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Weyl formula and thermodynamics of geometric flow
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We study the Weyl formula for the asymptotic number of eigenvalues of the Laplace-Beltrami operator
with Dirichlet boundary condition on a Riemannian manifold in the context of geometric flows. Assuming
the eigenvalues to be the energies of some associated statistical system, we show that geometric flows are
directly related with the direction of increasing entropy chosen. For a closed Riemannian manifold we
obtain a volume preserving flow of geometry being equivalent to the increment of Gibbs entropy function
derived from the spectrum of Laplace-Beltrami operator. Resemblance with Arnowitt-Deser-Misner
formalism of gravity is also noted by considering open Riemannian manifolds, directly equating the
geometric flow parameter and the direction of increasing entropy as time direction.

DOI: 10.1103/PhysRevD.109.105010

I. INTRODUCTION: WEYL ASYMPTOTIC
FORMULA AND ENTROPY FUNCTION

In the early 20th century, Hermann-Weyl proved a
formula for the asymptotic number of eigenvalues of the
Laplace-Beltrami operator acting on space of functions
satisfying Dirichlet boundary conditions on the boundary
of a bounded domain R? [1]. In particular he proved that if
N(E) are the number of eigenvalues of such an operator up
to some value E, then

im "

with Vol M being the d-dimensional volume of M and w, is
the volume of the unit sphere in R¢. He also conjectured the
two-term asymptotics of N(E) in [2], which was later
proved by [3]. This can be stated as follows; given the
d-dimensional Laplace-Beltrami operator, the two-term
asymptotic formula for the number of eigenvalues N(E)
lying up to a given energy level E is given by the following
relation:

_ wyzVolM
@2m)

(1)

N(E) ~ coE? + ¢,ET, (2)

with M being a region in Euclidean space R¢ and “+ or
“~" depends on the choice of Dirichlet or Neumann
boundary conditions, respectively. The constants in this
case are
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with Vol oM being the (d — 1)-dimensional volume of the
boundary oM and w,, w,_; are the volume of unit spheres
in R? and R%!, respectively. One can consult [4] for an
excellent review with further references on this topic.
Kac [5] and Pleijel [6] investigated this matter further to
ask if it is possible for an observer to decipher the shape of
a membrane by listening to its vibrations." It turned out that
to some extent this is indeed possible as pointed out by
Mckean and Singer [7]. They proved the following result.
Let A be the Laplace-Beltrami operator on a d-dimensional
Riemannian mamfold M without boundaries, equipped
with a metric? gij» then the partition function (heat kernel)
is given by

z=) "

T——Z
180 3

1
Co ="
" (@)

TzVolM 75 [\ /gdx‘R
)t 6(4n)t

/\/_dx"Q + O(T3). (4)

Where y, are the eigenvalues of —A, and Q = 10A—
B +2C, with A, B, and C being particular quadratic
polynomials in the Riemann tensor [7], on which we will

'"The work of Kac in [5] is interestingly titled; Can one hear
the shape of a drum?

20 1 ii
A=——0,; 0.
\/@ z( |g|g j)
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elaborate more in later sections. The idea of hearing in this
context is equivalent to inferring the area or volume of the
manifold M (or the shape of M) from the knowledge of
all the eigenvalues of A. Equation (4) therefore certainly
makes the shape of M audible enough. Considering a more
general case by allowing M to be an open d-dimensional
manifold with compact (d — 1)-dimensional boundary oM,
the spectra of —A, with Dirichlet boundary conditions
imposed yield the partition function,

L, _TEVolM _T*VoloM T+ [ /gdx'R

d-1

(4m)f  4(4n)T 6(4n)t
4-1 ! dx@-1 s
. fg(ﬁ; " o), (5)

with ¢/ ; being the metric on the boundary of M i.e. 0M and
H being the mean curvature on dM. Therefore, M is again
audible along with the shape of the boundary oM.

It is interesting to note a bridge between statistical
physics and geometric quantities through these formulas
by considering the eigenvalues of A as energy eigenstates
of some statistical system. Although not pertaining to the
Laplace-Beltrami operator, the idea of geometric flows
originating from the minimization of energy functionals
can be traced back to the main ideas behind Ricci flow in
[8,9]. The author of [9] started with a metric g;; with strictly
positive Ricci curvature R;; and proposed improvement of
the metric by the means of a heat equation known as
Hamilton’s Ricci flow equation. Interestingly Perelman in
[10], was the one to show that the Ricci flow equation can
be formulated as an energy minimization problem through
the Perelman F functional, which can also be thought of as
a string model in dilaton gravity from the physicists
perspective. This was in fact the key step in proving the
Poincaré conjecture. Ricci flow has also been shown to be
the geometric counterpart of the renormalization group
flow for string sigma models in [11,12].

