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We consider antisymmetric metric-affine theories of gravity with a Lagrangian containing the most
general terms up to dimension four and search for theories that are ghost- and tachyon-free when expanded
around flat space. We find new examples that propagate only the graviton and one other massive degree of
freedom of spin zero, one, or two. These models require terms of the form (VT)2 in the Lagrangian, that

have been largely ignored in the literature.
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I. INTRODUCTION

Metric-affine theories of gravity (MAGs) are a vast class
of extensions of general relativity (GR). A more restricted
subclass are the theories with torsion but with metric-
compatible connection. We call these antisymmetric
MAG:s, in contrast to symmetric MAGs that have no torsion
but metric-incompatible connection, or general MAGs that
have both torsion and nonmetricity. Within the subclass of
antisymmetric MAGs, by far the most studied ones are the
so-called Poincaré gauge theories (PGTs). These are usually
formulated in the tetrad formalism, since the tetrad is viewed
as a gauge field for translations, and torsion as its curvature.
The tetrad is then joined to the Lorentz gauge field to form a
gauge field for the Poincaré group. The natural Lagrangian
for such theories is a Yang-Mills-type Lagrangian for the
Poincaré group, which consists of terms quadratic in the
Lorentz curvature and in torsion. To this, one may add a
Palatini term (linear in the Lorentz curvature), so the
structure of the Lagrangian is, schematically

EPGT:m]%F—l-aTQ—FCFZ. (11)
Irrespective of their geometrical interpretation, we shall call
PGT any antisymmetric MAG that has an action of the
form (1.1).

Since the Poincaré group (or for that matter already
the Lorentz group) is noncompact, one cannot expect the
kinetic term to be positive for all the components of the
field. In fact, such theories will generally have ghosts or
tachyons when expanded around Minkowski spacetime.
There are, however, particular subclasses of theories that
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are free of these pathologies. One of the earliest examples
was given by Neville [1]. In the late 1970s, Sezgin and
Van Nieuwenhuizen classified all PGTs that are free of
ghosts and tachyons, and are free of accidental gauge
symmetries [2,3]." Much later, many other cases that also
have accidental symmetries have been classified in [4] and
this work was extended to symmetric MAGs [5-8].

If we look at these theories as (classical limits of)
quantum field theories, the restriction to Lagrangians of
the form (1.1) is quite unnatural. In fact, in addition to the
terms of the form FZ, there are terms of the form FDT,
(DT)?, FT?, T>DT, and T* that have the same dimension
four. We observe that, while the last three types of terms
only give cubic and quartic vertices when expanded around
Minkowski space, the first two affect the two-point
function and therefore are relevant to the issue of a good
propagation. One would expect the Lagrangians (1.1) not to
be closed under renormalization, and this has indeed been
shown recently [9]. Also from the point of view of effective
field theories, one expects all terms of dimension two and
four to be present in the low energy dynamics of the theory.
The issue of having a healthy propagation should therefore
be reexamined in the more general class of antisymmetric
MAGs with Lagrangians containing general dimension-two
and four terms

Lo =m3F +aT? + c¢FFF? + FTEDT + TT(DT)?

+ cFTTETT + T'TTTDT + TTTTTTTT.  (1.2)

Some such cases have been discussed previously in [10]. In
the present paper we continue the search, in a somewhat

'An accidental gauge symmetry is a gauge symmetry of the
linearized theory that is not a symmetry of the full theory. Such
symmetries are generally undesirable.
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different direction (the difference will be explained in more
detail in the beginning of Sec. III). We will not give an
exhaustive classification of all ghost- and tachyon-free
antisymmetric MAGs, but rather exhibit some simple exam-
ples, where simple means that they propagate only the usual
massless graviton and one other massive degree of freedom
with spin zero, one, or two. In this we follow the constructive
strategy outlined in [8]: instead of trying to solve the ghost-
and tachyon-freedom conditions in general, we postulate
from the beginning what degrees of freedom we want to
propagate beyond the graviton, and constrain accordingly the
coefficients in the Lagrangian. This construction is made
possible by the use of the spin projector formalism, that we
quickly review in Sec. IIC, and is further simplified by
recasting the theory in what we call its Einstein form [as
opposed to the Cartan form (1.2)]. The Einstein form of an
antisymmetric MAG is the reformulation where one changes
variables from metric (or tetrad) and connection, to metric (or
tetrad) and contortion:

A=T+K. (1.3)

Here A is the independent dynamical connection, I" is the
Levi-Civita connection constructed from the metric (or
tetrad), and K is the contortion tensor which is related to
the torsion by

Top

K5 — K (1.4)

y = rpas

or conversely

(1.5)

1
K apy — 5 (Ta[)’y + T/}ay - T(ly/)’ )

If we call

Fo', = 0,Al, —0,A} + A/AAG‘D - AG/‘AA/D, (1.6)
the curvature of the independent connection A, and

R, =0,I' ', — 0, + Fp"ll"gﬂy - ramrpﬁv, (1.7)

the curvature of the Levi-Civita connection (the Riemann
tensor), then we have the relation

F

W' = R+ VK = VK, 4+ K, K

np

- KuayKﬂyﬂy

(1.8)

where V is the Levi-Civita covariant derivative. Using these
relations, the Lagrangian (1.2) can be rewritten entirely in
terms of the Riemann curvature, torsion and their covariant
derivatives as

Ly = m§R + aT? + bRRR? + bRTRVT + b"7(VT)?

