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Rotating detectors in dS and AdS spacetimes
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We analyze several aspects of detectors with uniform acceleration a and uniform rotation Q in de Sitter
(A > 0) and anti—de Sitter (A < 0) spacetimes, focusing particularly on the periodicity, in (Euclidean)
proper time 7y,j, of geodesic interval 7,.,q between two events on the trajectory. For A <0, 7geoq 18

periodic in iy,; for specific values of a and Q. These results are used to obtain numerical plots for the

response rate F of Unruh-DeWitt detectors, which display nontrivial combined effects of rotation and

curvature through the dimensionless parameter Ac?/Q? In particular, periodicity does not imply
thermality due to additional poles in the Wightman function away from the imaginary axis. We then
present some results for stationary rotational motion in arbitrary curved spacetime, as a perturbative

expansion in curvature.
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I. INTRODUCTION

Studying physical processes in a uniformly accelerated
frame of reference in Minkowski spacetime [1-3] often
forms a first step towards understanding these processes in
curved spacetime. The mapping between these is provided
by the so-called principle of equivalence. However, by its
very nature, the equivalence principle gives no insights into
the quantitative role of curvature in these processes. One
can obtain curvature corrections perturbatively, of course,
but such results are of limited interest from a conceptual
point of view since the limit of zero acceleration can not
then be taken. A well-known result [4—6] that illustrates this
is the response of a uniformly accelerated Unruh-DeWitt
detector in de Sitter spacetime with cosmological constant
A, which is thermal with a temperature proportional to

Va* + A. A perturbative analysis would yield the leading
curvature correction at O(A/a?) and miss the a — 0
limit.

In a recent work [7], it was shown that similar con-
tribution due to (electric part of) Riemann tensor arises in
general curved spacetimes, of which the (anti—) de Sitter
results are but special cases. A remarkable partial summa-
tion of an infinite series once again yields new insights that
one could not have gained from a naive application of the
equivalence principle.

In this paper, we broaden the scope of such results by
considering uniformly accelerating and rotating detectors
in maximally symmetric spacetimes and obtaining certain
exact results that should be relevant for the response of such
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detectors. We also give the result for arbitrary curved
spacetimes, but, unfortunately, we are forced to leave it as a
perturbation expansion since we have not been able to
resum even a subset of terms in presence of rotation.
Nevertheless, the exact results we present for rotating
detectors in dS and AdS spacetimes by themselves yield
important insights into the non-trivial of A (including its
sign) on the response of the detectors.

Three key results derived in this work are

(1) Relation between proper time and geodesic interval:
Remarkably, the relation between the geodesic
distance, A7y,q and proper time distance, Az,
for a stationary trajectory with constant acceleration
and constant torsion in a maximally symmetric
spacetime can be expressed in a form closely
resembling the structure in Minkowski spacetime
[see Eq. (13)].

(2) Periodicity in Aty The above result yields the
condition for periodicity of Aréeod in Euclidean
proper time (Azy,; — iAfy,;) for A <0, for specific
values of acceleration and torsion.

(3) General spacetime: We also obtain a perturbative

expression for Aréeod for stationary trajectories in
arbitrary curved spacetime, assuming derivatives of
Riemann to be small.

The (square of) geodesic interval, o(x,x’)

—A73,,4(x, x') between two points on a trajectory is an

important quantity that appears prominently in the analysis
of classical as well quantum measurement processes in
curved spacetimes. The latter, for instance, through its
appearance in the leading short distance (Hadamard) form
of the two-point function,

2:
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A2 (x,y)
o(x,y)?

where A(x,y) is the van Vleck determinant, derived again
from ¢>. Amongst many things, the above form serves as
the key mathematical tool to evaluate the response of an
Unruh-DeWitt detector coupled to quantum field in an
arbitrary curved spacetime.

NB: The curvature constant (cosmological constant)
used for de Sitter in this paper, A, is conventionally
denoted by A/3 in the context of cosmology.

