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We propose the stringy description of the system consisting of two heavy and four light quarks in the
case of two light flavors of equal mass. As an application, we consider the three low-lying Born-
Oppenheimer potentials as a function of the heavy quark separation. Our analysis shows that the ground
state potential is described in terms of both hadroquarkonia and hadronic molecules. A connected string
configuration makes the dominant contribution to the potential of an excited state at small separations, and
for separations larger than 0.1 fm, it exhibits the diquark-diquark-diquark structure [Q¢][Qg][g¢]. For better
understanding the quark organization inside the system, we introduce several critical separations related to
the processes of string reconnection, breaking and junction annihilation. We also discuss the simplest string
configurations including the five-string junctions and their implications for the system, in particular the
emergence of composite quark objects different from diquarks and the process of junction fusion.
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I. INTRODUCTION

Since the proposal of the quark model by Gell-Mann [1]
and Zweig [2], many exotic hadrons have been discovered [3].
But the longstanding question of how quarks are organized
within such hadrons remains remarkably unresolved.

Certainly, the sector of doubly heavy hadrons has
been the focus of experimental activity, in particular for
the E/." baryon [4] and the T}, tetraquark [5]. Although the
deuteron is the only known dibaryon so far, representing a
bound state of six quarks, there could also exist doubly
heavy hexaquark states of type 00Qqqqq.

To handle doubly heavy quark systems, one approach is as
follows. Given the significant difference in quark masses, it
seems reasonable to apply the Born-Oppenheimer (B-O)
approximation, originally developed for use in atomic and
molecular physics [6].1 Within this framework, the corre-
sponding B-O potentials are defined as the energies of
stationary configurations of the gluon and light quark fields
in the presence of static heavy quark sources. The hadron
spectrum is then determined by solving the Schrodinger
equation with these potentials.

“Also on leave from L.D. Landau Institute for Theoretical
Physics.

!For further elaboration on these ideas in the context of QCD,
see [7].
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Lattice gauge theory is a well-established tool for
investigating non-perturbative QCD. However, its capabil-
ities and limitations concerning the doubly heavy hexa-
quark systems are yet to be fully explored. In the interim,
gauge/string duality provides a robust approach for gaining
valuable insights into this issue.” Nevertheless, the existing
literature notably lacks a comprehensive discussion on the
nature of doubly heavy hexaquarks within this framework.
Bridging this gap constitutes one of the primary objectives
of this paper.

The paper continues our study [9-13] on the doubly
heavy quark systems. It is organized as follows. In Sec. II,
we briefly recapitulate some preliminary results and estab-
lish the framework for the convenience of the reader.
Then in Sec. III, we construct and analyze several string
configurations in five dimensions that provide a dual
description of the low-lying B-O potentials in the heavy
quark limit. Here, we also introduce length scales that
characterize transitions between different configurations.
These length scales are, in fact, related to various types of
string interactions, including string reconnection, breaking,
and junction annihilation. Moving on to Sec. IV, we discuss
a way to make the effective string model more realistic and
examine the three low-lying B-O potential of the system.
In Sec. V, we consider some aspects of gluonic excitations,
with a particular focus on generalized baryon vertices and
their implications for the hexaquark system of interest. We
conclude in Sec. VI by making a few comments on the

*For an extensive review of gauge/string duality in the context
of QCD, see the book [8].
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FIG. 2. Hexaquark configurations.

consequences of our findings and discussing directions for
future work. Appendix A contains notation and definitions.
Additionally, to ensure the paper is self-contained, we
include the necessary results on the QQq and Qgqqq
systems in Appendices B and C. Finally, in Appendix D,
we discuss some other connected string configurations.

II. PRELIMINARIES

A. General procedure

In studying the doubly heavy hexaquark system, our aim
is to use and further develop the lattice QCD approach to
the B-O potentials in the presence of light quarks.3 In this
approach, a mixing analysis based on a correlation matrix is
required. The diagonal elements of the matrix are deter-
mined by the energies of stationary configurations, while
the off-diagonal elements describe transitions between
those configurations. The potentials are determined by
the eigenvalues of the matrix.

We start with string configurations in four dimensions,
where the string picture has been known for a while [15].
We specialize to the case of Ny = 2, two dynamical flavors
of equal mass, but the extension to Ny = 2 + 1 is straight-
forward. First, let us look at the simplest disconnected
configurations including only the valence quarks. These are
the basic configurations shown in Fig. 1. Each of these
consists of the valence quarks connected by the strings and
looks like a pair of noninteracting baryons. The strings may
join at a point known as the string junction [16].

3See [14] for standard explanations in the case of the QQ
system.
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Basic string configurations. Here and later, nonexcited strings are denoted by straight lines.

To pursue this further, we assume that other configura-
tions are constructed by adding additional pairs of string
junction-antijunction and light quark-antiquark to the basic
configurations. Intuitively, such a procedure will result in
configurations of higher energy. Therefore, to some extent,
the junctions and light quarks can be thought of as types
of elementary excitations. For our purposes here, we are
interested in relatively simple configurations. So, adding
one junction-antijunction pair to the basic configurations
leads to the connected configurations shown in Fig. 2.4
On the other hand, adding one virtual gg pair leads
to the disconnected configurations shown in Fig. 3.
Configurations (d) and (e) is a simple modification of
the basic configurations. Configuration (f) is obtained from
those by quark exchange (string interaction). It is worth
noting that what we list is not the complete set of possible
excitations. We have more to say about this in Sec. V.

The transitions between the configurations arise due to
string interactions. In Fig. 4, we sketch four different types
of interactions which will be discussed in the following
sections. This is only a small part of the broader picture of
QCD strings. Later on, we will introduce the notion of a
critical separation between the heavy quarks, which char-
acterizes each interaction. This is helpful for gaining a
deeper understanding of the physics of QCD strings, the
structure of B-O potentials, and importantly the nature of
multiquark states.

B. A short account of the five-dimensional string model

We will use gauge/string duality to study the QQqqqq
system. In fact, such a formalism stems from the original
paper by Maldacena [17], who suggested a way to calculate
rectangular Wilson loops in 4 dimensional gauge theories
via string models in 5 and 10 dimensions. The basic tools
for this are a 5-dimensional (10-dimensional) background
geometry, Nambu-Goto strings, and baryon vertices.’
Specifically, we use the string model recently developed
in [18]. Although this is one of the simplest models, the

*Since they describe the genuine six-body interactions of quarks,
we refer to them as the hexaquark configurations. As we will see in
Secs. III-1V, such configurations make the dominant contribution to
the low-lying B-O potentials at small heavy quark separations.
Because of this, we will add the word “compact” as a prefix.

>Note that unlike gauge/gravity duality, the string parameter o’
is kept nonzero.
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FIG. 4. Some examples of string interactions: (a) reconnection, (b) breaking, (c) junction annihilation, (d) junction fusion.

so-called soft wall model, the calculations can be extended
to any model of AdS/QCD.

For the purposes of this paper, we consider a five-
dimensional Euclidean space with a metric

2
dst = e (R 4 (@) 4 dR), (21)
where r is the fifth dimension of the space. Such a space
represents a deformation of the Euclidean AdSs space of
radius R, with a deformation parameter S. The boundary is
at r =0, and the so-called soft wall at r = 1/4/s. This
geometry is particularly appealing due to its relative
computational simplicity and its potential for phenomeno-
logical applications. At this point, let us mention that in the
case of the heavy quark-antiquark potential the model
of [19] using (2.1) provides a good fit to the lattice data
which is better than those achieved by models employing

. . 2 4
more complicated deformations such as etk and
eklr2+k2r4+k3r" [20]6

®See also [21] for another good example: the 3Q heavy quark
potential.

To construct the string configurations of Figs. 1-3 in five
dimensions, we need certain building blocks. The first is a
Nambu-Goto string governed by the action

1
= 284 [y
SNG 2”a//d 5 v

Here y is an induced metric, o is a string parameter, and &
are world-sheet coordinates.

The second is a high-dimensional counterpart of the
string junction, known as the baryon vertex.” In the
AdS/CFT correspondence, this vertex is supposed to be
a dynamic object which is a five brane wrapped on an
internal space X [22], and correspondingly the antibaryon
vertex is an antibrane. Both objects look pointlike in five
dimensions. In [21] it was observed that the action for the
baryon vertex, written in the static gauge,

e—ZSr2
Svert = Ty / dt
Py

(2.2)

(2.3)

"We will use this terminology, referring to the string junction in
four dimensions and to the vertex in five dimensions.
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yields very satisfactory results, when compared to the
lattice calculations of the three-quark potential. Note that
Svert  represents the world volume of the brane if
7, = TsRvol(X), with 75 the brane tension. Unlike
AdS/CFT, we treat 7, as a free parameter to account for
o' -corrections as well as the possible impact of other
background fields." In the case of zero baryon chemical
potential, it is natural to suggest the same action for the
antibaryon vertex, such that S;5; = Syer-

To model the two light quarks of equal mass, we
introduce a world sheet scalar field T(r), proposed in
the space-time context in [23]. This scalar field couples to
the world sheet boundary as an open string tachyon
Sq= [ dreT, where 7 is a coordinate on the boundary
and e is a boundary metric (an einbein field). Thus, the light
quarks are at string endpoints in the interior of five-
dimensional space. For our purposes, we only consider a
constant field Ty, and world sheets with straight-line
boundaries in the ¢-direction. In this case, the action written
in the static gauge can be expressed as

1g,2
387

S, :TOR/dte

(2.4)

r

and recognized as the action of a point particle of mass T,
at rest.” Clearly, at zero baryon chemical potential the same
action also describes the light antiquarks, and thus S5 = §,.

It is worth noting the visual analogy between tree level
Feynman diagrams and static string configurations. In the
language of Feynman diagrams, the building blocks men-
tioned above respectively play the roles of propagators,
vertices, and tadpoles.

III. THE STRINGY CONFIGURATIONS
IN FIVE DIMENSIONS

Our starting point is as follows. To see how a configu-
ration looks like in five dimensions, we place it on the
boundary of five-dimensional space. A gravitational force
pulls the light quarks and strings into the interior, while the
heavy (static) quarks remain at rest. This helps in many
ways, though there are some exceptions. We will see
shortly that the shape of various configurations changes
with the heavy quark separation, adding complexity to the
problem. In our analysis we think of the light quarks/
antiquarks as clouds. Consequently, it is meaningful to
speak about their average positions or, equivalently, the
centers of the clouds.

¥Similar to AdS /CFT, there is an expectation of the presence
of an analogue of the Ramond-Ramond fields on X.

