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We construct the hydrodynamic expansion for a rotating and accelerated medium in a curved space-time,
and establish the relationship between the currents generated by the cosmological constant and the
acceleration. Then we consider the more general case with a nonzero Weyl tensor, and show the duality

between the current in flat space-time and the gravitational axial anomaly. This generalizes the previous

derivation to the case with a nonzero Ricci tensor.
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I. INTRODUCTION

Since the discovery of the chiral anomaly [1,2] its study
has been of great interest. To date, there is a large number
of different effects associated with it found in many
different physical fields [3—7]. Relativistic fluid effects of
the anomalies [3-5,8—11] are of particular interest at the
present time, indicating the nontrivial interplay between the
infrared and the ultraviolet theories. Besides undoubted
theoretical interest, these effects can be applied to describe
processes in heavy-ion collisions [12-14].

Hydrodynamics, which describes physics at large spatial
and temporal distances, is based on the conservation
relations, such as conservation of the stress-energy tensor
and current [15]

9,T" =0,  9,j* =0,

(1.1)

In particular, in the case of a viscous and heat-conducting
fluid the equations (1.1) allow us to describe linear dissi-
pative effects [15]. A significant step was made in the
work [8], where an additional linear correction associated
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with vorticity (and magnetic field) was obtained. It was
shown that the magnitude of the corresponding vorticity
effect (more precisely, the part with chemical potential), so-
called chiral vortical effect (CVE), in the axial current

Jacve = (o T? + oyu’)e” + O(u),  (1.2)
is determined by the quantum axial anomaly in the
electromagnetic field £, [1],

0

’ ]ﬁ — Cguzxa/} F;w Faﬁ?

(1.3)
which, being included, modifies the basic hydrodynamic
equations (1.1). In (1.2) T is the proper temperature, x is the
chemical potential, o* =1e*u,0,u; is the vorticity,
and O(d’u) denotes terms cubic in gradients of four-
velocity u,. The relationship is fixed by the equation,
connecting conductivity o(,) with a numerical factor from
the anomaly C

(1.4)

which was obtained in [8] from the second law of thermo-
dynamics for entropy current. In particular, for Dirac field
current (1.2) has the form [3,11,16]

TZ 2

v H v

Frow= (g + o )or + 0w, (19
which exactly satisfies the well-known anomaly for the
Dirac field C = —1/(162%). In the same way the corre-
spondence (1.4) was demonstrated for spin 3/2 [17] and
spin 1 [18].
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Recently, it was shown that in a similar way the same
effects can be obtained without the use of the entropic
current [19,20], taking advantage of the so-called global
thermodynamic equilibrium [21]. This simplifies the cal-
culations, which made it possible, in particular, to analyze
the second-order gradient effects [19].

Note that the anomalous transport associated with the
electromagnetic chiral anomaly was mainly analyzed (1.3).
However, there are also a number of works [22-25] that
consider the transport associated with the gravitational
axial anomaly [2]

V.= Ne”’/’””R;MpRaﬂﬁp, (1.6)

where e = \/%_geaﬂ”” is Levi-Civita tensor in a curved

space-time and A is a numerical constant.

However, there was a problem of direct generalization of
the method of [8,19] to the gravitational chiral anomaly.
Unlike the case with an electromagnetic anomaly (asso-
ciated with a linear order in gradients), it is necessary to
consider higher orders of the gradient expansion. This, as
well as the relative complexity of gravity itself, makes a
generalization of [8,19] somewhat nontrivial and massive.

The solution was recently found in [9], where it was
shown that the imprints of the gravitational chiral anomaly
(1.6) arise in the third order of the gradient expansion for
the axial current. Interestingly, this effect exists even in flat
space-time, when the corresponding current includes only
acceleration and vorticity

Y = (e + had)w,, (1.7)
where a, = u”d,u,, is acceleration and 4, and 4, are dimen-
sionless conductivities. The connection of the current (1.7)
with the gravitational chiral anomaly (1.6) is fixed by the
equation

A=Ay
32

N. (1.8)

In particular, for Dirac fields conductivities in (1.7) were
found directly using the density operator and have the
form [26] (see also [27,28])

A(3) w? a’
T T e

At the same time, the gravitational chiral anomaly for Dirac
fields is well known [2]:

(1.9)

e R

vﬂjfx = 384722 Hvip

Ry (1.10)

It is easy to see that (1.8) is satisfied. Similarly, this relation
was verified in [29] for the Rarita-Schwinger-Adler

model [30] containing fields with spin 3/2 (one mode)
and 1/2 (two modes). The current was obtained from the
quantum-statistical correlators and has the form

AG) 53 5
S = (‘W”Z ‘@“2)%-

At the same time, a gravitational chiral anomaly was found
in [31]

(1.11)

L 19

Wi = 3R

R, (1.12)

wip

Comparing (1.11) and (1.12), we see that the general
expression (1.8) is satisfied again. Thus, there is a new
anomalous transport effect in a vortical and accelerated
medium (1.7), called the kinematic vortical effect (KVE).

