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We study the linear stability of spontaneously scalarized black holes (BHs) induced by a scalar field ¢
coupled to a Gauss-Bonnet (GB) invariant R%. For the scalar-GB coupling &(¢) = (17/8) (¢ + ag*),
where 7 and «a are constants, we first show that there are no angular Laplacian instabilities of even-parity
perturbations far away from the horizon for large multipoles / > 1. The deviation of angular propagation
speeds from the speed of light is largest on the horizon, whose property can be used to put constraints on the
model parameters. For @ 2 —1, the region in which the scalarized BH is subject to angular Laplacian
instabilities can emerge. Provided that « < —1 and —1/2 < agb% < —0.1155, where ¢, is the field value on
the horizon with a unit of the reduced Planck mass Mp; = 1, there are scalarized BH solutions satisfying all
the linear stability conditions throughout the horizon exterior. We also study the stability of spontaneously
scalarized BHs in scalar-GB theories with a nonminimal coupling —f¢>R/16, where f is a positive
constant and R is a Ricci scalar. As the amplitude of the field on the horizon approaches an upper limit
|ho| = 4/+/P, one of the squared angular propagation speeds c3_ enters the instability region ¢, < 0. So
long as |¢| is smaller than a maximum value determined for each f in the range f > 5, however, the

scalarized BHs are linearly stable in both angular and radial directions.
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I. INTRODUCTION

In general relativity (GR), the Schwarzschild black hole
(BH) arises as a unique vacuum solution of the Einstein
equation on a static and spherically symmetric background.
The geometry of the Schwarzschild BH is solely charac-
terized by a BH mass. In order to generate an additional
“hair” to the BH mass on the same background, we need to
take into account new degrees of freedom such as scalar
and vector fields. In the presence of a U(1) gauge-invariant
vector field, the resulting solution is the Reissner-
Nordstrom BH with an electric and/or magnetic charge
besides the mass.

If we consider a canonical scalar field ¢ with the
potential V(¢) satisfying certain conditions, it is known
that static, spherically symmetric, and asymptotically flat
BHs do not acquire new scalar hairs [1-3]. This no-hair

“masato.minamitsuji @ist.utl.pt
Tshinji.mukohyama@ yukawa.kyoto-u.ac.jp
*tsujikawa@waseda.jp

2470-0010,/2024/109(10)/104057(19)

104057-1

property also persists for k-essence [4] and for a non-
minimally coupled scalar field with the Ricci scalar R of the
form k(¢)R [5-9]. A simple way to evade the no-hair
theorems is to introduce time dependence to the scalar
profile while keeping the time-independent metric.' In this
paper, however, we shall not pursue this possibility and we
assume that scalar-field profiles for the background sol-
utions are time independent.

In the presence of a coupling between ¢ and the Gauss-
Bonnet (GB) invariant Ry of the form &(¢)R%g, there are

"This allows for, for example, stealth BH solutions, in which the
metric is the same as in GR but the scalar profile is nontrivial (see
Ref. [10] for the first stealth Schwarzschild solution in k-essence).
For each stealth BH, if and only if the scalar profile is timelike, one
can easily implement the so-called scordatura mechanism [11-13]
to find the corresponding approximately stealth solution (see
Ref. [10] for the first example), which is stealth for any practical
purposes at astrophysical scales [10,14,15] and around which
perturbations are weakly coupled all the way up to the scale
associated with the background value of the derivative of the scalar
field [11].
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hairy BH solutions endowed with scalar hairs [16-29].
Such Einstein-scalar-Gauss-Bonnet (EsGB) theories
belong to a subclass of Horndeski theories with second-
order field equations of motion [30-33]. Indeed, even in the
framework of full Horndeski and degenerate higher-order
scalar-tensor theories, it was shown that the existence of the
scalar-GB coupling is necessary for realizing nonpatho-
logical (e.g., linearly stable) and asymptotically flat BH
solutions with a regular scalar field on the horizon [34,35]
(see also Ref. [36]).

In EsGB theories given by the coupling &(¢h)R%g, it is
known that a phenomenon called spontaneous scalarization
of BHs and neutron stars (NSs) can occur for &(¢)
containing even-power-law functions of ¢ [37-50]. This
is analogous to spontaneous scalarization of NSs induced
by the nonminimal coupling x(¢)R [51,52]. In the latter
case, the trace T of matter inside the star is coupled to the
scalar field ¢ through a relation M3,R = —T. For BHs, the
Ricci scalar is vanishing due to the absence of matter
(T = 0). However, the GB invariant does not vanish for a
vacuum Schwarzschild or a Kerr background. Hence a BH
can acquire a nontrivial scalar hair through tachyonic
instability caused by the coupling between ¢ and R%j.

For the scalar-Gauss-Bonnet (sGB) coupling given by
even-power-law functions like £(¢) = n¢*/8 with # being
constant, there is a nonvanishing scalar-field branch ¢ # 0
besides the GR branch ¢ = 0. On weak gravitational
backgrounds like the Solar System, the scalar field stays
in the latter trivial branch, whose property does not conflict
with the experimental tests on gravity [53]. In the vicinity
of BHs, the effective mass squared of ¢, which is given by
mZy = —& 4,R&p, can be negative at ¢ =0 under the
condition ¢ 4, = d*£/d¢* > 0. For the coupling &(¢) =
n¢?/8 this condition translates to # > 0, under which the
GR branch can trigger tachyonic instability toward the
other nontrivial branch to realize scalarized BHs (see also
Refs. [54—-63] for spontaneous scalarization caused by other
couplings).

In EsGB theories given by the coupling &(¢p) = n¢?/8,
however, the scalarized branch (¢ # 0) is unstable against
radial perturbations everywhere [64]. Taking into account
higher-order terms to the sGB coupling, e.g., &(¢p) =
(n/8)(¢* + a¢p*) with « being dimensionless coupling
constant, there are parameter spaces in which the scalarized
BH solutions are not subject to radial tachyonic instabilities
[40,43,65]. In this paper we will study all the linear stability
conditions for scalarized BHs with the sGB coupling
E(p) = (n/8)(¢* + agp*) in both angular and radial direc-
tions by exploiting linear stability conditions derived for
Horndeski theories [66] (see also Refs. [67-69]). Indeed,
there is a wide range of parameter spaces in which the
scalarized BHs are subject to neither ghost nor Laplacian
instabilities for large radial and angular momentum modes.

The BH scalarization model in EsGB theories was
extended to include the nonminimal coupling x(¢)R, where

k(¢) is an even-power-law function of ¢ [70-72]. Such
Einstein-scalar-Gauss-Bonnet-Ricci  (ESGBR)  theories
were motivated for realizing the asymptotic GR solution
¢ = 0 as a cosmological attractor [70]. For the couplings
k() = —p¢*/16, with  being the dimensionless constant
and &(¢) = n¢?/8, the analysis of Ref. [72] showed that
there are radially stable scalarized BH solutions if > 5.

Recently, it was found that scalarized BHs in EsSGBR
theories can be subject to angular instabilities for the
quadrupole perturbation (/ = 2) [73]. This stability analysis
is based on the computation of the BH entropy [74]
integrated over the spatial cross section of the horizon.
However, it is not yet clear what happens for the angular
stability of BHs in the large multipole limit (/ > 1). In
particular, since [ appears in the quadratic action for
perturbations only through the expression /(/ + 1) (which
is an increasing function of /), if increasing / from O to 2
changes stable perturbations to unstable ones as claimed in
Ref. [73], then the instability is naturally expected to be
more prominent for larger /. Since EsGBR theories belong
to a subclass of Horndeski theories, one can exploit the
angular stability conditions derived in Ref. [66] for [ > 1.
In this paper, we will address both the angular and radial
stabilities of scalarized BHs in EsGBR theories and find
that the angular Laplacian instabilities can arise for large
field values ¢, on the horizon. However, we will show the
existence of parameter spaces in which neither ghosts,
angular/radial Laplacian instabilities, nor radial tachyonic
instabilities are present.