+ BRTTRTT + b"TTTVT + b™TTTTT.  (1.9)

This is what we call the Einstein form of the theory: it looks
like a metric theory of gravity coupled to a peculiar three-
index matter field. As we shall see, the analysis of the
propagating degrees of freedom is much simpler when the
theory is presented in this form, rather than the Cartan
form (1.2).

II. LAGRANGIANS

The first choice we have to make is what variables to use.
This can be further split into two subchoices: the choice
between metric, tetrad, or even more general frames, and
the choice between A or T as independent variables. The
first choice is a choice of gauge. Gravity is formulated in
the tangent bundle 7M, whose transitions functions have
values in the group GL(4), and can therefore be seen as a
gauge theory for the linear group. We are free to choose the
gauge so that GL(4) is completely broken—this corre-
sponds to using natural (coordinate) frames in TM and the
metric as a dynamical variable, the gauge in which GL(4)
is broken down to the Lorentz subgroup—this corresponds
to using orthonormal frames in 7M and the tetrad as a
dynamical variable, or keeping the whole GL(4) invariance
manifest—this corresponds to using arbitrary frames in 7M
and both metric and frame as dynamical variables. Since in
PGTs one has a dynamical Lorentz connection, these
theories are often presented in the second of these gauges,
where Lorentz invariance is manifest. However, there is no
physical difference between the theory presented in differ-
ent gauges, so for the sake of reducing as much as possible
the number of variables, we shall work with natural frames
and the metric is treated as a dynamical variable. As for the
second choice, throughout this paper we will use the
Einstein form.

The general structure of the Lagrangians has been given
in Egs. (1.2) and (1.9). We now have to list in detail all the
invariants they contain. Since we are only interested in the
propagators, it is enough to consider terms at most
quadratic in F' and 7 (in the Cartan form) or R and T
(in the Einstein form). These are contained in the first lines
of (1.2) and (1.9). The terms in the second lines, when
expanded around flat space, only give cubic and quartic
interactions. We therefore only need bases of independent
invariants quadratic in the fields. Such bases have been
worked out in [8], and we report here the results for
convenience.

A. Dimension-two terms

In antisymmetric MAGs there are four dimension-two
terms. These give the propagator for the graviton and mass
terms for the connection A. In the Cartan form, the
dimension-two part of the Lagrangian is

@__1 :
_ 2
‘CC = —5 {—mPF +

aiTTMiTT], 2.1)

i=1
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where F'= F,, /' is the unique scalar that can be con-
structed from the curvature and myp is the reduced Planck
mass. The unique scalar F will be referred to as the Palatini
term. The other scalars are’
TT _
Myt =T"T,,,,
M%‘T = tr(lz)TMtr(lz)Tﬂ,

TT _ v
Myt =TT,

(2.2)

where tr is the trace over the given indices, e.g.,
tr)T? = T,. Going from the Cartan to the Einstein
form, as discussed in the previous subsection, yields

2 1 2
=1 [—mlz,R LS mr] (23)

i=1

where T now has to be treated as an independent variable

and the coefficients m!T are related to the a!” as in
(AD)—(A3).

B. Dimension-four terms

The dimension-four terms give higher-derivative propa-
gators for the graviton and normal propagators for the
connection A or the torsion. Listing such terms is more
complicated, because there are several of them and they are
related among themselves by integrations by parts and
various identities. It turns out that there are 14 independent
dimension-four invariants quadratic in F, 7 and their
derivatives (in the Cartan form) or R, T and their derivatives
(in the Einstein form). There is arbitrariness in the choice of
the basis for such invariants and the arbitrariness is greater
in the Cartan form, because F has fewer symmetries and
one can construct more invariants. We will only give two
such bases, that are selected for the following reasons. In
the Cartan form, for ease of comparison with the PGT
Lagrangians, we keep all six FF terms, four FDT terms
and four (DT)? terms. In the Einstein form we keep the
three RR terms (familiar from quadratic metric gravity), all
nine (VT)? terms and two RVT terms.

In the Cartan form of the theory, the quadratic
Lagrangian is

@_ 1 FF7 FF FT 1 FT TT1TT
s _—E[Zci L! +Zci L! +Zci L! } (2.4)

where

FF _ puvpo
L7 =F""°F p6s

LgF :F(13)ﬂDF;<tlL/3>a

FF _ vpo
Ly"=F""°F 0,

LgF:F(13)”yFl(//],,3),

FF _ puvpo
Ly"=F""F 06,

LIr=F?, (2.5)

*We write tr,, T# for the trace of torsion on the ath and bth
index. We write div, 7" for the divergence of torsion on the ath
index.

FT _ vpe
Ly =F"°D,T,,,

L§T =F3% Dty T,, LT =F9%DivT,,,

L{T=F3mwD T,
(2.6)

LIT = D*TP"°D,Ty,s,
L%‘T = Datr(IZ) T/}Datr( 12) T/;,

LIT = D(’T/’V(SD(,T/;(;y,
LSTT = DiV(l)Ta/}DiV(l) T/;a.
(2.7)

Here D is the covariant derivative formed with the
independent connection, e.g.

D, V¥ =9,V¥ + A", V4, (2.8)
and Div denotes the divergence formed with D, e.g.,
Div(;T% = D, T*" etc. The nonconsecutive numbering
comes from compatibility with the general bases defined
in [8]. In the Einstein form of the theory, the quadratic
Lagrangian is

1
) =-3 [Zb{?RHfR + Y _bFTHET + Zb,.TTH,TT} :

(2.9)
where

HfR =R, R, HER=R, R" HER=R?  (2.10)
HY' = RPrdiv(\T,.  HE' = Rudiv)) T, (2.11)

HT =VTPoN, Ty5.  HYT=VTPON, Ty .

