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We explore quantum corrections of electrically charged black holes subject to vacuum polarization
effects of fermion fields in QED. Solving this problem exactly is challenging so we restrict to
perturbative corrections that one can obtain using the heat kernel expansion in the one-loop effective
action for electrons. Starting from the corrections originally computed by Drummond and Hathrell, we
solve the full semiclassical Einstein-Maxwell system of coupled equations to leading order in Planck’s
constant and find a new electrically charged, static black hole solution. To probe these quantum
corrections, we study electromagnetic and gravitational (axial) perturbations on this background and
derive the coupled system of Regge-Wheeler master equations that govern the propagation of these
waves. In the classical limit, our results agree with previous findings in the literature. We finally compare
these results with those that one can obtain by working out the Euler-Heisenberg effective action. We
find again a new electrically charged static black hole spacetime and derive the coupled system of
Regge-Wheeler equations governing the propagation of axial electromagnetic and gravitational
perturbations. Results are qualitatively similar in both cases. We briefly discuss some challenges found
in the numerical computation of the quasinormal mode frequency spectra when quantum corrections are

included.
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I. INTRODUCTION

General relativity is one of the pillars of modern physics,
yet it is not a complete description of the gravitational
interaction, as it fails to resolve black hole singularities or
to describe quantum aspects. To obtain a foundational
description of gravity, the Einstein field equations will
ultimately need modifications. The study of the semi-
classical Einstein equations, which incorporates the vac-
uum energies and stresses of quantum fields [1-3], can be
helpful as a first approach to explore these modifications.

From a theoretical standpoint, the coalescence of two
black holes (BHs) is not only a fascinating process in
classical general relativity [4], but can also be a rich
laboratory as to how quantum field theories work, which
displays their consistency issues in new and edifying
situations. In order to test new fundamental physics with
gravitational waves from coalescences of compact objects,
it is important to know what results to expect and how to
model them to the required precision. Ideally, one wants to
obtain the maximal amount of information from the data,
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instead of looking for very specific predictions, in order not
to miss unexpected new physics. Effective field theories [5]
are at an advantage, because their range of validity is broad,
so they allow one to combine constraints coming from the
strong gravity regime with bounds from, e.g., the weak field
regime, cosmology, astrophysics, laboratory tests, etc. One
drawback, however, is that this approach requires working
with a free set of parameters along calculations. In the
present work, given the complications of some of the
equations, we focus for simplicity on the predictions of
quantum electrodynamics (QED) in curved spacetimes, as
it is the oldest, simplest, and most successful quantum field
theory.

Once this framework is fixed, we can focus on comput-
ing the corrections to BH solutions and their dynamics. In a
BH merger, an especially interesting stage concerns the late
time dynamics, described by a “ringdown” phase, during
which the distorted remnant sheds its nontrivial multipolar
structure through gravitational waves (or other radiation)
and relaxes to the final stationary solution. During this
stage, the dynamics is well described by a set of quasi-
normal modes (QNMs) of the final stationary solution,
characterized by complex characteristic frequencies [6-9]
(but nonlinearities, initial transients, and backscattering
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may also play a role [10-13]). So far, gravitational-wave
observations involving BHs and their dynamics are well
described by classical general relativity with great accuracy
(i.e., by the Kerr solution) and any quantum correction is
a priori too suppressed to be observed with astrophysical
measurements. Nevertheless, it is important to understand
what our fundamental theories entail and how to build on
their ideas, even if, in practice, their predictions may be
elusive for current experiments. Similarly, great effort was
made in the mid-20th century to understand QED to all orders
in perturbation theory, despite the fact that only the first few
orders could be corroborated in accelerators at that time.
Moreover, sometimes apparently slight perturbations of the
background can lead to drastic changes. Known examples
concern the superradiant instability of Kerr geometries
against massive fields [14], the spectral instability of BHs
under small changes of the effective potential governing
massless fluctuations [ 15—19], or the disappearance of the BH
horizon in nonperturbative calculations within semiclassical
gravity [20]. Therefore, the topic deserves further study.

In this work we attempt to explore the vacuum polari-
zation effects of fermion fields on BH solutions in general
relativity. The implications of vacuum polarization can be
studied from the one-loop effective action. Arguably,
the most renowned example is the Euler-Heisenberg
Lagrangian in QED. Roughly speaking, this is the result
of “integrating out” the dynamics of the electrons in the
QED action, producing as a consequence a new
Lagrangian that describes the effective dynamics of the
electromagnetic field F,;,. This yields a nonlinear theory
whose leading-order corrections, for sufficiently weak
fields, are given by [3,21]

1 " het
LeitlA] = _ZFabF _W
5 ma ! bd
X Z(FabFa) —EFachdFacF . (1)

where m, is the electron mass, e is the electron charge, and
A is the electromagnetic potential (defined by F = dA).
The free Maxwell action, written in the first line above,
gets corrected by an extra, highly nonlinear contribution,
which captures the backreaction of quantum vacuum
fluctuations of the fermion field and which modifies
the classical dynamics of the electromagnetic field.

Effective actions allow one to explore a theory like QED
from a different perspective. In particular, one-loop effec-
tive actions are able to capture nonperturbative phenomena.
To give an example, the full Euler-Heisenberg effective
Lagrangian predicts the Schwinger effect in the strong field
limit (i.e., the excitation of electron-positron pairs out of the
quantum vacuum by a strong electric field), which is
otherwise not derivable from any order in perturbative
QED [21].

We wish to analyze the similar problem in general
relativity. In close analogy to QED, one first attempt is
to study the (backreaction) effects that the quantum vacuum
of a fermion field can produce on a spacetime metric.
Renormalizability arguments [1] yield an effective
Einstein-Hilbert action that, to leading order, reads

R
Leirlgl = 167 + (a1 R* + ;R ,,R™) + O(A?), (2)

for some real numbers «;, a,. The usual Einstein-Hilbert
Lagrangian % gets corrected by higher-order derivative
contributions, which account for the vacuum polarization
effects of the electrons. The presence of these terms,
regardless of how small the prefactors @, @, might be,
makes the new theory considerably different from the
original: additional families of solutions arise, some of
which are ‘“runaways,” i.e., differ drastically from the
original theory.

Higher-order derivative contributions in the field equa-
tions typically arise as a result of truncating a perturbative
expansion of a nonlocal theory, which does not suffer from
these problems. If one expects that quantum corrections
will not dramatically change the behavior of the classical
system, then perturbative constraints must be applied on the
action to disregard solutions that do not exist in the limit of
a zero-expansion parameter, 7 ~ 0 [22,23]. This require-
ment is what ensures that the series expansion in the action
can be considered as a legitimate perturbative expansion of
some complicated, nonlocal functional of the metric, which
is expected from the UV completion of the theory. The
perturbative constraints consist of imposing the leading-
order equation of motion, which in this case is R, = 0. This
has the effect that the new (constrained) field equations
ignore the « R2, R, R piece entirely in our problem'—
although this can dramatically change if matter fields are
included. Therefore, the above action (2) becomes trivial
with these constraints, i.e., to leading order the spacetime
metric does not “‘sense” the electrons’ vacuum fluctuations.

To get a nontrivial problem, it is necessary to consider a
case that, in the classical limit, does not satisfy the vacuum
Einstein equations. A natural possibility is to consider both
electromagnetic and gravitational backgrounds. In this
case, the effective action contains many more terms,
because it depends on two fields: A, and g,;, and mixed
combinations are allowed. An explicit expression of the
one-loop effective action was derived by Drummond and
Hathrell in Ref. [24], where the leading-order corrections

for weak fields, of order O(h ;—72), were obtained using
different methods. As we will see in more detail in the next

'Alternatively, the freedom to perform field reparametrizations
allows one to get rid of all these higher-order terms in (2) for
vacuum gravity, see, e.g., [5].
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sections, the presence of these corrections can produce
interesting results.

In this paper, we will look for static, spherically
symmetric exact solutions to the full Einstein-Maxwell
system of field equations at one-loop order in the quantum
corrections. We will derive first the new BH solution taking
into account the Drummond-Hathrell corrections only.
Then, we will do a similar analysis to obtain the BH
solution with Euler-Heisenberg corrections, which dominate
in the regime of high electric fields. The resulting expressions
can be understood as the extension of the Reissner-
Nordstréom BHs of mass M and charge Q to the semiclassical
regime, subject under the influence of the vacuum polariza-
tion of electrons. For Q = 0 quantum corrections at first
order in Planck’s constant vanish and we recover the usual
Schwarzschild neutral spacetime, as expected from the
discussion above.

In order to probe the properties of these two BH
backgrounds, we will further analyze the propagation of
electromagnetic and gravitational linear perturbations
around and examine the way the underlying quantum
corrections can leave imprints on gravitational-/electro-
magnetic-wave observations. This is technically a rather
involved calculation because the field equations couple
both types of perturbations. As a first approach, we first
consider the Q = 0 case for the Drummond-Hathrell BH.
In this case, not only do the electromagnetic and gravita-
tional perturbations decouple, but the resulting wave
equation for electromagnetic perturbations still receives
quantum corrections, so it is an interesting problem on its
own (for gravitational perturbations we just recover the
classical Regge-Wheeler/Zerilli equations for axial/polar
perturbations [8]). We derive the effective Regge-Wheeler/
Zerilli equations for the propagation of both axial and polar
electromagnetic perturbations. Then, we compute the new
QNM frequencies, and we find that quantum corrections
break the well-known classical isospectrality, i.e., the
vacuum polarization acts differently on axial and polar
waves. In this sense, we will point out and correct some
previous statements made in the literature.

Once this first approach is well understood, we move on
to address the full problem with the help of the package
XACT for Mathematica. We will provide the relevant
coupled differential equations governing the evolution of
gravitational/electromagnetic axial perturbations propagat-
ing on both Drummond-Hathrell and Euler-Heisenberg
charged BH backgrounds. We will end by discussing
several difficulties that we found when trying to compute
the QNM frequency spectra.

The outline of this article is as follows. In Sec. II, we set up
the necessary theoretical formalism underlying one-
loop effective actions. In Sec. III, we obtain a novel BH
solution of mass M and charge Q of the full semiclassical
Einstein-Maxwell system of equations, derived from the

Drummond-Hathrell corrections and to leading order in
Planck’s constant. To probe this solution, in Sec. IV, we
first focus on the Q = 0 case and calculate the wave equation
for electromagnetic perturbations around this background
solution, as well as the first few characteristic QNM
frequencies. After this, in Sec. V, we address the full problem
of studying electromagnetic and gravitational linear pertur-
bations on this new electrically charged BH background. We
restrict only to axial perturbations, for simplicity. Then, in
Sec. VI, we obtain again a novel BH solution of the
semiclassical Einstein-Maxwell equations, but now restrict-
ing to the Euler-Heisenberg corrections of the one-loop
effective action. We study axial, coupled gravitational, and
electromagnetic perturbations on this new background sol-
ution in Sec. VI, and we finalize the article by discussing
some final remarks in Sec. VIIL

Throughout this article, we work with the system of units
G = ¢ = 1. To emphasize quantum effects, we will keep
Planck’s constant 72 # 1 explicit. Our metric signature will
be (—,+,+,+), V, will represent the Levi-Civita con-
nection of the metric g,,. The other sign conventions
conform with Ref. [25]. We use the Mathematica package
XACT [26], specifically the XTENSOR package [27] and the
associated XTRAS additions [28].