Gy(x,y) = + ..., (1)

II. STATIONARY MOTION

The trajectory of a timelike curve is specified using
functions x?(7) defined at each point of the curve, with 7 as
the proper time along the curve. A more elegant way to
represent the trajectory is through its curvature invariants,
which, in four dimensions, are acceleration, torsion, and
hypertorsion. At every point on the trajectory an ortho-
normal tetrad, eiu can be constructed from the derivatives of
x“(t), which satisfy the condition,

eiaeib = Hab- (2)

Here, 5,, = diag(—1,1,1,1). These tetrads serve as the
basis vectors for the vector space at each point on
the worldline. They obey the Serret-Frenet equations
given by

Dé!,
dr

= Kabeilﬁ (3)

where the structure of the matrix K, is given by

0 —a(r) 0 0

a(r) 0 Q) 0
Ke=1 0 _aw o o) )

0 0 i) 0

where a(7) is the magnitude of acceleration, Q(z) is the
torsion, and A(z) is the hypertorsion. These are the
curvature invariants of the trajectory. Note that the matrix
K, is antisymmetric, K, = —K},. The worldline is sta-
tionary when these invariants are constant and do not
depend on the parameter z. These stationary worldlines are
classified into six categories (see Refs. [8-10]) for
Minkowski spacetime according to the values of curvature
invariants.

For a stationary trajectory, let u’(z) be the four-velocity
and n'(7) be the unit vector along the direction of four-
acceleration. We will be using Serret-Frenet equations to
construct the tetrads and will express the worldline in terms
of the tetrads at r = 0. One starts with the tangent vector to
the curve, and a unit vector in the direction of acceleration,

from which remaining orthogonal vectors are obtained
using Gram-Schmidt orthogonalization,

V,uf = ank; V,nk = Qb* + au*;

Vobk = Ad* —Qnk;  Vyd* = —Jbk. (5)

Here, V, is the covariant derivative, n* = a*/a is the
normal vector in the direction of acceleration, b* is the
binormal orthogonal to u* and a*, and d* is another unit
vector orthogonal to all other unit vectors. These equations
are more succinctly expressed in terms of the Fermi
derivative defined by

DpY!
dr

=V, Y +QiYk =0,

where, Q* := a'u* —u'a* + o™ and o = ¢M'u;w;. For
stationary motion, K, = Q.

The key geometrical quantity, which will also be
our main focus, is the geodesic distance between two
points on a stationary trajectory characterized by Serret-
Frenet equations. To do this, we will follow the method
sketched in [7]. This method essentially uses Riemann
normal coordinates (RNC) to solve for the trajectory as a
power series,

Xi(z) = i% E:] R (6)

n=0

in which the coefficients on the rhs are determined by
taking higher derivatives of the defining equation,

d2xi . dxldxc ,

a2 e grar =4 (7)
and using the Serret-Frenet equations. This method
was explained and used in [7] for rectilinear, uniformly
accelerated motion in arbitrary curved spacetime, and
was shown to yield a remarkable result involving an
analytically resummable piece of an otherwise infinite
(perturbative) expansion. In this work, we will explore the
effects of rotation to see if a similar result holds in
this case.

III. MAXIMALLY SYMMETRIC SPACETIMES

As a first step towards studying stationary trajectories in
arbitrary curved spacetime, we will consider stationary
trajectories in maximally symmetric spacetimes. As we will
show, some very interesting analytic results can be obtained
in this case, with several remarkable similarities and
mappings with the corresponding results in Minkowski
spacetime, which we have discussed in Appendix A; we
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will refer to the results in this appendix after deriving the
corresponding results in maximally symmetry.

We will mostly use the metric of maximally sym-
metric spacetimes in embedding coordinates X', given
by [11]

A
— XX 8
1— AI’]I'J'XZX] Nacllbd ( )

Yab = Nap +
Then the Christoffel connections can be expressed as
I}, = AX“gp.. It can be easily shown that the stationary
motion with acceleration, and torsion will be always in
the hyperplane u'(0) —n’(0) — b'(0) using Serret-Frenet
equations.

A. Trajectory and geodesic distance

Further, using Eqgs. (5) and (7), the Taylor series
expansion for the trajectory similar to Minkowski space-
time can be obtained as

Zi<T> = q—(z)

q9+49-9)

CI% q+

Here, qo:=[(a® = Q%+ A)? +4AQ7"4, g, = (1/V2)
V/(a* = Q% + A) £ g2, and X is the initial position. These
constants are similar to the ones obtained for stationary
motion with all curvature invariants. In fact, there seems to
be mapping between these trajectories, which will be
discussed soon.

