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We investigate a Schwarzschild metric exhibiting a signature change across the event horizon, which
gives rise to what we term a Lorentzian-Euclidean black hole. The resulting geometry is regularized by
employing the Hadamard partie finie technique, which allows us to prove that the metric represents a
solution of vacuum Einstein equations. In this framework, we introduce the concept of atemporality as the
dynamical mechanism responsible for the transition from a regime with a real-valued time variable to a new
one featuring an imaginary time. We show that this mechanism prevents the occurrence of the singularity
and, by means of the regularized Kretschmann invariant, we discuss in which terms atemporality can be
considered as the characteristic feature of this black hole.
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I. INTRODUCTION

Signature-changing metrics have been investigated both
in quantum and classical general relativity (GR). In quantum
cosmology, Lorentzian-signature universes stem out from
Riemann spaces [1,2] preventing the appearance of singu-
larities as the result of spacetime topology fluctuations. In
this framework, the idea that the metric experiences a
signature change at the beginning of cosmological evolution
features various approaches to the quantum cosmology
problem: (i) the Hartle-Hawking no-boundary proposal
[3,4], where our observed universe is supposed to originate
in a regime with no time and no boundary; (ii) the Linde
picture [5], which defines the wave function of the universe
via an anti-Wick rotation; and (iii) the Vilenkin tunneling
from nothing [6–8], according to which early universes
emerge from a primordial quantum tunneling. In general, the
signature change is necessary to interpret the solutions of the
Wheeler-DeWitt equation related to the geometrodynamics
of the so-called superspace, the configuration space of all
three-metrics [9,10]. Metrics undergoing a signature tran-
sition have also been studied in loop quantum cosmology
[11–13], as well as in higher-dimensional models [14–16],
supergravity, and string theory [17–19].

In classical GR, it is usually assumed that the metric
keeps its signature unaltered, although this is not ensured
by the Einstein equations. Thus, this requirement can be
safely loosened [20,21] and solutions with signature or
even topology changes can be obtained [22]. The Einstein
field equations remain, in fact, well defined since both the
Ricci tensor Rμν and the stress-energy tensor Tμν auto-
matically follow the sign change of gμν, whereas the sign of
the Ricci scalar R ¼ gμνRμν remains unaffected. In this
context, homogeneous and isotropic Friedman-Robertson-
Walker geometries, representing the classical counterpart of
the models framed in quantum cosmology, have been first
investigated in Refs. [23,24]. For various choices of matter
fields, it is shown that the ensuing universes share similar
properties with quantum scenarios satisfying the Hartle-
Hawking no-boundary condition, as they have an origin in
time despite not having a true beginning. Recently, an
extended pattern, where all metric components flip their
sign simultaneously, was explored in Ref. [25].
In the literature, two approaches are usually pursued to

describe the behavior of the temporal component g00 of the
metric, depending on whether its sign modification is given
in terms of a continuous or a discontinuous function, with
the latter being considered the more physically meaningful
option [23,24]. These choices are set apart by the singu-
larity nature that unfolds on the hypersurface Σ where the
metric signature changes. A basic feature is the use of the
(Darmois) junction conditions at Σ [26–32], whose fulfill-
ment guarantees that the field equations are satisfied
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everywhere off Σ and go smoothly through it (for a different
method, see Refs. [33,34]). For a timelike or spacelike
hypersurface Σ, junction conditions involve its induced
(three-)metric and extrinsic curvature, which are required to
be continuous across it. If the latter condition is not
satisfied, then the discontinuities in the first-order trans-
verse derivatives of the metric yield a Dirac-delta-like
singularity in the Riemann tensor, which can be physically
interpreted as the presence of a surface layer (or thin shell)
at Σ having a distributional stress-energy tensor. When Σ is
null, both first and second derivatives of the metric can be
discontinuous. As a consequence, apart from a surface
layer, the hypersurface Σ can give rise to a gravitational
shock wave [30,31].
In this paper, we extend the examination of signature-

changing metrics in classical GR by considering a
Schwarzschild black hole geometry. In our solution, here-
after referred to as “Lorentzian-Euclidean Schwarzschild
black hole,” the metric signature switches from the usual
Lorentzian one upon crossing the event horizon. In par-
ticular, inside the black hole, the metric admits a Euclidean
structure with an ultrahyperbolic signature. The ill-defined
distributional terms arising in the Riemann tensor will be
treated by borrowing a technique from gravitational-wave
theory and compact binaries dynamics, i.e., the Hadamard
partie finie regularization scheme [35–37]. In doing so, we
will show that neither a surface layer nor a shock wave is
present in our model, since the regularized Riemann tensor
(as well as its traceless component, i.e., the Weyl tensor)
contains no distributional piece, while the regularized Ricci
tensor vanishes everywhere in the spacetime. Moreover,
the analysis of the regularized geometry reveals that the
velocity of infalling radial trajectories vanishes on the event
horizon and becomes imaginary once it is traversed. This
means that the singularity at r ¼ 0 is averted, unlike the
standard Lorentzian-signature pattern, where an observer
unavoidably reaches it within a finite proper time.
The Lorentzian-Euclidean Schwarzschild metric can be

obtained by considering an imaginary time inside the black
hole. In particular, the coordinate time t is naturally
replaced by it as soon as the event horizon is traversed.
This is a standard technique widely employed in theoretical
physics which is usually referred to as the Wick rotation.
The novel facets of our approach are essentially twofold.
First of all, we use the Hadamard method to regularize the
metric; then, we identify the so-called atemporality [38] as
the means explaining why the time variable t becomes
imaginary, giving thus a physical meaning to the Wick
rotation, which does not represent a mere mathematical
trick. Therefore, a crucial aspect of this paper is that we
propose atemporality as the dynamical mechanism that
allows for the avoidance of the black-hole singularity. Our
interpretation of atemporality differs from those presented
in current debates on time and timelessness in the founda-
tions of physics, since we do not consider temporality and

atemporality as conflicting concepts [39,40] or, even worse,
we do not reject the theoretical and mathematical definition
of atemporality as unwanted [41–43]. In addition, our
model does not define atemporality simply in terms of the
absence of time and its properties, i.e. as the lack of a one-
dimensional ordering structure, but as a dynamical process.
The plan of the paper is as follows. After presenting the

Lorentzian-Euclidean Schwarzschild metric in Sec. II, we
consider its regularization process in Sec. III. Then, we
discuss how the atemporality permits one to avoid the
r ¼ 0 singularity in Sec. IV. Final remarks are reported in
Sec. V. Additional material is provided in the Appendixes.
Henceforth, we use units G ¼ c ¼ 1.

II. THE LORENTZIAN-EUCLIDEAN
SCHWARZSCHILD METRIC

As pointed out before, metrics with a varying signature
have been analyzed both in quantum settings (in particular,
in the context of quantum cosmology [2–4]) and at
classical level, see e.g. Refs. [23–25]. While many of
the existing models are based on the cosmological
Friedman-Robertson-Walker geometry, in this section,
we present the Schwarzschild metric with a signature-
changing behavior. Such metric assumes the usual
Lorentzian-signature form outside the event horizon, it
becomes degenerate at r ¼ 2M, and then it displays a
Euclidean structure for r < 2M. In this framework, the
event horizon constitutes the so-called change surface, i.e.,
the hypersurface where the transition between the
Lorentzian and Euclidean regimes occurs.
We first write the metric in Schwarzschild coordinates in

Sec. II A; afterwards, we introduce Gullstrand-Painlevé
coordinates in Sec. II B. As we will see, this latter analysis
will be crucial in Sec. III, where we will propose a method
to regularize the distributional contributions of the Ricci
and Weyl tensors.