II. THE EFFECTIVE ACTION

Let us consider a Dirac field W, physically representing
electrons and positrons of mass m,, interacting with
electromagnetic F,, and gravitational g,, fields. This
theory is described by the action

S[¥, g, A

= [ d*x/=g R _pag +¥(ihy*D, — m,I)¥

- X g 167 4 ab iny" D, —m, s
(3)

where y“ are the usual Dirac matrices satisfying the Clifford
algebra {y, 7’} = 2¢?, and R is the Ricci scalar curvature.
The Dirac field W couples to both backgrounds through the
covariant derivative D, =V, +ifA,, where e is the
electron charge, A, is the electromagnetic potential defined
by F = dA, and V, is the Levi-Civita connection of the
metric g,p,.

Classical electromagnetic and gravitational fields can
excite or modify quantum vacuum fluctuations of the
fermion field W, and the latter can backreact on the fields
A, 9. and lead to some quantum corrections. These
quantum modifications can be studied by constructing an
effective action T'[(¥), g, A] that only depends on the
variables A,, g,, (as well as a choice of fermionic vacuum
state (¥)), such that extremizing it with respect to them
yields the semiclassical field equations,
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Gy = 82(T2 + (T,p)). VP = (7). ()
In these equations (T,,;,), (J*) are the vacuum expectation
values of the stress-energy tensor and electric current
produced by the fermion field ¥, and T%, represents the
usual source-free Maxwell stress-energy tensor,

1
T%;:FcaFCb_Z

gachdFCd' (5)

Details on the derivation of this effective action can be
consulted in standard textbooks (see, e.g., Chap. 6 in [3]).
A standard strategy consists of obtaining a (formal)
Feynman path integral representation for the effective
action, where the fermionic degrees of freedom are
integrated out from the classical action (3). However, in
general, the resulting expression only produces an implicit
equation for I'[(¥), g, A], which appears on both sides of
the equality. The usual method of computation is to resort
then to a perturbative expansion of I'[(¥), g, A] in powers
of the Planck constant 7 and to solve this path integral
representation iteratively. This perturbative expansion is
called the loop expansion because each term in the
expansion admits an interpretation in terms of Feynman
diagrams.

At one-loop order, the effective action formally reads

). g.A]

2
my

h 0 o
‘S[Q’A]‘a/ "”V‘% STk (s 0)eF,(6)

where

Slo.Al = [ ¢/ =P )

is the free action for gravity and electrodynamics, and
K(s;x,x") is the heat kernel of the Dirac field. The heat
kernel is a bidistributional solution of 0,K(s;x,x") =
—A K(s;x,x") with initial data K(0;x,x") = 5@ (x =X)L,
where A, = (—=iy*D,)(iy’ D)) is a second-order differential
operator. The specification of a vacuum state for the Dirac
field provides the necessary boundary conditions to solve this
equation.

In general, the heat kernel equation cannot be solved in
full closed form. However, it is still possible to extract
partial information from K(s;x,x), independent of the
choice of boundary conditions, which can be used to
obtain a first approximate expression for (6). The expo-
nential suppression in Eq. (6) reveals that the dominant
contribution to the integral comes from the s < A2 regime,
where 4, = mi is the Compton wavelength of the electron.

This is known as the ultraviolet (UV) regime of the Dirac

theory. Interestingly, in the UV limit s — 0, the heat kernel
admits an asymptotic expansion of the form®

K(s;x,x) 47rs

Z S*Ex(x) (8)

where E; (x) are called the heat kernel coefficients [29]. Each
E;(x) in the perturbation series is a linear combination of
spinor-valued matrices that are constructed out of contrac-
tions of the Riemann tensor R, and the electromagnetic
field strength F ;. Furthermore, they are independent of the
choice of vacuum state or boundary conditions for the heat
kernel equation. For instance, for a differential operator of the
form A, = —1g“*V,V, — Q(x), the first few orders are
[3,29]

Ey =1, )

R
E2:

E+ 0, (10)

1 1 1 1
E OR + — R? — ——R®R RebedR )T
‘T (30 7 180 T go “”‘d)

1 1 1
Lwarw Loz i 1ro i lop,
+12 ab+2Q +6 Q+6 Q

(11)

where W, = [V, V,]. In our case, it is not difficult to show
that Q=B1+iLF,,y%y" and W, = 1 Rypeary? + i £ F 1L

As a general rule, the kth order in the series expansion (8)
counts the number of derivatives of the spacetime metric
and electromagnetic potential, counting the latter as one
derivative (g,;, is said to be of zero adiabatic order, while
the connections A, and V, are regarded of first adiabatic
order). For instance, E, has zero derivatives and is said to
be of zero adiabatic order, E, has two derivatives and is of
second adiabatic order, etc. In this sense, higher-order heat
kernel coefficients in the asymptotic expansion measure
higher deviations from a “flat” background, where
Rabcd =0 and Fab =0.

The first three (even) orders in this asymptotic expansion
(8) lead to formally UV divergent integrals in (6), and the
one-loop effective action needs to be renormalized order by
order to get a finite expression. This is achieved by
reabsorbing the UV divergences in coupling constants of
the classical action (7) and adding suitable counterterms.
The result of this process yields a correction to the classical
action of the form

2For manifolds without boundaries, all odd orders vanish,
E2k+l(x) =0 [29]
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A R 1
r[(¥).g.A] = / d4wfg"{‘§+—+h(ad€2+a2RabR“")—zF“bFab

167

h2
+ k, [aRFabF”” + bR, FF" . 4 cR g F"F¢ + dV°F ,V F + el f(R?)

+ ko [A(F o, F%)? + BF ), F oqF“F" + .. ] + ..., } (12)

where a =5, b=-26,c=2,d=24, A=-5, B= 14,

1 he? het

== = (13
288072 m2 27 28807%m? (13)

1

and dots denote corrections with higher-order powers of the
Riemann R%,.,; and field strength F,. The function f(R?)
involves three powers of the Riemann tensor and will not be
relevant. In expression (12), the coupling constant A arises
from absorbing the UV divergence of the zero-order term
Ey(x) by adding a suitable counterterm in the classical
action (7). This term physically represents a cosmological
constant. On the other hand, the UV divergence associated
with the second-order term E,(x) can be reabsorbed in
Newton’s gravitational constant. This yields some renor-
malized, observable value of G, which we have set to 1
according to our unit conventions. Finally, the UV diver-
gences associated with the fourth-order term E4(x) can be
reabsorbed in the fields A, and F,;,, as well as in some
adimensional coupling constants @, a, by adding suitable
counterterms in the original action. Their value have to be
fixed with experimental measurements.

Higher-order terms in the heat kernel expansion [E,;(x)
for k > 3] lead to finite corrections to the original action in
(6). For example, the second line in Eq. (12) displays the
leading-order quantum corrections corresponding to
k=3 in the heat kernel expansion, which were first
computed by Drummond-Hathrell in [24]. One can verify
that each of these terms is of sixth adiabatic order. On the
other hand, the Euler-Heisenberg perturbative corrections
in (1) are of eighth adiabatic order and are expected to
arise from the Eg(x) order in the heat kernel expansion.
We have included them in the third line of (12) for
completeness. For an explicit derivation of this coeffi-
cient, see, e.g., Refs. [30,31].

Notice that (12) is independent of the vacuum state (\¥);
this information is missed in the asymptotic expansion of
the heat kernel (8), which is entirely constructed from the
background fields R,;,.; and F .

In this article, we will explore new BH solutions of this
effective action and derive the master equations governing
the propagation of linear gravitational and electromagnetic
perturbations around them. The effective semiclassical
Einstein and Maxwell equations are obtained by taking
the field variations

STO(P), g, A STO(P), g, A
(#).9.4] _ .04 o g
8g° OA?
respectively, which yield
Gy = 8a(T +(T')Y),  V,Fo, =y, (15)
ab ab ab ) at” b b />

for some approximated expressions of <Tglh)> and <J§,1)>

obtained from the quantum corrections appearing in (12).

Our goal is to find static, spherically symmetric solutions
of this system of equations with Arnowitt-Deser-Misner
(ADM) mass M and electric charge Q. Taking the full
expression in (12) can lead, however, to intractable equa-
tions, so we will assume some simplifications. First of all,
the observed value of the cosmological constant A is very
small and it is only important at cosmological scales. Since
we are interested in astrophysical local phenomena, we
shall neglect it. Second, the coupling constants a;, a, are
severely constrained by observations, so in this work we
shall set them to zero. On the other hand, the term going
with the prefactor d will be of higher order in # upon
substituting back the result of solving the leading-order
field equations, so it will not play a relevant role in what
follows. Similarly, the term f(R?) is a purely gravitational
correction (not included in Drummond-Hathrell original
paper) which is highly suppressed by Planck’s constant and
can be neglected in front of the rest of corrections. In
conclusion, we can focus either on the a, b, ¢ corrections or
on the A, B corrections in (12).

To further simplify the problem, we will consider the
Drummond-Hathrell corrections [a, b, ¢ terms in (12)]
separate from the Euler-Heisenberg A, B terms. The latter
dominate for higher electric fields, while the former are
more important for BHs with low electric charge Q, like
more realistic compact objects in astrophysics.

III. A CHARGED BLACK HOLE WITH
DRUMMOND-HATHRELL CORRECTIONS

In this section, we solve the full semiclassical Einstein-
Maxwell system of equations (15) with sources (T ), (J¢)
determined by the Drummond-Hathrell corrections in the
effective action (12). We will focus on static and spherically
symmetric solutions, which are analogous to the classical
Reissner-Nordstrom charged BH in general relativity.

105022-5
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Then, we will study electromagnetic and gravitational
linear perturbations on this background. As mentioned
above, the term multiplied by the coefficient d in (12) is of
order O(h) upon substituting back the result of solving the
leading-order field equations, so we can safely ignore it.
Therefore, we focus on the a, b, ¢ corrections of (12).

