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We performed a post-Newtonian analysis of the regularized four-dimensional Einstein-Gauss-Bonnet
gravitational theory. The resulting metric differs from the classical parametrized post-Newtonian (PPN)
formalism in that a new gravitational potential arises from the integration of the approximate field
equations. We also investigated the conserved quantities and equations of motion for massive bodies and
light rays to a certain degree. By computing the predicted periastron advance rate in a binary system, we
obtained an observational constraint that is stronger than those of previous analyses. Although the usual
10 PPN parameters can still be derived within the PPN framework, an extra parameter is needed to account

for the full post-Newtonian tests.
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I. INTRODUCTION

Einstein’s theory of general relativity (GR) has passed
numerous experimental tests since its inception in the early
20th century. GR could accurately explain the precession of
Mercury’s perihelia, a significant accomplishment at the
time. Over the past century, GR has been put to the test on
various fronts [1,2]. In 2015, a major milestone was
achieved when the Laser Interferometer Gravitational
Wave Observatory (LIGO) interferometer successfully
detected the first signals of gravitational waves (GWs)
emitted by the merger of two black holes [3]. This
groundbreaking discovery was followed by another sig-
nificant event in 2017, when Advanced LIGO and Virgo
detected the electromagnetic counterpart of a binary neu-
tron star coalescence [4]. In 2019, the EHT Collaboration
released the first image of the shadow cast by the super-
massive black hole harbored by the elliptical galaxy M&7
belonging to the nearby Virgo galaxy cluster [5]. These
remarkable achievements have opened up new avenues for
studying the Universe and have further validated the
predictions of Einstein’s theory of general relativity.
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However, there are several areas where GR still requires
improvement in order to accurately describe various physi-
cal phenomena. One such area pertains to the observed
acceleration of the Universe, as indicated by the seminal
works of type la supernovae (standard candles) [6,7]. This
suggests the existence of a new component (dark energy)
with negative pressure, which is responsible for this
acceleration. Initially, the addition of a cosmological
constant to Einstein’s field equation was seen as the most
plausible solution, despite the discrepancy between the
observed value and the theoretical prediction from vacuum
energy in quantum field theory [8—11]. Other avenues
consider that dark energy could be explained in terms of a
dynamical field with really a small mass [12-14]. A
modified theory of gravity could also explain the
Universe’s acceleration on a cosmological scale (see
Refs. [15-18]). A more reliable approach could be intro-
ducing a new degree of freedom, a scalar field, coupled to
curvature terms without spoiling all the nice properties of
Einstein’s field equations (see the conditions mentioned
in Lovelock’s theorem [19]) and without introducing
Ostrogradsky instability [20,21]. Among the new healthy
theories with all those properties, the so-called Horndeski
theories [22] have attracted considerable attention in recent
years [23-26]. From an observational standpoint, there
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are compelling reasons to consider theories such as
Horndeski’s and beyond. These theories have successfully
met rigorous constraints based on multimessenger gravi-
tational-wave astronomy. The detection of the GW 170817
binary neutron star merger, along with its associated
electromagnetic counterparts, has provided an accurate
bound on the speed of gravitational waves, |c,/c — 1| <
10716 [27,28].

In connection with the frameworks mentioned above, an
appealing version of the Einstein-Gauss-Bonnet theory in
four dimensions (4D-EGB) was constructed after a regu-
larization process [29-32]. As is well known, the GB
curvature invariant reduces to a topological surface term
in four dimensions, so whether the EGB theory can be
defined correctly in the limit D —4 was an open
question [33-37]. A neat way to deal with this issue is
by considering a conformal transformation and employing
a subtraction method to render the theory well defined in
that limit [37]. The conformal factor involves a scalar field
that introduces a new degree of freedom into the model.
Interestingly enough, the regularized 4D-EGB model can
be accommodated as a particular case within the shift-
symmetric Horndeski theories [22,26]. Another possibil-
ity for obtaining a well-defined 4D-EGB theory can be
achieved by implementing a Kaluza-Klein dimensional
reduction from a higher-dimensional Einstein-Gauss-
Bonnet gravity plus a scalar field. In that case, the scalar
field encodes the information of the volume’s size of the
compact internal dimension with maximal symmetry [31].

One way to characterize new theories is by using
observational tests on different scales, from the Solar
System to the cosmological scales [38]. In that regard,
the regularized 4D-EGB model was scrutinized on several
fronts. Considering the limits on the GW velocity from
the observations of GW170817 and gamma-ray burst
GRB170817A, the bounds on the rescaled coupling
parameter reads 0 < & < 10°° eV~2 [39]. Stronger limits
on positive values come from binary black hole systems,
resulting in the overall range & < 10% m? [38]. In the weak-
field regime where the gravitational field is considerably
tiny, using the Laser Geodynamics Satellite data, one can
obtain comparable bounds on the Gauss-Bonnet coupling,
& < 10'° m? [38]. Additionally, assuming that the lightest
component of the GW190814 event corresponds to a black
hole with mass M = 2-59t8,'898Mo’ then the bound on
GB coupling reduces several orders of magnitude, & <
59 x 10° m? [40]."

In 2024, new constraints were reported within the
context of Friedmann-Robertson-Walker background with

'"The most stringent limit on negative value of GB coupling
comes from the condition that atomic nuclei must not be shielded
by a horizon, yielding —a > 1078 H} [40]. Additionally, pri-
mordial GWs also provide another similar constraint on the GB
coupling, |&| < 10%6 m? [37,41].

nonzero spatial curvature [42]. To be more precise, the
latter case leads to a modified Friedmann equation for the
Hubble parameter after integrating the scalar field dynami-
cal equation; in fact, the nonlinear Friedmann equation has
a new dark radiation term multiplied by the GB coupling
constant. Physically speaking, the extra-dark radiation term
will modify the (massless) species number of neutrinos at
both the background and perturbative levels [42]. The
constraints based on the Atacama Cosmology Telescope
(ACTPol) data alone implies aC? = (=9 & 6) x 107%H3,
where aC? = Q" H2 stands for the geometrical dark
radiation term [42].

We aim to extend previous works on astrophysical
constraints on the regularized four-dimensional Einstein-
Gauss-Bonnet theory by reevaluating the parametrized
post-Newtonian (PPN) formalism [43] within the context
of the 4D-EGB theory and adding stronger astrophysical
observational constraints along with a whole discussion
about bounds coming from complementary probes.

The paper proceeds as follows. We obtain the effective
field equations for the metric and scalar fields in Sec. II.
Section III is devoted to determining the post-Newtonian
form of the metric within the PPN formalism standards,
where we have already obtained conclusions on the y
parameter. In Sec. IV, we explore the post-Newtonian
conservation laws to draw conclusions on the { and
parameters. All these parameters maintain their physical
meaning unaltered, and we show that they have the same
value as in GR. Section V is dedicated to computing the
center-of-mass acceleration of an extended object in a
system of N bodies within the PN approximation, where
we capture the standard GR term plus additional terms
proportional to the Gauss-Bonnet coupling @&. In fact,
we use the previous results to estimate the shift in the
orbital periastron for a binary system due to the GB
coupling (Sec. VI). We also examine the effects of the GB
coupling on the periastron advance rate in the cases of
Mercury and the double pulsar. Section VII discusses
the role played by the f parameter in the PPN approach
and the Nordtvedt effect. It also includes an analysis
on how to extend the formalism to include the corrections
of the EGB coupling. We state our conclusions in
Sec. VIIL

II. THE REGULARIZED 4D-EGB THEORY

In this section, we will derive the field equations of the
regularized 4D-EGB theory as obtained in the previous
Refs. [29-32]. Our starting point is to consider the gravity
sector of the EGB without cosmological constant in D
dimensions,

_ p. V=9
S_/Md YR 4 ag), (1)
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where k = 87G/c*, with G as the gravitational constant and
c as the velocity of light in vacuum, whereas « stands for a
coupling constant associated with the quadratic term G. The
regularization process involves a conformal transformation,

|

followed by a redefinition of the coupling constant.
Specifically, we apply g,, = ¢®g,,, which then transforms
the square root of the determinant as /—§ = e”®,/=g. The
Gauss-Bonnet term changes as follows [37]:

V=3G = e<D—4>¢\/——g[g —8(D = 3)R*(V, 0V, - V,V,®) — 2(D - 3)(D — 4)R(VD)?
+4(D =2)(D - 3)*0®(V®)?> — 4(D - 2)(D - 3)V,V,dVFV® — 4(D — 3)ROD

+4(D = 2)(D = 3)(00@)2 + 8(D = 3)(V,0V,®)(V,V,®) + (D — 1)(D - 2)(D - 3)(D — 4)(vq>)4} )

The regularization method requires one to subtract a
counterterm a,/—gg in the original action. The idea is to
expand the exponential around D = 4, keep the lowest order
in (D —4), and neglect all higher-order terms, namely,
PP =14 (D-4)®+0O[(D—4)%. We use the Bianchi
identities along with Bochner’s formula in curved space-
time, V#(V®)? = (V,V,®)> + V, (O0V+®) — (OP)* +
RV, ®V,®, for simplifying the action. In doing so, we
integrate by parts, discarding any surface terms. We set
D — 4 for the terms that are not of the form D — 4, and the
divergences in the original action are canceled provided the
term proportional to (D —4) remains finite as they are
multiplied by the rescaled coupling /(D —4) [29-32].
The resulting action of the system reads [29-32,44]

SAD-EGB / d*x —Vz;g [R + a(4G"V, 0V, ® — G

+400(VO)? + 2(Vc1>)4)} + 5, (3)

[

where we identify G,w as the Einstein tensor, whereas G =
RepuRP* — 4R, R* + R? denotes the Gauss-Bonnet term.
As usual, R refers to the Ricci scalar, S, describes the matter
action, and V, indicates a covariant derivative. The extra
degree of freedom @ comes from the scalar field that encodes
the conformal transformations that allow us to regularize the
gravitational action for D = 4 dimensions [29]. For an entire
debate on the nature of this regularization process, we refer
the reader to the following works [29-32,44-46].

To explore the new modifications introduced by this
regularization process, we need to obtain the field’s
equation of the regularized 4D-EGB theory (3). We carry
on by computing the variation of action (3) with respect to
the metric, which is given by

G/w = &ﬂ;w + KTmn (4)

where T, is the energy-momentum tensor associated with
the matter fields and the tensor 7:[,41/ can be written as

P = 2R(V,V,® = V,09,0) + 2G,, ((VO)* = 200) +4G,,(V*V,® - V'OV, )

4G, (VOV,® — VIOV, D) + 4R, 5(VIVD — VEDVI D) + 4V, V, (VDY D — VoV, D)

+4V,V, 070V, 0 - 4,0V,0((V0)? + 00 ) +4009,V,® - g, (2R (00 - (Vo))

4GP (VV,® — V,0V,®) + 2(00)2 — (VD)* + 2V,V,d(2VedV/id — VﬁV“CI))). (5)

The variation of the action (3) with respect to the scalar
field @ leads to its equation of motion,

RV, ®V,® — GV, V,® — OB(VD)? + V,V,0VAVd

— (OD)? — 2V, 0V, dVF Vi = %g. (6)

The field equation (4) can be rearranged with the help of
its trace by writing the Ricci scalar in terms of 7 and H, i.e.,
the respective traces of the energy-momentum tensor and

the tensor ﬂ,w. This leads us to recast the metric field

|
equations in a more suitable way for solving them within
the post-Newtonian approximation as the standard Einstein

field equation plus a new contribution encoded in the 7:{W
tensor,

) 0

where we chose a geometrodynamics system of units by
selecting G = ¢ = 1. The aforesaid theory (7) is a particular
case of a broader class of shift-symmetric Horndeski’s

T o
R, =8z (T/w - Eg””> + a(’HW
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theories. These theories have the property that their equations
of motion do not change when a constant shifts the scalar
field, ® — ® + ¢, where c is a constant; therefore, the theory
admits a conserved Noether current [22,26]. Specifically, it
corresponds to G, = 8aX?, Gy = 8&X, G4 = 1 + 4aX, and
Gs=4alnX (where X = — % V,®VF®). General Horndeski
theories have been previously analyzed within the post-
Newtonian approximation scheme, but only by considering
models in which the G, functions can be expressed as a
Taylor series around X = O; this is not the case for G5 [47].
Notwithstanding, Egs. (4) and (6) can be regularly treated
within the post-Newtonian limit, as seen in the following
sections.

III. POST-NEWTONIAN EXPANSION

Let us focus on solving the theory’s field equation in a
regime where the gravitational field is weak everywhere
and matter moves in small velocities compared to light
speed. We proceed by expanding Egs. (7) and (6) using the
following perturbation’s scheme:

9w = NMuw + h;wv (8)
o= ¢0 + ¢’ (9)

where h,, encodes the metric perturbations concerning
Minkowski’s background, whereas ¢ stands for the scalar
field perturbation around its constant background value ¢,,.

For the matter content, we use a perfect fluid approach,

" = (p + pIl + p)u'u” + pg*, (10)

where p is the mass density, IT is the fluid’s internal energy
per unity mass, p is the pressure, and u* = u°(1, v) is the
four-velocity of the fluid. In the post-Newtonian approxi-
mation scheme, the energy-momentum tensor components
should be expanded in power of v, taking into account also
that p/p ~TI~ O(2). Here and after, we use the notation
O(N) to represent quantities of order v". Moreover, time
derivatives must be considered as order of magnitude 1,
9, ~ O(1), since the dynamical timescale in the Solar
System is governed by the motion of planets.

As expected, the metric perturbations £, will also be
expanded in powers of v. To obtain the first post-Newtonian
corrections to the equations of motion of massive bodies, one
needs to know iy up to order v*, ; up to order v, and h; ;up
to order 2, where Latin indices run over the three spatial
dimensions. The approximation procedure described above
1s standard in the post-Newtonian approach and is explained
in great detail in Refs. [43,48], which we will follow closely.

The fluid dynamics is subjected not only to conservation
of the energy-momentum tensor, V, T#* = 0, but also to the
conservation of rest mass density,

V,(pu") = 0. (11)

This equation can be reexpressed as an effective flat-space
continuity equation as follows:

2,(p*) + 9;(p*v") = 0, (12)

where the conserved density is defined in terms of zero
component of the four-velocity field and the square root of
the determinant,

P =u’\/=gp. (13)

Since p* is the conserved density, in the sense of (12), it is
more convenient to use it to express the energy-momentum
tensor components. As will become clear later, having the
gravitational potentials expressed in terms of the conserved
density will lead to an easy way to integrate the equations
of motion of massive bodies.

Applying the above approximations, one can verify that
the first nonvanishing terms in Eq. (6) and for ’HW occur in
the fourth order only. Consequently, 4D-EGB gravity will
deviate from GR only at the fourth order [see Eq. (7)].
Thus, up to O(3), the metric components reads

goo = —1+2U + O(4), (14)
goi = —4Vi+ 0(5), (15)
gij = (1 +2U)6;; + 0(4), (16)

where U is the negative of the Newtonian potential,

* t, /d3 /
U= /piixxqu , (17)
and
i [Pex)
V _/stxl. (18)

To determine the fourth-order term of gy, we first
consider Eq. (6), which gives,

0,0 — (V2p)? = 0,;U0U — (V*U)?,  (19)

where we are using the notation d;; = d/dx'ox/. The
simplest solution to the above equations reads

¢ = +U. (20)

Using Eqgs. (14)—(16) and (20), the 00 component of field
Eq. (7) becomes

3
vzhoo——p*<1 +§’U2—U+H+3p>

—20,U +ag® 4 0(6), (21)
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where G is the fourth-order approximation of Gauss-
Bonnet invariant,

G¥ = 89,UdU — 8(V2U)2. (22)

Assuming asymptotically flatness, the general solution of
(21) reads

hop = —2U +2(¥ — U* F a®g) + 0(6),  (23)

with

b d

3 1
P =@y + @3 430, +70,X. (24)

and the PN potentials that appear can be recast as follows:
*/ /2 */U/
/ | d'% / / | d'i / (25)

p*/H/ 3
P, = B, d3 . (26
A= = 20

gd’%/
e —x]

X = / P —X|BR, B = 4 (27)
T

The prime symbol indicates that a quantity is evaluated at
the spatial coordinates x’.