Ricci flow has been studied in various contexts of
physics such as different saddle points or black hole
solutions of four-dimensional gravity [13], study of the
formation of singularity in three dimensions [14] or two-
dimensional flows asymptoting to dilaton black holes [15].
The other forms of geometric flows barring the Ricci flow
has found less space in the physics literature. In this paper,
our goal is to establish an equivalency between entropic and
geometric extremization problems. This is done by con-
structing suitable entropy functions, and understanding
geometric flows as positive entropy flow of the system.
We found relations between the area preserving curve
shortening flow of [16] or the volume preserving mean
curvature flows shown in [17,18], with the law of increment
of entropy or second law of thermodynamics. In the
following we will first discuss Egs. (4) and (5) from the
perspective of statistical ensembles in Sec. II. Section III
will elaborate on how these two ideas of geometric flows

and entropy functions are actually related. Finally we will
end with a discussion of our results in Sec. IV.

II. THE ENSEMBLES

To establish the relation between geometric flows and
the direction of increasing entropy, first we need to define
suitable ensembles. In the following we look at two such
possibilities.

A. Microcanonical case

Consider an ensemble composed of a system, whose
energy values are given by the eigenvalues of the Laplace-
Beltrami operator. This can be thought of as a particle
moving inside this bounded domain M. Then the number of
energy states lying between [E, E + dE] is given by

dN
E)dE = —dE, 6
UE)E =1 (©)
with N(E) being equivalent to (2), for large values of E.
Thus, one can define a microcanonical ensemble, consist-
ing of all the systems which lie in this energy range, with
entropy

Sy = In(W(E)dE). (7)

This directly follows from the definition of microcanonical
ensemble for continuous energy spectra. One should note
the crucial dependence of (7) on the energy width dE. For a
finite but arbitrarily small dF, this is the entropy associated
with the microcanonical ensemble. For fixed dE, we can
analogously define the surface entropy as

Ssurt = I((E)). (8)

B. Canonical case

On the other hand, consider (4) and (5), which are
canonical partition functions. One can define the Gibbs
entropy via these partition functions as

d[TInZ]
SGibbs = — = > 9
Gibbs oT ( )
and the free energy as
olnZz
U=T? , 10
T (10)

where the volume of the system is supposed to be kept
fixed.

In both of the above cases, we obtain an entropy function
depending on the geometric properties of M, which leads to
an equivalency between entropic and geometric extremiza-
tion problems.
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III. GEOMETRIC FLOW

Since the ensembles themselves depend on the geometric
quantities, one can imagine a set of geometric configura-
tions in d dimensional space, where each configuration can
be understood as a continuous deformation from the
previous one with respect to some parameter 7. These
deformations can then be continuously labeled by increas-
ing values of the entropy function S. Thus, the geometric
flows are defined by the condition dS/dt > 0, with respect
to some global parameter ¢, which one might be inclined to
call time. Further justification for which is elaborated on in
Sec. III B 2.

A. Area preserving curve shortening flow

Consider the microcanonical case, defined in previous
section, where we take the domain to be bounded by a
simply connected closed curve in the two-dimensional
plane. Let the coordinates of the curve C be
X = (x(u),y(u)), parametrized by u €0, 1]. The length
of the curve L (or the perimeter) and the area A enclosed by
it can then be written as

_! /O 1 [x(u) ) _ o) dx(”)] du

2 du du
1 [1 dx;(u)
= EA €;x;(u) i du. (12)

The entropy in (8), can then be written using A and L as

d -
Seurt A In [ — EFV Ol M
2(2n)
_ 27[(611 - 1)a)d_1 E_% Vol oM

4dw, VolM ’

(13)

where we have used (2) with the Dirichlet boundary
condition. Applied to d=2 «case, VolM=A,
VoloM =L, w, =z, and w; = 2x. Clearly this entropy
increases as the boundary volume Vol oM or L decreases,
and as Vol M or A increases. It is suitable to keep one of
them fixed (the condition for microcanonical ensemble) for
the analysis. Then, for constant A we have

dSgut T __1dL dA
=——F71—; —=0. 14
dt A a a (14)
The change in the perimeter L and the area A can be
evaluated directly as

dL 1X,.0,X k
_:/ w0 ”duz—/ #X.0.Xds, (15)
dt o 1X.| 0

dA 1 dx;(u)
E = A Gijatxi(l/l) leu du, (16)