The geodesic interval can be found using the relation
between the arclength and chordal distance in maximal
symmetric spacetimes. The chordal distance is evaluated
using 17,,AZ%(7)AZ"(z), where AZ%(7) = Z°(z) — Z%(0)
and arrived at the relation for geodesic interval as

N [sin‘1<\/—AA12 )r (10)
geod A ms .

Here, At :== —(17,AZ%AZ") given by

1
Atk = A%2<1 + ZAA#) (11)

a [cosh (g, 7) — cosh (¢q_7)]N(0) —

A 2+ Q? 24+ Q
+— K%) cosh(g,7) — <q_;—

' _
dr
d*>xi . .
7 aN' + AX'
X’ . dx’
—— = aQB' Z4A
aw +a+A) dr
ext L, de2xt AP
= (a=— Q>+ A) 12 + QA =

Here, p > 4, U, N', B' are similar to unit vectors u’, n, b’
in Minkowski spacetime but now defined using the
embedding coordinates. The above equations are obtained
by expanding the covariant derivatives and using the
Christoffel connections previously described. Solving the
recursion equation will determine all the higher-order
terms. The terms in each direction can be summed into
hyperbolic functions, sinh and cosh. The final form of the
summed series expressing the trajectory is

ald

5 (g sinh (g_7) — g_sinh (¢..7)]B'(0)

q4+49-9p

5[(q2 +Q*)q. sinh (g_7) — (¢ + Q*)g_sinh (¢, 7)]U'(0)

2

> cosh(q_r)} Xi. 9)

a2 = (14 2 e (94T
a3 7 2

Q2 Aty
- (1 +—2> sinh? (m)} (12)
q- 2

Equation (10) can be rearranged using Eq. (11) to a
similar form as obtained in Eq. (23) of [7],

a2 =2 {sinh" G \/@)r. (13)

geod — K

The equation for the hyperbolic trajectory in the Ref. [7]
will be a special case when Q = 0. Note that the same
relation can also be arrived at by using the mapping
between the embedding coordinates and the RNC [12],
X' = A"V (P-13% " where, A= A(0,%) is the van Vleck
determinant with D as the dimension of spacetime. The
expression, —At;. 4 = 11,»2“%” can be used to evaluate the
geodesic interval.
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B. Periodicity in Argeod

The periodicity in Argeod for Euclidean time
(ATyyy — iAfy,) can be analyzed using Eq. (12).
Equation (12) will be periodic only when both conditions
given below are satisfied.

(0 {g;.9-}ER.

(i) q,/q-€Q.

The first condition restricts ¢g_ € R, which implies

1—\/1+

The above inequalities are only satisfied for A <0
and a® > Q% + |A|.
Using the first condition, the second condition can be

simplified as
A2
1+4/1- W

4
(a=-Q2~[A])

|A|Q2 r?
(@ —Q—[A2 (P12

4AQ?
a2 —-Q2+ A

> 0, Va*—-Q*+A>0.

(14)

Here, r € Q and r > 1. The above condition ensures that g,
and g_ are commensurable. Therefore, the conditions for
periodicity in Aféeod can be summarized as

A <O
a’ > Q%+ |A|
|A|Q? P
(@ = Q=[N (P + 1)

C. Mappings between stationary motions
in Minkowski and dS and AdS

(1) Helical motion in Minkowski and rotation in dS and
AdS:

The ths of Egs. (12) and (A2) have a striking
similarity. The functional form of these equations are
similar. If we try compare the constants, the mapping
between these equations can be summarized as

Minkowski Maximally symmetric
a% a’>+ A

Q2 a*(Q?/ (a +A))
22 A/ (a® + 7))

Note that Q7 + 4> = Q*. The curvature constant of max-
imally symmetnc spacetime, A, plays a similar role of
hypertorsion, 4 in flat spacetime.

(2) Rotation in Minkowski and rotation in dS and AdS
with a = Q:
In the case of maximally symmetric spacetimes,
when the acceleration and torsion are equal, Eq. (11)
reduces to

4(A+ Q%)

Atk = A

(VA @Az,
Sll’lh2 <2 ATtraj) A tr J

(15)

The mapping between the flat spacetime and
maximally symmetric spacetime for this motion

is,al > a*+ANand Q, > a=Q.