However, the derivation in [9] was not the most general,
since it used an assumption about the properties of the
manifold. Namely, Ricci-flat space-times were considered:

Ry = 0.

(1.13)

The question is, will the obtained key relation (1.8) remain
valid beyond this approximation? To answer this question,
in this work we will consider a more general case when the
Ricci tensor is not equal to zero, but is proportional to the
cosmological constant,

R, = Agu. (1.14)
which, on the one hand, (if we set the Weyl tensor equal to
zero) corresponds to the very important case of (anti—)de
Sitter spaces, while from a technical point of view will
simplify the derivation, since it leads to additional equa-
tions such as V,R,, = 0.

Similar hydrodynamic expansion of the stress-energy
tensor for the medium in the curved space with (1.14)
was recently considered in [32] for the particular case with
a zero Weyl tensor, where the anomaly (1.6) is absent,
and accelerated (nonrotating) medium. In this case, an
alternative confirmation for the Unruh effect in curved
space-time was obtained, with a temperature depending
simultaneously on curvature and acceleration [33]. Below
we will show that the gradient expansion of the axial
current also indicates the generalized Unruh effect in
curved space.

As a warm-up, we start by constructing a hydrodynamic
expansion for the axial current in a vortical and accelerated
medium in the case when the Weyl tensor is equal to zero.

The paper organized as follows. We begin in Sec. II by
considering the simplest case of curved space-time with a
zero Weyl tensor. The relationship between the KVE and
the anomaly cannot be fixed in this case, however, the
relation between the cosmological constant and acceler-
ation will be obtained. In Sec. III we consider the more
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general case of Einstein manifolds with nonzero Weyl
tensor. In this case we obtain the KVE relation, and confirm
the duality between the cosmological constant and accel-
eration obtained in Sec. II. In Sec. IV we discuss some
aspects and implications of our work and give a brief
qualitative description of the obtained effects. In the
Conclusion we summarize the results obtained.

II. RELATIONSHIP BETWEEN COSMOLOGICAL
CONSTANT AND ACCELERATION

A. Riemann tensor and gradient expansion

We consider an uncharged nondissipative fluid of mass-
less fermions, moving with four-velocity u,(x) and char-
acterized by proper temperature 7'(x), placed in an external
gravitational field with the metric g,,(x). The system is
assumed to be in a state of global thermodynamic equi-
librium [21], for which the inverse temperature vector
.= "7‘ satisfies the Killing equation,

vyﬂv + vuﬁy =0, (21)
which means that we work with the hydrodynamic $ frame.
This equilibrium can also be called “hydrostatic” [34]. Note
that the condition (2.1) is not some artificial condition and
is very close to the known criteria of thermal equilibrium;
we will consider this in more detail in the Discussion
section. In particular, due to (2.1), we obtain for the second-
order covariant derivative

vﬂvvﬂa = _Rp;waﬂp' (22)
The antisymmetric combination of covariant derivatives
forms the thermal vorticity tensor [35]

1

Wy = —5 (vﬂﬁl/ -

3 (Vb = V.5,).

(2.3)
which has one vector and one pseudovector compo-
nent, corresponding to (“thermal”) acceleration @, and
vorticity w,,:

1
_ v I v —af
a, = w,u’, Wi = 5 Cwapt @Y
_ a,,fp
Wy = €apW Ul + au, — a,u,. (2.4)

Kinematic vorticity @, is proportional to the thermal
vorticity w,, and the kinematic acceleration a, is propor-
tional to the thermal acceleration in the state of global
equilibrium (2.1)

= (2.5)

In the general case the Riemann tensor has the form

R
Rayﬁu = C(mﬂu - g (ga/}g;w - gowgy/j)

1
+= (Raﬂglw + R;wgaﬂ - Rm/gﬂ/,t - Rﬂpgav)7 (26)

2

where C,,;, is the Weyl tensor.