The masses of the light quarks can be determined by fitting
the string breaking distance for the QQ system to the lattice data
of [24], which yields m, , = 46.6 MeV [25] for the parameter
values used in this paper. Note that in [24] the pion mass is twice
the physical one.

A. The disconnect configurations (a) and (b)

Consider configuration (a). It can be interpreted as a
pair of noninteracting hadrons: a doubly heavy baryon
and a nucleon. If they are infinitely far apart, the total
energy is just the sum of their rest energies. Interestingly,
such a factorization approximately holds at finite separa-
tion between hadrons if one averages over the pion (cloud)
position [26]. For what follows, we assume the factori-
zation and average over all possible positions of light
hadrons. "’

In five dimensions, the configuration is that sketched in
Fig. 5(a). If the nucleon is not far from the doubly heavy
baryon, such a configuration can be interpreted as a hadro-
quarkonium state: the doubly heavy baryon in the nucleon
cloud. The total energy is then

E@ = Eqqq + Esq. (3.1)

Eqqq was computed in [9]11 and E3q in [12]. Explicitly,

S
E3y = 39, /%(ke‘2c13 + nes),

2 . o,
where g = %, k = 3’—9 and n = %, The radial position of

the nucleon is determined from the force balance equation

(3.2)

K(1 4 4¢3) +n(1 — g3)e% = 0. (3.3)

This equation can be derived by varying the action
S =S, 43S, with respect to r3,. Here, g3 = sr3,, and
correspondingly, q; represents a solution of the equation in
the interval [0, 1].

For completeness, let us discuss the behavior of E®
for small and large #. These can be inferred from the
corresponding formulas of Appendix B. For Z — 0, we
obtain

EW(£) = Eqq(£) + Eaneq + 0(0). (3.4)
where Eqq is defined by Eq. (B9) and Ec . by Eq. (C1).

The latter represents the energy of the disconnected
configuration shown in Fig. 27(a). This result aligns
precisely with the expected behavior from quark-diquark
symmetry [27]. Similarly, for £ — oo we get

EW(¢) = 6 —29v/SI® + 2¢ + o(1),
ke™2% 4 nex®s

2,/93

with o = egs,

0As discussed in Sec. IV, in the formulation we are using the
binding energy is encoded within off-diagonal elements of a
model Hamiltonian.

"For convenience, a brief summary of the results is provided
in Appendix B.
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The basic configurations in five dimensions. Here and below, the heavy quarks are placed on the boundary at r = 0 and
separated by distance #. The light quarks, baryon vertices, and nucleon are at r = r

¢ I = Iy, and r = r3g, respectively. Generically, the

shape of configuration (a) changes with #. Sketched here is the configuration for intermediate separations [see Fig. 23(b)].

Here o is the string tension [19], ¢ is the normalization
constant, and /qqq is defined in (B11).

Let us now discuss configuration (b) which can be
interpreted as a pair of heavy-light baryons (hadronic
molecule). Its five-dimensional counterpart is sketched in
Fig. 5(b). Once again, the total energy is simply the sum of
the rest energies

E® =2Eq,. (3.6)
Here Eqq is the rest energy of a heavy-light baryon, given
by the expression [18]

—2v %q
Eqqq = g\/§<29(q) -9(v) + 3ke\/V + Zn\e/—q> +c,

(3.7)

where the function Q is defined in Appendix A. q and v
determine the positions of the light quarks and the vertex.
They are solutions to the following equations

Nig—1)+e =0 (3.8)

and

1 +3k(1+4v)e™® =0 (3.9)
in the interval [0, 1]. These equations are nothing else
but the force balance equations in the r-direction, derived
by first varying the action § = 38y + 284 + Syer With
respect to r, and r,, and then defining g = Sré and
v =Sri.

We finish our discussion of the basic configurations with
some comments. First, it was shown in [9] that in the
interval [0, 1], Eq. (3.9) has solutions only if K is within

the range of — % <k<- %ei. Specifically, there is a single

q

solution v = 1—12 at k= —%ei. Second, the analysis of
configuration (b) assumes that v is less than or equal to
g. This is not true for all possible parameter values, but it is
true for those we employ in making predictions. Finally, the
solutions q and v are linked to the light quarks and baryon
vertices, and thus, they are unaffected by the separation

between the heavy quarks.

B. The hexaquark configurations

Now let us discuss the hexaquark string configurations in
five dimensions. We start with configuration (c). That will
make the discussion simpler.

1. Configuration (c)

Following the procedure outlined earlier in this section,
we arrive at the configuration shown in Fig. 6. Here, the
three vertices collapse into a single point. The reason is that

r

—0)2 0 /2 x

FIG. 6. The hexaquark configuration for small #. The light
quarks and baryon vertices are on the r-axis at r = r,, r = r,, and
r = r;. Here and later, a denotes the tangent angle at the endpoint
of string (1), and the bold lines denote sets of strings.
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all the force balance equations at these vertices reduce to
the form of Eq (3.9) which has the unique solution v = &

12
at k= ——e4 Thus r; = /v/S, and strings (4)—(7) are
stretched between the vertices and light quarks. The action
is then the sum of the Nambu-Goto actions plus the actions

for the vertices and light quarks

7
S =SNG+ 4Sen +4S,. (3.10)

i=1

As usual for the Nambu-Goto strings, it proves convenient
to pick the static gauge &' = ¢ and & = r and consider the

x()s as a function of r. These satisfy Dirichlet boundary
conditions

1
=F57.
x(g 7)( 7)) =

x(1:2)(0)

x1=3(r,)) = x4(r,) = 0. (3.11)

With this, the action takes the form!?

’z;dl" rz ri‘dr rz
S—gT(ZA 7es \/1+(6,x)2+xv 7es

d —ZSr% —ZSr% lgp2
+4/ rs’+3ke +9ke +4nez q).
s r? ry, rp y

(3.12)

Here 0,x = % and x>7) = const. The integrals account for
the contributions of the strings, while the remaining terms
come from the vertices and light quarks.

To find a stable configuration, we have to extremize
the action with respect to x(r) describing the profiles of
strings (1) and (2), and with respect to r, and r, specifying
the positions of the single vertex and light quarks. As
elaborated in Appendix B of [25], the result for the strings
can be expressed parametrically as

f:jgﬁﬂa, v),

where the functions £+ and £ are defined in Appendix A.
We use v = Sr2 as a parameter. When we vary r,, this
results in the force balance equation at the vertex. Explicitly

2 =gvsEt(a,v) +¢, (3.13)

sina = = (1 + 3k(1 + 4v)e™3"). (3.14)

N[ =

On the other hand, varying the action with respect to r,

leads to Eq. (3.8), and therefore r, = /q/s. Upon per-
forming the integrals over r, we arrive at

"The subscript (i) is omitted when unnecessary.

EC) = EQQaqqq

a,v - e i
- 0v8 (27w + Qla) = Q)+ K- +n 2 )
+3E0+2C,
o2V Iq
Fo-avs( Q- 0w+ £ n ). (s
We have used the fact that ff%e“z = /c(Q(ch?)-

Q(ca?)). The parameter v takes values in the interval
[0, v], with the upper bound stemming from a configuration
where string (3) collapses to a point, as shown in Fig. 7 on
the left.

If we proceed further with this configuration, the argu-
ments of Appendix D show that it exists only for heavy
quark separations slightly surpassing #(v). To address this
issue, consider another configuration in which the vertices
are spatially separated as shown in the figure on the right.
It is governed by the action

8
S =D Sk +4Sen +4Sq,

(3.16)
i=1

accompanied by the boundary conditions

x12)(0)=F %f, x(134278) (p Y= x, .
x(3368) (5. ) = x(5-0) (ry)=0, x(4?7)(rq) =Fx,. (3.17)
In the static gauge the action reads
S = gT([”geS’Z\/m+ / %esrz

+ / geyzm T ne%sr?’)

r v q
+ (x = —x)
+29T</ A7 or +3ke_25r +ne%sr§). (3.18)
rp r s rq

Here we set x(*7) = const. The integrals represent the

contributions of the strings and the remaining terms are due
to the vertices and light quarks.

It proves somewhat more convenient to first extremize
the action with respect to x, and r,, describing the baryon
vertices away from the r-axis. The result can be written in a
vector form as

e1+e3—|—e4—|—f1/,:0, (319)

where e, = gw(r,)(—cosa, —sina), es = gw(r,)(cos as,

sinas), ey =gw(r,)(0.1), and f, = (0,~3gkd, <-7),

106001-6
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with 0 < @; <7. The sum on the left-hand side represents
the net force acting on the vertex, depicted in Fig. 7 on the
right. Its x-component yields

cosa —cosaz = 0. (3.20)
This equation has a trivial solution @3 = a. It implies a
smooth merge of strings (1) and (3), amalgamating them
into a single string denoted as (1). The same is also true for
strings (2) and (8). If so, then the r-component immediately
reduces to Eq. (3.9) and, as a consequence, r, = \/\%
With this in mind, we can rewrite the action as

s d rod
S:2gT</ —;esrzy/l—l—(drx)z—‘—/ q—;esrz
0o ry T

2572 1sr2 —2sr2
e v e2>'q rodr _, e~2513
—+ 3k + 2n + / _ZeSr + 3k
ry rq I r ry

). (3.21)

Here the first integral represents the contribution of strings
(1) and (2). Varying the action with respect to r, results
in Eq. (3.8) so that r, = \/q/s. Meanwhile, varying with
respect to r; leads to

¢ d
(4) (7)
€4 e3

Vi/Nas aV
o,
m P (2)
Q% L 2 Q >
—Z/Q —Zy 6/2 X

A
To _
Vv
g o g
® @ ()
Vl Ty .V
Yy
Q Q -~
—0/2 0 L/2 z

The hexaquark configurations for intermediate (left) and large (right) heavy quark separations. The horizontal line denotes the

sina = 1+ 3k(1 + 49)e™37, (3.22)
with » = sr2.

Using essentially the same reasoning as before, the
contributions from strings (1) and (2) can be expressed
as (3.13), but with v replaced by 7, and the energy as

2% iq
E©) =2gvs( £t (a,® — Q(7) + 3k nei>
Vs £ 5) + 0la) - ) + 3 0
+2E)+2c. (3.23)
Here the term 2E represents the contribution of strings (4)
and (7) together with the attached vertices and light quarks.
The parameter » ranges within the interval [v, q|. From the
viewpoint of four dimensions, an important feature of
this configuration is its diquark-diquark-diquark structure
[04][0qlqq).” We will see shortly that this feature
remains valid even for larger heavy quark separations
too. Furthermore, the separation between Q and ¢ in the
x direction decreases as £ increases (see Fig. 8).