This paper is organized as follows. In Sec. II, we briefly
review conditions for tachyonic instabilities of the GR
branch in both EsGB and EsGBR theories and also present
the background equations of motion on the static and
spherically symmetric background. In Sec. III, we revisit
the linear stability conditions derived in [66] and apply
them to EsGB and EsGBR theories in the small field regime
(lp| < 1). In Sec. 1V, we study the radial stability of the
dynamical scalar-field perturbation §¢ by considering a
monopole mode (I = 0). After deriving a closed-form
second-order differential equation for d¢ with the back-
reaction of metric perturbations taken into account, we
obtain the regime of model parameters consistent with the
radial stability analysis performed in the literature [43,70].
In Secs. V and VI, we elucidate the parameter spaces of
EsGB and EsGBR theories in which no linear instabilities
of scalarized BHs are present. Section VII is devoted to
conclusions.

II. ESGB AND ESGBR THEORIES

We begin with a general action of EsGBR theories
given by

s =3 [ @GR X+ DRy +KRL (21)
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where g is the determinant of metric tensor g,,, R is the Ricci
scalar, X = —(1/2)¢" 0,40, ¢ is the kinetic term of a scalar

field ¢, Ry is the GB invariant, and £(¢p) and x(¢) are
functions of ¢». We will choose the unit of Mp; = 1, where
My, represents the reduced Planck mass. Note that EsGB
theories correspond to the special case where k(¢) = 0.

On the static and spherically symmetric background,
spontaneous scalarization of BHs can be realized for the
sGB coupling &(¢p) with a Z, symmetry &(—¢) = E(¢)
[37,38,40-43]. If we apply these EsGB theories to cosmol-
ogy, the asymptotic GR solution ¢ =0 is not generally
realized without tuning the initial conditions [70,75,76]. If
we allow the existence of a nonminimal coupling of the form
—B¢*R/ 16, the scalar field can approach a cosmological
attractor being compatible with Solar System constraints on
today’s field value of ¢ [70-72]. In such EsGBR theories, it
was recently recognized that scalarized BHs can be subject to
a quadrupole angular instability below a critical value of the
BH mass [73]. If this is the case, then the similar angular
instability may also manifest itself for larger multipoles
[ > 1. In this paper, we will address this latter issue along
with the radial stability by using general conditions derived in
Ref. [66]. Moreover, we will investigate the angular and
radial stabilities of BHs in EsGB theories.

The action (2.1) in EsGBR theories belongs to a subclass
of Horndeski theories given by the action

S = /d4x\/—g{G2 - G3D¢) + G4R

+Gual(O9) = (V,V.) (V999)] + GG 9PV
~ £Gsx[(O8) = 3(09)(V,V.9)(V79)

2<wva¢><vavﬁ¢><wvﬂ¢>]}, (22)

where V, is a covariant derivative operator, [1 = V#V,

G,, is the Einstein tensor, and
Gy = 3 [X + 8 gy (PN~ [X])].  (23)
Gy = 28 s ($)X[7 = 31 |X]), (2.4)
Gy =3[+ k(D) + 2 (X2~ IX]),  (25)
Gs = 2 ,(¢)n 26)
with the notations & () = d&(@)/dp, & 4p(h) =

d?&(¢)/d¢p?, etc.

Varying the action (2.1) with respect to ¢, we obtain the
scalar-field equation of motion

O¢ + REpé 4 + Re 4 = 0. (2.7)

For the functions &(¢) and «(¢) respecting the Z, sym-
metry, there are in general the GR branch ¢ = 0 and the
nonvanishing scalar-field branch ¢ # 0.

We consider the static and spherically symmetric back-
ground given by the line element
ds? = —f(r)de® + h='(r)dr* + r*(d9 +sin’0d¢?), (2.8)
where ¢, r, and (0, ) represent the time, radial, and angular
coordinates (in the ranges 0 <0 <z and 0 < ¢ <27,
respectively), and f, h are functions of r. For the scalar
field, we consider a radial-dependent profile ¢(r). The
gravitational and scalar-field equations of motion are
given by

= A= D[k = 38y P8 )]+ D02 B + 20 + 4 gg] )
- 2[4¢'(3h = 1) 4 — r(rd'x 4 + 2k + 2)] '
. f14h=1)(1 4 &) — hr? ¢ + 8hrd/k 4]
P = ohad (3h— 1), — r(riy 1 26 1 2)] (2.10)
// 2 f/ / R%}BO R
0+ (Lo e, 1 J, o 1)
where a prime represents the derivative with respect to r, and

22 F 1" — /2h2 3F R — 2" 12 h— h
R = HCLI =2V (B 200 P 17 o)
Ro = — 2ff" = fR)hr* + rff'(rh + 4h) + 4rf*H + 4f*(h — 1) ' (2.13)

212 f2
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Note that R%p, and Ry, are the background values of the GB
invariant and the Ricci scalar, respectively. On the
Schwarzschild background given by the metric components
f =h=1-r,/r, where r is the horizon radius, we have
R%p, = 1272 /1% and R = 0, respectively. If we consider a
scalar-field perturbation d¢ about the GR branch ¢ = 0,
then Eq. (2.7) gives the linearized equation

1212
066+~ £ 3 y56p = 0.

s (2.14)

The GR branch can be subject to tachyonic instability for

The simplest choice of the sGB coupling allowing the
existence of a nonvanishing ¢ branch besides ¢ = 0 is
E(¢p) = ngp? /8. So long as the condition 7 > 0 is satisfied,
the GR branch can trigger tachyonic instability toward the
other branch ¢ # 0. This is the phenomenon of sponta-
neous scalarization of BHs induced by the sGB coupling.

In Ref. [64], it was shown that the scalarized branch
(¢p # 0) for the coupling &(¢p) = n¢?/8 is unstable against
radial perturbations in the even-parity sector, as the
tachyonic instability is never quenched by nonlinearities
in the field equations. This can be understood as the
appearance of a negative effective potential Vg (r) for
the scalar-field perturbation d¢ in the vicinity of the
horizon. This radial tachyonic instability can be avoided
by taking into account a coupling proportional to ¢* in &(¢)
[40,43,65], i.e.,

() =5 (@ + ag?),

e

k() =0, (2.16)
which generates nonlinearities in ¢ in the scalar-field equa-
tion. A negative constant a can lift up the effective potential
toward the region V(r) > 0. Without taking into account
the backreaction of metric perturbations to the scalar-field
perturbation 6¢, it was shown in Ref. [43] that the negative
region of V¢ (r) disappears for agpd < —0.1155, where ¢ is
the field value on the horizon. We note that the sGB coupling

of the form &(¢p) = (7/8f)(1 — e#?*) can also address the
radial tachyonic instability problem [37]. For both the quartic
and exponential couplings, since the leading behavior for the
small field amplitude is given by &(¢p) — n¢p*/8, bifurcation
of a scalarized branch from the GR Schwarzschild branch
occurs at the same point in the phase diagram.

There is yet another model of BH spontaneous scalari-
zation based on EsGBR theories given by the coupling
functions [70-72]

K@) =L g2,

i (2.17)

In this case, there are also the nontrivial solution ¢ # 0 as
well as the GR branch ¢ = 0. For the latter branch, we have

Ry = 0 and hence the perturbation d¢ about ¢ = 0 obeys
Eq. (2.14). Then, under the condition # > 0, the GR solution
can trigger tachyonic instability toward the other nontrivial
branch. Since the Ricci scalar R acquires the scalar-field
contribution for ¢ # 0, the third term on the left-hand side of
Eq. (2.7) affects the stability of the branch ¢ # 0. Taking into
account the backreaction of metric perturbations to the
scalar-field perturbation 8¢, it was shown in Ref. [72] that®
the radially stable BH solutions can be present for f > 5.
Kleihaus et al. [73] found that a new branch of scalarized
BHs can emerge from a spherical scalarized branch for the
couplings (2.17) in EsGBR theories by taking the quad-
rupolar deformation of the horizon configuration (multipole
[ = 2) into consideration. It is not yet clear whether there are
parameter spaces consistent with linear stability conditions
along both angular and radial directions, which we will
address in the following.