IV. ROUTE TO GENERALISE THE RESULTS TO
ARBITRARY CURVED SPACETIMES

We now turn focus on arbitrary curved spacetimes,
hoping again to obtain the relation between the geodesic
interval and the proper time interval for points on stationary
trajectories in these spacetimes, characterized again
through Serret-Ferret conditions. The method we will
employ is the one based on a judicious use of RNC,
described in Sec. II of Ref. [7]. The RNC is setup at
some initial point p, and the trajectory of the probe at the
point p is expressed using Eq. (6). From the definitions of
RNC, we have 2(A7) = 3%(p) = (ATge0a)7%(0; A7) and
(ATgeod)? = Nap2*(A7)2P(A7), where 7 is the tangent
vector along the geodesic curve connecting the points p,
and p. Utilizing Eq. (7) and its higher derivatives in RNC
along with Serret-Frenet equations, each terms in the series
can be obtained as

3(0) = lautopn' =T, jutu™ul — 2Fi,lj(uk6ku-")]p0
= [aV,n' =30 uka™

i T o mg kgl
+ I, Tu™u u]po

_ T ko, m,,j
ijykuu u

I J
= [aV,n' =T k" u}po

— i _Ti k,,m,,j
= [aQb' + a*u' =T, u*u"u ]Po

The Christoffel connections in the above terms are evalu-
ated using the series expansions in RNC. In the case of
nonrotating motion ( = 0), this procedure gave the
following series in Ref. [7],
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1
(1 Tacc +—( 4 + 3a2(9@n)Tgcc

12 360
(a®+17a*82 +18a*&),)18.

ATgeod Tacc +=

* 20160

8 6 4 00
+ 1814400(a +81a°&,+339a" &

+155a*&3)7l0 + O (2)2.) + %4 +VRterms. (16)

Here, &, = Ryu0n = Rupequ’n’ucn? and %Z, collectively
represents all terms that have at least one Riemann tensor
with at least one index which is neither O nor n. A
remarkable feature of this series, as was pointed out
in [7], is that it admits a partial resummation involving
terms containing acceleration and the tidal part of the
|

1 1
geod — = Az, Tiraj + ﬁ AT?raJ 360

128

AT (a - QZ + SROnOH)

0.
traj 120

Riemann tensor into a nice analytic function,

ATgeod =

. sinh~! ) sinh ( = @ = it
2
V=&, a-—&, 2
+ %4 + VR terms. (17)

A discussion on the off-plane components of Riemann
tensor terms (% ,4) and derivatives of Riemann tensor terms
(VR terms) are included in Appendix B.

For rotational motion Q # 0, we can obtain a similar
series expansion in curvature using CADABRA. To

O(Ar trdJ) this is given by

1
CIZQRHOhoAT + (616 - 261492

w3 20160

+ (12Q4 + 1861 Ronon + Ta Q RObOb - 17[1 ROHO'ROnO + 50a QzRonon + 32(1 QRnbnO) ATtrdJ + O(ATtrd_])

Here, ¢ index represent the direction along acceleration
and torsion. However, unlike the case with Q =0,
we have not been able to obtain even a partial resum-
mation of this series to a nice analytic function of
acceleration, torsion, and different Riemann tensor com-
ponents. The exact result in dS/AdS, which was helpful in
partially identifying such a resummation in Ref. [7], is not
of much use for Q#0 since the presence of an
extra spacelike direction introduces additional compo-
nents of Riemann, which are all equal or zero in maximal
symmetry.

V. COMMENT ON ROTATING OBSERVERS IN
BTZ BLACK HOLE

In Ref. [13], the authors discuss about the detector
response of an observer who is corotating with the horizon
of Banados-Teitelboim-Zanelli (BTZ) black hole [14-16].
The BTZ blackhole metric can be constructed by a suitable
coordinate transformation from 2 + 1 anti—de Sitter(AdS;)
spacetime. The AdS; metric is given by

2 _ _ ’A'_Z_ 2%) ?_2_ B ~2 2 152
ds A= L)dP (=) dP e+ ragt (19)

with f = #/¢? — 1 and ¢ is the curvature length scale. By
the following identification:

(18)

the metric of exterior region of black hole is obtained as

ds? = —(NY)2d + (f)2dr> + P(dp + NPdr)2.  (20)

where

2 J2\ 12 J
Nt=(-M : Nt =—— (21
< +f2+4 > 2r (21)

with M = (r2 +r2)/¢* and J = 2rr_/¢. The corotating
observer in Ref. [13], rigidly rotates with the
horizon having an angular velocity, wy = r_/(r.¢).
The temperature obtained from the response of the
detector for this observer is T = (1/2x)(a—1)71/2
where @ = (r> — r2)/(r% — r2). The Seret-Frenet equation
for this observer shows zero torsion, and the acceleration
is constant for » = constant with a magnitude, a = (1/7)
V(P2 =7r2)/(r? = r2). If we use the inverse coordinate
transformation from BTZ to AdS;, the temperature will
read as, T = (1/2x)(#* — £*)7"/2, which is exactly equal
to the expression for uniformly accelerating observer in
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eod

FIG. 1. The pole structure of 1/Az;

for 7 — it in (i) de Sitter, (ii) anti—de Sitter, and (iii) Minkowski spacetime with a/

1
|

-100 2

P

IA] =

1.5v/17 and Q/+/|A| = 3.5. For anti-de Sitter, the parameters chosen satisfy the periodicity conditions (see text) to demonstrate

periodicity of poles on the imaginary axis.

anti-de Sitter spacetime [4-7], T = (1/27)Va’® + A,
where a is the magnitude of the acceleration and |A|~!/?
is the curvature length scale. This temperature can be read
off from the coefficient of 7,; in the geodesic distance if it
is invariant for 7y, — Ty, + 27

When one considers an observer rotating with @ # @y at
some constant radius, r = r(, the observer is in stationary
motion with constant acceleration and torsion. The trajec-
tory in BTZ coordinates will be,(A7yyj, 7o, AwTy,), Where,
A =[r?(1/¢* = @*) + Jw — M]~'/2. Using the formula for
the geodesic distance in the flat embedding spacetime, R>?
given in Ref. [13], the geodesic distance for the trajectory in
flat embedding spacetime for the motion described here can
be obtained as

. ) Ar r
—A%? = 2a(r,)sinh? {2—; (0 — wp) Aty — ?n’n}

. A 1
+2(1 = a(ry))sinh? [% (ﬁ - a)a)H) ATy

- r?_ ;m} , (22)
where n € Z. We tried to map this trajectory from BTZ

spacetime to AdS; spacetime using the inverse coordinate
transformation, which gives the trajectory as

1
ry <ﬁ - wa)H) Tiraj

4

BN

7=

~>
I
* 9

ry

<

(0~ CUH)Ttraj-

)

Estimating acceleration and torsion for this trajectory and
plugging into Eq. (12) gives the same expression as
obtained in Eq. (22) with n = 0. For the periodicity in
geodesic distance when ty,; — ity,j, the coefficients of
Az, should be commensurate,

(0 — wpy)
(5 — ooy)

; =m, (23)
2

where m € Q.

VI. DETECTOR RESPONSE

Consider a particle detector model [3,17,18] with two
energy levels, |Ey,) and |E;,) that moves on a stationary
trajectory, x'(z) as discussed in the previous sections. It
interacts with the free real scalar field ¢ through an
interaction Hamiltonian,

Hiy = Ay (z)m(z)gp(x' (7)), (24)

where, 1 is the coupling constant, y(z) is the switching
function, and m(z) is the monopole moment. We consider
adiabatic switching for the detector. The detector is in its
ground state when the interaction with the scalar field
begins and the field is in a state, @ and assumes that it
satisfies the Hadamard property. To the first order in
perturbation theory, the probability of the detector to be
in the excited state can be expressed as

P(AE) = 2%| ;(Eo|m(0)|E\)4|* F (AE), (25)

where F(AE) is the response function that contains the
information on the trajectory of the detector and the initial
state of the field, and AE is the energy gap of the detector,
E, — E,. The response function for adiabatic switching is
given by