A. The Schwarzschild coordinates

In Schwarzschild coordinates ft; r; θ;ϕg, the Lorentzian-
Euclidean Schwarzschild metric takes the form

ds2 ¼ −ε
�
1 −

2M
r

�
dt2 þ dr2�

1 − 2M
r

�þ r2dΩ2; ð1Þ

where dΩ2 ¼ dθ2 þ sin2θ dϕ2 and

ε ¼ sign

�
1 −

2M
r

�
¼ 2H

�
1 −

2M
r

�
− 1; ð2Þ

the step function Hð1 − 2M=rÞ being normalized in such a
way that Hð0Þ ¼ 1=2. As discussed before, the metric
undergoes a signature change as soon as one crosses the
event horizon. Indeed, the function ε permits to divide the
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spacetime manifold V into two regions Vþ and V− (i.e.,
V ¼ Vþ ∪ V−) whose common boundary is represented by
the change surface

Σ∶ r ¼ 2M; ð3Þ
coinciding with the event horizon. The domain Vþ is
characterized by the value ε ¼ 1 and pertains to the
Lorentzian regime, where the metric is hyperbolic. On Σ,
where ε ¼ 0, the metric becomes degenerate by noting that

det gμν ¼ −εðr2 sin θÞ2: ð4Þ
On the other hand, inV−, where ε ¼ −1, themetric attains an
ultrahyperbolic signature and exhibits a Euclidean structure,
which means that it has the same features as the Euclidean
Schwarzschild metric (recall however that the Euclidean
Schwarzschild solution naturally implements the constraint
r ≥ 2M, see e.g. Refs. [44–47]).
The metric (1) is both divergent and degenerate on Σ as

long as we use the Schwarzschild coordinates. Therefore, in
order to “disentangle” these two issues, our analysis should
be performed via a set of coordinates where the only
pathologies shown by the metric on the change surface are
related to its degeneracy. We can thus employ either the
Kruskal-Szekeres coordinates (see Appendix A) or the
Gullstrand-Painlevé ones. As the latter turn out to be more
convenient for our purposes, the ensuing form assumed by
the metric (1) will be studied in the next section.

B. The Gullstrand-Painlevé coordinates

The singular divergent behavior shown by the metric (1)
at r ¼ 2M can be eliminated if we introduce the Gullstrand-
Painlevé coordinates ðT ; r; θ;ϕÞ [32,48], where the param-
eter T is, in the Lorentzian domain Vþ, the proper time
measured by a freely falling observer starting off at rest
from infinity and moving radially inward. The four-velocity
of such observer can be defined by supposing that, in the
spacetime manifold V, there exists a family of fundamental
worldlines having tangent vector

uμ ¼ dxμ

dσ
≔ ẋμ; ð5Þ

which, following the recipe of Refs. [23,24], satisfies

gμνuμuν ¼ −ε: ð6Þ

Here, σ is an affine parameter along the worldlines which
corresponds to the proper time τ ¼ R ffiffiffiffiffiffiffiffiffiffi

−ds2
p

in the
Lorentzian regime1 and it is constructed in such a way
to be continuous across Σ.

Starting from Eq. (6), it is easy to show that the geodesic
equation, evaluated in the equatorial plane θ ¼ π=2, is
given by

ṙ2 þ
�
1 −

2M
r

��
L2

r2
þ ε

�
¼ E2

ε3
; ð7Þ

where

E ¼ ε2
�
1 −

2M
r

�
ṫ; ð8Þ

L ¼ r2ϕ̇ ð9Þ

are the constants of motion associated with the static and
rotational Killing vectors, respectively. We note that,
coherently with Eq. (6), the energy E vanishes on the
change surface. When ε ¼ 1, Eq. (7) describes timelike
geodesics in the usual Lorentzian-signature Schwarzschild
geometry, while, for ε ¼ −1, the geodesic equation
assumes a form which is consistent with the features of
the Euclidean Schwarzschild geometry (see Ref. [46] for a
detailed study of the geodesic motion framed in the
Euclidean Schwarzschild spacetime). An observer whose
motion starts at rest from infinity and proceeds radially has
E ¼ ε2 and L ¼ 0. Then, Eq. (7) gives

ṙ ¼ −
ffiffiffi
ε

p ffiffiffiffiffiffiffi
2M
r

r
; ð10Þ

which jointly with Eq. (8) yields

dt
dr

¼ ṫ
ṙ
¼ −

1ffiffiffi
ε

p
ffiffiffiffiffiffiffi
r
2M

r �
1

1 − 2M=r

�
: ð11Þ

Upon solving Eqs. (10) and (11), we obtain

rðσÞ ¼
�
3

ffiffiffiffiffiffiffi
2M

p

2

�2=3

ðσ0 −
ffiffiffi
ε

p
σÞ2=3; ð12Þ

ffiffiffi
ε

p
tðrÞ ¼ t0 −

2r3=2

3
ffiffiffiffiffiffiffi
2M

p − ΘðrÞ; ð13Þ

where σ0 and t0 are integration constants, and

ΘðrÞ ≔ 2
ffiffiffiffiffiffiffi
2M

p
½ ffiffiffi

r
p

−
ffiffiffiffiffiffiffi
2M

p
arccotghð

ffiffiffiffiffiffiffiffiffiffiffiffi
2M=r

p
Þ� ð14Þ

is the solution of the differential equation

dΘ
dr

¼ 1

1 − 2M=r

ffiffiffiffiffiffiffi
2M
r

r
: ð15Þ

Equations (12) and (13) suggest that one define the
parameter T via

1In the models where the metric is positive-definite in V−, the
parameter σ can coincide with the proper distance d ¼ R ffiffiffiffiffiffiffi

ds2
p

in
the Euclidean regime [23,24].
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ffiffiffi
ε

p
T ðt; rÞ ≔ ffiffiffi

ε
p

tþ ΘðrÞ; ð16Þ

and hence it follows from Eq. (15) that

ffiffiffi
ε

p
dT ¼ ffiffiffi

ε
p

dtþ
ffiffiffiffiffiffiffiffiffiffiffiffi
2M=r

p
1 − 2M=r

dr; ð17Þ

which implies that metric (1), written in Gullstrand-
Painlevé coordinates ðT ; r; θ;ϕÞ, becomes

ds2 ¼ −εdT 2 þ
�
drþ ffiffiffi

ε
p ffiffiffiffiffiffiffi

2M
r

r
dT

�2

þ r2dΩ2: ð18Þ

It is worth noticing that formulas underlying the coordinate
transformation derived in this section are singular when
r ¼ 2M, akin to the usual Lorentzian-signature pattern,
where this behavior reflects the difficulties of the
Schwarzschild coordinates on the event horizon. In our
model, this feature is also ascribed to the degeneracy-
related problems exhibited by the metric on the change
surface.
Thanks to the Gullstrand-Painlevé coordinates, the

metric remains finite at r ¼ 2M, and we can formalize
its degenerate character as follows. Let us describe the jump
discontinuity of any tensorial quantity F across Σ via the
notation [23,24,26–28,30,32]

½F� ≔ Fjþ − Fj−; ð19Þ

where Fjþ (resp. Fj−) is the limit of F as the point in Vþ
(respectively, V−) approaches Σ. It then follows from
Eq. (18) that both the metric tensor and its first order
derivatives are discontinuous across Σ, i.e.,

½gαβ� ≠ 0; ð20Þ

½∂μgαβ� ≠ 0: ð21Þ

On the other hand, the induced two-metric σAB (A ¼ 2, 3)
on Σ is continuous as

½σAB� ¼ 0; ð22Þ

which indicates that the change surface has a well-defined
intrinsic geometry.2

Discontinuities (20) and (21) entail the presence of a
distribution-valued Riemann tensor Rα

βμν. In particular,
Dirac-delta terms can be present both in the Ricci and
Weyl parts of Rα

βμν [28,30,32]. The former can be physi-
cally associated with the occurrence of a thin distribution of
matter at Σ, referred to as surface layer or thin shell; the
latter, describe an impulsive gravitational wave, i.e., a short

but violent burst of gravitational radiation. These aspects
will be dealt with in the next section.

