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The excitation of quadratic quasinormal modes is an important nonlinear phenomenon for a Kerr black
hole ringing at a specific linear mode. The amplitude of this second-order effect is proportional to the
square of the linear mode amplitude, with the ratio being linked to the nature of the Kerr black hole.
Focusing on the linear (I =m =2,n =0) mode, we compute the dependency of the ratio on the
dimensionless spin of the black hole, ranging up to 0.99, with the method applicable for more general mode
couplings. Our calculation makes use of the frequency-domain, second-order Teukolsky equation, which
involves two essential steps: (a) analytically reconstructing the metric through the Chrzanowski-Cohen-
Kegeles approach and (b) numerically solving the second-order Teukolsky equation using the shooting
method along a complex contour. We find that the spin dependence of the ratio shows a strong correlation
with the angular overlap between parent and child modes, providing qualitative insights into the origin of
the dependence. Depending on the nature of the angular overlap, the ratio decreases with spin in scenarios
such as the channel (I =m =2,n=0)x (I=m =2,n=0) - (I =m = 4) or increases in situations
like(l=m=2n=0)x(I=m=2,n=0)— (I =5,m=4). For both cases, the ratios do not vanish
in the extremal limit. Our studies may offer insights into the search for quadratic quasinormal modes from
numerical relativity and gravitational wave detections. As a byproduct, we find that the Weyl scalars can be

concisely expressed with the Hertz potential.
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I. INTRODUCTION

The final stage of a binary black hole (BH) coalescence
process is described by a deformed Kerr BH ringing down
and relaxing to its final state. Depending on the starting
time of the analysis, the ringdown process may be well
described by the BH perturbation theory, and the resultant
gravitational wave (GW) waveform is consistent with a
superposition of quasinormal modes (QNMs) [1-3].
Leveraging the fact that the QNM frequencies are uniquely
determined by the mass and spin of the remnant Kerr BH,
as motivated by the no-hair theorem [4], the idea of BH
spectroscopy [5—7] has been developed and implemented:
by comparing theoretical predictions of QNM frequencies
with observational data from the LIGO-Virgo-KAGRA
network [8-14,14-20], one can test general relativity
and constrain the parameters of modified gravity theories.

Moving deeper within the merger phase, it is natural to
expect nonlinear effects of general relativity should play
more important roles both in the dynamics of the spacetime
and in the observed data. In previous literature, various
kinds of nonlinear effects have been discussed to different
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extents. Gleiser et al. [21] initiated the analysis with second-
order Regge-Wheeler-Zerilli formalism. The second-order
Teukolsky formalism was later developed by Campanelli
and Lousto [22]. Zlochower et al. [23] investigated mode
coupling in the scattering processes by BHs. Yang et al.
studied parametric coupling between modes to motivate a
transient instability of near-extremal Kerr BHs [24,25].
More recently the nonlinear excitation of modes in dynami-
cal BHs with varying mass and spin was analyzed in
Refs. [26,27]. In addition, quadratic QNMs have been
identified from numerical-relativity simulations both in
waveforms at future null infinity [28-30] and in multipole
moments of dynamical horizons [31]. Then a related
interesting question is: how do the quadratic QNMs reflect
the nature of Kerr BHs? To answer this question, it is
preferable to analyze quadratic QNMs for different BH
spins, and possibly compare them with predictions from
modified theories of gravity. This work targets the first part
of this task, i.e., the predictions within general relativity.
The dynamics of quadratic QNMs are captured by
second-order perturbation theory [21,22,32-37]. These
modes originate from the interaction between two linear
parent QNMs. Consequently, the complex frequencies of
the quadratic QNMs emerge as a linear combination of the
frequencies of the individual parent modes and their
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respective complex conjugates. Meanwhile, the quadratic
amplitudes are proportional to the product of the linear
amplitudes, with the ratio being called the ‘“excitation
factor.” The factor is an intrinsic parameter of the Kerr
spacetime which characterizes the level of difficulty to
excite the corresponding quadratic modes. In the context
of Schwarzschild BHs, Nakano and Ioka [32,33] used
the Regge-Wheeler-Zerilli formalism to compute the factor
for the channel (I =2,m =2,n=10)? - (Il =4,m = 4),
where (I,m) are angular indices and n stands for the
overtone index. The Wentzel-Kramers—Brillouin [38] and
uniform [39] approximations were also applied to provide
some analytical insights for the excitation factor of
Schwarzschild BHs. As for Kerr BHs, the Kerr/conformal
field theory correspondence [40] was used to estimate
the excitation factors in the near-extremal limit. In addi-
tion, two recent studies [41,42] analyzed the problem
with a purely numerical perspective: fitting the amplitudes
of child and parent modes obtained from scattering
experiments.

In this work, we provide a systematic description of the
quadratic QNMs by computing their excitation factors with
a semianalytical approach. We achieve this goal by solving
the frequency-domain, second-order Teukolsky equation.
Our methodology comprises two key steps: (a) analytically
reconstructing the metric through the method given by
Chrzanowski-Cohen-Kegeles (CCK) [43-45] and (b)
numerically solving the second-order Teukolsky equation
using the shooting method along a complex contour. We
implement this method for specific mode couplings and
compare the results with previous literature.

This paper is organized as follows. In Sec. II, we briefly
review the linear perturbation of Kerr BHs. Section III
focuses on the CCK method. We then use this method to
construct an analytical source for the second-order
Teukolsky equation in Sec. IV. Our numerical approach
to solving the Teukolsky equation in the complex-r domain
is introduced in Sec. V. It is then applied to address the
problem of quadratic QNMs in Sec. VI. Finally, we
summarize the results in Sec. VIL

Throughout this paper we fix the mass of Kerr BHs at
M = 1; therefore, the symbol a is used to denote their
dimensionless spins. Our metric signature is (+, —, —, —).
Complex conjugates are represented by overlines.

II. BLACK-HOLE PERTURBATIONS VIA
NEWMAN-PENROSE FORMALISM

In this section, we provide a brief overview of the linear
perturbation of Kerr BHs, with more detailed references
given in [46-48]. In particular, we review the derivative
operators and the Teukolsky equation used in later calcu-
lations. Using Boyer-Lindquist coordinates, the Kerr metric
is expressed as follows:

sin% 0

| >

ds* = = (dt — asin® 0d ¢)? —

S (P2 + a®)dep — adi]?

)y
—Kdr2 —>d6?, (1)
where

> =12 + a?cos? 0, A=r*=2r+d%

The spacetime is accompanied with an event horizon at
rp =1++V1-ad? and a Cauchy horizon at r_ = 1-

V1 —a*. A Kerr BH has two principal null directions,
described by the Kinnersley tetrad

1
l:K(r2+a27A9Oaa)’
1
n= E(rz +a*,—A,0,a),
1
m = ——(iasin0,0, 1, icsch), (2)

V2o

with I' = r 4 ia cos 6.

The perturbation theory of Kerr is based on the Newman-
Penrose (NP) formalism, where spin coefficients and
Weyl scalars serve as fundamental quantities. Using the
Kinnersley tetrad, these quantities are given by

€0 Z 60 Z 200 Z 0 (0 _ 0 = _%,
) _ cotf ) _ iasin@ ) _ iasin@
T3 T2l Y
A r—1 _
O—_ 2 0_,0 (0) — (0) _ 3(0)
H ~p VO EH s @ = po,
(3)
and P =w — g —pl — 0 @l — 3 The

overline operation (_) denotes the complex conjugation.

A. Derivative operators

There are three primary derivative operators in the NP
formalism

r? + a? a
DO ="V, =0, +———0,+ 10y,
A r? + a? a
A0 — oy — = -0, ——
SN <a, A% Aa“>’
1
60 =mV, = —— (9 +icsc 00, + iasin00,).

w /AT

Note that the derivative operator A% is not to be confused
with the scalar function A. To facilitate our upcoming
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derivation, it is advantageous to follow Chandrasekhar [48]
(see Chap. 8) and define operators

r* + a® a r—1
Dnzar—k%@t—kxatﬁ—an A
. r?+ad? a r—1
Dn zar—%a,—K@ﬁ—l—Zn A

Ll = dy + icsc 80y + iasin 00, + ncot,
L, = 0y —icsc 0, — iasin 0, + ncotd. (4)

Here 7 is typically an integer. We can see that D and D' do
not have @ dependence, whereas £ and £ do not have r
dependence. These operators are related to 6, A, and
DO via

1 . - - 1
6O +2np0 =——r15, 89 +2mp0) =—,,
p T f Wis
A
AO —2p(y =) O = A —2p(7 — ) = ‘ED;’
While acting on e?~®!_ they reduce to
iK r—1 r—1
D, =0, ——+2 D} = 2
n= 0=y AT 5+A+"A

L= 0gp — P+ ncotf,
with

K= (r*+d)w—am, P=-awsinf+mcsch. (6)
Note that here we adopt Teukolsky’s convention for K [49],
which differs from Chandrasekhar’s by a minus sign.
In our following calculations, we frequently encounter
two combinations of operators
- pﬂ — ga! —|—mﬂ( ) + 70,

with p, g, m, n being integers. They can be converted to

1 4 m-—q n
Jar [%—p)/z - (T tE

Jiasino. (72

respectively. In fact, the subscripts (p —¢)/2 and (p +
q)/?2 are called spin and boost weight in the Geroch-Held-
Penrose (GHP) formalism [50]. Normally, these operators
are applied sequentially. The factors A, T, Z,siné can be
pulled out via the following commutation relations [48]:

AD,,, =D,A, AD! , =DjA,
(D). T =nl""', D}, ["] =l
sindL, ., = L, sin6, sin 9£Z+1 = L) sin6,
[£}.T"] = —inal™ ' sin 6, (£}, T"] = inal™ ' sin 6.
(8)

Notably, the commutation does not change the structure

[c:ﬁ_ - (%+%> ia sina], [D:t_ T <?+?>}

Therefore, they can be used as (the only) two building
blocks for € and r derivatives in the procedure of metric
reconstruction. This is a major advantage of D,, £, and
their daggers over 8%, A, and D(©).

