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Hunting compact astrophysical objects such as black holes and wormholes, as well as testing gravity
theories, are important issues in relativistic astrophysics. In this sense, theoretical and observational
studies of quasiperiodic oscillations (QPOs) observed in (micro)quasars become helpful in exploring their
central object, which can be a black hole or a wormhole. In the present work, we study the throat
properties of traversable wormholes beyond Horndeski theory. Also, we investigate the circular motion of
test particles orbiting the wormhole. We analyze the test particle’s effective potential and angular
momentum for circular orbits. Frequencies of radial and vertical oscillations of the particles around stable
circular orbits have also been studied and applied in explaining the quasiperiodic oscillations mechanism
in the relativistic precession (RP) model. Finally, we obtain constraint values for the parameters of beyond
Horndeski gravity and the mass of the wormhole candidates using QPOs observed in the microquasars
GRO J1655-40, GRS 1915 + 105 & XTE J1550-564 and at the center of Milky Way galaxy through

Monte-Carlo-Markovian-chain (MCMC) analyses.

DOI: 10.1103/PhysRevD.109.104074

I. INTRODUCTION

While general relativity (GR) has been well tested in
both weak and strong gravity regimes and is in accordance
with all current observations [1,2], it also leaves us with
several challenging open problems associated, in particular,
with its quantization and the dark sector in cosmology. This
has caused a flurry of interest in alternative theories of
gravity in recent years (see, e.g., [3,4]).

“farukh.abdulkhamido @ physics.slu.cz
"pnedkova@phys.uni-sofia.bg

ijavlon @astrin.uz

s jutta.kunz@uni-oldenburg.de
lahmedov @astrin.uz

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

2470-0010/2024/109(10)/104074(13)

104074-1

Certainly, any viable alternative theory of gravity must
adhere to solar system constraints. However, in the strong
gravity sector, current observational data are still less
accurate, calling for future observations to test new theo-
retical predictions. In our current multimessenger era much
insight into alternative theories of gravity can be gained
from (future) gravitational wave observations as well as
from the observations in the full electromagnetic spectrum
and particle detections [5].

Among the numerous alternative theories of gravity
Horndeski theories [6,7] have been very attractive, since
they involve only additional scalar degrees of freedom,
leading to a set of second-order generalized Einstein-scalar
field equations. Thus these theories are free of Ostrogradski
instabilities. Indeed, Horndeski theories provide interesting
predictions for black holes and neutron stars [3] and also for
cosmology [4].

A new interesting class of alternative theories of gravity
that extends the Horndeski theories was introduced in [8].

Published by the American Physical Society
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Whereas their equations are higher order in derivatives, the
propagating degrees of freedom still possess second-order
equations, making them free from Ostrogradski instabil-
ities, as well. Such beyond Horndeski [8] and DHOST
theories [9,10] are based on “degenerate” Lagrangians,
whose kinetic matrix cannot be inverted, and the ensuing
constraints result in a reduced number of physical degrees
of freedom. Interestingly, when starting from Horndeski
theories, beyond Horndeski theories can be generated with
certain types of transformations [10-12].

A well-motivated set of Horndeski theories are the
Einstein-scalar-Gauss-Bonnet gravities. Such theories
arise, for example, in the low-energy regime of string
theory [13,14]. Although they always involve a scalar
field, this field can be coupled in various ways, yielding a
rather different phenomenology when applied to compact
objects and cosmology. This allows us to obtain con-
straints on the respective coupling constants.

One of the most interesting predictions of the gravita-
tional theories is wormholes. In general relativity, they
cannot exist without violating the energy conditions.
However, in some modified theories of gravity such as
Gauss-Bonnet gravity or the f(R) theories the wormhole
throat can be supported by the gravitational interaction itself
without requiring the presence of exotic matter [15-22]. In
these theories, wormholes are viable alternatives to black
holes. They could play a significant astrophysical role if
their existence is confirmed observationally.

