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We analyze several aspects of detectors with uniform acceleration a and uniform rotationΩ in de Sitter
(Λ > 0) and anti–de Sitter (Λ < 0) spacetimes, focusing particularly on the periodicity, in (Euclidean)
proper time τtraj, of geodesic interval τgeod between two events on the trajectory. For Λ < 0, τgeod is
periodic in iτtraj for specific values of a and Ω. These results are used to obtain numerical plots for the

response rate Ḟ of Unruh-DeWitt detectors, which display nontrivial combined effects of rotation and
curvature through the dimensionless parameter Λc2=Ω2. In particular, periodicity does not imply
thermality due to additional poles in the Wightman function away from the imaginary axis. We then
present some results for stationary rotational motion in arbitrary curved spacetime, as a perturbative
expansion in curvature.
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I. INTRODUCTION

Studying physical processes in a uniformly accelerated
frame of reference in Minkowski spacetime [1–3] often
forms a first step towards understanding these processes in
curved spacetime. The mapping between these is provided
by the so-called principle of equivalence. However, by its
very nature, the equivalence principle gives no insights into
the quantitative role of curvature in these processes. One
can obtain curvature corrections perturbatively, of course,
but such results are of limited interest from a conceptual
point of view since the limit of zero acceleration can not
then be taken. Awell-known result [4–6] that illustrates this
is the response of a uniformly accelerated Unruh-DeWitt
detector in de Sitter spacetime with cosmological constant
Λ, which is thermal with a temperature proportional toffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ Λ

p
. A perturbative analysis would yield the leading

curvature correction at OðΛ=a2Þ and miss the a → 0
limit.
In a recent work [7], it was shown that similar con-

tribution due to (electric part of) Riemann tensor arises in
general curved spacetimes, of which the (anti–) de Sitter
results are but special cases. A remarkable partial summa-
tion of an infinite series once again yields new insights that
one could not have gained from a naive application of the
equivalence principle.
In this paper, we broaden the scope of such results by

considering uniformly accelerating and rotating detectors
in maximally symmetric spacetimes and obtaining certain
exact results that should be relevant for the response of such

detectors. We also give the result for arbitrary curved
spacetimes, but, unfortunately, we are forced to leave it as a
perturbation expansion since we have not been able to
resum even a subset of terms in presence of rotation.
Nevertheless, the exact results we present for rotating
detectors in dS and AdS spacetimes by themselves yield
important insights into the non-trivial of Λ (including its
sign) on the response of the detectors.
Three key results derived in this work are
(1) Relation between proper time and geodesic interval:

Remarkably, the relation between the geodesic
distance, Δτgeod and proper time distance, Δτtraj
for a stationary trajectory with constant acceleration
and constant torsion in a maximally symmetric
spacetime can be expressed in a form closely
resembling the structure in Minkowski spacetime
[see Eq. (13)].

(2) Periodicity in Δτ2geod: The above result yields the
condition for periodicity of Δτ2geod in Euclidean
proper time (Δτtraj → iΔttraj) for Λ < 0, for specific
values of acceleration and torsion.

(3) General spacetime: We also obtain a perturbative
expression for Δτ2geod for stationary trajectories in
arbitrary curved spacetime, assuming derivatives of
Riemann to be small.

The (square of) geodesic interval, σðx; x0Þ2 ¼
−Δτ2geodðx; x0Þ between two points on a trajectory is an
important quantity that appears prominently in the analysis
of classical as well quantum measurement processes in
curved spacetimes. The latter, for instance, through its
appearance in the leading short distance (Hadamard) form
of the two-point function,
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GHðx; yÞ ¼
Δ1=2ðx; yÞ
σðx; yÞ2 þ…; ð1Þ

where Δðx; yÞ is the van Vleck determinant, derived again
from σ2. Amongst many things, the above form serves as
the key mathematical tool to evaluate the response of an
Unruh-DeWitt detector coupled to quantum field in an
arbitrary curved spacetime.
NB: The curvature constant (cosmological constant)

used for de Sitter in this paper, Λ, is conventionally
denoted by Λ=3 in the context of cosmology.

II. STATIONARY MOTION

The trajectory of a timelike curve is specified using
functions xaðτÞ defined at each point of the curve, with τ as
the proper time along the curve. A more elegant way to
represent the trajectory is through its curvature invariants,
which, in four dimensions, are acceleration, torsion, and
hypertorsion. At every point on the trajectory an ortho-
normal tetrad, eia can be constructed from the derivatives of
xaðτÞ, which satisfy the condition,

eiaeib ¼ ηab: ð2Þ

Here, ηab ¼ diagð−1; 1; 1; 1Þ. These tetrads serve as the
basis vectors for the vector space at each point on
the worldline. They obey the Serret-Frenet equations
given by