Let us start with the simplest case when the Weyl tensor
is zero and the Ricci tensor is given by the cosmological
constant

Coupp = 0, R, = Ag,- (2.7)

Then the Riemann tensor can be decomposed into the
components

A

R = 2.8

. 238)

aupv — (ga/}g;w - g(ll/gﬂﬂ)’

which means that we consider de Sitter space-time (A > 0)
or anti—de Sitter space-time (A < 0) [36]. Our further ana-
lysis takes place in a state of global equilibrium (2.1), so we
choose a static patch of dS space-time, therefore having a
timelike Killing vector.

Now we construct the hydrodynamic gradient expansion
for the current. The only possibility to add space-time
curvature to the current expression is the scalar curvature R,
which is of the second order in gradients. Then to make
this term pseudovector, one has to multiply it by the axial
quantity w,, which also contains a derivative and therefore
the axial current will be of the third order. Thus, the
curvature effects arise only in the third order in gradients.
Since the Ricci tensor is proportional to the cosmological
constant, this term will have the form Aw,,

jﬁ(3) = él (T)szy + §2<T)azw;t + 53(T) (aw)aﬂ

+ Ea(T)Aw,. (2.9)

We will denote the coefficient before the term with the
cosmological constant as £, (7). The unknown coefficients
£,(T) and &5 (T) depend on the proper temperature 7.

B. Axial current divergence

Because of the symmetry of the chosen Riemann tensor
(the Weyl tensor is zero), there is no gravitational anomaly,
and the axial current in this case is conserved:

(2.10)

The covariant derivatives of the kinematic variables can be
found from (2.1), (2.2) and the condition u/u, = I:

105001-3
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V,T =T,
vywu = T(_g/w(aw) + aﬂwb)’

_ 2 2
V,a, = T(W (G — Wuy,) =y, — w,w, — U, —

where 1, = €,,,;u"W’a’.

An important consequence of considering the system in
global thermodynamic equilibrium is that hydrodynamics
is defined only in terms of the first gradients of velocity
(acceleration and vorticity), and all higher derivatives are
expressed through the lower ones. This is clearly seen from
the system (2.11). Now, substituting (2.9) into (2.10), we

obtain an expression for the axial current divergence:

VY = (aw)w?(T2E, = 3T¢, + 2T¢&;)
+ (aw)a? (T?&, — 3T& + T8, — T&)

4 2
+ A((XW) (T2§;\ - 3T§A - 3—T§3 - 3—T§2> = 0

(2.12)

The pseudoscalar terms before each bracket in this expres-
sion are independent, so we can equate all expressions
in brackets to zero and obtain a system of differential
equations:

T2 — 3T¢&, 4 2TE = 0,
T2¢, = 3T& + 128, - T&; = 0,
T2E, = 3Ty — & — 26 = 0.

(2.13)

Based on dimensional analysis (in a massless theory
without boundary conditions, etc., temperature 7 is the
only dimensional parameter), we move on to the dimen-
sionless coefficients A,

él = T3ll7 52 = T3/127

& =12, En = Tp,

(2.14)

and are left with the system (1; remains arbitrary)

{/13_0,
AA:—%Z.

The first equality in (2.15) provides the conservation of the
axial current in flat space-time in the absence of external
fields [26].

The phenomena analyzed in this paper, from the point of
view of conservation laws, can also be derived directly
from the equilibrium perturbation theory [26,35], where
they are determined by the effective interaction with boost
operator (in the case of acceleration) and with operator of

(2.15)

(2.11)

MDI’[”) - %% (g/w - uﬂul/)’

|

angular momentum (in the case of vorticity). In particular,
in this way the coefficients 4;, 1,, and 13 were obtained in
flat space-time for the massless spin 1/2 field (1.9). The
key is the second of the relations (2.15). The factor 1,
cannot be obtained in the same way from the density opera-
tor in flat space-time, but we can obtain it simply using the
duality (2.15) from the flat space transport coefficient 1,. In
particular, using (1.9) and (2.15), we obtain the following
expression for the current of massless Dirac fields:

2 2
u(3) w a R
(-2 T e, (216
/a (24;;2 87r2+967r2> (2.16)

where we used A = i—e. Thus, we obtained a new term in
the axial current proportional to the scalar curvature in the
hydrodynamic gradient expansion. This current has the
same conductivity as the acceleration term, according to
(2.15), which adds an additional element to the hydro-
dynamic/gravitational duality. We will also return to this
issue in the Discussion section. The same expression for the
axial current in AdS space-time was obtained by another
method in [37].