Searching for macroscopic wormholes alongside other
exotic compact objects is currently one of the major goals of
the astrophysical missions testing gravity in the strong field
regime. Therefore, many theoretical works focus on study-
ing their phenomenology. Studies of the quasinormal modes
in wormhole geometries include [23-26]. In the electro-
magnetic spectrum, phenomenological effects arise pri-
marily due to the specifics of the gravitational lensing in
the wormhole spacetime [27-32] and the properties of the
accretion process in their vicinity [33-35]. Thus, it was
demonstrated that wormholes can lead to a nontrivial
morphology of the observable image of the accretion
disk [36,37]. In addition to the primary disk image, they
produce a series of bright rings at its center that proved to
represent an observational signature of a rather general class
of horizonless compact objects [38—40]. Polarized emission
from the accretion disk around the wormholes may further
possess a distinctive twist of the polarization vector around
the image [41]. Thus, provided that we can observe radiation
reaching through the throat of the wormhole, the properties
of its linear polarization can serve as a distinctive signature
for detecting traversable wormholes. The idea of perturba-
tions to particles’ dynamics around a wormhole by objects
on the other side of the wormhole is suggested in Ref. [42],
and shown that the S2 star elliptically orbiting Sgr A*,
as a perturbing object, may affect the particles motion in
the other universe, with the additional acceleration about

10~® m/s?. The perturbation method also works well to
distinguish black holes from wormholes using data from
astrophysical observations [43]. Furthermore, the authors of
Ref. [44] have reviewed several observational methods for
searching wormholes and distinguishing them from black
holes, such as gravitational lensing, gravitational waves,
orbiting stars, shadow, and X-ray spectra from the accretion
disk of the gravitational compact objects.

A possible way to test the spacetime of compact
gravitational objects such as black holes and wormholes
is by using spectrometrical analyses of radiation of
accreting matter around them. However, the gravity of
black holes in binary systems plays a crucial role in
deriving all the radiation processes in the surrounding
accretion disk. Astrophysical phenomena known as QPOs
are found using Fourier analyses of the noisy continuous
x-ray data from the accretion disk in (micro)quasars (con-
taining black holes or neutron stars and companion stars as
binary systems) [45,46], and they are classified as high
frequency (HF) when the peak frequencies are about 0.1 to
1 kHz and low frequency (LF) when the frequencies are less
than about 0.1 kHz [46]. Although high-accuracy measure-
ments of QPO frequencies have been observed in binary
systems, no exact and unique physical mechanisms for
QPOs have been found yet. This problem is currently under
active discussion to test gravity theories and measure the
inner edge of the accretion disc. Such measurements may
provide valuable information about the ISCO radii and
black hole parameters. In our previous studies [47-57], we
have shown that studies of the QPO orbit may help to
determine the ISCO radius which lies near the orbit since
the distance between these orbits is in the order of the error
of measurements using the relativistic precession model.

The quasiperiodic oscillations in the spacetimes of the
wormhole were previously studied within the geodesic
models in [58-63]. Using resonance models, it was
demonstrated that twin peak oscillations can be described
by a more diverse resonance structure compared to black
holes [58,59]. Wormhole geometries may allow for para-
metric and forced resonances of lower order which
produce more significant observable signals. In addition,
resonances may be excited in an arbitrarily close vicinity of
the wormhole throat, further amplifying the signals and
allowing probes to be placed deep inside the gravitational
field of the compact object.

The possibility of explaining the observed quasiperiodic
oscillations of astrophysical x-ray sources through an
underlying wormhole spacetime was investigated in [61].
Using the Simpson-Visser metric, which interpolates
between different compact object geometries, including
wormholes, the QPOs were modeled as parametric reso-
nances between the epicyclic frequencies. The results were
used to fit the observational data for microquasars and
active galactic nuclei with available independent mass
measurements.
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The aim of this paper is to investigate further the
compatibility of the wormhole geometry with the properties
of certain x-ray sources using QPO measurements. We
explore a traversable wormhole spacetime that arises as an
exact solution within a beyond Horndeski gravitational
theory [64] and interpret the twin peak frequencies apply-
ing the geodesic precession model. Using a Markov chain
Monte Carlo algorithm we fit the theoretical predictions for
the QPO frequencies to the observational data for the
microquasars GRO J1655-40, GRS 1915 + 105, and XTE
J1550-564 and the galactic target Sgr A*. In this way, we
provide constraints on the parameters of the beyond
Horndeski gravitational theory and the possible wormhole
geometry.