Deia
dτ

¼ Ka
beib; ð3Þ

where the structure of the matrix Kab is given by

Kab ¼

2
66664

0 −aðτÞ 0 0

aðτÞ 0 ΩðτÞ 0

0 −ΩðτÞ 0 λðτÞ
0 0 −λðτÞ 0

3
777775; ð4Þ

where aðτÞ is the magnitude of acceleration, ΩðτÞ is the
torsion, and λðτÞ is the hypertorsion. These are the
curvature invariants of the trajectory. Note that the matrix
Kab is antisymmetric, Kab ¼ −Kba. The worldline is sta-
tionary when these invariants are constant and do not
depend on the parameter τ. These stationary worldlines are
classified into six categories (see Refs. [8–10]) for
Minkowski spacetime according to the values of curvature
invariants.
For a stationary trajectory, let uiðτÞ be the four-velocity

and niðτÞ be the unit vector along the direction of four-
acceleration. We will be using Serret-Frenet equations to
construct the tetrads and will express the worldline in terms
of the tetrads at τ ¼ 0. One starts with the tangent vector to
the curve, and a unit vector in the direction of acceleration,

from which remaining orthogonal vectors are obtained
using Gram-Schmidt orthogonalization,

∇uuk ¼ ank; ∇unk ¼ Ωbk þ auk;

∇ubk ¼ λdk −Ωnk; ∇udk ¼ −λbk: ð5Þ

Here, ∇u is the covariant derivative, nk ¼ ak=a is the
normal vector in the direction of acceleration, bk is the
binormal orthogonal to uk and ak, and dk is another unit
vector orthogonal to all other unit vectors. These equations
are more succinctly expressed in terms of the Fermi
derivative defined by

DFYi

dτ
¼ ∇uYi þ Ωi

kY
k ¼ 0;

where, Ωik ≔ aiuk − uiak þ ωik and ωik ≔ εikjlujωl. For
stationary motion, Kab ¼ Ωba.
The key geometrical quantity, which will also be

our main focus, is the geodesic distance between two
points on a stationary trajectory characterized by Serret-
Frenet equations. To do this, we will follow the method
sketched in [7]. This method essentially uses Riemann
normal coordinates (RNC) to solve for the trajectory as a
power series,

xiðτÞ ¼
X∞
n¼0

τn

n!

�
dnxi

dτn

�
τ¼0

; ð6Þ

in which the coefficients on the rhs are determined by
taking higher derivatives of the defining equation,

d2xi

dτ2
þ Γi

bc
dxb

dτ
dxc

dτ
¼ ai; ð7Þ

and using the Serret-Frenet equations. This method
was explained and used in [7] for rectilinear, uniformly
accelerated motion in arbitrary curved spacetime, and
was shown to yield a remarkable result involving an
analytically resummable piece of an otherwise infinite
(perturbative) expansion. In this work, we will explore the
effects of rotation to see if a similar result holds in
this case.

III. MAXIMALLY SYMMETRIC SPACETIMES

As a first step towards studying stationary trajectories in
arbitrary curved spacetime, we will consider stationary
trajectories in maximally symmetric spacetimes. As we will
show, some very interesting analytic results can be obtained
in this case, with several remarkable similarities and
mappings with the corresponding results in Minkowski
spacetime, which we have discussed in Appendix A; we
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will refer to the results in this appendix after deriving the
corresponding results in maximally symmetry.
We will mostly use the metric of maximally sym-

metric spacetimes in embedding coordinates Xi, given
by [11]

gab ¼ ηab þ
Λ

1 − ΛηijXiXj ηacηbdX
cXd: ð8Þ

Then the Christoffel connections can be expressed as
Γa
bc ¼ ΛXagbc. It can be easily shown that the stationary

motion with acceleration, and torsion will be always in
the hyperplane uið0Þ − nið0Þ − bið0Þ using Serret-Frenet
equations.

A. Trajectory and geodesic distance

Further, using Eqs. (5) and (7), the Taylor series
expansion for the trajectory similar to Minkowski space-
time can be obtained as

dXi

dτ
¼ Ui

d2Xi

dτ2
¼ aNi þ ΛXi

d3Xi

dτ3
¼ aΩBi þ ða2 þ ΛÞ dX

i

dτ
dpXi

dτp
¼ ða2 −Ω2 þ ΛÞ d

p−2Xi

dτp−2
þΩ2Λ

dp−4Xi

dτp−2
:

Here, p ≥ 4, Ui, Ni, Bi are similar to unit vectors ui, ni, bi

in Minkowski spacetime but now defined using the
embedding coordinates. The above equations are obtained
by expanding the covariant derivatives and using the
Christoffel connections previously described. Solving the
recursion equation will determine all the higher-order
terms. The terms in each direction can be summed into
hyperbolic functions, sinh and cosh. The final form of the
summed series expressing the trajectory is

