϕl¼0

¼ 1

2

1ffiffiffiffi
N

p
Z
p
Δ̇hðpÞ

δ2Ψ
δϕI

lðpÞδϕI
lð−pÞ






ϕl¼0

: ð6:22Þ

This is a more useful form since the propagator that appears in Ψ is Δh [see (6.14)].
Let us evaluate the rhs of this equation:

O−1 ¼
ffiffiffiffi
N

p 1

Δh
þ Aþ B ¼

ffiffiffiffi
N

p
Δ−1

h

�
1þ 1ffiffiffiffi

N
p ΔhAþ 1ffiffiffiffi

N
p ΔhB

�
;

O ¼ 1ffiffiffiffi
N

p 1

ð1þ 1ffiffiffi
N

p ΔhAþ 1ffiffiffi
N

p ΔhBÞ
Δh

¼ 1ffiffiffiffi
N

p
�
1 −

1ffiffiffiffi
N

p ðΔhAþ ΔhBÞ þ
1

N
ðΔhAþ ΔhBÞ2 þ � � �

�
Δh;

1

2
jIOjI ¼ 1

2

1ffiffiffiffi
N

p ϕI
lðAþ BÞ

�
1 −

1ffiffiffiffi
N

p ðΔhAþ ΔhBÞ þ
1

N
ðΔhAþ ΔhBÞ2 þ � � �

�
ΔhðAþ BÞϕI

l :

We have to add 1
2
ϕI
lðAþ BÞϕI

l from (6.17):

1

2

1ffiffiffiffi
N

p
Z
p
Δ̇hðpÞ

δ2Ψ̃
δϕI

lðpÞδϕI
lð−pÞ






ϕl¼0

¼ 1

2

Z
p
Δ̇h

� ffiffiffiffi
N

p ðAþ BÞ þ ðAþ BÞ
�
1 −

1ffiffiffiffi
N

p ðΔhAþ ΔhBÞ

þ 1

N
ðΔhAþ ΔhBÞ2 þ � � �

�
ΔhðAþ BÞ

�
Ψ̃:
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We are interested in the terms involving two χ’s and one
χμν.6 This will generate the required cubic term as will
become clear below. This comes from

1ffiffiffiffi
N

p Δ̇hfA½−ΔhB�ΔhAþ B½−ΔhA�ΔhAþ A½−ΔhA�ΔhBg:

This can be written compactly in position space:

4i
1ffiffiffiffi
N

p d
dt

Z
x;y;z

χðxÞΔhðx − yÞχðyÞΔhðy − zÞχμνðzÞ

×
∂
2

∂zμ∂zν
Δhðz − xÞ:

Acting on Ψ ¼ e−SI;Λ½σ;σμν;ϕl¼0� this term becomes

− 4
1ffiffiffiffi
N

p
Z
x;y;z

d
dt

�
Δhðx− yÞΔhðy− zÞ ∂

2

∂zμ∂zν
Δhðz− xÞ

�

×
δ3e−SI;Λ½σ;σμν;ϕl¼0�

δσðxÞδσðyÞδσμνðzÞ
: ð6:23Þ

The Feynman diagram corresponding to this term is given
below in Fig. 4.
We now need to address a problem pointed out in [26].

The scalar propagator Δ2
h was fixed in (5.6) in terms of

modified Bessel functions with the parameter ν ¼ − D
2
þ

2 ¼ 1
2
, so that the kinetic term for the scalar becomes a local

AdS kinetic term. This implicitly fixes the propagatorΔh for
the fundamental field ϕI. Similarly, for the kinetic term of
the graviton to be the standard AdS kinetic term, the graviton
propagator, which is proportional to ð∂2Þ2Δ2

h, has to be fixed
to a similar combination of modified Bessel functions with
the parameter ν ¼ D

2
¼ 3=2, as derived in [26]. This would

force a different constraint on Δh:

Gsðx− y;zÞ≡Δhðx− yÞΔhðx− yÞ ¼G1=2ðx− y;zÞ ð6:24Þ

Gtðx − y; zÞ ¼Δhðx − yÞð∂2xÞ2Δhðx − yÞ ¼ G3=2ðx − y; zÞ;
ð6:25Þ

where

Gνðp; zÞ ¼
γp−2νKνðpzÞ

KνðpzÞ − 1
γ IνðpzÞ

: ð6:26Þ

These conditions are mutually incompatible. A resolution
was suggested in [26]. This is to redefine one of the fields
(say, the scalar) by a function g selected so that the
propagator for the scalar is modified. This is worked out
in Appendix B. Thus we let σðpÞ ¼ gðpÞϕ2ðpÞ. Then the
scalar propagator becomes g2Δ2

h. Then one can choose g
such that this is made up of modified Bessel functions with
the parameter ν ¼ − D

2
þ 2.7 With this modification (6.23)

changes to (in momentum space now)

− 4
1ffiffiffiffi
N

p
Z
k1;k2;k3

δðk1 þ k2 þ k3Þ
d
dt

�Z
p
ðΔhðpþ k1 þ k2ÞΔhðpþ k1ÞpμpνΔhðpÞgðk1Þgðk2ÞÞ

�

×
δ3

δσðk1Þδσðk2Þδσμνðk3Þ
e−SI;Λ½σ;σμν;ϕl¼0�: ð6:27Þ

FIG. 4. Scalar-scalar-tensor diagram.