In brief, the post-Newtonian metric of 4D-EGB theory is
given by

goo =—1+2U+2(%—U?) F ad;+ 0(6).  (28)
Joi = —4Vi 4 0(5), (29)
gij = (1 +2U)8;; + O(4). (30)

The above metric is consistent with previous analyses on
weak-field and slow-motion approximations of 4D-EGB
gravity [38]. However, a couple differences deserve to be
mentioned: (i) we are working with harmonic gauge
instead of the traditional PPN gauge, and (ii) we are
defining potentials in terms of the conserved density.
Notwithstanding, this does not change the form of the
correction brought by this theory, represented by the
potential ®¢. This potential is not covered by the PPN
formalism, implying that it is not correct to read off the PPN
parameters directly from the metric structure. One must
investigate the equations of motion of massive bodies and
light rays to correctly identify the new potential influence in
the standard PPN parameters.

It is worth mentioning that this is not a particularity of
the 4D-EGB model, once several modern theories of
gravity do not fit entirely to the PPN formalism assump-
tions. A fundamental rule that could determine when a

model may have extra-PPN potentials seems not to exist.
An a priori simple theory, like purely scalar gravity, can
produce an extremely knotty PN metric [49], while GR
extensions motivated by nontrivial renormalization group
effects at large scales may not spoil the PPN framework at
all [50]. Determination of PPN parameters for theories with
extra-PPN potentials is usually possible, as in the case of
Palatini f(R) gravity [51], for instance. However, some-
times some extra, although reasonable assumptions are
needed, as in scalar-tensor and metric f(R) formulations
[52,53]. Fortunately, the latter is not the case with 4D-EGB.

A. The y parameter

For the propagation of light, the first post-Newtonian
correction is obtained by considering only the second-order
terms of the metric. The PPN formalism only assumes the
Newtonian potential to be present at order 2, and any
deviation from GR is encoded in the single parameter y
multiplying the g;; components (see Ref. [52] for a detailed
discussion on the parametrization of propagation of light).
Thus, once the 4D-EGB theory produces only the
Newtonian potential at the second-order metric, one can
conclude that the physical meaning of the y parameter
remains unaltered. Since the spatial component of the
second-order metric is the same as in GR [Eq. (30)], it
is obtained

in full agreement with tests in the Solar System based on
propagation of light. The remaining PPN parameters can be
inferred from the calculations of the conserved quantities
and the equations of motion of massive bodies. In the
following sections, we will perform this analysis.

IV. CONSERVED QUANTITIES

In this section, we obtain the expressions for a fluid
system’s total mass energy and momentum, which are
conserved in the post-Newtonian limit. The rescaled
density p* allows one to define the fluid material mass
in a given volume as follows:

m= /p*d3x. (32)

Hence, for an isolated body, by using the continuity
equation for p* [cf. Eq. (12)], it is shown that mass m is

conserved, 1.e.,
dm
— = 33
” (33)

The above result assumes that density p* is zero at the
boundary of the integration volume. The statement above

104068-5
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only depends on the fluid definition, not on the used gravity
model. The situation is different for energy and momentum
conservation.

From the energy-momentum tensor conservation, we
write

V.T* = 0,(y=gT") + I}, (V=gT") = 0. (34)

We want to integrate the above expression in its post-
Newtonian approximation and obtain the conserved quan-
tities in 4D-EGB gravity. For practical reasons, one can
work with a redefinition of Eq. (28), such as

goo = (Goo)or F aPg/2, (35)

where (ggo)gr stands for the post-Newtonian metric from
GR. Then, one can easily separate the contributions
inserted by the 4D-EGB theory and use the standard GR
results as shown in Ref. [48], for instance.

The statement of energy conservation is derived from the
1 = 0 component of (34), where there are no fourth-order
metric contributions. Hence, the results are the same as in
GR: the leading order reproduces the continuity equa-
tion (12) and the next order gives the energy that is
conserved at post-Newtonian regime, namely,

1 1
EE/ (Ep*vz—i—p*l'[—ip*U)an. (36)
Thus, the total mass energy is given by
M=m+E. (37)

For the conservation of the total momentum, we consider
only the case ¢ =i in Eq. (34), which can be written as
follows:

. a .
(vuTbi)GR + EP Vz“bg =0, (38)

where (V,T";)gg stands, once again, for the ordinary GR
terms. By integrating this expression over the volume
occupied by the fluid, we are able to derive the total
momentum that is conserved. We only need to integrate the
last term in (38) since the results from the GR contributions
are already known [48]. To do so, we first verify that (see
Ref. [38]) ®¢ can be expressed in terms of U as follows:

1
O = -8 <§ |VU|2 — (I)7>, (39)
where we have defined,2

“Symbols @5 and ® are already used within GR to represent
other gravitational potentials. This is the reason why we use @5 to
represent this new potential. It is the same potential described in
Ref. [38] as ;.

x—x')
O, = - / prau’ 7|(X — X’)|3 d*x. (40)

By integrating the gradient of ®; and using the identity
0;f(x —x') = =d,f(x — x") plus an exchange of variables,
x <> x/, one arrives at the following expression:

/ pF0,®;dx = / p*oU0;;Ud’x,

:%/p*ai(|VU|2)d3x. (41)

Combining (39) and (41), one shows that the following
relation holds true:

/ P 0,;®gd3x = 0. (42)

Consequently, after integrating (38), one gets the same
results as in GR for the total conserved momentum,

4 4 2 U 3
Pf:/p*vf 1+U————|—H+—p d*x
2 2 p*

1 .
—E/p*Wfd%, (43)

where the post-Newtonian gravitational potential W' is
written as

Wi = /p*[V- (X B X/)](x _x/)id3x/. (44)

Ix —x'|?

The previous results show that 4D-EGB gravity does not
violate the total conservation of energy and momentum in
the PN regime. This is an expected outcome since the
theory is Lagrangian based and, as shown in Ref. [54], they
should not violate PN conservation laws.

A. The ¢ and a parameters

In the context of the PPN formalism, the results obtained
here directly show that the PPN parameters &, {,, {3, {4,
and a3 do not have their physical meaning changed by the
presence of the potential ®g in the PN expansion. Their
values, if different from zero, continue to indicate a
violation of energy and momentum conservation. Thus,
one can conclude that, for 4D-EGB theory, one has

G=0=0G=0=u0a=0. (45)

Since the expressions (36) and (43) are identical to GR
counterparts, one can also conclude that parameters «;
and @, retain their physical meaning unchanged since
no extra-PPN potentials are present in the expressions
for the conserved energy and momentum. Moreover,

104068-6



POST-NEWTONIAN ANALYSIS OF REGULARIZED 4D ...

PHYS. REV. D 109, 104068 (2024)

assuming (45) and comparing with the general PPN
expression for P/ [cf. (A3)], the following result is
obtained:

ay = 0y = 0. (46)

The latter result shows that 4D-EGB theory does not have
any preferred frame effects (see the Appendix for details).

V. EQUATION OF MOTION
OF MASSIVE BODIES

In this section, we split the fluid description of the source
into N separated bodies. We aim to obtain the PN equations
of motion for the body’s center-of-mass positions. This is a
realistic way to deal with the trajectories of massive and
finite-volume bodies instead of assuming that they can be
treated as test particles. Each body indexed by A has a
material mass given by

my —/p*d3x. (47)
A

The volume where the integration above is calculated is a
time-independent region of space that extends beyond the
volume occupied by the body. It is large enough that, in a
time interval dt, the body does not cross its boundary
surface, but it is also small enough not to intersect with any
other body of the system. The center of mass of a body A,
its velocity, and acceleration are then defined as

1
)= A pxdx, (48)
dr 1
vu(t) = d_: =/, prodix, (49)

_dvy 1 Ldv
a,(t) = a Ap dtdx. (50)

The integrand of Eq. (50) is found from the Euler equation
with its PN extension, which can be derived from Eq. (38).
Each integral is then interpreted as a force that can be
calculated according to the techniques depicted in
Ref. [48]. Ordinary GR terms give rise to 18 forces, while
the 4D-EGB correction can be split into two more con-
tributions, namely,

Fig = :F4&/4p*ajUaijUd3x, (51)
Fl, = +4a A p o Drdx. (52)

These forces do not cancel one another, as in the previous
section, since the potentials in the integrand are integrals

over the volume occupied by the fluid, while the forces are
integrals over the volume surrounding the body A only.