III. THE REGULARIZATION PROCESS

In many GR applications, one has to deal with the
problem of joining two metrics at a common boundary,
represented by an embedded hypersurface which divides
the spacetime into two distinct regions. This question was
first investigated within the well-known Israel formalism,
where the metric is supposed to keep its signature
unchanged, and the hypersurface, say Σ̄, is either timelike
or spacelike [26,27,32]. In this setup, after having
expressed the combined metric gαβ in a set of coordinates
covering both sides of Σ̄, it is demonstrated that even if gαβ
is assumed to be continuous across the hypersurface (i.e., it
satisfies ½gαβ� ¼ 0), its first derivatives might exhibit dis-
continuities in the direction normal to it. These cause the
Riemann tensor to contain Dirac-delta contributions having
support on Σ̄, and, as a consequence, δ quantities will
emerge in the Einstein field equations. These distributional
factors, in turn, give rise to a surface layer whose stress-
energy tensor can be characterized in terms of the dis-
continuities across Σ̄ of the extrinsic curvature.
When Σ̄ is either timelike or spacelike, only the Ricci

part of the curvature tensor can possess a distributional
singularity. On the other hand, in the case of null hyper-
surfaces [27,28,30,31] both the Ricci and Weyl tensors can
present Dirac-delta singularities. Like before, the former
generate a surface layer with a stress-energy tensor depend-
ing on the geometric properties of the hypersurface (in
particular, it can be expressed through the jump disconti-
nuities across Σ̄ of the transverse curvature three-tensor, see
Refs. [31,32] for further details). Moreover, the δ compo-
nent of the Weyl tensor consists, in general, of a Petrov type
N part and a Petrov type II piece, and it can be interpreted as
an impulsive gravitational wave [30] (see e.g. Refs. [49–55]
for some investigations on the topic of impulsive waves
exploiting either the boosting procedure or the Penrose
“cut-and-paste” method).
When signature-varying metrics are considered, a crucial

novel facet comes out. Indeed, upon writing the metric in a
system of coordinates covering both sides of the change
surface Σ, one finds that gαβ is discontinuous owing to its
degenerate nature, i.e., it inexorably fulfills the condition
½gαβ� ≠ 0. In general, this feature can point out the existence
of a thin shell at Σ. However, in the literature, there exist
models where the occurrence of the surface layer can be
prevented. As discussed before, in the context of Friedman-
Robertson-Walker geometries, it has been shown that
metrics having a changing signature can represent classical
solutions of Einstein equations which evolve smoothly
through Σ [23,24]. In this analysis, the junction conditions
which permit one to avoid the formation of the thin shell are
satisfied by exploiting the properties of some material

2Recall that the induced line element on Σ reads as ds2Σ ¼
ð2MÞ2dΩ2.
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stress-energy tensor defined in the spacetime. However, the
same approach cannot be pursued in our model for two
reasons. First of all, the material stress-energy tensor of the
Schwarzschild solution is vanishing. Secondly, differently
from Refs. [23,24], the change surface (3) is a null
hypersurface. For these reasons, in the following, we will
propose a method to regularize the δ-function part of the
Riemann tensor, thereby preventing the occurrence of both
a surface layer and an impulsive wave at Σ, see Sec. III A.
As we will see, our regularization scheme works inde-
pendently of the eventual matter content of the spacetime,
which therefore can be also empty. Then, we conclude the
section with a digression on degenerate metrics, see
Sec. III B.

A. Avoidance of the surface layer
and the impulsive wave

As pointed out before, the Lorentzian-Euclidean
Schwarzschild metric, written in the Gullstrand-Painlevé
coordinates, does not blow up on the change surface (3),
where the only pathological behavior is due to its degen-
eracy. Therefore, Eq. (18) can represent the starting point
for our investigation of the properties of the change
surface Σ.
Discontinuities (20) and (21) indicate, in general, that Σ

is a singular null hypersurface, as both the Ricci and Weyl
parts of the Riemann tensor can exhibit Dirac-delta-like
contributions. These are due to the fact that some compo-
nents of the curvature tensor depend on the derivatives ε0,
ε02, and ε00, which, in view of Eq. (2), result in the presence
of both linear and quadratic factors in the Dirac-delta
function δðr − 2MÞ (see Appendix B; hereafter a prime
denotes the derivative of a function with respect to its
argument). As a consequence, we obtain an ill-defined

expression for Rα
βμν which we propose to regularize by

adopting the following procedure.
First of all, we introduce a smooth approximation of the

sign function, where Eq. (2) is replaced by

εðrÞ ¼ ðr − 2MÞ1=ð2κþ1Þ

½ðr − 2MÞ2 þ ρ�1=2ð2κþ1Þ ; ð23Þ

ρ being a small positive quantity (having the dimensions of
a squared length) and κ a positive integer. These parameters
regulate the behavior of the function around r ¼ 2M: the
smaller is the value assumed by ρ, the sharper is εðrÞ; in
addition, the larger is κ, the steeper is εðrÞ (see Figs. 1
and 2). Our analysis demonstrates that a well-defined
expression of the curvature tensor requires κ ≥ 1 (as we
will see below, this hypothesis is necessary to regularize the
δ2 terms arising in some components of Rα

βμν).
To preserve the distributional nature of the curvature

tensor on Σ, in our regularization process the approxima-
tion (23) is not applied to the derivatives of εðrÞ. In this
way, ε0 and ε00 give rise to the Dirac delta and its first-order
derivative, respectively.
Details of the regularization process are reported in

Sec. III A 1; then, we further explore the application
domain of this methodology in Sec. III A 2, where we
briefly delve into the thermodynamic properties of the
Lorentzian-Euclidean black hole.

1. Regularization of the Riemann,
Ricci, and Weyl tensors

We begin our investigation of the Riemann tensor by
considering first the pieces linear in the Dirac-delta
function. By recalling that all the quantities involving

FIG. 1. The approximating function (23) withM ¼ 1, κ ¼ 1, and ρ ¼ 0.1M2 (red curve), ρ ¼ 0.01M2 (blue curve), and ρ ¼ 0.001M2

(green curve). It is clear that εðrÞ gets sharper in the neighborhood of r ¼ 2M as ρ approaches zero.
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the Dirac δ should be viewed as distributions to be
integrated over smooth functions, we see that our model
leads to contributions of the type

Z
dr

δðr − 2MÞ
εðrÞ ; ð24Þ

which are in general ill-defined, as δðr − 2MÞ=εðrÞ is not
defined as a distribution, and a naive evaluation would yield
1=0.3 However, we propose to handle these terms via the
approximation (23) jointly with the Hadamard partie finie
regularization method [35], which is a technique broadly
employed in the field of gravitational-wave theory and
compact binaries dynamics (see Ref. [36] and references
therein). This procedure is based on the following pre-
scription (see Sec. 9.6 in Ref. [37] for further details):

δðxÞ
jxjn ≡ 0; ð25Þ

(n being a positive integer) and permits to give a meaning to
all the ill-defined linear-in-δ expressions occurring in Rα

βμν,
which are seen to vanish in the distributional sense within
our model.
Let us now turn our attention to terms quadratic in the

Dirac-delta function, which come up in the components
Rr
rT r, Rr

T T r, RT
rT r, and RT

T T r [cf. Eqs. (B1a), (B1d),
(B1n), and (B1s)]. Despite being ill-defined in the Schwartz
theory of distributions [56], these can be readily regularized

within our model. This is due to the fact that their
coefficients vanish when r ¼ 2M and hence they amount
to zero when integrated over smooth functions. Therefore,
all the factors involving δ2ðr − 2MÞ give no contribution to
the Riemann tensor in the distributional sense. It is worth
noting that analogous issues arise also in other research
areas, such as in the context of gravitational shock-waves,
where they are addressed in a similar manner (see e.g.
Refs. [51,57,58]).
To show the effectiveness of the above arguments, we

will now illustrate how the regularization process can be
applied to the component Rr

rT r, which comprises both δ
and δ2 terms. Let x≔r−2M, then it follows from Eq. (B1a)
together with the approximation scheme (23), that the piece
linear in ε0ðxÞ leads to an integral proportional toZ

dx δðxÞ ðx
2 þ ρÞ1=4ð2κþ1Þ

x1=2ð2κþ1Þ

¼
Z

dx

�
δðxÞ

xpx1=2ð2κþ1Þ

�
½xpðx2 þ ρÞ1=4ð2κþ1Þ�; ð26Þ

where, in the second step, we have multiplied the integrand
by xp

xp (which is well behaved in x ¼ 0), p being a number
such thatpþ 1=2ð2κ þ 1Þ yields a positive even integer. The
above integral vanishes, since we can apply the Hadamard
regularization scheme (25) to δðxÞx−px−1=2ð2κþ1Þ and
xpðx2 þ ρÞ1=4ð2κþ1Þ ¼ 0 when x ¼ 0. The remaining ill-
defined quantities appearing in Rr

rT r stem both from ε02

and ε00 terms. The former yield a contribution proportional to

Z
dx

xδ2ðxÞ
ε3=2

¼
Z

dx δ2ðxÞ ðx2 þ ρÞ3=4ð2κþ1Þ xð4κ−1Þ=2ð2κþ1Þ;

ð27Þ

FIG. 2. The approximating function (23) withM ¼ 1, ρ ¼ 0.1M2, and κ ¼ 0 (red curve), κ ¼ 1 (blue curve), κ ¼ 2 (purple curve), and
κ ¼ 3 (green curve). The plot shows that larger values of κ result in a steeper function around r ¼ 2M.