“Here and below, square, round, and curly brackets denote
correspondingly states in the color antitriplet, triplet, and adjoint
representations.
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With the above formulas, it is straightforward to see that
Z(q) is finite. In fact, the reason for finiteness is that the
strings maintain a distance from the soft wall. To get closer
to the wall, we need to consider the configuration shown
in Fig. 8 on the left. It arises from the previous one by
contracting the two strings: (5) and (6). In this case the
action (3.21) just becomes

— ndr oe 2 dr g
S-ZgT(/0 ¢ \/ 14+(9,x) —&—[T ¢
2 2

e—ZS ry eisr,,

+3k

1
1 (3ke257 fnebor >)

s

(3.24)

r, ry
Varying it with respect to r, and r, leads to Egs. (3.8)
and (3.9), as before. But if one varies with respect to ry,
one gets
sina = 3k(1 +47)e™” + n(1 — p)e?’. (3.25)
The formula (3.13) for # remains valid under the
assumption of a non-negative tangent angle. On the other
hand, the formula (3.23) for E(© is replaced by

E©) =2gv/s (5* (a, D) +%(3ke‘25‘ + ne%f’)> +2E)+2c.
7
(3.26)

For the parameter values we will consider later, a is a
decreasing function of v. It has zero at » = v, which is a
solution to the equation sina =0, or equivalently the
equation

3k(1 4 47) +n(1 - p)ei’ = 0. (3.27)
This sets the upper bound on , thus allowing the parameter
to range from q to V.

However, this is not the whole story as # is still finite at
v = V. What saves the day is the following. The tangent
angle changes the sign from positive to negative, rendering
the configuration profile convex at x = 0, as seen from
Fig. 8 on the right. The strings extend profoundly until they
ultimately reach the soft wall that corresponds to infinite
separation between the heavy quarks.

Deriving the corresponding formulas is straightforward.
We replace £t and €7 with £~ and £, as explained in
Appendix B of [25]. So

2
\/§£ (1,2),

E) =2gy/s <€‘ (A, 0) +—=(3ke > + neiﬁ)) +2Ey+2c,

f:

S

(3.28)

where the functions £~ and £~ are given in Appendix A.
The dimensionless parameter A is defined as A = sr(0?,
with )0 = max r(x) (see Fig. 8). Importantly, A can be
expressed in terms of v as

A = —ProductLog[-pe~"(1 — (3k(1 + 47)e*"

+n(1 - 2)e)?)73], (3.29)
with ProductLog(z) the principal solution for w in z = we"
[28]. The upper bound on » is determined by solving the
equation A(v) = 1, or equivalently the equation

V1 - 222177 4 3K(1 +4)e™>" + n(1 - 7)es =0

(3.30)

within the interval [0, 1]. At this value of A the function £~
becomes singular, indicating an infinite separation between
the heavy quarks. We denote the solution as v,. Hence, the
parameter takes values in the interval [V, V,].

To summarize, in five dimensions E© is a piecewise
function of #. The different pieces correspond to the
different string configurations. From the four dimensional
perspective, for £ > £(v) its structure resembles that of an

antibaryon, namely [0q]lgq](Qq).

2. The limiting cases

To accurately estimate critical separations, we need to
know how E(©) behaves for both small and large #. This
also helps to see some of the main features of the model.

We start with the case of small #. The configuration in
question is that of Fig. 6. It then follows from Egs. (3.15)
and (B2) that E()(¢) = Eqqq(¢) + 3E, as £ — 0. Using
the small-Z expansion (B8) of Eqqq, we finally arrive at

E©)(¢) = Eqq(£) + Es)

& o0 (331)

Here Eqq(¢) and Eg;)qqq are given by Egs. (B9) and (C3).
Notably, this result is precisely in line with what one
expects from heavy quark-diquark symmetry [27].

We can analyze the case of large £ along the lines of [9].
The strings of the configuration shown in Fig. 8 on the right
become infinitely long as A approaches 1. The singularities
are associated to the functions £~ and £, as follows from

Eqgs. (A4) and (AS8). With this in mind, we get

£(3) = —\/igln(l —2)+0(1),

E©(1) = —=2gv/sIn(1 — 1) + O(1) (3.32)

that immediately leads to

“Note that 2 = —ProductLog(—7e~?/ cosa) [21].
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EC) =6t 4 0(1). (3.33)
As before, o is the string tension. This provides one more
example of the universality of the string tension in
the model we are exploring, which is the same in all the

S ldu
(c) _ - e 21 _ g dal+A(1-2u3)171 _
E© — 67 Zg\/;<l (1 —dute i

Ld ) | A _ - AE
+ / ue’“"[l — Jute! A2 [ — A2 (1)1 \/;(3ke‘2“ + nex’) + \/;EO) + 2c.
D

%7

known cases of connected string configurations (for exam-
ple, see [9,12,13,19]).
To find the next-to-leading term, consider the difference

between E(© and 7. Using the formulas of Appendix A,
we find

u4ezﬂ(1—u2)]—% — 1= MZ)

In the limit o — v; (A — 1), the difference is finite and given by

Id I d
29\/§</ _I; (etﬂ [1 _ u4ez<1—u2)]% — 1 — uz) +/ _l;e
o u

\/ﬁ u
Thus

E©) =6 —2gv/sI® +2¢ + o(1),

Here the function 7 is defined in Appendix A.

(3.34)
3ke > +net  E
1 — ute2(-v)]=3 4 _ 4+ ¢ ) +2¢. (335
} VI gv's (3-33)
3ke 2 +net E,
with 160 = 7(v,) - e+ 0 (3.36)

N

3. Configuration (c’)

Using the same procedure as before, it is easy to guess the five-dimensional counterpart of configuration (c’). It is that
sketched in Fig. 9. Formally, this configuration is also governed by the action (3.10), but with the boundary conditions

replaced by
‘ 1
x(l,Z)(O) =F 55’

So the action now takes the form

rndr ro d rqd
S:gT(Z/ —;es"\/l—&—(arx)z—l—/ —;eS’2+2/ 1_2r
0o T .o T o T

Here we set x(-7) = const. The integrals represent the

contributions of the strings, while the remaining terms the
contributions of the vertices and light quarks.

From here we proceed as in our study of configuration
(c). First, we conclude that extremizing the action with
respect to x gives us the formula (3.13), with v replace by .
Then we vary r; to obtain the force balance equation at
r = rz, which is

sina == (14 3k(1 + 47)e™3?). (3.39)

NN ON]

x(1-5) (rv) — x(3.6.7) (rv)

= x47(r,) = 0. (3.37)

—2Sr% e—2s 2 e%srf]
+ 3k +4n .

s ry l"q

e d
eer—I—Z/(1—2r<=,5’2—§—9ke
r, T

(3.38)

If we do so with respect to r, and r,, this leads,
respectively, to Egs. (3.8) and (3.9). Finally, we find that
the energy of the configuration can be written as

. 2 e e
() = “et(ab — O3 S ins
E 3g\/§(3€ (a.2)+Q(q) Q(v)—i—Bkﬁ—Fn\/(_])

+Ey+2c. (3.40)

The parameter 7 takes values in the interval [0, v]. The
upper bound corresponds to the situation in which the
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(1) 2

—t/2 0 /2 x

FIG. 9. Configuration (¢’) in five dimensions. String (3) is
stretched between the baryon vertices, while all the others are
between the vertices and quarks.

configuration reduces to that shown in Fig. 7 on the left.
Since such a configuration only exists for separations
slightly surpassing #(v), we have no choice but to follow
the same direction as in Sec. I. Thus, for £ > ¢(v) there is a
single hexaquark configuration in five dimensions.

At this point it makes sense to ask which connected
configuration would be energetically favored at small
separations. However, before addressing this question,
we need to specify the model parameters. In what follows,
we will employ one of the two parameter sets suggested
in [18] which is mainly resulted from fitting the lattice
QCD data to the string model. First, the value of S is fixed
from the slope of the Regge trajectory of p(n) mesons in
the soft wall model with the geometry (2.1). This yields
s = 0.45 GeV? [29]. Then, we obtain g = 0.176 by fitting
the value of the string tension ¢ [see Eq. (3.5)] to its value
in [24], The parameter n is adjusted to reproduce the lattice
result for the string breaking distance in the QQ system.
With £,5 = 1.22 fm for the u and d quarks [24], we get
n = 3.057 [18]. In principle, the value of k could be
adjusted to fit the lattice data for the three-quark potential,
as done in [21] for pure SU(3) gauge theory. However, no
lattice data are available for QCD with two light quarks.
There are still two special options: K = —0.102 motivated by
phenomenology'” and k = —0.087 obtained from the lattice
data for pure gauge theory [21]. Both values are outside of the
range of allowed values for K as follows from the analysis of
Eq. (3.9). Hence, it is reasonable to choose k = — ie%, which
is the closest to those values.

First of all, let us estimate the separation distance £(v).
A simple estimate yields #(v) = 0.106 fm. This estimate

“Note that k= —0.102 is a solution to the equation
aqq(K) = 3 aqg. which follows from the phenomenological rule
Eqo(£) =1Ee(#) in the limit £ — 0.

E(GeV)
3.5

3.0

0.06 0.08 0.10

FIG. 10. The energies E© (solid) and E(¢) (dashed) vs Z. In
this and subsequent figures, we set ¢ = 0.623 GeV.

implies that the configurations (c) and (c’) differ only at
relatively small values of #. Then, in Fig. 10 we plot E(©)
and E(¢) as a function of #. We see that configuration (c) is
energetically favorable, but the gap between them is quite
small. For # = 0.06 fm it becomes insignificant. The
conclusion is that in five dimensions there is a single
hexaquark configuration. Strictly speaking, it does not
make a lot of sense to consider heavy quark separations
below 0.06 fm, where the string model may be unreliable.

In addition to the energies E() and E(¢), let us check that
vV < q < Vg < V;. This condition is significant because it
ensures that our construction of the string configurations
exists in five dimensions. From Egs. (3.8), (3.9), (3.27),
and (3.30), we find that q = 0.566, v = 1/12, v, = 0.829,
and V; =0.930. Obviously, this fulfills the desired
requirement.