ZiðτÞ ¼ a
q20

½cosh ðqþτÞ − cosh ðq−τÞ�Nið0Þ − aΩ
qþq−q20

½qþ sinh ðq−τÞ − q− sinh ðqþτÞ�Bið0Þ

−
1

qþq−q20
½ðq2− þ Ω2Þqþ sinh ðq−τÞ − ðq2þ þΩ2Þq− sinh ðqþτÞ�Uið0Þ

þ Λ
q20

��
q2þ þ Ω2

q2þ

�
coshðqþτÞ −

�
q2− þ Ω2

q2−

�
coshðq−τÞ

�
Xi
0: ð9Þ

Here, q0 ≔ ½ða2 − Ω2 þ ΛÞ2 þ 4ΛΩ2�1=4, q� ≔ ð1= ffiffiffi
2

p Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 −Ω2 þ ΛÞ � q20

p
, and Xi

0 is the initial position. These
constants are similar to the ones obtained for stationary
motion with all curvature invariants. In fact, there seems to
be mapping between these trajectories, which will be
discussed soon.
The geodesic interval can be found using the relation

between the arclength and chordal distance in maximal
symmetric spacetimes. The chordal distance is evaluated
using ηabΔZaðτÞΔZbðτÞ, where ΔZaðτÞ ¼ ZaðτÞ − Zað0Þ
and arrived at the relation for geodesic interval as

Δτ2geod ¼ −
1

Λ

h
sin−1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ΛΔτ2ms

q �i2
: ð10Þ

Here, Δτ2ms ≔ −ðηabΔZaΔZbÞ given by

Δτ2ms ¼ Δτ̃2
�
1þ 1

4
ΛΔτ̃2

�
ð11Þ

Δτ̃2 ¼ 4

q20

��
1þΩ2

q2þ

�
sinh2

�
qþΔτtraj

2

�

−
�
1þ Ω2

q2−

�
sinh2

�
q−Δτtraj

2

��
: ð12Þ

Equation (10) can be rearranged using Eq. (11) to a
similar form as obtained in Eq. (23) of [7],

Δτ2geod ¼
4

Λ

�
sinh−1

�
1

2

ffiffiffiffiffiffiffiffiffiffiffi
ΛΔτ̃2

p ��
2

: ð13Þ

The equation for the hyperbolic trajectory in the Ref. [7]
will be a special case when Ω ¼ 0. Note that the same
relation can also be arrived at by using the mapping
between the embedding coordinates and the RNC [12],
Xi ¼ Δ−1=ðD−1Þx̂i, where, Δ ¼ Δð0; x̂Þ is the van Vleck
determinant with D as the dimension of spacetime. The
expression, −Δτ2geod ¼ ηabx̂ax̂b can be used to evaluate the
geodesic interval.
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B. Periodicity in Δτ2geod
The periodicity in Δτ2geod for Euclidean time

(Δτtraj → iΔttraj) can be analyzed using Eq. (12).
Equation (12) will be periodic only when both conditions
given below are satisfied.

(i) fqþ; q−g∈R.
(ii) qþ=q− ∈Q.

The first condition restricts q− ∈R, which implies

1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ΛΩ2

a2 − Ω2 þ Λ

s
> 0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − Ω2 þ Λ

p
> 0:

The above inequalities are only satisfied for Λ < 0

and a2 > Ω2 þ jΛj.
Using the first condition, the second condition can be

simplified as

qþ
q−

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4jΛjΩ2

ða2−Ω2−jΛjÞ2
qr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4jΛjΩ2

ða2−Ω2−jΛjÞ2
qr ¼ r

⇒
jΛjΩ2

ða2 −Ω2 − jΛjÞ2 ¼
r2

ðr2 þ 1Þ2 : ð14Þ

Here, r∈Q and r > 1. The above condition ensures that qþ
and q− are commensurable. Therefore, the conditions for
periodicity in Δτ2geod can be summarized as

Λ < 0

a2 > Ω2 þ jΛj
jΛjΩ2

ða2 − Ω2 − jΛjÞ2 ¼
r2

ðr2 þ 1Þ2 :

C. Mappings between stationary motions
in Minkowski and dS and AdS

(1) Helical motion in Minkowski and rotation in dS and
AdS:
The rhs of Eqs. (12) and (A2) have a striking

similarity. The functional form of these equations are
similar. If we try compare the constants, the mapping
between these equations can be summarized as

Minkowski Maximally symmetric

a2η a2 þ Λ
Ω2

η a2ðΩ2=ða2 þ ΛÞÞ
λ2 ΛðΩ2=ða2 þ ΛÞÞ

Note that Ω2
η þ λ2 ¼ Ω2. The curvature constant of max-

imally symmetric spacetime, Λ, plays a similar role of
hypertorsion, λ in flat spacetime.

