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Cosserat elasticity as the weak-field limit of Einstein-Cartan relativity
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The weak-field limit of Einstein-Cartan (EC) relativity is studied. The equations of EC theory are
rewritten such that they formally resemble those of Einstein general relativity (EGR); this allows ideas from
post-Newtonian theory to be imported without essential change. The equations of motion are then written
both at first post-Newtonian (1PN) order and at 1.5PN order. EC theory’s 1PN equations of motion are found
to be those of a micropolar/Cosserat elastic medium, along with a decoupled evolution equation for
nonclassical, spin-related fields. It seems that a necessary condition for these results to hold is that one
chooses the nonclassical fields to scale with the speed of light in a certain empirically reasonable way.
Finally, the 1.5PN equations give greater insight into the coupling between energy-momentum and spin
within slowly moving, weakly gravitating matter. Specifically, the weakly relativistic modifications to
Cosserat theory involve a gravitational torque and an augmentation of the gravitational force due to a
dynamic mass moment density with an accompanying dynamic mass moment density flux, and new forms
of linear momentum density captured by a dynamic mass density flux and a dynamic momentum density.
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I. INTRODUCTION

The theory of general relativity (GR) with spin and
torsion was initially proposed by Cartan [1-3]. This
Einstein-Cartan (EC) theory of GR (also known as U*
theory and Einstein-Cartan-Sciama-Kibble relativity) was
rediscovered in the 1960s by Kibble [4] and Sciama [5,6],
summarized by Hehl et al. [7], and remains a viable theory
of relativity [8,9]. There has been recent interest in
EC theory because it can avoid the big bang singularity
[e.g., [10,11]]. As [7] discusses, EC theory is a natural
generalization of general relativity to media where the
quantum mechanical spin of matter is relevant.

In classical continuum mechanics, a medium that sup-
ports spin is referred to as a Cosserat micropolar medium,
in reference to the Cosserat brothers [12—14] who inspired
Cartan’s work on torsion and spin. The Cosserat equations
are discussed by Truesdell and Toupin [15], and more
modern descriptions of the theory are presented by
Malvern [16] and Nowacki [17]; the latter also discusses
the physical properties of micropolar media. Maugin and
Metrikine [18] provide a full overview of both Cosserat
theory and its generalizations, with Maugin [19] providing
a useful conceptual introduction.
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Continuum mechanics is a coarse-grained theory of the
atom-scale interactions occurring within matter. As dis-
cussed by [19], if one assumes that the traction exerted on a
facet cut in the solid depends only on the local unit normal,
then Cauchy’s theorem holds, and one may write the
internal body forces as the divergence of a tensor: the
Cauchy stress. If, in addition, there are no applied couples
in both volume and surface—-meaning essentially that one
can assume that the particles of the medium interact by
central forces—then the Cauchy stress is symmetric. Such a
medium is described by the well-known equations of
motion

9,p+ V;i(pr/) =0, (1)
0,(pv;) + V(pviv! —6/) = f;, (2)

where p is the mass density, »' the material velocity, ¢,/ the
Cauchy stress, and f; some external body force per unit
mass. Given a constitutive theory relating the Cauchy
stress to the deformation of the medium, these equations
may be solved for the motion of the medium.

But on a small enough scale the forces between particles
are not central, with spin-spin interactions between atoms
being perhaps the most obvious example. This motivates
the Cosserat brothers’ more general coarse-grained theory,
where material points are considered to be defined not just
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by their mass density, but also by a spin density. Within
that theory the Cauchy stress is no longer required to be
symmetric, and the equations above are augmented by the
new equation

0,0 + Vi (040" = 2;)%) = =(0; — 0;1) + ¥y, (3)

where the antisymmetric tensor 6;; gives the local spin
density that is sourced by the material couple stress 1, jk
and whose evolution is forced both by an external torque
¥;; and by the asymmetry of the Cauchy stress. Again, after
imposing suitable constitutive theory on 4,/ one could
solve these equations for both the motion and the spin
density.