III. LINEAR STABILITY CONDITIONS FOR HIGH
RADIAL AND ANGULAR MOMENTUM MODES

To study the linear stability of BHs for the modes with
large wave numbers k and multipoles /, we consider metric
perturbations /1, on the background line element (2.8)
given by the metric tensor gy, such that g,, = g,, + hy,.
We express all the perturbations in terms of the spherical
harmonics Y, (6, @), with the parity (—1)'*! for odd modes
and the parity (—1)’ for even modes under a rotation in the
(0, @) plane [77-79]. Without loss of generality, we set
m = 0 and consider the case in which Y, depends on 6
alone. We choose the gauge in which the metric compo-
nents h,,;,, where the subscripts a and b are either 0 or ¢, are
vanishing. We also take i, = 0, where A is the perturba-
tion appearing in the metric components h,,(=h,,) in the
form >, hy(t,7r)V,Yo(0). These choices completely fix
the residual gauge degrees of freedom. Then, the non-
vanishing metric components are

g =—f(r) + f(r)ZHo(t, r)Yo(6),
Gir = Gr = ZH 1(1,1)Y1(0),

Gip = G = —§le<r, r)(sin6)Y10,4(6),
Grr =W (r) + 17! (V)Z:Hz(h r)Y(0),
9r0 = Gor = Eljhl (1.7)Y10,(6).

rp = Gor = —E;W(t, r)(sin6)Y0,4(6),

Gpp = r’sin0,

(3.1)

_ 2
Goo =T

*Our notation of /3 is 4 times as large as that used in Ref. [72].
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where Q(r,r) and W(z, r) correspond to odd-parity per-
turbations and H(t,r), H(t,r), Hy(t,r), and h(t,r) to
even-parity perturbations. The scalar field contains the
even-parity perturbation 6¢, as

¢ = P(r) + Y _8¢(t.1)Yi(6). (3.2)
l

where we will omit a bar from the background quantities.

In Horndeski theories given by Eq. (2.2), the second-order
action containing seven perturbed variables mentioned above
was derived in Refs. [66-68] (see also Refs. [69,80] for
related works). After integrating out some of the nondynam-
ical variables, the resulting quadratic-order action contains
one dynamical gravitational perturbation in the odd-parity
sector and two dynamical perturbations in the even-parity
sector. This final action, which is expressed in terms of three
dynamical perturbations, determines conditions for the
absence of ghosts and Laplacian instabilities in the limits
of high radial and angular momentum modes. In the
following, we will briefly revisit such conditions and apply
them to EsGBR theories.

In the odd-parity sector with the multipoles / > 2, there
is one propagating degree of freedom given by

20

)(:W—Ql—f‘T, (33)

where a dot represents the derivative with respect to 7. The
dynamical field y does not behave as a ghost for

G =2G, +2h¢"*G,x — he"” <G5,¢ + %)
=1+K—2fhfﬂ>0‘ (3.4)

In the short-wavelength limit, the squared propagation
speed of y along the radial direction is

2 g

Crodd = F (3.5)

where the absence of radial Laplacian instability requires
that

1
_7: = 2G4 -I— hqﬁ/zGS’(/, - h¢/2 <§ h/¢/ + h¢//> GS,X

=1+«k—4E ,h¢? —2(2h¢" + WP )E, >0,  (3.6)
together with the condition (3.4). In the limit of large
multipoles (/> 1), the squared propagation speed of y
along the angular direction is

G
Cszl.odd = v (3.7)

and hence the angular Laplacian instability is absent for

3G
H =2G, + 2hd"*Gyx — h¢*Gs 5 — W 4" Gsx
p
4hg'
_ Ay

=14k 0, (3.8)

besides the condition (3.4).

For the monopole (/ = 0), the total second-order action
of odd-parity perturbations vanishes identically. For the
dipole (I = 1), there is no propagating degree of freedom in
the odd-parity sector [67]. Hence, in both cases, we do not
have additional stability conditions besides those derived
for [ > 2.

In the even-parity sector with the multipoles [ > 2,
there are two dynamical perturbations arising from the
matter and gravity sectors. One is the scalar-field pertur-
bation d¢, while the other is the gravitational perturbation
given by

w=H, + 2100+ D)h + Loy, (3.9)
as as
where
Vfh 1
al = 2f‘ [rzK'q; +4(1 - h)é,qb]v a3 = —Eq’r'al —_ ra4,
Vfh
ay = TfH. (3.10)

After integrating out the nondynamical fields H, and H,
from the second-order action of even-parity perturbations,
the resulting quadratic-order action can be expressed in the
form

Sen=Y. [ dar( VK ¥'GF + ¥ + ¥ M),
1
(3.11)

where X' = (yw,6¢), and K, G, M are the 2 x 2 symmetric
matrices, while S is the 2 x 2 antisymmetric matrix.

The determinants of principal submatrices of K are
positive for [68]

K=2P, —-F >0, (3.12)
where the quantity P; is defined by
hy P HAY! 4a
= fT py=———.  (3.13)
2fr-H ush Vfh

Under the inequality (3.12), the ghosts arise neither for y
nor 6¢.
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In the short-wavelength limit, the radial propagation
speeds of y and 0¢ can be obtained by assuming the
solutions to the perturbation equations in the form

X aé?oei(“”‘k’). For large values of w and k, terms
containing the matrix components of K and G are the
dominant contributions to the radial dispersion relation.
The squared radial propagation speeds of y and d¢, which
are measured in terms of the rescaled radial coordinate
ry = [dr/+/h and the proper time 7 = [ dt/F, are given,
respectively, by

C%l,even = ‘%’ (314)
4¢’'
C%2,even = (fh)3/2(2,Pl _ f)//l? {8r2ha4c4(¢’a1 + ra4)

—\fhp 3G + 2r2a3 <f7,a1 + 2cz>] . (3.15)

Vh
€= [PY'f—r(rf' +4f)ky +4Bh = 1)f'E ).
1
=— —2f'hé ). 3.16
Cy 2r\/f—h(rf’<,</) f 5,(/)) ( )
Since €2 .., is the same as ¢ 4, the Laplacian instability

of y is absent under the two conditions (3.4) and (3.6). The
radial Laplacian stability of d¢ requires that

> 0. (3.17)

2
Cr2,even

In the limit of large multipoles / and high frequencies ,
the dominant contributions to the angular dispersion
relation arise from the matrix components of K and M.
The squared angular propagation speeds of even-parity
dynamical perturbations for / > 1, which are measured in
terms of the infinitesimal angular distance rdf and the
proper time dz, are expressed, respectively, by

C%Zi:—Blj:\/B%—Bz, (318)
where where
|
B — asr*[Ah(@ ay + 2rag)py + o — Ad ai 3] — 2fhG[2ray (2P — F) (@ ay + ray) + ¢ aiP] (3.19)
! 4y/Fhay(d a; + 2ray)* (2P, — F) ’ '
N PPhp2fhFG(P ay + 2ray) + rpo) — r*pafs — FRFG(P fhF Ga, + 4riayps) (3.20)

where S, f,, 5 are given in the Appendix. To ensure the
angular Laplacian stability, we require that c3, > 0 and

cé_ > (0. These conditions are satisfied if

B}>B,>0 and B, <O. (3.21)

The violation of the condition B? — B, > 0 gives rise to the
imaginary values of c2_, one of which leads to the
Laplacian instability. Even for B% — B, > 0, the inequalities
B, <0 and B, > 0 need to be satisfied further to ensure
that ¢, > 0.