6AB gives term with χχμν and a loop integral over Δ2
hp

μpν. This results in a δμν that kills χμν because it is traceless. ABB gives
a term with χχμνχρτ and a loop integral over Δ3

hp
μpνpρpτ. This results in a 2 gravitonsþ scalar term which we do not investigate

in this work.
7Note that in [26] the expression defining g is slightly different. That expression is correct only when gðpÞ is independent of t. In our

case gðpÞ has to depend on t. For t → −∞, at the boundary, g → 1. Thus, at boundary, σ accurately represents our current ϕ2.
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In the previous sections we had introduced the auxiliary field σ standing for gϕ2 and σμν standing for the energy
momentum tensor. The ERG equation for the effective action involving σ and σμν is

∂Ψ̄l

∂t






ϕl¼0

¼
�
1

2

Z
k

d
dt

ðgðkÞ2Δ2
hðkÞÞ

δ2

δσðkÞδσð−kÞ þ
1

2

Z
k

d
dt

ððk2ΔhÞ2ðkÞÞ
δ2

δσμνðkÞδσμνð−kÞ

−
4

3

1ffiffiffiffi
N

p
Z
k1;k2;k3

d
dt

�
gðk1Þgðk2Þgðk3Þ

Z
p
ΔhðpÞΔhðpþ k1ÞΔhðpþ k1 þ k2Þ

�
δ3

δσðk1Þδσðk2Þδσðk3Þ

−
4ffiffiffiffi
N

p
Z
k1;k2;k3

d
dt

�Z
p
ðΔhðpþ k1 þ k2ÞΔhðpþ k1ÞpμpνΔhðpÞgðk1Þgðk2ÞÞ

�
δ3

δσðk1Þδσðk2Þδσμνðk3Þ
�
Ψ̄ljϕl¼0;

ð6:28Þ

where a momentum conserving δðk1 þ k2 þ k3Þ is implicit in the cubic terms.
The leading order solution is

Ψ̄ljϕl¼0 ¼ exp

�
−
1

2

Z
k

σðkÞσð−kÞ
GsðkÞ

−
1

2

Z
k

σμνðkÞσμνð−kÞ
GtðkÞ

�
;

where as before Gs ¼ g2Δ2
h and Gt ¼ ðk2ΔhÞ2. Acting on this, the cubic derivatives give

−
σðk1Þ
Gsðk1Þ

σðk2Þ
Gsðk2; tÞ

σðk3Þ
Gsðk3; tÞ

;

and

−
σðk1Þ

Gsðk1; tÞ
σðk2Þ

Gsðk2; tÞ
σμνðk3Þ
Gtðk3; tÞ

:

These terms add potential terms to the ERG equation.

F. Flipped ERG equation

As explained in Secs. II and III the flipped ERG equation (4.7) is more suited for mapping to AdS. Flipping is easily
done—interhange l ↔ h.
Thus, the flipped ERG equation is

∂Ψ̄h

∂t






ϕh¼0

¼
�
1

2

Z
k

d
dt

ðgðkÞ2Δ2
l ðkÞÞ

δ2

δσðkÞδσð−kÞ þ
1

2

Z
k

d
dt

ððk2ΔlÞ2ðkÞÞ
δ2

δσμνðkÞδσμνð−kÞ

−
4

3

1ffiffiffiffi
N

p
Z
k1;k2;k3

d
dt

�
gðk1Þgðk2Þgðk3Þ

Z
p
ΔlðpÞΔlðpþ k1ÞΔlðpþ k1 þ k2Þ

�
δ3

δσðk1Þδσðk2Þδσðk3Þ

− 4
1ffiffiffiffi
N

p
Z
k1;k2;k3

d
dt

�Z
p
ðΔlðpþ k1 þ k2ÞΔlðpþ k1ÞpμpνΔlðpÞgðk1Þgðk2ÞÞ

�

×
δ3

δσðk1Þδσðk2Þδσμνðk3Þ
�
Ψ̄hjϕh¼0; ð6:29Þ

with a momentum conserving δðk1 þ k2 þ k3Þ in the cubic terms.
The leading order solution is

Ψ̄hjϕh¼0 ¼ exp

�
−
1

2

Z
k

σðkÞσð−kÞ
GsðkÞ

−
1

2

Z
k

σμνðkÞσμνð−kÞ
GtðkÞ

�
; ð6:30Þ
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where now Gs ¼ g2Δ2
l and Gt ¼ ðk2ΔlÞ2. Acting on this

the cubic derivative terms give

−
σðk1Þ
Gsðk1Þ

σðk2Þ
Gsðk2; tÞ

σðk3Þ
Gsðk3; tÞ

;

and

−
σðk1Þ

Gsðk1; tÞ
σðk2Þ

Gsðk2; tÞ
σμνðk3Þ
Gtðk3; tÞ

:

These contribute potential terms to the flipped ERG
equation.