F(AE) = lim

" / " dee BEC G (2,7). (26)
=07 /oo —00

Here, G} (z,7') is the pull back of the Wightman function,
G (x'(r),x'(7)) with ie prescription. A more useful
quantity is the proper time derivative of the response
function known as the instantaneous transition rate. For
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0.010f 0.00251 Q=24 0.0012f Q=24A

0.008F Q=‘/K 00020k Q:\/X 0.0010F Q:\/K
s 0=vA12 s Q=12 & 0.0008 Q=12
— 0.006f 1 L ] =
WO N N\ Thermal, T e ya’+A e I I \ N Thermal, T o« a2 +A W o000k I N\ ----- Thermal, T o« Ya2+A
~ o~ o~ B
© © ©

0.0041 [

0.0010 0.0004k
0.002F 0.00051 0.0002F
0.000¢ . . . h 0.0000E . 0.0000f
0 1 2 3 4 5 6 0 1 3 4 5 0 1 2 3 4

FIG. 2. The detector transition rate for a rotating detector in 3 + 1 de Sitter spacetime is plotted against the dimensionless energy gap,

AEVA = & for different values of acceleration and torsion. Left: a = 2v/A, middle: a = VA, right: a = \/K/ 2. The dashed line
corresponds to the thermal spectrum for a linearly accelerating detector in de Sitter.

stationary motion, G (z,7') - G*(r —7/) and using the
transformation 7 — 7 = u and 7/ = v, the transition rate can
be defined as

F(AE) = Lim F(AE)

—00

o .
= lim due B Gt (u). (27)
=07 J_oo
The pole structure of the Wightman function is given in
Fig. 1 for rotational motion in different spacetimes.

A. de Sitter spacetime

In de Sitter spacetime, we consider a conformally
coupled scalar field for simplicity. The Wightman function
for the conformally coupled scalar field [19,20] is given by

A

(;4% ) " =— A
e X) = = o o)

(28)

where, y,(x,x’) is the de Sitter invariant distance function
with proper ie prescription, y(x,x') = y(ATee0q) =
—4 sinh? (\/KArgeod/Z). The transition rate is obtained
using numerical methods and is shown in Fig. 2 for
different values of acceleration, torsion and curvature
length scale. The transition rate approaches the thermal

spectrum with temperature, kzT = (h/27)Va*> + A as
Q- 0.

B. Anti-de Sitter spacetime

For anti-de Sitter spacetime, we again consider a
conformally coupled scalar field. The Wightman function
is given by [21]

AT 1 ¢
4% |y(x, %) y(x,x)=2]

Gias, (X X') = (29)

where ¢ € {0, —1, 1} corresponds to whether the boundary
condition specified at infinity is transparent, Dirichlet, or
Neumann, respectively. We will restrict our analysis to
transparent boundary conditions for simplicity. In Fig. 3,
the response rate of an Unruh-DeWitt detector in stationary
motion with acceleration and torsion with the parameter
values chosen for periodicity in geodesic distance when
7 — it is illustrated. The transition rate do not correspond to
the thermal spectrum due to the presence of complex poles
with real parts (see Fig. 1).

0.025F

Q=3.5\/ IA|

Thermal, Txq,

0.020F

Thermal, Txq_

Thermal, Ty a@®+ A

@ 0.015-

..... =

EF©)

~
@ 0.010f

0.005F

0.000E.4"7

Q=24|A| Q=154 |A|

----- Themal, Txq, 0.015F === Thermal, Txq,
----- Thermal, Txq_ ===== Thermal, Txq_

----- Thermal, Ty a2+ A

..... Thermal, Tw a2 +A ] E 0.010f

..

FIG. 3.

0.000k.2"

The detector transition rate for 3 + 1 anti—de Sitter spacetime with transparent boundary condition plotted against the

dimensionless energy gap, AE\/|A| = &. Left: a = 1.5V/17/|A|, middle: a = /10|A|, right: a = 1/33|A|/2. All the parameter
values in this plot satisfy the periodicity condition described in Sec. III B. The dashed lines corresponds to thermal spectrum with
different temperature and it is clear that the detector transition rate do not correspond to thermal spectrum even though there is

periodicity in geodesic distance for 7 — it.
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VII. CONCLUSIONS AND DISCUSSION