The paper is organized as follows. In Sec. II we review
the wormhole solution in the beyond Horndeski theory,
which we explore. In Secs. III and IV we study the circular
timelike geodesics in the equatorial plane and derive the
epicyclic frequencies. In Sec. V we describe the QPO
frequencies using the geodesic precession model inves-
tigating their properties. In Sec. VI we perform a fit of the
observational data for the microquasars GRO J1655-40,
GRS 1915 + 105, and XTE J1550-564 and the center of
our galaxy SgrA* constraining the parameters of the
gravitational theory as well as the wormhole mass and
the QPOs excitation radius. In the last section, we present
our conclusions.

II. BEYOND HORNDESKI WORMHOLES

The traversable beyond Horndeski wormhole solutions
obtained by Bakopoulos et al. [64] are based on the black
hole seed solution of Lu-Pang [65-67] in a Horndeski
theory defined by the functions

G, = 8aX?,

G; = —8aX,

G, = 1 +4aX,
Gs = —4a In [X|,

where X = —10,00"¢, ¢ represents the Horndeski
scalar field, and a is the Horndeski coupling constant,
a >0 [64,68,69].

This black hole seed solution is static and spherically
symmetric with metric parametrization

ds* = g,dt* + g,,dr* + gapd®” + gppdd?, (1)

where 9 = —}_l(}"), 9rr = 1/}(7‘), Yoo = r2’ and 9o =
r2sin%0. The metric functions and scalar field function

¢p(r) are [65]

f_z(r):f(r):1+%(l—1/l+&:—3M), (2)

- Vh-1

/

Vi

respectively, and the prime indicates a partial derivative
with respect to r. Note, that this corresponds to the
asymptotically flat branch of the seed solution [65].
The parameter M then corresponds to the mass of the
seed black hole, and the radius of the outer horizon

is given by r, = M + VM? —a. For a > M?, the seed
solution becomes a naked singularity.

The Horndeski seed solution is turned into a beyond
Horndeski solution by a disformal transformation of the
metric (see, e.g., [12,64,70-72])

(3)

Guv = g,uu - D(X)vﬂa)vvq_ﬁ7 (4)

where the new beyond Horndeski metric g,, is obtained
from the seed Horndeski metric g,, by making use of a
disformability function D(X) leading to [64]

h=h, (6)
PR ——— )
1+2DX ’
X
X = onx (®

As shown by Bakopoulos et al. [64] the crucial trans-
formation function W(X)~! needs to satisfy certain con-
straints to obtain a traversable wormhole solution from
the seed. In particular, the radial coordinate at the throat
ro, where W(X)~! has a root, should be chosen such
that ro > r,, and W(X)™! >0 for r > r,. Moreover,
W(X)~! = 1 for r — oo to preserve asymptotic flatness.
These constraints led to the choice [64]

W(X) =1 —% DX,

_1_ T
=1 h(l Vh), (9)
since
o1, 1(Wh-1)

and A is a new dimensionless positive parameter.
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FIG. 1. Dependence of the throat of the wormhole on the
parameters A and a.

The three constants a, 4, and M entering the wormhole
solutions may not all be chosen independently, but they
have to satisfy constraints. The physical requirement, that
ro be the wormhole throat translates to W(X(r))™' = 0.
Equation (9) then yields

h(rg) = (1 =2)% (11)
Moreover, it is required that

0<i<1 (12)

since for A = 0 ry would move to infinity and for 1 =1,
ro = r, [64]. Inserting the metric function £ in Eq. (11) and
solving for the throat radius r, one obtains the relation

M+ \/M?* —ai?(2 - 1)?
r'n =
0 A(2-12) ’

(13)

and since the radicand in Eq. (13) should not become
negative, this leads to the bound [64]

M2
a< (14)

Also, we will take into account observational constraints on
the Horndeski coupling constant @ obtained, in particular,
from inflation in the early universe and binary systems with
black holes [68,69].