III. ANOMALOUS TRANSPORT:
GRAVITATIONAL ANOMALY AND
COSMOLOGICAL CONSTANT

A. Riemann tensor and gradient expansion

In this section we consider the more general case of
space-time with a nonzero Weyl tensor and generalize the
derivation of [9] to the case with a nonzero Ricci tensor
proportional to the cosmological constant. Our starting
point will be a general decomposition for the Riemann
tensor [9],

Ryvap = wyligAyp + U upA g — uyugAyp — u,ugA,,
+ i’ (uaB?j - uﬁBé) + Eqpiptt” (uMBﬁ - u,,Bﬁ)

+ €My/1p€aﬁqgl/lpu0cb]. (31)

The tensors A,,, B,,, and C,, are covariant generalizations
of similar three-dimensional tensors. In general, as shown
in [38,39], the Riemann tensor locally can be decomposed
into components of two three-dimensional symmetric
tensors A;; = Rojors Cix = }Tgilmgknplenp and one asym-
metric traceless pseudotensor B;; = %eﬂmROk,m. However,
it is clear that for such a classification it is necessary to
select a frame, in which three-dimensional tensors will be
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defined. Expansion (3.1) corresponds to the choice of the
rest frame of the fluid, which is the most natural application
of classification from [38,39] to hydrodynamics (compare
also with expansions used in [8,40]).

Accordingly, tensors A, B,,, and C,,, can be defined as
(compare with the formulas for three-dimensional tensors
above)

— B
A, = u"u’R

aupvs
1 a,,f RIP
B, = 5 €aqup,u“u' R, (3.2)
C, =1Ye,.  ep,uul R
w4 Caunp©priy :

These tensors have properties

Ay,=4,, C,=C,  B.=0,

A = Cpu’ = B u¥ = B, u¥ = 0. (3.3)

The tensors A,, and C,, can be decomposed into a trace-

less and a trace parts, and the pseudotensor B,, can be
decomposed into symmetric and antisymmetric parts,

~ A
A/,w = A;w + § (g/w - upul/)7

~ C
Cﬂl/ = C;w + § (g;w - uﬂul/)’

B,, = B,, + Bj,. (3.4)
Accordingly, we have
AZ = CZ =0, Awu’“ = (:‘m,u = B, u* = B u* =0,
A=A, C,=C, B, = B;,, Bj, = —Bj,.
(3.5)
The Ricci tensor has the form
R/w = gaﬂRauﬂv
=uu,(A+C)+ (A, +C,)
- C.g/w + Blal’d)(uvea/lﬂp + u;teaﬁl/p)' (36)

To illustrate the new elements, we now consider two cases:

the Ricci tensor is equal to zero (the case considered in [9]),

and the Ricci tensor is equal to the cosmological constant

(present case).

(1) Ricci tensor is zero, Weyl tensor is not zero:
R;w = 07 C;wa/} 75 0.

The condition R, = 0 leads to additional proper-

ties for the tensors A,,B,, and C,, such as
(compare with [38])

A, =-C

v Al

105001-5
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This means that

By, =0, Ay =-C

A=C=0, -

(3.8)
Then, writing the axial current in terms of all
possible pseudovectors arising in the third order
of gradients, we obtain

WY = E(T)wWPw, + &(T)aPw, + &(T) (aw)a,,
+ 54(T)AWW” + 55(T)B/iuab~ (39)

By considering the covariant derivative of (3.9) and
considering that it should lead to anomaly (1.6), a
key relation (1.8), fixing duality with gravitational
anomaly was obtained [9].

We note that there could be some extra terms in
the third order, including, for example,

VA, VB V,R

VXRMD/,{,GGI“Z“W‘*u“u/}, aR

a1 Q030
9

N
o) uvpe€

po€ 120 % . (3.10)
But all of the index contractions which make these
terms pseudovectors will be equal to zero because of

Bianchi identities,

Rm/pa + R/wl/p + Rypal/ =0,

lem;pa + vaR;tMp + va/waﬁ = 0’ (311)
and the condition V,R,, = 0. In the case R, =0,
considered in [9], this condition is satisfied. How-
ever, it is also valid in the more general case R, =
Ag,, due to the metricity condition V,g,, = 0. Also,
there is a possibility to add another type of terms like
(Vo (Vo).

(Va)o",  (Vo)o*,

(3.12)

but they can be transformed into terms already
contained in the expression (3.9) for the axial
current.