Explicit expressions for (T';,), (J¢) originated by these
corrections can be obtained straightforwardly by comput-
ing the functional derivatives (14) and using XACT.
However, the results are cumbersome and not that illumi-
nating, so we will omit them.

Once we have explicit results for (15), we look for static
and spherically symmetric solutions. The metric Ansatz for
such a geometry is

d 2
L2402 + P sin? 0dg?, (16)
N(r)

while the Ansatz for a vector potential with similar proper-
ties reads

ds> = N(r)o(r)dt* +

A, = (Ao(r),0,0,0). (17)
|

Plugging these Ansdtze on the semiclassical field equa-
tions (15) yields four independent coupled differential
equations. The Maxwell sector gives one nontrivial equa-
tion (the ¢ component), while the gravitational sector
produces only three nontrivial and independent equations
(the 7t, rr, and 80 components). Again, these equations are
still too tedious to show. To solve this system of coupled
equations, we write

N(r) = <1 _ZTMJFg—;)(l + k10N(r)),

o(r) = -1+ k;60(r),
o
Vazr

for some unknown functions 6N (r), éo(r), A(r), where k;
is given in (13). We have then three unknowns for four
differential equations. If we substitute the above in the ¢
and rr components of the semiclassical Einstein equa-
tions (15) and expand the result up to order O(k?), we
obtain

Ao(r) = + k1 6A(r), (18)

O(—4y/mr06A" + 400r(9r — 20M) 4 3040° + Qr*s6) + 1 (r(r — 2M) + Q*)8N' + r*sN(r2 = 0%) =0,  (19)

r(r(=4/mQrsA' + (r* = 2Mr + Q*)(6N' — 60')) + 6N (r* — Q%) + Q%60) + 8Q%*(r(r — 12M) — 60Q%) =0,  (20)

while the only nonzero equation of the Maxwell sector, up to order O(k?), gives

4\/mr(r6A” 4+ 25A") — Q86’ — %(3MQ” +70%) =0. (21)
r

If we demand that the metric approaches Minkowski spacetime at spatial infinity [i.e., SN(r), éo(r), SA(r) = 0 as r — o0],
and we fix the mass and charge of the resulting solution to be M and Q, respectively [by suitably identifying the ! and 2
prefactors in the asymptotic expansion of the lapse function N(r)o(r)], the above system of equations produces

 50%r(—184M + 120r) + 4160*

5/4(r(r —2M) + Q?)

3

SN(r)
8802
So(r) = r—4Q,
3
sA(r) 2(30% + 10MQr)

5\/ar

(22)

As a sanity check, we also verify that this solution satisfies the fourth independent equation (the remaining 66 component of

the semiclassical Einstein equations).

Overall, the semiclassical metric and electromagnetic potential solutions are

2M Q?

8(=3Q* = 5MQ*r +200%r?) dr?

ds? = —|1-"—+=+k
s r—'—rz—i—1 5r°

+ r2(d6? + sin’0d¢?),

dr +

2 4160*—920M Q% r+60002r?
[1_%4_%4_](] 0 5rQﬁr+ Qr]

(23)

105022-6



ELECTRICALLY CHARGED BLACK HOLE SOLUTIONS IN ...

PHYS. REV. D 109, 105022 (2024)

430 + 10M
A(r):\/iz_ﬂr 1+k2% dr.  (24)

Despite the presence of apparently different corrections in
the 7# and rr components of the spacetime metric, the
(highest) roots of g,(ry) =0 and g;;' (ry) = 0 agree to
give, to leading order in the coupling constant ki,

4r_(11r_—=35ry)
5r3_(l’+ —-r)

ra =ritk + O0(k).  (25)

where ry =M + \/M? — Q%> are the horizons of the
classical Reissner-Nordstrom BH. Therefore, this new
spacetime background still contains a BH horizon, located
atr=r H-

Notice that for Q =0 we recover the classical
Schwarzschild geometry. In this case, we also have
F,, =0, so indeed no quantum corrections are expected
in the metric to first order in 7, as argued in the Introduction.

IV. PERTURBATIONS ON A NEUTRAL BLACK
HOLE WITH DRUMMOND-HATHRELL
CORRECTIONS

Our goal now is to derive the observable implications of
these QED corrections, in such a way that they can be
verified with future generation gravitational-wave detec-
tors. To achieve this, we need to study electromagnetic and
gravitational linear perturbations on the new background
solution, Egs. (23) and (24). This problem is, however,
rather complicated to address at first, because the resulting
system of differential equations, derived from (15), couples
both types of perturbations. As a first approach, in this
section we will only study the propagation of linear waves
on our new background but for Q = 0. In this case, the

|

0 4

AV (1, r,0.¢) = it Z Z

=1 m=-¢

where a’™ = a’"(r) is a radial function. The first column
vector represents the axial modes of parity (—1)?*! and the
second column represents the polar modes of parity (—1).
Because the semiclassical Maxwell equations (27) are still
linear, axial and polar modes are expected to decouple from
each other and can be analyzed independently. We will

work them out separately in the following two subsections.

A. The axial sector

We solve Eq. (27) for the axial modes using the
substitution (28). The variable a’™ is gauge invariant,

af’" sin 6’89 Yfm

electromagnetic potential (24) vanishes entirely, and the
spacetime metric (23) reduces to the ordinary, neutral
Schwarzschild geometry,

d 2
ds® = —Ndf* + Wr +12d6> + P sin? 0dg?.  (26)

where N =1— 27M, with M the BH mass. This is an
interesting problem in its own. Incidentally, we will correct
some previous statements appearing in the literature. In the
next section, we will address the full problem, with Q # 0.

For Q = 0 the semiclassical field equations (15) not only
decouple, but the semiclassical Einstein equations become
the ordinary classical ones. Therefore, the propagation of
gravitational linear perturbations becomes trivial, i.e., one
gets the well-known Regge-Wheeler and Zerilli equations
for axial and polar perturbations, respe(:tively.3 The prob-
lem reduces then to solving the one-loop corrected
Maxwell’s equations on a Schwarzschild background
metric. A straightforward calculation yields

M® = V,Fe — 8k, RV, F)ed =0, (27)

for an electromagnetic perturbation F Ellb) around a neutral

background F ioh) =0." In order to keep the notation

consistent with the original paper by Drummond and
Hathrell [24], in this section we will work with the coupling
constant &2 := —8k, for convenience.

Since the background metric is stationary and spherically

symmetric, we expand the vector potential AE,D of the
electromagnetic perturbation in Fourier modes of frequency
w, as well as in vector spherical harmonics, labeled by an
angular momentum # and azimuthal number m [32],

0 fzf’m Yfm

0 hemy,,
afm ’ (28)
099 Y em k7™ 0gY gy,

kfm ad) Yfm

[
since a gauge transformation Agl) —>A£ll) + V_ A only

affects the polar component of Agl) (in fact, the axial
vector satisfies the Coulomb and Lorenz gauges

3The rhs of the first equation in (15) is quadratic in F for the
Drummond-Hathrell corrections, so linear perturbations around a
background with F = 0 do not produce any deviation.

The rhs of the second equation in (15) is linear in F' for the
Drummond-Hathrell corrections, so linear perturbations around a
background with F = 0 do produce deviations, as manifested in
Eq. (27).
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identically). Doing this we obtain a second-order ordinary differential equation (ODE) that solves the full Maxwell

equations

NGNS L,,m< £

r

We will rewrite this equation of motion for a’” in an
explicit wavelike form. For this purpose, we further
decompose a’™(r) = X,(r)Z,(r), for two arbitrary func-
tions X, (r) and Z, (r). We fix the function X by requiring
that the quotient between the coefficients of Z, and Z/
satisfy 49N, so that Z,(r) satisfies the usual ODE,

d*z dz
A4 NN EEA

N2
dr? dr

+ (@0 = Va(r)Zy =0, (30)

for some potential function V4 (r). Then, if we define the

2
4M > + 1) +NN’<1 BTV
r r r

‘m 2
da <1 _omE ) <N2 d;a

2 0m |
o 7 + wa )-O. (29)

Eq. (30) can be expressed as
equation,

a Regge-Wheeler

d’Z,
dr?

+ (@? = Vy)Zy = 0. (31)

Doing all the above we find,

32
Xa(r) = —F/——= (32)

V2EM 4P

tortoise coordinate r, by the relation dr,/dr=1/N, and
|
N 2 4M2
Va=2 +25_(15M+ HL—6)— =2 (42M+r(8L—15))},
r
L 682M(5M + (L —2)r)
=NS+N . +0(&). (33)
I
where we defined L = £(£+1) and ¥ = (1 - 24£)* In . ofm
ST T Wom(r) = |—iwh™ — ——| 72 (34)
summary, we can cast the semiclassical Maxwell equation m or

for axial waves as an ordinary Regge-Wheeler equation for
Z4(r), where all quantum corrections are encoded in the
effective potential (33).

B. The polar sector

A similar analysis can be done for the polar sector,
although the calculation is more involved in this case.
Maxwell equations (27) for the polar sector of (28) yield
three independent equations that couple the three functions
fm, kY™, k™. On top of that, these functions are gauge
dependent. To work with physically relevant, gauge-inde-
pendent variables we have to take suitable linear combi-
nations of these three functions. These can be inferred from
the different components of the field strength F,, =
V,A, —V,A,. For instance, the tr component motivates
us to define

*More precisely, Eq. (27) with the Ansatz (28) restricted to the
axial modes gives only two nontrivial equations for a“”, namely,
the 6, ¢ components. Both are equivalent, as expected from
spherical symmetry. Equation (29) is obtained from either one of
them.

It is easy to check that this combination remains invariant
under a gauge transformation A, - A, + VA, for any A.
The other two gauge-invariant combinations that one can
build from the functions fz,,, s kem can be deduced from

ffm 4 wkfm
W, = _ arkz,’m_ The change {fz,’m’ hz,’m’ kfm} N {me’
1//(;,,)1, 1//(;,,)1} drastically simplifies the set of Maxwell equa-

tions (27). Namely, the f component allows us to solve y/;lw)l in

terms of y,,, and its derivative,

the 10 and r@ components of F,: y/fm
) = ptm

(1) _ (2M = r)(=12M&y,, + r(AME + )0,y )
Vem = (P —2ME) P4 (£ + 1) :
(35)

while the r component solves y/(fzn)l in terms of y,,, alone,

@ _  r(4M& + ) (—iow )
Vem =5 Zame) M - ryé(e +1)°

(36)

The 6 (or ¢) component of the semiclassical Maxwell
equations (27) becomes trivial using these results. The polar
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sector is then reduced to solving for one single gauge-
independent variable y,,, (r).