For completeness, we also provide the expressions of
GHP operators [50]:

b = D(O) — pe(o) — qé(o)’
dgup = 0 — pﬁ(0> -
6/GHP =60 - PO‘ - C]ﬂ 9)
in terms of Chandrasekhar’s:
b = DO’
A q p
/ P — —_— — ——
V=" (D<P+q> 2T F)’
1

B § igasin @
6GHP—\/——2|:£ )2 +T],
ipasin 9}

/GHP \/_F[ (r—9)/2 — T (10)

Here the prime operation corresponds to the exchange of
the spinor basis [50].

Finally, for Schwarzschild BHs, £l and L, become the 0
operators for spin-weighted spherical harmonics

LI =0=—(d -
—L;=0=—(dg +mcsch+ scotd). (11)

mcsc O — scotf),

B. Teukolsky equation

To the linear order, the perturbations of ¥, are
described by the Teukolsky equation [49,51]

T[Sw(‘)] —0, (12)
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where ) = ‘I’(()l) and _,y()

7 reads

2 2)\2 2 2 2

1"4‘1’4 , meanwhile we assume there are no matter sources. The Teukolsky operator

2
a__A—si Aerli _Li sinei
0| ogp? or or) sin@do 00

A it A 0t0¢ sin?
— 2 [a(rA— D) + Z;Z:I?zsg] % —2s [rZ ;az —r—iacos 9} —+ (s%cot? 0 — ). (13)
|

Decomposing (! into time and angular harmonics The radial derivative of X; is given by

) = Rip (1), Simo @)™ (14) X, (r) = @ lam + w(@ + 2 —4r,).  (20)
the radial function R§m>w(r) satisfies [48]
III. RECONSTRUCTION

(AD/D; + 6lwr)+2R§m)‘” +2/1§'")“’+2R§m)'”’ (152) After specifying the Weyl scalar ‘I‘gl) for a QNM to the
(8D Dy = ior) R, = o (150) G O entiying @ set of NP varables and &
with :i:2/1§m)w being the angular eigenvalues. By imposing the metric that is consistent with W{"’. This process is gen-

boundary conditions of a QNM, i.e., ingoing at the horizon
r, and outgoing at infinity, an analytic representation for

R(

Imw(7) can be constructed via Leaver’s method [52]

sRErln)w — eiwr(r _ },.+)—s—io'+ (7’ _ },._)—1—S+2iw+imr
= r—ri\"
X Z a, , (16)
r—r_
n=0

with 6, = (wr, —am/2)/V'1 —a*. The coefficients a,,
are determined by three-term recurrence relations
apay + Poag =0, Anpi +pnan + 7y =0, (17)

where a,,, f3,,, and y,, are given in Appendix A. For our later
convenience, we define

XL(r> — eimr(r _ r+)_i6+ (r _ },._)2l'w+i(r+

_ eia)(r*—4r+u/a)+imu (18)
with
dr._roe o du_a (19)
dr A dr A
namely,
ry r—r. r_ r—r_
r.=r+ 1n( > ln( > ,
V1 —a? Ty 1 —a? r_
u= a In T
2NVl —a?2 r—r_

erally referred to as metric reconstruction. The method
was pioneered by Chrzanowski [43] and Cohen and
Kegeles [44,45] for source-free scenarios. In the presence
of arbitrary matter sources, the method was extended
recently by Green et al. [53]. The CCK method centers
around constructing a Hertz potential ¥ as a solution to the
Teukolsky equation. Subsequently, from ¥, a perturbed
metric and its corresponding spin coefficients can be
derived, satisfying the linearized Einstein equations on
top of a Kerr background. Wald’s elegant argument [54]
attests to the viability of this methodology. However, a
limitation of this approach lies in the challenge of directly
inverting the differential equation to obtain the Hertz
potential, given a particular ‘Pf‘l) . A work around involves
bypassing the use of the Hertz potential and performing

reconstruction directly from ‘{’4(11) [34,35]. This alternative
method requires solving a set of differential equations.
In our specific scenario, namely, the second-order effect
of a QNM, the limitations associated with CCK are
effectively eliminated. First, without the presence of matter
sources, the complexity introduced by the stress tensor [53]
becomes irrelevant and the Hertz potential provides a
comprehensive description for the perturbed metric (modulo
gauge freedom and “zero modes”). Second, as demonstrated
below in Sec. Il A, the Hertz potential can be uniquely

determined by ‘I’E‘I) and the boundary condition of a QNM.
Additionally, a notable advantage of CCK is its exclusive
dependence on the differentiation of the Hertz potential, in
contrast to the need for solving a set of partial derivative
differential equations [34,35]. This feature not only provides
us with more analytical insights but also practical conven-
ience in the numerical implementation. In fact, we will show
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in Sec. III B that the perturbed Weyl scalars, ‘I’gl) and ‘I‘g),
can be succinctly expressed in terms of the Hertz potential.
The CCK procedure is accompanied by two gauge
choices [43]: the ingoing and outgoing radiation gauges.
In particular, the outgoing radiation gauge (ORG) is
asymptotically flat [22], and its solution is directly related
to physical observables, such as energy radiation and the
excitation factor of second-order QNMs at future null
infinity. Therefore, it is reasonable to adopt ORG to
compute the gauge invariant excitation factor at infinity,
even though the second-order perturbation ‘Pftz)
depends on the choice of gauge and tetrad [22].
Given the considerations above, we will adopt CCK
and ORG for our subsequent calculations. Below, we
first determine the Hertz potential for a linear QNM in
Sec. IIT A. Subsequently, in Sec. III B, we present the
representation of the metric and Newman-Penrose varia-
bles in connection with the determined Hertz potential.

generally

A. Determining the Hertz potential

In ORG, the Hertz potential Wogg is related to ‘Pgl)
via [55-57]
1 1 A* -
let = ﬁﬁDEDEDEDETORGs (21)
where the bar stands for the complex conjugate. Since it is
a linear differential equation of order four, $org consists
of a homogeneous part and a particular solution. First,

the homogeneous part solves Dy‘i‘hom =0, which is
equivalent to

DAY, = 0. (22)

il =
D}A in Eq. (8). Following [58], a general solution reads

Here we have used the commutation relation AD

3
8y = [ eSS S B, (0), (23

m =0

where B, (0)’s are arbitrary functions of 6 and u is
defined in Eq. (19). We can see that there are only ingoing
modes depending on ¢ + r,. Since the Hertz potential is
related to the Weyl scalar ‘PE)I)
angular derivatives [55,57]

through only time and

1 . .
!l =5 [LL LT L Por + 120 ¥ora |- (24)

The homogenous part ¥, corresponds to a GW emerg-
ing from past null infinity, which should vanish in our
pure-QNM context.

On the other hand, an efficient approach to determine the
particular solution is to solve the s =2 source-free
Teukolsky equation, which the Hertz potential Worg
should satisfy in ORG [43], with the same QNM boundary
conditions' for ‘PE‘I). Leveraging the Teukolsky-Starobinsky
relation [59,60], we ensure that the solution consistently
complies with Eq. (21). As a result, the Hertz potential

(1)

associated with W, ' can be written as [5]

\PORG = ZBEZ?(AMLZlew (I‘) +2Slmm (9) eim¢ e_iwlmnt

Imn

+B

lmerZRZma) ( r) JrZSImw (n. - 6) e_im¢ ei[blmn ! ’ (25)

where Bgi)m’s and Bgfn){“’s are constants, while n stands for

the radial overtone index. In the following discussions, we

restrict ourselves to a single mode in ‘I’gl), namely,
qlﬁ(ll) ~ eimq&e_iwlm"(t_r*)—ZS/mm(e)’ r— oo, (26)

which implies

WorG = 2R, ()12 (T — 0) P e=i@imt

= (=1)" R (1) 5 S (O)e™Peiom! - (27)

where we have used the property of spin-weighted sphe-
roidal harmonics [61]

sSlmw(ﬂ - 9) = (_1)m+l—sslmw(9)' (28)
As discussed in Sec. II B, Leaver’s representation for
R, 18 given by

= r—ry\"
+2lea) = XL(}’)(I" - r—)_lA_2 Z ay < +> ’ (29)
n=0

r—r

At infinity, its asymptotic behavior reads

R, =X, (r)(r— o)A (f: a,,)

n=0
1
x [1+%+0(—2)], (30)
r r
with
Afery = #Jﬂﬂgrln)w —4+2iam—r_—4ir w;,,. (31)

'Kerr BHs have the same QNM frequencies for s = £2
perturbations.
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B. Determining the metric
and Newman-Penrose variables

After obtaining the Hertz potential ¥ogg, we then follow
CCK to compute the metric and NP variables. In particular,
we will cast them into forms that are convenient for
numerical calculations.

1. Metric

In ORG, the nonvanishing metric components are
N s Mim»> hy, and their complex conjugates. They are
related to the Hertz potential through [43]

hy=p~(6 —3a—p+57)(6 —da+7)¥Porg +c.c., (32a)
haim = p~* (A +50 =37 +7)(A + i —47)¥ors,  (32b)
hys = % YO6—-3a+p+57+1)(A+j—47)

3P A+ 57— 1= 37 = )5~ 42 + B)Fora.