The Ricci tensor is given by the cosmological
constant, the Weyl tensor is not zero: R, = Ag,,,
Cuvap # 0.

Now fixing R,, = Ag,, does not affect the con-
dition V,R,, =0, and the conditions mentioned
above do not change either and there will be no
extra terms such as (3.10) and (3.12) in the current.
But the equations (3.7) and (3.8) are no longer valid
and the tensors have the form (3.4). Therefore,
using (3.6), (3.5) and R,, = Ag,, we can write
the following equations and define the constrains
and symmetries of tensors A,,, B, and C,,:
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u”u”R,w =A= % =A, A0 = A, 0" + Aw,. Therefore we have
= ww, + aw, + aw)a
M”Rﬂlf = A = _Cuy + Blagalypup = B}La BW1 ! 5 H 2 ﬂ, 3 H
s T + E(T)BL + E(T)Aw

(3.15)

Substituting these expressions into the Ricci tensor (3.6),
we obtain the final conditions for the tensors A,,, B,

s
and C,, B. Axial current divergence
A —_C Because of the quantum anomaly, the axial current is not
p T conserved in the presence of external gravitational fields.
B,, = B,, = B3, ( = 0) (3.14)  The gravitational chiral anomaly (1.6) can be expressed
A=E—4a=—cC through the tensors Auv and By,

As can be seen, the tensors A, and C,, are related, so we uJA New R HA Raﬂ = 16N (A" — C*)By,
do not need to add a term with tensor C,, to the expression — 3N AW Bs,. (3.16)
for the current. Since we have separated the traceless
part from the tensor A,,, a new term proportional to the  In the case under consideration with a nonzero Weyl tensor,
cosmological constant should appear in the current, since  instead of (2.11), we obtain

|

_ 72
V,T =T"a,
Vu, = T(euaqpuw +u,a,),
Vw, = T(—gﬂy((xw) + aﬂw,,) + }B,ﬂw
2 2 1 (3 A (3.17)
vuau = T(W (gm/ —Uu uv) —oatu,uy, —w,w, —u,n, — ul/’/lﬂ) T (A/w + 3 (g;w - u;tuu)) ’
VH(A,w) = =3TBS,wiw* + LAWBs,.
V#(BS,a) = 3TA, w'a* — L A*BS, — TBs,w'w* — TB},a"a".

Now for clarity, let us write out the derivatives of each term of the axial current (3.15):

V,(EwPw#) = (aw)w? (T?& = 3T¢&)) + Bs,w'w” (2&)),

M(fza w”) = ) (Tch2 - 3T§2) + A”ya"w" (—%tfg) + Alaw) (—3%52)

V, (& (aw ) )[a (T28, = T&) + w*(2TE) + A(—£8&) ] + A aw (- 1&) + BSa'a? (£&), (3.18)
Vi (EA,,W) = W (E,T?) + Bs,w'w*(=3T&;) + A" B3, (£&y), '
VH(&sBS,a0) = B, ata? (TEs — Tés) + B, wiw?(=Té&s) + AP BS, (= L&5) + A, a'w? (3T¢s),
v”(fAAW ) ( )(TzfA - 3T§A)

Combining (3.16) and (3.18) we obtain
V5 = (aw)w2 (T2 = 3TE| 4 2T&;) + (aw)a? (T2, — 3TE, + T2E, — TE;)
_ 1 1 - 2 1
+ A*By, (?54 - ?§5> + A, 0w <—?§2 - ?53 +3T¢s + T2§£1>
+ By, whw? @5, —3T&, — T§5> + +Bj,a'a’ <T2§’5 —T& + %@)
+ Aaw) (Tzé’j\ — 3T, — %53 - 3%@) = 32NA"BS,. (3.19)

105001-6
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As in (2.12) all pseudoscalars are independent, so we can
write a system of equations,

Tzé’l —3T¢, +2T& =0,

thf'z —-3T& + Tzdfg —T& =0,
—2& —4& +3TE + T2, =0,
2& —3TE —TEs =0,

T —Tés + 1.8 =0,
FE4—F& = 32N,

T2E) = 3TéN — 5583 — 56, = 0.