VII. MAPPING EVOLUTION OPERATOR TO AdS

The evolution operator for the flipped ERG equation can
be written as

Z
DσDσμν exp

�
−
Z

dt
Z
p

�
1

2

σ̇ σ̇

Ġs
þ 1

2

σ̇μνσ̇
μν

Ġt
þVðσ;σμνÞ

��

where

Vðσ; σμνÞ ¼
1ffiffiffiffi
N

p
Z
k1;k2;k3

δðk1 þ k2 þ k3Þ

×
�
−
4

3

d
dt

�
gðk1Þgðk2Þgðk3Þ

Z
p
ΔlðpÞΔlðpþ k1ÞΔlðpþ k1 þ k2Þ

��
σðk1; tÞ
Gsðk1; tÞ

σðk2; tÞ
Gsðk2; tÞ

σðk3; tÞ
Gsðk3; tÞ

�

− 4
d
dt

�Z
p
ðΔlðpþ k1 þ k2ÞΔlðpþ k1ÞpμpνΔlðpÞgðk1Þgðk2ÞÞ

��
σðk1; tÞ
Gsðk1; tÞ

σðk2; tÞ
Gsðk2; tÞ

σμνðk3; tÞ
Gtðk3; tÞ

��
: ð7:1Þ

The scalar part of this was done in Sec. III, (without the factor g). As shown in Sec. III 1, substituting the leading order

solution, one sees that the factors σðk;tÞ
Gsðk;tÞ are all time independent. Then the integrand becomes a total derivative, and we

recover the expected amplitudes. The important point is that the final amplitude thus depends only on the value of gΔl at the
limits of the t integration—where it is zero at one end (z ¼ ∞), and Δ at the other (z ¼ 0). As explained in Sec. III we can
modify the regularization procedure in each of the loop integrals. The errors in the final answer, viz., correlation function, is
of Oð kiΛ0

Þ. In the limit Λ0 → ∞ there is no error. We use this freedom exactly as it was done in Sec. III. Thus V becomes

Vðσ; σμνÞ ¼
1ffiffiffiffi
N

p
Z
k1;k2;k3

δðk1 þ k2 þ k3Þ

×

�
−
4

3

d
dt

�Z
p
ΔðpÞΔðpþ k1ÞΔðpþ k1 þ k2Þ

�
regulated;Λ

�
σðk1; tÞ
Gsðk1; tÞ

σðk2; tÞ
Gsðk2; tÞ

σðk3; tÞ
Gsðk3; tÞ

�

− 4
d
dt

�Z
p
ðΔðpþ k1 þ k2ÞΔðpþ k1ÞpμpνΔðpÞÞ

�
regulated;Λ

�
σðk1; tÞ
Gsðk1; tÞ

σðk2; tÞ
Gsðk2; tÞ

σμνðk3; tÞ
Gtðk3; tÞ

��
: ð7:2Þ

We now map the action to AdS space by the substitution σ ¼ fy and σμν ¼ fyμν. Thus the coefficient of yðk1Þyðk2Þyðk3Þ
becomes

−
4

3

d
dt

�Z
p
ΔðpÞΔðpþ k1ÞΔðpþ k1 þ k2Þ

�
regulated;Λ

�
fðk1; tÞ
Gsðk1; tÞ

fðk2; tÞ
Gsðk2; tÞ

fðk3; tÞ
Gsðk3; tÞ

�
:

As mentioned in Sec. III, the time derivative of the loop momentum integral with a convenient regularization procedure is

2ðk1ΛÞ−ν1Kν1ðk1=ΛÞ × 2ðk2ΛÞ−ν2Kν2ðk2=ΛÞ × 2ðk3ΛÞ−νKν3ðk3=ΛÞ

up to a normalizing factor. The factor f
Gs

was given in [25] and is the inverse of the above expression. Thus there is an exact
cancellation, exactly as described in Sec. III for the scalar case, since (5.7)

fðk; zÞ
Gsðk; zÞ

¼ z−D=2ðkÞν
Kνðk=ΛÞ

:
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So they cancel exactly for the three scalar case, and we get a
local term up to some normalization:

N
Z
k1;k2;k3

δðk1 þ k2 þ k3Þyðk1;ΛÞyðk2;ΛÞyðk3;ΛÞ: ð7:3Þ

For the second loop integral, the computation is done in
Appendix C, resulting in

z2D−2
�
k1
z

�
−ν
Kνðk1zÞ

�
k2
z

�
−ν
Kνðk2zÞ

�
k3
z

�
ν0

Kν0 ðk3zÞ;