(32¢)

Here c. c. stands for the complex conjugate. With the help
of Eq. (5), they become

>/ . 2iasin@\ ;-
]’lu = 7 <£1 I )EE\PORG 4+ c.c . (33&)
I 2
iy = A2W (D; —1:> D3P ore (33b)
AT? [a’sin26 .
Im ﬁ { S 2 <D; - _) 52] Yora
(33c¢)

For a Schwarzschild BH, the expressions are reduced to

o
h” = 566‘1’01{0 + C.C.,

A? 2
i = <D ——)D Wora
rA
i = Df —Z)0%P0ras 34
] 2\/§< > ORG ( )

where we have used Eq. (11).

2. Directional derivatives and spin coefficients

In ORG, the first-order directional derivatives are given
by [22]

1

D) = —Eh”A“’), (35a)

A =0, (35b)

500 — —p, AO 4 Lp 50

3 (35¢)

From Eq. (32) we can see that 6 is contributed exclu-
sively by Worg and not by its complex conjugate.

Similarly, the spin coefficients V), @), (1, and ("
are given by [22]
m__1
B Z(A+27+/4+2u) o
1
Z(6+2ﬂ =7,
1
all) = Z((S 20+ 7+ 7)Oh,,,
1
— 7 (A +47 =27+ p=20) "y,
1
Z(A=2 ©p, ——70p
2( }/—’_l’t) Im 2” mm>»
1 1
7_7:(1) = _E(A - 2}, +/’l)(0)h1m - E%(O)hmm' (36)

They do not depend on W either. Here we emphasize
that the expressions above have been simplified in ORG.
See, e.g., [34] for the full expressions.

Meanwhile, three spin coefficients vanish identically in
ORG [22]

D =5 =51 = 0. (37)

The expressions of other spin coefficients are not inform-
ative, therefore we include them in Appendix B.

3. %,

Y, is intricately linked to the Hertz potential, e.g., see
the ingoing-radiation-gauge counterpart in Eq. (97) of
Ref. [56]. Nevertheless, we find that its expression can
be significantly simplified to

16I“1

_ o 2\2 . .-
o =T (D; _F> LIL P org

_ 2 1 _
— 4iasin 00 (p; —~ F) (p; —~ F) LI®ora

2 _
— 6a’sin® 0 (D§ -~ f) Di¥or. (38)

In particular, for Schwarzschild BHs, we have

1672
A2

2
gl = (D ——> 30P oG- (39)

Details of the derivation can be found in Appendix C.
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4. ¥,
To obtain W5, we start from the Ricci identity [48]
=@+p-1y—(A-7+ma+ (p+ev—(r+p)A
(40)

Linearizing it leads to

W = (6+5-7)0r0 - (A -7+ 7)Oal)

— (z+ )00, (41)
since p) =y =M = A =10 = 30 = 0. We can
then express ‘Pgl) in terms of the Hertz potential by using
the results given in Secs. III B 1 and III B 2. This yields a
tedious expression, e.g., see the ingoing-radiation-gauge
counterpart in Eq. (98) of Ref. [56]. However, by virtue of
Chandrasekhar’s operators, DZ and EE, and the commutator
in Eq. (C13a), we find the expression can be simplified
straightforwardly into

16V/213 3iasin@ 1\3-
Tgl) = —(E; T ) <D§ - -> Yorg

A3 r

For Schwarzschild BHs, it reduces to

16V27°
3 g = (D*--) 3P e (43)

5.9,
Finally, to compute ¥,, we adopt the Ricci identity [48]
Y, =(0+3a+p+rn—T)w—(A+u+a+3y—7)i (44)

By using @ =10 =,0 =0
,L_t(()) - )7(0), the expression becomes

and  u© — 40 —

P = (A + 2p + 27) @20, (45)

We then insert the expression of A!) in Eq. (BI) to
reproduce the known result in the literature [55-57]

1 A*

(1 _
LP4 32 T4

— DiDIDIDiWope. (46)
This serves as a consistency check for our previous steps to
determine the Hertz potential, metric, and spin coefficients.
After applying Leaver’s representation for Worg in Eq. (29),

we obtain the asymptotic expression of the (I, m) harmonic

of ‘PE‘U at infinity

4 ©
[rqlgl)] (o0) _ wlmn —m),m,, t—r, Z a,. (47)

Im it

IV. THE SECOND-ORDER TEUKOLSKY
EQUATION

It is known that the second-order perturbation ‘Pftz) still
follows the Teukolsky equation [22]

T[\Pﬂ = s, (48)

2)

where the source term S, is given by

{d0D+4e p)V —dV(5+4p-1)0 }quw
(0) 0 1

+[d 6+ 2a+47)D) — d()(A+2y+4ﬂ)(l)}‘I‘g)

—3[d§0)/1(1>—d§0>u(1)}‘{’§1)

_ 3\1,20) [(d4 —3u) DA — (d; — 3”)(1)y<1)] . (49)

and the two operators d3 4 read

=6+3a+pf+4n—1, (50a)
dy=A+duta+3y—7. (50b)
From Sec. IIIB2, we notice that v!1) = u() =y =

AW =0 in ORG, which yields 4"
source reduces to

= 0. As a result, the

dy [(5 + 20+ 4) @) — 3@“@91 :

Since all the reconstructed quantities depend linearly on
Warg and its complex conjugate Worg., they lead to three
types of quadratic effects:

2
lI'ORG ~

e2i®@imnt YorGYorg ~ el D= pn )1 (51)

and

@%RG ~ €_2iw1mnt. (52)
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Our subsequent calculations focus exclusively on the excitation of the mode ~e~2®m! in Eq. (52). Therefore, terms that
depend on Wnrg do not contribute to the final second-order Teukolsky equation. Accordingly, in the expressions below, we
will simply drop terms of Worg. Whenever this is done we will indicate that such terms have been dropped by using the

symbol ~ instead of = . For instance, in Sec. III B 2, we notice that §!) is fully contributed by Worg, the term 6(1)‘P£1) in
$? s irrelevant to the excitation of ~e=2i®mn!, namely 6(1)‘1"(‘1) ~0. Similarly, we have p") ~z() 0. With this

4
observation, the source ng) further reduces to

§? x [—(D +de—p) 0w 4 (5420 + 4zz)<1>qf§‘)—3,1<1>111§”} . (53)
At this stage, we can express Sf) in terms of the Hertz potential by inserting the reconstructed variables in Sec. III, and

obtain

_ 16 . . . 2 . .
25 x SR €20 {Al [czs(e)] A, [S(e)ﬁjﬁgsw)} A, [3161 sin 95525(9)} + AyJasin 0S(0)]2 } (54)

with
_ . E )2 _ _

4SRT  3(15T - D)RDiR 3T —15T) (DzR) (3 —42I)RD{’R  6RTD{’R  3(70 - T)DIRDI’R

A= -y _ 2t _ - 2 o R )R
! 217 I 2r5 25 r r
= 25 2 _ . _
. 3(2r—13r) (Dz R) (F—120)DIRDI’R (M +4r)RDY'R (11T =[)DY’RDPR | (4T + r)DRDYR
83 213 83 4r° 417
3 )2 .
rRD]R _ 3F(D§ R) _TDPRD'R _TDiRDY’R (55)
412 8T 2r 8T
, )2 252 _

3RD;R 3rRD?R 3 (D2R> 3r<D2 R) 3(2r + D)DIRD{’R 3RTDPR  (r +T)DiRDR

Ar = — - 2 + - 2 + _ + _ _ - 2 2 _ — 2 _ 2 2
: s I r 203 2 o1 s
_ . N _ _ 35 2
(30 —T)RD}*'R  (2r + 3T)DS*RDSR (- 6T)D}RD}'R (- 2T)RDIR N F(Dz R) N 7D’ RD'R
4rs 4r? 812 812 ar 16"
I'DiRD°R  RTDIR
. I'D:RD; 2 R (56)

4r 161

_ P )2 _ _ N _ N
5(F —3r)RDiR (15T = 111) (DzR> 5(r —=T)RD{’R (23T - 34I")DIRDPR (I — 6I')RDI’R
2 4 2 4 2 2 4 2

A = X X X oS 2
F 252 _ . N _
. 3(3r —2r) (Dz R) L (51— 8T)DIRDIPR  (2r + T)RDI*R (16T — 29T")DI?RDI’R
21+ 3 6r+ 1213
_ . _ . = 35\ 2 . N e N
(4T —210)DIRDIR (3T +2r)RDPR (3T —4T) <D2 R) (8T )DI’RDI*'R  rDIRDI’R  RDI°R
2473 2473 122 2412 612 24T
(57)

_ £ )2 _ = 2 p) 2 -
(45T — 60T (DZR) , (420 = 300)DIRDER | 9(2r -31) (Dz R) | 9(2r - 31)DiRDY'R

Ay = _ _ _ .
! 217 I 215 2r°
_ , _ = (Pi3p)? o _ ;
- RDPR - RD{*R - 2 = RDI*R (- RDR
3(50 = 30)DPRDPR (ST -30)DiRD*R 3T -20)(DyR)" (1 —2f)DPRDI*R (I - 20)DIRDY
+ - + - + = - + = -
21 2r 82 213 812

(58)
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Here R refers to the radial function of the Hertz potential
R, in Eq. (29), and S(@) stands for _,S;, . (6) in
Eq. (27).

It is evident that Sflz) cannot be decomposed into a
structure of (angular) x (radial). Nevertheless, in Eq. (54),
we can still classify the terms based on four primary
angular dependencies:

s’ Is©cicise),

[asin@S(0)LIS(0)],  [asindS(0)]2.