(2) Rotation in Minkowski and rotation in dS and AdS
with a ¼ Ω:
In the case of maximally symmetric spacetimes,

when the acceleration and torsion are equal, Eq. (11)
reduces to

Δτ2ms ¼
4ðΛþΩ2Þ

Λ2
sinh2

� ffiffiffiffi
Λ

p

2
Δτtraj

�
−
Ω2Δτ2traj

Λ
:

ð15Þ

The mapping between the flat spacetime and
maximally symmetric spacetime for this motion
is, a2η → a2 þ Λ and Ωη → a ¼ Ω.

IV. ROUTE TO GENERALISE THE RESULTS TO
ARBITRARY CURVED SPACETIMES

We now turn focus on arbitrary curved spacetimes,
hoping again to obtain the relation between the geodesic
interval and the proper time interval for points on stationary
trajectories in these spacetimes, characterized again
through Serret-Ferret conditions. The method we will
employ is the one based on a judicious use of RNC,
described in Sec. II of Ref. [7]. The RNC is setup at
some initial point p0 and the trajectory of the probe at the
point p is expressed using Eq. (6). From the definitions of
RNC, we have ẑaðΔτÞ ¼ x̂aðpÞ ¼ ðΔτgeodÞt̂að0;ΔτÞ and
ðΔτgeodÞ2 ¼ ηabẑaðΔτÞẑbðΔτÞ, where t̂a is the tangent
vector along the geodesic curve connecting the points p0

and p. Utilizing Eq. (7) and its higher derivatives in RNC
along with Serret-Frenet equations, each terms in the series
can be obtained as

˙̂zið0Þ ¼ uijp0
¼ uið0Þ

̈̂zið0Þ ¼ ½ani − Γi
mku

muk�p0
¼ ½ani�p0

⃛ ẑið0Þ ¼ ½auk∂kni − Γi
mj;ku

kumuj − 2Γi
mjðuk∂kujÞ�p0

¼ ½a∇uni − 3Γi
kmu

kam − Γi
mj;ku

kumuj

þ Γi
mjΓ

j
klu

mukul�
p0

¼ ½a∇uni − Γi
mj;ku

kumuj�
p0

¼ ½aΩbi þ a2ui − Γi
mj;ku

kumuj�
p0
:

The Christoffel connections in the above terms are evalu-
ated using the series expansions in RNC. In the case of
nonrotating motion (Ω ¼ 0), this procedure gave the
following series in Ref. [7],
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Δτ2geod¼ τ2accþ
1

12
a2τ4accþ

1

360
ða4þ3a2E nÞτ6acc

þ 1

20160
ða6þ17a2E 2

nþ18a4E nÞτ8acc

þ 1

1814400
ða8þ81a6E nþ339a4E 2

n

þ 155a2E 3
nÞτ10accþOðτ12accÞþRAþ∇Rterms: ð16Þ

Here, E n ≔ R0n0n ¼ Rabcduanbucnd and RA collectively
represents all terms that have at least one Riemann tensor
with at least one index which is neither 0 nor n. A
remarkable feature of this series, as was pointed out
in [7], is that it admits a partial resummation involving
terms containing acceleration and the tidal part of the

Riemann tensor into a nice analytic function,

Δτgeod ¼
2ffiffiffiffiffiffiffiffiffi
−E n

p sinh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−E n

a2 − E n

s
sinh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − E n

p
τacc

2

��

þRA þ∇R terms: ð17Þ

A discussion on the off-plane components of Riemann
tensor terms (RA) and derivatives of Riemann tensor terms
(∇R terms) are included in Appendix B.
For rotational motion Ω ≠ 0, we can obtain a similar

series expansion in curvature using CADABRA. To
OðΔτ9trajÞ, this is given by

Δτ2geod ¼ Δτ2traj þ
1

12
a2Δτ4traj þ

1

360
a2ða2 −Ω2 þ 3R0n0nÞΔτ6traj −

1

120
a2ΩRn0b0Δτ7traj þ

1

20160

�
a6 − 2a4Ω2

þ a2Ω4 þ 18a4R0n0n þ
128

3
a2Ω2R0b0b − 17a2R0n0•R•

0n0 þ 50a2Ω2R0n0n þ 32a3ΩRnbn0

�
Δτ8traj þOðΔτ9trajÞ:

ð18Þ

Here, • index represent the direction along acceleration
and torsion. However, unlike the case with Ω ¼ 0,
we have not been able to obtain even a partial resum-
mation of this series to a nice analytic function of
acceleration, torsion, and different Riemann tensor com-
ponents. The exact result in dS/AdS, which was helpful in
partially identifying such a resummation in Ref. [7], is not
of much use for Ω ≠ 0 since the presence of an
extra spacelike direction introduces additional compo-
nents of Riemann, which are all equal or zero in maximal
symmetry.