HIT = V“tr(u)Tﬂ Vtr) Ty,

HIT =div T%div(T,p.  HLT =div( T%div ()T s,
H{T =divy) T%div T, HIT =div()T%div 5T,

HgT = div(2>T“ﬂVatr<12) Tﬂ’ HgT = (tI'diV(l)T)z. (2 12)
Here div is the divergence formed with V as
vV, V¥ =09,V¥ +T,*, VA (2.13)

The transformation relating the coefficients b; to the
coefficients c; is given in Appendix A.

C. Linearization

We linearize the Einstein form of the theory around
Minkowski space3
Gy = Myws T}t =0. (2.14)

*We use the metric signature N = diag(=1, 41,41, +1).
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The metric is expanded as g, = 1, + h,,. Since the VEV
of T is zero, we shall not use a different symbol for its
fluctuation and identify it with 7. By Poincaré invariance,
the linearized Lagrangian takes the form

1 [ dig
@) = / OTOD,
2/ (2n)* ©

where ® = (T, h)T and, after Fourier transforming, O is
constructed only with the metric 77,, and with momentum g*.
The fields T and & can be decomposed into irreducible
representations of the rotation group (we assume g> # 0,
and O(3) is the group that leaves ¢* invariant). Table I gives
the list of such irreducible representations. For each
representation labeled by spin J, parity P, and possibly
an additional index i to distinguish multiple copies of the
same irrep, there is a projector P;(J7), and for each pair of
representations with the same spin and parity but different i
and j indices, there is an intertwiner P;;(J”). These
projectors and intertwiners are constructed with the longi-
tudinal and transverse projectors on vectors, defined by

(2.15)

v

9.9 .
L)} =5, ) =d,-L,"

(2.16)
q

They were introduced for two-index tensors in [11-13] and
for antisymmetric three-index tensors by [2]. The generali-
zation to arbitrary three-index tensors has been given in
[5,14]. In the following we refer collectively to all the spin
projectors and intertwiners as “spin projectors”. It should be
noted that the spin projectors of [2,5] are suitable for tensors
that are antisymmetric in the last two indices. Since our
dynamical variable is torsion, and it is antisymmetric in the

TABLE 1. SO(3) spin content of projection operators for
torsion (left) and graviton (right) (ta = totally antisymmetric,
ha = hook antisymmetric). The symbols L and T in the first
column refer to the longitudinal and transverse projectors defined
in (2.16). The subscripts distinguish different instances of the
same representation. The nonconsecutive numbering follows
from the conventions of [8].

ha ta
TTT 27,13 0~
TTL+TLT + LTT — 17
3LTT 17, —
TTL+TLT —LTT 27, 0§ —
TLL + LTL + LLT g —

N

TT 27,08
TL 17
LL 0F

first and third index, it is convenient to exchange the first and
second indices of the projectors. The spin projectors satisfy
the orthonormality

Pij(‘]p)Pkf(J/P/) = 5]]’577P’5jkPif(JP)’ (2-17)
and the completeness

Zzzpii(‘ﬂ)) =L
J P i

(2.18)

Using these spin projectors, the linearized action can be
rewritten in the form

2 = o7 (-
S / (2r)* Z

JPij

a;(JP)P;(JT) - @(q),
(2.19)

where we have suppressed the indices carried by the fields
and by the projectors for notational clarity. The a; j(JP) are
matrices of kinetic coefficients, carrying all the information
about the propagation and mixing between different
degrees of freedom. Their explicit form for antisymmetric
MAGs is given in Appendix B. Invariance under diffeo-
morphisms lowers by one the rank of the coefficient
matrices a(17) and a(0™) (this is because the transforma-
tion parameter £, can be decomposed as a three-scalar and a
three-vector). This is particularly clear in the Einstein form
of the theory, where diffeomorphism invariance implies

a(0");6 =a(0

One can fix the gauge redundancy by simply suppressing
these rows and columns. The remaining degrees of freedom
can be identified as the eigenvectors of the coefficient
matrices and the eigenvalues are the inverse propagators.
They are of the form

a(17)z =a(17)5; =0, Mei=0.  (2.20)

A= —bqg® —m?, (2.21)

where b and m are functions of the coefficients in the
Lagrangian. The signs of b and m? determine the properties
of each degree of freedom.

A degree of freedom for which » = 0 does not propa-
gate. There are two ways in which this can happen. If
m? # 0 the equation of motion says that the degree of
freedom is zero. On the other hand, if m? = 0, we have a
gauge degree of freedom. Shifts of that degree of freedom
leave the action invariant. In this case the coefficient
matrices have one more null eigenvalue in addition to
the ones due to diffeomorphisms. As long as one is only
interested in the linear theory, there is no need to look
further. However, in view of the nonlinearity of MAG, one

104071-4
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should ask whether the gauge invariance is a genuine
feature of the full action, or just a property of the linearized
action. In the latter case one speaks of an ‘“‘accidental
symmetry.” Either way, when there are additional gauge
symmetries, one can fix them by removing additional rows
and columns. Once all the gauge degrees of freedom have
been removed, the remaining invertible submatrices are
called b;;(J ) and the propagator of the theory, contracted
with external sources’ J = (T pe. 045)7, iS

d
=3 [ et

JPij

b (JP)P;(JT) - I (q).
(2.22)