We have derived some exact results for uniformly
accelerated and rotating detectors in maximally symmetric
spacetimes. The key result on which all others are based is
the relation between geodesic and proper time intervals
between two points on the detector trajectory. Since two-
point functions, such as the Wightman function, depend on
the former, whereas the detector response involves Fourier
transform with respect to the latter, the analytic structure of
this relation in the complex (proper time) plane determines
the response. In particular, we uncover a periodicity in
Euclidean time for certain values of rotation parameter
for A < 0, while no such periodicity can be obtained for
A > 0or A = 0 (the well-known case of uniformly rotating
detector in Minkowski spacetime). While periodicity of
Wightman function in Euclidean time is one of the
conditions for thermality, it is not the only one. There
are certain analyticity conditions which are also required, as
discussed in Ref. [22]; in particular, |G*(u)| should be
bounded by a polynomial, P(|Reu|) in the strip,
S={u€eC|-p <Imu <0}, where f is the periodicity.
This condition is not satisfied for generic rotational motion
due to the presence of additional complex poles with
nonzero real parts.

Our results are important as they highlight the subtle role
which curvature, howsoever small, can play in determining
the nature of response of accelerated, rotating detectors
even in the point limit, where equivalence principle would
generically imply only perturbative corrections.

In the spirit of the uniformly accelerated (rectilinear)
motion discussed in [7], we also obtained perturbative
expansions in curvature for accelerated, rotating detectors
in arbitrary curved spacetime (ignoring the derivatives of
curvature). However, unlike in [7], we have not been able to
uncover a subset of terms that can be summed to an analytic
expression. One obvious reason for this is the complexity of
the series in presence of rotation. Besides, our exact results
in maximally symmetric spacetimes offer no insights in
presence of rotation which brings in an additional spacelike
direction that, in turn, brings in more combination of
curvature components than can be resolved by looking
at dS and AdS, which has just one. We hope, however, to
address this in a future work. Any resummation involving
acceleration, curvature, and rotation is bound to be of
|

xi(7) =

-4+4)
al

q9-9+49)

_|_
2aq;

[(@* + 2% + Q% + g§){cosh (g, 7) — 1} — (a* + 2> + Q% — g}){cosh (¢_7) — 1}]n’(0).

tremendous significance not only in the context of quantum
detectors, but also for classical processes in curved space-
times that involve rotation.
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APPENDIX A: MINKOWSKI SPACETIME

In Minkowski spacetime, the six stationary motions for
different values of curvature constants are (i) uniform linear
acceleration, (ii) circular, (iii) cusped, (iv) catenary, and
(v) helical worldlines. Once the trajectory is expressed in
terms of the tetrads at the origin, the relation between the
geodesic distance and the proper time can be established
using, A7}.q = Napx (ATyyj) X" (A7yy), where the arc
length (proper time), 7 is denoted by Ary,. Evaluating
the derivatives in the Taylor expansion in terms of u’, n, b’,
d' gives

dx! ;

—=1u

dr
d2x! ;

g2 = an
d3x! . dx?
X _aob+ 2SS

ds? “ ta dz
d*x . 5 5, 42X
F:aﬂld +(a —Q)de
dPy! 5 s o AP AP
de® O dzP~2 Fad drP+’

for p > 5. Solving the above derivatives using the recurs-
sion relations, we solved the odd and even derivative
separately. The series expansion for the trajectory will
sum to hyperbolic functions. The trajectory obtained using
the solution of the recurssion relation after the summation is
given as

5 [(a® + 22 + @ + g5)g_sinh (g, 7) — (a® + 2> + Q — g)q, sinh (g_7)]u’(0)

5 [g_sinh (g7) — g sinh (¢_7)]b'(0) + %}5 [¢% (cosh (g_7) = 1) = g%(cosh (g 7) — 1)]d(0)

(A1)
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Here, g :=[(a> — Q% =122 +4a*22'*, ¢, = (1/V2)
V/ (a? — Q% — 2?) + ¢2. To find the relation between proper
time of the trajectory and the geodesic distance, use
A’Céeod = NpX® (ATyyi) X (Atyyj), noting that u', n', b',
and d' are unit vectors and orthogonal to each other. Then
the geodesic distance is

4 (522 12) q+ATtra'
A2 = — [(1 4= 7 7 ) sinh? | —/—=
geod fI(z) C]%r 2

- (1 +%> sinh? <#>] (A2)