The angular dependence of their coefficients A; 4 is solely
determined by the scalar function I' = r 4 ia cos € and its
complex conjugate T". In particular, we have

IR

Al..4 ~ ]:_‘k ’

(59)

with j =0,1 and k = 1..7.

Since Sf) is nonseparable, a linear QNM can induce
quadratic effects in various spin-weighted spheroidal har-
monics. To investigate a specific excitation channel, such as

(lL,mL,nL) X (lL,mL,nL) d (ZQ,mQ), (60)

angular projection of the second-order Teukolsky equation
is necessary. In the rest of this section, we will accomplish
this goal via two steps. First in Sec. IVA, we follow
Teukolsky [49] to decompose the Teukolsky operator on
the left-hand side into angular and radial parts. Next in
Sec. IV B, we use the property of spin-weighted spheroidal
harmonics to perform the projection. Finally, in Secs. [V C
and IV D, we explore the features of the angular projection
for Schwarzschild and Kerr BHs, respectively. For con-
ciseness, we will use the notation w; to stand for the
complex frequency of the linear mode wy,,,,,.

A. Separation of the Teukolsky operator

We follow Teukolsky [49] and rescale both sides of the
equation by a factor of 2I**X. This converts the variable to

y® =T4P? Then we can write

W@ = e—ziszeziqusZREz)(F>S§2) 0). (61)
7

Notice that the time dependence has been set to e 2iout 1o
match that of the source term W2 ~ e~2L. The azimu-
thal quantum number has also been chosen to be twice the
linear one m;. In other words, Eq. (61) represents a
particular solution to the second-order perturbation equa-
tion. The homogenous part traces the evolution of linear
QNMs, which is not pertinent to our studies. Plugging
Eq. (61) into Eq. (48) yields

e~2ior t+2imL¢Z { S;z) 0)( ADT_(IZ)Déz) — 2iw, r) Rgz) (r)
I

+RP (1 (£? L + 124w, cos6)S\ (6)
= —of¥xss?. (62)

We note that the operators D?)’s and £?)’s (including their

daggers) correspond to the second-order mode with the

frequency 2w;. The angular basis S;z)

satisfy

can be chosen to

(L2 + 12aw; cos0)s? = —1PsP (63)

where /152) is the corresponding eigenvalue. Then Eq. (62)
reduces to

e 2iont:2imd N2 (9) (ADIP DY — 12iw,r — AP )R (1)
[

= —or¢zs?. (64)

B. Angular projection

For a certain @ and m, the spin-weighted spheroidal
harmonics associated with different I’s are orthogonal. To
see this, we consider two different spin-weighted spheroi-
dal harmonics S| and S,, satisfying

(L_\ L) + 12aw; cos0)S, = A S, (65a)
(L_ L) + 12aw;, c0s 0)S, = 1,S,, (65b)
with 4; # 4,. The equations above yield

SoL_\LIS) — S\ L1 L3Sy = (A = 15)8,S,.  (66)
Integrating both sides with the measure sin 8 leads to

(4 = 4y) [r $,S, sin 0d6

— A " (szc_lcgsl - slc_lagsz> sinddo. (67)

The value of the right-hand side vanishes due to a property
of the angular operator £ (see Lemma 4 in Chap. 8 of [48])

/ " G(L, f) sin 0d0 = — / " F(L] g)sin6do.  (68)
0 0

Therefore, we have
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/ " 5,8, sin6df = 0, (69)
0

since A; # 4.

Consequently, to consider the excitation channel in
Eq. (60), we can project both sides of Eq. (64) to the
angular basis of the child mode §;,(¢) via:

(ADIPDE = 12iwr = 22 )R (1)
Jz2r*zsY xS, () sin6de
J§ 87,(0) sin 0o

= 0(r). (70)

— _e—imQ(/)+2ier

where we have defined the right-hand-side source to be
Q(r), which depends only on r. In Appendix E, we provide
an explicit expression of Q(r) for Schwarzschild BHs with
l;, =2 and I, = 4. By virtue of Leaver’s representation in
Eq. (29), Q(r) has an asymptotic expansion as follows:

O(r) = 4r*w® X2 (r) <n§; a,,) 2 {1 +0 G)]

x (8,213, = (£58,,)7 |8, )- (71)

where the angular inner product (f]S;,) is defined to be

JEfx S, sindo
Ji S sin0do

(72)

We can see Q(r) ~ O(r?), an order lower than the left-hand
side of Eq. (70), which is O(r?). With this at hand, we can
solve Eq. (70) order by order in the large-r limit, which
yields

I
RY o (r=r )X} [1 +2+ 0<p>] NG

with

1(2)

ag =2+ 4iamy, +ry + e _ Bir,wy.  (74)
ZCl)Q

The undetermined coefficient in Eq. (73) corresponds to the
amplitude of the quadratic QNM, which is the target of
this work.

C. Schwarzschild black holes

For Schwarzschild BHs, the angular dependence of the

source Sf) in Eq. (54) can be simplified significantly. In

particular, by the virtue of

E;S(G) = _6—2YZLmL
LiL38(0) = 30_,Y,
=V +2)(l + DI (1, - DoY) (75)

==V +2) I =1)_4Y s

we obtain

_ 2 16
2ESY g =+ 20 = 1)V, Ad(r)

+ V(I +2) (I + DI (1 - DoY),
X Y}, Aa(1). (76)

Since I' =T =r, A, and A, are now independent of 6.
We can see there are only two types of angular depend-
ences: _ Y ZZLmL, contributed by [Eq. (53)]

° 1
6 + 2a + 4z) V@),

and ,Y, %Y by

lpmy, lpmp>

1 1
~(D +4e — p) Dl — 370l

With this at hand, the angular projection in Eq. (70) can be
done analytically:

/—ZYleL XY m, X —z?zngdQ
= /(—l)mg—zYszL X oY), X 2YIQ,—deQ

B (_l)mg\/(% + 1)427521Q +1)

[ l l I, I 1
« L L o ( L L (0] ) ’ (77)
my; mp —mQ 2 0 -2

and

/—1 YZLmL2 X —ZYIQdeQ

47
l l l I I 1

% L L Q ( L L Q ) ’ (78)
my; mjp, —mQ 1 1 -2

where we have used the 3 — j symbol. The corresponding
selection rule reads
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(79)

For lL =m; = 2 and lQ = mQ = 4, Eq (77): 2\/%7”,

Eq. (78)= #7_]1
As discussed in Appendix B of [36], in addition to

2 . .
Y, and LY, %Y, the other two spin-weighted

ZmL = mQ, lQ < 21L

which requires s; + s, = —2. However, since the spin
weights of all the NP variables range from —2 to +2,
there are no available scalars to be coupled with spin 1 (e.g.

‘I‘gl)) and 2 (e.g. lI‘él)) fields at the second order. Therefore,
these two angular components do not contribute to the
equation. In fact, ¥; and ¥, never formally enter into any

spherical harmonic multiplications: _; YleL x Y Im, and order of perturbation equations [22].
—4¥y, m, X2Y),,,» also have nontrivial angular overlaps
with the child mode _,Y lomy* this can be seen from D. Kerr black holes
For Kerr BHs, the angular projection is complicated by
/ Y x Y x ¥V, dO the coefficients A, 4 in Eq. (54), which gain 8 dependence
S15 gy, 2" my, 7 =20 lgmg . = . .- . . .
via I" and I'. To construct an intuition into its spin
Iy I 1y %0 dependence, here we simply consider the projection for
T L5, —2)] (80) the four angular bases

| = (£]9)* —asinfSL; S —
0.08F __ Scicys = (asinfS)? 0.00

% 0.06¢ —0.05F

3

= @ —0.10}

0,0.04 <

g o

< -0.15f

0.02+ — (L] 9)?
— SL LSS
—0.20r —asinfSL] S
0.00 (asing S)?
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
a a
(a) (2,2,0) x (2,2,0) — (5,4)
14 B (E;( S)Z
| —SLiLys
1.2 0.03} —asinfSLy S
—— (asinfS)?
° 1.0F (asind S)
o
é 0.8f — (£j5)? —asingSLi S 2 0.02
3, ——— SL{L]S = (asinfS)? s
g 0.6 [y
<
0.4r 0.01
0‘2 I //-
0.0 . ] ) ) 0.00 ) ) ) )
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(b) (2,2,0) x (2,2,0) — (4,4)

FIG. 1. The spin dependence of angular inner products between the spin-weighted spheroidal harmonic for the quadratic mode S,
and four angular bases (L;S,L,,,L)2 (blue), S,Ln,LﬁJ{E;S,LmL (orange), —asin 65, £;S1LmL (green), and (asin 65, )* (red). Here we
consider I, = m; =2, and (Ig =5,mgy = 4) (top row) and [, = mgy = 4 (bottom row). The right (left) column corresponds to the
amplitude (phase) of the inner products. The spin ranges from 0 to 0.99. (a) The excitation channel: (2,2,0) x (2,2,0) — (5,4) and (b)
excitation channel: (2,2,0) x (2,2,0) — (4,4).
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<<£§s,LmL>2

SIQmQ > ’ <SleL£J1r[';SILmL

SZQmQ>v
SlQmQ>’

S,ng>, (81)

where the angular inner product (...|...) is defined in
Eq. (72). As we will show below in Sec. VI B, the nature of
the four integrals can offer a qualitative understanding of
how the excitability of a quadratic QNM depends on spins.