V. COMMENT ON ROTATING OBSERVERS IN
BTZ BLACK HOLE

In Ref. [13], the authors discuss about the detector
response of an observer who is corotating with the horizon
of Bañados-Teitelboim-Zanelli (BTZ) black hole [14–16].
The BTZ blackhole metric can be constructed by a suitable
coordinate transformation from 2þ 1 anti–de Sitter(AdS3)
spacetime. The AdS3 metric is given by

ds2 ¼ −
�
r̂2

l2
− 1

�
dt̂2 þ

�
r̂2

l2
− 1

�−1
dr̂2 þ r2dϕ̂2; ð19Þ

with f ¼ r̂2=l2 − 1 and l is the curvature length scale. By
the following identification:

t̂ ¼ 1

l
ðrþt − r−lϕÞ

ϕ̂ ¼ 1

l

�
rþϕ −

r−t
l

�

r̂ ¼ l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − r2−
r2þ − r2−

s
;

the metric of exterior region of black hole is obtained as

ds2 ¼ −ðN⊥Þ2dt2 þ ðfÞ−2dr2 þ r2ðdϕþ NϕdtÞ2; ð20Þ

where

N⊥ ¼
�
−M þ r2

l2
þ J2

4r2

�
1=2

; Nϕ ¼ −
J
2r2

; ð21Þ

with M ¼ ðr2þ þ r2−Þ=l2 and J ¼ 2rþr−=l. The corotating
observer in Ref. [13], rigidly rotates with the
horizon having an angular velocity, ωH ¼ r−=ðrþlÞ.
The temperature obtained from the response of the
detector for this observer is T ¼ ð1=2πÞðα − 1Þ−1=2,
where α ¼ ðr2 − r2−Þ=ðr2þ − r2−Þ. The Seret-Frenet equation
for this observer shows zero torsion, and the acceleration
is constant for r ¼ constant with a magnitude, a ¼ ð1=lÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 − r2−Þ=ðr2 − r2þÞ

p
. If we use the inverse coordinate

transformation from BTZ to AdS3, the temperature will
read as, T ¼ ð1=2πÞðr̂2 − l2Þ−1=2, which is exactly equal
to the expression for uniformly accelerating observer in
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anti–de Sitter spacetime [4–7], T ¼ ð1=2πÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ Λ

p
,

where a is the magnitude of the acceleration and jΛj−1=2
is the curvature length scale. This temperature can be read
off from the coefficient of τtraj in the geodesic distance if it
is invariant for τtraj → τtraj þ 2πi.
When one considers an observer rotating with ω ≠ ωH at

some constant radius, r ¼ r0, the observer is in stationary
motion with constant acceleration and torsion. The trajec-
tory in BTZ coordinates will be,ðAτtraj; r0; AωτtrajÞ, where,
A ¼ ½r2ð1=l2 − ω2Þ þ Jω −M�−1=2. Using the formula for
the geodesic distance in the flat embedding spacetime, R2;2

given in Ref. [13], the geodesic distance for the trajectory in
flat embedding spacetime for the motion described here can
be obtained as

−Δτ̃2 ¼ 2αðr0Þsinh2
�
Arþ
2l

ðω − ωHÞΔτtraj −
rþ
l
πn

�

þ 2ð1 − αðr0ÞÞsinh2
�
Arþ
2

�
1

l2
− ωωH

�
Δτtraj

−
r−
l
πn

�
; ð22Þ

where n∈Z. We tried to map this trajectory from BTZ
spacetime to AdS3 spacetime using the inverse coordinate
transformation, which gives the trajectory as

t̂ ¼ Arþ

�
1

l2
− ωωH

�
τtraj

r̂ ¼ ffiffiffi
α

p
l

ϕ̂ ¼ Arþ
l

ðω − ωHÞτtraj:

Estimating acceleration and torsion for this trajectory and
plugging into Eq. (12) gives the same expression as
obtained in Eq. (22) with n ¼ 0. For the periodicity in
geodesic distance when τtraj → ittraj, the coefficients of
Δτtraj should be commensurate,

ðω − ωHÞ
lð 1l2 − ωωHÞ

¼ m; ð23Þ

where m∈Q.

VI. DETECTOR RESPONSE

Consider a particle detector model [3,17,18] with two
energy levels, jE0di and jE1di that moves on a stationary
trajectory, xiðτÞ as discussed in the previous sections. It
interacts with the free real scalar field ϕ through an
interaction Hamiltonian,

Hint ¼ λχðτÞmðτÞϕðxiðτÞÞ; ð24Þ

where, λ is the coupling constant, χðτÞ is the switching
function, and mðτÞ is the monopole moment. We consider
adiabatic switching for the detector. The detector is in its
ground state when the interaction with the scalar field
begins and the field is in a state, Φ and assumes that it
satisfies the Hadamard property. To the first order in
perturbation theory, the probability of the detector to be
in the excited state can be expressed as

PðΔEÞ ¼ λ2jdhE0jmð0ÞjE1idj2F ðΔEÞ; ð25Þ

where F ðΔEÞ is the response function that contains the
information on the trajectory of the detector and the initial
state of the field, and ΔE is the energy gap of the detector,
E1 − E0. The response function for adiabatic switching is
given by