The above equation is valid for any general stationary
motion in Minkowski spacetime. Special cases, such as
hyperbolic motion [23], is easily obtained by putting
torsion and hypertorsion to zero. Other trajectories such
as circular motion can be obtained in a similar manner. The
different stationary trajectories are as given below:

1. Uniform linear acceleration

For uniform linear acceleration or hyperbolic motion, the
torsion and hypertorsion will be zero; hence, the motion
will be in the u' — n' plane. The constants g, g_, g, will

reduce to a,0,v/2a, respectively. The trajectory will be
given by

_ sinh (ar)

¥i(z) = Wi (0) + [cosh (az) — 1]

, , n'(0).

(A3)

The equation for the geodesic distance from the above
trajectory simplifies to the well-known result,

4 . a
At} g = = sinh? <§ Artraj> ) (A4)

2. Motion with acceleration and torsion

When hypertorsion vanishes and only acceleration
and torsion are present, the trajectory will differ according
to the values of a and Q. The general motion with only a
and Q motion can be expressed using the unit vectors,
u'(0), n'(0), and b'(0). The constants gy, g_, and g, to
Va* —Q?, 0, and Va* — Q?, respectively. Applying this to
Eq. (A2) gives the relation between geodesic distance and
proper time. In the case of stationary motion with no
hypertorsion, the trajectories are classified into three
types depending on the magnitudes of acceleration and
torsion.

(a) Circular motion: When |Q| > |a|, the motion is
bounded (circular). The spatial projection of this
motion is circular motion.

(b) Cusped motion: For equal magnitudes of acceleration
and torsion, the spatial projection of the motion is
a cusp.

(c) Catenary motion: The spatial projection is catenary
when the magnitude of the acceleration is greater than
the torsion. The motion is unbounded, and the equa-
tions for the trajectory and geodesic distance can be
obtained by putting 4 =0 in Eqgs. (Al) and (A2),
respectively.

3. Motion with acceleration, torsion, and hypertorsion

The equation for the trajectory is already given in
Eq. (Al), and the geodesic distance is given in
Eq. (A2). The equation for the geodesic distance of this
general stationary motion is similar to stationary motion in
maximally symmetric spacetimes with acceleration and
torsion. The spatial projection of this motion is a helix.

APPENDIX B: MORE ON ARBITRARY CURVED
SPACETIMES

More generally, the geodesic interval for a uniformly
accelerated observer in arbitrarily curved spacetime can be
represented as

ATzeod = F((l, ROnOn) + F(VRabcd) + ‘%A'

2 (B1)

The first term is the partially resummed analytic part. As
long as Ry, is nearly constant, this part should be exact.
Then any corrections for nonmaximally symmetric space-
time will come from derivatives of the Riemann tensor and
the term %Z,.

For the part, Z 4, the terms can be written in the form of a
series given by the recursion relation,

o0

i-1 j+1
Ry = Z(Tacc)2i+6 [Z a2i=J) {Z CkRI(L‘kJrl)éa(H-j—k)}] _
=0 k=1

i=1

(B2)

Here, R, corresponds to the Riemann tensor with trans-
verse component, and & corresponds to the tidal tensor and
¢ 1s the constant coefficient. For comparing the contribu-
tion from each term using the appropriate length scales, the
same can be represented as

|

=0 U=t \éon

(B3)

where, €, == at,., €4 = Ry/a* and g, := &/a’. As long
as the curvature length scale along the direction of 7 is
small, then e, /&g, will be small and the contribution from
X4 will be subdominant.
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The contribution from the terms F(VR,.,) can be small
as long as the length scale corresponding to such terms is
larger than the length scale of acceleration and &, term. For
clarity, consider the eight-order terms in the series [deriva-
tive terms starts at order O(z’)] will have the structure:
a*’VoV&,a’V,&E, a*&, a*>&?, and a®. Demanding the

gradients of Riemann to be small at this order leads to
the conditions: V(V,&,/(a*&,) < 1, VoVo&,/E% < 1,
V,&,/(a&,) < 1, and aV,&,/E2 < 1 at this order. As
long as the length scale of acceleration and &, are much
smaller than the gradients of Riemann, all corrections due
to derivative are also subdominant.
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