3We recall that also the product εðrÞδðr − 2MÞ is not defined
as a distribution, since the product between the Dirac delta and
the step function is ill-defined. However, the approximation (23)
is meant to give a sense also to these terms.
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which, in the hypothesis κ ≥ 1, vanisheswhen evaluated over
a smooth function, since the coefficient of δ2ðxÞ is zero in
x ¼ 0. It is thus clear that both the presence of the factor x
multiplying δ2ðxÞ and the constraint κ ≥ 1 are crucial to
achieve the desired result. It is worth noticing that an
analogous procedure is exploited also in the evaluation of
the δ2 part of RT

rT r and R
T
T T r; the regularization of R

r
T T r is

carried out following similar steps, but, in this case, the
condition κ ≥ 0 suffices. Integrals involving ε00 generally
give rise to indefinite δ and δ2 quantities which can be easily
regularized. Indeed, in the case of Rr

rT r, we find an
expression of the typeZ

dx
xε00ðxÞ
ε1=2

¼ 2

Z
dx

xδ0ðxÞ
ε1=2

¼ −2
Z

dx δðxÞ ðx
2 þ ρÞ1=4ð2κþ1Þ

x1=2ð2κþ1Þ

þ 2

Z
dx δ2ðxÞx ðx

2 þ ρÞ3=4ð2κþ1Þ

x3=2ð2κþ1Þ ; ð28Þ

which, as we have explained before, gives zero once we
invoke the Hadamard prescription in the linear-in-delta
integral and take into account, in the one involving δ2, that
xð4κ−1Þ=2ð2κþ1Þ ¼ 0 if x ¼ 0 and κ ≥ 1.
By applying the regularization scheme to all the indefi-

nite Riemann tensor components involving ε0, ε02, and ε00
which are listed in Eq. (B1), we find that these yield a
vanishing contribution in the sense of distributions. Since
also the linear-in-delta pieces which require no regulari-
zation evaluate to zero, we can conclude that the Riemann
tensor has no distributional behavior on Σ, its final
regularized form being given in Eq. (B2). However, it
should be noted that the regularized Riemann tensor has a
jump discontinuity across Σ due to its unavoidable depend-
ence on ε, i.e., it satisfies the condition ½Rα

βμν� ≠ 0. Despite
that, the ensuing Ricci tensor, Ricci scalar, and conse-
quently, Einstein tensor, are well behaved in the whole
spacetime, where they are found to vanish. Therefore, there
exists no distribution-valued stress-energy tensor associ-
ated to the change surface Σ, which thus does not constitute
a surface layer. Furthermore, our regularization procedure
allows us to obtain another crucial result. In fact, we find

that Σ does not represent a new curvature singularity of the
spacetime, since the regularized curvature tensor (B2)
yields a Kretschmann invariant having the usual form, i.e.,

RαβμνRαβμν ≕K ¼ 48M2

r6
; ð29Þ

which shows that the only singularity of the metric is the
one arising in r ¼ 0 (see also Ref. [59] for a discussion on
curvature invariants applied to black holes).
From our analysis, it is also clear that the Weyl tensor

Cα
βμν stemming from the regularized Riemann tensor (B2)

is discontinuous at Σ but has no distributional piece. This
implies the absence of any impulsive gravitational wave on
Σ. We can thus conclude that, thanks to our regularization
technique, the metric (18) is a valid distribution-valued
solution of Einstein equations, as the geometrical quantities
constructed from it can be properly regularized.
In the approach pursued so far, we have applied our

regularization methodology to the Riemann tensor (B1) and
then the resulting regularized expression (B2) has been
exploited to evaluate the Ricci andWeyl tensors. In order to
provide a double check of our findings, we have verified
that our conclusions are valid also if we follow another
program, where we apply the regularization scheme
directly to the distribution-valued Ricci and Weyl tensors.
These can be derived from Eq. (B1), and the former reads as

Rrr ¼
rðr − 2MÞε02 þ 2ε½rð2M − rÞε00 þMε0�

4r2ε2
; ð30aÞ

Rθθ ¼
ð2M − rÞε0

2ε
; ð30bÞ

Rϕϕ ¼ sin2 θRθθ; ð30cÞ

RT r ¼
ffiffiffiffiffiffiffi
2M
r

r � ffiffiffi
ε

p
Rrr −

ε0

r
ffiffiffi
ε

p
�
; ð30dÞ

RT T ¼ 2M − r
r

�
εRrr −

ε0

r

�
; ð30eÞ

while the nontrivial components of the latter are

Cr
rT r ¼ −

ffiffiffiffiffi
M
r

r
r2ðr − 2MÞε02 þ 2rε½rð2M − rÞε00 þ ðr − 5MÞε0� þ 24Mε2

6
ffiffiffi
2

p
r3ε3=2

; ð31aÞ

Cr
θθr ¼

rðr − 2MÞε02
24ε2

þ rð2M − rÞε00 þ ðr − 5MÞε0
12ε

þM
r
; ð31bÞ

Cr
ϕϕr ¼ −

�
r sin θ
2

�
2

ffiffiffiffiffiffiffi
2r
Mε

r
Cr
rT r; ð31cÞ

Cr
T T r ¼

�
2M − r

r

� ffiffiffiffiffiffiffi
εr
2M

r
Cr
rT r; ð31dÞ

AVOIDING SINGULARITIES IN LORENTZIAN-EUCLIDEAN … PHYS. REV. D 109, 104060 (2024)

104060-7



the other nonvanishing components being proportional to
the ones given above. Also in this case, we find, from
Eqs. (30) and (31), that the δ-function part of both Rμν and
Cα

βμν is zero in the distributional sense.4 Like before, the
regularized Ricci tensor vanishes, while the regularized
Weyl tensor depends on ε and hence is discontinuous at Σ.
Therefore, as pointed out before, we can claim that Eq. (18)
represents a true solution of the Einstein equations, which
thus allow for a transition between the domains Vþ and V−
featuring a nonsingular change surface.

2. Hawking temperature and black hole entropy

One of the key features of the regularization procedure
set out in the previous section is represented by the
approximation (23). In this section, we show that our
approach can be advantageously exploited also to evaluate
the otherwise ill-defined Hawking temperature and entropy
of the Lorentzian-Euclidean black hole.
The Hawking temperature is defined through the surface

gravity κg as (we set ℏ ¼ kB ¼ 1)

TH ¼ κg
2π

; ð32Þ

where, since we are dealing with a spherically symmetric
geometry, we have (see e.g. Refs. [60,61] for the standard
GR formulas)

κ2g ¼
�
−

1

2ε
ð∇μξνÞð∇μξνÞ

�
r¼2M

¼
�
−

1

4ε

1

grrgtt
ðg0ttÞ2

�
r¼2M

; ð33Þ

ξμ ¼ δμ0 being the static Killing vector [cf. Eq. (8)]. It
follows, from Eq. (1), that the preceding equation yields

κg ¼
�
δð1 − 2M=rÞ

εðrÞ ð1 − 2M=rÞ þM
r2

�
r¼2M

: ð34Þ

The first term occurring in the above expression is ill-
defined in the theory of distributions [cf. Eq. (24)].
However, we can give it a meaning by exploiting
Eq. (23), which permits one to write

Z
dr

δð1 − 2M=rÞ
r

ðr − 2MÞð2κÞ=ð2κþ1Þ

× ½ðr − 2MÞ2 þ ρ�1=2ð2κþ1Þ ¼ 0; ð35Þ

where we recall that κ ≥ 1. Therefore, Eq. (34) gives the
usual relation

κg ¼ ð4MÞ−1; ð36Þ

which, in turn, leads to the standard result

TH ¼ ð8πMÞ−1: ð37Þ

If we now use the first law of thermodynamics
dM ¼ THdS, we then obtain the well-known expression
for the entropy

S ¼
Z

dM
THðMÞ ¼ 4πM2 ¼ A

4
; ð38Þ

where A is the area of the event horizon. Therefore, our
regularization process allows one to conclude that the
general formula pertaining to the entropy of (stationary)
black holes [44,62] is valid also for the Lorentzian-
Euclidean one.
Results provided in this section can be the starting point

for the investigation of quantum features of the Lorentzian-
Euclidean black hole. This examination can be performed
along the same lines suggested in Ref. [63]. However, the
above-mentioned similarities between GR and the present
model point out that the behavior of quantum fields around
the Lorentzian-Euclidean black hole are essentially the
same as in GR, at least outside the black hole. In a
forthcoming paper, these topics will be developed in detail.