F ðΔEÞ ¼ lim
ϵ→0þ

Z
∞

−∞
dτ0

Z
∞

−∞
dτe−iΔEðτ−τ0ÞGþ

ϵ ðτ; τ0Þ: ð26Þ

Here, Gþ
ϵ ðτ; τ0Þ is the pull back of the Wightman function,

Gþ
ϵ ðxiðτÞ; xiðτ0ÞÞ with iε prescription. A more useful

quantity is the proper time derivative of the response
function known as the instantaneous transition rate. For

FIG. 1. The pole structure of 1=Δτ2geod for τ → it in (i) de Sitter, (ii) anti–de Sitter, and (iii) Minkowski spacetime with a=
ffiffiffiffiffiffijΛjp ¼

1.5
ffiffiffiffiffi
17

p
and Ω=

ffiffiffiffiffiffijΛjp ¼ 3.5. For anti–de Sitter, the parameters chosen satisfy the periodicity conditions (see text) to demonstrate
periodicity of poles on the imaginary axis.
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stationary motion, Gþðτ; τ0Þ → Gþðτ − τ0Þ and using the
transformation τ − τ0 ¼ u and τ0 ¼ v, the transition rate can
be defined as

Ḟ ðΔEÞ ¼ lim
T→∞

F ðΔEÞ
T

¼ lim
ϵ→0þ

Z
∞

−∞
due−iΔEuGþ

ϵ ðuÞ: ð27Þ

The pole structure of the Wightman function is given in
Fig. 1 for rotational motion in different spacetimes.

A. de Sitter spacetime

In de Sitter spacetime, we consider a conformally
coupled scalar field for simplicity. The Wightman function
for the conformally coupled scalar field [19,20] is given by

Gþðx; x0Þ ¼ −
Λ

4π2yεðx; x0Þ
; ð28Þ

where, yεðx; x0Þ is the de Sitter invariant distance function
with proper iε prescription, yðx; x0Þ → yðΔτgeodÞ ¼
−4 sinh2 ð ffiffiffiffi

Λ
p

Δτgeod=2Þ. The transition rate is obtained
using numerical methods and is shown in Fig. 2 for
different values of acceleration, torsion and curvature
length scale. The transition rate approaches the thermal

spectrum with temperature, kBT ¼ ðℏ=2πÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ Λ

p
as

Ω → 0.

B. Anti–de Sitter spacetime

For anti–de Sitter spacetime, we again consider a
conformally coupled scalar field. The Wightman function
is given by [21]

Gþ
AdS4

ðx; x0Þ ¼ −
Λ
4π2

�
1

yðx; x0Þ −
ζ

yðx; x0Þ − 2

�
; ð29Þ

where ζ∈ f0;−1; 1g corresponds to whether the boundary
condition specified at infinity is transparent, Dirichlet, or
Neumann, respectively. We will restrict our analysis to
transparent boundary conditions for simplicity. In Fig. 3,
the response rate of an Unruh-DeWitt detector in stationary
motion with acceleration and torsion with the parameter
values chosen for periodicity in geodesic distance when
τ → it is illustrated. The transition rate do not correspond to
the thermal spectrum due to the presence of complex poles
with real parts (see Fig. 1).

FIG. 2. The detector transition rate for a rotating detector in 3þ 1 de Sitter spacetime is plotted against the dimensionless energy gap,
ΔE

ffiffiffiffi
Λ

p ¼ E for different values of acceleration and torsion. Left: a ¼ 2
ffiffiffiffi
Λ

p
, middle: a ¼ ffiffiffiffi

Λ
p

, right: a ¼ ffiffiffiffi
Λ

p
=2. The dashed line

corresponds to the thermal spectrum for a linearly accelerating detector in de Sitter.

FIG. 3. The detector transition rate for 3þ 1 anti–de Sitter spacetime with transparent boundary condition plotted against the
dimensionless energy gap, ΔE

ffiffiffiffiffiffijΛjp ¼ E. Left: a ¼ 1.5
ffiffiffiffiffi
17

p ffiffiffiffiffiffijΛjp
, middle: a ¼ ffiffiffiffiffiffiffiffiffiffiffi

10jΛjp
, right: a ¼ ffiffiffiffiffiffiffiffiffiffiffi

33jΛjp
=2. All the parameter

values in this plot satisfy the periodicity condition described in Sec. III B. The dashed lines corresponds to thermal spectrum with
different temperature and it is clear that the detector transition rate do not correspond to thermal spectrum even though there is
periodicity in geodesic distance for τ → it.
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VII. CONCLUSIONS AND DISCUSSION