To explicitly calculate the forces above, we need to
separate the potentials into an internal part, produced by the
body A, and an external one sourced by the remaining
bodies of the system. For instance, U can be written as
follows:

p*/ p*/
U:/ , d3x’+2/ ~dx,
Alx — x| iz Je lx — x|

=U, + U (53)

Assuming a wide separation between bodies implies
that, when evaluating an external potential within the body
A, it can be expanded in a Taylor series. As an example,
one has

USH(t.x) m UM (t,rp) + X0, U (t.ry) + ..., (54)

where ¥ = x — r4. The series is truncated in its second term
since the next terms are at least of order O(R, /745)?, where
R, is the typical body radius and ryz = |ry —rp| is the
distance between two bodies. This expansion is used to
extract the external pieces of potentials from the integrals.
Moreover, each body of the system is assumed to be
reflection symmetric above its own center of mass, i.e.,
pr(t,ry —%) = p*(t,ry + X%). This symmetry allows us to
eliminate any integral having an odd number of internal
vectors, such as X.
Starting with F’;, one has

Fi, = +4 / P oDy odPx + Aam F DX (1,ry).  (55)

A
Using the brief notation s = |x — x’| one can write 9;®; 4, =
Jup*' U057 d*x' and, after separating the potential

inside the integrand in its internal and external parts, one
obtains

/p*0[<I)7’Ad3x—/p*ajUAaijUAcP)'c
A A
+0jUZ“//)*6,-jUAd35C. (56)
A

In the above expression, we have changed the variables x
by ¥, and used, when necessary, the reflection-symmetric
properties discussed before.

For F',, one has

Fiy = AP*O,-UA@-,-UAM+a,ngtAp*aijUAd3x

+ aszthAP*a/UAdSX + mA()jUi’“aUUi’“. (57)
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After combining (55), (56), and (57), we notice that the first
terms in (57) cancel out due to the specific form shown
in (56). Besides, the third integral on the rhs above vanishes
since it has an odd number of internal vectors X and X’ due
to the gradient of U. At the end, one has

Fig+ Fhy = +4am, (0'®SY, — ;U 0;;U).  (58)

Here, the external potentials are always calculated atx = ry
after the derivatives are done.

Now, we have to express the external potentials in terms of
the center-of-mass positions. We start by calculating d;U"
and 0;;U3". These potentials depend on derivatives of s and
integrations over the volume occupied by the bodies B # A,
for instance, 0;US" = > 5.4 [z 70,57 d°x'. Thus, due to
the wide separation between bodies in the system, we can
write s = |x —rp — X'| and expand around ¥ = 0 in order to
obtain the following derivatives:

J J ok Sik
057~ —s—f—i-)"c’k (@——3) (59)
Sp SB SB
5 iof
Oys~' M- +3 SB.fB
Sp S
R 01 (60)
Sp SB

where we used the short notation sz = x — rg with sz being
its norm. Also, indices between parentheses indicate their
symmetric counterparts. With the expansions above at hand,
it is easy to verify that

QU (1.ra) %= My (61)
JYA\BTA) ™ 72 ’
B#A 'AB
ex mp i j
0, UG (t.ra) » _23_ (6ij = 3njpmyp),  (62)

B#A TAB

where n’, , = ri ,/r45. Using the above results, one can write
AB AB/ TAB

ext ext E zm% i
aj UA OU UA = - 5 nAB
BZzAL Tan

mpmge
+ : : 2 .3

(”im —3(npp 'nAC>ni1C)]'
C+A.B FaBTac

(63)

The case of 0'®S; is more involved since it depends on
another potential. This last must be separated into a part
generated by body A, another by the body B (the same as
the integral limit), and a third one sourced by the remaining
bodies of the system. By doing that, one can write

0,08 = Z [/p*’nggaijs‘]aﬂx/—l—[;p*’aﬁ-U};dus‘ld%’
BZA

+ > / p*'0, ’C@ijs_1d3x']. (64)
C#A,B/B
The first integral reads

/p*/ai-quaijS_ld3 /://p*/p*//aés/_laijs_1d3x/d3x',
B A JB

(65)

with 5" = [x" — x”|. The expansion of 9;;s will be equivalent
to (60). However, the expansion of d.s’ is not straightfor-
ward since x’ is expanded around rp, whereas x” is
expanded around r,. We only need to get the leading
order of this expansion, which gives d}s’ ~ n, /%5, and
the first term on the rhs of (64) can be accommodated as

2mAmB j
s My (66)
B#a TAB

The second integral in (64) is similar to (65), but now both
limits of integration refer to the volume occupied by the
body B. Thus, we simply expand 0;;s provided d;s' =
(x' —x")!/|¥ — X¥"]. Using (60) once again, one arrives at
the following integral:

5si gl gk skligh) 4 siigh
/p*'dﬁ»U%dijs_lcpx’z?) B7B B _ B _5|_ B
B SB SB

B &V /AY
X/p*/p*//x _(/x _;CB) d3)_C,d3X”.
B X — x|
(67)

The integral in the second line above can be symmetrized to
acquire the structural integral shape shown below,

; 1 . ()_C/ _ )_C”)k()_c’ _ )_C”)i _ B
Qé‘ = —EAp ’p " |X" —X‘"|3 d3x’d3x”. (68)

It is worth noting that the trace of Qg gives the gravitational
energy of the body B. At the end, the second term in (64)
will read

3Qik . i )
o B (sunjp + 26,k g — Snlypnkpnlig).  (69)
B7A TAB

The third term in (64) is calculated similar to the first
one, but now x’ is expanded around rp, while x” is
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expanded around r¢. Thus, d}s" ~ —n./r% - and, using the
leading part of (60) with x = r4, one gets

mpmgc j j

> pe = 3(map -npc)nypl.  (70)
BZA Cza.8 TABTBC

By collecting all the previous results, the external contri-

bution to the gradient of ®$*; can be recast as

2mymp
ext __ A"'B _j
0;PFy = Z{ 5 ap
Bza L TaB
gc . .
J k ik
+ a (Sixmyp + 28;nap — SNy gnyphiyg)

AB
mpmgc : .
+ Z 32 (nge = 3(npp -npc)nyy)|. (71)
c#a.8 "ABTBC

The 4D-EGB correction to the PN equation of motion of
well-separated massive bodies is given by the force
expressions (58). Substituting in that the results given
in (63) and (71), one can explicitly write the acceleration
of body A in a system of N bodies as follows:

' j N Mp(My+My)
a), = a[GR] F 8azr5—ni3
BZA AB
ik

Q - , , .
+6a Z 4_B (6% n)p + 28 nfy — Sy pnlipn )

B#A TaB
J J
+ 4&2 Z MgMc |nyg 3 (map - ac) My c
2 3 3
B#A C#A.B ' AB AC AC
J J
n (nyp -npc)n

BC AB " "*BC)"™AB

- —+3 5 ] . (72)
TABTBC TaBTBC

In Eq. (72), @, [GR] represents the standard GR term to
the equation of motion of each body, say body A, where
each mass term m was replaced by M provided the mass
energy is conserved [cf. (37)], and the corrections intro-
duced by these exchanges are beyond the PN order. In
addition to that, the terms proportional to the rescaled
coupling & accommodate the new contributions to the
acceleration of the A body. In the next section, we will
employ (72) to perform some astrophysical constraints on
the 4D-EGB theory, for instance, b3y obtaining the orbital
periastron shift in a binary system.

The dynamics of binary systems at the first post-Newtonian
level were investigated in the context of Einstein-Cartan theory.
Specifically, this study focused on a neutral spinning perfect fluid
(also known as the Weyssenhoff semiclassical model). The aim
was to explore deviations from general relativity by analyzing the
induced terms in the relative acceleration of the two-body
problem and their observational constraints [55,56].