C. The disconnected configurations (d)—(f)

We begin with configuration (d), which is obtained from
configuration (a) by adding a gg pair (pion). In five
dimensions the resulting configuration is sketched in
Fig. 11(d). Here, we place the pion at r = r,, and assume
that averaging over its position (coordinates x, y, and z)
results in an energy increase by Eg Consequently, the
configuration energy is the sum of the rest energies

EW =E@ + E; = Eqqq + Esq + Eg. (3.41)

The first two terms come from configuration (a). The third

was computed in [11], with the result

E; =2n,/go. (3.42)

It is worth mentioning that for r,,, this computation yields

rg =1/ /S, implying that the virtual pair resides on the
soft wall.
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qq)qV’

liq
qqqV.
- Ty
via
y
Q Q
/2 0 02 T
(d)
T'3q
qq
] ’(‘q
Ve Ty
Q,
—0/2
FIG. 11.

Similarly, configuration (e) is obtained from configura-
tion (b). The resulting configuration in five dimensions is
sketched in Fig. 11(e). Following the same reasoning
applied to configuration (d), the configuration energy
can be expressed in terms of the rest energies as

E® =E®) + E; =2Eq + Eg (3.43)

This configuration can be interpreted as a pair of heavy-
light baryons embedded within a pion cloud.

Formally, configuration (f) can be obtained by replacing
one of the heavy-light baryons and the pion in configura-
tion (e) with a heavy-light meson and a nucleon. So it can
be interpreted as a meson-baryon pair in a nucleon cloud.
As before, we assume averaging over a nucleon position
and therefore expect that

EW = Eqyq + Eqg + Esq. (3.44)

In the heavy quark limit, the rest energy of the heavy-light
meson was computed in [18]. The result can be written in
the form

(3.45)

aq
®©
T2q
qq qq
L] Tq L]
74 ] Ty =y
Yy
Q Q
/2 0 0/2 T
(e)
q
L]
Q
0/2 x

Configurations (d)—(f) in five dimensions.

D. All together

Having understood the string configurations, we can
now explore which ones contribute to the low lying B-O
potentials. In Fig. 12, we plot the configuration energies for
our parameter values. First, as seen from this figure, all the
pieces of the function Eqgqqqq are smoothly glued together.
Second, the narrowness of the two gaps between the
energies is notable. We will see shortly that this is primarily
because the values of E; and E3, surpass those utilized in

E(GeV)
6.0
55 Eqoq + Esq + Eqg
30 2Eqqyq + Eyg
Fow + Eos + Bs
45 Qaq Qq q _ f
+ .
EQQqqaq @Qa B
4.0

: / /K

FIG. 12. Various E vs ¢ plots. Here we use the physical
notations for the energies to make them easier to identify.

o(fm)

q
0.6 0.8 1.0 1.2 14
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lattice calculations. Third, the three low lying B-O poten-
tials are determined by the following: V(y = min{Eqqq+
Esq,2Eqqq}, Vi =min{Eqqqeqqq: 2Eqg- Eooq + E3q: Eqqq+
EQE{ +E3q}, and Vz = mln{EQQq + E3q + Eqa, 2EQqq*
EqQaaeqs Eqaq T Eoq + E3qs Eqoq + Ezgs 2Eqqq + Eqa}-

The essential feature discernible in Fig. 12 is the
emergence of length scales that distinguish different con-
figurations, or equivalently, different descriptions. It is
worth discussing at least some of these scales here. This
helps us to better understand how the quarks are organized
within the QQqgqqq system. Importantly, all these scales
are independent of the normalization constant ¢, as needed
to be physically meaningful.

The first scale is related to the process of string
reconnection: QQq + 3q — 2Qqq for V,, and vice versa
for V. Hence the system can be thought of as a hadro-
quarkonium state at small quark separations and as a pair
of heavy-light baryons at larger separations. We define a
critical separation distance by equating the corresponding
energies

EQQq<qu) + E3q - 2EQqq' (346)

Because g, is small,'® one can approximately solve this
equation by using the asymptotic formula (B8) for Eqqg. S0

1

log™ 2600 7 (2Eqqq=Eq;—E3q—¢)
\/ “zz+46 (2Eqqq—Eag—Esq—c)?.  (3.47)
A simple estimate yields17
loq ~0.221 fm, (3.48)

as expected.

The second scale is associated with the process of string
junction (baryon vertex) annihilation which goes like this:
00qgqqq — 2Qqq. We now define the critical separation
distance by

EQQqqqq("pQQqqqq) = 2Eqqq- (3.49)

This scale, with a value of about 0.2 fm, distinguishes the
descriptions in terms of a compact hexaquark state and
a hadronic molecule. Since € qqqqq 1S small, the equation

can be solved approximately by using the asymptotic
formula (3.31). We find that

"It is about 0.25 fm, as seem from Fig. 12.
We use our parameter values to make estimates in this
subsection.

(0)
fQQqqqq (ZEQqq EQqqqq B C)
(©) 2
—-E; —c). (3.50)
\/ 600 40 Qqqqq
Then, a straightforward calculation gives
€ 0Qqqqq ~ 0.184 fm (3.51)

which is smaller than the value of g,

The third scale emerges from the process of string
breaking: QQq + 3q — Qgq + Qg + 3¢ in which one
of the strings attached to a heavy quark in the QQq system
breaks. If we assume negligible nucleon effect on this
process, the string breaking distance can be determined
from Eq. (B15), with the result £oqq ~ 1.257 fm.

So far we have discussed the length scales relevant for V,
and V;. Additionally, three new scales emerge from the
string configurations involved in our construction of V.
Let us also discuss them.

One new scale is associated with the transition:
00q + 3q + qq — 2Qqgq. This transition can be decom-
posed into two elementary processes: the annihilation
of a light quark pair and string reconnection. As before,
we define the critical separation distance by equating the
corresponding energies

EQQq(l(_)q> + E3q + Eq(-] = 2EQqq. (352)
Here and below, the plus or minus subscript refers,
respectively, to the creation or annihilation of a light quark
pair. For small l(‘)q, its solution can be easily obtained
from (3.47) by replacing E3q with E3q + E. This gives

_ 1
loa ™ 2000

1
2E

(ZEQqq E - — E3q — Eqa - C)

Qq

—Eq— E3g— Eg—¢)*.
(3.53)

Then a simple estimate shows that

gy ~ 0.040 fm. (3.54)

This value is smaller than the value of L’QQqqqq, as expected
from Fig. 12. However, a caveat should be noted: it may be
too small to be justified within our string model.

The next is the length scale associated with the transition:
009999 — Qqq+ Qg—+3q. This transition involves two
elementary processes: the process of string junction annihi-
lation QQqqqq — QQq + 3q and that of string breaking in
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E(GeV)
50t
E qq
45+t QQaqqq /
Eqeq + Eqz + Esq Eqqq + E; qq
4.0+t 2Fg, + Eyg
2EQqq
351 Eqqq + Esq
3.0+
23 0.2 04 0.6 08 1.0 1.2 14 f(fm)
2.0 H
FIG. 13.

the QQgq subsystem QQqg — Qqq + QZ].18 We define the
critical separation distance as

EQQqqqq(f%qqq) = Eqq + Eqg + E3g- (3.55)

We have used a slightly different notation for the critical
distance here than in Eq. (3.49) to distinguish between the
two. Due to the large value of #gqqqq» W€ can solve the

equation approximately by using Eq. (3.36). A short
computation gives

1
f@qqq z; (Eqqq+ Eqz+Esq+ 29v/sI9 —2¢).  (3.56)
From this, we immediately find that

2000  1.215 fm. (3.57)

The last scale emerges from the transition: QQ¢g + 3q —
20qq + qg. It also involves two elementary processes: the
process of string reconnection and the creation of a light
quark pair. As usual, we define the critical separation
distance by equating the energies

EQQq(lgq) + E3q = 2Eqqq + Eg- (3.58)
For large larq, using the asymptotic expression (B11)
leads to

1
lgg ~ ~ (2Eqqq + Eg = E3g + 2gv/slggq —2¢).  (3.59)

"Note that the channel QQqqqq—20qq— Qqq+ 0g+3q
is forbidden. The reason for this is because in our model the decay
0qq — Qg + 3q is not possible in the static limit as follows from
Eqqq < Eqz T+ Esq-

V(GeV)
5.0
45
Vs
4.0
Vi
35 Vo
3.0
23 02 04 06 08 10 12 14 ((fm)
20

Left: the E’s vs 7. Right: the three low-lying B-O potentials of the QQgqqq system. The dashed lines denote the E’s.

Finally, we get

l+q ~ 1.294 fm.

5 (3.60)

Our estimates show that the inequality £4qqqqq < £0Qq <

laq holds, as expected from Fig. 12.

IV. LOW-LYING BORN-OPPENHEIMER
POTENTIALS

In the previous section we did not examine the B-O
potentials in detail. This is because the rest energies of the
nucleon and pion calculated from the expressions [30]
and (3.42) are E3q = 1.769 GeV and E; = 1.190 GeV.
These values are significantly larger than the values of
1.060 GeV and 280 MeV in the lattice calculations [24].]9
The issue arises because the five-dimensional string model
in its current form was originally developed for applications
involving heavy quarks (static limit) and thus does not
accurately describe light hadrons. This means that in
practice, at least one quark must be infinitely massive
and positioned on the boundary of five-dimensional space.

A partial way to address this issue is to treat E; and E3q
as model parameters [11,12]. It is natural then to set their
values to those on the lattice, namely E;= 280 MeV and
Esq = 1.060 GeV. If so, then the general pattern of the
curves shown in Fig. 12 is replaced by that shown in Fig. 13
on the left. The main conclusions that can be drawn from
this result are as follows: (i) The basic configurations (a)
and (b) retain their status as the lowest-energy configura-
tions, and, therefore, the structure of the ground state
potential V(, remains unchanged. (ii) The graphs corre-
sponding to configurations (c) and (d) switch places. Thus,
the hexaquark configuration (c) now has a higher energy

YNote that for two flavors, By = 1.060 GeV at Eg =
285 MeV [30].
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than configuration (d).20 (ii1) A similar exchange also takes
place between the graphs of configurations (e) and (f). All
this leads to a revised structure of the potentials V; and V,
and consequently a new hierarchy of emerging scales.

In the case of the ground state potential, the most
noticeable effect is that string reconnection occurs at a
significantly larger separation distance, about 0.8 fm.
In this instance, we can approximately solve Eq. (3.46)
by using the large-¢ expansion of Eqgqq. With the help
of (B11), we find that

1
log ¥~ (2Eqqq = E3q + 29V/slggq —2¢)  (4.1)

and as a consequence21
lgq ~ 0.854 fm. (4.2)

This represents a substantial increase from (3.48).