To find the differential equation governing the radial
profile of v, (r), we need to manipulate the three indepen-
dent Maxwell equations so as to get one differential equation

rN[96M3E* + 4(12 + L)YMEr

that only involves the 2 and £ functions. One can check
that the combination of Maxwell equations 0, (r? %M N+

d,(N:jTM’) =0, where M“ was defined in (27), accom-

plishes this. Moreover, it only involves the combination (34),

—LrT —4aM?E7r(30r% + (6 + L)E)|w

dl//f m

+ 2MP2N(=32M>*E* + 12ME*r + 32ME2r3 — 1582r* + %) —2

— N2 (2ME — ) (4ME + 1)

d2 Yem
2

dr

- @?r*(2ME - r3)(4ME + Py, = 0. (37)

This is a second-order ODE for y,,,(r). Now, as in the axial case, we decompose y,,, (r) = Xp(r)Zp(r) and demand that Zp

obeys the Regge-Wheeler-like equation (30),

N2

d*Zp dZp
NN'—=£
dr? * dr

As a result, we find

@* = Vp(r))Zp = 0. (38)

Xol) = T 39)
and the potential
v, = N [L 68M(5M + r(L -2)) N 3EM*(r(17 + 4L) — 38M) N 485M3(6M + r(3 —2L))
TY, |r? 70 r r2
:N%_N6M§2[5M:6—(L—2)r]+O(§4)’ (40)

with T, = 1+ 4EM/r3. Again, all quantum corrections are
encoded in the effective potential.

Notice that, already at leading order, the two potentials
(33) and (40) differ (the coefficient of & has different sign
in both potentials). Therefore, the axial and polar sectors
are notisospectral and we do not have superpartner potentials
(as can be easily verified). We calculate the QNM frequency
spectra in the following subsection and verify that isospec-
trality is indeed broken by vacuum fluctuations. In essence,
this is because the quantum correction in (15) can be
interpreted as an effective current (J¢) that breaks the
classical electric-magnetic duality symmetry of the vacuum
Maxwell equations. If we regard the axial modes as the
electric component of the electromagnetic perturbation (odd
under parity transformations) and the polar component as the
magnetic component (even under parity transformations),
the lack of isospectrality we find is a direct consequence of
explicitly breaking this symmetry.

Incidentally, Eq. (27) agrees with the field equation that
one obtains in a generalized electromagnetic theory [33],

where a coupling between the field F,;, and the Weyl tensor
is studied. Our results for the axial and polar potentials
match those obtained in Ref. [33] with the identification
& = 4a, where a is the relevant coupling constant in
Ref. [33]. Despite this agreement, the authors of Ref. [33]
claim to have obtained superpartner potentials, but their
own results, which also indicate a different spectrum for
axial and polar perturbations, disprove these claims.

C. Quasinormal mode spectrum

A BH can be perturbed in various ways, and small
perturbations typically satisfy a wave equation like in (31)
or (38). The QNMs of a BH are the proper solutions of
these perturbation equations. In other words, they are
solutions that satisfy boundary conditions appropriate for
a dissipative system: purely ingoing waves at the BH
horizon and purely outgoing waves at spatial infinity. These
solutions only exist for certain characteristic complex-
valued frequencies w, called quasinormal frequencies,
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whose real and imaginary parts represent the oscillatory
frequency and decaying timescale of the propagating linear
(scattered) field [6-9]. These characteristic oscillations
always appear and dominate the signal at intermediate
times in any event involving BHs. For example, they can
appear at the linearized level, where fields are treated as a
perturbation in a single BH spacetime (as in the present
article), but also in full numerical simulations of BH-BH
collisions or stellar collapse, making them a central feature
for tests involving gravitational waves.

We wish to obtain now the characteristic frequencies of
QNDMs associated with the axial and polar wave equations
described by the effective potentials (33) and (40). Despite
the fact that QNMs are triggered by external perturbations,
their frequencies constitute an intrinsic property of the
background and therefore encode crucial geometric infor-
mation about BHs. Moreover, QNM overtones have been
proposed as a possible probe into the quantum aspects of
spacetime (see [18] and references therein).

The method we implement here makes use of a geo-
metric frame based on conformal compactifications,
together with hyperboloidal foliations of spacetime.
Methodologically, a compactified hyperboloidal approach
to QNMs is adopted to cast QNMs in terms of the spectral
problem of a non-self-adjoint operator. Crucially, such a
spectral problem can be cast as a proper “eigenvalue
problem” for this non-self-adjoint operator. Therefore,
following [34,35], we construct numerically the pseudo-
spectrum notion via Chebyshev spectral methods.® Since
the actual value of £ is way below the machine precision,
our strategy will be to do the calculation for several
artificially big values of £ and then to extract the actual
numerical value using a linear extrapolation.

Specific results are listed in the Tables I and 11.” We have
also checked these results with the more familiar direct
integration method [8] (see the Appendix for a review).
Using these results, one can now show that the difference
between the classical and semiclassical predictions scales
linearly with £ ~ hie? /m?2. This is clearly shown in Figs. 1
and 2. If for each multipole # we define

5, = (Re(w — wy), Im(w — wy)), (41)

®This is also relevant for addressing the potential spectral
instability of a class of non-self-adjoint operators, which are
associated with a nonconservative system like in a BH, where
field perturbations leak away from the system at far distances and
through the BH horizon.

"The lower bound & =0.07M is the minimum value of & that
accomplishes to see the impact of quantum corrections within
5-6 digits of reliable precision. For smaller values of £, one would
need more digits of precision to find significant deviations from
the classical values @w,. On the other hand, the upper bound
& =0.2M represents the value of £ beyond which the linear
truncation starts to fail.

TABLE I. Fundamental mode of axial electromagnetic QNMs
[see Eq. (31)] for different values of the coupling constant £ and
angular dependence #. Columns show the real and imaginary
parts (normalized by BH mass M) of the mode.

z &M MRe(wo,) MIm(wo,)
1 0.00 0.24826 —0.092486
1 0.07 0.24842 —0.092477
1 0.09 0.24852 —0.092473
1 0.10 0.24858 —0.092468
1 0.15 0.24898 —0.092447
1 0.20 0.24953 —0.092425
2 0.00 0.45760 —0.095004
2 0.07 0.45785 —0.095000
2 0.09 0.45802 —0.094997
2 0.10 0.45812 —0.094996
2 0.15 0.45878 —0.094986
2 0.20 0.45970 —0.094976
TABLE II. Fundamental mode of polar electromagnetic QNMs

[see Eq. (38)] for different values of the coupling constant £ and
angular dependence #. Columns show the real and imaginary
parts (normalized by BH mass M) of the mode.

¢ &/M MRe(wy,) MIm(wyy)
1 0.00 0.24826 —0.09249
1 0.07 0.24810 —0.09250
1 0.09 0.24801 —0.092505
1 0.10 0.24794 —0.09251
1 0.15 0.24755 —0.09253
1 0.20 0.24700 —0.09257
2 0.00 0.45760 —0.095004
2 0.07 0.45734 —0.095009
2 0.09 0.45717 —0.095012
2 0.10 0.45707 —0.095014
2 0.15 0.45642 —0.095028
2 0.20 0.45550 —0.095051

where @y is the classical QNM value (i.e., the & = 0 value),
then one can find

. he?
S = —(0.0317,0.0017) = (42
! ( )3607r2m§M3 (42)
s — _(0,0526,00008)— "¢ (43)
2 3602m2M>3
S = (0.0315,0.0020) __het (44)
: R 360m2miM>’
2 _ (0.0524,0.0012) — " (45)
2 ’ T 3607%m2M> "

Notice the opposite sign in the correction of axial and polar
modes, showing immediately the breaking of isospectrality.
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(lower) in case of axial electromagnetic perturbations. Red crosses denote the numerically calculated quasinormal frequencies, while the

blue dashed line represents a linear fit.

These results can be checked against model-independent
expansions of the relevant effective potentials [36,37].
More precisely, for £ =1 the effective potentials (33)—
(40) yield

f(f;rl)jE
r r

3082M?
6 b

Vap/N = (46)

which in the terminology of Refs. [36,37] amounts to
having 6V = l/rﬂ(rH/r)%é, with gl = +15£2/(8M?).
From tabulated values in those papers, one can find that
Méw = £(0.0317,0.00184)£2/M?, in very good agree-
ment with the above results. On the other hand, for £ = 2,
Egs. (33)-(40) produce

(6 +1 3082M?  24ME?
Vap/N = ( 5 )ﬂ: < e t——= . (47)
r r r
From Eqgs. (7) and (8) in [36] we infer 6V =

1/ rg(rp/r)3BL + 1/ r (r/r)0BL,  with gl = £24£2/
(8M?) and B = £15&2/(8M?). Then, Eq. (11) in [36]
using tabulated values leads to Mdéw = +(0.0525,

0.0009)£%/M?, which is again in good agreement with
our results above.

D. The static limit

In the classical theory, the only static solution of
Maxwell equations in a Schwarzschild BH spacetime,
which is additionally spherically symmetric and vanishes
at spatial infinity, is the field of a point electric charge (i.e.,
the monopole ¢ =0 solution). This is precisely the
electromagnetic potential of the Reissner-Nordstrom BH
solution. Therefore, if we add this static electromagnetic
field as a small perturbation on the Schwarzschild BH
background, one can roughly say that the spacetime
becomes a Reissner-Nordstrom BH after “eating” this
electric charge.

Similarly, the static electrically charged BH solution of
the full semiclassical field equations (15) that we obtained
in Sec. III, Egs. (23) and (24), should be compatible with a
Schwarzschild BH that “eats” a static solution of the
semiclassical Maxwell equations (27). In other words,
the static solutions (w = 0) of (30) and (38) should be
compatible, or partially recover, the electromagnetic poten-
tial obtained in (22).
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Let us make this idea more precise. In the static limit
(w = 0), the master equations (30) and (38) reduce to

(V) ~ 2w, =0, (48)
N

where a prime stands for radial derivative. At infinity V, ~
£(¢ +1)/r* while N ~ 1, thus solutions behave as ¥, ~
a;r~¢ + a,r’*! for some constants a;, a,. At the horizon,
since V,/N is finite, we find ¥, ~ ¢| + ¢, log(r — 2M),
for some constants c;, c,. Demanding regularity at the
horizon requires ¢, =0, while regularity at infinity
demands a, = 0 for any . However, this is a big constraint,
since fixing ¢, = 0 as a boundary condition will, in general,
correspond to a; # 0, a, # 0 at infinity.