The behavior of the wormhole throat as a function of the
solution parameters is presented in Fig. 1. We see that its
location moves to smaller values of the radial coordinate
when any of the parameters a or 1 increases.

We should note that the radial coordinate r does not cover
the wormhole spacetime completely. By definition it ranges
from the wormhole throat, where we have a coordinate
singularity, to r — +o0 representing one of the asymptotic
ends of the spacetime. In order to define a global coordinate
system that also covers the second asymptotic end, we
should extend the radial coordinate through the wormhole

throat. This is possible for example by defining the

coordinate ¢ = ++/r* —r3. It describes two identical

spacetime regions glued at the throat of the wormhole
r = ry, taking negative or positive values in each of them.
The asymptotic ends correspond to £ — oo, respectively,
and the wormhole throat is located at £ = 0.

III. CIRCULAR MOTION AROUND
A TRAVERSABLE WORMHOLE IN BEYOND
HORNDESKI THEORY

In this section, we first investigate the circular motion of
electrically neutral test particles in the spacetime of a
traversable wormhole in beyond Horndeski theory, together
with the energy and angular momentum of test particles in
stable circular orbits.

A. Equations of motion

First, we start deriving the equations of motion using the
following Lagrangian for test particles,

L

b= Emgm,)'c"x", (15)

where m is the mass of the particle. We obtain the integrals
of motion such as the specific energy & = E/m, and
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FIG. 2. The dependence of the effective potential on the radial
coordinate ¢ is illustrated for various values of the spacetime
parameters. The upper panel shows 4 fixed to 0.5 while a/M?
varies, while the lower panel presents a/M?> set to 0.3 with
varying A values.

angular momentum £ = L/m of the particles in the
following form

Gut = =€, g(/)r/)¢ =L. (16)
Spherical symmetry allows us to set # = /2 and 6 = 0.
The equation for the radial motion of the test particles can
then be obtained using the normalization condition,
guwt'u’ = —1 and taking into account the integrals of
the motion (16)

) 2 ‘62
=GrrGui” = E" + gu 1+7 . (17)

This leads to the effective potential [64]

[:2
Veff(r) = h(l +7> (18)

In Fig. 2, we show the dependence of the effective
potential on the radial coordinate ¢, where £ = ++/r* — r3,

for various values of a and A. In the top panel, we show the
effective potential for 4 = 0.5 and several values of a. We

find that an increase in a causes an increase in the effective
potential for small values of the radial coordinate #. The
gravitational effect of the parameter @ becomes less pro-
nounced for large values |#| > 5M, leading only to small
variations in the effective potential.

In the bottom panel, we illustrate the effect of 4 on the
effective potential for the case a = 0.3M?. We see that
variation of the parameter A can lead to modification of
the qualitative behavior of the effective potential. For larger
values of 4 we observe that the effective potential possesses
two maxima located symmetrically on both sides of the
wormhole throat and a minimum at the throat. Decreasing
the parameter 4, the two maxima approach the throat and at
some critical value of A they reach it merging into a single
maximum and causing the minimum of the effective
potential to disintegrate. This transition has an impact on
the qualitative behavior of the timelike geodesics in the
wormhole spacetime. While the first configuration allows
for bound particle orbits in the vicinity of the wormhole
throat, the second one possesses only a single unstable
circular orbit located at the throat.

3'0' o e ]

-10 -5 0 5 10
(/M
FIG. 3. The dependence of the angular momentum of circular

orbits on the radial coordinate ¢ is presented. In the top panel, the
dependence is shown for varying a/M? values, with 1 held
constant at 0.5. Conversely, the lower panel illustrates the angular
momentum for several 1 values, while maintaining a/ M? at 0.3.
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Next, we explore the stable circular orbits of test
particles around the traversable wormhole using the
standard conditions

Veff - (92, Vé:ff - 0 (19)

The expressions for the angular momentum and the energy
of test particles corresponding to circular orbits take the
form

2 _ rh'(r) 2
2h(r)—rh'(r)’

2h(r)?