The first excited potential is now defined by V| =
min{Eqqq + E3q + Eqg. 2Eqqq: Eqq 1 E3q: 2Eqqq + Eqa}-
Here the smallest scale is l(‘)q, which is about 0.6 fm.

Therefore, we can try to solve Eq. (3.52) approximately by
using the large-Z expansion (B11). This results in

_ 1
lgg ¥~ (2Eqqq = Eq = Egg + 29V/slggq —2¢).  (4.3)

A numerical estimate shows that

2Eqqq

ij

Here the off-diagonal elements describe the strength of
mixing between the six distinct states (string configura-
tions). The three low-lying B-O potentials are given by the
three smallest eigenvalues of the matrix H.

While the Hamiltonian can, in principle, be determined
from a correlation matrix in lattice QCD, it remains a
challenge to compute the off-diagonal elements within the

PMotivated by phenomenological models [31], this can be
attributed to the fact that adding a pion results in an energy cost of
145 MeV, while adding two string junctions incurs an energy cost
of 330 MeV.

2n this subsection, we use the improved values of E; and Es3q
to make estimates.

Eqqq(?) +Esq+Eg 0;;

lgq ®0.597 fm (4.4)
that is consistent with the expectation from Fig. 13.
The remaining two scales are [y, discussed previously,
and laq approximated by the formula (3.59). For the latter,
we now have
lgq ~ 1.110 fm. (4.5)

To get further, let us briefly discuss the second excited
potential. It is described in terms of the energies of six
string configurations: V, = min{Eqqqqqq+ 2Eqqq: EQoqT
Esq + Eg, 2Eqqq + Eggs Eqaq + E3qs Eqqq + Eoz + E3q}'
Here, the first scale is t’QQqqqq, and its value is given
by (3.51), as before. The next coincides with the scale lE)q
discussed above. If we make the assumption that a pion
cloud has a negligible impact on string reconnection, the
third scale is /oq with the value given by (4.2). The fourth
scale is the scale lgq. Its value is given by (4.5). The last is
associated with the process of string breaking in the
presence of a nucleon cloud: QQg+3qg— Q0qq+0g+3q.
It reduces to the string breaking distance (B16) under the
assumption of a negligible effect from the nucleon cloud.

Having understood the string configurations, we can
gain insight into the three low-lying B-O potentials. Like in
lattice QCD, one way to proceed is to consider a model
Hamiltonian, which in this case is a 6 x 6 matrix

2EQqq + Eqa

EQqqqqq(?)
EQqq + EQci + E3q

|

effective string model. As a result, it is impossible to
precisely visualize the form of the potentials. However,
we can still gain some valuable insight based on our
experiences with other quark systems, particularly in
terms of the approximate magnitudes of the ® values
near the transition points.22 This leads us to the overall
picture sketched in Fig. 13 on the right. One important
conclusion that can be drawn from this result is that the
hexaquark string configuration provides a dominant con-
tribution to the second excited B-O potential at small

ZFor instance, we can assume that the ®’s are approximately
constant, with values around 47 MeV as found in the QQ system
on the lattice [24].
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() (b)

(b’) ()

FIG. 14. Some types of gluonic excitations.

separations. This suggests that, if the hexaquark states
exist for V,, they are likely compact.

V. MORE DETAIL ON OTHER ELEMENTARY
EXCITATIONS

A. Preliminaries

The goal of this section is to gain insights into excita-
tions that are not directly related to adding the string
junctions and the virtual quark-antiquark pairs. We are
particularly interested in gluonic excitations.

Of course, in the context of string models, it is entirely
justified to consider excited strings such as the one depicted
in Fig. 14(a). These strings represent a type of gluonic
excitations that has been studied in lattice QCD, though
only within the 00 system [32], and then modeled in [33]
within the current string model. Glueballs must also be
considered as a type of gluonic excitations. Two of the
simplest stringy examples of such color-singlet states are
sketched in Figs. 14(b) and 14(b’). The first is a closed
string, and the second is a pair of string junctions linked by
three open strings. These types of gluonic excitations are
natural from the perspective of string theory in four
dimensions [15]. However, an interesting novelty arises
in ten dimensions. It is related to the description of the
baryon vertex as a five-brane [22], which implies that one
must consider brane excitations. This immediately gives
rise to a family of excited baryon vertices that represents a
type of gluonic excitations. The simplest example of that is
shown in Fig. 14(c), where the excitation is caused by an
open string with both endpoints residing on the brane.

The excited vertices, in turn, give rise to a family of
generalized vertices (string junctions) where more than
three strings may meet.” The simplest generalized vertex is
shown in Fig. 15 on the left. Notably, if a string (a
chromoelectric flux tube) goes from a quark to an anti-
quark, then the difference between the numbers of in- and
out-strings must equal 3, which is precisely the number
of colors in QCD. This provides the example of the vertex
V() with four in- and one out-strings. It is straightforward
to suggest a vertex VN with N + 3 in-strings and N

Bt is noteworthy that a QCD analog of this might be a new
type of Wilson loops. One example of such loops is provided
in [13], and another in the next section.

v V(N) .

4 3+2N
3 92 1

FIG. 15. Generalized baryon vertices: a five-string vertex V(1)
(left) and a multistring vertex yN) (right).

out-strings, as sketched in Fig. 15 on the right. In this
notation, the standard baryon vertex corresponds to V(%

B. String configurations with a single five-string vertex

The number of string configurations grows substantially
as the number of vertices increases. For our purposes in this
paper, what we need to know is the impact of these on the
low-lying B-O potentials. For this, it is natural to begin with
the vertex V(! since adding such a vertex results in a
smaller energy increase compared to the other vertices.”
We will now discuss this issue in the context of the doubly
heavy hexaquark system, following its recent analysis in
the pentaquark systems [13,34].

In four dimensions, it is easy to guess the simplest
generalized string configurations. We sketch three such
configurations, each including a single five-string junction,
in Fig. 16. They are connected, hence we refer to them as
generalized hexaquark configurations.

1. The configuration QQ(qqqq)

In five dimensions, the number of the configurations
reduces to only two. Let us first describe the configuration
shown in Fig. 17. From a four-dimensional perspective, its
structure is similar to that of a baryon with a light quark
cluster (ggqqq) in a color triplet.

In this paper, we will assume that the action for the

vertex V1) is also given by the five-brane world volume

action (2.3), specifically S&QT = Syer- From this starting

point, the further analysis proceeds in an obvious manner.
However, a quicker way to proceed is to utilize the formulas
from Appendix B. Due to the baryon structure of both

*The key factor here is the number of strings.
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q q q
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(a) (b) ()
FIG. 16. The simplest generalized hexaquark configurations.
r
4 X
1/vs
VV%aq ro
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FIG. 17. A generalized hexaquark configuration in five dimensions, for small to intermediate (left) and large (right) heavy quark

separations.

configurations, we can replace K and n in Eq. (B3) with 2k
and 4n to get

2
£ = %Er(a, v1).

3ke2"1 4+ 2nes’:
EqqQ(aqqe) = 29\/§<‘€+ (a.v1) +

NG

)+2c

(5.1)

for configuration shown in the figure on the left. Here
v = Sr%l. Similarly, for the force balance equation,
we have

sina = 3K(1 +4v;)e +2n(1 — vy )e21.  (5.2)

The parameter v; varies from V to V,, where V is a solution
to the equation sina = 1 and V to sina = 0. Noteworthy,
the important difference with the configuration of
Fig. 23(b) is that at the lower bound #(¥) = 0, and hence
the entire configuration becomes folded, but otherwise the
configurations look similar.

We can also extend this argument to Eq. (BS5) and
show that

2

=7

Eqq(aqqe) = 29\/§<g_ (A, vy) +

E_(/I, ’Ul),

3ke 2" + 2ne”s
V1

>+2C

(5.3)

for the configuration shown on the right. Here 4 is a
function of v; given by

A = —ProductLog[—v,e7" (1 — (3k(1 + 4v,)e3"

+2n(1 — v;)e2")2) 3], (5.4)

The parameter takes values in the interval [V, V,], where ¥V,
is a solution to the equation 1 = 1.7

Thus, Eqq(qqqq)(£) is a piecewise-defined function
whose two pieces are described by the string configurations
shown in Fig. 17. The pieces join together smoothly, as we
will see momentarily. A notable feature of this configura-
tion is the emergence of the composite object (¢gqq) which
transforms as a color triplet. This is due to the five-string
vertex V().

It is insightful to examine an asymptotic behavior of
EqQ(qqqq) Tor both small and large #. The behavior for small
¢ can be find by letting v; approach v in Eq. (5.1). To
leading order, we obtain

3ke2 + 2ned’

EQq(qqaq) = 29‘/§<Q(‘7) + N

) +2c+o(1).

(5.5)

The ¥’s can be found numerically. As a result, V~ 0.662,
Vo = 0.927, and V| = 0.944.
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FIG. 18. Another generalized hexaquark configuration in five dimensions, for small to intermediate (left) and large (right) heavy quark

separations.

The leading term here is not a Coulomb term but a constant.
This simple but important observation suggests that the
standard hexaquark configuration is more energetically
favorable than the generalized one.

The behavior for large ¢ can derived from Eq. (B11) by
rescaling k and n. So

Eqq(aqqq) = ¢ = 29V/S1q(agqq) +2¢ + 0(1),  with

. 3ke=21 + 2ne*

1QQ(ageq) = Z(V1) — %

(5.6)

2. The configuration Q|Qq]{qqq}

There is one more generalized hexaquark configuration
in five dimensions, as shown in Fig. 18. In this case, a light
quark cluster {ggq} transforms according to the adjoint
representation of color SU(3). To some extent, its structure
resembles that found for one of the excited states of the Q0
system [33] with the light quark cluster playing the role of a
defect. This configuration only exists when the generalized
vertex is farther from the boundary than the standard one,
iLe., ry > 1.

By analyzing the force balance equation at the vertex V
in a way similar to what is explained in Eq. (3.19), it can be
shown that the vertex has no impact on string (2) and
r, = 1/ V/S. Moreover, the single light quark is located at
r, = +/4q/s. With this, one obtains that string (3) together
with the attached vertex and quark contributes an amount
of energy equal E,. The remaining contribution can be
obtained from Eq. (B3) by rescaling n — 3n. Putting all
together, we get

2
= \/—§£+(a, 1)1),

3 1
EQ[Q‘l]{quI} = g\/§<2g+(a, /Ul) —|— [ (ke_zﬁ + neiﬂl)>

NG

+ Ey + 2c. (5.7)

for the configuration shown in the figure on the left. In
addition, the same rescaling argument applied to ” shows
that the tangent angle is given by

3 i
sinazi(k(l +4v)e +n(1—v;)e2).  (5.8)

For this configuration, the parameter v varies from ¥ to ¥,
where V is a solution to the equation sina = 1, and V, to
sina = 0. At the lower bound #(¥) = 0, and therefore the
entire configuration gets folded. This is precisely analogous
to what happens with the previous generalized hexaquark
configuration.