ð7:4Þ

where ν and ν0 correspond to the scalar and the tensor
respectively. For the tensor, (see Appendix A),

ftðk; zÞ
Gtðk; zÞ

¼ z−D=2k−ν
0

Kν0 ðkzÞ
: ð7:5Þ

For the other term also we have cancellation resulting in

N 0zD−2

×
Z
k1;k2;k3

δðk1þk2þk3Þk1μyðk1;ΛÞk2νyðk2;ΛÞyμνðk3;ΛÞ:

ð7:6Þ

(We have used transversality of yμν to replace one of the
k1’s by k2.) Above we have identified the scale 1=Λwith the
radial coordinate z, with which the mapping is complete.
The above term is precisely the coupling of the metric
perturbation to the scalar kinetic term given in (3.7).
As explained in Sec. II the presence of this coupling

verifies general coordinate invariance of the holographic
action obtained from ERG.

VIII. SUMMARY AND CONCLUSIONS

The most interesting aspect of the AdS-CFT correspon-
dence is that the bulk dual of a field theory in flat space is a
theory with dynamical gravity. The approach outlined in this
and earlier papers demonstrates that the functional integral
describing an evolution operator of the exact RG equation of
a flat space field theory involves a field theory in a
background AdS space and further that the metric fluctua-
tions about this background are also dynamical. That
dynamical gravity comes out of ERG is quite remarkable.
This demonstration did not assume the AdS-CFT conjecture.
The calculation described in this paper also explains why

AdS is special. While the functional integral description of
the ERG evolution operator started off with a nonstandard
action, a very special field redefinition was required to map
this to a field theory in AdS space. What we see is that
when this is done the action is local on a much smaller scale
than the AdS scale. The scale of locality is set by the bare

cutoff of the field theory rather than the moving cutoff. In
the bulk this should correspond to the Planck scale or the
string scale. This was already shown for the kinetic terms in
earlier papers [23,26]. In this paper this was demonstrated
for the scalar-scalar-spin 2 coupling (7.6). This also
happens for the cubic scalar coupling (7.3).
The locality of the scalar gravity coupling also ensures

that this interaction term can be obtained by gauge fixing a
general coordinate invariant scalar kinetic term. The spin-2
kinetic term is also obtainable by gauge fixing the kinetic
term for a metric perturbation obtained from the Einstein
action in an AdS background [26]. Thus both these
calculations provide evidence for a general coordinate
invariant theory in the bulk. If this persists to higher orders,
that would provide some further insight into the AdS-CFT
correspondence.
In deriving this cubic interaction it turned out to be useful

to work with a flipped ERG equation (4.7), that evolved
the theory toward the UV rather than toward the IR as in the
usual Wilsonian RG. It remains to be seen whether this
equation has other applications.
Another ingredient in making all this work is the

necessity of performing a wave function renormalization
of the scalar field standing for the composite scalar. One
expects that extending the ERG approach to higher spins
will involve similar wave function renormalizations for all
the fields.
Extending all this to higher spins is certainly an

interesting open problem. Some aspects of RG for higher
spins have been discussed in [48–50]. It would be interest-
ing to apply our techniques to understand the higher spin
action and symmetries along those lines. That would
supplement holographic reconstruction of the bulk higher
spin interactions from the boundary OðNÞ model [57]. A
consistent application of the prescription in this paper could
be applied to obtain bulk higher spin interactions and
strengthen the higher spin-OðNÞ model duality [58].
All our calculations have been done for Euclidean field

theories. The issue of analytical continuation to Minkowski
space also needs to be investigated.
These are pressing questions, and we hope to address

these soon.

APPENDIX A: EM TENSOR MAPPING TO AdS

The mapping for the tensor is similar to the mapping for
the scalar. The holographic action for the tensor is to
leading order:

S ¼ −
1

2

Z
dt
Z
p

σ̇μνσ̇
μν

Ġt
: ðA1Þ

We redefine

σμνðp; tÞ ¼ yμνðp; tÞfðp; tÞ; ðA2Þ
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with f2 ¼ −Ġtz−D=2, z ¼ et and

1

f
¼ z

D
2 ðAðpÞKνðpzÞ þ BðpÞIνðpzÞÞ: ðA3Þ

Here ν ¼ jΔ −D=2j, where the dimension Δ ¼ D for the
tensor. Thus, ν ¼ D=2 ¼ 3=2. With this redefinition, we
get an action for a set of scalars yμν in AdS of mass squared
m2 ¼ ν2 −D2=4 ¼ 0. We get the action

SAdS ¼
Z

dz
dDp
ð2πÞD z1−D

�
∂yμνðpÞ

∂z

∂yρσð−pÞ
∂z

þ p2yμνðpÞyρσð−pÞ
�
δμρδνσ: ðA4Þ

Following the same arguments in [23] Sec. 2.4.3,

Gtðp; zÞ ¼
CðpÞKνðpzÞ þDðpÞIνðpzÞ
AðpÞðKνðpzÞ þ BðpÞIνðpzÞÞ

; ðA5Þ

and that the two linear combinations must be linearly
independent gives the condition, due to the Wronskian,

AðpÞDðpÞ − BðpÞCðpÞ ¼ 1: ðA6Þ

Say the boundary is at z ¼ ϵ ¼ 1=Λ0. Then near the
boundary the leading behavior of the bulk field is

yμνðx; zÞ ∼ zD−ΔhμνðxÞ; ðA7Þ

where hμν is the source for the boundary EM tensor Tμν.
At this stage, a small digression is necessary to figure out

what the behavior of f should be near the boundary. The
equation of motion in the bulk is analogous to the scalar
case given in (4.26).