VI. ASTROPHYSICAL CONSTRAINTS

A. The periastron advance rate

To analyze the 4D-EGB contributions to the orbital
periastron advance, we consider the two-body problem. We
work in terms of relative acceleration, @ = d, — d, and use
the notation 7 = 7, — ¥, A = F/rand m = M, + M,. We
focus on the case of nearly spherical bodies; the approxi-
mation Q¥ ~ 5*Qy /3 remains valid. Replacing the latter
approximation in (72), one then obtains a simplified
version for the total acceleration,

i = d[GR] + " h. (73)
r

The 4D-EGB contribution to the two-body system relative
acceleration is of PN order; thus, it can be considered a
perturbing acceleration that gives origin to perturbed
Keplerian orbits.

Exploiting the method of osculating orbital elements (see
Ref. [48]), the perturbed motion is interpreted as an
instantaneous Keplerian orbit, and the system is always
describing an ellipse, but with the orbital elements varying
with time. The perturbing acceleration is decomposed in a
radial component R, a component »V normal to the orbital
plane, and a third component S transversal to the previous
two directions. Equation (73) thus shows

8am?>

7'5 ’

R:

W=8=0. (74)

The variations of the orbital elements can then be directly
related to these components.

B. Mercury’s periastron advance rate

Once observations are made in geocentric coordinates,
the periastron argument measured is relative to the equinox.
Consequently, it can be recast as @ = @ + €2 cos i, where Q
is the angle from the ascending node to the Earth-Sun
direction, and w is the angle between the periastron and the
ascending node. At the same time, i indicates the orbital
plane inclination angle relative to the ecliptic [43]. Using
the fact that, for all planets in the Solar System, i is too
small, the variation of @ then is determined by the
following derivative:

dio p*sin f
df  em(1 + ecos f)?

2+ecosf
1+ ecosf

—Recotf|, (75)

where f is the true anomaly (the angular position of
the planet with respect to its periastron direction), p =
a(1 — e?) is the semilatus rectum, whereas a denotes the
semimajor axis, and e stands for the eccentricity of the
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orbit. Within this Keplerian description, the Sun-planet
relative position is given by the usual conic equation,

P

“Thecoss 76)

r

Integrating over a complete orbital period gives us the
secular change in the periastron position. Using (73), one
can calculate the 4D-EGB contribution to this effect, and,
after including the GR contribution, one obtains

6m a
Ad = —— 1i—4+e2} 77
- [ St ()

The result above is precisely found in Ref. [38], where the
authors considered the planets as described by test par-
ticles. Although the general equation of motion (72) shows
terms depending explicitly on the body’s internal structure,
through their gravitational energy tensor Q. all those
terms cancel each other when assuming nearly spherical
bodies. Therefore, it remains to be analyzed in situations
where the internal structure of the bodies does contribute to
the orbital motion.

The advance per orbit A@ can be converted to a rate by
dividing it by the orbital period P. The result is given by

5/3 ;,2/3 3 2
5):3<z_ﬂ> / m_/2i3&<2_7r> i, (78)
P l—e P) (1-¢€*)?

after using Kepler’s third law, P> = 4z°p3/m(1 — ).
Equation (78) can be used to put some constraints over
the parameter & Data analysis from the MESSENGER
mission estimates secular Mercury’s periastron precession
as @ = (42.9799 4 0.0009) arcsec/century [57]. With the
help of the orbital parameters e = 0.2056, P = 87.97 days,
Mg = 1.9891 x 10* kg, and My =3.3011x 10" kg [58],

one can find an upper bound limit for the GB coupling,
which is given by

& < 1.67 x 1010 m2, (79)

This constraint is 2 orders of magnitude stronger than the
one established in Ref. [38] due to the use of less precise
data on Mercury’s orbit.

C. The double pulsar periastron shift

The binary’s orbital motion affects the pulses from a
pulsar in a binary system, altering their arrival times at radio
telescopes [59]. By measuring these arrival times accu-
rately over long periods of time, we can detect slight
variations in the orbital motion. In 2003, the double pulsar
PSR J0737-3039A/B was first detected, representing
probably one of the best binary systems for studying
gravitational effects. Such a claim is based on the following
facts: (i) it is the only binary where we can see both pulsars,

(ii) it is not so far from Earth—nearly 0.61 kpc, and (iii) its
orbit is almost “edge on” to us. All these listed properties
indicate why the double pulsar offers a unique opportunity
to explore the strong gravity regime and, consequently, any
deviation from GR.*

More recently Kramer et al. [61] presented precise
determination of periastron precession using a 16-yr data
span of the PSR J0737-3039A/B. To obtain stringent
bounds using this higher accurate system, it is necessary
to derive a new expression for @, since the inclination i is
now close to 90°. Being cos i ~ 0, the variations of Q will
not affect the periastron advance rate, which, in turn, will
lead to a modification in Eq. (75) proportional to W.
However, due to the radial nature of the 4D-EGB correction
to the relative acceleration, the expression (78) for @
remains valid for the double pulsar system. The total mass
of the two stars is 2.587M 4, their orbit is slightly elliptical
with e = 0.0878, and they complete one revolution in
P =0.10225 day. The measured precession rate reads
@ = (16.899323 4 0.000013)°/yr. Using these data, it is
possible to obtain a stronger constraint on the rescaled GB
coupling, namely,

& <1.47 x 10" m?. (80)

By comparing the bounds found in Secs. VIB and VIC, it
is fair to state that the double pulsar system imposes a much
stronger constraint by reducing the bounds on & by 5 orders
of magnitude. Nevertheless, the above estimation on GB
coupling represents an interesting improvement in regard to
the previous best estimates, |@| < 10'> m? [38].

D. Other observational bounds

Let us discuss the improvement introduced on the &
coupling’s bound concerning other observational tests
reported in the literature in different regimes and sectors
of the 4D-EGB theory. Even though the constraints coming
from the double pulsar periastron (DPP) shift enhanced
the bounds on @& by several orders of magnitude, it fell
short regarding the bounds emerging in the strong-field
regime provided by the binary black hole (BBH)
system [38]. In other words, dggy < dppp < 1010 m.
The latter situation is considerably improved once it is
assumed that the lightest component of the GW190814
event could potentially correspond to a stellar black hole
with mass M = 259f88§Mo, yleldlng &GW190814 < 59 x
10° m? [40]. When we account for an extra-dark radiation
term at both the background and perturbative levels in
cosmology, we can constrain it using the ACTPol data
alone. This gives us aC* = (=9 £ 6) x 107°H3, where

A recent study, which can be found in Ref. [60], discusses the
evolution of eccentricity in binary systems within the PN
framework, extending beyond Horndeski’s theory. This work
also explores its capability to differentiate from GR.
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aC? = Qg2 [42]. If we ignore the geometrical dark
radiation term, however, we get a less robust estimate on
& < 10°® m? [37]. Given that nucleosynthesis started at an
energy scale of E ~MeV when the Universe is dominated
by radiation, we can estimate that & < 10'® m? [37].
However, this bound is much weaker than the double
pulsar’s best estimates.

VII. THE § PARAMETER AND THE NEW EGB
PARAMETER: AN EXTENDED PPN VERSION

The previous sections showed that 4D-EGB corrections
to GR post-Newtonian metric do not change how light
travels or how energy and momentum are conserved in the
weak gravity limit up to the first PN order. Within the PPN
formalism, these results demonstrate that the physical
meaning associated with parameters y, {, and a are not
influenced by the new potential ®g. Consequently, once it
was shown that photon geodesics and total energy and
momentum expressions are the same as in GR, it was
possible to conclude that y = 1 and all {’s and «’s are null.
The remaining PPN parameters to be determined are f and
£. To move forward with the determination of the PPN
parameters, one assumes the knowledge of the already
determined parameters in juxtaposition with the general
PPN expression for Aw, namely,

2rm

p
One might be tempted, by comparison with (77), to define
an effective S parameter that would encompass the
4D-EGB corrections to GR. However, we understand that
such treatment is not appropriate once it would lead to a
system-dependent parameter, a rather strange feature for the
PPN formalism. More drastically, if an effective parameter
is defined as a system-dependent constant, one could not
simply substitute the original parameter with its effective
version in each observable physical phenomenon. As an
example, we emphasize that, if an effective  were defined
through (81) and (77), this new parameter would not have
any influence on the so-called Nordtvedt effect: the
violation of the weak equivalence principle due to explicit
contributions of self-gravitational energy to a body’s
inertial and gravitational mass.