(3.20)

By redefining dimensionless constants as we did it in
(2.14), we obtain

él = TSJ']’ 52 = T3}“27 53 = T3ﬂ3, §4 = T/{41
55 — T/Is, g/\ — Tl/\ (321)
Then
A3 =0,
=24y + 345+ 44 =0,
2/11 - 3/14 - 15 - O, (322)
j.4 - 15 - 32./\/,
—2),/\ - %22 = 0
From here we can finally write the solution
A A
/11—12:32./\/, /14:?4—8./\/, /15:5—24./\/,
A
Ih=—-2 (3.23)

The first three equalities in (3.23) are consistent with the
work [9], while the last one tells us that the coefficients
between the cosmological constant term the squared acce-
leration term square are related as in the simpler case
with the zero Weyl tensor (2.15). Thus, if we know the
gravitational chiral anomaly, then the current in third order
in gradients is determined to within one arbitrary coef-
ficient. It is convenient to choose 4; as this arbitrary co-
efficient, since it can be calculated in flat space-time. As a
result, knowing only one transport coefficient in flat space-
time, we complete the full expression for the current in
curved space in the third order. As a result, we have for the
general case

R
= (/11502 + (32N - 4) {E - aZ} )a)”
+(8V £ MR, i
E aﬂﬁuu u"w

A
+ (Zl - 12N> R 5,€ qunpu®ul a” (3.24)

where we moved from the tensors A,, and B,, to the
Riemann tensor by means of (3.2).

Formula (3.24) is our main result. It describes the axial
current of massless particles in a vortical and accelerated
medium in global thermodynamic equilibrium in curved
space with a nonzero Weyl tensor, and the Ricci tensor
of the form (1.14). One can also assume that by adding
also the linear order (1.2), the formula will be accurate
(all higher orders will be zero) at sufficiently high
temperatures.

In the particular case of massless Dirac fields, we know
the anomaly N = 1/(3842%) (1.10) and the coefficient
A = —1/(247%) (1.9). As a result, the current will have

the form
2
AG) _ (_ @ 1R _,
I _< 247z2+8n2{12 “D“’”

np ay,pav
R € quypu”u’a” ,

543 (3.25)

which generalizes the formulas (1.9) and (2.16).

IV. DISCUSSION

A. Thermodynamic equilibrium

From the very beginning we used the assumption that the
system is in the so-called global thermodynamic equilib-
rium, which corresponds to the entropy maximum (as well
as invariance of the density operator with respect to the
choice of hypersurface) [21]. Beyond this equilibrium our
results may be unfair (or give only zero order contribution).
We will discuss the global thermodynamic equilibrium in
more detail.

A consequence of this equilibrium is that the inverse
temperature vector should be the Killing vector (2.1). Since
its square f,fp" = T-2 > 0 is related to the temperature,
this vector should be timelike and also future directed,
since fy = uy/T > 0 [44]. The spaces containing timelike

"This polynomiality is a fairly rare and interesting phenome-
non for quantum field theory. The absence of higher order terms
has been directly shown in a number of approaches for specific
cases [23,27,41,42] and is characteristic only for the massless
theory. Formally, the absence of higher order terms corresponds
to the absence of negative powers of temperature. At low
temperatures, however, the phase transitions associated with
the singularity of modes at the horizon are expected [43] at least
for half integer spins, which will modify the obtained formulas.
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Killing vector are well-known stationary spaces. In par-
ticular, any static space-time whose components do not
depend on time is stationary. Thus, our derivation is valid
only for stationary spaces. In Sec. II we considered the case
of (A)dS spaces. For (A)dS space we can choose a static
metric,

A 1
ds? = (1 —3r2> dr? -5 " dr?

3
—r? (d@2 + sin? ®d¢2), (4.1)
where the positive sign A > 0 corresponds to the metrics of
a static patch in de Sitter space-time, and A < 0 corre-
sponds to static coordinates of the anti—de Sitter space-time.
Not all types of space-times are stationary and, accord-
ingly, global equilibrium is not always possible. In par-
ticular, it is not obvious whether global equilibrium is
possible in the expanding Universe, since, for example,
the Friedman metrics clearly depends on time (but local

thermodynamic equilibrium should be possible [45]).
The conditions of global equilibrium (2.1) are consistent
with other known criteria of thermodynamic equilibrium.
|

In particular, there is a well-known Tolman-Ehrenfest
thermodynamic equilibrium criterion [46,47], according
to which the temperature in space with the metric g,, (x) is
distributed according to the law

T
T(x) = ———, (4.2)
oo(X)
which for stationary space-times can be written in covariant
form [47,48],