σμνðp; zÞ ¼ Gtðp; zÞJμνðpÞ; ðA8Þ

for some JμνðpÞ. The Wilson action at the boundary is
given by (6.30),

Sϵ ¼ −
Z
p

σμνðpÞσμνð−pÞ
GtðpÞ

þ
Z
p
hμνðpÞσμνð−pÞ: ðA9Þ

The equation of motion here is

σμνðp; ϵÞ ¼ Gtðp; ϵÞhμνðpÞ: ðA10Þ

Thus we have

σμνðp; zÞ ¼ Gtðp; zÞhμνðpÞ: ðA11Þ

At boundary, Gtðp; zÞ ¼ p2ν, so

lim
z→ϵ

σμνðp; zÞ ≈ p2νhμνðpÞ: ðA12Þ

Then from (A2) and (A7), it must be that

fðp; ϵÞ ≈ p2ν: ðA13Þ

And since near z → 0,

Kν → ΓðνÞ2ν−1ðpzÞ−ν; Iν →
2−ν

Γð1þ νÞ ðpzÞ
ν; ðA14Þ

fðp; zÞ ∼ 21−ν

ΓðνÞAðpÞ z
−D

2 ðpzÞν: ðA15Þ

Therefore, we get

AðpÞ ¼ 1

ΓðνÞ 2
1−νp−ν: ðA16Þ

Gt is the low energy propagator. For z → ∞, Gt must
vanish. But for x → ∞

IνðxÞ ∼
1ffiffiffiffiffiffiffiffi
2πx

p ex; KνðxÞ ∼
ffiffiffiffiffi
π

2x

r
e−x: ðA17Þ

So, DðpÞ ¼ 0, and hence BðpÞCðpÞ ¼ −1. At the boun-
dary Gt must be equal to the full propagator G ¼ γp2ν, i.e.,
for z → 0, Gtðp; zÞ → γp2ν.

CðpÞ
AðpÞ ¼ γp2ν; ðA18Þ

CðpÞ ¼ γ

ΓðνÞ 2
1−νpν: ðA19Þ

Since BC ¼ −1,

BðpÞ ¼ −
ΓðνÞ
γ

2ν−1p−ν: ðA20Þ

Then

1

f
¼ 1

ΓðνÞ 2
1−νp−νz

D
2KνðpzÞ −

1

γ
2ν−1ΓðνÞp−νz

D
2IνðpzÞ;

ðA21Þ

and

Gtðp; zÞ ¼
γ2p2νKνðpzÞ

γKνðpzÞ − 22ν−2ΓðνÞ2IνðpzÞ
: ðA22Þ
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Finally,

f
Gt

¼ z−D=2

CðpÞKνðpzÞ
¼ z−D=22ν−1ΓðνÞ

γpνKνðpzÞ
: ðA23Þ

APPENDIX B: FIELD REDEFINITIONS
FOR SCALAR COMPOSITE

Obtaining (3.8) involves simultaneous mapping to AdS
of the scalar and tensor fields. As mentioned in [26] this
requires a field redefinition of the composites. In this
section we elaborate on this field redefinition.

The scalar composite was introduced in [25] by impos-
ing the constraint σ ¼ ϕ2. We would like to understand the
freedom of a wave function renormalization of the form
σðpÞ → gðp;ΛÞσðpÞ where g depends on the moving
cutoff Λ.
We proceed as in IV C 1, by integrating out the high

energy modes and obtaining ERG equation for σ, except
now we insert σ ¼ gðp;ΛÞϕ2. Thus we modify (4.13),

Z ¼
Z

Dϕ

Z
Dσδðσ − gϕ2Þe−1

2

ffiffiffi
N

p R
ϕIΔ−1ϕI

: ðB1Þ

Proceeding as before, separating high and low energy
modes and propagators, we obtain

Z ¼
Z

Dϕle
−1
2

ffiffiffi
N

p R
ϕI
lΔ

−1
l ϕI

l

Z
Dσ

Z
Dχei

R
χσe

−N
2
Tr lnðΔ−1

h þ2i 1ffiffi
N

p χgÞ−1
2

R
ϕI
l

iχg

ð1þ2i 1ffiffi
N

p ΔhχgÞ
ϕI
l

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
e−SI;Λ ½ϕl �≡Ψ

: ðB2Þ

Polchinski’s ERG equation is (note that Δ̇h ¼ −Δ̇l)