Since signs are all-important in this discussion, it is
useful to keep in mind the case of a scalar field: in this case
the kinetic coefficient a is the same as the operator O and

a=—qg*>—m?, (2.23)

must have m?> > 0 in order not to have a tachyon. The
corresponding saturated propagator, obtained by solving
the classical equation of motion for the source and inserting
back in the linearized action, is

1 d*q 1
n= [ 2 %i-q)

(2n)* & +m? (2:24)

J(q)

When the sources carry Lorentz indices, one has to pay
attention to the additional signs due to the way the indices
are contracted. For example, in

1 d*q
== Jbr
2/ (2r)*

whenever one of the indices of the projector P is longi-
tudinal, the corresponding metric gives —1, because in the
rest frame where the four-momentum takes the form ¢* =
(m,0,0,0) the longitudinal projector is equal to 1 only in
the time-time (0, 0) component, while the transverse
projector is equal to 1 only in the spatial (i, j) components.
Thus there is an overall minus sign whenever the projector
P contains an odd number of longitudinal projectors.

(=q) mPﬂay’mmpmaﬂmfpm(@v

(2.25)

III. NEW GHOST- AND TACHYON-FREE MAGS

In our search of ghost- and tachyon-free MAGs we will
use the Einstein form of the theory. It has the great
advantage that the graviton is carried entirely by the
two-index tensor 4, and therefore its propagator has the

4 .
Here 7, is the hypermomentum tensor and ¢, denotes the
energy-momentum tensor.

form that is familiar from metric theories of gravity. In fact
in this form, MAG appears as ordinary metric gravity
coupled to a three-index field (torsion) that could be viewed
as “matter.” If we include in the Lagrangian all terms of
dimension up to four, the gravitational sector includes the
terms H{% 5 of quadratic gravity. This theory is well known
to have its own ghost/tachyon problem. While the final
verdict on that issue in the quantum context is still not
out [15-20], an interesting alternative solution at the
classical level has been proposed recently in [10], that is
very close in spirit to the present work. It was shown in that
paper that letting some torsional degrees of freedom
propagate, it is possible to avoid ghosts and tachyons even
in the presence of the quadratic invariants Hf% ;.

In the present paper we follow an alternative route and set
their coefficients b5 ; = 0, thus reducing the theory to
Einstein gravity coupled to torsion, and avoiding at least one
possible source of trouble. We observe that all the examples
of ghost- and tachyon-free PGTs in [2] are of this type. In
principle we could allow b5¥ # 0, since it does not affect the
propagation of the spin-two graviton in flat space. This
would give rise to the propagation of another scalar carried
by h,,, but this has been studied extensively in the literature
and since we are mainly interested in new particles coming
from torsion, we shall not discuss this case here. Thus, in all
cases listed below, the graviton is /,,, and its propagator is
the standard one from general relativity.

We now look for examples of MAGs propagating only
the graviton and one other massive degree of freedom. In
order to simplify the search we will impose additional
kinematical constraints on torsion, and assume that it is
either totally antisymmetric or hook antisymmetric (i.e., its
totally antisymmetric part vanishes). These are invariant
subspaces under the action of the group GL(4). The
corresponding degrees of freedom can be read from
Table I. We shall return later to the general antisymme-
tric MAG.

We will construct our examples of simple MAGs by
imposing that all the degrees of freedom except for the
desired ones do not propagate. In order to avoid having to
investigate whether a particular gauge symmetry is acci-
dental or not, we will assume that all the nonpropagating
degrees of freedom have nonvanishing masses.

A. Totally antisymmetric case

The totally antisymmetric part of torsion consists of the
states 17 and 0~. In the Lagrangian we impose total
antisymmetry of torsion as a kinematical constraint. In
this case MIT = —M1T, MIT = HIT = HIT = HIT =0,
HIT becomes proportional to HlTT, and HTT HTT, HIT

become proportional to H}”, and H{" = HRT 0. Thus
we can set
mlT =0, BT =pIT=pIT =pIT =0, (3.1)

104071-5
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without loss of generality, and keep only M7, HIT, HIT as
independent invariants. The only parts of the coefficient
matrices to be considered are

b(27) =a(2)y = —im%qz, (3.2)
b1%) = 1)y = = (7 4 5017 ) =l 63
b(17)=a(17);; =0, (3.4)
b(0) = a(0) 55y = 5 MR, (33)
b(07) = a(07) = =b{Tg? = m". (3.

The matrices pertaining to 2%, 1= and 0™ are exactly as in
pure GR, and the remaining two are the potentially propa-
gating new degrees of freedom. Since there is only one state
for each spin/parity, the analysis is particularly simple.

If we want only 17 to propagate, we have to set to zero
the coefficient of g% in b(0~), which implies 5! = 0. This
leaves us with

1

b(17) = =3 (bi"q* +3m{"). (3.7)
Now we have to recall that the spin projector P(17) is of
the form TTL, so that the single longitudinal projector
gives rise to an additional minus sign. Thus the conditions
for the 1T state to have a healthy propagation are

pIT <0, mlT <0. (3.8)
On the other hand, if we want only 0~ to propagate, we
have to impose bi7 = =357 In this case, given that the
spin projector P(0™) is of the form 77T, the conditions for
a healthy propagation of 0~ are immediately obvious from
the form of »(07):

b >0, mlT > 0. (3.9)
Finally, if we allow both degrees of freedom to propagate, it
is clear that there is no choice of parameters that will
prevent one of them from being a ghost or tachyon.