Before ending this section, we consider theories given by
the coupling functions

§)) =L rar) Kb =-L# (2

0|3

which accommodate both the models (2.16) and (2.17).
For the scalarized BH solution where |¢(r)| is much
smaller than 1, we expand the quantities G, F, H, K,

and 2 ..., around ¢ =0. On using the background

fhF¢ a, (¢ a; + 2ra,)*(2P, — F) '

equations (2.9)—(2.11) to eliminate the derivative terms
f', W, and ¢", it follows that

(4 =4h+ hr*g”)d'

G=1 T d+0@?),  (3.23)

2 412\ 4/
.7-":1—11h¢’2+’7(4+12h;;hr (il p+0(#%), (3.24)
H=1- ’”ﬁf’y b+ O(¢?), (3.25)

" {1 L {8n(h=1)+pr}e)
-4 8r

o+ (9(4)2)] . (3.20)

h¢'? 8n(h—1 24n(h—1
C%Z,even =1 _n6£ |:ﬂ+ n(rz ):| |:3ﬂ_8 +%:| ¢2
FO(). (3.27)

We study the case in which ¢(r) is a positive decreasing
function of r outside the horizon (r > r,), with |r¢’| being
at most of order ¢. Then, the scalarized solution has the
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largest field value ¢, on the horizon (r = r,). So long as the
condition

P < 1 (3.28)
is satisfied, where
__n
= (3.29)
n

is a dimensionless coupling constant, all of the dominant
contributions to G, F, and H are 1 outside the horizon. If
the inequality

P < 1 (3.30)

holds in addition to the condition (3.28), the dominant
contribution to K is r>¢?/4 and hence it is positive. If the
two inequalities (3.28) and (3.30) are satisfied, then C%Z,even
is close to 1 for

< O(1). (3.31)
Thus, the stability conditions G >0, F >0, H >0,
K >0, and ¢ ., > 0 hold for the field value ¢, and

the couplings 7, # in the ranges (3.28), (3.30), and (3.31).
Since the angular stability conditions associated with ¢,

are more involved, we will study them in detail in Secs. V
and VL

IV. RADIAL TACHYONIC STABILITY
OF SCALARIZED BHS

In this section, we will revisit the radial tachyonic
stability of scalarized BHs in both EsGB and EsGBR
theories. This amounts to studying a monopole perturbation
without restricting the analysis to the short-wavelength
limit kr, > 1. In other words, we discuss the radial
stability of the dynamical perturbation d¢ for [ =0 by
paying particular attention to an effective potential induced
by its effective mass term. For [ =0, it was shown in
Refs. [66,68,69] that the gravitational perturbation y does
not propagate and hence the scalar-field perturbation
O¢ is the only propagating degree of freedom in the
even-parity sector.” As we will see below, the radial
propagation speed squared ¢2 for [ = 0 is equivalent to
Eq. (3.15) obtained for [ > 2.

In Horndeski theories, the second-order action of even-
parity perturbations was derived in Refs. [66,68,69] for the

3For the dipole mode [ = 1, we can choose the gauge 6¢p = 0
to fix the residual gauge degree of freedom. In this case, y is the
only propagating degree of freedom in the even-parity sector.
Again, the no-ghost condition and the radial propagation speed of
even-parity perturbations are the same as Eqs. (3.12) and (3.15),
respectively [66,68,69].

perturbed metric components (3.1). Focusing on the
monopole mode (I = 0), the action is expressed in the
form Seyen = [ dedrL, where

»C = Ho[a16¢// + Cl25¢/ + (a/z - a/{)&f) + Cl3H/2 + agHz]
2 . . .
_}Hl [al&ﬁ/ + (ay — d)o¢ + a3H2}

+ ¢10pH, + (209" + c36¢)Hy + csH3 + e15¢°
+ 625(,17/2 + e35¢2, (4.1)

where the explicit forms of the r-dependent coefficients
are given in Egs. (3.10), (3.16), (A3), and (A4) in the
Appendix. For [ = 0, the contributions to £ arising from
the metric perturbation /4, identically vanish. Hence we
have the three metric perturbations H,, H;, H, and the
scalar-field perturbation ¢ in the second-order action of
even-parity perturbations. We note that the radial stability
of scalarized BHs was also discussed in Refs. [40,64,71,72]
by considering the perturbations H,, H,, and 6¢p. While we
need to include the field H, for the consistent analysis, it
does not eventually contribute to the dynamics of pertur-
bations as we will see below.
Let us introduce the following perturbed quantity:

b = a]éqb/ + (az - a/1)5¢ + Cl3H2. (42)

Then, the Lagrangian density (4.1) can be written as

2 . S
ﬁ = Hoq)/ - }qu) + C15¢H2 + (C25¢/ + C36¢)H2
+ CGH% + €15¢2 + €25¢/2 + 635¢2. (43)

Varying £ with respect to H, and H,, respectively, we
obtain

(4.4)
so that ® = C = constant. Since the integration constant C

is irrelevant to the perturbation dynamics, we set C = 0 in
the following. Then, we have

a16¢’ + (ay — a})é¢p + asH, = 0, (4.5)
with the Lagrangian density
L = c16pH, + (260 + ¢369)Hy + coH3 + €167
+ €25¢/2 + €35¢2. (46)

Solving Eq. (4.5) for H, and taking its time derivative, we
can eliminate the H,-dependent terms in Eq. (4.6) to give

L = Kob? — Godp™> — Mysp* + Sobd5¢b, (4.7)
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where

Ky—e + [a;c] + (3a] — 2a§)cﬂa3 —ajc d (48)

2a;5

ai(ascy —ayc
as

MO:_e3+(az_all)[c3a3z_c6(a2_all)]’ (410)

az
Sy = (az—ai)(zalcszaﬁz) —010303_ (4.11)

as

Thus, for [ = 0, the dynamics of even-parity perturbations
is governed by the single propagating degree of freedom
o¢. The ghost is absent under the condition K > 0. Since
K, can be expressed as K, = (2P, — F)/(\/fh¢) [69],
the no-ghost condition translates to 2P, — F > 0. This is
equivalent to the condition (3.12) derived for [ > 2. The
radial propagation speed squared of d¢p measured in terms
of the rescaled radial coordinate r; = f dr/v/h and the

proper time 7 = [ dt\/f is given by

G

2 0

=—, 4.12

= FhKq (4.12)
which is equivalent to ¢Z, ., obtained for / > 2. Thus the

radial Laplacian instability is absent for ¢ > 0, which
translates to G, > 0 under the no-ghost condition K, > 0.
Varying (4.7) with respect to o¢, it follows that

G2 (r)ogp — 6¢" + C,(r)6¢’ + U(r)d¢p = 0, (4.13)

where
Ky 1 _ G, _2My+ S,
R)=G = e Gl=-gh U=t
(4.14)

To study the radial stability of ¢ associated with the
potential U(r), we consider the solution to Eq. (4.13) in the
form

5¢p(t,r) = Co(r)de(r)e=", (4.15)
where o is an angular frequency, and Cy(r) and S¢(r) are
r-dependent functions. We introduce the tortoise coordinate
r. = [ gsdr and choose Cy(r) to eliminate the first deriva-
tive dég/dr, in the equation of motion for d¢ following
from Eq. (4.13). Then, we obtain

a1 /
C—z:§<cl—%>, (4.16)

and
d2
<_dr2 + Veff> (Sq) = w25(p, (417)
where
1 G oc o397 g
Veg=—5 U+t =22 4 25 ) 4.18
. g?( T4 4g§+29s> (4.18)

If the effective potential V g (r,.) is negative at some
distance r,, it signals the presence of radial tachyonic
instability. In the following, we will study the shapes of
Ve (r) in both EsGB theories and EsGBR theories.

A. EsGB theories

In EsGB theories characterized by the coupling functions
&(¢) # 0 and k() = 0, the quantity e; appearing in the
mass term M, in Eq. (4.10) is given by

72
ey = 4—%5,@132630. (4.19)
The dominant contributions to f and h are the
Schwarzschild metric components f=h=1—-r,/r.
Then, the leading-order contribution to the background
GB invariant (2.12) is given by R%g, = 12r;7/r% The
metric perturbation H, affects the quantities K, Gy, and
M, through the terms containing ¢y, ¢, ¢3, and c¢g in
Egs. (4.8)—(4.11). If we neglect the backreaction of metric
perturbations to ¢, the potential U in Eq. (4.14) is
approximately given by

My e3

1
U ——=—— R2 R
Go e h‘f,¢¢ GBO

(4.20)
where we used e, = —r2\/fh/4.