To see the implications of imposing these regularity
conditions, let us first analyze the classical case. First of all,
multiply (48) by the complex conjugate ¥} and integrate
outside the horizon to find,

o \%
0= [ ar((ve )y -3 P
oM N

© Vv
- vwwls, - [ dr(<N|\P;|2>+—f|le|2). (49)
M N

The first term is zero for any ¢ as a consequence of the
regularity conditions imposed above. On the other hand, for
positive-definite potentials, as in the classical case, the
integral in the second term is definite positive. If £ # 0 then
V,#0 and the above equation implies |¥,| =0 and
|¥,| =0, ie., the only regular solution is ¥, =0. If
£ =0, in the classical case we would have V, =0, and
the above equation would only imply |}, | = 0, so the most
general solution is W, = # = const. The axial sector is
trivial for Z = 0, since the angular derivatives vanish. This
solution is necessarily polar. Using then (34) this result
implies f*™ = Q/rd 90,0, Which, according to (28), is the
electromagnetic potential of a point charge. With this static
electromagnetic perturbation, the fixed Schwarzschild BH
background becomes, in a natural way, a Reissner-
Nordstrom charged BH. This is the expected result.

However, quantum corrections make the potential V, not
positive definite, so the above argument fails and there
could be nontrivial solutions satisfying the regularity
conditions at both the horizon and infinity. Let us look
for solutions of the form

Wo(r) =n+&Ex(r), (50)
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where 7 is the constant solution satisfying the classical
static limit equation for £ = 0 and y is the leading-order
quantum correction. Upon substituting this expansion in
Eq. (48), with the potential given by (40) and letting £ = O,
we have that the solution of the master equation is

2(r) = —%+ ¢1 = cy(r+2log (r—2M)). (51

By demanding regularity at the horizon and at spatial
infinity, then y(r) = ¢; — Mn/r>. Therefore,

Yo ~n—EMn/r’ + ¢ & (52)

This is the £ = 0 mode. For general £ # 0, we can do a
similar reasoning,

W (r) =0+ &7.(r). (53)

The solution to the Regge-Wheeler equation restricted to
order & in this case is given in terms of special functions.
Demanding regularity conditions at both the horizon and
infinity eventually renders y, = 0 for any £ # 0.

Equation (52) is polar, so from Eq. (34), we obtain that
fim~ci/r+nME/r*. Recalling that £ is the t com-
ponent of A, in (28), this finding is consistent with Eq. (22)
(c; can be reabsorbed in Q, and n < Q). In particular, this is
the leading-order result for (22) for small charge Q.

V. AXTIAL PERTURBATIONS ON A CHARGED
BLACK HOLE WITH DRUMMOND-HATHRELL
CORRECTIONS

In this section, we address the original problem posed at
the beginning of Sec. IV. Namely, we will derive the
|

[ 0
0 0 14 0
G (1,7,0,p) = ™"
a1 ) ; m;f —ho(r) csc 6’%’,;”’
| ho(r) sin6 %

for some radial functions hg gz, (r), hyz,(r). Then, the
problem reduces to determining the three unknown func-
tions hg ¢ (7)s higm(r), a”™(r) by perturbing the semi-
classical field equations to first order in perturbations,

Ep = 8G — 878(T% + (T,)) =0,  (57)

coupled system of equations governing the propagation of
both electromagnetic and gravitational linear perturbations
on the background BH solution (23) and (24), with Q # 0.
Still, we will only deal with the axial case, which is simpler.
The complexity of the problem is already formidable, and
all calculations require using the software XACT for tensor
algebra manipulations with Mathematica. The polar case,
technically much more involved, is qualitatively similar and
is not expected to provide any new insight.

Using (12), and restricting to the a, b, ¢ corrections, we
derive the explicit form of the semiclassical field equa-
tions (15). Then, we look for solutions of these equations
with a metric and electromagnetic potential of the form

0 1
Yab = gElb) + g(ab)?
A, =AY 1 AY, (54)

where gfg,) and AY) are given in Eqgs. (23) and (24) of

Sec. III. For the electromagnetic perturbation, we expand
again in Fourier modes of frequency @ and vector spherical
harmonics of odd parity,

0
Sy ;
Aa (t’ r’ 9’ ¢) = e_ia” aﬂm(” E)
=1 m=—¢ sin@ (3,/,Y ‘m
—a’™(r) sin 09, ,,
(55)

for some radial functions a’™(r). For the gravitational
perturbation, we have to expand in terms of tensor spherical
harmonics of odd parity. In the Regge-Wheeler gauge
fixing, this can be written as [8]

0 —ho(r) csc 0% h(r) sin 6 % ]
0 —hy(r)csc 0%z hy(r) sin6 %2
. (56
—hy (r) csc 6% 0 0 56)
hy(r) sin @ 2o 0 0 |
MP =V ,5F* - 5(Jb) = 0, (58)

taking into account that dg,, = gﬁllb) and 6A, = AE,]).
Explicit expressions for the linearized semiclassical equa-
tions can be obtained using XACT, but the output is too
cumbersome to fit in these pages.
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A. Gravitational perturbations

By introducing (55) and (56) in the perturbed semi-
classical Einstein equation (57), we get four independent,
nontrivial equations: Ey =0, E,y =0, Egg =0, Egy = 0.
The equation Eg, = 0 can be solved for 1™ (r) in terms of
h{™(r) and its derivatives. Then Egy =0 is satisfied
identically, and we remain with two independent equations,
E, and E,g, and one unknown function 2{"(r). Doing

. f o f .
the transformation A{"(r) = Q2% \(r) I_T:LQ_;, the equation
' |

(Q*+r(—2M+7))? +8k1Q2(Q2 +r(=2M +1))(1790% + 5r(=76M +45r))

E,y =0 leads to a second-order differential equation for

Qf):’ilal(r)’

d* d
Ci() 33+ G -+ (@ = Ci(w.£.1)) | Q42

dafm

= C4(CO, r)afm -+ C5 (Cl), r) _dr s (59)

where

C = 7] 8 J
r Sr

c— 2(Q>—Mr)(Q*+r(=2M +7)) 8k;Q*(8120*+ Q*r(—3033M + 1496r) + 51> (568M?* — 569M r + 14672))

T r 5r° '

(Q*+r(=2M+7))(4Q*+r(—=6M +Lr)) 208k, Q*w?
C3= /6 - A
8k, 02 115200 — Q*r(6831M + (—3392 +47L)r) + Q*r*(13632M? + (—13768 + 199L)Mr—3(—1186+39L)r?)
! (Q*+r(=2M +r))5r1°
_8k,0 [—1840M?> —42(—68 + L)M?r+ (—1525+49L)Mr* —=2(—=141+7L)r]
! (Q>+r(=2M+r))r’ ’
c,  8i\/mQw(Q*+r(-2M +r)) +8ikl\/EQw(Q2+r(—2M+r))(480Q2 +312r(=2M + 7)) (60)
- IS 9 ’
1056ik;/7Qw(Q? + r(-2M + r))?
CS _ _ 1\/_ ( rg ( )) , (61)
|

and L = (¢ + 1). To arrive at this expression, we have
made use of the classical result to get rid of a source term afm — [1 " k (80Q2 — 8Mr)] Zém (63)
k, "{;‘;Zm, which is allowed to first order in k. In the classical rt °
limit k; = 0, our result recovers the expression found by
Zerilli® [Eq. (20) in [38]]. Furthermore, for Q =0 we ) )
recover the ordinary Regge-Wheeler equation, as expected ~ Which yields
from the results of the previous section.

The last independent equation E, =0 is satisfied 2
identically with hg’" and hf’” (or Q) satisfying the [1{72 —+ NN i + (? - Vi( r))} Zé’”
above equations. The only last step is to solve (59) for dr dr

¢m Equation (59) can be recast as an ordinary Regge- ~ dzgm

axial — ‘m e
Wheeler equation with the transformations Calw,r)Ze" + Cs(@. 1) dr ’ (64)

4k 0*(890Q? + 5r(—40M +27r))] .,
54(Q> + r(=2M +r)) ¢

12 _
Qa)?ilal =1

’

(62)

Up to a redefinition a’™ — a’™/(v/4x), which is due to a
different convention in (5).

where N = v/ —6N? is the usual function of the background
metric (16)—(22), and

(Q? + r(=2M + 1)) (4Q? + r(—6M + Lr))

7

vy = (63)
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8k10?(4260% + Q?r(—1521M + (394 +83L)r) +5r2(272M> — (139+31L)Mr+12(1+L)r?))
- 5r10 ’
e  8i\/mQw(Q*+r(-2M +r)) | 32ik, VEQw(5290% + 10(79M —39r)(2M —r)r> + 50%r(=374M +193r))

4
r 5/ ’

(66)
valid to first order in k;.

B. Electromagnetic perturbations

By plugging (55) and (56) in the explicit expression that one gets for the perturbed semiclassical Maxwell equation (58),
we obtain only one independent nontrivial equation: M? = 0. By evaluating this equation in the gravitational and
electromagnetic backgrounds (23) and (24), and taking into account the values of hg’”( r), hf’”(r) obtained in the previous
section for the metric perturbations, we are able to find the following second-order ODE for the electromagnetic
perturbation a“”:

d2 ‘m

d d axial
D1(V)W+D2(V>E+ (0 = Ds(w.2. 7)) |a”™ = Dy(w, r) Q4% + Ds(w, r>d—drla (67)

where

(Q* +r(=2M +1))*  8ki(Q* + r(=2M + r))(48Q" + 10M(2M — r)r* +50°r(=19M + 5r))

DIZ

r 5r8 '
b, _ A=0*+Mr)(Q* + r(-2M + 1)) N 8ki (0% + r(=2M +r))(3980* + 10M (8M — 3r)r* + 50%r(—139M + 42r))
2 r 5r° '
Da— (40> +Lr*)(Q* +r(=2M +71))
3= r6
8k, [44008 — 100°r(200M + 3(=27 + L)r) + Q*r*(2720M? + 140(=14 + L)Mr — 60(=5 + L)r* — 97r*w?)]
B 5719(Q% + r(=2M + 1))
_ sk =50%r3(192M3 + 8(—=17 + 5L)M?r +2(7 + 3L)r* — 8M(r + 2lIr)* + r*(—43M + 24r)w?)
! 5r19(Q% + r(=2M + 1))
16k M(=2M + r)(rw* +2L(=2M +r))
r(Q% +r(=2M +r)) ’
b, =2+ L)Q(Q>+ r(—2M + 1)) N 2iky (=2 +L)Q(610* + 60M(2M — r)r* + 50%r(—32M + 3r))
e 2/7rw 5\/xr’w ’
ik (24 L)Q(Q* +r(=2M + 1))
Ds = T , (68)

and L = Z(¢ + 1). In the classical limit k; = 0 our result recovers the expression found by Zerilli’ [Eq. (21) in [38]]. To

arrive at this expression, we have made use of the classical result to get rid of higher-order derivative terms in the source:
‘m 3 Hfm 4 Hf'm

ky a{der“‘;‘“‘, ky d Q“?i“‘, ky d i%i“‘, which is allowed to first order in k.

dr’

Equation (92) can be recast as an ordinary Regge-Wheeler equation with the transformations (62) and (63), which yields

N2 N L (w2 Ve 20 = Dato, 280 + Dy, 1) PE" (69)
) - - r = r r
dr? dr ‘ ¢ A@ 126 S\ dr ’

where N = v/—oN? is the usual function of the background metric (16)—(22). On the other hand,

°Up to a redefinition a”™ — a®” /(\/4x), which is due to a different convention in (5).
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_(4Q* + LP)(Q* + r(=2M + 1))

79

N 8k (—145208 +30M(2M — r)r*(SM + (=2 + L)r) + Q*r(5550M + (2290 + 127L)r))

5710
2,2(_ 2 _ — 2
L8k, Q%r*(—=1106M? + (922 r5109L)Mr—|—6( 31+5L)r )’ (70)
Bo—_ i(—2+L)0(Q*+ r(-2M +r)) 4i(=2 4+ L)Q(28Q* + 25M(2M — r)r* + 5Q%r(—14M + r)) 1)

= +
N 2\/mrw !