A similar derivation for the configuration shown in
this figure on the right proceeds in essentially the same
way and gives

2
= %E_(/l, Ul),
3 1
E = \/5(25_ A, v1) + —— (ke™21 + neat >
0lQa{qqa} = 9 (4, v1) \/E( )
+ Ey + 2, (5.9)
with
—v 9 —3v
A = —ProductLog | —ve™" | 1 _Z(k(l +4v)e
+n(l - vl)e—%vl)2) _1 . (5.10)

The parameter v; now takes values in the range of ¥, to ¥,
where ¥, is a solution to the equation A = 1.%

Thus, the function Ejjqqirqqq} (£) consists of two pieces
which are related to the string configurations shown in

A simple estimate gives the following values: ¥~ 0.625,
Vo~ 0.953, and V; =0.966. Thus, V> v, as required by
construction.
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Fig. 18. We will see shortly that the pieces are connected
smoothly. Interestingly, the five dimensional construction
reveals the emergent object {gqq} transforming in the
adjoint representation of the color group SU(3).

For future reference, let us briefly discuss the behavior of
EQq){qqq) Tor both small and large #. This may be done
along the lines of the previous subsection. Taking the limit
vy — Vin (5.7), we find that for small #

v 3 -2V 1
Eojql{asat = g\/g(ZQ(V) +W(ke * + nex ))

+ Ey+2c+o(1). (5.11)
The leading term in this expansion is not a Coulomb term
but a constant, just like in (5.5).

The large-£ expansion can be obtained from Eq. (5.9) by
taking the limit v; — ¥,. Alternatively, it can be obtained
from Eq. (B11) by making the rescaling and then taking
account of E,. As a result, we obtain

Eg(Qqliaaa) = 0¢ = 29V'SIgjqqj{aqq) +2¢ + 0(1),  with
_ . 3ke® et E,
Toqalfaqay = Z(V1) =5 (5.12)

Vi 2gVs

3. Comparison of the three hexaquark configurations

A natural question to ask at this point is the following:
Which hexaquark configuration is energetically favorable?
We are now in a position to answer this question. In Fig. 19
we plot the corresponding energies as a function of heavy
quark separation, based on the parameter values outlined in
Sec. III. As evident from the figure, the standard configu-
ration is favorable at small separations. This is the expected
result stemming from the fact that only Eqqqqqq features the
Coulomb term in its small-£ expansion. However, the
transition between the string configurations occurs at

E(GeV)
4.5
4.0}
350
02 04 06 5 ((fm)
3.0t
FIG. 19. The energies of the hexaquark configurations: Eqgqqqq

(solid), Eqq(qqqq) (dashed), and Eqq1qqq)y (dotted).

@ 4 ¢
9 g 9 Q
q q q q

(a) (b)

FIG. 20. Hexaquark string configurations with two five-string
junctions. Each bold line represents a pair of strings.

approximately 0.227 fm and as a consequence, the gener-
alized configuration QQ(qqqq) emerges as the preferred
choice for larger separations. In ten dimensions, this
transition can be understood as D-brane fusion: VVV —
v [13,35]. In accordance with our terminology, it seems
natural to call it junction fusion in four dimensions.

By employing the large-£ expansions, it is straightfor-
ward to estimate the maximum value of the energy gap. We
find that

EQQqqqq — EQQ(qqqq) = 29‘/5(1 QQ(qqqq) ~ 1 QQqqqq)

~ 46 MeV. (5.13)
The energy of configuration Q[Qg]|{qqq} is larger than the
energy of Q0Q(gqqq). Both energy plots appear similar
and a relative shift between them is compatible with the
gap (5.13). The latter makes an intersection between
EjQql{qqq) and EqQqqqq Near 0.679 fm almost impercep-
tible. As above, it is simple to estimate the energy gap
value, which is

EQQaqqq — EolQ{aqa} = 29\/5(1 0lQq/{qaa} — 1 QQqqqq)

~5 MeV. (5.14)

To summarize, while at large separations the generalized
hexaquark configurations have lower energy than the
standard one, at small separations the situation reverses.
Importantly, this does not affect the results of Sec. IV at all,
and the plots of Fig. 13 remain unchanged.

C. Comments on other configurations

We can treat the hexaquark configurations with two V(1)
vertices in the same way. To do this, we start from four
dimensions, where the configurations of interest are as in
Fig. 20. The corresponding analysis in five dimensions
shows that there is only one configuration. It can be
obtained from configuration QQlggqq| by replacing V

with V(1) as follows from our assumption that S\(,l) = Sv.27

As a result, the energy Eqq(qqqq) 1S doubly degenerate.

“'Note that this replacement is not allowed for configuration

0099494}
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We will not address this issue as it is irrelevant to the
present paper.

It is noteworthy that there are more generalized hex-
aquark configurations, but they do not exist for our
parameter values. For completeness, some of their dis-
cussion is included in Appendix D.

VI. CONCLUDING COMMENTS

(i) Having explored the various doubly heavy multi-
quark systems,28 we can draw some general con-
clusions about the question with which we began:
How quarks are organized within doubly heavy
multiquark hadrons? First, all the ground state
B-O potentials are described in terms of both
hadroquarkonia and hadronic molecules. The excep-
tional case in which this is not true is the QQg g
system. Second, from the string point of view, the
transition between these two descriptions can be
interpreted via string reconnection. Third, all the
results show the universality of the string tension
and factorization at small separations expected from
heavy quark-diquark symmetry. Finally, the struc-
ture of the leading connected string configurations
is actually much simpler than one would expect.
The point is that, for some unclear reason, the
valence quarks bind into diquarks, specifically

00[33). [04][04]. [Q4][Qq]g. [Qq]0lqq], and

(1) _ pabed hyrd 71 pic 77d 179 770 pe’ f
WGQ _Pg C U;Efg UZ Ub Ug Ud UZ UhPZ/brCrd/Ue/gf’gth

with U’s being the path-ordered exponents along the
lines shown in Fig. 21. The tensor P is a combination
of the £ and & tensors. For example, P4 = §¢gbed
or Pgbcd — 5Z€de _ 5lggacd_

(iii) In hadronic phenomenology, the issue of diquarks
has been discussed for quite a while [36]. We have
already mentioned that the valence quarks form the
diquarks, leading to simplifications in the structure
of the connected string configurations. Roughly
speaking, a pair of quarks closely approaches a
string junction, forming a composite object. Its
analog in QCD is schematically [¢q]* = €**°q,q,.
One novelty of our study is that a similar phenome-
non occurs when the quarks approach a five-string
junction. In this case, two composite objects emerge:
one is a color triplet, and the another is in the
color adjoint representation. Their QCD analogs
are schematically (qqqq), = P%““q,q,9.9, and

{9q9q}¢ = P2*“q,q.q,.

28869 [10—13] for more details on the 0033, 00qq, 00qq7,
and QQgqqq systems.

at

Q

Q Q

FIG. 21. A Wilson loop W(61Q). A fully heavy hexaquark state is
generated at t = 0 and is annihilated at t =T

[0q][Qq]lqq]. At larger heavy quark separations,
these configurations become disconnected. This
occurs because of string junction annihilation. The
critical separation distance is the same for all but the
Q0qq system.

(i1) Since the generalized string junctions are related to
gluonic degrees of freedom, a simpler way to
examine them within lattice QCD is to explore
Wilson loops in pure SU(3) gauge theory. For
example, the energy of a fully heavy hexaquark
state can be extracted from the exponential decay
with T of the expectation value of the Wilson loop

(6.1)

|
(iv) The doubly heavy quark systems have a rich com-
plexity of physics and a number of unanswered,
pressing questions. Making further progress in
theoretical understanding and applications to hadron
phenomenology will require a joint effort by the
QCD community. We hope our study paves the way
for future research using string theory, lattice QCD,

and effective field theories.
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APPENDIX A: NOTATION AND DEFINITIONS

This appendix summarizes the notation and formulas
that we use in our calculations.

Throughout the paper, we denote heavy and light quarks
(antiquarks) by Q(Q) and ¢(g) respectively, and baryon
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(antibaryon) vertices by V(V). We locate light quarks
(antiquarks) at r = r,(r;), and vertices at r = r,(r;) unless
otherwise specified. For convenience, we define dimen-
sionless variables: ¢ = Sr2, g =Sr3, v==Sr}, v =Sr3,
and v; = Sr%l. These variables range from O to 1 and
indicate the proximity of the objects to the soft-wall, which
is located at 1 in such units. We use the notation [ for (a), £
for (b), and ¢ for (c) to denote the critical separations
related to the string interactions sketched in Fig. 4.

To express the resulting formulas in a compact form, we
make use of the set of basic functions [25]:

|
E*(a,x):cosa\/)_c/ duu?e"1=)[1 —cos2aute?(1=4)] 1,
0

0<a<?, 0<x<l. (A1)
L* is a non-negative function which vanishes if « = or
x = 0, and has a singular point at (0,1). Assuming that a is
a function of x such that cos a(x) = cos a + cos’ ax + o(x)
as x — 0, the small-x behavior of L7 is

LH(a,x) = Vx(Ly + LTx + o(x)), (A2)
where
1 | 31
+ = — —2aB 2
Ly 4cos a <cos a;— 1 2)
Ly = lcos‘%a (cosa + cos'a)B coszoz'§ —l
b4 R
— B| cos? > 1
a;— ~ )
42
and B(z;a, b) is the incomplete beta function;
1
L7 (y,x) = ﬁ(/ duu? 1)1 — g2 (1-v)]
0
+ /1 du ue’(1=)[1 — u4ez3’('—”2)]—%>,
0<x<y<lL (A3)

This function is non-negative and equals zero at the origin.
It is singular at y = 1, where
L7 (y,x)=—=In(1—-y)+0(1), with xkept fixed.