T(x) = Lo

V9. (X)FX)E(x)

where & is a dimensionless Killing vector. It is clear that
(4.3) is in full agreement with the global equilibrium,
according to which the temperature is also defined in
exactly the same way by the Killing vector as f,p* =
gub'p =T7

Also, it is easy to see that in global equilibrium (2.1)
the dissipative contribution to the stress-energy tensor
vanishes, which also corresponds to equilibrium [49],

(4.3)

. 2
Tﬂ,’fs = —q(Vﬂuy +Vou, —u,uV,u, — ul,uavau,,) - (C - §i1> VU (g — u,u,)

=N [T(vﬂﬁv + vvﬁﬂ) + uﬂ( T

+ (C — %n) (Tvaﬁ“ + yu“) (gﬂy - u,,u,,) =0.

The same, of course, applies to dissipative effects in a
current.

Thus, the conditions of global equilibrium look like a
fairly general and natural assumption about the properties
of the system. Note also that, generally speaking, equilib-
rium can lead to additional restrictions on the external field,
as was the case with the electromagnetic field [19,20]. Such
limitations are not significant in this paper, but we hope to
explore them in the future.

B. Qualitative description

Current (3.24) [as well as (3.25)] does not explicitly
depend on the properties of the medium, such as temper-
ature or chemical potential, although it depends on the
kinematic properties of the medium, such as acceleration
and vorticity. This distinguishes it from CVE (1.2) or
chiral magnetic effect [16]. On the other hand, this makes it
similar to the effects in an external electromagnetic field
[50] or in an accelerated frame [51].

We are interested in at least an approximate qualitative
picture of our effect. Consider, for example, the term with

VT

(%)

(4.4)

[
scalar curvature and acceleration in the current (3.25)

a1 la|*> + R/12

Ji = PRTE @,. (4.5)
To understand at a qualitative level the meaning of (4.5),
it is enough to take into account two phenomena. First,
according to the famous Unruh effect [52], thermal radi-
ation occurs in an accelerated medium with the Unruh
temperature

_lal

Ty =2 (4.6)

Similarly, in de Sitter space the vacuum state is also
characterized by a certain temperature [53]

T, = VR/1Z (4.7)

2w

Temperatures (4.6) and (4.7) can be combined [32,33] if
we take into account that the de Sitter space is embedded
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in a five-dimensional flat space. In this case, the radiation
temperature is determined by the five-dimensional accel-
eration,

o las| _ Vel +R/12

— , 4.8
R on 27 (48)

which is also true for anti—de Sitter space.
On the other hand, we need to recall the well-known
CVE (1.9), according to which an axial current,

(4.9)

arises in a rotating (in flat space) medium at finite temper-
ature. CVE can be associated with the alignment of spins in
a magnetic field, taking into account that rotation is similar
to a magnetic field. Combining (4.9) and (4.8), that is,
considering radiation in a vacuum as a medium with
temperature (4.8), we automatically obtain that a current
should arise, which, up to the overall coefficient, coincides
with (4.5).

Of course, the picture described is rough and is more
intended to give an intuitive qualitative understanding of
the effects occurring. To be more precise, it is necessary to
take into account all the peculiarities of the space with
a horizon (which is not quite equivalent to a thermal
medium [54]), which, in particular, is the reason for the
difference in the overall coefficient.

C. Duality between hydrodynamics and gravity

The result we obtained continues to develop the entropy
approach to gravity, which explains the effects of general
relativity using the statistical properties [55]. Actually, the
possibility of such a dual description suggests that the
effects in gravitational fields should be accompanied by
similar partner phenomena within statistical approaches.

There are a number of examples where such a relation-
ship has been revealed, and the effects of gravity appear
essentially in the limit of zero Newton’s constant or zero
curvature. This includes, for example, the well-known
Unruh effect [52]—despite the fact that the accelerated
system has zero curvature, it, like a black hole, is filled with
thermal radiation bath. In this regard, we note a number of
works [44,56,57], where the Unruh effect was analyzed
from the point of view of statistical approaches. Another
example is the statistical derivation of the FEinstein
equation [58], in which, for example, Newton’s constant
itself arises as the inverse entropy.

Our result adds more elements to this duality. Indeed, on
the one hand, there is an essentially gravitational effect—a
gravitational chiral anomaly (1.6). Let us emphasize
that this anomaly occurs only when space has nonzero
curvature R, .5 # 0, while upon transition to a noninertial

system, the curvature remains equal to zero R,z = 0.
However, we see, according to (3.23), that this anomaly is
“hidden” in the properties of the kinematic current (1.7) in
an accelerated and vortical medium.