1. A check: Axial vector torsion

There is a simple alternative way to understand these
conditions, that consists of identifying the 1 and 0~
degrees of freedom as the transverse and longitudinal
components of an axial vector v*, dual to the torsion
tensor [21]:

Tapy = Napys?’s (3.10)

where 7744,5 s the totally antisymmetric tensor. In such a
case the Lagrangian can be rewritten as

Lg = (301" + b1V 0, VEv¥ — bV 0,V 0F

+ 3mITp, 00, (3.11)
Putting
1 1
BT =0, bl =-5, m{l=—cm’ (312)

the Lagrangian (3.11) becomes the Proca Lagrangian that
correctly describes a massive spin one state, whereas for
mIT = 0 it becomes the Maxwell Lagrangian that correctly
describes a massless spin-one state. This confirms the signs
of (3.8). Note that in the massless case we have (07) = 0,
which is a symptom of the Abelian gauge invariance of the
theory. This is a genuine gauge symmetry of the full action,
not an accidental one.

On the other hand, in order to have only the 0~
propagating, we kill the first term in Eq. (3.11) by setting
bIT = —=3pIT and integrate by parts twice, so that the
Lagrangian becomes

Ly =3(bIT(V,0")* + m{Tv,0"). (3.13)

If we decompose v in its transverse and longitudinal parts
v, = vl + V. (3.14)

the transverse part is seen not to propagate, whereas for the
longitudinal one we remain with

Lg =3pOGITO-m!T)y. (3.15)
Defining scalars y; and y, through
Lo TT L r
Vi = W(bl O—mi )y, wy = Wbl Oy, (3.16)

1 1
the Lagrangian can be rewritten as

mIT
Lg= —3m1TT1//1 Uy + 3T;TW2(b1TTD - mlTT)llfzv (3.17)
1

that indicates the presence of two propagating scalars.
However, the massless scalar is a pure gauge degree of
freedom, because the Lagrangian (3.15) is invariant under
the shift y — w + & with [1¢ = 0 and only v is affected
by the shift. Thus there is only one massive scalar, and (3.9)
are the correct conditions for it not to be a ghost or tachyon.
See Ref. [22] for a recent discussion of the appearance
of (3.13) in higher derivative gravity.

104071-6
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2. Cartan form

Finally we can recast these theories in their Cartan form.
When torsion is totally antisymmetric and when we are
interested only in the free part of the Lagrangian, one
can choose the basis of dimension-four operators to
consist only of curvature squared terms. For example,
the operators

FF FF FF FF FF

Ly", L3%, Ly", L3", Lig, (3.18)

form such a basis. Using this basis, the Lagrangian that
correctly propagates a single 17 state in addition to the

graviton is

1 1 1
’CC == Em%F - 5 (m{T - Zm%) T/pr/wp
1
5 bgT(FﬂW,{,Fﬂ”f)" —2F 6 F"" + ZFW/,,,F’”’W)
+O((F,T)), (3.19)

while the Lagrangian that correctly propagates a single 0~
state in addition to the graviton is

1 1 1
ﬁc = Em%F - 5 <m1TT - ZWL%) TMV/’TI”//)
1 bTT F FHero F From 4F FHpvo
- g 1 ( Hpo =+ Hupo - Hvpo )
+ O((F.T)%). (3.20)

In view of the presence of Yang-Mills-like terms, the
simplicity of these theories is not at all obvious.

B. Hook antisymmetric case

Having exhausted the discussion of totally antisymmet-
ric MAGs, we turn to the hook antisymmetric case. In this
case we have to impose

Tahc — Tach + Thac‘ (321)

This identifies some operators in the Lagrangian with
others as

1 1

M%"T — EM{T’ HgT — EHITT’
HIT = HIT — HIT, HIT = 2H17, (3.22)
As a consequence, we can set
mlT = b7 = b7 = b7 =0, (3.23)

without loss of generality and the Lagrangian simplifies to

1 1 1 1
Lo =~y mlTM{T — mETMT 2 b{TH]T — 2 bITHIT
1 1 1 1
— S OITHIT = SBITHTT = S BITHIT = S b7 HET
1 1
) bETHET — 2 bETHET. (3.24)
We choose the nondegenerate b-matrices as
b(2%) = a(2")3ay.34p.  0(17) = a(17) 361 (3.6}
b(07) = a(07)(35) 35 (3.25)

Then, the nondegenerate coefficient matrix for each spin/
parity is given by

TT _ 1 (7T | 3TTY,2 D5 3
—mi' =3 (2b" + by )q Lty
b(2") = , : 3.26
(2%) < N i (3.26)
754 7 4d
b(27) = -m{" = b{Tq, (3.27)
1
b(1*) = —mi" — 3 (601" + bi" +2b7")q?, (3.28)
—m{" —m{" - (b]" + bi")q? —5v52miT + (265" + 6§ )]
b(l_) = 1 TT T TT\ 2 1 T ’1"27\'/z 1 T TT T T T\, 2 |’ (329)
—m[2m3 +(2b3" +b3")q7] —5@2mi" +my") =5 (2b1" + by + by + b7+ by )g
RT RT
o —1@mT 4 3mIT) =L 2bIT + 31T 4 BIT 4 365T) > T .
(07) = DRI L 6DRT 5 mp 2 ' (3:30)
—i= 29

42

>This combination of curvatures already appeared in [23].
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As in the totally-antisymmetric case, we consider a single-
state propagation on top of the graviton. The determinants of
the coefficient matrices for 2" (3.26) and 0" (3.30) contain
terms of order ¢ coming from their off-diagonal parts. This
indicates that the mixing of torsion and graviton fluctuation
would lead to the propagation of an additional degree of
freedom. For our purposes we can therefore simplify the
analysis by setting bX7 = bET = 0. In this way the graviton
is completely decoupled from torsion at quadratic level.