Let us consider the coupling &(¢p) = (1/8)(¢* + ag?)
and focus on the regime in which the two conditions (3.28)
and (3.31) hold, i.e.,

gy <1, 1< O(1), (4.21)
where we recall that ¢, is the field value on the horizon. Then,
as we showed in Eq. (3.27), ¢Z is close to 1. In this regime, we
can exploit the approximation that the backreaction of the
scalar field on the metric is negligible. This means that, for
the estimations of g; and C,, the metric components f and &
are approximated as f~h~1—r,/r. Since we have
g5~ (1 —=r,/r)~" and Gy =~ (r?/4)(1 — r,/7), the effective
potential (4.18) reduces to

r,(r—r
Vg = M (PP = 1274& 4y, (4.22)
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where ¢ 4, = n(1 + 6ag?)/4. This approximate effective
potential coincides with the one derived in Ref. [43]. For
a=0and7 = O(1), we have V5 (r) < 0 in the vicinity of
the horizon and hence the radial instability is present for the
scalarized branch. For a <0, it is possible to realize
Ve (r) > 0 throughout the horizon exterior. The analysis
of Ref. [43] based on the approximate potential (4.22) shows
that the negative region of Vg (r) disappears for

ag} < —0.1155. (4.23)
This condition was derived by neglecting the backreaction of
metrics to the scalar-field perturbation d¢.

In order to confirm whether the condition (4.23) gives a
good criterion for the radial tachyonic stability of 6¢, we
numerically compute Vg (r) in Eq. (4.18) without using
the approximations for U, C;, and g, explained above. In
Fig. 1, we plot V versus r/ry, for ¢po = 0.01 by choosing
three different combinations of (77, a). In case (a), where the
condition (4.23) is violated, we have V u(r) <0 in the
vicinity of » = r;,. Case (b) corresponds to the border value
agf = —0.1155, below which the region with Vg (r) < 0
starts to disappear. In case (c), where the inequality (4.23) is
satisfied, Vg (r) is positive for r > r,. Thus, the full
analysis of the effective potential shows that the condition
(4.23) is a trustable criterion for the radial stability of

¢,=0.01

0.050 : . : :

0.040

0.030

0.020
5
0.010
>
0.0
-0.0100
-0.020
-0 030 - 1 1 1 1 -
1 2 3 4 5
r/r
h
FIG. 1. The effective potential V. versus r/r, in EsGB

theories with the coupling &(¢) = (1/8)(¢* + a¢*) and the field
value ¢y = 0.01 on the horizon. Each case corresponds to the
model parameters (a) 7 = 0.7742, a = =500, (b) 77 = 0.8500,
a = —1155, and (c) 7 = 0.9807, a = —2000, respectively. For
agy < —0.1155, the effective potential is positive throughout the
horizon exterior.

scalarized BHs. We confirm that this is also the case for
other field values ¢, in the range (4.21).

B. EsGBR theories

In EsGBR theories given by the coupling functions

E(pp) = n¢?/8 and k() = —p¢*/16, the quantity e3 in M
is given by

e _—FZ\/f
T 3vh

On the GR branch (¢ = 0) with the Schwarzschild back-
ground (f = h =1 —r,/r), we have R%p, = 12r2/r% and
Ry = 0. Then, for # > 0, this GR solution can be subject to
tachyonic instability toward the scalarized branch (¢ # 0)
due to the dominance of a negative term in M|, induced by
the sGB coupling. After the solution reaches the scalarized
branch, the Ricci scalar R, acquires the contribution of ¢
through the coupling between gravity and the scalar field.
For > 0, the —fR, term in e; gives rise to a positive
contribution to M.

Moreover, since we are considering the scalar-field
contribution to the gravity sector at the background level,
we cannot generally neglect the backreaction of the metric
perturbation H, on the dynamics of §¢. In other words, we
should exploit the full expressions of K, Gy, M, and S, in
Egs. (4.8)-(4.11) to accurately compute the quantities U,
C,, and ¢? appearing in the effective potential V(7).
Indeed, unlike EsGB theories discussed in Sec. IVA, the
analysis based on ignoring the backreaction of H, on §¢
leads to different forms of V4 (r) especially in the vicinity
of the horizon. In other words, even if the full analysis
without using any approximation gives Vi g(r) >0
throughout the horizon exterior, it can happen that the
approximation neglecting the metric backreaction gener-
ates the region of negative values of V().

In Fig. 2, we plot V4 versus r/r, for ¢y = 0.01 with
four different combinations of (7, #). Note that this effec-
tive potential is numerically computed without neglecting
the backreaction of H, on d¢. For # = 1, there is the region
with V(r) < 0 around the horizon. In the other three
cases, which correspond to f =28, 20, 50, we have
Ve (r) > 0 throughout the horizon exterior. This means
that, with the field value ¢, = 0.01, the radial tachyonic
instability of 8¢ is absent for > O(1). The study of
Ref. [72] shows that the radial stability is ensured for

(2’7R%330 — BRy). (4.24)

p>5, (4.25)
irrespective of the field value ¢, on the horizon. Our
analysis is consistent with this condition. Even with small
values of |¢| of order 1073, we confirm that Vg (r) > 0
outside the horizon for f in the range (4.25). We stress that
this positivity of V() in the range |¢py| < 1 arises by
consistently incorporating the backreaction of metric
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FIG. 2. The effective potential V. versus r/r, in ESGBR

theories with the couplings &(¢p) = n¢p?/8 and k(¢) = —p¢*/16
for the field value ¢y = 0.01 on the horizon. Each case corresponds
to the model parameters (a) 7 = 0.72565, f = 1, (b) i7 = 0.72568,
p =38, (c) 7 =0.72612, =20, and (d) 7 = 0.72701, p = 50,
respectively.

perturbations on the dynamics of ¢. Interestingly, the
absence of radial tachyonic instability of d¢ does not
particularly impose the minimal values of |¢g|. This
property is different from EsGB theories discussed in
Sec. IVA, where the amplitude of ¢, is constrained to

be |¢py| > 1/0.1155/]al.

V. BH LINEAR STABILITY IN ESGB THEORIES

In this section, we investigate the angular Laplacian
stability of scalarized BHs in EsGB theories given by the
couplings (2.16). We first analytically study the Laplacian
stability conditions far away from the horizon (r > r),).
Then, we consider the regime in the vicinity of the horizon
and find the parameter region in which both ¢, and c},_
are positive. We also numerically compute c3, outside the
horizon and study their behavior in an intermediate regime.
Then, we elucidate the parameter space in which the
scalarized BHs are linearly stable in both angular and
radial directions.

A. Region far away from the horizon

At spatial infinity, we impose a boundary condition of the
vanishing scalar field, i.e., ¢(c0) = 0. At large distances

the scalar field acquires a charge ¢, so that the solution
can be expressed in the form ¢ = q,/r + O(r7?). The
Schwarzschild metric components f=h=1-m/r,
where m corresponds to twice the Arnowitt-Deser-Misner
(ADM) mass, are modified by the scalar charge (note that
m = r;, for the Schwarzschild metric). The background
solutions to ¢, f, and h, which are expanded up to the fifth
order in 1/r, are given by

qs | 4sm gy ( — 8m? ) qsm(q? _ 3m2)
p=""+77
2r? 2473 12/
+ 95]? — 8%(2961§ + 367])]’}12 + 384qsm4
192075
+ 0> ), (5.1)
f=1-"4 G g gim(3q; = 24m’ = 256n)
- 2477 T 24 64073
+ O(r 6, (5.2)
h—l——+—+q*’" am® _ g3m(g} —24m® — 384n)
4rt - 8 - 12r8 3847
" O(r_ﬁ)‘ (5.3)

While the coupling constant # appears at the fifth-order
expansions of ¢, f, h in 1/r, the other coupling constant «
arises at their seventh-order expansions. In order to correctly
estimate the quantities associated with stability of scalarized
BHs, we need to expand ¢, f, i at least up to ninth order,
which will be used in the following.