∂Ψ
∂t

¼ 1

2

1ffiffiffiffi
N

p
Z
p
Δ̇hðpÞ

δ2Ψ
δϕI

lðpÞδϕI
lð−pÞ

: ðB3Þ

Let us also define Ψ̄ by

Ψ ¼
Z

DσΨ̄ ðB4Þ

so that

Ψ̄ ¼
Z

Dχei
R

χσ
Z

e
−1
2
NTr lnð1þ2i 1ffiffi

N
p ΔhχgÞ−1

2

R
ϕl

iχg

ð1þ2i 1ffiffi
N

p ΔhχgÞ
ϕl

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Ψ̃

:

Thus

Ψ ¼
Z

Dσ

Z
Dχei

R
χσΨ̃½ϕl; χg�:

Now we can insert this in (B3). But the time derivative gets a contribution not only from Δh which is captured by the rhs
of the Polchinski ERG equation, but it has an additional dependence due to g. This quantity obeys the following equation:

∂Ψ̃
∂t

¼ 1

2

1ffiffiffiffi
N

p
Z
p

�
Δ̇hðpÞ þ

1

g
Δhġ

�
δ2Ψ̃

δϕlðpÞδϕlð−pÞ
¼ 1

2

1ffiffiffiffi
N

p
Z
p

1

g
d
dt
ðΔhgÞ

δ2Ψ̃
δϕlðpÞδϕlð−pÞ

: ðB5Þ

We can evaluate this at ϕl ¼ 0, and the discussion follows exactly like in Sec. IV C 1, with Δhg replacing Δh everywhere.
The ERG equation becomes to cubic order

∂Ψ̄
∂t






ϕl¼0

¼
�Z

k
ĠsðkÞ

δ2

δσðkÞδσð−kÞ þ
1ffiffiffiffi
N

p
Z
k1;k2;k3

δðk1 þ k2 þ k3Þfðk1; k2; k3;ΛÞσðk1Þσðk2Þσðk3Þ
�
Ψ̄jϕl¼0; ðB6Þ

where
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fðk1; k2; k3;ΛÞ ¼ −
4

3

d
dt

�
gðk1Þgðk2Þgðk3Þ

Z
p
ΔhðpÞΔhðpþ k1ÞΔhðpþ k1 þ k2Þ

�
1

Gsðk1ÞGsðk2ÞGsðk3Þ
:

We have set 2g2Δ2
h ¼ Gs. This determines Ψ̄jϕl¼0 ¼ e−SI;Λ½0;σ�. The leading order expression for SI;Λ½0; σ� is

Ψ̄jϕl¼0 ¼
Z

Dχei
R

χσe
R
k
χðkÞχð−kÞgðkÞ2Δ2

hðkÞ ¼ e
−1
4

R
k

σðkÞσð−kÞ
g2Δ2

h
ðkÞ : ðB7Þ

Evaluating the evolution operator for this equation semiclassically as before, one obtains the same correlator:

1ffiffiffiffi
N

p
Z
p
ΔðpÞΔðpþ k1ÞΔðpþ k1 þ k2ÞJðk1ÞJðk2ÞJðk3Þ: ðB8Þ

APPENDIX C: ONE LOOP SCALAR-SCALAR-GRAVITON GRAPH

1. Three point function

The Feynman diagram is (k1 þ k2 þ k3 ¼ 0).

Iμνðk1; k2; k3;ΛÞ ¼
Z

dDp
ð2πÞD

pμpν

ðk1 þ pÞ2a3ðk1 þ k2 þ pÞ2a1ðpÞ2a2 ; ðC1Þ

with some regulator Λ. The regularization scheme we leave unspecified for now. We will use the tracelessness and
transversality of χμνðχμμ ¼ 0 ¼ kμ3χμνðk3ÞÞ to simplify results. So effective action at the cubic order is

ΔS3 ¼
Z
k1

Z
k2

Z
k3

χðk1Þχðk2Þχμνðk3ÞIμνðk1; k2; k3;ΛÞð2πÞDδDðk1 þ k2 þ k3Þ:

Thus we need

I ¼
Z

ds1ds2ds3
sa1−11 sa2−12 sa3−13

Γða1ÞΓða2ÞΓða3Þ
Z

dDp
ð2πÞD pμpνe−ðk1þpÞ2s3e−ðk1þk2þpÞ2s1e−ðpÞ2s2 : ðC2Þ

Simplify the exponent. Use k1 þ k2 ¼ −k3.

−ðk1 þpÞ2s3 − ðk1 þ k2 þpÞ2s1 − ðpÞ2s2 ¼ −½p2ðs1 þ s2 þ s3Þ þ 2k1:ps3 − 2k3:ps1 þ k21s3 þ k23s1�

¼ −ðs1 þ s2 þ s3Þ
��

pþ k1s3 − k3s1
s1 þ s2 þ s3

�
2

−
�
k1s3 − k3s1
s1 þ s2 þ s3

�
2

þ k21s3 þ k23s1
s1 þ s2 þ s3

�
:

Let p0 ¼ pþ k1s3−k3s1
s1þs2þs3

.