We have derived some exact results for uniformly
accelerated and rotating detectors in maximally symmetric
spacetimes. The key result on which all others are based is
the relation between geodesic and proper time intervals
between two points on the detector trajectory. Since two-
point functions, such as the Wightman function, depend on
the former, whereas the detector response involves Fourier
transform with respect to the latter, the analytic structure of
this relation in the complex (proper time) plane determines
the response. In particular, we uncover a periodicity in
Euclidean time for certain values of rotation parameter Ω
for Λ < 0, while no such periodicity can be obtained for
Λ > 0 or Λ ¼ 0 (the well-known case of uniformly rotating
detector in Minkowski spacetime). While periodicity of
Wightman function in Euclidean time is one of the
conditions for thermality, it is not the only one. There
are certain analyticity conditions which are also required, as
discussed in Ref. [22]; in particular, jGþðuÞj should be
bounded by a polynomial, PðjReujÞ in the strip,
S ¼ fu∈Cj − β < Imu < 0g, where β is the periodicity.
This condition is not satisfied for generic rotational motion
due to the presence of additional complex poles with
nonzero real parts.
Our results are important as they highlight the subtle role

which curvature, howsoever small, can play in determining
the nature of response of accelerated, rotating detectors
even in the point limit, where equivalence principle would
generically imply only perturbative corrections.
In the spirit of the uniformly accelerated (rectilinear)

motion discussed in [7], we also obtained perturbative
expansions in curvature for accelerated, rotating detectors
in arbitrary curved spacetime (ignoring the derivatives of
curvature). However, unlike in [7], we have not been able to
uncover a subset of terms that can be summed to an analytic
expression. One obvious reason for this is the complexity of
the series in presence of rotation. Besides, our exact results
in maximally symmetric spacetimes offer no insights in
presence of rotation which brings in an additional spacelike
direction that, in turn, brings in more combination of
curvature components than can be resolved by looking
at dS and AdS, which has just one. We hope, however, to
address this in a future work. Any resummation involving
acceleration, curvature, and rotation is bound to be of

tremendous significance not only in the context of quantum
detectors, but also for classical processes in curved space-
times that involve rotation.
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APPENDIX A: MINKOWSKI SPACETIME

In Minkowski spacetime, the six stationary motions for
different values of curvature constants are (i) uniform linear
acceleration, (ii) circular, (iii) cusped, (iv) catenary, and
(v) helical worldlines. Once the trajectory is expressed in
terms of the tetrads at the origin, the relation between the
geodesic distance and the proper time can be established
using, Δτ2geod ¼ ηabxaðΔτtrajÞxbðΔτtrajÞ, where the arc
length (proper time), τ is denoted by Δτtraj. Evaluating
the derivatives in the Taylor expansion in terms of ui, ni, bi,
di gives

dxi

dτ
¼ ui

d2xi

dτ2
¼ ani

d3xi

dτ3
¼ aΩbi þ a2

dxi

dτ
d4xi

dτ4
¼ aΩλdi þ ða2 −Ω2Þ d

2xi

dτ2

dpxi

dτp
¼ ða2 −Ω2 − λ2Þ d

p−2xi

dτp−2
þ a2λ2

dp−4xi

dτp−4
;

for p ≥ 5. Solving the above derivatives using the recurs-
sion relations, we solved the odd and even derivative
separately. The series expansion for the trajectory will
sum to hyperbolic functions. The trajectory obtained using
the solution of the recurssion relation after the summation is
given as

xiðτÞ ¼ 2

q−qþq20
½ða2 þ λ2 þ Ω2 þ q20Þq− sinh ðqþτÞ − ða2 þ λ2 þ Ω2 − q20Þqþ sinh ðq−τÞ�uið0Þ

þ aΩ
q−qþq20

½q− sinh ðqþτÞ − qþ sinh ðq−τÞ�bið0Þ þ
Ω

aλq20
½q2þðcosh ðq−τÞ − 1Þ − q2−ðcosh ðqþτÞ − 1Þ�dið0Þ

þ 1

2aq20
½ða2 þ λ2 þ Ω2 þ q20Þfcosh ðqþτÞ − 1g − ða2 þ λ2 þ Ω2 − q20Þfcosh ðq−τÞ − 1g�nið0Þ: ðA1Þ
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Here, q0 ≔ ½ða2 −Ω2 − λ2Þ2 þ 4a2λ2�1=4, q� ≔ ð1= ffiffiffi
2

p Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 −Ω2 − λ2Þ � q20

p
. To find the relation between proper

time of the trajectory and the geodesic distance, use
Δτ2geod ¼ ηabxaðΔτtrajÞxbðΔτtrajÞ, noting that ui, ni, bi,
and di are unit vectors and orthogonal to each other. Then
the geodesic distance is