The quantities associated with the stability of odd-parity
perturbations are given by

3nq? _
- 4 + O(r 5)’

I

F=1

g=1+

nq;m -
306
+ 221 o),

(5.4)

H=1 +'7qs +0(r™),

whose leading-order terms are all positive.
In the even-parity sector, the no-ghost quantity (3.12)
yields

2 2
(]v+6]

IC:
4rr  2p°

+O(r Y, (5.5)

so that KL > 0 at leading order. The radial propagation
speed squared (3.15) is estimated as ¢, .o, = 1 + O(r™®)
and hence it is very close to 1. The quantities B; and B,
defined in Eqs. (3.19) and (3.20) are given, respectively, by
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ngs _ nSqim® — (1 + 24a)q;]

N ngzm[(1+ 12a)q; — 4m?|

B =1+
! o 2476 12/7
21 4 2 2 4 2
2[g* + 3¢2{40n — (11 + 40a)m?} + 101m* + 1188ym B
_ n45lqs + 3q5{40n — ( 2; } n ]+0(r 9. (5.6)
240r
B, — 1 145 nlSqim? — (1+24a)g5] _ ngsm[(1+ 12a)q; — 4m’]
2 P 12/° 6r’
2(g4 4+ 3¢2{40n — (11 + 40a)m2} + 101m* + 108ym>
+11qs[qs+ q5{40n — (11 + 40a)m*} + 101m* + nm]+o(r_9)' (5.7)

Then, it follows that

B _p. _ T4 +36m%)
! 2 458

+0(r?), (5.8)

whose leading-order contribution to B% — B, is positive.4
Our new result (5.8) means that both ¢, and ¢3,_ are real.
Since B and B, approach —1 and 1 as r — oo, respectively,
the conditions (3.21) are all satisfied at large distances and
hence there are no angular Laplacian instabilities of even-
parity perturbations.

B. Region in the vicinity of the horizon

Around the horizon characterized by the distance r;,, we
expand the metric components and the scalar field, as

F= filr=n) h=) h(r=n),
e i—1

b= ¢i(r—ry), (5.9)
i=0

where f;, h;, and ¢; are constants. The first component f is
not particularly constrained from the background equa-
tions, while &, and ¢; are given by

-

i (2a + 1)
1= /1=6iPg32ad} + 1)?
irpo(Rady +1)

hlz

b1 = (5.10)

where 7 is defined in Eq. (3.29). To realize a scalar-field
profile where |¢(r)| is a decreasing function of r around
the horizon, we require that ¢y¢, < 0. For 7 > 0, this

*There was an error in the calculation of Ref. [81], which led to
the incorrect result that the leading-order term of B3 — B, is
negative. In deriving the results in Ref. [81], there was a typo in
the input of the coefficient d; defined in Eq. (A2) in the
Mathematica code. This led to a wrong result in the O(r~7)
terms of B, and B,. After correcting this, the O(r™7) terms in
B% — B, cancel out, which gives rise to no instabilities in the
angular directions in the large-distance limit.

12078

demands the inequality 2a¢% + 1 > 0. Combining this with
Eq. (4.23), we obtain

1
~5 < ad} < 01155, (5.11)

whose conditions are required for the existence of hairy
BH solutions without the radial tachyonic instability. To
ensure that ¢, is real, we also need the inequality
675 (2ai + 1)* < 1. For ij¢py smaller than the order 1,
this condition is satisfied under the bound (5.11).

On using the expansion (5.9), we can estimate G, F, and
‘H at the horizon r = r;, to be

G(rn)=F (ra)
B 2
V=674 2ad3 1)+ 1

. H(rp)=1, (5.12)

which are positive. In the regime where the inequality
g3 < 1 is satisfied, the leading-order contribution to
Eq. (3.26) on the horizon is given by

9}
=15,

Pp(r)"?
4

r=ry

K(r,) = (5.13)

which is positive. We also find that ¢, .., is equivalent to 1

at r = r,. As for the squared angular propagation speeds in
the even-parity sector on the horizon, the expansions of B,
and B, for small values of ¢, close to O give

21
By(r;) = -1 —Zﬁzqﬁ% + O(¢5).

3
By(ry) =1+ 5’7245% + O(¢5) (5.14)

and hence B (r;)* — By(ry,) = 977 ¢3 + O(¢3). Then, the
angular Laplacian stability conditions (3.21) are satisfied in
this regime. For ¢, close to the order 1, the approximation
(5.14) loses its validity. In Sec. V C, we will numerically
find the parameter space in which all the linear stability
conditions are satisfied.
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FIG. 3. We plot ¢}, cj_, and c% ., versus r/r, for a

scalarized BH with « = —10 and # = 1.0257 in EsGB theories
given by the coupling (2.16). In this case, the field value on
the horizon realizing the asymptotic behavior ¢(c0) =0 is
¢o = 0.15.

C. Parameter space consistent
with the linear stability

In Secs. VA and V B, we showed that there are model
parameter spaces consistent with all the linear stability
conditions both at large distances and the horizon. In order
to confirm the stability in an intermediate regime between
the horizon and spatial infinity, we numerically compute
quantities associated with the angular Laplacian stability by

using the background scalarized BH solutions. For given a
and 7j(= n/r?), we obtain the field value ¢, on the horizon
leading to the boundary condition ¢(co) =0 at spatial
infinity. Without loss of generality, we will focus on the
case ¢ > 0.

In Fig. 3, we show an example for the radial dependence
of ¢, ch_, and c% ., outside the horizon. For these
values of a and #, the squared angular propagation speeds
computed from Eq. (3.18) are ¢, = 1.30 and ¢§,_ = 0.78
on the horizon, which are in good agreement with their
numerical values in Fig. 3. As r increases from the horizon,
both ¢} , and c}_ continuously approach the asymptotic
value 1. Since ¢, >0 and cj_ >0 throughout the
horizon exterior, there are no angular Laplacian instabilities
for even-parity perturbations. As we also observe in Fig. 3,
€% even 1S close to 1 outside the horizon. Numerically, we
also confirmed that all the other linear stability conditions
G>0,F >0 H>0,and K > 0 are satisfied.

We also carry out numerical simulations for the values of
a and 7 different from those used in Fig. 3. The general
property is that ¢, > 1 and c5_ < 1 outside the horizon.
Then, for the angular Laplacian stability of even-parity
perturbations, we only need to study whether c¢3_ is
positive or not. Moreover, the deviation of cé_ from 1 is
most significant at r =r;, (see Fig. 3). Then, what
determines the angular BH stability in the even-parity
sector is the value c2,_ on the horizon. In Fig. 4, we plot
cd_(ry,) together with ¢}, (r;,) and 77 as functions of ¢, by
choosing three different values of a. For given a and ¢, the
other parameter 7 is uniquely determined for the realization
of scalarized BH solutions with the boundary condition
¢(o0) = 0. The dashed lines in Fig. 4, which are outside
the range (5.11), are excluded by the radial tachyonic
instability.

o=-10 a=-1 a=-0.3

25 : T T —7 35 : T T 4.0 T

“ J

- |

| 30} 1]

20t n [ | 3.0 |
y 25+ s 2 cQ+ (rh)
¢ r
15 F ¢ 2(r) “eg, () 20|
o+ h 201
— Va
/// -
g 15} )
10 | - 10 n
n ) Y e . _
cQ 2 (rh) 1.0 — 5
050 [ 2 [
c. “(r) 0.0 ¢, “(r)
0.50] Q- “h Q- Tl
0'0 - 1 1 L 1 0.0 E L 1 L 1 1 1 L .1.0 L L 1 1 1 1 -
0 0.05 0.1 0.15 0.2 0 01 02 03 04 05 06 07 01 02 03 04 05 06 07

0

0

FIG. 4. The squared angular propagation speeds ¢, and c_ on the horizon and 77 as functions of ¢ (> 0) in EsGB theories with the
coupling (2.16). The left, middle, and right panels correspond to @ = —10, —1, —0.3, respectively. The dashed lines represent the regions
excluded by the radial tachyonic instability, whereas the solid lines belong to the parameter range —1/2 < a¢j < —0.1155.
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For a = —10, ¢ _(r;) has a minimum value 0.77 around
¢o = 0.16 and increases as a function of ¢ in the range
¢o > 0.16. For a = —1, ¢4, (ry,) exhibits a similar behav-
ior, with the minimum value 0.40 around ¢, = 0.50. The
solid lines in Fig. 4 correspond to the range —1/2 < aqb(% <
—0.1155 [Eq. (5.11)], in which the radial tachyonic
instability is absent. As we increase ¢, the product ag?
approaches the lower limit —1/2. On using the expansion
agy = —(1/2)(1 =€), where € is a small positive param-
eter close to 0, the squared angular propagation speeds can
be estimated as

ch.(rp) =14 3igoe + O(e?),

c_(ry) = 1 = 3iihoe + O(€?). (5.15)
In the limit agf — —1/2, both ¢}, (r,) and ci_(r;)
approach 1. Indeed, this behavior can be seen in the left
and middle panels of Fig. 4. For a < —1, we have cé_ (ry)>0
for the field value ¢ in the range —1/2 < a¢} < —0.1155.
In such regions of the parameter space, we also confirmed
that all the other linear stability conditions G > 0, F > 0,
H>0,K>0,and c?, ., > 0 are satisfied throughout the
horizon exterior.