B. Degenerate metrics

In the model devised in this paper, we have supposed that
the Lorentzian-Euclidean metric (18), or equivalently (1), is
valid everywhere in the spacetime. This implies that we
allow for a degenerate metric on the change surface (3).
Having a degenerate metric at some points, say fPμg,

engenders, in general, novel important features which
deserve careful consideration. First of all, at these points,
the metric is not invertible. Therefore, all the equations of
interest where we need to eliminate gμν by multiplication
with its inverse gμν, are underdetermined, i.e., they may
have multiple solutions or no solutions at all. Moreover,
some components of gμν diverge in the neighborhood of
Pμ and hence other quantities, like the Christoffel sym-
bols, become infinite, too. Furthermore, the equivalence
principle is violated as the statement det gμν ¼ 0 is coor-
dinate invariant, which means that no local inertial coor-
dinate system, where the metric takes the Minkowskian
form, can be found. Despite these shortcomings, degenerate

4Equation (30) yields the Ricci scalar

R ¼ rðr − 2MÞε02 þ 2ε½rð2M − rÞε00 þ ðM − 2rÞε0�
2r2ε2

:

This can be easily handled via our method, and the ensuing
regularized expression vanishes.
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metrics have been employed in literature due to their
interesting implications, see e.g. Refs. [22,64–69] and
references therein. In these frameworks, one considers
extended versions of GR where degenerate metrics are
admitted. A first extension can consist in evaluating
relevant quantities at Pμ by calculating their limits as
xμ tends to Pμ. Another method entails the replacement of
gμν by a generalized notion of inverse metric known as
pseudo-inverse, which is derived through the Moore-
Penrose algorithm [70]. For further details regarding the
extensions of GR involving degenerate metrics we refer the
reader to Ref. [71].
Although the Lorentzian-Euclidean metric is degenerate

for r ¼ 2M, we have seen that it is possible to regularize the
Riemann tensor and obtain a well-behaved Einstein tensor,
which amounts to zero. This means that the Lorentzian-
Euclidean metric can be seen as a vacuum solution of an
extended version of GR where degenerate metrics are
considered.

IV. AVOIDANCE OF THE SINGULARITY
AT r= 0

In the previous section, we have demonstrated that the
change surface (3) does not represent a surface layer and no
impulsive wave is generated in the spacetime. Therefore,
we can now investigate the behavior of orbits approaching
the event horizon. In particular, we will focus our attention
on radially infalling trajectories, which, due to their
simple structure, permit one to figure out some crucial
aspects of the Lorentzian-Euclidean black hole geometry
(see Sec. IVA). We conclude the section by discussing the
possible observational and phenomenological implications
of our findings in Sec. IV B.
Hereafter, we employ Schwarzschild coordinates

ft; r; θ;ϕg.

A. The behavior of radial orbits

In this section, we delve into the dynamics of bodies
radially nearing the event horizon. We begin our inves-
tigation with freely falling particles in Sec. IVA 1; then, we
consider accelerated observers in Sec. IVA 2.

1. Geodesic motion

Starting from Eqs. (5)–(9), it is easy to show that the
equations pertaining to the radial geodesic motion are

ṙ2 ¼ ε

�
2M
r

�
− ε

�
1 −

E2

ε4

�
; ð39Þ

ṫ ¼ E
ε2

�
1

1 − 2M=r

�
: ð40Þ

Let us consider an observer starting from rest at some finite
distance ri > 2M. Then, from Eq. (39), we obtain

ri ¼
2M

1 − E2
; ð41Þ

which represents a positive-define length when

0 < E2 < 1: ð42Þ

A first important outcome of our model can be readily
understood. In fact, it follows immediately from Eq. (39)
that ṙ attains imaginary values as soon as r < 2M, or
equivalently ε ¼ −1. We can further investigate this point
following the standard analysis of Ref. [72]. Thus, we write
the radial variable via the relation

rðηÞ ¼ ri cos2ðη=2Þ; ð43Þ

where η∈ ½0; ηH�, ηH < π being the value5 of η when
r ¼ 2M. In this way, one easily finds that the equations
governing infalling radial geodesics take the form

ṙ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε4sin2ðη=2Þ þ E2½cos2ðη=2Þ − ε4�

ε3cos2ðη=2Þ

s
; ð44Þ

ṫ ¼ E
ε2

cos2ðη=2Þ
cos2ðη=2Þ − ð1 − E2Þ : ð45Þ

In view of the constraint (42), we observe that the radial
velocity (44) assumes imaginary values when ε ¼ −1. This
same conclusion also applies to the following derivatives:

dσ
dη

¼ ðṙÞ−1 dr
dη

¼ ri sin ðη=2Þcos2ðη=2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε3

ε4sin2ðη=2Þ þ E2½cos2ðη=2Þ − ε4�

s
; ð46Þ

dt
dη

¼ ṫ
dσ
dη

¼ E
ε2

ricos4ðη=2Þ sin ðη=2Þ
cos2ðη=2Þ − ð1 − E2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε3

ε4sin2ðη=2Þ þ E2½cos2ðη=2Þ − ε4�

s
; ð47Þ

which become imaginary if r < 2M.

5In standard GR, one usually assumes η∈ ½0; π�; however, as explained in this section, radial geodesics cannot enter the black hole
horizon.
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At this stage, let us consider the motion when the particle
gets to the event horizon. When ε ¼ 0, one naively obtains,
from Eqs. (39) and (40), or equivalently Eqs. (44) and (45),
that both ṙ and ṫ diverge (note that also in the standard
Lorentzian-signature pattern ṫ blows up at the horizon).
However, the behavior of ṙ is in contrast with the situation
in which the motion starts at rest far away from the black
hole. Indeed, in this case E ¼ ε2 and the radial velocity (39)
boils down to Eq. (10), which vanishes on the change
surface and becomes imaginary inside the black hole. This
issue can be solved if we recall that, in our model, the
energy is defined as E ¼ −εgμνξμuν, ξμ being the static
Killing vector field [cf. Eq. (8)]. This means that, for a
given motion having 2M < ri < ∞, we can write
E2 ¼ α2ε4, where α2 is some positive-definite bounded
function owing to Eq. (42). In this way, one immediately
sees either from Eq. (39) or Eq. (44) that ṙ becomes zero on
the change surface, like in the scenario having ri ≫ 2M.
In light of the above analysis, we can conclude that

infalling particles moving freely in the radial direction have
a velocity ṙ which vanishes on the event horizon and
becomes imaginary after having crossed it. This can be
interpreted as an indication that the singularity at r ¼ 0 can

be evaded because the observer never reaches it. This
scenario can be ascribed to the emergence of an imaginary
time as soon as r < 2M. Indeed, one way to explain the
metric signature change in Eq. (1) consists in supposing
that the coordinate time t is no longer a real-valued variable
inside the black hole. We propose to relate this feature to
the concept of atemporality, which thus configures, in our
model, as the dynamical mechanism which permits one to
avoid the black-hole singularity.
A crucial aspect of our investigation consists in proving

that the observer in radial free fall takes an infinite amount
of proper time to stop at the event horizon (recall from
Sec. II B that σ coincides with the proper time in the
Lorentzian domain). This task can be performed by solving
Eq. (46), which represents a differential equation with
distribution-valued coefficients due to the presence of ε
[see Eq. (2)]. In general, the resolution of this class of
equations is challenging and the explicit solution can be
exhibited only in some particular cases (see e.g. Ref. [73]
for some applications to quantum mechanics). For our
purposes, it is reasonable to face Eq. (46) in two ways. The
first method relies on simply regarding ε as a constant
coefficient. In this way, we obtain, from Eq. (46),