Δτ2geod ¼
4

q20

��
1þ ðΩ2 þ λ2Þ

q2þ

�
sinh2

�
qþΔτtraj

2

�

−
�
1þ ðΩ2 þ λ2Þ

q2−

�
sinh2

�
q−Δτtraj

2

��
: ðA2Þ

The above equation is valid for any general stationary
motion in Minkowski spacetime. Special cases, such as
hyperbolic motion [23], is easily obtained by putting
torsion and hypertorsion to zero. Other trajectories such
as circular motion can be obtained in a similar manner. The
different stationary trajectories are as given below:

1. Uniform linear acceleration

For uniform linear acceleration or hyperbolic motion, the
torsion and hypertorsion will be zero; hence, the motion
will be in the ui − ni plane. The constants q0; q−; qþ will
reduce to a; 0;

ffiffiffi
2

p
a, respectively. The trajectory will be

given by

xiðτÞ ¼ sinh ðaτÞ
a

uið0Þ þ ½cosh ðaτÞ − 1�
a

nið0Þ: ðA3Þ

The equation for the geodesic distance from the above
trajectory simplifies to the well-known result,

Δτ2geod ¼
4

a2
sinh2

�
a
2
Δτtraj

�
: ðA4Þ

2. Motion with acceleration and torsion

When hypertorsion vanishes and only acceleration
and torsion are present, the trajectory will differ according
to the values of a and Ω. The general motion with only a
and Ω motion can be expressed using the unit vectors,
uið0Þ, nið0Þ, and bið0Þ. The constants q0, q−, and qþ toffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 −Ω2

p
, 0, and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 − Ω2

p
, respectively. Applying this to

Eq. (A2) gives the relation between geodesic distance and
proper time. In the case of stationary motion with no
hypertorsion, the trajectories are classified into three
types depending on the magnitudes of acceleration and
torsion.
(a) Circular motion: When jΩj > jaj, the motion is

bounded (circular). The spatial projection of this
motion is circular motion.

(b) Cusped motion: For equal magnitudes of acceleration
and torsion, the spatial projection of the motion is
a cusp.

(c) Catenary motion: The spatial projection is catenary
when the magnitude of the acceleration is greater than
the torsion. The motion is unbounded, and the equa-
tions for the trajectory and geodesic distance can be
obtained by putting λ ¼ 0 in Eqs. (A1) and (A2),
respectively.

3. Motion with acceleration, torsion, and hypertorsion

The equation for the trajectory is already given in
Eq. (A1), and the geodesic distance is given in
Eq. (A2). The equation for the geodesic distance of this
general stationary motion is similar to stationary motion in
maximally symmetric spacetimes with acceleration and
torsion. The spatial projection of this motion is a helix.

APPENDIX B: MORE ON ARBITRARY CURVED
SPACETIMES

More generally, the geodesic interval for a uniformly
accelerated observer in arbitrarily curved spacetime can be
represented as

Δτ2geod ¼ Fða; R0n0nÞ þ F̃ð∇RabcdÞ þRA: ðB1Þ

The first term is the partially resummed analytic part. As
long as R0n0n is nearly constant, this part should be exact.
Then any corrections for nonmaximally symmetric space-
time will come from derivatives of the Riemann tensor and
the term RA.
For the part,RA, the terms can be written in the form of a

series given by the recursion relation,

RA ¼
X∞
i¼1

ðτaccÞ2iþ6

�Xi−1
j¼0

a2ði−jÞ
	Xjþ1

k¼1

ckR
ðkþ1Þ
A E ð1þj−kÞ


�
:

ðB2Þ

Here, RA corresponds to the Riemann tensor with trans-
verse component, and E corresponds to the tidal tensor and
ck is the constant coefficient. For comparing the contribu-
tion from each term using the appropriate length scales, the
same can be represented as

RA ¼ 1

a2
X∞
i¼1

ðετÞ2iþ6

�Xi−1
j¼0

	Xjþ1

k¼1

ck

�
εA
ε0n

�ðkþ1Þ
ðε0nÞð2þjÞ


�
;

ðB3Þ

where, ετ ≔ aτacc, εA ≔ RA=a2 and ε0n ≔ E =a2. As long
as the curvature length scale along the direction of n̂ is
small, then εA=ε0n will be small and the contribution from
RA will be subdominant.
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The contribution from the terms F̃ð∇RabcdÞ can be small
as long as the length scale corresponding to such terms is
larger than the length scale of acceleration and E n term. For
clarity, consider the eight-order terms in the series [deriva-
tive terms starts at order Oðτ7Þ] will have the structure:
a2∇0∇0E ; a3∇nE ; a4E ; a2E 2, and a6. Demanding the

gradients of Riemann to be small at this order leads to
the conditions: ∇0∇0E n=ða2E nÞ ≪ 1, ∇0∇0E n=E 2

n ≪ 1,
∇nE n=ðaE nÞ ≪ 1, and a∇nE n=E 2

n ≪ 1 at this order. As
long as the length scale of acceleration and E n are much
smaller than the gradients of Riemann, all corrections due
to derivative are also subdominant.
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