= -y 2

The dependence of the angular momentum on the radial
coordinate # is shown in Fig. 3 for different values of the
parameters a and A. The figure shows that the angular
momentum decreases slightly with an increase of both the
parameters a and A. However, at distances less than about,
¢ ~4M the angular momentum increases as A increases.
Also, the angular momentum at ¢ =0 increases as A
increases.

IV. FUNDAMENTAL FREQUENCIES
OF TEST PARTICLES

Fundamental frequencies around astrophysical compact
gravitational objects, such as black holes and wormholes,
are related to the motion of matter or particles in the
spacetime of the objects in the strong gravitational field
regime. These frequencies can be used to probe the proper-
ties of black holes and wormholes, such as their mass, spin,
and gravity parameters. Now we investigate fundamental
frequencies of test particles orbiting a traversable wormhole
in beyond Horndeski theory. We start by calculating the
angular velocity of the test particles in Keplerian orbits and
the frequencies of the radial and vertical oscillations of the
particles around the stable circular orbits.

The angular velocity of the test particles around central
compact gravitating objects in circular orbits is called
Keplerian frequency and is defined as Qg = ¢/ where
the dot denotes differentiation with respect to the affine
parameter along the geodesic. The expression for the
Keplerian frequency in the spacetime around a traversable
wormhole in beyond Horndeski theory takes the following
form

2
K

8aM
M VI+5 -1
Q2 = . (1)

_r3 /1+w 20

The harmonic oscillations of the test particles around the
central massive object are a result of the balance between
the gravitational force of the object and the inertia of the
test particle.

In fact, when a test particle is placed on a stable circular
orbit around the object, it is subject to a centripetal force
that is directed toward the object. This force is balanced by
the gravitational force of the object, which is directed
toward the center of it. If the test particle is slightly
perturbed from its circular orbit, such as ry+ ér and
/2 4 60, it will experience a restoring force that will
tend to bring it back to its original orbit. This restoring force
is a result of the gradient of the gravitational field. The
restoring force can be resolved into two components: a
radial component and a vertical component. The radial
component of the restoring force is responsible for the
radial oscillations of the test particle, while the vertical
component of the restoring force is responsible for the
vertical one.

Now, here, we assume test particles orbiting a traversable
wormhole along stable circular orbits which oscillate along
the radial and the vertical directions. The following
equations can evaluate the frequencies of the radial and
the vertical oscillations [73]:

d*6r d256
Q=0 —Tiape-0. (22)
where
= BV Ol (23)
T 2g,(u)? T -
Qf = —W@%Veff(h lo—r/2» (24)

are the radial and vertical frequencies, respectively.
After some simple algebraic calculations, one may easily
obtain the expressions for the frequencies,

92
Qr = [4(1M2(10(x -3V 8aMr + r* +21r2) — 4r°2\/8aM + r* + 4r°

+ M(=32ar3>\/8aM + 1* — 1577/2\/8aM + 13 + 1515 + 46ar3)]

<2/1r —2rp <

X

2a—/8aMr+r*+r? _ 1>>

2r(8aM + 1*)(2aM + r¥2(—/8aM + 1) + 1)

Q) =Qx=Q,

(25)
(26)
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FIG. 4. Radial dependence of the small oscillations v,, and v, of neutral particles around a wormhole in beyond Horndeski theory

having a mass M = 10M,.

It is worth noting that, in our further analysis, we
express all the frequencies in the unit of Hz, i.e., we ob-
tain for the epicyclic frequencies v; = ﬁé’—;{Q[, where
c=3x10® m/sec is the speed of light in vacuum,
and G = 6.67 x 10711 m3/(Kg x sec?) is the gravitational
Newtonian constant.

In Fig. 4 we demonstrate the behavior of the profiles of
the Keplerian and the radial oscillation frequencies, when
we vary the parameters @ and 4. It is seen that when a =
0.2M? and 1 = 0.1, and @ = 2M? and 1 = 0.3 the radial
frequency goes to zero at £ =0. In fact, the radial
oscillations equal zero at the ISCO. This means that the
ISCO of the particles coincides with the throat of the
wormhole. As the parameter 4 increases, the ISCO goes far
from the wormhole throat.