1. Propagating graviton and massive 2*

To prevent the propagation of 2~ we set b!7 = 0, and to
prevent the propagation of 17 we set 77 = —pI7/2. In
order for the torsional 27 state to be a propagating massive
degree of freedom, we must then have m!” #0 and
bIT #0, which we assume in the following. Then, we
must remove the terms of order g* and ¢*> from the
determinant of 5(17) and the term of order ¢* in the
(1,1)-entry of b(07). These conditions admit the solution

mIT
mlT = — (leT)z [(b5T)? 4 2b5TDET + 3(bET)?).
4
(bg")* 2(637) +3(b5")’
biT = 2T biT = - 617 (3.31)

With this parametrization the coefficient matrix is reduced to

1
b(2T) = —E(bZqu +2mlT). (3.32)
Now recalling that the spin projector P(27"),5 is of type TTL,
the propagator has an additional minus sign, so that the ghost-
and tachyon-free conditions are

pIT <0, mlT < 0. (3.33)

As a check, we can now insert (3.31) and the other
conditions on the coefficients in the saturated propagator
(2.22) and use the explicit form of the spin projectors. In
principle the resulting expression could contain terms up to
g% (with two powers coming from the kinetic coefficients
and six from the spin projectors) but all terms with 8, 6 and

4 inverse powers of g duly cancel, and we remain with
= ngav + Massive + (I'CSt), (334)

where

2 / d*q
Ny =— " (—q
w02 | ™ )
1 1
X? (Ps(2+)/,wpi_EPS(O+ass)ﬂyp/l> Oﬁl(Q)

2 [dq . 1 1 i
:m_%/(2”)40” (_LI)? (”ﬂpnba_ii/lyv’/[pa)ap (Q),

(3.35)

is the standard saturated graviton propagator,

1 [ dig 1
M, == T (—q)——
massive 2/(277:)4 ( q) q2+m2

P(2*,m?),,/" ] ,0(q),
(3.36)

is the standard saturated propagator of a massive spin-two
particle and the rest is an expression that does not contain
any pole in ¢g. In (3.36), the mass of the canonically
normalized field is m? = 2mI7 /b7, the source for the
massive spin-two is related to the source of torsion by

2
I = [~ o 3.37
Ve (3.37)
and
1
P(2+’ mz)py/m = T(mZ)(”([JT(mZ)U)H) _gT(mz);wT(mz)pﬁ’
(3.38)
with
9.9y
T,,(m*) =n,, + # (3.39)

is the usual transverse-traceless projector, put on shell.

2. Propagating graviton and massive 2~

It has already been discussed in [8] how to choose the
coefficients of a completely general MAG in such a way
that only the graviton and a massive 2~ propagate. Here we
show how to arrive at such a model in the restricted context
of a hook antisymmetric MAG.

The conditions that remove all unwanted propagation are
solved by

_ 24007+ 16bTTBFT — 36T

m3" 4pTT b
- SOT T
I
bIT = pIT = —2pT7, bIT = —pIT. (3.40)

With these parameters, the coefficient matrix for the 2~
state becomes simply
b(27) = =b1Tg* —m!T, (3.41)
and, since the projector P(27) is of type TTT, the ghost-
and tachyon-free conditions are
mlt >0,

bTT > 0. (3.42)
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This agrees with the result of [8]. Proceeding as in the
previous section we can recast the saturated propagator in
the form (3.34), where now

1 [ d%g 1
Mnassive = = T (—q) 55—
massive 2/(2ﬂ)4 ( Q) q2+m2
X P(27.1m%) 30pe "™ (q).

(3.43)

where m? = =m IT/pTT and P(27,
put on shell,’ and

m?) is the 2~ projector

1
JHP — _ — php

(3.44)
bIT

3. Propagating graviton and massive 1*

In order for the 2" and 2~ components not to propagate
we must have 17 = 1T = 0, and then for 17 to propagate
we must have bZ7 # (. The remaining conditions coming
from the 1~ and 0+ sectors imply for the other parameters:

T = = BT+ 4077+ 307
BIT — _pIT — (ﬁ;f . (3.45)
Then the kinetic coefficient is

b(1T) = % (=bTTg* = 3mIT). (3.46)

Taking into account that P(1") contains a single longi-
tudinal projector, the ghost- and tachyon-free conditions are

mlt <0, bIT < 0. (3.47)
The saturated propagator is again of the form (3.34), where
now

d*q 1
| JH ——P(1,m?),  _J(q),
e =3 | Gt () o P 12),1,007°(0)

(3.48)

where the mass of the canonically normalized field is m> =
mIT/bIT and its source (an antisymmetric two-tensor) is
related to the torsion source by

2
2 i v (T/’[ﬂl/] + ),
\/ =3mIT

®Its explicit expression is given in Appendix D. 6 of [8].

(3.49)

and the projector is

P(1t,m>)w = Th, (m?

po )Ty] o] (m2)

ol

& q,
— o, 427 (3s0)

4. Propagating graviton and massive 1~

In order to stop the propagation of 2,27, 17, and 0™, the
coefficients must satisfy the first four of the following
conditions:

bIT=pIT=pIT =0, bIT=—pIT IT=0. (3.51)

In order to have only one propagating 1~, we must set to
zero the coefficient of g* in det[h(17)], and this implies the
last condition. There are two 1~ representations in the
three-index tensor and their coefficient matrix is now

b(17)
( —mTT —mIT — T g _7(m3 1T ) )
—i(mgTergqu) H=2m]T —mIT = bIT4%)

VG
(3.52)

This matrix has eigenvectors: (—1/+/2, 1)7 with eigenvalue
—m1 , and (\/_ 1)T with eigenvalue

(=3b1Tg* = 2mIT — 3mlIT).