5w

Notice that for Q = 0 we recover our previous result, Eq. (30) with effective potential (33). Equation (69) thus generalizes

Eq. (30) when Q # 0.

C. Master equations

If we define the tortoise radial coordinate by dr = N(r)dr,, then electromagnetic and gravitational linear perturbations on
the background spacetime (23) and (24) of Sec. III propagate according to a pair of coupled wave equations,

2
drz

2
drs

2
{d + (0® = Vf/i(r))] Zgm = Cylw, r)Zim +

@ -vit) |z -

Cs(w, r)dzim
(@, r) dZ," 72
N(r) dr, (72)

Ds(w, r) dZi"

Dy(w, r)zim + 221 %6 (73)

N(r) dr,

All quantum corrections are encoded in the effective potential as well as in the source terms.
It is not difficult to check that, in a neighborhood around the BH horizon (25) and at spatial infinity » — oo, the effective
potential and source terms vanish to first order in k| ~ /. Consequently, the two linearly independent solutions of each of

the equations above can be still taken such that

me ~ A/lwfe_iwr*H + B/lwfeiwr*H s (74)
r—rgy

mer:mcmfe_iwr + D™, (75)

where 1€ {G, e} and, to first order in k;, the tortoise coordinate reads

r.(r) =

r_—ry
64 44r_ 8 220
+ =+

-
r-ry ory

r.—r_

VI. A CHARGED BLACK HOLE WITH EULER-
HEISENBERG CORRECTIONS

In this and in the next sections we want to compare the
charged BH solution that we have obtained in Sec. III from
the Drummond-Hathrell semiclassical corrections (23) and
(24) with the solution that one may get by working instead
with the Euler-Heisenberg corrections in (12).

Again, we evaluate the functional derivatives (14) using
XACT in order to obtain explicit expressions for <Tilh ),

(J 511) ), generated by the corrections A, B of (12). The output

}log(r—r_)Jr[qu ot

rr_—rry +rtloglr—r_] — 2 log[r — r] N ki [26 _152(r_ + ry) log[r]

5

r r_ry
64 4r, 8 220

toxtr=r.)|

r_—r,

is terribly cumbersome and not particularly interesting.
Then, we look for static and spherically symmetric sol-
utions of (15) by working with the metric Ansatz

2
ds*> = N(r)o(r)df* + Nd—( ] + r2d0* + r’sin’0dg?*,  (76)
r

and the electromagnetic potential

A(r) = (Ap(r),0,0,0). (77)
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Using these expressions in the semiclassical field equa-
tions (15) leads to four independent coupled differential
equations, three from the gravitational sector (the ¢z, rr, and
60 components) and one from the electromagnetic one (the
t component). To solve this system of coupled differential
equations, we write

2
N(r) = <1 —er”+%> (1+ ky8N),

o(r) = =1+ kydo,

aolr) = <=

where k, was defined in Eq. (13). The #¢ and rr components
of the Einstein equations, expanded to order O(k3), give

+ koA, (78)

A\/rr8 QA" — r*[réN'(Q* — 2Mr + r?)

300 _

+ 8N (r? — Q%) + Q%*60] + i 0, (79)

Q%66 + r((=2Mr + Q* + r*) (6N’ — &¢")

30
~4V/AQréA) + N (= Q7)) === =0.  (80)

and the nonzero component of the Maxwell sector yields
ar [4/mr(réA” 4+ 26A") — Q66'] —16Q° = 0. (81)

This coupled system of three differential equations can be
solved in full closed form. If we demand that the solution
approaches the Minkowski metric at spatial infinity [i.e.,
ON(r), 6o(r), 6A(r) = 0 as r > o0], and we fix the mass
and charge of the resulting solution to be M and Q,
respectively (by identifying the r~! and r~? prefactors in
the asymptotic expansion of the lapse function), one
obtains

Q4
SN (r) = 5ar*(Q* + r(=2M + 1))’
do(r) =0,
3
SA(r) = 5;:3QW (82)

which also satisfies the remaining fourth differential
equation of the system (the 86 component of the semi-
classical Einstein equations).

These results agree with the ones obtained in Egs. (54)
and (55) of Ref. [39] with the identification Q — —Q/+/4x,
and E, — m2/e = m2/\/4zxa. However, they differ by a
factor of 2/ from the ones obtained in Ref. [40].

Overall, the semiclassical metric and electromagnetic
potential solutions are

2M Q2 4
ds2:—<1——+Q—2+k2—>dt2
r

r 5xr®
n dr’ +12(d6? +sin20dg?),  (83)
2 4 ’
1-2M 49+ k25
ar) =—2 146,22 (84)
r) = ——\dt.
4rr *5nrt

To leading order in the coupling constant k,, the (highest)
roots of g,,(ry) =0 and g5} (ry) = 0 lead to

2

m + O(K3), (85)

;
rg =71, +k

where r, = M 4+ \/M? — Q> are the horizons of the
classical Reissner-Nordstrom BH. Therefore, this space-
time background contains a BH horizon at r = ry.

VII. AXTAL PERTURBATIONS ON A CHARGED
BLACK HOLE WITH EULER-HEISENBERG
CORRECTIONS

We will now derive the wave equations for the propa-
gation of electromagnetic and gravitational linear pertur-
bations on the spacetime background obtained in Sec. VI,
given in (83) and (84).

For Q = 0this background reduces to the ordinary, neutral
Schwarzschild spacetime. Since the Euler-Heisenberg cor-
rections only produce quadratic (or higher-order) polyno-
mials in F,;, on the rhs of both equations in (15), linear
perturbations around a background with F,, =0 do not
produce any deviation with respect to the classical case.
Therefore, unlike the Drummond-Hathrell case described in
Sec. 1V, the problem is trivial if O = 0 (i.e., perturbations
totally decouple and the problem reduces to that of solving
classical Maxwell equations in a neutral background). For
this reason, we will focus directly on the most general
case, Q # 0.

To solve this problem, we follow exactly the same steps
as in Sec. V. First of all, we derive the specific semiclassical
field equations (15) that one obtains from the effective
action (12) by taking suitable field variations (14) of the A,
B corrections. This is carried out using XACT. We then
linearize this answer by using the decomposition (54) for
both the metric and electromagnetic potential, using the
Ansdtze (56) and (55), respectively, and working again with
XACT. This produces lengthy tensorial equations that we
denote by (57) and (58). Our final task is to determine the
three unknown functions % 4,,(r), hy zpw(r), a®™ in (56)
and (55) by solving these equations.

A. Gravitational perturbations

The problem is very similar to the one described in
Sec. V. If we plug (55) and (56) in the explicit expressions

105022-17



ADRIAN DEL RiO and EVELYN-ANDREEA ESTER

PHYS. REV. D 109, 105022 (2024)

that one gets for the perturbed semiclassical Einstein
equation (57), we get four independent nontrivial equa-
tions: Ey =0, E,p =0, Egg = 0, Eyy = 0. The equation
Egy = 0 can be solved for A§™(r) in terms of h{™(r) and its
first derivative. Then Eyy = 0 is satisfied as an identity, and

d2

d
d2+C2()

Cy(r) ar
where, up to O(k3), we have

(Q*+r(-2M+r))? +sz4(Q2 +r(=2M+r))

+ <a) - C3(w Z, r)) axlal

we remain with two independent equations, E,y and E,,
and one unknown function 4" (r). Doing the transforma-
tion h{™(r) = Q™ (r) the equation E,, = 0 leads

axial 7M+QZ’

r 1,2

to a second-order differential equation for Q2" (r),

= Cy(w, r)a’™, (86)

€= r 5rd ’
2(Q*—Mr)(Q>+r(=2M+7)) 2k, Q*(7Q*+ r(—=16M +9r))
Co== P B 5zr° ’
Cae (Q>+r(=2M+1))(4Q*+r(—6M +Lr)) B ky Q*(200* +20Q%r(—46M +25r) + r*(108M? — 120M r + 34r* — @ r*))
3T 70 52r'%(Q*+r(=2M +r)) ’
c _8i/aQw(Q* +r(-2M +71)) 8ik,Q’w
4 r 5\/mr’

and L = £(¢ + 1). For k, = 0 we recover the classical limit of Zerilli'” [see Eq. (20) in [38] ]. In addition, for O = 0 we
recover the well-known Regge-Wheeler equation for gravitational perturbations on a Schwarzschild background.
We now rewrite the above equation as a Regge-Wheeler equation,

dr

_d> . d .
{NZWJF NN'—+ (0* - V‘;(V))] Zg" = Cy(w.r)Z", (87)

for some Z; and Z,, and where N =
accomplished with the transformation

k04

V—6N? is the usual function of the background metric (76)—(82). This is

OQaxial = |:1 - 5]_”_4(

Q% + r(=2M +r))

}ZG, (88)

2
[1 el ]zfm (89)

which leads to

VI =

(0 + r(=2M + 1)) (4Q% + r(=6M + Lr))  krQ*(—120% + r(22M — (8 + L)7))
rs B 52710 . (90)
Eylwnr) = 8i/mQ(0? + r(—2M + e . 8iky(60% + 5031 (=2M + r))w o)

=

5\/xr’

B. Electromagnetic perturbations

We repeat the same steps of previous sections. Namely, we plug (55) and (56) in the specific result that we obtain for the
perturbed semiclassical Maxwell equation (58) using XACT, and we obtain only one independent nontrivial equation:
M? = 0. We evaluate this equation in the spacetime and electromagnetic backgrounds of Sec. VI, given in (83) and (84).