We also note the relationship (2.15) between the current
j,‘j ~ azwﬂ in an accelerated vortical medium, and
j,/j ~ Rw,, in a vortical medium in the presence of a
gravitational field, which indicates the similarity between
scalar curvature R and acceleration a.

The statements made above can be made more concrete,
if we remember both theories, within the framework of
which the gravitational anomaly (1.6) and current (3.25)
can be obtained. The anomaly is associated with funda-
mental gravitational interaction. In the lowest order, by the
definition, the corresponding vertex contains the stress-
energy tensor,

1
88 = _§/d4X5guvTW- (4.10)

On the other hand, current (1.7) can be obtained using the
statistical density operator [26,35]

L1 . . . .
p= Eexp{—ﬂﬂP” +¢0—a, Kk —w, I}, (4.11)

where ¢ = u/T, P* is the four-momentum operator, and 0
is the charge operator. The first two terms correspond to
the usual grand canonical distribution, while the last two
terms contain effective vertices, which describe statistically
induced interaction, with the angular momentum operator
jﬁ, associated with vorticity w, = a)ﬂ/T and the boost
operator K%, associated with acceleration a, = a,/T (the
operators are shifted by the vector x,,). Moreover, (4.11) is
exact for global thermodynamic equilibrium (2.1), which
further illustrates the statistical nature of (4.11). Current
(1.7) can be obtained within the framework of the equi-
librium perturbation theory [35]. For example, the term
A 1w2wﬂ in (1.7) is given by a correlator of the form [26,29]

1 (18l A2 An Aa A
A = _6/0 dedTyde<T1J3—ig]3—iryj3—izz]fx(O»ﬁ(x),cv

(4.12)

where the operators are shifted along the axis of the
imaginary time along which integration is carried out
from O to the inverse temperature |5| = 1/7T, and the index
(**“)p(x).c means that the averaging is taken using grand
canonical distribution [i.e., using (4.11) with a, =w, =0].
Note that (4.11) and (4.12) are written in flat space-time.
Moreover, they are written in ordinary Minkowski metrics.
However, as we have shown in the main part of our work,
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the effects of the types (4.11) and (4.10) are related by the
equations (3.23).

At the same time, our result can be interpreted as a
confirmation of the equivalence principle, according to
which acceleration effects are equivalent to the effects in
gravitational field. In most cases only the “linear order” is
considered, that is, the equivalence at the level of accel-
eration and Christoffel symbols. Our derivation demon-
strates the relationship between inertial effects and gravity
at higher orders of metric and velocity derivatives.

Thus, apparently, it can be argued that there is a class
of theories that reproduce gravitational properties, despite
the fact that they themselves do not contain gravity.
Such theories can be considered as a limiting case when
Newton’s constant tends to zero. The role of such a limit is
also evidenced by recent results on the algebra of observ-
ables [59].

D. Quantum or classical?

The conclusion we presented is completely unrelated
to quantum theory calculations, which could create the
illusion of the classical nature of the current (3.24).
Evidently, this is not the case, since hydrodynamics, like
thermodynamics, is a universal approach for describing
both classical and quantum phenomena (just remember
black hole radiation or superfluidity).

The quantumness of (3.25) becomes evident, if we
analyze the way it can be directly obtained using the
perturbation theory. In particular, w*w, and a’w, terms are
expressed through loop diagrams of the form (4.12), which,
of course, are elements of quantum theory.

V. CONCLUSION

In this paper we generalize the previously obtained
kinematic vortical effect [9] to the case of a nonzero
Ricci tensor, proportional to the cosmological constant.
We continue to consider the medium in a state of global or
hydrostatic equilibrium and obtain not only the conserva-
tion of a previous result for the KVE, but also an entirely
new term in the axial current, generated by the scalar
curvature in a vortical fluid. Analyzing the conservation of
axial current, we relate this new term with the transport
coefficient of the quadratic acceleration term.

We discover the relationship between kinematic and
gravitational effects, expressed in a system of equations
connecting transport coefficients of two types, which
indicates the gravitational-hydrodynamic duality and con-
firms the equivalence principle in the higher orders of
gradient expansion. This relationship allows one, by con-
sidering kinematic effects in a relativistic fluid (for exam-
ple, in a quark-gluon plasma, in which sufficiently large
vorticity and acceleration can be generated), to simulate
quantum field effects in the gravitational field in the
absence of real strong gravity.
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