σðηÞ
M

¼ −
2

ffiffiffiffiffi
ε3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2ð1 − ε4Þ

p
ðE2 − 1ÞðE2 − ε4Þ þ

1ffiffiffi
2

p ðE2 − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε3

ε4 þ E2ð1 − 2ε4Þ þ ðE2 − ε4Þ cos η

s

×

�½ε4 þ E2ð3 − 4ε4Þ� cos ðη=2Þ
ðE2 − ε4Þ þ cos ð3η=2Þ

�
þ ε4

ffiffiffiffiffi
ε3

p

2ðE2 − ε4Þ3=2

×
n
log

h ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 − ε4

p
cos ðη=2Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 þ ε4 − 2E2ε4 þ ðE2 − ε4Þ cos η

q i4
− log

h
4
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E2 − ε4
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2ð1 − ε4Þ

q 
4io
; ð48Þ

where we have adopted the initial condition σðη ¼ 0Þ ¼ 0

and we recall that E2 ¼ α2ε4. The behavior of σðηÞ at
r ¼ 2M can be thus inferred by letting ε approach zero. In
particular, we find limϵ→0þσ ¼ þ∞ and limϵ→0−σ ¼ i∞,
with cosðn ηHÞ finite (n ¼ 3=2; 1; 1=2). The first limit
indicates that the proper time becomes infinite when
r ¼ 2M, while the second is consistent with the fact that
σ takes imaginary values for r < 2M.
The second approach consists in solving Eq. (46) by

adopting the approximation (23) for ε. The ensuing
solution, which we have obtained with numerical methods,
attains unboundedly large values when the observer reaches
the event horizon, as shown in Fig. 3.
By following a similar procedure, we have solved also

Eq. (47). As it is clear from Fig. 4, the coordinate time tðηÞ
becomes infinite as the observer gets to the event horizon,
in line with the predictions of the standard Schwarzschild
solution.

At this stage, a final crucial remark is in order. Although
it remains true that the (regularized) Kretschmann invariant
K blows up at r ¼ 0 [see Eq. (29)], our investigation proves
that this point cannot be reached by infalling radial geo-
desics. In other words, since 2M ≤ rðσÞ < ∞, K is always
bounded along the trajectories followed by radial geo-
desics, as its maximum value is

Kðr ¼ 2MÞ ¼ 3

4M4
: ð49Þ

This ties in with crucial aspects of singularity theorems [74]
(see also Ref. [75] and references therein): there is not
necessarily a link between divergent curvature invariants
and spacetime singularities, the latter being singled out
solely by incomplete (causal) geodesics.
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2. Accelerated motion

The dynamics of a radially accelerated observer, whose
trajectory begins at rest from a large distance from the black
hole, is ruled by the equation (see e.g. Ref. [76] and
references therein)

aλ ¼ dUλ

dσ
þ Γλ

μνUμUν; ð50Þ

where aλ denotes the four-acceleration and

Uμ ≔
dxμ

dσ
; ð51Þ

the four-velocity. To describe a radial-directed orbit, we let
θ and ϕ be constant in Eq. (50), and hence we find that the
nonvanishing components of aλ are

at ¼ dUt

dσ
þ 2Γt

trUtUr; ð52Þ

ar ¼ dUr

dσ
þ Γr

ttUtUt þ Γr
rrUrUr; ð53Þ

where [cf. Eq. (1)]

FIG. 4. The solution tðηÞ of the differential equation (47) obtained via the approximation (23) for ε. The function diverges at the event
horizon (i.e., when η ≈ 1.3).

FIG. 3. The solution σðηÞ of the differential equation (46) obtained via the approximation (23) for ε. The function blows up at the event
horizon (which is reached when η ≈ 1.3), meaning that the observer takes an infinite proper time to reach r ¼ 2M.
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Γt
tr ¼

M
r2ð1 − 2M=rÞ þ

ε0

2ε
; ð54aÞ

Γr
tt ¼

Mε

r2
ð1 − 2M=rÞ þ ε0ð2M − rÞ2

2r2
; ð54bÞ

Γr
rr ¼ −

M
r2ð1 − 2M=rÞ : ð54cÞ

By applying the regularization scheme developed in Sec. III
to Eq. (54a), and resorting to standard distribution-theory
tools to evaluate Eq. (54b), it is easy to show that the terms
proportional to ε0 give a vanishing contribution in the
distributional sense. In this way, the preceding formulas
yield

at ¼ ð1 − 2M=rÞ−1 d
dσ

½ð1 − 2M=rÞUt�; ð55Þ

ar ¼ dUr

dσ
þMε

r2
ð1 − 2M=rÞUtUt

−
M

r2ð1 − 2M=rÞU
rUr: ð56Þ

We can now integrate Eq. (55) by setting

at ¼
�
d
dσ

logF ðσÞ
�
Ut; ð57Þ

F ðσÞ being a generic function of the affine parameter σ. We
thus obtain

d
dσ

log

�
F

1 − 2M=r

�
¼ d

dσ
logUt; ð58Þ

which, in turn, leads to

Ut ¼ F
1 − 2M=r

: ð59Þ

Therefore, from the condition gμνUμUν ¼ −ε, we easily get
the radial component of the observer four-velocity

Ur ¼ −
ffiffiffi
ε

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F 2 − ð1 − 2M=rÞ

q
: ð60Þ

It follows from Eqs. (59) and (60) that the coordinate
time satisfies

dt
dr

¼ −
�

F
1 − 2M=r

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε½F 2 − ð1 − 2M=rÞ�
p ; ð61Þ

which, jointly with Eq. (59), permits one to write in
addition the differential equation for σ

dσ
dr

¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε½F 2 − ð1 − 2M=rÞ�
p : ð62Þ

The above analysis indicates that dynamics of radially
accelerated particles shares important similarities with the
freely falling case. Indeed, Eq. (60) unveils a crucial feature
of our model: supposing that F remains finite at r ¼ 2M,
the accelerated observer also halts at the event horizon;
moreover, when r < 2M, the radial velocity Ur becomes
imaginary.
It is clear, from Eqs. (59) and (60), that the geodesic

orbit of a particle initially at rest at infinity is recovered in
the limit F ¼ 1 [cf. Eqs. (8) and (10) and recall that such
free-fall motion has E ¼ ε2]. In addition, the choice
F ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2M=r
p

pertains to the case of a static observer.
Therefore, we can consider, without loss of generality, that
the F function assumes the form

F ¼ fðσÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2M=r

p
; ð63Þ

with fðσÞ > 1. A particular instance of the model (63)
consists in assuming that fðσÞ is given by a constant factor
a > 1, so that we can write

F ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2M=r

p
: ð64Þ

By considering the above accelerating term, we have
ascertained that both σðrÞ and tðrÞ become infinite when
r ¼ 2M [the function σðrÞ is displayed in Fig. 5; the
behavior of tðrÞ is similar]. In other words, like for the
geodesic motion, the accelerated body takes an infinite
amount of proper time to stop at the event horizon;
similarly, a distant observer sees the accelerated particle
approaching r ¼ 2M in an infinite time.