"Up to a redefinition a’™ — a?™ /(\/4x), which is due to a different convention in (5).
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Taking into account the values of 5™ (r), h{™(r) obtained in the previous subsection for the metric perturbations, we are

able to find the following second-order ODE for the electromagnetic perturbation a’™:

4> d
Dy (r) s D, (r) ot (0 = D3(w.2.1)) |a”™ = Dy(w, r) Q%0 (92)
where now
(Q* 4+ r(=2M + 1)) Mky(Q* —2Mr + r*)(9Q* — 20M Q*r + 100Q?%1?)

by = rt B 5mrd ' ©3)

2(—Q2 + Mr)(Q2 + r(—2M +r)) 2k2QZ(27Q2 —50Mr + 20r2)(Q2 + r(—=2M +r))
D, = r + 5710 ’ (94)
D.— 207 Q%r*(Q* + r(=2M + r))* + SLar*(Q? + r(-2M + r))? (95)

3 52r8(Q* + r(=2M + r))

N Mky(25LQ*(Q? + r(=2M + r))*> + Q*r*(11Q% + 10r(=2M + r))w?) (96)

5zr8(Q% + r(=2M +r)) '

S 2 _ L 5

D4:l( 24+ L)Q(0* + r( 2M—|—r))+z( 24+ L)0 kz’ (97)

2\/mwr? 10732 wr®

and L = £(¢ + 1). Again, for k, = 0 we recover the classical limit of Zerilli, up to a redefinition of a’™ [see Eq. (21) in [38]
and our footnote 7]. Furthermore, for Q = 0 we recover the well-known Regge-Wheeler equation for electromagnetic
waves on a Schwarzschild background.

Performing the change of variables (88) and (89), we can cast the above result in terms of a Regge-Wheeler wave
equation,

2

- d - d -
N2P+NN/E+(CU2—V;(1’)> me :D4(w’ r)zém’ (98)

where

02(96Q* +5(2M — r)r2(48M + (=20 +7L)r) =402 r(110M + (=504 9L)r))
10 ’

(99)

. (40*+Lr*)(Q*+r(-2M +r))
Vf = r6 —k2

Sxr

_i(=2+L)Q(Q* +r(=2M +71)) L i(=2+L)Q*(60% +5r(-2M + r))

D =
N 2\/mwr’ : 10732 c0r®

. (100)

C. Master equations

To conclude, we can write the linearized Einstein and Maxwell coupled system of equations, with one-loop Euler-
Heisenberg corrections, as a pair of two coupled Regge-Wheeler equations for the variables Zé’” and Z%™,

d? N
Lt @ -]y = Culon iz, (1o
d? .
{W + (o - Vfﬂ(r))} Z" = Dy(w. ) Zg", (102)

where the tortoise coordinate is given by dr = N(r)dr,. To first order in k,, the integration yields
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_ 2 1 _ — 2 1 _
r(r) = rr_—rry +r2 oi[r_ rr_] ri log[r —ry]
-y
r 2
k[ 1 TEs T I 20+ ) loglr] N 2r3 (=2r_+ry)log[r—r_ ] = 2r2(r_ = 2r, ) log[r — r.]
S5p| r ro—ry)? r_ry r_(ro—ry)’r,

where r. = M 4+ \/M?* — Q? are the two classical horizons
for a Reissner-Nordstrom BH. Similar to what happens in
the Drummond-Hathrell case, in a neighborhood around
the BH horizon (85) and at spatial infinity r — oo, the
effective potential and source terms vanish to first order
in k2 ~ h.

VIII. CONCLUSIONS AND FINAL REMARKS

The advent of gravitational-wave astronomy has put BHs
in the spotlight. In particular, gravitational interferometers
can extract the ringdown signal of solar-mass binary BH
mergers, from which we can study the physics underlying
BH dynamics via the analysis of QNM frequencies.
According to classical general relativity, for BHs these
frequencies can only depend on three parameters: mass,
spin, and electric charge. Current expectations for high
precession measurements in future generation gravita-
tional-wave interferometers motivates us to take a step
forward and to calculate quantum corrections for BHs and
their imprints in QNM frequencies.

Even though the theory of quantum fields in curved
spacetime is a mature field of research that dates back to as
early as the 1960s, the intrinsic difficulties inherent in this
framework complicates making significant progress in
practical calculations. In particular, the space of solutions
of the semiclassical Einstein equations is still pretty much
unexplored. Furthermore, linear perturbation theory has not
even been addressed in this framework to the best of our
knowledge.

Much of the difficulties in the search for solutions to the
semiclassical field equations is owed to the problem of
renormalization in curved spacetime. In practical applica-
tions, we do not have a systematic way to renormalize the
vacuum expectation value of the stress-energy tensor of
quantum fields and to solve these equations for a suffi-
ciently wide family of spacetime metrics, not even using
numerical methods. In this work, we have opted to work
with perturbative expansions of the one-loop effective
action that can be obtained using heat kernel techniques.
These approximations miss the physical details of the
quantum state, but they still provide leading-order quantum
corrections to the classical action of general relativity,
which are expected to dominate for weak background
fields.

’

(103)

In the present work, we used the Drummond-Hathrell
[24] and Euler-Heisenberg [21] approximate expressions
for the one-loop effective action to derive static, spherically
symmetric solutions of the full Einstein-Maxwell semi-
classical equations. We have been able to find solutions that
are exact to leading order in Planck’s constant. Our results
can be found in (23), (24) and (83), (84), respectively. The
latter case agrees with previous studies [39]. Interestingly,
the quantum corrections do not add more “hair” to the
classical BHs (at least, in spherical symmetry). More
precisely, after imposing asymptotic flatness and the values
for the mass M and electric charge Q of the resulting
compact object, all free constants of integration vanish. The
corrections are entirely determined by the two parameters
M and Q.

According to general relativity, BHs react when they are
subject to small perturbations, as a consequence of which
they emit gravitational radiation with a characteristic
frequency spectrum. If they are electrically charged, they
can also emit electromagnetic radiation with an associated
spectrum. We have studied here the propagation of both
electromagnetic and gravitational linear perturbations
around the semiclassical solutions (23), (24) and (83),
(84). We have first addressed the Q = 0 case for (23) and
(24), since in this case the Maxwell sector still receives
quantum corrections (the gravitational sector does not). In
particular, we have derived the equation describing the
propagation of both axial and polar electromagnetic per-
turbations subject to vacuum polarization effects, which
can be consulted in (33) and (40), respectively. To complete
the analysis, we also computed the spectrum of character-
istic frequencies for the fundamental tone and the first few
angular momentum values, written in Eqs. (42)-(45). We
verified that quantum corrections scale linearly with
Planck’s constant, and that the classical isospectrality
is lost.

After this, we addressed the full perturbation problem for
Q # 0. For axial perturbations, and for both backgrounds
(23), (24) and (83), (84), we have obtained the relevant
coupled pair of Regge-Wheeler master equations that
govern the evolution of these linear waves. Main results
can be seen in (72) and (73) for Drummond-Hathrell
corrections and (101) and (102) for Euler-Heisenberg
corrections. In the classical limit we recover well-known
results [38,41]. Our findings extend these references when
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vacuum polarization effects of electron-positron pairs are
taken into account. Polar perturbations, on the other hand,
are technically much more involved due to the existence of
many more field variables and issues with gauge invari-
ance. We found significant difficulties in solving this
problem, particularly because our Mathematica notebooks
were unable to produce results, even with the use of the
powerful packages of XACT. This study is left for a
future work.

In the future, we plan to calculate the dominant QNM
frequencies for the system of equations (72), (73) and
(101), (102), for the Drummond-Hathrell and Euler-
Heisenberg semiclassical solutions, respectively. At first
sight, one may think this is a straightforward exercise by
using standard numerical techniques. However, the pres-
ence of 7 makes the problem considerably more compli-
cated, a difficulty that gets particularly enhanced when
0O # 0. As discussed in Sec. IV C, since the actual value of
n is dozens of orders of magnitude below machine
precision, one is forced to do the numerical calculation
using several higher artificial values of %, from which one
expects to extract the actual numerical result for the QNM
spectra by linear extrapolation. However, we cannot use
arbitrarily big values of 7 either, otherwise perturbation
theory breaks down and, among other complications, the
corrections need not follow a linear dependence. On the
other hand, if the chosen values of 7 are still too small, one
may not have sufficient numerical precision to infer the
impact of 7 on the classical spectra, and quantum correc-
tions remain buried in numerical errors.

This issue arose already in the Q = 0 case, but it was still
tractable (see footnote 7). Because a nonzero electric
charge Q # 0 couples both equations in (72), (73) and
(101), (102), the problem gets qualitatively and signifi-
cantly more complicated than the Q = 0 case. For rela-
tively big values of 7 (but still below M?) we found that,
using the direct integration method (see the Appendix),
quantum corrections seem to affect the frequency spectra
quadratically, i.e., to order O(hz). Taken at face value, this
would mean that, to leading order in the perturbative
(quantum) framework, the QNM frequency spectra remains
unaffected. However, this is not apparent from equa-
tions (72), (73) and (101), (102), which include explicit
O(h') corrections. On the other hand, when we decreased
the size of 7 in order to approach the linear regime, we
found convergence problems against variations of the
parameters used. The determination of the QNM frequency
spectra when Q # 0 is technically more demanding and
deserves a separate study.

As remarked in the Introduction, effective field theories
have a broad range of validity, which make them useful to
test fundamental physics. The most general low-energy
limit of quantum gravity and electrodynamics is expected
to have the form of (12) for some unknown coefficients a,
b, c, etc. From a theoretical viewpoint, their specific value

depends on the details of the particular UV completion of
the theory. Although calculations would become more
tedious, our results could be easily extended for free
parameters in the action (12), so that their theoretical
prediction could, in principle, be tested with gravita-
tional-wave observations.
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APPENDIX: NUMERICAL METHOD

In this appendix, we briefly review the direct integra-
tion method for computing the QNM spectra, which we
used here to derive the numerical values in Tables I and II.
These tables contain the electromagnetic quasinormal
(QN) frequencies for Q =0 when Drummond-Hathrell
corrections are considered, corresponding to Egs. (31) and
(38) for axial and polar perturbations, respectively (recall
that the classical gravitational QN spectra do not get
affected when Q = 0). This method can also be applied to
calculate the QNM spectra of equations (72) and (73)
(Drummond-Hathrell corrections) and (101) and (102)
(Euler-Heisenberg corrections), valid when Q # 0. For
completeness, we will treat here the general description
for any Q. On the other hand, for details on the pseudo-
spectrum technique, which we only used in Sec. IV C, we
refer to the original papers [34,35], which include all the
necessary mathematical machinery.