Generally speaking, the coupling (I;,my,n;) x
(Ip,mp,ny) = (lIg,mg) can be classified into two scenar-
ios: when [y > 21; and when [, < 21; . The former violates
the selection rule in Eq. (79) for Schwarzschild BHs,
resulting in the absence of any quadratic excitation.
However, with an increase in the spins of BHs, the selection
rule is broken, leading to an amplification of the effect.
For instance, Fig. 1(a) shows the spin dependency of
the integrals for (I, =m; =2,n, =0)* > (I =5,
mgy =4). In this calculation, we adopt the Black Hole
Perturbation Toolkit [62] for the evaluation of spin-
weighted spheroidal harmonics and employ Gauss-
Legendre quadrature for integration. The results reveal
that the amplitudes of the angular integrals vanish when
a = 0 and demonstrate a nearly monotonic increase with
spin. The term of (asinéS, ,,, E;SZLmL) offers the strongest
angular contribution.

By contrast, the second scenario [, < 2/, satisfies the
selection rule. When a =0, the first two integrals in
Eq. (81) reduce to the 3 — symbols.2 Figure 1(b) displays
the results for (I, =m; =2,n, =0)* > (Ig = mgy = 4).

<a sin QSleLﬁzsszL

<(a sin HSleL)2

We can see the dominant components (C;S,LmL)Z and
(S1,m, £1L5S) ) decrease with spin.

V. DEALING WITH DIVERGENCE
AT BOUNDARIES: THE COMPLEX PLANE
APPROACH

For both linear and nonlinear QNM analysis, necessary
regularization procedures are often required to deal with
the “blowing-up” wave functions at spatial infinity and
BH horizon.? For example, Detweiler [63] introduced
counterterms to eliminate singular terms for QNM excita-
tion computations, while Leaver [64] proposed integrating
along contours in the complex-r domain for similar prob-
lems. Later, the complex-contour technique was used to
introduce a mode “inner product” or “bilinear form”, which
formed the basis for the investigation of linear and nonlinear

*They differ by a factor of 2 since the integration in Eq. (72)
does not include the azimuthal part.

Another approach is to solve the wave on a hyperboloidal
slicing, as implemented in [35].

waves in Kerr/Kerr-Newman spacetimes [24,65,66], as
well as exploring the spectral stability of near-extremal
spacetimes [67]. Recently, a new bilinear form was moti-
vated by the “conserved current” associated with the
Teukolsky operator [68], and it was employed to derive
QNM orthogonality.

In this work, we adopt this complex-plane technique to
solve the second-order equation in Eq. (70). Below, we
first provide some basic information about the method in
Sec. VA. Next in Sec. VB, we review the idea of the
bilinear form defined based on the complex-plane tech-
nique. In particular, we explain how it facilitates the
studies of eigenvalue perturbation (Sec. V B 1) and QNM
orthogonality (Sec. VB 2). We will show that the two
bilinear forms used in Refs. [24,65,66,68] yield the same
QNM orthogonality conclusion. At last, in Sec. V C, we
explain how to implement the complex contour for
computing second-order QNMs as the main purpose of
this work.

A. Branch cut and contour

The frequency-domain Teukolsky equation is usually
solved on the real-r axis. However, it is also instructive to
extend both the equation and its solutions in the complex-r
domain, in which case the analytical properties of the
solution, e.g., singularities and branch cuts, become
important. For example, the scalar function X;(r) in
Leaver’s solution [Eqgs. (16) and (18)] has two singularities
at r4 and the branch cuts ending at them. In Fig. 2, the
zigzag red line illustrates a convenient choice for the
branch cut. The corresponding logarithmic expressions are
given by

. 3
lim lnr:1n|r|+%, lim lnr:1n|r|—%. (82)
r eft

r—right —leff

They capture the behavior of the logarithm as r approaches
the right and left sides of the cut, respectively.

Alongside the branch cut, we introduce a contour C in
Fig. 2. On both ends of this contour, the QNM boundary
condition ~e@m’+ exhibits exponential decay due to the
positive real part of ,,,,,. In addition, as the path remains a
finite distance from the horizon, it avoids the blowing-up
feature at r, . Consequently, the wave function of a QNM
exhibits regular behavior throughout C and can be safely
treated with numerical methods.

B. Bilinear form

Consider two generic wave functions y(r, 6),n(r,0) and
the frequency-domain Teukolsky operator 7 (w,m,r,0)
[see Eq. (13), with d/0t and d/0d¢ replaced by —iw and
im, respectively.]. A bilinear form (|) can be defined on the
contour C such that (y|7#n) = (T y|n) [24,65,66]:
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Im r
b a

C

LY Y Rr
f 4 Rer
T_ T+

matching (

point B

FIG. 2. The contour (labeled by C, in blue) and branch cut (in
red) used in this work. The contour goes around the r, singularity
and the corresponding branch cut. There is a second branch cut
connecting r_ which is not shown in this figure. Three blue
arrows indicate the stable integration direction while solving for
QNM wave functions: Two solutions are shot separately from “a”
and “b,” and they are matched at the bottom left corner labeled by
“matching point.” In our numerical implementation, we fix the
real part of the left and right vertical paths to (r_ +r,)/2 =1
and 3, respectively. The imaginary part of the bottom path is fixed
to —5.

xIn) = /C(r— ry)(r— r_)‘*dr/sin9d9)((r,(9)l1(r,9)
= (nlx). (83)

where s is the spin of the field. If y, » satisfy the QNM
boundary conditions then the contribution from both ends
of C may be exponentially suppressed similar to the QNMs.

1. Eigenvalue perturbation

The bilinear form can be used to study the eigenvalue
perturbation problem. Let us consider a QNM wave
function satisfying 7 (wg)wo = 0 with a certain eigenfre-
quency . If the wave equation is modified, e.g., due to the
presence of additional fields [65] and/or modification of the
underlying gravity theory [69-71], the wave operator can
often be written as 7 + ¢A7 with € being a bookkeeping
index, and the corresponding new eigenmode satisfies

[T (0w + €wy) + AT (wy + ewy)|(wo +eyy) =0, (84)

where both the eigenfrequency and mode wave function are
expanded up to the O(e) order. Up to the same order in € the
above equation may be rewritten as

T (wo)y1 + @10, Two + AT (wo)yo =0.  (85)

With the bilinear form introduced in Eq. (83) we can
realize that

(WwolT (wo)y1) =

so that Eq. (85) can be used to solve for w; without
knowing the expression of y:

(T (wo)woly1) =0 (86)

(wolAT )

(Wolo,Two)’ (®7)

W = —

which is similar to the perturbation theory for nondegen-
erate stationary states in quantum mechanics. See also [72]
for a relevant discussion on BH boson clouds.

2. Quasinormal mode orthogonality

The “self-jointness” of the bilinear form (y|7n) =
(T y|n) provides an alternative rationale for the orthogon-
ality of QNMs, supplementing the methods provided
in [68]. Let us now consider two QNMs satisfying
T (w,)w, = 0,7 (wp,)w;, =0, respectively, assuming azi-
muthal numbers m, and m,. As a result, we expect that

W T(@a)ya) =0, (ol T (@p)yy) =0.  (88)
According to the properties of the bilinear form, the above
equations imply that

(wal(T (@, b)wp) = 0. (89)

This equation can be interpreted as an orthogonal relation
between the two mode wave functions y,, y;, with the
weight function 7 (w,) — 7 (w,) given by (choosing
m, = my = m)

) =T (@

T(wa) = T(@y) = (@ —wb>{—<wa o)

§ {(rz +A a?)?

4
— a%sin? :9] + Tmar

2 _ g2
—|—2is[—r—iacost9+ A ]} (90)

which is the same as Eq. (46) in [68] by setting s = —2 and
renormalizing the constant factor that contains w, — wb

C. Second-order mode excitation

We now adopt the complex-contour technique to solve
the second-order Teukolsky equation in Eq. (70). Using the
contour C in Fig. 2, it is convenient to decompose r into its

*There are typos in their Eq. (55).
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real and imaginary parts, r = x + iy. This decomposition
allows us to transform Eq. (70) into forms that are more
amenable for numerical implementation on each segment
of the contour. More specifically, along the vertical paths
(labeled by “L” and “R”), the equation reads

2p(2) 2
d RZQ :_Q(r)+2i(r_1)deQ
dy? A A dy
) .
R K% +4iK,(r—1
+%< Q AQ( )—161'er—1§2)>, (91)

whereas on the horizontal path (labeled by “B”), we have

2p(2) (2)
d Ri, _ o(r) , ,(r- l)deQ
dx? A A dx
(2) .
R/ (K2 +4iKy(r—1)
0 0 . 2
_TQ ( A - 161a)Lr—/1§Q)>. (92)

The solution and its derivatives need to be continuous at
corners, which yields continuity conditions:

R? —RrRY (93a)
horizontal ¢ vertical
d 2 . d 2
d—R§Q> = —ld—REQ) (93b)
X horizontal y vertical

To impose boundary conditions at “a” and “b” in Fig. 2,

we can use the asymptotic expansion of R? in Eq. (73). It

lo
leads to
R = E<1 +"Q>(r— r.)AX,, (94a)
r
d 2) . (lQ d
d—yRZQ =iE(1 +7 E(V— r+)AXQ, (94b)

where X, = X% and X is defined in Eq. (18). The factor
(1 + ap/r) shows that the conditions above are accurate up
to O(r71).