B. Observational and phenomenological
considerations

Let us discuss now some implications that can character-
ize our model from a phenomenological standpoint.
A first scenario that should be taken into account involves

the deceleration experienced by bodies pointing radially
towards the event horizon, where they ultimately stop. This
novel aspect can potentially lead to some observational
signatures of the Lorentzian-Euclidean framework proposed
here. However, this possibility comes with some caveats.
First of all, as shown in Sec. IVA, the deceleration is a long-
lasting processwhich unfolds over an infinite period of time,
as seen from both the perspective of particle and that of an
observer stationed at infinity. Thus, the deceleration occurs
smoothly rather than in an abrupt way, and this can pose
some issues in the search for possible detectable properties
of the Lorentzian-Euclidean geometry. Moreover, both in
the standard GR context and the one studied here, a distant
observer never sees the particle crossing the event horizon,
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meaning that the resultant measurable effects in the two
theories could be similar. However, the accumulation of a
bunch of particles on the event horizon can be a distinguish-
ing feature of our model, which can set it apart from GR.
Potentially, this phenomenon can be an observable feature.
The particle accumulation could shape the luminous sil-
houette around the black hole event horizon. The forth-
coming observational campaigns of the Event Horizon
Telescope Collaboration, which are going to detect the fine
structure around supermassive black holes, as recently
reported in Refs. [77,78], could give indications in this
direction.
Another point worth mentioning regards the formation of

accretion disks around black holes [79]. Let us consider a
slowly rotating black hole whose metric can be approxi-
matedwith the Schwarzschild solution. Since a key aspect of
the Lorentzian-Euclidean pattern is that its outer geometry
mirrors the Schwarzschild one, the position of stable and
unstable circular orbits remains unchanged. Consequently,
the black hole is allowed to gather mass, giving rise to a disk
with its inner edge located, as usual, near the innermost
stable circular orbit. Although the velocity of radially
moving bodies vanishes at the event horizon,matter orbiting
the black hole still loses energy as it spirals inward, resulting
in the radiation that we observe. Also in this case, the
different behavior of infalling particles with respect to GR
might give rise to some observable consequences.

V. DISCUSSION AND CONCLUSIONS

In classical GR, it is possible to obtain solutions of
Einstein equations whose signature transitions from the
standard Lorentzian to the Euclidean one, and are com-
pletely smooth through the surface change. These exhibit

interesting properties, as they can be related to the so-called
real tunnelling solutions of the Wheeler-DeWitt equation in
quantum cosmology [4,80].
Signature-changing metrics have been mainly investi-

gated in classical homogeneous and isotropic cosmologies.
In these scenarios, a crucial role is fulfilled by the (Darmois)
junction conditions, which guarantee the absence of any
surface layer at the change surface. In this paper, we have
extended this approach by considering a static and spheri-
cally symmetric black hole metric, which gives rise to what
we dubbedLorentzian-Euclidean Schwarzschild black hole.
This solution reproduces exactly the standardSchwarzschild
geometry for r > 2M, becomes degenerate at r ¼ 2M, and
exhibits a Euclidean structure when r < 2M, see Eqs. (1)
and (2). In our investigation, we have demonstrated that the
event horizon is not a singular hypersurface, as it is not the
site of a surface layer or an impulsive gravitational wave.
This result has been achieved thanks to the introduction of a
regularization scheme based on the Hadamard partie finie
technique, which permits to discard all the distribution-
valued ill-defined pieces of both the Riemann and Weyl
tensors (see Sec. III). The resulting regularized tensors
depend only on the function ε and not on its derivatives,
while the regularized Ricci tensor and Ricci scalar vanish.
This means that the Lorentzian-Euclidean Schwarzschild
metric represents a well-defined signature-changing solu-
tion of the vacuum Einstein field equations.
In our analysis, a crucial role is fulfilled by the concept of

atemporality, which describes the Euclidean regime r <
2M where the time variable t becomes imaginary. The
examination of Sec. IVA reveals that both infalling radial
geodesics and accelerated orbits have a velocity which
vanishes on the event horizon and becomes imaginary
inside the black hole, meaning that the singularity at r ¼ 0

FIG. 5. Proper time σðrÞ of a radially accelerated observer obtained by numerically solving the differential equation (62) with the
initial condition σðr0Þ ¼ 0. The functions ε and F have been evaluated by employing Eqs. (23) and (64), respectively. The solution σðrÞ
diverges at the event horizon.
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is not effectively reached. This differs from the standard
Lorentzian-signature framework, where a particle unavoid-
ably falls into the singularity within a finite proper time
once it has crossed the event horizon [81]. Therefore, we
propose to interpret atemporality as the mechanism which
regularizes the black hole geometry and allows one to avoid
the singularity. In other words, our model suggests that
objects seem to be unable to enter the event horizon, at least
at the classical level. The same analysis for quantum
particles will be developed elsewhere. Furthermore, as
discussed in Sec. IV B, the accumulation of a bunch of
particles on the event horizon is a feature predicted by our
model which differentiates it from GR. This phenomenon
can be regarded as a potential observable feature.
Atemporality can be seen as the dynamical procedure

introducing a natural cutoff for the radial trajectory rðσÞ,
which is subject to the condition 2M ≤ rðσÞ < ∞, making
thus the (regularized) Kretschmann scalarK bounded along
the path of radially moving observers. Therefore, a crucial
point that we want to stress on the ground of Eq. (49) is the
following. We can interpret K as the quantity related to the
implementation of the atemporality mechanism. This
parameter permits one to establish a relation with the black
hole size (i.e., the larger the black hole, the smaller the
value of K at r ¼ 2M and vice versa), and offers the
possibility of “measuring” the degree of atemporality of
the system. Indeed, any black hole can be characterized by
a mass and, eventually, an angular momentum and a charge.
Now we propose to add another parameter: the atempor-
ality, which is related to the regularized Kretschmann
invariant (49). In other words, we can state the following:

Atemporality is the dynamical mechanism by
which an observer pointing toward the event
horizon cannot reach the singularity in r ¼ 0,
because real-valued geodesics and accelerated
orbits cannot be prolonged up to there. As a
consequence, both the time variable and radial
velocity become imaginary inside the black hole.
The parameter “measuring” the degree of atem-
porality is the Kretschmann scalar K, which is
related to the mass of the black hole.

As discussed in this paper, atemporality means that when
time becomes imaginary, there is no dynamics in the
standard sense related to the real time. Therefore, we
can say that there exists an analogy with the tunnelling
effect in quantum mechanics [82]. Indeed, in the latter
setup, the nature of the quantum wave function changes
inside and outside the potential barrier. In the present case,
the nature of time, as well as that of geodesics and
accelerated paths, changes in passing through the event
horizon, so then atemporality consists in this change of
dynamical behavior.
Imaginary time is widely employed in quantum gravity

and quantum cosmology, where it is defined via the

well-known Wick rotation [45] and offers a unified picture
of quantum and statistical mechanics [83]. The outcome of
this paper moves toward giving a more physical meaning to
Wick rotation, which does not configure as a mere
mathematical operation. Indeed, in our framework the
emergence of an imaginary time is associated with the
transition from the standard Lorentzian geometry to a
different one, which is endowed with an ultrahyperbolic
signature and is dominated by atemporality. From our
perspective, there is no preference between a real-valued or
an imaginary time variable, since we deem that both options
can be treated on the same footing and share the same level
of importance. This means that the dispute over the fictional
status of imaginary time loses importance [38,41,84]. In
this regard, Hawking himself has stated in his popular
science book (Ref. [85], page 59):

“One might think this means that imaginary
numbers are just a mathematical game having
nothing to do with the real world. From the
viewpoint of positivist philosophy, however,
one cannot determine what is real. All one can
do is find which mathematical models describe
the universe we live in. It turns out that a
mathematical model involving imaginary time
predicts not only effects we have already ob-
served but also effects we have not been able to
measure yet nevertheless believe in for other
reasons.”