(3.53)

N =

It is the latter combination of states that propagates. Since the
projectors P(17);; and P(17)4 have zero and two longi-
tudinal indices, respectively, there are no additional signs and
the conditions for ghost- and tachyon-freedom are

bIT >0, 2miT +3miT > 0. (3.54)
The saturated propagator for the massive state is
1 d*q ” 1 N
Hmassive_i (271_)4‘1 (_Q) q2+m2T(m )/w'] (Q)v (355)

where the mass of the canonically normalized field is m? =
(2mIT 4+ 3miT)/3b5T and its source (a vector) is related to
the torsion source by

T = e, (3.56)
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5. Propagating graviton and massive 0*

Let us finally focus on the 0" state. By taking

bIT = pIT = pIT = pIT = pIT = 0, (3.57)
all modes except for 0 become nondynamical. Then, its
kinetic coefficient is

1
a(0%)s; = ) (3bITg* +2mIT + 3miT). (3.58)
The projector P(0™)3 has one longitudinal index, so there
is an additional minus sign. Thus the conditions for ghost-
and tachyon-freedom are

blT <0, 2miT +3mlT < 0. (3.59)
The saturated propagator of the massive scalar is
1 d*q
Massive = = J(— J(q), 3.60
e =3 | G 0) @), (360

where m? = (2mIT + 3m17)/3bIT and the source is

2
J= Vﬂrﬂ‘. (3.61)
\/—3 C2mlT +3mlT)

6. A check: Vector torsion

Let us consider the special case of vector torsion:

Ty = VuGup = VpGpu-

(3.62)

Note that in this case the totally antisymmetric part is zero,
so vector torsion is automatically hook antisymmetric. If
we impose this condition as a kinematical constraint, and
also enforce the restrictions (3.23) on the coefficients, the
Lagrangian becomes

Lp = —gbgTVﬂvUVﬂv” - gbgT(Vﬂv/‘)z
3
-3 2m{" 4+ 3miT)v,v". (3.63)

We can then distinguish the two subcases when v is
transverse or longitudinal.

Imposing V,v* = 0, v has spin/parity 1~ corresponding
to the transverse mode. Then, imposing the conditions
(3.51) so that only 1~ propagates, the linearized Lagrangian
becomes

9 3
Ly =vn" |-=b5Tq* == (2m]T +3mi") |v,.

5 5 (3.64)

So this confirms the ghost- and tachyon-free conditions
(3.54). Imposing that v, = V,y, with y a 0" field (a true

scalar) and imposing the conditions on the coefficients for
the propagation of 0" only, the linearized Lagrangian
becomes

9 9
Lo =2 BTy CPy 2 il £ 3mT T yCly. (3.65)

This has the same form as (3.15) and, treating it in the same
way, we find that the only propagating degree of freedom
has linearized Lagrangian

~32m{T 4+ 3mi"

c
Er2 T

(31T g% + 2mIT + 3mIT y,.
(3.66)

This confirms the conditions (3.59).

7. General antisymmetric MAGs

In order to simplify the discussion, in the preceding
sections we have assumed that torsion is either totally
antisymmetric or hook antisymmetric. These kinematical
restrictions have the effect of reducing the number of
independent terms in the Lagrangian, so the identification
of viable models with the desired properties becomes
algebraically simpler. One may ask whether simple
MAGs with a single healthy propagating degree of free-
dom, in addition to the graviton, exist also in the context of
general antisymmetric MAGs. A priori the answer is not
obvious, because we are now working in a larger space of
theories (where in principle more solutions could exist) but
we also have more equations, because there are more
degrees of freedom whose propagation we want to inhibit.
It turns out that the first effect prevails, and there are several
more solutions than in the kinematically restricted cases.
These solutions have different b- and m-coefficients and
correspondingly different masses. The reader can derive
these models by imposing conditions on the general kinetic
coefficients given in Appendix B, and following the general
procedure outlined in the previous sections. We will not try
to systematically list all these cases.

IV. DISCUSSION

There are only a handful of PGTs without ghosts and
tachyons and without accidental symmetries [2]. We have
seen that when we allow general dimension-four terms in
the Lagrangian, the number of solutions increases consid-
erably. In this paper we have only considered “simple”
MAGs, in the sense that only one degree of freedom
propagates in addition to the graviton, and we found that
there are solutions for every possible choice of the addi-
tional degree of freedom. The cases we have considered are
such that all the nonpropagating degrees of freedom have
mass terms and therefore must vanish on shell. One could
also consider cases when these masses go to zero, but then
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one would have to make sure that the gauge invariances
arising in this way extend to the nonlinear theory. One can
generalize our construction to cases with two, three, or
possibly more healthy propagating degrees of freedom, and
a full classification seems daunting. Rather than trying to
do that, in our next step we will extend the analysis of this
paper to symmetric MAGs, i.e., theories without torsion but
with nonmetric connection [24].