L7 (x,x);

(A4)

The £ functions are related as £7(0,x) =

1d
E+(ax) = f 0 u”( e [1 —cos?au*e> (=) — 1 —12),
05as§, 0<x<l1. (AS)

ET is singular at x = 0 and (0,1). If cosa(x) = cosa +
cos’ ax + o(x) as x — 0, then the small-x behavior of £ is

Ef(a,x) =—=(& +Ex+o0 A6
(@ x) = JJ (), (A6)
where
| 11
+ _ 2 oq 2
& = 08 aB(cos @ =7 2)

1 _1 3 1
Ef = 7608 za<(cosa + cos'a)B (cosza;z, _E)
5 1
— 3B 2=, ——
<cos a 1 2> +

1
cos:a
4— ;
sina

1 1d l
ﬁmﬂ:_(é (@1 — w7 1 =)

u

1
[ g ),
Vi u?

v

0<x<y<l. (A7)

&~ is singular at (0,0) and at y = 1. More specifically, near
y = 1, with x kept fixed, it behaves as

E (y,x) =—eln(1-y)+ O(1). (A8)
The £ functions are related as £1(0,x) = £ (x, x);
Q) = Vaerti(vE) - . (A9)

Here erfi(x) is the imaginary error function. This is a
special case of £ with @ = 5. A useful fact is that its small-
x behavior is given by

1
Qx) = G +Vx+ 0(x); (A10)
tdu . 4a2(1-u?)1% i
(W) =ly— | 3ellI-utOL, with
\/'

1d

Io:/ S e l—ut=), 0<x<l.
o U

(Al1)

Notice that I, can be evaluated numerically, with the
result 0.751.

APPENDIX B: A NOTE ON THE 0Qg QUARK
SYSTEM

This appendix provides a brief description of some facts
about the stringy construction for the QQg¢ quark system
proposed in [9], using their conventions. We limit ourselves
here to the ground state B-O potential V.
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! ! !
Q Q Q T

(a) (b)

FIG. 22. The string configurations contributing to the ground
state potential of the QQgq system.

From the perspective of four dimensional string
models [15], the only relevant string configurations are
those shown in Fig. 22. The first configuration consists of
the valence quarks joined by strings. The strings meet at a
string junction. This is a typical string representation of
baryons. The second configuration, obtained by adding a
virtual pair gg to the first one, describes a pair of non-
interacting hadrons: Qgq and QZ].29 This configuration
does contribute to the ground state because for large heavy
quark separations Z its energy is of order 1, whereas the
energy of the first configuration is of order #. The transition
between the two regimes corresponds to the baryon decay

00q — Qqq + 07. (B1)
In the language of string theory, such a decay can be
interpreted as the process of string breaking in which one of
the strings attached to the heavy quarks breaks down.

Consider these configurations within the five-
dimensional framework. We begin with the connected
configuration of Fig. 22(a). What is important here is the
alteration in the configuration’s shape as the heavy quark
separation distance increases. Consequently, the single-
string configuration in four dimensions is replaced by
three distinct configurations in five dimensions, as
depicted in Fig. 23.

For small Z the corresponding configuration is shown in
Fig. 23(a). In this case, the total action is the sum of the
Nambu-Goto actions for the three fundamental strings plus
the actions for the baryon vertex and light quark. The
relation between the energy and heavy quark separation is
written in parametric form

= %E*(a, v),

Eoqq = gﬁ(w(a, 0) + Qa) - O(v)

e en
+3k + n—> + 2c. (B2)

Voo Va

* Another disconnected configuration consisting of QQg¢ and
qq does not matter for the ground state.

Here the parameter v varies from O to g, with q a solution to
Eq. (3.8) in the interval [0, 1]. The functions £ and £ are
as defined in Appendix A, and c¢ is the normalization
constant. The tangent angle @ can be expressed in terms of
the parameter » by employing the force balance equation at
r = r,. The result is given by Eq. (3.14).

Since 7 is an increasing function of v, an increase in ¢
results in the vertex reaching the position of the light quark.
In this case the configuration looks like that of Fig. 23(b).
It differs from configuration (a) only due to the absence of
the string stretched between the vertex and light quark,
allowing the quark to sit directly atop the vertex. The
distance ¢ is expressed in terms of v and a as before, albeit
for a different parameter range. But the energy is expressed
in the form

1 L
Eqqq = 9V's (25+(a, v)+ 7 (3ke™2" + ne )) + 2.

(B3)

Notably, this expression can be derived from (B2) by
formally setting q = ». In this case, the tangent angle is
given by

(3k(1 4 4v)e 3 4+ n(1 — v)e2").

sina = (B4)

| =

By construction, it must be non-negative. This condition
enables the determination of a range for ». It is given by
[q, Vo], where v, is a solution to the equation sina = 0.
The latter means that there is no cusp at x = 0 and, as a
consequence, the two strings smoothly join together.

Upon a simple numerical analysis, it becomes evident
that # remains finite at v = v,. The pivotal question arises:
how can larger values of # be attained? The solution lies in
considering negative values of a. In that case, the configu-
ration profile becomes convex in the vicinity of x = 0, as
shown in Fig. 23(c). The resulting formulas are obtained
from the previous ones by replacing £+ and £* with £~
and £~. So,

2
NG

_ 1 o "
Eqqq = g\/§<25 (4,v) +ﬁ@ke 2 4 e )) + 2c.

= L7(A,v),

(BS)

Here A =sr}, with ry = maxr. Importantly, 4 is the
function of » given by

1
A = —ProductLog [—ve‘” (1 -2 (3k(1 + 4v)e=3"

2

+n(l- v)e-%v)2> _l] .
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T r r
g =" "2
W
Q) Q- Q Q Q )
—0/2 0 2/2 x —0/2 0 /2 x —1/2 0 g2 T

(a)

FIG. 23.
In (c) the horizontal line represents the soft wall.

The parameter v goes from v, to v, where v, is a solution
to the equation A(v) = 1 or, equivalently,

2V 1= 02210 4 3k(1+4v)e™ +n(1—v)e 2" =0 (B7)

in the interval [0, 1]. The strings approach the soft wall as
A — 1 that places the upper bound on v.

A summary of the above discussion is as follows. The
energy of the connected configuration as a function of
the heavy quark separation is given in parametric form by
the two piecewise functions Eqgqq = Eqqq(?) and £ = £(v).
To complete the picture, it is necessary to mention another
connected configuration characterized by a quark-diquark
structure denoted as Q[Qg].™® The point is that it is not
energetically favorable to contribute to the ground state
potential V.

For future reference, it is also worth mentioning the
behavior of Eqqq(¢) for both small and large values of .
For ¢ — 0, Egqq behaves as

Eqqq(?) = Eqq(?) + Egg + (%), (B8)
where E 5 = Ey;, with Ey; given by (3.45), and
2QQ
EQQ = ——+C+O'QQI/ﬁ. <B9)

4

The coefficients are given by
1 [
aQoq = —loEo9. 6QQq = I Ey +- lo “Ey |gs. (B10)

with o =3EHB(E3.9), L =3&728 + EHBE,
D], Eg=1+3k+1&B(&;-1.1), and
Ey =&l -1 —6k+ LeB(e2;1 1), Here £ = Y3 (1 — 2k—
3k2) Thus the model we are considering has the desired

|
N>

|
o
—
LA
[\
-hILn

*For further details on this configuration and related aspects,
see Sec. III of [9].

()

Three types of connected configurations for the Q Qg system in five dimensions. a denotes the tangent angle of the left string.

property of factorization, expected from heavy quark-
diquark symmetry [27].
On the other hand, as £ — oo, Eqqq behaves as

Eqqq = 6¢ —29V/slgqq +2¢ +o(1),  with

3ke™2V1 + ne":

N (B11)

logq = Z(v1) —

Here o is the string tension and the function 7 is defined in
Appendix A.

A five-dimensional counterpart of the disconnected
string configuration is shown in Fig. 24. It describes a
pair of noninteracting hadrons and, therefore, the total
energy is the sum of the rest energies of these hadrons.
Explicitly,

Egis = Eqqq + Egg (B12)

where Eqq and Ey; are given by Eqgs. (3.7) and (3.45),
respectively.
The ground state potential is defined by V=

min{ Eqqq: Eqqq + Eqs}- Like in lattice QCD, it is useful
to consider the model Hamiltonian

2"
qq q
- Tq o]
V_ .
Yy
Q Q
/2 0 £/2 x

FIG. 24. The disconnected configuration of Fig. 22(b) in five
dimensions. At zero baryon chemical potential, the light anti-

quark g is also at r = r,.
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Vo(GeV)

3.5

Eqq
EQqq + EQ(? !

30
Vo

2.5

2.0

15

/0.2 5705 o5 1o 17 17 (Um)

FIG. 25.  The potential V. Here Oqqq = 47 MeV.
Eqqq(?)  Oqqq
H(¢) = . (BI3)
O Eqaq + Eos

with @qq, describing the mixing between the two states.
The pertinent potential is the smallest eigenvalue of the
matrix. So,

1
Vo =5 (Eqqq + Eqqq + Eas)

1
- \/Z (EQQq - EQqq - EQa)2 + ®2QQq' (B14)
It is instructive to give an explicit example of V.
With the parameter values as in Sec. III, the potential
takes the specific form shown in Fig. 25. As expected, it
asymptotically approaches Egpq, as ¢ tends to zero
and Eqgqq + Eq; as ¢ tends to infinity. The transition
between these two regimes, interpreted as the baryon decay
[see (B1)], occurs approximately at £ = 1.3 fm. A more
precise determination involves defining the string breaking
distance by equating the diagonal elements of H
Eqqq(?qqq) = Eqqq + Eas- (B15)
Atlarge ¢, the equation significantly simplifies, as Eqqgq(?)
is well approximated by a linear function. Combining
(B11) with (3.7) and (3.45) yields

3 —2v

1 )
£QQq = o (Q(Q) —§Q(v) +keﬁ —&-n%—f—gIQQq)_

(B16)

A simple estimation then gives £oqq = 1.257 fm.

APPENDIX C: A QUICK LOOK INTO THE Qqqqq
QUARK SYSTEM

In Sec. III, while examining the small-Z behavior of
string configurations, we relied on some facts regarding the

Q 9

! Jiw)
o Q
*Q

Qe
Qe
Qe
°
3

(a) ()

FIG. 26. Some string configurations for the Qgqqq system.
Their labeling adheres to the conventions of Sec. III.

0qqqq system. Our goal in this appendix is to briefly
explain those.

In four dimensions, the configurations of interest are
shown in Fig. 26. They solely consist of the valence quarks.
Configuration (c) can be obtained from configuration (a) by
adding two more string junctions.

The counterparts of these configurations in five dimen-
sions are shown in Fig. 27. We start with the disconnected
configuration, which can be interpreted as a heavy-light
meson in a nucleon cloud. As discussed in Sec. III, we
average over the cloud position and assume that the total
energy is just the sum of rest energies of the involved
hadrons. Thus,

(a)
E4qaq

- EqQ + E3q. (Cl)
Here E3q is defined by [30], and E 4 by (3.45).