If a 2 —1, i.e., |a| less than the order 1, then we require
larger values of ¢ to satisfy the condition a¢j < —0.1155
as compared to the case o < —1. As we observe in the right
panel of Fig. 4, which corresponds to a = —0.3, the field
value in the range ¢, < 0.62 is excluded by the radial
tachyonic instability. For ¢, exceeding 0.62, ¢ _(r},) starts
to enter the region c¢3_(r;,) < 0. When ¢, approaches the
limit a3 = —1/2, we numerically find that it is difficult to
realize scalarized hairy BH solutions with @ 2 —1 due to
the largeness of ¢by and the small variation of ¢(r) around
r=ry. For a = —0.3, c3_(r;,) does not start to grow from
negative values toward 1 with the increase of ¢,. In the
right panel of Fig. 4, we see that there are almost no
parameter spaces consistent with both angular Laplacian
stability and radial tachyonic stability.

From the above discussion, so long as the coupling a and
the horizon field value ¢ are in the ranges

1
a<-1 and -3 <aff <0155, (5.16)

there are scalarized BH solutions compatible with all the
linear stability conditions outside the horizon.

VI. BH LINEAR STABILITY
IN ESGBR THEORIES

Finally, we study the angular Laplacian stability of
scalarized BHs in EsGBR theories given by the couplings

(2.17). We first consider the two asymptotic regimes far
away from the horizon and around the horizon and then
find the parameter space consistent with all the linear
stability conditions.

A. Region far away from the horizon

Imposing the boundary conditions f — 1, h — 1, and
¢ — 0 at spatial infinity, the background solutions to f, A,
and ¢, which are expanded far away from the horizon
(r > ry,), are given by

m  pqg; (3 —4)mg;

L T A T
P3G - 2002¢% + 1652 + 112Bm> — 128m?)
- 30727
+0(r7), (6.1)
ho1m_(B=2)a (f-4)mg
r 812 32r°
CGPGE - 552q% + 4Bg> — 56ppm> + 64m?)
* 7684
+0(r7), (6.2)
g5 s qs(3%q* — 84> + 164> — 128m?)
roo2r 384/
g,m(9p*q> — 364> + 644> — 192m?)
- 768/
+0(r7), (6.3)

where m corresponds to twice the ADM mass, and ¢, is the
scalar charge. Unlike the coupling @ in EsGB theories, the
nonminimal coupling constant /3 appears at the order of r~2
in £ and & and of r~3 in ¢. To obtain all the linear stability
conditions correctly, we need to perform the expansions of
f, h, and ¢ up to the order r~°.

The quantities relevant to the stability of odd-parity
perturbations are given by

Bq? _ Bq? _
G=1-FL 100, F=1-2L 1007,
Baq? _
H=1-12 4 0(), (6.4)

whose dominant terms are all positive. The leading-order
contribution to K is the same as the first term in Eq. (5.5),
so that the no-ghost condition is satisfied at large
distances. We also have c% .., = 1 + O(r™®) and hence
the radial Laplacian stability of even-parity perturbations is

ensured.
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The quantities B; and B, have the following asymptotic behaviors:

ng; _ngs[(156° — 16— 16)g; +80m?] ngzm[(156° — 16/ —32)q; + 128m’]

B, =-1
1Ty 384/ 384s7
+nq§[(ﬂ{3zo+ﬂ[592+9ﬂ(41ﬂ— 108)]} —512)g* +96{176 + 58(2 — 55) } g>m? — 51712m* — 61445(10% +99m?)]
12288078
+0(r), (6.5)
., ngs | ngsl(156% =16 = 16)q; +80m?|  nqim[(156> — 16/ = 32)q3 + 128m?]
By=1-—"+ 3 + 7
r 192r 192r
g3 [(B{320 4 B[592 + 9p(415 — 108)]} = 512)g; +96{176 + 55(2 = 58) }gim* = 51712m* — 61443(104; + 9m?)]
61440/
+ O(r—f)). (6.6)
This gives P < 16. (6.11)
2 2 2 36 2 . . .
B} — B, — n-q;(q; + 36m*) + o). (6.7) As |¢o| approaches the upper limit 4/+/f, it tends to be

458

The leading-order contribution to B — B,, which is the
same as Eq. (5.8), is always positive. Since we have
B, - —1 and B, —» 1 as r — oo, the angular Laplacian
stability conditions (3.21) are consistently satisfied.

B. Region in the vicinity of the horizon

Around the horizon radius r,, we expand f, &, ¢ in the
same form as Eq. (5.9) and derive the coefficients f;, h;, ¢;
by using the background equations of motion. While the
coefficient f; is undetermined, /; and ¢, are given by

2 64 + [B(36 — 4 + 2477) — 38472)¢2 |
hl - — 1 + — > N
™ 64+ B3P — 4 — 247) 2

T4+ pBA—4-24m)gy

To have a positive real value of /;, we need the following
condition:

[64 + (3B — 4 — 247) ¢

x {64 + [B(38 — 4 + 24i) — 3847|193} > 0, (6.9)

which holds for small ¢, close to 0. Let us consider the
regime in which the inequality
64 + B3 — 4 — 2453 > 0 (6.10)

is satisfied. To realize a decreasing function of |¢p(r)]
around r = r;, for i7 > 0, we require that

difficult to obtain the scalarized BH solutions with the
asymptotic behavior ¢(c0) = 0.

Let us consider the regime where |¢g| < 1, with § and 77
at most of order 10. On using Eq. (6.8) together with the
expansion around ¢, = 0, the quantities G, F, and H at
r = r; can be estimated as

(6.12)

and hence the odd-parity linear stability is ensured for small
|ho|. In the same regime, the leading-order contribution to
K(ry) is 97°¢3/4, which is positive. The squared radial
propagation speed C%Z,even is also equivalent to 1 on the
horizon. Up to the order of ¢3, the quantities B;(r;) and
B, (ry,) are of the same forms as those in Eq. (5.14). Hence,
in the ¢py — O limit, the angular Laplacian stability of even-

parity perturbations is also ensured, with cfz () = 1.

C. Parameter space consistent with the linear stability

Since the approximation of small |¢,| used in Sec. VIB
starts to lose its validity for |¢,| exceeding the order 0.1, we
need to compute the values of B, (r,), B,(r},), etc. without
resorting to such an approximation. For given f and 7, we
search for field values ¢, that lead to the asymptotic
behavior ¢(o0) = 0. We will consider the case ¢y > 0
without loss of generality. We numerically compute the

quantities G, F, H, K, ¢% cyen» Ch.» and cp_ from the
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FIG. 5. The squared angular propagation speeds cj, and c_ at r = ry, and 7j versus ¢, in ESGBR theories with the coupling (2.17).
The left, middle, and right panels correspond to # = 8, 20, 50, respectively. The field values ¢, that give cfz_(rh) < 0 are excluded by

the angular Laplacian instability of even-parity perturbations.

horizon to a sufficiently large distance. As in EsGB theories
given by the couplings (2.16), we find that the second
squared angular propagation speed c3_ on the horizon
determines the linear stability of scalarized BHs. In other
words, if the condition ¢ _(r;,) > 0 is satisfied, all the
other linear stability conditions also hold outside the
horizon. Hence we will focus on the behavior of
c3_(ry,) in the following discussion.

In Fig. 5, we plot ¢} . (r;,), ¢g_(r;), and 7 as functions of
¢, for three different values of 8. While ¢}, (r,) is larger
than 1 in all these cases, cé_(rh) decreases from the value
close to 1 as ¢ increases. For =8, ¢ _(r;,) becomes
negative in the region ¢, > 0.52. Even if ¢, increases
toward the upper limit ¢y = 4/+/B, neither ¢3, (r;,) nor
c3_(ry,) approaches 1. This property is different from that
in EsGB theories given by the coupling (2.16). Instead, we
find that ¢4 _(r;) in EsGBR theories with the coupling
(2.17) monotonically decreases with the increase of ¢,.
Hence, for given values of /3, there are upper bounds on ¢,),
below which the angular Laplacian stability condition
c_(r,) > 0 is satisfied.