One interesting phenomenon that can present itself is that
the good propagation of one degree of freedom implies
some pathology for another. The simplest example of this is
the theory of a vector field. Normally we choose the
Lagrangian of a vector field to be of Proca form, because
we require that only spin one propagates, but suppose we
want also spin zero to propagate. We can achieve this by
adding to the Lagrangian a term of the form V,A*. But it is
well known that such a theory has pathologies. In fact we
saw in Sec. II A 1 that the mass has necessarily a wrong
sign either for 1~ or for 0. One can trace this problem to
the fact the 17 is transverse and 07 is longitudinal. We have
seen that the phenomenon occurs also for vector torsion and
for axial vector torsion, for a similar reason. In fact, we
can say that in general such problems will arise when a
given parameter affects the propagation of degrees of
freedom with different numbers of longitudinal and trans-
verse indices.

We have presented our examples of simple MAGs in the
Einstein form, i.e., treating torsion as an independent field
and writing the Lagrangian in terms of the Riemannian
curvature and covariant derivative. In this form MAG looks
like a metric theory of gravity coupled to a peculiar form of
matter. The alternative Cartan form of MAG, where the
Lagrangian is written in terms of the curvature and
covariant derivative constructed from the independent
connection, offers an equivalent description that may be
preferable from some points of view. While the models we
have presented look somewhat trivial in the Einstein form,
in the sense that they are “just” GR coupled to some scalar,
vector or tensor matter, this “simplicity” of the models is
much less obvious in the Cartan form, where Yang-Mills-
like terms are present in addition to the Palatini one. In view
of possible applications of MAG to the dark matter (or dark
energy) problems it is amusing to observe that the equiv-
alence between the two formulations of MAG suggests that
the dichotomy between modifying gravity and adding dark
matter may be more a semantic issue than a real physi-
cal one.
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APPENDIX A: COEFFICIENTS MAPPING

We give here the general transformation between the
Lagrangian coefficients in the Cartan basis and in the
Einstein basis.

1
afT = 3 (m} + 47 (A1)
T 1 2 T
a' =3 (mp +2m3") (A2)
T = 4 T (a3
1 1
F — QpRR | pRE 4 QpRR _ _ pRT _ pRT _ _pIT _ pIT
1 T 1 T
~ BT+ 5 b (Ad)
1
€T = ~bfR — 3 DR — 4D | L AT 1 2T 4 2bT
BT 4 BIT — BT (A3)
AR L QbR o 8RR _ pET _ 4pRT 4 opTT 4T
— 4b7TT - ZbgT + ZbgT) (A6)

1
o7 =5 (=2b3% = 8bF + b7 + b5 + 8bg" + 267"

+ 26T —2p]T) (A7)
ckF =3 (4bRR + 8DRR — pRT — ApRT _ gpIT — 2pIT
—2bIT 4 2p1T) (A8)
it = bRR (A9)
1
T = 3 —(—16bRR — 8RR — 16bRR + 3pRT + 8bET
+ 8bIT 4+ 2bIT 4 4bIT — 4b1T) (A10)
kT =3 (bRT + 8bIT +2pIT +2pIT) (A1)
1
fT = 2bRR 1 QbRR — 5 bRT — 2pRT — 4pIT
— pIT — pIT (A12)
1
il = 3 (4bER + 16DRR — pRT — 8pRT — gpIT
—2bIT — 4pIT + 4p1T) (A13)
1
It =3 (4bRR + pER — pRT 4 4pTT 4 2pIT) (A14)
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1
cfl = 5 (—4bf¥ = 3b5F — 8b5% + BT + 4bKT + 2517

+4bIT + 2617 + 2017 — 2b1T) (A15)

AT = bRR 4 4pRR — 2pET 4 pIT 4 pIT (A16)
el = 4bRR + 2bER 4 48R — pRT — 2p&T 4 pIT

—2bIT — pIT — pIT 4 HIT (A17)

APPENDIX B: MATRIX COEFFICIENTS

We list here the coefficient matrices appearing in the
decomposition of the Lagrangian (2.9) of the Einstein form
of the theory.

1
a(2%)53 = =5 (261" + by" + bi" + b5 )g

1
— 5 @m]T + miT) (B1)

bET

a(2)sy = lméf (B2)

i U kR o pRry 4 _ M o

a(2 )44:—1(4171 +b3"%)q _Tq (B3)
1 1

()35 = 5 QBT+ BI)? ~ 3 (2T + miT)  (B4)

1
a(17)yy == (667" +3b3" +b3" = b3" +4bgT +2b77)q”

1
—5@m{"+mi) (BS)
1
a(1t),; = N (265" —2bIT —4b{T + bIT)q*  (BO)

1
A1)y = =5 (36T = 3617 4+ BT — b1 4 LT — YT

T TT)

= (mi" —m; (B7)

1
a(l7)y; = —5(%1” + by + 2077 g?

1
-3 mIT + mIT + 2m§T) (B8)
- 1 Ty L gr
a(l7)3s = —ﬁ(2b3 + byg )q —7§m3 (B9)
a(17)3;, =0 (B10)

1
a(17)ge = =5 (267" + b3" + 37 + by" +2bg" + b7"

+bIT)g* - % CmIT + mlT + miT) (B11)

a(17)g; =0 (B12)

a(17); =0 (B13)
1

a(0")33 = =5 (261" + b3 43037 + byT +b5T + 3657)q?

1
— S @m{T+mIT -+ 3wl (B14)
1
a(0h) s = i——= (bET + 68T g3 B15
(07)35 4\@( 3 5 )q ( )
a(07)3 =0 (B16)
+ RR RR RRY 4 m12> 2

a(07)ss = —=(b1™ + by" +3b5%)q +7q (B17)
a(07) = =(b{" = b3")g* = (mi" = m]") (B20)
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