It is also observed that the effect of the coupling
parameter a is visible near £ = 0, and an increase of a
causes a slight decrease in the Keplerian frequency values.
However, the parameter 4 increases it.

V. QUASIPERIODIC OSCILLATION
FREQUENCIES

Astrophysical compact objects, such as black holes and
wormholes, do not emit electromagnetic radiation them-
selves. However, they do cause the curvature of spacetime,
which in turn affects the motion of matter in their vicinity.
This motion can generate electromagnetic radiation, which
can be observed in the form of an accretion disk.

Quasiperiodic oscillations (QPOs) are a type of vari-
ability observed in the electromagnetic radiation from
accretion disks. QPOs are characterized by their frequency,
which can be either high (HF QPOs) or low (LF QPOs).

HF QPOs have frequencies in the range of 0.1 to 1 kHz,
while LF QPOs have frequencies below 0.1 kHz. QPOs
have been observed in the electromagnetic radiation from
accretion disks around various astrophysical objects,
including black holes, neutron stars, white dwarfs, and
their binary systems [74]. The origin of QPOs is not fully
understood, but they are thought to be related to the
dynamics of the accretion disk. The study of QPOs can
provide insights into the physics of accretion disks and the
properties of the compact objects they orbit. For example,
the frequency of HF QPOs has been linked to the size of
the inner region of the accretion disk, which is in turn
related to the mass and spin of the compact object.
Consequently, one can conclude that QPOs are a valuable
tool for studying the physics of accretion disks and the
properties of the compact objects they orbit.

QPOs observed in low-mass x-ray binaries (LMXBs) are
thought to be produced by a mechanism different from that
observed in other astrophysical objects. This is because
LMXBs contain neutron stars that have strong magnetic
fields. The magnetic field of a neutron star can interact with
the accretion disk in a way that produces QPOs. The source
of the electromagnetic radiation in the accretion disk is
thought to be the oscillation of test-charged particles. These
particles radiate with the same frequency as their oscillation
frequency. The relativistic precession (RP) model explains
the existence of QPOs due to the quasiharmonic oscillations
of charged particles in the radial and angular directions
around black holes and wormbholes.

In the RP model, the upper frequency of a twin-peaked
QPO is equal to the orbital frequency of the particle, while
the lower frequency is equal to the difference between
the orbital frequency and the radial oscillation frequency.
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FIG. 5. The radial profile of the upper (v, blue) and lower (v,

black) frequencies is presented for the RP model. The upper panel
displays results for two distinct values of A (solid lines for
A = 0.3, while dashed lines for 2 = 0.1) while maintaining o/ M?
at a constant. Conversely, the lower panel showcases variations
for two specific values of a/M? (solid lines for a/M?* = 0.2,
while dashed lines for a/M? =2.0), with 1 held constant.
Furthermore, r3., resonance radii are also displayed by solid
vertical lines.
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In other words, the upper and lower frequencies of a QPO
with twin peaks are given by: vy = v, and v, = vy — v,
where, vy and v; are the upper and lower frequencies,
respectively, and v, is the orbital frequency and v, is the
radial oscillation frequency.

Figure 5 presents the radial dependence of the upper
and lower frequencies of twin QPOs with blue and black
lines, respectively. In the upper panel, the parameter a
is fixed as @ = 0.2M? and the solid line corresponds to
A = 0.3 and the dashed line to A = 0.1. It is observed from
this panel that an increase in the A parameter causes a
decrease in the upper and lower frequencies, and the QPO
orbit, with the frequency ratio of 3:2, slightly shifts out. In
the bottom panel, we specify the solid line for a = 0.2M?
and the dashed one for @ = 2.0M? cases by fixing the
parameter A = 0.3. It is seen that an increase of a reduces
vy slightly near the wormhole throat (up to about # ~ 3M),
and, at far distances, its effect is invisible. However, the
effects of the a parameter on the lower frequencies are
sufficient.

We perform an analysis of the relationships between the
upper and lower frequencies of the twin QPOs for different
values of a and 4 in Fig. 6.