Atemporality as proposed in this paper can open up new
interesting perspectives. First of all, it represents a new
original method to remove the black hole singularity which
can be framed in the research field dealing with regularized
black hole geometries (see the models studied in e.g.
Refs. [86–92] and the formalism devised in Ref. [93],
which has also been generalized to cosmological settings
[67–69]). Therefore, exploring possible connections with
these approaches would represent a fascinating topic.
Furthermore, the concept of atemporality can enable new
progress in our understanding of black hole physics. In
addition, the ideas set out in this paper encourage us to
search for possible observational signatures of atempor-
ality. These aspects deserve consideration in a separate
paper.
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APPENDIX A: THE KRUSKAL-SZEKERES
COORDINATES

In this appendix, we work out the metric (1) in Kruskal-
Szekeres coordinates. The following calculations are valid
in Vþ and V−, where ε ¼ �1 and ε2 ¼ 1 [cf. Eq. (2)].
Upon adopting null coordinates ðu; vÞ, standard argu-

ments [32,81,94] permit one to show that the metric (1)
takes the form

ds2 ¼ −ε
�
1 −

2M
r

�
du dvþ r2dΩ2; ðA1Þ

where

u ¼ t − r⋆;

v ¼ tþ r⋆; ðA2Þ

with the tortoise coordinate r⋆ being

r⋆ ¼ 1ffiffiffi
ε

p
Z

dr
1 − 2M=r

¼ 1ffiffiffi
ε

p
�
rþ 2M log

�
r
2M

− 1

��
: ðA3Þ

In this coordinate system, the surface r ¼ 2M still repre-
sents a coordinate singularity. This can be removed by
means of a new set of null coordinates

u0 ¼ −ε e−
ffiffi
ε

p
u=ð4MÞ;

v0 ¼ e
ffiffi
ε

p
v=ð4MÞ; ðA4Þ

which, in view of the preceding formulas, give

u0 ¼ −ε
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r
2M

− 1

r
eðr−

ffiffi
ε

p
tÞ=ð4MÞ;

v0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r
2M

− 1

r
eðrþ

ffiffi
ε

p
tÞ=ð4MÞ: ðA5Þ

In this way, the Lorentzian-Euclidean Schwarzschild metric
becomes

ds2 ¼ −ε
32M3

r
e−r=ð2MÞdu0dv0 þ r2dΩ2: ðA6Þ

We can now introduce the variables T and R via the
relations

T ¼ 1

2
ffiffiffi
ε

p ðv0 þ εu0Þ;

R ¼ 1

2
ðv0 − εu0Þ; ðA7Þ

and hence the sought-after metric in Kruskal-Szekeres
coordinates ðT ;R; θ;ϕÞ reads as

ds2 ¼ 32M3

r
e−r=ð2MÞð−εdT 2 þ dR2Þ þ r2dΩ2; ðA8Þ

where r is defined implicitly by

−εT 2 þR2 ¼
�

r
2M

− 1

�
er=ð2MÞ: ðA9Þ

The pathological behavior at r ¼ 2M has been removed in
Eq. (A8) [or, equivalently, Eq. (A6)]. In fact, apart from the
singularity at r ¼ 0, the only pathology affecting the metric
(A8) is due to the fact that it becomes degenerate on the
change surface Σ, where ε ¼ 0.
The calculations performed in this paper are not straight-

forward in Kruskal-Szekeres coordinates as the variable r is
specified by Eq. (A9). For this reason, in Sec. II B, we used
the Gullstrand-Painlevé coordinates.

APPENDIX B: THE REGULARIZED RIEMANN
TENSOR IN GULLSTRAND-PAINLEVÉ

COORDINATES

Starting from the formula (18) pertaining to the
Lorentzian-Euclidean Schwarzschild metric in Gullstrand-
Painlevé coordinates ðT ; r; θ;ϕÞ, we find that the non-
vanishing components of the Riemann tensor are

Rr
rT r ¼

ffiffiffiffiffi
M
r

r
r2ð2M − rÞε02 þ 2rε½rðr − 2MÞε00 þ 3Mε0� − 8Mε2

2
ffiffiffi
2

p
r3ε3=2

; ðB1aÞ

Rr
θθr ¼

M
r
; ðB1bÞ

Rr
ϕϕr ¼ sin2 θRr

θθr; ðB1cÞ
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Rr
T T r ¼

ffiffiffiffiffiffiffiffiffi
ε

2Mr

r
ð2M − rÞRr

rT r; ðB1dÞ

Rθ
rθr ¼ M

rε0 − ε

r3ε
; ðB1eÞ

Rθ
rT θ ¼

ffiffiffiffiffi
M
r

r
rðr − 2MÞε0 þ 2Mεffiffiffiffiffi

2ε
p

r3
; ðB1fÞ

Rθ
ϕϕθ ¼ −2sin2θRr

θθr; ðB1gÞ

Rθ
T T θ ¼

ffiffiffiffiffiffiffi
2εr
M

r
2M − r

2r
Rθ

rT θ; ðB1hÞ

Rϕ
rϕr ¼ Rθ

rθr; ðB1iÞ

Rϕ
rT ϕ ¼ Rθ

rT θ; ðB1jÞ

Rϕ
θϕθ ¼ 2Rr

θθr; ðB1kÞ

Rϕ
T ϕr ¼ −Rθ

rT θ; ðB1lÞ

Rϕ
T T ϕ ¼ Rθ

T T θ; ðB1mÞ

RT
rT r ¼ −

ffiffiffiffiffiffiffiffiffi
r

2Mε

r
Rr

rT r; ðB1nÞ

RT
θθr ¼ −

ffiffiffiffiffi
M
2r

r
rε0

ε3=2
; ðB1oÞ

RT
θT θ ¼ −

M
r
þ ð2M − rÞ ε

0

2ε
; ðB1pÞ

RT
ϕϕr ¼ sin2θRT

θθr; ðB1qÞ

RT
ϕT ϕ ¼ −

r2sin2θffiffiffi
ε

p
ffiffiffiffiffiffiffi
r
2M

r
Rθ

rT θ; ðB1rÞ

RT
T T r ¼ −Rr

rT r; ðB1sÞ

where εðrÞ is given in Eq. (2) and its derivatives with respect
to r variable are indicated with a prime; the remaining
components of the curvature tensor are derived from the
above ones by symmetry.
The factors involving ε0 generally give ill-defined

expressions which depend linearly on the Dirac delta
function δðr − 2MÞ. Additionally, in Eqs. (B1a), (B1d),
(B1n), and (B1s), ε02 yields indefinite quadratic-in-delta
quantities. Ill-defined δ and δ2 terms stem also from ε00

pieces in all the aforementioned components except for
Eq. (B1d), where the ε00 contribution results in the integralR
drðr − 2MÞ2δ0ðr − 2MÞ, which vanishes by applying

conventional distribution-theory techniques.
The ill-defined entities occurring in Eq. (B1) can be

regularized by resorting to the scheme introduced in
Sec. III, which permits one to obtain the following
expression for Rα

βμν having no distributional behavior:

Rr
rT r ¼ −2

ffiffiffi
2

p �
M
r

�
3=2

ffiffiffi
ε

p
r2

; ðB2aÞ

Rr
θθr ¼

M
r
; ðB2bÞ

Rr
ϕϕr ¼ sin2θRr

θθr; ðB2cÞ

Rr
T T r ¼

2Mεðr − 2MÞ
r4

; ðB2dÞ

Rθ
rθr ¼ −

1

r2
Rr

θθr; ðB2eÞ

Rθ
rT θ ¼ −

1

2
Rr

rT r; ðB2fÞ

Rθ
ϕϕθ ¼ −2sin2θRr

θθr; ðB2gÞ

Rθ
T θr ¼

1

2
Rr

rT r; ðB2hÞ

Rθ
T T θ ¼ −

1

2
Rr

T T r; ðB2iÞ

Rϕ
rϕr ¼ −

1

r2
Rr

θθr; ðB2jÞ

Rϕ
rT ϕ ¼ −

1

2
Rr

rT r; ðB2kÞ

Rϕ
θϕθ ¼ 2Rr

θθr; ðB2lÞ

Rϕ
T ϕr ¼

1

2
Rr

rT r; ðB2mÞ

Rϕ
T T ϕ ¼ −

1

2
Rr

T T r; ðB2nÞ

RT
rT r ¼

2

r2
Rr

θθr; ðB2oÞ

RT
θT θ ¼ −Rr

θθr; ðB2pÞ

RT
ϕT ϕ ¼ −sin2θRr

θθr; ðB2qÞ

RT
T T r ¼ −Rr

rT r: ðB2rÞ
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Although the regularized Riemann tensor (B2) is discontinuous across Σ, it is easy to see that it yields a perfectly well-
behaved expression for both the Ricci tensor and Ricci scalar, which vanish in the whole spacetime manifold as in the
standard Lorentzian-signature Schwarzschild solution.
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