The Nordtvedt effect can be tested for the Earth-Moon
system by studying its motion in the Sun’s gravitational
field. If there is any difference between Earth’s free-fall
acceleration and the Moon’s toward the Sun, this effect will
be parametrized by the Nordtvedt parameter,

10
n=4F—4- & (82)
where £ is the PPN parameter related to the existence of
preferred-location effects, and, once again, weuse y = 1 and
{; = a; = 0. It has been shown that ®; does not bring any

(4= P). (81)

Adppy =

TABLE I. The EPPN parameters and their physical meaning.
Physical meaning Value
Parameter associated in GR
Y Light motion tests 1
s Periastron shift in 1
Vi A binary system 0
I3 Preferred-location effects 0
ay, oy, and az Preferred-frame effects All null
C15 o, &3, &4, and o3 Violation of conservation All null

of total momentum

dependence in the acceleration of a body A with its internal
structure up to the Newtonian order [cf. Eq. (50)].
Consequently, 7 = 0 and no Nordtvedt effect is present, just
like in GR. Therefore, a simple substitution of £, in (82), by
an effective parameter obtained from the periastron advance
would lead to erroneous conclusions for any theory.

The correct approach to tackle the issue above would be to
propose a new parameter, say /3, to quantify the dynamical
effects associated with @g. In this extended PPN version
(EPPN), the Nordtvedt parameter will remain the same,
while the periastron advance per orbit will be given by

N . p
AwEPPN = Aa)ppN + F (4 + 82). (83)

Within general relativity, for instance, f = 1 and /N)7 =0,
while in the case of 4D-EGB theory one has =1 and
J = +a. Hence, with 7 = 0 one would also obtain & = 0.
However, it is important to emphasize that, within this
extended PPN approach, f alone does not determine the
post-Newtonian periastron advance effect, since /3 also has
influence on this effect. Table I summarizes the physical
meaning that can be associated with each parameter of the
EPPN approach.

It is also essential to note that the current observational
constraint, established by the PPN formalism for f (see the
Appendix), cannot be directly applied in the EPPN.
Without an additional test for # and/or f, it is impossible
to derive independent bounds for each of these parameters.

VIII. SUMMARY

We presented a comprehensive analysis of the post-
Newtonian version of the regularized four-dimensional
Einstein-Gauss-Bonnet gravitational theory. Our investiga-
tion involved expanding the metric and the extra scalar field
around the Minkowski background and the constant scalar
field value, respectively. To model the matter content, we
adopted a perfect fluid approach. The post-Newtonian
metric components are detailed in Egs. (14)—(16).
Notably, the primary correction emerges at fourth order
in the gy, component. Unlike previous works within the
post-Newtonian formalism, we utilized the harmonic gauge
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and expressed the gravitational potential in terms of the
conserved density.

Starting from conservation laws, it was shown that there
is no violation of energy and/or momentum conservation
within the PN limit, confirming that the four {; PPN
parameters and a3 vanish. Moreover, the expressions for
energy and momentum showed that parameters «; and a,
are also zero; this highlights that the regularized four-
dimensional FEinstein-Gauss-Bonnet gravitational theory
lacks any preferred frame effects.

We investigated the equation of motion for massive
bodies and derived the general expression for a body within
a system of N bodies. Furthermore, we recovered the
standard GR term and identified several contributions
arising from the Gauss-Bonnet term. The latter discovery
involves lengthy computations, but it was essential for
imposing physical bounds on the rescaled GB coupling.

From an observational perspective, we examined the
two-body problem for nearly spherical objects and utilized
the method of osculating orbital elements to derive the PN
corrections in the periastron advance rate due to the Gauss-
Bonnet term. By analyzing data from the MESSENGER
mission applied to secular Mercury’s periastron precession,
we arrived at an updated estimate for the GB coupling:
|a| < 1.67 x 10'® m?, consistent with previous results [38].
Further, we focused on the double pulsar J0737-3039A/B,
comprising two active radio pulsars in a binary system with
a period of 2.45 h and a mild eccentricity of e = 0.088.
Taking into account the data collected on extensive pulse
timing experiments over 16 yr on six different radio
telescopes around the world, this experiment reported
the precession rate for the double pulsar system, @ =
(16.899323 4+ 0.000013)°/yr (see Ref. [61] for further
details). We proceeded by using this precession rate of
the double pulsar system to put a tighter constraint on the
GB coupling, yielding |&| < 1.47 x 10'" m?; reducing the
former bound in 5 orders of magnitude. We also compared
other astrophysical and cosmological bounds on & to
contextualize the newly updated results reported here.

Finally, we discussed, to a certain degree, the § PPN
parameter identification and the introduction of a new EGB
parameter. This analysis focused on the different conse-
quences of misreading the f PPN parameter within a
modified gravity scenario such as the 4D-EGB model.

ACKNOWLEDGMENTS

M. G. R. was partially supported by FAPES (Brazil). The
authors acknowledge interesting comments from Professor
K. Hinterbichler and Professor A. Bhattacharyya.

APPENDIX: THE PPN FORMALISM—A
SYNTHESIS

In order to distinguish between alternative theories
of gravity within the post-Newtonian regime, the PPN

formalism assumes a generic metric expansion under
reasonable (but restrictive) assumptions over the possible
gravitational potentials to be present.

The original PPN metric, as presented in Ref. [43], is
written in the so-called standard gauge. Nowadays, it is
more usual for PN analysis to work with the harmonic
gauge. The selection of a gauge is predicated on its
convenience; however, employing the harmonic gauge
facilitates a consistent integration of the post-Newtonian
approximation within the broader framework of post-
Minkowskian theory (see Ref. [48] for details). In the
harmonic gauge, the PPN metric reads

goo = —1+2U =2pU% + 2y + 2+ a5 + {; — 26)®,
+2037y =28+ 1+ 8+ E)Dy +2(1 + &3)D5
+2(3y + 384 =285y — (L) —28)Ds
—2E@y + (1 +ay — &) + 28)0, X,

goi = -2y +2+a,/2)V,,

gij = (1 +2yU)é;;. (A1)

The organization of the PPN parameters in the metric
aboveis done in such a way thatis possible to give to each one
of them a specific physical meaning that associates them with
a property or a measurable effect. Table II summarizes the
significance of each PPN parameter, and the current bounds
on PPN parameters are shown in Table IIL

When a theory does not present violations of energy and
momentum at the PN regime, all {’s and a3 vanish. The
expressions for the conserved energy and momentum are
then reduced to

TABLE II. The PPN parameters physical meaning.
Value
Parameter Physical meaning associated in GR
4 Light motion tests 1
s Periastron shift in a binary 1
system
'3 Preferred-location effects 0
ay, oy, and az Preferred-frame effects All null
¢1» o, &3, Ly, Violation of conservation All null
and a3 of total momentum
TABLE III.  Current limits on PPN parameters (from Ref. [1]).
Parameter Limit Parameter Limit
y—1 <23x107? a <4 x 1072
p-1 <8x 1075 < <2x 1072
5 <4 x 1070 & <4 %107
a; <7x107° {3 <1078
a <2x107° s -
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1 1
E= / <2p*vz +p*1l —2p*U)d3x,

. 1, 1 p 1. 1
Pj_/p v/<l+§U2——U+H+E>d3x—§/p |:(1+(12)q)j+§((11—(12)vj d3x.

2

(A2)

(A3)

[1] C. M. Will, The confrontation between general relativity and
experiment, Living Rev. Relativity 17, 4 (2014).

[2] M. Ishak, Testing general relativity in cosmology, Living
Rev. Relativity 22, 1 (2019).

[3] B.P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), Observation of gravitational waves from a binary
black hole merger, Phys. Rev. Lett. 116, 061102 (2016).

[4] B.P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), GW170817: Observation of gravitational waves from
a binary neutron star inspiral, Phys. Rev. Lett. 119, 161101
(2017).