In the left panel, we show the relationships for different
values of @ in 1 = 0.5, and in the right panel, the relation-
ships are given for different values of 1 by fixing
a = 0.5M?. It is obtained that one can observe an increase
in the highest values of upper and lower frequencies
corresponding to those generated at ISCO, due to an
increase in a. However, the highest value does not change
in the variation of A and it only depends on a. From the right
panel, it is also seen that the frequency ratio increases
slightly with increasing A.

250F—
RP Model, a/M*=0.5
2001
(f
150+ ~
l}
N *
T v 190
- td

2 ‘

100+ /Z 185

¢
/'
Y/ 180} %+
500/  ——a=02 550
----- A=05
170
-=-==-21=08 110 120 130 140 150
o ]
0 50 100 150 200 250
vy,Hz

FIG. 6. Relations between the frequencies of the upper and lower peaks of the twin-peak QPOs in the RP model around the wormhole

having mass M = 10M,.
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VI. CONSTRAINTS ON THE WORMHOLE MASS
IN BEYOND HORNDESKI THEORY

In this section, we investigate four x-ray binary systems
and endeavor to derive constraints on the parameters
associated with our wormhole model within the beyond
Horndeski theory framework. This will be achieved by
analyzing the QPOs’ data. Celestial objects of interest
include Sgr A*, GRO J1655-40, GRS 1915 + 10, and XTE
1550-564. Finally, we shall present the best-fit values
within the parameter space, which have been obtained
through the utilization of a MCMC code analysis.

Markov chain Monte Carlo (MCMC) analysis was
performed using the python library EMCEE [75] to deter-
mine constraints on the wormhole parameters in our study.
We employed the relativistic precession (RP) model in our
analysis.

The posterior can be defined as in the Ref. [76]:

P(D|®, M)z(©|M)
P(DIM)

P(O|D, M) = (27)

where 7(®) is the prior and P(D|®, M) is the like-
lihood. The priors are set to be Gaussian priors within
boundaries, i.e.,

7(®;) ~exp (2 (%) ) (28)

where Oy, ; < ©; < Oy ; for the parameters ©; =
[M,a*,2,¢%] and o; are their corresponding sigmas.
Here we use the notation a* = a/M? and ¢* = £5.,/M
is the normalized radial location of the 3:2 resonance. We
take the prior values of the parameters of the wormhole, as
presented in Table II.

In light of the upper and lower frequency data obtained in
Sec. V, our MCMC analysis is structured to utilize two
distinct datasets. The central component of this analysis is
the likelihood function, denoted as £, and can be expressed
as follows:

log £ = log L, + 1og Ljgy» (29)

wherein log £, characterizes the likelihood associated
with the upper-frequency data, given by:

up th)2

log L, = (30)

up obs -
ZZ

up obs) ’

On the other hand, log L., signifies the likelihood
attributed to the lower frequency data, expressed as:

2

IJ
IOg ﬁlow _ low, th)

, (31)

2 : l/low obs
2

Glow obs)

Here i runs from 1 to an arbitrary integer, implying the

number of measured upper and/or lower frequencies, v, ¢

and v} . represent the observed results for the upper and
lower frequencies, denoted as v, and v, respectively.
Additionally, vy, ,, and v}, , correspond to their respective
theoretical predictions. Furthermore, within these expres-

sions, o' \obs TEprEsents the statistical uncertainties associ-

ated with the given quantities.

VII. CONCLUSION: RESULTS AND DISCUSSION

Throughout this work, we have investigated the dynam-
ics and oscillation of test particles together with the
applications to QPOs observed near traversable wormholes
in the beyond Horndeski gravity theories. The following
main results are found:

(i) The wormhole throat decreases with the increase of

the Horndeski parameters 4 and a.

(i) The angular momentum decreases slightly with an
increase in both the parameters a and 1. However, at
distances less than about, £ ~4M the angular
momentum increases as A increases.

(ili) An increase in a causes an increase in effective
potential. However, the gravitational effect of the
parameter o disappears at £ > SM.

(iv) Once we have a = 0,2M & A = 0.1, the ISCO of the
particles coincides with the throat of the wormhole.
As the parameter 4 increases, the ISCO goes far from
the wormhole throat.