The unknown constant number E corresponds to the
amplitude of the quadratic QNM with frequency 2w;. To
see this, we adopt the relation

B 2 —2iw, 2 2 im
T = o2 R ()52 (0) 2.
After plugging Eq. (94a) into the above expression, the

asymptotic behavior of the second perturbation ‘I’fl2> is
given by

[r‘I‘f)} (o)

lo.mo=2m

— Ee—Zia)L(t—rx). (95)

Meanwhile, the amplitude of the linear perturbation q;£1> is

provided in Eq. (47). Their ratio, namely, the excitation
factor of the quadratic QNM with frequency 2w;, reads

p] () A
M\I{(jinnersley _ 4 llgmg _ E ' (96)
' (P 1 o ()

We note that the value of the excitation factor for W, relies
on the choice of tetrad. The result in Eq. (96) is associated
with the Kinnersley tetrad in Eq. (2). It differs from the one
used by the numerical-relativity code SpEC [73,74]:

1 1
ISPEC = — (9, + 0,), nSPEC = — (9, —9,). (97
75(0,40) 750=0). ()
The conversion is given by [42]
1 o
SpEC Kinnersle;
M‘I’E - EMlP“ y. (98)

Furthermore, the excitation factor for the strain can be

obtained straightforwardly via the relation ‘PipEC = —h,
which yields

2
SpEC @] . SpEC E
Mhp :TLM‘{E =5 6/, \2 (99)

208 (3o a,)*

Therefore, to compute the excitation factor MipEC, it
suffices to integrate Eqs. (91) and (92) along with the
continuity conditions in Eqs. (93) and the boundary
conditions in Eq. (94). It is important to note that there
exists a stable integration direction on the vertical paths.
This is because Eq. (91) admits two independent solutions.
One corresponds to the QNM solution, asymptoting to
e?oLr ~ e=2MoLy a5y 5 00, The second one is nonphysi-
cal, diverging at infinity e~2“L™ ~ ¢2%@LY At the initial
point of the integration, due to finite numerical accuracy,
the nonphysical solution emerges alongside the physical
one. To ensure stability, an integration direction must be
chosen such that the nonphysical solution decays through-
out the integration, preventing it from exponentially blow-
ing up and eventually overshadowing the physical QNM
solution. Consequently, the stable direction on both vertical
paths has to be top-down. In practice, the shooting method
is employed to achieve this goal: using the explicit Runge-
Kutta method of order 5, two solutions are shot separately
from “a” and “b”, with the same shooting parameter E. At
the matching point in Fig. 2, the Nelder-Mead method is
adopted to match the two shoots through the continuity
conditions in Eq. (93).
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VI. NUMERICAL CALCULATIONS AND RESULTS

Having discussed two basic ingredients: metric
reconstruction and the complex-plane technique, we are
now in the position to compute the value of the excitation
factor for quadratic QNMs. To start with, we explore a toy
model in Sec. VI A to establish a qualitative understanding
of the numerical aspects for the complex-plane method. In
Sec. VI B, we proceed to investigate quadratic QNMs.

A. A toy model

We consider a source Q(r) that has a form of

o(r) = Xo(r— r+)A;fn <i: :+>n‘

(100)

Following [32], we use Leaver’s representation to construct
the solution [52]

2 r—r. \"
R (r) = Xo(r - rQAZdn( *) .
n=0

r—r_

(101)

By virtue of the Teukolsky equation, the coefficients d,, are
determined by three-term recurrence relations

apd; + Pody = fo, (102a)

andn+1 +ﬁndn =+ 7ndn—1 = fn’ (lozb)

where «a,,, f3,, and v, are given in Eq. (A1). We consider a
special source:

fo=ay+po.  fi1=Pi+ri.  fa=r2,  [fas2=0.

The corresponding solution has an analytic expression

r—ry

R (r) = XoA(r—r,) (1 + ) (103)

r—r_

This implies that £ =2 and ap, = —V'1 — a” in Eq. (94).

Then we use the method given in Sec. V C to compute
the value of E numerically. Our numerical settings are listed
below

Rerb:h’;r_:l,

Rera = 3, Imrmatching = —5,

(104)

where the subscripts “a”, “b”, and “matching” refer to
three points in Fig. 2. We have checked that varying their
values introduces a relative error of less than 1073% in the
results. The choice of the heights of the vertical paths,
namely, Imr, and Imr,, requires more attention. For
simplicity, we set both heights to the same number. On
the one hand, positioning the boundary at small distances

can result in non-negligible systematic errors as the
boundary conditions in Eq. (94) are accurate only to linear
order. On the other hand, since the solution decays
exponentially at a large distance, placing the boundary
too far may cause the integrator to lose precision, espe-
cially when the wave function spans many orders of
magnitude. To see this, we calculate the value of E for
the (I = m = 2,n = 0) mode of a Schwarzschild BH at a
variety of heights. The orange curve in Fig. 3 displays its
deviation from the theoretical value 2. We can see the
optimum window is around [100, 160], beyond which the
error gradually worsens as the boundary distance further
increases. Nevertheless, the relative error remains below
3 x 1072% throughout the entire range.

Since the analytic expression of the solution is available
in Eq. (103), we can refine the boundary conditions to
incorporate their exact expressions. The result is shown as
the green curve in Fig. 3. When the height of the vertical
paths is larger than 100, the error of E gradually approaches
the linear-order result at greater distances, suggesting that
the precision of the integrator becomes the primary source
of inaccuracy.

To make a more comprehensive comparison, we also
demote the boundary conditions in Eq. (94) to zeroth order
by setting ay to 0. The blue curve in Fig. 3 shows the
corresponding result. This time, the relative errors increase
to ~1%. We find the curve can be well fitted with a 1/r
form, suggesting the necessity of the linear-order correction
in our studies.

Finally, we switch our attention to the effect of BH’s
spin. We fix Imr, and Imr,, at 100, and vary the spin a from
0 to 0.99. As shown in Fig. 4, the error increases with a,
particularly when a > 0.8. This trend can be attributed to
the rising real part of the complex frequency with

= Zeroth
100} = [inear
—_ - Exact
S
S 101
o 10
[
]
2
2 2
E 10
[}
~
1073

50 100 150 200 250 _ 300
Imr,=Imr,

FIG. 3. The relative error of the computed E in Eq. (94)
compared to the expected value of 2 for the toy model considered
in Sec. VI A. The boundary condition is accurate to the zeroth (in
blue) and first order (in orange). The green curve corresponds to
the exact boundary condition.
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FIG. 4. The spin dependence of the relative error for the
computed E compared to the expected value of 2, using the
toy model considered in Sec. VI A. We set Imr, = Imr, = 100,
and the boundary condition is accurate to the first order.

increasing values of a, leading to a faster decay of the wave
function along the vertical paths and resulting in larger
numerical errors within the integrator. Nevertheless, the
relative error is still less than 0.25% at a = 0.99.

B. Quadratic quasinormal modes

We are now ready to solve the quadratic Teukolsky
equation in Eq. (70). The treatment for the left-hand side
(namely the integrator) is the same as the toy model in
Sec. VI A, as outlined in Sec. V C. The only difference is
the source Q(r) in Eq. (70).

We first notice that Q(r) can be decomposed into the
following form:

Q(r) = r12(+2R1me)2 X Wl(r)

d
=+ r10A+2lewL <E +2lew) X Wz(r)

d 2
A2 (E +2le%> X W(r). (105)

where the first-order Teukolsky equation has been used to
repeatedly substitute d”,,R, . /dr* and higher-order
imw,/drand R, . We then
evaluate their values via Leaver’s solution in Eq. (29).
Meanwhile, the three functions W, ,;(r) are complicated
rational functions of r. Note that we have separated the
leading terms r'2, r'° and, r® that are singular at infinity.
Consequently, W, ,5(r) behave regularly across the entire
contour C. In practice, we find that evaluating the analytical
expressions of W;,3(r) is time consuming, adversely
affecting the numerical efficiency of the integrator. To
address this issue, we adopt linear spline interpolation to
obtain the values of the regular functions along C.

radial derivatives with d ,R

In this paper, we restrict ourselves to the quadratic effect
of the (I = m = 2,n = 0) QNM. Below we still use w; to
represent its complex frequency. We compute its value
using a Python package qnm [75]. The corresponding
2
with the quadratic mode 2w, , can be evaluated with the
Black Hole Perturbation Toolkit [62]. Following Sec. VI A,
our numerical settings for the contour C are the same as
Eq. (104). Meanwhile, we set the height of vertical paths
Imr, = Imr, to 100, which was shown to be suitable for the
linear boundary conditions. We have checked that varying
the height from 90 to 150 yields ~0.1% changes in results
for Kerr BHs with various spins.

separation constant 4, in Eq. (70), which is associated

Figure 5(a) displays the spin dependence of szEC, de-

fined in Eq. (99), for the excitation channel (I, = m; = 2,
n; =0)* = (lo = my = 4). In the Schwarzschild case, the
amplitude and phase of M,slpEC are 0.137 and —0.083,
respectively. With the increase of the spin, the amplitude
decreases monotonically. It approaches a value of 0.0964
when a = 0.99. Meanwhile, the phase reaches its maximum
value at a ~0.92. Compared with Fig. 1(b), we find the
spin dependence of MZPEC, both its amplitude and phase,
displays a strong correlation with the angular projections
((£585)?S4s) and (Sx L1 L185,|S4s). More specifically,
we observe that the four components with distinct angular
dependences in Eq. (54) combine linearly in the equation.
This holds true for their contributions to MipEC as well.
The two dominant ones, (E;Szz)z and Szzﬁiﬁgszz,
offer the major contributions to MZPEC. The comparison
between the two figures suggests that a substantial portion

of the spin dependence of M 2PEC originates from these two
angular projections, as opposed to the radial integration. In
other words, qualitatively, the angular integrals offer a
means to capture the main feature of MZPEC without the
need to solve the Teukolsky equation.