[5] K. Akiyama et al. (Event Horizon Telescope Collaboration),
First M87 Event Horizon Telescope results. I. The shadow
of the supermassive black hole, Astrophys. J. Lett. 875, L1
(2019).

[6] A.G. Riess et al. (Supernova Search Team Collaboration),
Observational evidence from supernovae for an accelerating
universe and a cosmological constant, Astron. J. 116, 1009
(1998).

[7] S. Perlmutter et al. (Supernova Cosmology Project Col-
laboration), Measurements of Q2 and A from 42 high redshift
supernovae, Astrophys. J. 517, 565 (1999).

[8] S. Weinberg, The cosmological constant problem, Rev.
Mod. Phys. 61, 1 (1989).

[9] S.M. Carroll, The cosmological constant, Living Rev.
Relativity 4, 1 (2001).

[10] P.J. E. Peebles and B. Ratra, The cosmological constant and
dark energy, Rev. Mod. Phys. 75, 559 (2003).

[11] J. Frieman, M. Turner, and D. Huterer, Dark energy and the
accelerating Universe, Annu. Rev. Astron. Astrophys. 46,
385 (2008).

[12] J. Martin, Quintessence: A mini-review, Mod. Phys. Lett. A
23, 1252 (2008).

[13] S. Tsujikawa, Quintessence: A review, Classical Quantum
Gravity 30, 214003 (2013).

[14] C. Armendariz-Picon, V. F. Mukhanov, and P. J. Steinhardt,
A dynamical solution to the problem of a small cosmologi-
cal constant and late time cosmic acceleration, Phys. Rev.
Lett. 85, 4438 (2000).

[15] T. Clifton, P.G. Ferreira, A. Padilla, and C. Skordis,
Modified gravity and cosmology, Phys. Rep. 513, 1 (2012).

[16] A. Joyce, L. Lombriser, and F. Schmidt, Dark energy
versus modified gravity, Annu. Rev. Nucl. Part. Sci. 66,
95 (2016).

[17] S. Nojiri, S. D. Odintsov, and V. K. Oikonomou, Modified
gravity theories on a nutshell: Inflation, bounce and late-
time evolution, Phys. Rep. 692, 1 (2017).

[18] L. Heisenberg, A systematic approach to generalisations of
general relativity and their cosmological implications, Phys.
Rep. 796, 1 (2019).

[19] D. Lovelock, The four-dimensionality of space and the
Einstein tensor, J. Math. Phys. (N.Y.) 13, 874 (1972).

[20] D. Langlois and K. Noui, Degenerate higher derivative
theories beyond Horndeski: Evading the Ostrogradski in-
stability, J. Cosmol. Astropart. Phys. 02 (2015) 034.

[21] C. de Rham and A. Matas, Ostrogradsky in theories with
multiple fields, J. Cosmol. Astropart. Phys. 06 (2016) 041.

[22] G. W. Horndeski, Second-order scalar-tensor field equations
in a four-dimensional space, Int. J. Theor. Phys. 10, 363
(1974).

[23] J. Gleyzes, D. Langlois, F. Piazza, and F. Vernizzi, Healthy
theories beyond Horndeski, Phys. Rev. Lett. 114, 211101
(2015).

[24] E. Barausse and K. Yagi, Gravitation-wave emission in
shift-symmetric Horndeski theories, Phys. Rev. Lett. 115,
211105 (2015).

[25] R. Kase and S. Tsujikawa, Dark energy in Horndeski
theories after GW170817: A review, Int. J. Mod. Phys. D
28, 1942005 (2019).

[26] T. Kobayashi, Horndeski theory and beyond: A review, Rep.
Prog. Phys. 82, 086901 (2019).

[27] J. M. Ezquiaga and M. Zumalacarregui, Dark energy after
GW170817: Dead ends and the road ahead, Phys. Rev. Lett.
119, 251304 (2017).

[28] P. Creminelli and F. Vernizzi, Dark energy after GW170817
and GRB170817A, Phys. Rev. Lett. 119, 251302 (2017).

[29] P.G.S. Fernandes, P. Carrilho, T. Clifton, and D.]J.
Mulryne, Derivation of regularized field equations for the
Einstein-Gauss-Bonnet theory in four dimensions, Phys.
Rev. D 102, 024025 (2020).

[30] R. A. Hennigar, D. Kubiziidk, R. B. Mann, and C. Pollack,
On taking the D — 4 limit of Gauss-Bonnet gravity: Theory
and solutions, J. High Energy Phys. 07 (2020) 027.

[31] H. Lu and Y. Pang, Horndeski gravity as D — 4 limit of
Gauss-Bonnet, Phys. Lett. B 809, 135717 (2020).

[32] T. Kobayashi, Effective scalar-tensor description of regu-
larized Lovelock gravity in four dimensions, J. Cosmol.
Astropart. Phys. 07 (2020) 013.

[33] D. Glavan and C. Lin, Einstein-Gauss-Bonnet gravity in
four-dimensional spacetime, Phys. Rev. Lett. 124, 081301
(2020).

[34] M. Gurses, T.c. Sigsman, and B. Tekin, Comment on
“Einstein-Gauss-Bonnet Gravity in 4-dimensional space-
time,” Phys. Rev. Lett. 125, 149001 (2020).

104068-13


https://doi.org/10.12942/lrr-2014-4
https://doi.org/10.1007/s41114-018-0017-4
https://doi.org/10.1007/s41114-018-0017-4
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.119.161101
https://doi.org/10.1103/PhysRevLett.119.161101
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.1086/300499
https://doi.org/10.1086/300499
https://doi.org/10.1086/307221
https://doi.org/10.1103/RevModPhys.61.1
https://doi.org/10.1103/RevModPhys.61.1
https://doi.org/10.12942/lrr-2001-1
https://doi.org/10.12942/lrr-2001-1
https://doi.org/10.1103/RevModPhys.75.559
https://doi.org/10.1146/annurev.astro.46.060407.145243
https://doi.org/10.1146/annurev.astro.46.060407.145243
https://doi.org/10.1142/S0217732308027631
https://doi.org/10.1142/S0217732308027631
https://doi.org/10.1088/0264-9381/30/21/214003
https://doi.org/10.1088/0264-9381/30/21/214003
https://doi.org/10.1103/PhysRevLett.85.4438
https://doi.org/10.1103/PhysRevLett.85.4438
https://doi.org/10.1016/j.physrep.2012.01.001
https://doi.org/10.1146/annurev-nucl-102115-044553
https://doi.org/10.1146/annurev-nucl-102115-044553
https://doi.org/10.1016/j.physrep.2017.06.001
https://doi.org/10.1016/j.physrep.2018.11.006
https://doi.org/10.1016/j.physrep.2018.11.006
https://doi.org/10.1063/1.1666069
https://doi.org/10.1088/1475-7516/2015/02/034
https://doi.org/10.1088/1475-7516/2016/06/041
https://doi.org/10.1007/BF01807638
https://doi.org/10.1007/BF01807638
https://doi.org/10.1103/PhysRevLett.114.211101
https://doi.org/10.1103/PhysRevLett.114.211101
https://doi.org/10.1103/PhysRevLett.115.211105
https://doi.org/10.1103/PhysRevLett.115.211105
https://doi.org/10.1142/S0218271819420057
https://doi.org/10.1142/S0218271819420057
https://doi.org/10.1088/1361-6633/ab2429
https://doi.org/10.1088/1361-6633/ab2429
https://doi.org/10.1103/PhysRevLett.119.251304
https://doi.org/10.1103/PhysRevLett.119.251304
https://doi.org/10.1103/PhysRevLett.119.251302
https://doi.org/10.1103/PhysRevD.102.024025
https://doi.org/10.1103/PhysRevD.102.024025
https://doi.org/10.1007/JHEP07(2020)027
https://doi.org/10.1016/j.physletb.2020.135717
https://doi.org/10.1088/1475-7516/2020/07/013
https://doi.org/10.1088/1475-7516/2020/07/013
https://doi.org/10.1103/PhysRevLett.124.081301
https://doi.org/10.1103/PhysRevLett.124.081301
https://doi.org/10.1103/PhysRevLett.125.149001

JUNIOR D. TONIATO and MARTIN G. RICHARTE

PHYS. REV. D 109, 104068 (2024)

[35] J. Arrechea, A. Delhom, and A. Jiménez-Cano, Comment
on “Finstein-Gauss-Bonnet Gravity in Four-Dimensional
Spacetime”, Phys. Rev. Lett. 125, 149002 (2020).