[13E 2]

where “.” represents the normal two-dimensional vector dot
product and ds the infinitesimal arc length. The curvature
dependence of the flow is clear from appearance of the
second derivative 02X. The solution to this problem is well-
known, and is called the area-preserving curve-shortening
flow [16],

"—X:—(K-z—”>/v, (17)

where A is the unit outward normal, and « is the Euclidean
curvature. A variation of this flow was also proposed in
[16]. The higher-dimensional generalizations of this are
known as the mean curvature flow and the volume-
preserving mean curvature flow ([17,18]). We will elabo-
rate more on these in Sec. III B 2. The famous Ricci flow

problem is also closely related to this. Let VolM =
L[(7.d)\/gdx?" = [ e~/ /gdx?"" be the volume enclosed
by a (d — 1)-dimensional hypersurface, with VoloM =

[ /9d*'x being the boundary volume. To keep the
volume invariant we must have the condition,

1 1 ..
6VolM = 3/ e~/ \/gdx! (—5f —l—Eg”ég,-j), (18)
while the variation of the boundary volume yields,
|
5Vol oM = / V/gdxd! Eg'fég,»,. (19)

There are two intuitive ways to get a geometrization via
increasing entropic flow:
(1) If the variation of the metric is chosen to be propor-
tional to the metric as dg;; = dra,g;; = dt p g;j,
such that

d
8Vol oM = di / Jgdx=1p < 0. (20)

Choosing p = ¢({g) — ¢) for some scalar function on
the boundary oM then yields
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6VoloM = —dtVol 0M§((q2> —{g)*) <0. (21)
The choice of equating g with the scalar curvature of
the surface R, closely relates this to the Yamabe flow
as proposed by Hamilton [19].

(ii) One may also choose dg;; = dtd,g;; = dt((m)—
m)m;;, where m;; is some second-rank tensor and
m = g"m;;. This yields,

S5Vol oM = —Vol@M%(<m2> — (m)?) < 0.

(22)
Choosing m;; = h;;, the second fundamental form of
oM, relates this to the volume-preserving mean
curvature flow. We will come back to this later.

The volume constraint on the other hand is imposed by

of _ 1 ;9

2
ot 27 ot (23)

In fact, there are several other choices that one can make.
One particular case relates the entropic flow to Perelman’s
functional. If the variation of the metric is chosen to satisfy,
0
’ g

Sq. = d
glj at

(24)

Then the entropy changes as

aSsurf 27[(d - l)wd—l _l/ _ _
~ E T(R + |Vf?)/gd? x,
o = ddovorm b ¢ REIVID)VedT

(25)

which is exactly the Perelman JF functional [10]. One can
show that the derivative of this is positive definite following
the same arguments as Perelman by showing,

o ot 4dw,NolM
X |RU + V,-ij|2\/§dd_1x,

GZSsu,f o aFN 27[(d - l)wd_l E_% / e_zf

(26)
implying the monotonic increment of Sg(7).

B. Curvature related flows

In the previous microcanonical case, we check that
geometric flow equations naturally satisfy the entropy
condition, % > 0, but they are not derived directly using
the entropy as a Dirichlet energy functional; the reason of
which being the absence of any curvature dependence in
the two term asymptotic formula for N(E). On the other
hand in the canonical case, curvature dependent terms
appear naturally. It is thus more interesting to study
geometric flows arising from the positivity of the entropy
function in such a case.

1. Closed manifold

Consider the canonical ensemble, and the Gibbs entropy
function (9) evaluated from the partition function (4)

9 T:VolM\ 1 [,/gdx'R
S = — |Tln|[ ——— L VI
Gibbs aT[ n( (47} >+6 Vol M
L] [v9dx'Q 1 [ [\/gdx"R\2
1807 VolM 72T\ VolM

coL)] )
Since the generic form of Q in dimensions greater than 2 is
more complicated, we stick to dimension 2 for our
discussion. In that case integral of the scalar curvature is
just 4z times the Euler character, being a constant for the
manifold, while Q = 3R? [7]. The change of the entropy
with time then yields,

05 Gibbs 1 L,
o ~ — 6OT2V01 Vi \/gdxz §R2g Jd,gij + 2R6,R

|
3OT2V01M/\/§ .

1 N
X (—ZRzg” + VIVIR — gV AR) 0.9ij» (28)

where A = g¥V,;V; and we have used the fact that in two
dimensions R;; = § gij- Now the condition on positivity of
% yields the gradient flow of the functional Sg;,,, (Without
the volume constraint),

2

R
0,9ij = VRLA ViV;R + g;;AR.