As mentioned in Secs. V C and VII C, in a neighborhood
of the BH horizon and at spatial infinity, the effective
potentials and source terms vanish to first order in 7.
Therefore, the boundary conditions that define the QNMs
are still formally equal, as in the classical theory,
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zn r:rHe—iwf»«H, (A1)
zem ~ elorn, (A2)

T r—00

but with r,z = r,(ry) the (quantum-corrected) tortoise
coordinate evaluated at the horizon radius. To reach
sufficient numerical precision in the calculation, we need
to include higher-order terms in the above asymptotic
relations. We can do this by using Frobenius expansions
of the form"'

ordH
> G. .
Zé’f‘e = e7'O"H fo,-e(r —ry), (A3)
i=0
ord/ nge
Zér,ne — ol®rn z ii . (A4)
i=0
G,e

The coefficients f;* and ¢%¢ are obtained by solving
iteratively and order by order the field equations (72) and

""We have omitted the 2 label in the coefficients since there is
no actual dependence on the azimuthal number due to spherical
symmetry of the background.

(73) (Drummond-Hathrell corrections) or (101) and (102)
(Euler-Heisenberg corrections), together with the initial
value ¢%¢ = f%¢ =1. Once all these coefficients are
calculated, we integrate twice the field equations, from
the horizon and from infinity, using (A3) and (A4) and their
derivatives as boundary conditions. We then impose a C!
matching of the two numerical results at some intermediate,
but otherwise arbitrary, value of the radius ry,. This
matching condition severely constrains the possible values
that @ can take and produces the QNM frequency spectra.

For Q =0 and Drummond-Hathrell corrections, the
results found for the allowed values of @ are shown in
Tables I and II for # = 1,2 and several values of the
coupling constant £ ~ k; (see footnote 7 for details). We
used ordH = 11 and ord/ =9 for the truncation of the
Frobenius expansions (A3) and (A4). To avoid the coor-
dinate singularity at the horizon radius, we need to integrate
slightly away from this location. When Q =0 the BH
horizon (25) reduces to the ordinary Schwarzschild
radius, ry = 2M, so we locate the effective horizon at
re ==2M(1 4 ¢€). Similarly, we place spatial infinity at
some finite value r,, < co. We checked the convergence of
our calculations against variations of €, ro, and ry,. In
particular, the digits shown in Tables I and II are robust for
€€ (102,107, ry, €[20,40], and rip € [, re)-

[1] N.D. Birrell and P.C.W. Davies, Quantum Fields in
Curved Space, Cambridge Monographs on Mathematical
Physics (Cambridge University Press, Cambridge, England,
1982).

[2] R. M. Wald, Quantum Field Theory in Curved Space-Time
and Black Hole Thermodynamics, Chicago Lectures in
Physics (University of Chicago Press, Chicago, IL, 1995).

[3] L. Parker and D. Toms, Quantum Field Theory in Curved
Spacetime: Quantized Fields and Gravity, Cambridge
Monographs on Mathematical Physics (Cambridge Univer-
sity Press, Cambridge, England, 2009).

[4] L. Barack et al., Classical Quantum Gravity 36, 143001
(2019).

[5] C.P. Burgess, Living Rev. Relativity 7, 5 (2004).

[6] K. D. Kokkotas and B. G. Schmidt, Living Rev. Relativity 2,
2 (1999).

[7]1 H.-P. Nollert, Classical Quantum Gravity 16, R159 (1999).

[8] E. Berti, V. Cardoso, and A. O. Starinets, Classical Quantum
Gravity 26, 163001 (2009).

[9] R. A. Konoplya and A. Zhidenko, Rev. Mod. Phys. 83, 793
(2011).

[10] V. Baibhav, M. H.-Y. Cheung, E. Berti, V. Cardoso, G.
Carullo, R. Cotesta, W. Del Pozzo, and F. Duque, Phys. Rev.
D 108, 104020 (2023).

[11] H. Zhu, J.L. Ripley, A. Cirdenas-Avendafio, and F.
Pretorius, Phys. Rev. D 109, 044010 (2024).

[12] M. H.-Y. Cheung et al., Phys. Rev. Lett. 130, 081401
(2023).

[13] K. Mitman et al., Phys. Rev. Lett. 130, 081402 (2023).

[14] R. Brito, V. Cardoso, and P. Pani, Lect. Notes Phys. 906, 1
(2015).

[15] H.-P. Nollert, Phys. Rev. D 53, 4397 (1996).

[16] R. G. Daghigh, M. D. Green, and J. C. Morey, Phys. Rev. D
101, 104009 (2020).

[17] E. Barausse, V. Cardoso, and P. Pani, Phys. Rev. D 89,
104059 (2014).

[18] J. L. Jaramillo, R. Panosso Macedo, and L. Al Sheikh, Phys.
Rev. X 11, 031003 (2021).

[19] M. H.-Y. Cheung, K. Destounis, R. P. Macedo, E. Berti, and
V. Cardoso, Phys. Rev. Lett. 128, 111103 (2022).

[20] P. Beltran-Palau, A. del Rio, and J. Navarro-Salas, Phys.
Rev. D 107, 085023 (2023).

[21] G.V. Dunne, Heisenberg—Euler effective Lagrangians:
Basics and extensions, in From Fields to Strings: Circum-
navigating Theoretical Physics (World Scientific, Singapore,
2005), pp. 445-522.

[22] J.Z. Simon, Phys. Rev. D 41, 3720 (1990).

[23] J.Z. Simon, Phys. Rev. D 43, 3308 (1991).

[24] I. T. Drummond and S.J. Hathrell, Phys. Rev. D 22, 343
(1980).

[25] R. M. Wald, General Relativity (Chicago University Press,
Chicago, 1984).

105022-22


https://doi.org/10.1088/1361-6382/ab0587
https://doi.org/10.1088/1361-6382/ab0587
https://doi.org/10.12942/lrr-2004-5
https://doi.org/10.12942/lrr-1999-2
https://doi.org/10.12942/lrr-1999-2
https://doi.org/10.1088/0264-9381/16/12/201
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1088/0264-9381/26/16/163001
https://doi.org/10.1103/RevModPhys.83.793
https://doi.org/10.1103/RevModPhys.83.793
https://doi.org/10.1103/PhysRevD.108.104020
https://doi.org/10.1103/PhysRevD.108.104020
https://doi.org/10.1103/PhysRevD.109.044010
https://doi.org/10.1103/PhysRevLett.130.081401
https://doi.org/10.1103/PhysRevLett.130.081401
https://doi.org/10.1103/PhysRevLett.130.081402
https://doi.org/10.1007/978-3-319-19000-6
https://doi.org/10.1007/978-3-319-19000-6
https://doi.org/10.1103/PhysRevD.53.4397
https://doi.org/10.1103/PhysRevD.101.104009
https://doi.org/10.1103/PhysRevD.101.104009
https://doi.org/10.1103/PhysRevD.89.104059
https://doi.org/10.1103/PhysRevD.89.104059
https://doi.org/10.1103/PhysRevX.11.031003
https://doi.org/10.1103/PhysRevX.11.031003
https://doi.org/10.1103/PhysRevLett.128.111103
https://doi.org/10.1103/PhysRevD.107.085023
https://doi.org/10.1103/PhysRevD.107.085023
https://doi.org/10.1103/PhysRevD.41.3720
https://doi.org/10.1103/PhysRevD.43.3308
https://doi.org/10.1103/PhysRevD.22.343
https://doi.org/10.1103/PhysRevD.22.343

ELECTRICALLY CHARGED BLACK HOLE SOLUTIONS IN ...

PHYS. REV. D 109, 105022 (2024)

[26] J. M. Martin-Garcia et al. (2002-2013), http://xact.es/.

[27] J. M. Martin-Garcia et al. (2013), http://xTensor.es/.

[28] T. Nutma, Comput. Phys. Commun. 185, 1719 (2014).

[29] D. Vassilevich, Phys. Rep. 388, 279 (2003).

[30] L. G. Avramidi, Nucl. Phys. B355, 712 (1991); B509, 557(E)
(1998).

[31] I. G. Avramidi, Phys. Lett. B 238, 92 (1990).

[32] V. Cardoso and J.P.S. Lemos, Phys. Rev. D 64, 084017
(2001).

[33] S. Chen and J. Jing, Phys. Rev. D 88, 064058 (2013).

[34] R. P. Macedo, J. L. Jaramillo, and M. Ansorg, Phys. Rev. D
98, 124005 (2018).

[35] R.P. Macedo, Classical Quantum Gravity 37, 065019
(2020).

[36] V. Cardoso, M. Kimura, A. Maselli, E. Berti, C.FE. B.
Macedo, and R. McManus, Phys. Rev. D 99, 104077
(2019).

[37] R. McManus, E. Berti, C.F. B. Macedo, M. Kimura, A.
Maselli, and V. Cardoso, Phys. Rev. D 100, 044061 (2019).

[38] FE.J. Zerilli, Phys. Rev. D 9, 860 (1974).

[39] R. Ruffini, Y.-B. Wu, and S.-S. Xue, Phys. Rev. D 88,
085004 (2013).

[40] G. Abbas and H. Rehman, Fortschr. Phys. 71, 2200205
(2023).

[41] S. Chandrasekhar, The Mathematical Theory of Black
Holes, The International Series of Monographs on Physics
(Clarendon Press, Oxford, 1983).

105022-23


http://xact.es/
http://xact.es/
http://xTensor.es/
http://xTensor.es/
https://doi.org/10.1016/j.cpc.2014.02.006
https://doi.org/10.1016/j.physrep.2003.09.002
https://doi.org/10.1016/0550-3213(91)90492-G
https://doi.org/10.1016/S0550-3213(97)00717-7
https://doi.org/10.1016/S0550-3213(97)00717-7
https://doi.org/10.1016/0370-2693(90)92105-R
https://doi.org/10.1103/PhysRevD.64.084017
https://doi.org/10.1103/PhysRevD.64.084017
https://doi.org/10.1103/PhysRevD.88.064058
https://doi.org/10.1103/PhysRevD.98.124005
https://doi.org/10.1103/PhysRevD.98.124005
https://doi.org/10.1088/1361-6382/ab6e3e
https://doi.org/10.1088/1361-6382/ab6e3e
https://doi.org/10.1103/PhysRevD.99.104077
https://doi.org/10.1103/PhysRevD.99.104077
https://doi.org/10.1103/PhysRevD.100.044061
https://doi.org/10.1103/PhysRevD.9.860
https://doi.org/10.1103/PhysRevD.88.085004
https://doi.org/10.1103/PhysRevD.88.085004
https://doi.org/10.1002/prop.202200205
https://doi.org/10.1002/prop.202200205