[36] W.-Y. Ai, A note on the novel 4D Einstein-Gauss-Bonnet
gravity, Commun. Theor. Phys. 72, 095402 (2020).

[37] P.G.S. Fernandes, P. Carrilho, T. Clifton, and D.J.
Mulryne, The 4D Einstein-Gauss-Bonnet theory of gravity:
A review, Classical Quantum Gravity 39, 063001 (2022).

[38] T. Clifton, P. Carrilho, P.G.S. Fernandes, and D.]J.
Mulryne, Observational constraints on the regularized 4D
Einstein-Gauss-Bonnet theory of gravity, Phys. Rev. D 102,
084005 (2020).

[39] J.-X. Feng, B.-M. Gu, and F.-W. Shu, Theoretical and
observational constraints on regularized 4D Einstein-Gauss-
Bonnet gravity, Phys. Rev. D 103, 064002 (2021).

[40] C. Charmousis, A. Lehébel, E. Smyrniotis, and N.
Stergioulas, Astrophysical constraints on compact objects
in 4D Einstein-Gauss-Bonnet gravity, J. Cosmol. Astropart.
Phys. 02 (2021) 033.

[41] K. Aoki, M. A. Gorji, and S. Mukohyama, Cosmologyand
gravitational waves in consistent D — 4 Einstein-Gauss-
Bonnet gravity, J. Cosmol. Astropart. Phys. 09 (2020) 014;
05 (2021) EO1.

[42] C.M. A. Zanoletti, B.R. Hull, C.D. Leonard, and R.B.
Mann, Cosmological constraints on 4-dimensional Einstein-
Gauss-Bonnet gravity, J. Cosmol. Astropart. Phys. 01
(2023) 043.

[43] C.M. Will, Theory and Experiment in Gravitational Phys-
ics, 2nd ed. (Cambridge University Press, Cambridge,
England, 1993).

[44] D. A. Easson, T. Manton, and A. Svesko, D — 4 Einstein-
Gauss-Bonnet gravity and beyond, J. Cosmol. Astropart.
Phys. 10 (2020) 026.

[45] S. Mahapatra, A note on the total action of 4D Gauss-
Bonnet theory, Eur. Phys. J. C 80, 992 (2020).

[46] J. Bonifacio, K. Hinterbichler, and L. A. Johnson, Ampli-
tudes and 4D Gauss-Bonnet theory, Phys. Rev. D 102,
024029 (2020).

[47] M. Hohmann, Parametrized post-Newtonian limit of Horn-
deski’s gravity theory, Phys. Rev. D 92, 064019 (2015).

[48] E. Poisson and C.M. Will, Gravity: Newtonian, Post-
Newtonian, Relativistic (Cambridge University Press,
Cambridge, England, 2014).

[49] E. Bittencourt, U. Moschella, M. Novello, and J. D. Toniato,
More about scalar gravity, Phys. Rev. D 93, 124023
(2016).

[50] J. D. Toniato, D. C. Rodrigues, A. O. F. de Almeida, and N.
Bertini, Will-Nordtvedt PPN formalism applied to renorm-
alization group extensions of general relativity, Phys. Rev. D
96, 064034 (2017).

[51] J.D. Toniato, D. C. Rodrigues, and A. Wojnar, Palatini f(R)
gravity in the solar system: Post-Newtonian equations of
motion and complete PPN parameters, Phys. Rev. D 101,
064050 (2020).

[52] J.D. Toniato and D. C. Rodrigues, Post-Newtonian y-like
parameters and the gravitational slip in scalar-tensor and
f(R) theories, Phys. Rev. D 104, 044020 (2021).

[53] M.E.S. Alves, J.D. Toniato, and D.C. Rodrigues, A
detailed first-order post-Newtonian analysis of massive
Brans-Dicke theories: Numerical constraints and the f
parameter meaning, Phys. Rev. D 109, 044045 (2024).

[54] D.L. Lee, A. P. Lightman, and W. T. Ni, Conservation laws
and variational principles in metric theories of gravity, Phys.
Rev. D 10, 1685 (1974).

[55] E. Battista, V. De Falco, and D. Usseglio, First post-
Newtonian N-body problem in Einstein-Cartan theory with
the Weyssenhoff fluid: Lagrangian and first integrals, Eur.
Phys. J. C 83, 112 (2023).

[56] E. Battista and V. De Falco, First post-Newtonian N-body
problem in Einstein-Cartan theory with the Weyssenhoff
fluid: Equations of motion, Eur. Phys. J. C 82, 782
(2022).

[57] R. S. Park, W. M. Folkner, A.S. Konopliv, J. G. Williams,
D.E. Smith, and M. T. Zuber, Precession of Mercury’s
perihelion from ranging to the messenger spacecraft,
Astron. J. 153, 121 (2017).

[58] A. Stark, J. Oberst, and H. Hussmann, Mercury’s resonant
rotation from secular orbital elements, Celes. Mech. Dyn.
Astron. 123, 263 (2015).

[59] J.H. Taylor, Binary pulsars and relativistic gravity, Rev.
Mod. Phys. 66, 711 (1994).

[60] A. Chowdhuri and A. Bhattacharyya, Study of eccentric
binaries in Horndeski gravity, Phys. Rev. D 106, 064046
(2022).

[61] M. Kramer et al., Strong-field gravity tests with the double
pulsar, Phys. Rev. X 11, 041050 (2021).

104068-14


https://doi.org/10.1103/PhysRevLett.125.149002
https://doi.org/10.1088/1572-9494/aba242
https://doi.org/10.1088/1361-6382/ac500a
https://doi.org/10.1103/PhysRevD.102.084005
https://doi.org/10.1103/PhysRevD.102.084005
https://doi.org/10.1103/PhysRevD.103.064002
https://doi.org/10.1088/1475-7516/2021/02/033
https://doi.org/10.1088/1475-7516/2021/02/033
https://doi.org/10.1088/1475-7516/2020/09/014
https://doi.org/10.1088/1475-7516/2021/05/E01
https://doi.org/10.1088/1475-7516/2023/01/043
https://doi.org/10.1088/1475-7516/2023/01/043
https://doi.org/10.1088/1475-7516/2020/10/026
https://doi.org/10.1088/1475-7516/2020/10/026
https://doi.org/10.1140/epjc/s10052-020-08568-6
https://doi.org/10.1103/PhysRevD.102.024029
https://doi.org/10.1103/PhysRevD.102.024029
https://doi.org/10.1103/PhysRevD.92.064019
https://doi.org/10.1103/PhysRevD.93.124023
https://doi.org/10.1103/PhysRevD.93.124023
https://doi.org/10.1103/PhysRevD.96.064034
https://doi.org/10.1103/PhysRevD.96.064034
https://doi.org/10.1103/PhysRevD.101.064050
https://doi.org/10.1103/PhysRevD.101.064050
https://doi.org/10.1103/PhysRevD.104.044020
https://doi.org/10.1103/PhysRevD.109.044045
https://doi.org/10.1103/PhysRevD.10.1685
https://doi.org/10.1103/PhysRevD.10.1685
https://doi.org/10.1140/epjc/s10052-023-11249-9
https://doi.org/10.1140/epjc/s10052-023-11249-9
https://doi.org/10.1140/epjc/s10052-022-10746-7
https://doi.org/10.1140/epjc/s10052-022-10746-7
https://doi.org/10.3847/1538-3881/aa5be2
https://doi.org/10.1007/s10569-015-9633-4
https://doi.org/10.1007/s10569-015-9633-4
https://doi.org/10.1103/RevModPhys.66.711
https://doi.org/10.1103/RevModPhys.66.711
https://doi.org/10.1103/PhysRevD.106.064046
https://doi.org/10.1103/PhysRevD.106.064046
https://doi.org/10.1103/PhysRevX.11.041050