(29)
To impose the volume constraint along with the require-
ment of the positivity of the change in entropy, we can
follow [9] to define the normalized flow as

R? — (R?)
0,9;; = — Y~ ViV/R, (30)
where the mean of R? is defined generally as
d’xR?
() = LI G1)
] vadx
With this flow, one can also check that,
/\/§d2x9ijatgij =0, (32)

while
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aSGibbS 1 / 5 R? 2 ’
~ dx? | (R? — (R
o ~30mavoia | VI | (R - (RD)

- ARUii + (VIVIR)(V,V,R) - (AR)Z]

1

— S (R = () > 0, (33)

where we get rid of the last three terms in the first line using
Stokes’ theorem. The change of the Ricci scalar can also be
computed as

O,R = —RY0,g;; +V'V/0,g;; — Ag'0,g;;,  (34)

which gives

OR =~ (R~ (R2) =L (VR)(V'R).  (3)

1
2
We can check the behavior of the above equation under a

perturbation from the mean scalar curvature, which is fixed
(4rnE/Vol M), as R = (R) + o, generating the relation,

(R)?

1 i (R)a s s
5 G—EVIUV G—T(S’a —(6?))+0(c). (36)

0,6=—
If we consider only the linear-order term, then the pertur-
bation exponentially falls off. Hence, the metric goes to that
of M if the perturbation is small.

In the generic case, we have the relation due to [7] as
Q =3R?— R;;R7 + RUNR, ;. Therefore, one can check
that in any dimension d, it is possible to get a geometric flow
implying % > 0, although as one increases the dimension,
the geometric flow becomes more and more complicated. For
example, In d =3, RVMR,;; = 4R;;RV — 3 R?, rendering
therelation Q = 3R;;R" + 3 R?. Following the same steps as
before, in this case
N % = % / Vgdx? (g (R)R—3R;;R —%R2> . (37)
where N = 180T%Vol M. This equation is exactly the
classical action for higher-derivative gravity [20], albeit
for the three-dimensional situation with specified values
of the coupling constants. After taking the variation with ¢,
one can write,

0S Gibs o y
4N % = / Vgdx*[10(R)(Rg"/ = 2R — 6R , R ¢/

— 249/ g*R 1o R + 12AR + 181 AR
+ 12RRY — 3R2¢'1 —24V'ViR]d,g;;.  (38)

Therefore, we have the flow equation as (without the volume
constraint)

0,9;j = 10(R)(2R;; — Ry;;) + 69;;R R + 24V, VR
— 12RRU + 24gikgjbRabkeRea - 12ARU
+3R%g;; — 18g,,AR. (39)

Although the flow gets complicated as the number of
dimensions increase, one can consider the flow for max-
imally symmetric spacetimes in any dimension, where the
calculations are simple enough to track. For a maximally
symmetric d-dimensional space, we have

R

R
R, = Egij; Riju = m (gjkgil - gljgik)- (40)

Hence, Q turns out to be

2
_ 2. — §
Q=CR; C= =T (41)

1
d

|

Following the same footsteps as above one can then write the
flow equation as

1 1 2 1
9,9;j = 5(R)R (ZI - 5) gij + CR? (;l - 5) 9ij

—2CV,V,R + 2CARg;;. (42)

The volume constraint can be imposed in similar manner as
ind=2.

2. Open manifold

Let us now consider the Gibbs entropy function for the
partition function in the case of a d-dimensional manifold
with a codimension-one boundary as established in (5).
Take the d-dimensional space to be a flat Euclidean
manifold for simplicity. In that case,

,_TiVolM _T5VoloM T+ [\/gdx""'H

(4m)t  4(4n)T 6(4)t

El

which makes the Gibbs entropy function,

0 T5VolM\ T:/4zVol oM
SGibbs ¥ = | T'In ] -
oT (47)} 4VolM
[Vdax="H 1 (\/AzVoloM\?
6VolM 2 4 Vol M
T7\/4zVol oM [ \/ded—lH]

24(Vol M)?

(43)

For simplicity, let us denote hVoloM = [ \/3 dx'H.
Hence,
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OSciws T4z / S
1 ~— d d-1 _ /l‘/a /.
ot 8 Vol M Vdx 29 %
N T-3\/4zVol oM / e d
48(Vol M)?