Simplify the exponent further using 2k1:k3 ¼ ðk1 þ k3Þ2 − k21 − k23 ¼ k22 − k21 − k23.

k21s
2
3 þ k23s

2
1 − ðk22 − k21 − k23Þs1s3 − k21s3ðs1 þ s2 þ s3Þ − k23s1ðs1 þ s2 þ s3Þ

ðs1 þ s2 þ s3Þ

¼ −
k21s2s3 þ k23s1s2 þ k22s1s3

ðs1 þ s2 þ s3Þ
:

The exponent is

−ðs1 þ s2 þ s3Þp02 −
k21s2s3 þ k23s1s2 þ k22s1s3

ðs1 þ s2 þ s3Þ
:
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So we can do the momentum integral (removing the prime
on p):

Z
dDp
ð2πÞD e−ðs1þs2þs3Þp2−

k2
1
s2s3þk2

3
s1s2þk2

2
s1s3

ðs1þs2þs3Þ

�
p −

k1s3 − k3s1
s1 þ s2 þ s3

�
μ

×

�
p −

k1s3 − k3s1
s1 þ s2 þ s3

�
ν

:

The pμpν term gives δμν which vanishes due to trace-
lessness of χμν. Similarly terms involving kμ3 or kν3 vanish
due to transversality of χμν. We are left with

kμ1k
ν
1

ð4πÞD2
s23

ðs1 þ s2 þ s3ÞD2þ2
e−

k2
1
s2s3þk2

3
s1s2þk2

2
s1s3

ðs1þs2þs3Þ :

So the integral is

I ¼ kμ1k
ν
1

ð4πÞD2Γða1ÞΓða2ÞΓða3Þ

Z
ds1ds2ds3

sa1−11 sa2−12 sa3þ1
3

ðs1 þ s2 þ s3ÞD2þ2

× e−
k2
1
s2s3þk2

3
s1s2þk2

2
s1s3

ðs1þs2þs3Þ : ðC3Þ

There is a change of variables:

s1 ¼ α1t; s2 ¼ α2t; s3 ¼ α3t;

s1 þ s2 þ s3 ¼ t; α1 þ α2 þ α3 ¼ 1

We have

Z
ds1ds2ds3 ¼

Z
dtt2dα1dα2dα3δð1 − α1 − α2 − α3Þ:

So

I¼ 1

ð4πÞD2Γða1ÞΓða2ÞΓða3Þ
×
Z

dtt2dα1dα2dα3δð1−α1−α2−α3Þ

×ðα1tÞa1−1ðα2tÞa2−1ðα3tÞa3þ1t−
D
2
−2e−k

2
1
α2α3t−k22α1α3t−k

2
3
α2α1t:

ðC4Þ

There is a further change of variables:

α1α2t ¼ β3; α1α3t ¼ β2; α3α2t ¼ β1: ðC5Þ

Then

β1β2β3 ¼ ðα1α2α3Þ2t3 ⇒
ðβ1β2β3Þ12

β3
¼ α3t

1
2:

Thus

ðβ1β2β3Þ12
�
1

β1
þ 1

β2
þ 1

β3

�
¼ t

1
2

⇒
ðβ2β3 þ β1β3 þ β2β1Þ2

ðβ1β2β3Þ
≡ J2

β1β2β3
¼ t:

We have defined

J ¼ ðβ2β3 þ β1β3 þ β2β1Þ: ðC6Þ

Also

α3 ¼
β1β2β3
Jβ3

; α2 ¼ …:

So

αa1−11 αa2−12 αa3−13 ¼ ðβ1β2β3Þa1þa2þa3−3

Ja1þa2þa3−3
β1−a11 β1−a22 β1−a33 :

The change of variables is

α1α2t ¼ β3; α1ð1 − α2 − α1Þt ¼ β2;

ð1 − α2 − α1Þα2t ¼ β1;

Jacobian

J ¼ det

0
BBBB@

∂β3
∂α1

∂β3
∂α2

∂β3
∂t

∂β2
∂α1

∂β2
∂α2

∂β2
∂t

∂β1
∂α1

∂β1
∂α2

∂β1
∂t

1
CCCCA; ðC7Þ

J ¼ det

0
BBB@

α2t α1t α1α2

ð1 − 2α1 − α2Þt α1t α1ð1 − α1 − α2Þ
−α2t ð1 − α1 − 2α2Þt α2ð1 − α1 − α2Þ

1
CCCA ðC8Þ

J ¼ α1α2α3t2: ðC9Þ
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Putting all this together,