This statement can also be applied to the excitation
channel (I, =m; =2,n, =0)* > (Ilp =5,mp =4). In
Fig. 5(b), we show the corresponding M ZPEC as a function
of spin. As expected, it vanishes for Schwarzschild BHs
because of the selection rule in Eq. (79). Subsequently, its
amplitude gradually rises to 0.00643 when the spin
approaches 0.99. The overall trend is consistent with that
of the angular projections in Fig. 1(a).

In a recent study [42], Zhu et al. extracted the value of
M 2PEC for Kerr BHs by performing two types of numerical
experiments: 3 + 1 numerical-relativity simulations and
time evolution of second-order perturbation equations.
Focusing on the channel (I, =m; =2,n;, =0)? -
(lp = mgy = 4), their results for the phase of MPEC show
good agreement with ours (see their Fig. 1). However, the
amplitude has a larger discrepancy, especially at the low
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spin. In particular, our amplitude for Schwarzschild BHs is
0.137, which is 11.6% smaller than the value of 0.153
obtained from their numerical-relativity simulations, and
27% smaller than the value of 0.174 obtained from their time
evolution of second-order perturbation equations. Additi-
onally, the studies in Ref. [41] yielded a smaller value
(<0.066) than ours. The variations across these calculations

imply that the value of M 2PEC may rely on the choice of
initial data in the time-domain simulations. To see this,
Nakano and Ioka (hereafter NI) [32] investigated the
quadratic effect of Schwarzschild BHs by focusing on
the even-parity perturbations. Specifically, they solved the
second-order Zerilli equation sourced by the first-order
Zerilli function, namely, (linear even) X (linear even) —
(quadratic even). To convert their result to MZPEC, we use
the following relations:

. 5. The spin dependence of the excitation factor Mip FC defined in Eq. (99), for the channel (2,2,0) x (2,2,0) — (4,4) (a) and
(2,2,0) x (2,2,0) — (5,4) (b). The right (left) column corresponds to its amplitude (phase). The spin ranges from 0 to 0.99.

2 . : (lp=2)! o
i = 2w, 20 = “2i, mhgp)lic’
1 ) } (I =2)!
)(§\II) = —w)LZ(l) = —lwy, mhép)]ac (106)

Here ;(1@’(2) are NI's dynamical variables that appear in the
first- and second-order Zerilli equations. They are related to
the Zerilli functions Z(1)-(?) through a time derivative [see the

text below Eq. (5.1) of [32]]. In addition, Z(!)-?) can be

further converted to strains hél))ég) using the [-dependent

coefficients in Eq. (106). As a result, the corresponding

SpEC

excitation factor for M, is given by
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=iy (I, - 2)!
2 (I +2)!

(lQ +2)!

ML 107
(ZQ _ 2)y X ( )
As for the case of (I, =m; =2,n, =0)? > (lp=myp=4),
MY = 0.221-0.489i (see Table II of [32]), which leads to

M3PEC = —0.080 — 0.0154i, with an amplitude of 0.081,
which is smaller than our results and the numbers reported
by Zhu et al. [42]. A plausible source of the discrepancy
lies in the composition of our linear wave function for

\I’f‘l), including both even- and odd-party contributions.
The general mode coupling involves three excitation
channels: (linear even) x (linear even) — (quadratic even),
(linear odd) x (linear odd) — (quadratic even), and
(linear odd) x (linear even) — (quadratic odd). The last
two contributions were omitted by NI [32], who essentially
examined the quadratic effect of a pure-even mode. To our
knowledge, the calculations that involve the odd parity are
still missing in the literature. If the excitability for the odd
sector differs from that of the even parity—despite the
isospectrality of Schwarzschild BHs, the ultimate value of

M 2PEC will hinge on the composite of the linear wave or, as
per Zhu et al. [42], the initial data of numerical simulations.

Finally, to close this section, we want to emphasize that
the spin-weighted spheroidal harmonics used for the
quadratic mode 2wy, e.g., _,S44,,,,, are different from

those of the linear child modes, e.g., _,S 44,00,,0> EVED though

they have the same / and m. This is because spin-weighted
spheroidal harmonics depend on modes’ complex frequen-
cies. To compare our results for Kerr BHs with other
studies, one has to collect the mode content 2w, in all [’s
and transform the coefficients to the new angular basis,
such as spin-weighted spherical harmonics used in numeri-
cal relativity.

VII. CONCLUSION

In this paper, we have developed a method to compute
the excitation factor of quadratic QNMs at null infinity for
Kerr BHs. The main procedure includes two essential steps:
(a) analytically reconstructing the metric through the CCK
approach and (b) numerically solving the second-order,
frequency-domain Teukolsky equation using the shooting
method along a complex contour.

We have implemented this method on two mode-cou-
pling channels (I, = m; =2,n, =0)* = (I = my = 4)

and (I, =m; =2,n;, =0)? - (I =5.my =4). The results
reveal a correlation between the spin dependence of the
excitation factor and the dominant angular projection,
providing insights into the origin of the spin dependence.
Furthermore, this feature facilitates the construction of a
qualitative understanding of the spin dependence without
requiring the direct solution of the Teukolsky equation.
Depending on whether the angular selection rule in Eq. (79)
is violated or not, the excitability of the quadratic QNM
increases or decreases with the BH’s spin. For both cases,
the factors do not vanish in the extremal limit.

Our result for the channel (I, = m; =2,n; = 0)?> -
(lp =mg =4) in the Schwarzschild BH case does not
fully agree with the values reported by [41,42], implying
the dependence of the excitation factor on initial data (or
equivalently, the parity content of the linear mode). For
instance, we have shown that the excitation factor of a
pure-even linear mode is different from that of a linear
Teukolsky mode by comparing with results in [32]. A
study of couplings between even and odd modes in the
future will help understand the variation caused by the
“parity freedom” in the initial data, and construct an
explicit connection between nonlinear phenomena within
the Regge-Wheeler-Zerilli and Teukolsky formalisms.

In the future, a valuable avenue is to generalize our
calculations to the coupling between arbitrary modes and
subsequently compare them with numerical-relativity
simulations. The associated results will provide the
theoretical foundation for assessing the detectability of
the quadratic effect through various ringdown analysis
methods [13,17,19,20,76,77]. It is also interesting to
compute the excitation factor of quadratic modes near
BH horizons, which has been observed by characterizing
dynamical horizons in numerical-relativity simulations [31].
The complex-contour technique will not be suitable for this
calculation, and an alternative promising direction is to
solve the second-order, frequency-domain Teukolsky equa-
tion on a hyperboloidal slicing. In the extremal limit,
the mode coupling together with the collective excitation
[78,79] of zero-damping modes [78,80-83] may give rise to
a new (nonlinear) instability in addition to the Aretakis
instability [84-87]. It is however also worth noting that the
definition of such excitation factor at horizon may not be
gauge invariant.

Finally, as a byproduct, we have found that the Weyl
scalars ¥, and W5 can be concisely expressed through the
Hertz potential. These relations might be useful to study
BH ringing in modified theories of gravity [69-71].
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APPENDIX A: LEAVER’S REPRESENTATION
The coefficients of the three-term recurrence relation in
Eq. (17) are given as follows [52]:
a, = n*+ (co+ 1)n + ¢,
Bp==2n>+ 2+ c))n+cs,

Yu=n*+(c;=3)n+cy—c, +2, (A1)

with

co=1—-s5-2io,,

¢y =—4+4ic, +4ir, o,

¢y =s5+3—-4dio -2io,,

c3 = 4w?(2 4 2b)
+2(1 +b)iw + (8w + 2i)o,,

c;=s5s+1-2s+ 1iow- 8w+ 2i)o,,

—A—damw—s -1

and b = V1 — a2

APPENDIX B: EXPRESSING
SPIN COEFFICIENTS IN TERMS
OF THE HERTZ POTENTIAL

Below we list the spin coefficients in terms of the Hertz
potential

A3
A = - ( —SDiD} + 2D} — 2)7) Pore. (B
8T . _ .o
S = ax (_zpng 24 zFDZ)D;lPORG
+ 2iacosd (AZDE — 4a?rsin? 9) DiW¥oro
+dirasin 9(2;» - 2@5) Li%org. (B2)
8v2r* o 2\ i
T TA2 ) =D} (DE - IE> L %oro
iasin@ _ _
= (2r- 25D + 12D} D) ¥org-

(B3)

8v/2I2 _ ) 11 11\ e
Di4+—-—=|(Dl-=-= )L}V
A < 2T r)( r r>£2 ORG
iasin® _
-5 [2(2 r2+r2)—2(2r—r)pﬂ
x D3P org- (B4)

During the calculation, we find that it is convenient to
introduce the following two variables:

(0)
B

BEVI)EB(I) T Mt (B5)

Their expressions are given by

sfr3 (1)

aw —[ 1—

D} + DI D LI ore
+ iCl COS QD;C;@ORG + 3l6l Sin QD;@ORG
+ 2a?sin 6 cos 9D Dy Popg

— 2irasin @D, D) ¥ogg. (B6)

16\/_FF

V2 " B = |—6I' = 2/TD + (2 + 75)D}

4re(r—1)
A

+ iasin §(—6I" — 22D},

+ 411D} + 4D)Di¥org-

D} — 47| £ Pox

(B7)

The expressions of ¢!, p(I), and k(") are quite lengthy.
They can be constructed from four building blocks:

A
B+28+20—1)Oh,; = ~ i [ [(=D] -2r)LiL]
+ 4iasin (2r — XD} L]