(v) An increase in the A parameter causes a decrease in
the upper and lower frequencies, and the QPO orbit
with the frequency ratio 3:2, slightly shifts out.

(vi) An increase of a reduces v slightly near the
wormhole throat (up to approximately & ~ 3M),
and, at far distances (approximately ¢ ~ 10M), its
effect is invisible.

(vii) One can observe an increase in the highest values of
the upper and lower frequencies corresponding to
those generated at ISCO, due to an increase in a.

(viii) However, the highest value does not change in the
variation of A and it only depends on «, also the
frequency ratio increases slightly with increasing A.

(ix) In the preceding section, we discussed the applica-
tion of MCMC analysis for parameter estimation
based on QPO data observed in the center of the
microquasars GRO J1655-40, GRS 1915 + 105 &
XTE J1550-564 and the Milky Way galaxy given in
Table I. We have employed the MCMC code to
explore the four-dimensional parameter space of the
traversable wormhole solution. In this case, we have
considered Sgr A* to be a supermassive wormhole

104074-9
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TABLE I. The mass, upper, and lower frequencies of the QPOs from Sgr A* and the x-ray binaries selected for

analysis.
SgrA* GRO J1655-40 GRS 1915 + 105 XTE J1550-564
M(My) 2.6 +4.4 %10 [77] 6.03 +6.57 [78] 10.4 + 14.2 [79] 8.49 +9.71 [80,81]
Vyp (Hz) 1.44501 % 1073 [77) 451 £5 [78] 168 £ 3 [79] 276 + 3 [80]
Viow (Hz) 0.88670 004 x 1073 [77] 298 + 4 [78] 113 +£5 [79] 184 45 [80]
M/(10° x M) = 4.25*81: MM, = 6287391

L' =597133% 1" =552+1

@' = 12148

1" =4.974331 2" = 4591338

FIG. 7. Constraints on wormhole mass, the a*, and 1 parameters in the Sgr A* (upper left), and microquasars GRO J1655-40 (upper
left), GRS 1915 + 105 (lower left) and XTE 1550-564 (lower right) using MCMC code. Here a* = a/M?, and £* = £5.,/M is the
normalized radial location of the 3:2 resonance?
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TABLE II. The Gaussian prior of the wormhole in the beyond Horndeski theory from QPOs for the selected x-ray
sources.
Sgr A* GRO J1655-40 GRS 1915 4 105 XTE J1550-564

Parameters u c u o u c u o
M(Mg) 4.26 x 106 0.12 x 108 6.307 0.066 12.41 0.62 9.10 0.61
at 1.20 0.29 1.20 0.090 1.20 0.09 1.20 0.12
A 0.50 0.15 0.45 0.080 0.20 0.12 0.23 0.05
& 6.07 0.35 5.68 0.115 4.84 0.35 4.95 0.35
TABLE III. The best-fit values of the wormhole parameters from QPOs for the selected x-ray sources.
Parameters SgrA* GRO J1655-40 GRS 1915 + 105 XTE J1550-564
M(Mo) 4257012 % 10° 6.281007 12.1970:3 9.02:0%

@ 118503 1194000 1.217065 1.20%013
A o.53f§;i§ 0.57t§;§§% 0.30j§;§§ 0.30t§;§3z

4 5.971 058 5.525 01 4.97%)54 4.591058

candidate and studied three microquasars as stellar
mass wormhole candidates. The results of the
MCMC analysis are presented in Fig. 7. The con-
tours in these figures represent shaded regions
representing the confidence levels of 1o (68%),
26 (90%), and 36 (95%) for the posterior probability
distributions of the complete set of parameters.
The figure comprises four panels: the upper left
panel corresponds to quasar Sgr A*, the upper right
panel to GRO J1655-40, the lower left panel to
GRS 1915 + 105, and the lower right panel to XTE
1550-564. The details of prior values of the param-
eters 4 and o which correspond to having the
distribution of the values of the parameters M, o,

Aand £* are given in Table II and their best-fit values
for these objects are shown in Table III.
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