To find a five-dimensional counterpart of the connected
configuration (c), it is helpful to place it on the boundary of
five-dimensional space. Then a gravitational force pulls the
light quarks and strings toward the interior. A straightfor-
ward analysis shows that all the baryon vertices converge at

the same point, with the radial coordinate determined by
Eq. (3.9) so that r,, = 1/Vv/S. As a result, the configuration

T r
qqlqV
T34
q q9|9q
T'q T'q
VYV
Ty
Y Y

FIG. 27. The configurations of Fig. 26 in five dimensions. In
(c), the bold line represents a set of four strings stretched between
the light quarks and baryon vertices.
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takes the form shown in Fig. 27(c). It is governed by
the action

d qd —ZSr2 1sp2
S:gT(/ Cesr +4/ Tes? 1okS yan® q).
0 I" r, }" ry rq

(C2)

Varying it with respect to r, leads to Eq. (3.8) and then to

r, = +/q/s. The first integral is divergent. This is
addressed by imposing a cutoff and subsequently sub-
tracting a linear divergency. Upon evaluating the remaining
integrals, we arrived at

() _
quqqq Eg + 3Ey,

(C3)
with E; given by (3.15). For the parameter values set in
Sec. III, a simple estimate gives Eéq)qqq Eéq)qqq 88 MeV.

This is consistent with what one would expect from the
formulas (3.4) and (3.31), as well as the plots in Fig. 12.

APPENDIX D: MORE HEXAQUARK
CONFIGURATIONS

In addition to the configurations discussed in Secs. III
and V, there are other configurations worth discussing
as well. In this appendix we will briefly describe these
configurations. In what follows, we use the same parameter
values as in Sec. IIL

1. Another standard configuration

Here we explore in more detail the configuration
depicted in Fig. 7 on the left. To get to the specific issues
of interest here as quickly as possible, we use the fact
that the governing action for this configuration follows
from (3.10), with the collapse of string (3) to a point. Thus,
it takes the following form

((fm)

0.20

0.15

0.05

v

0.0 0.1 02 03 04 05 0.6

FIG. 28.

S_49T</ ese 11 (0,0)? /drsrz

s rq

(D1)

By varying the action with respect to r,, we arrive at
Eq. (3.8). On the other hand, variation with respect to r;
leads to

sina = 2(1 + 3k(1 +47)e37?),
with & = sr2. This equation differs from Eq. (3.14) due to a
crucial factor of 2 which holds significance for our
subsequent analysis. The expression for the separation
distance is once again given by Eq. (3.13), while the
energy can be obtained from (3.15) by formally setting
v = v and v = 7. So, we have

(D2)

EQouqqq = 49\/_< E(a, ) + Q(q) — QD)

20 egq
+ 3k + n—) + 2c. (D3)

Vi V4

Here the parameter v goes from v to q, with the upper
bound corresponding to the situation in which the vertices
collide with the light quarks.

Having derived the expressions for the tangent angle
and energy, a numerical analysis follows straightforwardly.
Figure 28 illustrates the behavior of £(%) and Eqygqqqq(€)- It
is apparent that the function #(7) does not monotonically
increase in the interval [v,q]. Instead, it exhibits a local
maximum near ? = (0.31. Consequently, the function

E(Qqqqq(?) is double-valued and does not support separa-

tion distances longer than 0.178 fm.

2. Configurations with one V(! vertex

If we place the configuration of Fig. 16(a) on the
boundary of five-dimensional space, gravity will cause it

E&Qqqqq(Gev)
38
36
32
30505 0.10 015 o5 Lfm)

Left: £ as a function of ». Right: EQQqqqq as a function of 7.
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r

Qiq

Tq
(4-7)
LR
(3-5)

V(l)l — 1«

Tvy

Ty

—£/2 0 02 T

B~
"QE >
LIS

(4-6)
vo (3)
Ty
7, vV
(1) (2)
Yy
Q. Q
—0/2 0 ¢/2 T

(©)

r

LI%Q

Tq
(4-7)

VvV ’(r 1”)1141 «

Yy
Q/ Q
—0/2 0 ¢/2 T
(b)
r
q 99
’I'q
3)
v, (4-6)
Tv
1 V(l)
Tvy
(1) (2)
Y
Q, Q
—2/2 0 £/2 T

(d)

FIG. 29. Some hexaquark configurations with one generalized vertex.

to assume the form shown in Fig. 29(a). Here string (3) is
stretched between the vertices, and strings (4)—(7) between
the vertices and light quarks. We take v, = sr? L as a
parameter. As in the case of the Qggq system [see Fig. 5(b)],
the force balance equation at » = r, is given by Eq. (3.9),
and therefore r, = \/\% This makes a restriction on the
upper bound for the parameter range so that v, takes values
in [0, v]. The force balance equation at r = r,, is given by

(1 + k(1 +4v;)e™3n). (D4)

[NSRRON]

sina =

A simple way to obtain it is to replace K in Eq. (3.39) with
k/3, effectively reducing the number of vertices to one. A
short calculation shows that the equation has the unique
solution a(v) = /2 in the interval [0, v]. This solution
corresponds to zero separation between the heavy quarks.
Since we are not interested in cases, where the string model
is not reliable, we excluded this configuration from our
analysis in Sec. V.

At the upper bound, the position of V(1) coincides with
that of V, and the configuration becomes as shown in

Fig. 29(b), with string (3) shrunk to a point. This configu-
ration remains unchanged as long as v; is smaller than q.
Now the force balance equation at r = r, takes the form

sina = 2 + 3k(1 + 4v;)e™>", (D5)
as follows from Eq. (D2), with k replaced by k/2. This
rescaling reduces the number of vertices to two. One can
easily see that in the interval [v,q] there are no solutions
except the solution a(v) = /2 already mentioned above.
For completeness, note that the same is also true for the
larger interval [0, v].

In addition to the configuration of Fig. 18, there is a
similar configuration containing a diquark [Qg], as shown
in Fig. 29(c). The difference, however, is that the parameter
now takes values in the interval [v,q]. Clearly, the force
balance equation at r = r, is given by (D4). It has no
solutions in the specified interval, and therefore the
configuration does not exist.

The configuration shown in Fig. 29(d) is obtained by
exchanging the V and V(! vertices. By arguments similar
to those we have given for configuration (c) in Sec. III,
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—0/2 0 £/2 x

FIG. 30. A hexaquark configuration with one generalized
vertex.

string (2) is smooth, and the force balance equation at the
generalized vertex reduces to its r-component

1 +k(1+4v;)e7 =0. (D6)

r
‘qu
Tq
(5-8)
N | V(l)
" (35)
V(l)
Tvql
1 (2)
Y
Q. Q _
—£/2 ! 0 2/2 x
(a)
r
A
qq qq
L] T, L]
(3-4) (7-8)
ez+eq esteg (5 6)
DL as )
b Tor aV
el
m & y (2)
Q, Q@
—£/2 0 42 T

()

FIG. 31.

However, for k = —ie% the equation has no solutions
within the interval [0, 1]. Because of this, it does not
matter for us.

One more configuration is presented in Fig. 30. In five
dimensions it emerges as a consequence of placing
configuration of Fig. 16(c) on the boundary of five-
dimensional space. The force balance equation at r = r,,
is again given by Eq. (D6). Thus, this configuration does
not exist.

3. Configurations with two V() vertices

If we place the configuration of Fig. 20(a) on the
boundary of five-dimensional space, gravity will cause it
to take the shape shown in Fig. 31(a). In this case, strings
(3) and (4) are stretched between the vertices, while strings
(5)—(8) between the vertices and light quarks. We choose
v = Sr%l as a parameter. The force balance equation at
r = r,, is given by Eq. (D4) and that at r = r, by Eq. (3.9)
with v replaced by v/. The latter imposes a constraint on the
upper bound of the parameter range, reducing it to [0, v].

T
quq
T
(4-7)
V‘”V;‘v’l-
) @)
Yy
Q. Q
—£/2 0 ¢/2 x
(b)
-
A
2Ua oieg  (516)
qq;/“ as - aqqV"”
el
W ” @)
Q, Q
—0/2 0 £/2 x

Some hexaquark configurations with two generalized vertices. In (c¢) and (d), the a’s are positive definite.
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We exclude this configuration by virtue of the same
reasoning as explained below Eq. (D4) in the previous
subsection.

Formally, the configuration in Fig. 31(b) is obtained
from that in Fig. 29(b) by replacing V with V(1) So, we can
analyze it in a similar manner and arrive at the same
conclusion.

Consider the configuration shown in Fig. 31(c). Here, the
parameter v, varies from O to q. The force balance equation
at r = r, can be easily derived from Eq. (3.19) by noting
that in the present case the contributions of strings (3) and
(4) are doubled. This gives

€1 + 263 + 295 + fv =0 (D7)

or, in component form

cosa = 2cosas,

sina = 2sinas + 2 + 3k(1 + 4v,)e 3. (D8)

The above equations have the solution
(2 4 3k(1 + 40, )e731)? =3
2(2 + 3k(1 +4vy)e3)

(2 +3Kk(1 +4v,)e73"1)? + 3
4(2 + 3k(1 + 4v;)e3"r)

sina =

(D9)

sinas = —

However, the tangent angles turn out to be negative for
the entire parameter range, making this configuration
unacceptable.

The configuration shown in Fig. 31(d) is the result of
going beyond the upper bound of the parameter range. For
vy > q the positions of the vertices and light quarks
coincide, and all the vertical strings shrink to points.
Because of this, Eq. (D7) becomes

€1 + 265 + fV + 2fq = O, (DIO)

1g,2
ezsrw1
7

with f, = (0, —-gno, ). When this equation is written

in component form, it gives

cos @ = 2cos is,

sina = 2sinas + 3k(1 + 4v;)e 3" 4+ 2n(1 — v;)e 2",
(D11)

The solution to these equations is

(3K(1 4 4v,)e™ +2n(1 — v )e21)? = 3
2(3k(1 + 4v;)e " +2n(1 — vy)e2™)
(3K(1 +4v;)e™> +2n(1 — v;)e2"1)? +3
T ABK(1 + 4v))e " +2n(1 — v )e )
(D12)

sina =

sinas =

Note that the right-hand sides become singular at v; = vy,
where v, &~ 0.927 numerically. For »; < v, the negative
tangent angles make this configuration unacceptable, just
as above. For v, < v; < 1, there are no allowed values for
the tangent angles as the right hand sides are larger than 1.
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