I ¼ 1

ð4πÞD2Γða1ÞΓða2ÞΓða3Þ

Z
dβ1dβ2dβ3

J
ta1þa2þa3−D

2
−1αa1−11 αa2−12 αa3þ1

3 e−k
2
1
α2α3t−k22α1α3t−k

2
3
α2α1t

¼ 1

ð4πÞD2Γða1ÞΓða2ÞΓða3Þ

Z
dβ1dβ2dβ3

J
J2ða1þa2þa3−D

2
−1Þ

Ja1þa2þa3−1
βa2þa3
1 βa1þa3

2 βa1þa2−2
3

ðβ1β2β3Þa1þa2þa3−1−D
2

e−k
2
1
β1−k22β2−k

2
3
β3

I ¼ 1

ð4πÞD2Γða1ÞΓða2ÞΓða3Þ

Z
dβ1dβ2dβ3Ja1þa2þa3−2−Dβ

D
2
þ1−a1

1 β
D
2
þ1−a2

2 β
D
2
−1−a3

3 e−k
2
1
β1−k22β2−k

2
3
β3 : ðC10Þ

Now rewrite

Ja1þa2þa3−2−D ¼
�

J
β1β2β3

�
a1þa2þa3−2−Dðβ1β2β3Þa1þa2þa3−2−D:

I ¼ 1

ð4πÞD2Γða1ÞΓða2ÞΓða3Þ

Z
dβ1dβ2dβ3

�
J

β1β2β3

�
a1þa2þa3−2−D

β
a2þa3−1−D

2

1 β
a1þa3−1−D

2

2 β
a1þa2−3−D

2

3 :

Now use

�
J

β1β2β3

�
a1þa2þa3−2−D ¼ 1

ΓðDþ 2 − a1 − a2 − a3Þ
Z

∞

0

dxe−xð
J

β1β2β3
ÞxDþ2−a1−a2−a3−1

¼ 1

ΓðDþ 2 − a1 − a2 − a3Þ
Z

∞

0

dxe−xð
1
β1
þ 1

β2
þ 1

β3
ÞxDþ2−a1−a2−a3−1:

In the interest of getting the appropriate result from the formula (C12) below, we rescale x.

�
J

β1β2β3

�
a1þa2þa3−2−D ¼ 2−2ðDþ2−a1−a2−a3Þ

ΓðDþ 2 − a1 − a2 − a3Þ
Z

∞

0

dxe−
x
4
ð 1
β1
þ 1

β2
þ 1

β3
ÞxDþ2−a1−a2−a3−1:

Here β → ∞ is the IR region and is cut off by k2i . β → 0 is the UVend, and we can cut it off by cutting off the lower end of
the x integral by 1

Λ2. Thus

I ¼ 2−2ðDþ2−a1−a2−a3Þ

ΓðDþ 2 − a1 − a2 − a3Þ
1

ð4πÞD2Γða1ÞΓða2ÞΓða3Þ

Z
∞

0

dxxDþ2−a1−a2−a3−1

Z
dβ1dβ2dβ3β

a2 þ a3 −
D
2

zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{ν1

−1

1 β
a1 þ a3 −

D
2

zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{ν2

−1

2 β
a1 þ a2 − 2 −

D
2

zfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflffl{−ν3

−1

3

e−k
2
1
β1−k22β2−k

2
3
β3e−

x
4
ð 1
β1
þ 1

β2
þ 1

β3
Þ: ðC11Þ

Now use [59]

Z
∞

0

dββν−1e−k
2β− x

4β ¼ 21−ν
�

kffiffiffi
x

p
�

−ν
Kνðk

ffiffiffi
x

p Þ: ðC12Þ

Therefore
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I ¼ 2−2ðDþ2−a1−a2−a3Þ

ΓðDþ 2 − a1 − a2 − a3Þ
1

ð4πÞD2Γða1ÞΓða2ÞΓða3Þ

Z
∞

1

Λ2

dxxDþ2−a1−a2−a3−1

× 23−ν1−ν2−ν3

�
k1ffiffiffi
x

p
�

−ν1
Kν1ðk1

ffiffiffi
x

p Þ
�
k2ffiffiffi
x

p
�

−ν2
Kν2ðk2

ffiffiffi
x

p Þ
�
k3ffiffiffi
x

p
�

ν3
Kν3ðk3

ffiffiffi
x

p Þ; ðC13Þ

where

ν1 ¼ a2 þ a3 −
D
2
; ν2 ¼ a1 þ a3 −

D
2
; −ν3 ¼ a1 þ a2 −

D
2
− 2:

For the case at hand a1 ¼ a2 ¼ a3 ¼ 1. So

ν1 ¼ 2 −
D
2
; ν2 ¼ 2 −

D
2
; ν3 ¼

D
2
: ðC14Þ

Thus we see that

dI
dt

¼ Λ
dI
dΛ

¼
ffiffiffi
2

p 1

Λ2D−2 ðk1ΛÞ−ν1Kν1

�
k1
Λ

�
ðk2ΛÞ−ν2Kν2

�
k2
Λ

�
ðk3ΛÞν3Kν3

�
k3
Λ

�
: ðC15Þ
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