X (hig’ifatggj + ng"fa,g;jH + atH). (44)

If we consider the leading-order term only which is of the
order O(T~7), then the analysis is quite similar to the
microcanonical case discussed earlier. Since the volume of
the manifold M is kept fixed, we can employ the volume-
preserving mean curvature flow of [18], under which
Vol oM is a monotonically decreasing function. A gener-
alization of this can be constructed following similar steps

as [18], to satisfy the volume constraint as well; let F(%, 1)
be a family of d-dimensional hypersurfaces M smoothly
embedded in R"*!, then define the evolution equation as

-

. oF
0F =NO+N'——.

Xi

(45)

where 7 is a normal vector to the surface, and N and N’ are
functions on M. The evolution of the metric g;; is then

given by

oF oF 0
0,9;; = a( ) Nhu+ ng§J N'Tg,;+Nhj;

ox; ox
o y, +N'TS ). (46)
which can be simply written as
tgl] 2Nh;; + (V;N; + V;N;), (47)
with the volume constraint
dVol M
or = / Vg dx'N = 0. (48)

The choice N =h—H and N' =0 reduces this to the
volume-preserving mean curvature flow, which is dis-
cussed in more detail in [18]. A careful look at (47) reveals
that one can consider g;; as the dynamic variable that
evolves with the parameter “s”, with N and N’ denoting the
difference between the hypersurfaces defined through g;
and the displacement of points in the hypersurface. One
should therefore note the similarity of the Eq. (47) to the
Arnowitt-Deser-Misner (ADM) formalism of gravity [21].
At this point one should note a subtlety that in our case the
metric g;; of the boundary maniford oM is Euclidean
whereas the ADM formalism is usually applied to the
Lorentzian signature, where the notion of time direction is

inherent or natural. To further explore the relevance, one
can work out the change in the second fundamental form
h;; as

0 0
0,hjj = =V,V,N + Nh;,h!" + h; —N +h,,a—N’
J
+Nlih~ (49)
ox,

Hence the identification of N to the lapse and N, to the shift
function and the parameter ¢ to time is immediate. Now

—1

keeping O(T %) in (44), the change of entropy with time
becomes,

0SGibbs T\4zx / 7 ged—1
- d NH. 50
ot 8Vol M Vo (50)

The choice N = (h — H), preserves the enclosed volume,
and gives the condition that the volume of the boundary
manifold continuously decreases with time, as the entropy
increases with time, as

dSG»bb, T_%\/47T/ 7 _
ibbs dx%'(hH — H?
ot 8Vol M Vgdxtl )
T->Vol oM~/4x
VT (H?Y — (H)?) >0, 51
SVol M ((H?) = (H)*) 2 (51)

since the variance of H is strictly non-negative. If on the
other hand, we had not taken the d-dimensional space to be
a flat Euclidean manifold, then the free energy In Z will be

n T5Vol M ~ T-3\/4zVol oM
(47)8 4VolM
f dx‘R — [ \/_. dx?'H .
V9 TVl +0(T73). (52)

One can recognize the third term as the Euclidean Einstein-
Hilbert action with the Gibbons-Hawking boundary term. It
is interesting to note, imposition of the constraints Vol M =
constant and Vol oM = constant, and extremization of the
free energy provides a connection similar to [22]. We
intend to look at these directions in the future.

IV. DISCUSSION

In this paper we started by considering the eigenvalues of
the Laplace-Beltrami operator as the energies of some
system, using which we define microcanonical and canoni-
cal statistical ensembles. In both cases we studied the
resulting geometric flows defined through the condition
d . 5> 0 or the second law of thermodynamics. For the
microcanonical ensemble, we found that the area preserv-
ing curve shortening flows will naturally satisfy the second
law for a two-dimensional plane with a compact boundary
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(one-dimensional). A simple higher-dimensional generali-
zation leads to volume preserving Yamabe-type flow and
the mean curvature flow. It is also shown that by choosing a
flow closely related to gradient flow introduced by
Perelman, there is equivalence between the positivity of
the derivative of Perelman F function and the monotonic
increment of entropy.

The positivity of entropy function in the canonical case is
more interesting because of its natural relation with the
curvature dependent terms which are absent in the asymp-
totic formula of Weyl. We separately studied the geometric
flows arising in this case for open and closed manifolds.
Geometric flows arising in the closed manifold seem to
become more and more complicated as one increases the
dimension of the manifold. We show how one can derive
the flow for general dimensions but have not studied the

short-time stabilities of these flows, which we will study in
a separate paper.

Interestingly, considering open manifolds for the canoni-
cal ensemble we observed a close connection with the
ADM formalism rendering the parameter ¢, that labels the
flow direction, to be the time direction itself. In the future
we plan to explore this avenue in more detail.
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