As we observe in Fig. 5, the maximum values of ¢,
constrained from the condition ¢3,_(r,) > 0 tend to be
smaller for larger . From the requirement c_(r;) > 0, we
obtain the following bounds:

$o < 0.52, for p =38, (6.13)
$o < 042, for = 20, (6.14)
$o < 0.30, for f =50, (6.15)

respectively. As we discussed in Sec. IV B, the radial
tachyonic instability of even-parity perturbations is absent

for > 5 irrespective of the values of ¢,. We also
confirmed that, so long as the horizon field values are in
the ranges (6.13)—(6.15), all the other required conditions
G>0,F>0,H>0,K>0,and c?, ., > 0hold outside
the horizon. Thus, for > 5, there are viable parameter
spaces of ¢ such as (6.13)—(6.15) consistent with all the
linear stability conditions.

VII. CONCLUSIONS

In this paper, we studied the linear stability of scalarized
BHs in scalar-tensor theories given by the action (2.1).
EsGB theories have the sGB coupling &(¢)R%; with
k(¢p) = 0, whereas EsGBR theories possess the nonmini-
mal coupling x(¢)R besides the sGB coupling. Provided
that £(¢) and k(¢) are even-power-law functions of ¢, there
are in general a nonvanishing scalar-field branch (¢ # 0)
and a GR branch (¢ =0). On the strong gravitational
background like the vicinity of BHs, the GR branch can
trigger a tachyonic instability toward the other scalarized
branch under the condition & 4, > 0. A simple choice of the
sGB coupling satisfying this inequality is &(¢) = n¢?*/8
with # > 0. However, for the same coupling, the scalarized
branch is subject to tachyonic instability against radial
perturbations. This problem can be circumvented by
implementing higher-order terms in EsGB theories, e.g.,
E(@p) = (n/8)(¢* + ag*), or by taking into account the
nonminimal coupling in EsGBR theories, e.g., &(¢) =
1¢?/8 and x(¢) = —p¢/16.

In Sec. III, we revisited conditions for avoiding ghosts
and Laplacian instabilities along the radial and angular
directions on the background (2.8). For the multipoles
[ > 2, there are three dynamical degrees of freedom: y in
the odd-parity sector and y and d¢ in the even-parity sector.
For large radial and angular momentum modes, there are
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neither ghosts nor Laplacian instabilities under the seven
conditions G>0, F >0, H>0, K>0, ¢% e >0,
¢k, > 0,and ci_ > 0.1In general, a scalarized BH solution
has the largest scalar-field amplitude |¢ho| on the horizon.
For the couplings &(¢) = (17/8)(¢* + ag*) and x(¢p) =
—pB¢? /16, which accommodate both the models in EsGB
and EsGBR theories mentioned above, we showed that
the five conditions G >0, F >0, H >0, K >0, and
€% even > 0 hold for small ¢p(< 1) and the couplings 77 =

n/r% and f in the ranges (3.28), (3.30), and (3.31). The
angular stability relevant to the squared propagation speeds
¢y, in the even-parity sector requires more detailed
analyses, which we performed in later Secs. V and VI.

In Sec. IV, we addressed the radial tachyonic stability of
scalarized BHs by considering the monopole perturbation
[ = 0. In this case, the second-order action of odd-parity
perturbations vanishes identically. In the even-parity sector,
we showed that the quadratic action reduces to that of a
single propagating degree of freedom d¢, see Eq. (4.7) for
the corresponding Lagrangian. We derived an effective
potential V() for ¢ along the radial direction in the
form (4.18), which captures the backreaction of metric
perturbations on the scalar-field perturbation. In EsGB
theories, the leading-order contribution to V. (r) arises
from the potential U ~—¢ ,,Rgg,/h, where the back-
ground GB invariant R%g, does not vanish even in the
vacuum. In this case, we showed that the analysis of
neglecting the backreaction of metric perturbations on d¢ is
a good approximation for estimating V. (r). For the sGB
coupling (2.16), we confirmed that the full study of V()
without using such an approximation gives the condition
agf < —0.1155 [43] for the absence of radial tachyonic
instability. In ESGBR theories, we found that it is important
to implement the backreaction of metric perturbations on
the effective potential of §¢b. The radial stability is ensured
for # > 5 even for |¢ho| much smaller than 1, whose result is
consist with the one obtained in Ref. [72].

In Sec. V, we studied the linear stability of scalarized
BHs in EsGB theories given by the coupling (2.16), by
paying particular attention to the angular stability con-
ditions of even-parity perturbations in the limit / > 1. On
using the background solutions expanded at large distan-
ces, we first showed that there are no angular Laplacian
instabilities associated with ¢3, = —B, & \/B? — B, far
away from the horizon, see Eqgs. (5.6)—(5.8). To realize a
radially stable scalarized BH with a decreasing function of
|¢(r)| around the horizon, we require that the product a¢}
needs to be in the range (5.11). We found that the tightest
linear stability condition comes from the value cfz_ on the
horizon. For a < —1, ¢_(r;) can remain positive in the
parameter range —1/2 < a¢j < —0.1155. On the other
hand, for a = —1, the region with cé_(rh) < 0 starts to
appear and the parameter space compatible with the radial

stability tends to be smaller. Thus, so long as @ < —1 and
-1/2 < a(/)(z) < —0.1155, the scalarized BHs can be con-
sistent with all the linear stability conditions.

In Sec. VI, we addressed the linear stability issue for
scalarized BHs in EsGBR theories given by the coupling
(2.17). As we observe in Egs. (6.5)-(6.7), the angular
Laplacian instability far away from the horizon is absent in
this case as well. The horizon field value should be in the
range S¢3 < 16 to realize the scalarized BH with a
decreasing function of |¢(r)| around r = r,. As seen in
Fig. 5, the second angular propagation speed squared on the
horizon tends to enter the region c3 _(r;) <0 as ¢y
increases toward the upper limit 4/./B. However, for
each f larger than the order 1, there are the regions of
¢ in which the condition c¢3,_(r,) > 0 is satisfied, see
Egs. (6.13)—(6.15). Provided that > 5, these small values
of ¢, are also consistent with the radial tachyonic stability
as well as other linear stability conditions.

We have thus shown that the scalarized BHs present in
EsGB and EsGBR theories have the theoretically allowed
parameter spaces in which all the linear stability conditions
are satisfied throughout the horizon exterior. It will be of
interest to explore how the observations of gravitational
waveforms emitted from BH-BH binaries and of quasi-
normal modes during the ringdown phase put constraints
on the model parameters further. One could also extend the
present work to the case of spontaneously vectorized
BHs [82-88]. It will also be intriguing to see how the
linear scalar-GB coupling (without breaking the shift
symmetry) will imprint nonstealth modifications to the
known stealth and approximately stealth BH solutions (see
footnote 1 for a brief description of such solutions). These
issues are left for future works.
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APPENDIX: COEFFICIENTS IN THE
SECOND-ORDER ACTION OF
EVEN-PARITY PERTURBATIONS

The coefficients that appear in the quantities B and B, in
Egs. (3.19) and (3.20) are given by
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' 2 hF Ve
P = B ase, = 2¢/cudl + Kf% r>a4+ﬂ—]¢’ fz =

_ [VIRFE 2o, L Vs , 2Ihp'aG (G dy, f 1K 1 4FGfha,
= [ (e + G igg) PR (Gt L ) | - R,
ﬁ3=<hcg %+ h’C4>¢’a4+<h/ —+i—%> (“4f +2h'c \/g_fg>a4

2hr 2f a)\2f
L TRE (1 8776
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as +2hd'cy +
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RVAL 2rPR2 | b (f'r=2f) 2 fr

In the Lagrangian density (4.1), the coefficients which are not presented in the main text are

B a; \’ ¢// f/ f/ 1% B 1
V() - () g (i) g

+

1
=4/ 2(rf'h+ fh = kg + h/{r(rf" +4f )k gy = 41" (Bh = 1)& 4y},
f’gb’ f'r 1 1 1
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