+ 2a’sin® O(T" — 2r)D§] Porg-

(B8)
(—A+27+u—p)Ohy = 4r2 (0 -T-2D) ]
+ 2iasin@(1 — D))
X ‘C;\?ORG + c.c.. (B9)
(D —p) Oy, = — A _[(Z*D, D} - 2rED, + 22D}
2213
— 23 412 —T?)L] — 4ia’cos? O sin §D}

+ a*Zsin 260D, DS P org- (B10)
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2V2I6Ohy = [2a%sin 0 + 2iasin O0(L, — L)
+ Fzﬁo;cnﬁzli,ORG + (2a25in2 0

+T2LoL7) L] Worg- (B11)

Combining with Eq. (B8)-(B11), (3), and (33), one can use
the following relations to obtain their expressions:

e = 1(-A+ 27+ u— )y
+i(—6 26+ 7 —20)Ohy,
%(6+2ﬂ 52 —27)Oh,, (B12)
o) = %(64—2,3 7 +20)Oh,
%(6 37 +25)On,, +%ﬂ(0)hu- (B13)
k1) = (D ~p)On,, 1(5—7_T+T)<0)hzz‘ (B14)

2

Note that the expressions above have been simplified in
ORG. See, e.g., [34] for the full expressions.
For Schwarzschild BHs, the results can be simplified to

A S S L
=2 (o ) DiForc. (B15)
(1) A? T 2 I\
(o2 = ?Dz D2 —_ ; DzlPORG. (B16)
B rA 2 2\ .-
“ (2+) (7:- ?) o
——300Y, +——000V¥ B17
4\/— ORG 4\/5 ORG ( )
| A 1 -
e — —599%org + ¢ (D{ + A) 3% ore- (B18)
A/~ 1\ A 3
o) = -3 <D§ - —>66\PORG +3 (p; - —) 3%¥org
(B19)
. A2 1
W (D; - 7) Mora (B20)
A? 1
= R (Dg _r> 3W¥org (B21)
2 ¥
m_ A iyt _ Do 1)<
Ay 8\/§V (DIDZ - 7 - p) 0%¥ora (BZZ)

) A7

- 8\/51’
(1)

Notice that a,

2 DI 4 1\ .-
<—KD§+72+E—p)6‘PORG. (B23)

and B,(vl ) have a certain spin weight.

APPENDIX C: EXPRESSING )" IN TERMS
OF THE HERTZ POTENTIAL

We start with the Ricci identity [48].
3W, =(6—2a+pf-n—7)f—

+D+e+e+p-py—
+@-atp-i-mr—(A=7—y+i-pp

+2(vk — Ao). (C1)
To the linear order, the identity simplifies to
=(6-3a+p—n—7) VO — (6 +27)Val)
+(6+p-7—1)DO
+D+e+e+p—p)Vy® —(A-2p)0(e+p)1)
+6-2a+p-7-7)0p0) —(6—a+z+7)Va®
+@—a+p—7—n)00), (C2)

where we have used the facts that 10 = (0 = (0 =
0 = ) Z ) Z A0 Z 0 and ¢® — 70 — 5O,

1. The first line of Eq. (C2)

Many terms in the first line of Eq. (C2) can be elegantly
canceled. To see this, we use the following identities [35]:

) 70) |

ﬂSVU - OCEVI) +ﬁ(0)hlﬁ1 +ﬂ7hmm = 5(6 + 4ﬂ)(0>hﬁ1ﬁ17 (Cg)

A pO) 4 7050) =, (C4)
7(0) (0)

ﬂ'<l) +’E(l) = —ﬂ: ;T hﬁlrh' (CS)

We first adopt Eq. (C5) and the complex conjugate of
Eq. (35¢), which leads to

6—-3a+p—n-7)VpO — (5 +27)Oal)

_ (_hlm AO) 4 % B 50— g 4 B“)) 50
20) 4 £(0)
g ;” By, ) — (80 + 250 — 201,

(Co)
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Then we use Eq. (B5) to replace some a'!) and ) with
a$ ) and stl ). This yields

(0)
LHS = (<hyp A =iy ) B + -y )
— (89 +280)al)) — 270, (C7)
where we have used Eq. (C3). Here L. H. S refers to the first

line of Eq. (C2). Finally, the first line of Eq. (C7) vanishes
due to Eq. (C4), and we end up with

0)
LHS=—-(6+ 2,3)(0)0!&1) —270q) —%hmmﬂ(m

©) 1 2iasind
T tasm
— h. B _ o= . (c8
2 mm/)7 \/§F< | T o ( )

2. The second line of Eq. (C2)

By using
50)£(0) — £(0) (t+28 - 7‘;)(0>, (C9a)
A0 = —z0) (4 4 ), (C9b)

and Eq. (C5), the second line of Eq. (C2) can be reduced to

- - (0)
O+p-7-m) 70 = %hmmﬂ(o)

+ [l + 5O + By © + B0 (C10)

Note that the first terms of Egs. (C8) and (C10) are
identical, resulting in additional cancellation.

3. The last two lines of Eq. (C2)
In Appendix D, we show that

6-2a+p-a-7)0p0) —(6-a+7z+17)1a®
=@+2p-7-7)08 —al)z©

_ _ 7\ (0)
- 77'-(0) (6 + 2ﬁ - Sﬂ-;— T) hmm'

(C11)

After inserting the result above, along with the expression
for h,,, in Eq. (33b) and spin coefficients in Appendix B,
into the last two lines of Eq. (C2), we find it vanishes
identically, namely,

(6-2a+-7-7)0p0 = (6 -+ 7+ 1) Ve

a
+(@-—a+p-7-2)0z1) =0. (C12)

4. Final result

Finally, by collecting the outcomes in Egs. (C8), (C10),
and (C12) along with the relations

, 20 2(r—1)>
Dh.Dll=mn-m=|1-2—"1|, 1
A T s I CTED

t oyt _ iyt 2
DiD| - D}D} = - 1. (C13b)

we arrive at our final result for ‘Pg) in Eq. (38).

APPENDIX D: DERIVATION OF EQ. (C11)

Replacing al®) with (9 — g0 yields two terms
6-2a+p-n-0)0p0) 4 (-a+z+7)VpO, (DI1)
and

—(6-a+z+7) Wz, (D2)

1. Eq. (D)

Replacing p") with ﬁﬁvl), the first part of Eq. (DI1)
becomes

G +28—-31-7) 00 = 5+ 2832 —7) 0

B30 _
_’BT (2:3 —3r - %)(O)hmm
oo B(0>_
_ o 50500 _ P 5000,
25050 50,
(D3)

Meanwhile, the second part of Eq. (D1) can be converted to

G+p—a+a+7) VO

I ()
:<4%A@+5mmwm+ﬁ—a+ﬁ+0 pO

7(0)
= (hlmﬂ(0)+%hmm6 0 +ﬂ(l)_a(l)_ﬂ ;T hmm)ﬁ(o)
(0) 4 5(0)
= (a5 = 250n, —al) - T hmm)ﬁ<°>
1 - _
+§hmm6(0)ﬂ<o) +ﬂ(0)2hmmv (D4)
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where we have used Eq. (35¢) for the first equality, Eq. (C4)
for the second equality, and Eq. (BS5) for the last one.
Combining Egs. (D3) and (D4) yields

_ _ 30) 7(0)
Eq.(D1) = (6 +28 -3z - 7)Op) + f 2;; Honm
(0)
+ (ﬂsvl) - (_xsvl) +ﬂ(0)hlin + %hmm

- 1- -
- 2ﬁ(o)hmm - 25(0)hmm>ﬂ(0) . (DS)

The last parenthesis vanishes because of Eq. (C3). Then

B0) 70

2. Eq. (D2)
With the help of
6070 =27(p - 7), A7) = 270 70) (D7)

it is straightforward to obtain

(0)2(0)
Bq.(D2) = -7 2” -
O 4 70)
- <2hlm:“() awl)_?’ﬂ 2+T hmm)ﬂ(0>

3. Final result

Finally, we combine Eq. (D6) and Eq. (D8) to obtain
Eq. (C11) in the main text. Notice that the first term of
Eq. (D6) and Eq. (D8) cancel each other.

APPENDIX E: THE SOURCE OF THE SECOND-ORDER TEUKOLSKY EQUATION
FOR SCHWARZSCHILD BHS WITH [, =2 AND [, =4

The source Q(r) in Eq. (70) reads

48V Tx
5

Q(r) _ r2[_13r10w6 —34iPw’ + r8(35 + 269160)604 +

r(131iw + 99)iw* + r9(865w* — 949iw + 44)w?

+ (12490 + 530iw — 35)iw + r*(=53w* — 196iw + 557 )iw + r* (21440 — 1540iw + 120)

+ r2(—1380w” + 930iw — 564) + (816 + 408iw) — 168iw — 336] X (,,R,,,)*

+r2A[32irdw® — 781 w* — r(424iw + 130)iw? + 7 (154 + 582iw)w* + r*(=968w? + 1227iw + 42)iw
— r3(2320iw + 300)iw + r*(=936w* + 1291iw + 48) — r(192 + 2352iw) + 1152iw + 192]

d
X 2Rz, <d +2R22w> + A[198* +50ir’ @ — r%(86 + 143iw)w* — r*(339iw + 91)iw
r

d 2
+ (=339 + 538iw + 42) — r*(306 + 945iw) + r*(810 + 447iw) — 912r + 360] x (CWRHW) . (El)

Here @ stands for the linear mode w; . The structure of Q(r) follows Eq. (105) and its asymptotic expansion is given

in Eq. (71).
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