The respective motivations for Cosserat continuum
mechanics and EC theory are in some sense the same:
if one considers small enough scales, the spin of matter
must impart some further structure into the coarse-grained
theories describing bulk matter. Thus, classical continuum
mechanics is “promoted” to Cosserat theory, and torsion-
less Einstein general relativity (EGR) to torsionful EC
theory. Moreover, just as there are myriad extensions of
EGR, continuum mechanics may also be augmented in
several ways (see, e.g., [18]).

Can the analogy be extended further? The equations of
classical continuum mechanics are well known to be
derivable as the weak-field limit of EGR (see, e.g., [20].
Is the same true of Cosserat theory and EC theory? This
paper aims to show that, subject to certain assumptions
about the spin and energy-momentum tensors, the equations
of Cosserat theory may indeed be derived as the weak-field
limit of Einstein-Cartan relativity. An additional aim is to
study the coupling between energy-momentum and spin for
slowly moving, weakly self-gravitating matter; to that end,
we also derive equations of motion in a limit where the
fields are a little less weak.

We begin in Sec. II by reviewing EC theory, discussing
in particular how it may be rewritten without approxima-
tion to resemble EGR rather closely. Then in Sec. III we
discuss the structure of EC theory’s energy-momentum
and spin tensors and postulate a particular post-Newtonian
scaling for some of their components. The weak-field
equations of the theory are derived in Sec. IV; since we aim
to derive the kinematic equations given just above, we
impose no particular constitutive relation. In Sec. V we
present the “slightly less weak field” equations, before
discussing our results in Sec. VI.

II. OVERVIEW/REVIEW
OF EINSTEIN-CARTAN GRAVITY

EC theory describes a spacetime containing both energy-
momentum—represented by the asymmetric tensor 7,,—
and spin M,,°. For that reason, EC theory has a richer
geometrical structure than EGR.

A. Geometry

The spacetime of EC theory is a four-dimensional
Riemannian manifold endowed with a metric tensor g,,
and a metric-compatible affine connection I';,. In contrast
to EGR, the connection need not be symmetric in its lower
indices; its asymmetry is measured by the torsion tensor,
which we define as

S/wa = FZL/ - FZﬂ = _Svﬂg- (4)

To make closer contact with EGR, we may write the
connection as

o, =0+ K (5)
where
A 1 A
I, = Eggﬂ (0,95 + 09,5 — 9p9) =Ty, (6)
are the standard Christoffel symbols, and

KW — (S/wa + Souv + S()’l/ﬂ) = —KHov (7)

| =

is the contortion tensor. Note that K’s antisymmetry is on
its second and third indices and that its first two indices
need to have no particular symmetry. Expressions involving
permutations of indices as in Eq. (7) will arise several
times, so we define the shorthand

A';wa = AWV | AOHY +Am44’ (8)

for an arbitrary rank-3 tensor A#”. Finally, for later
reference, we define a third measure of torsion: the
modified torsion tensor ([7], Eq. 2.3; also referred to as
the Palatini torsion tensor)

Cu’ = 8,° +84,%6,° = 8,76, = —=C,,°. 9)

From the connection (5) we may define the covariant
derivative V, which acts on tensors according to

VALY =0,A0 +T0,A,%—-Tg,Az. (10)

Two other useful derivatives are the modified covariant
derivative V,

VoA = VAN + 8,,°A,0, (11)

and the metric covariant derivative @,

VoAl = 0,40 +T4,A,%—T29A,". (12)
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The Riemann or curvature tensor’ is defined in terms of
the connection coefficients (5) as
R;wao— = aﬂrl{j(l - aDF;(l + F;ﬂrga - Fzﬂr‘l/ja' (13)
Unlike in EGR, in EC theory we do not have the symmetry
R, 06 = R Nevertheless, the curvature tensor is still
antisymmetric in both its first and its last two indices:
R

= —R (14a)

pvac vpaoc>

R -R (14b)

pvac — pvoa:

As noted by [7], even in the presence of torsion the Ricci
tensor R, therefore remains the only “essential contrac-
tion” of the Riemann tensor:
R;w = Rayv”
g
= 9,7, —9,I, + 05, —T95,.  (15)

Defining the Ricci scalar by
R=R,g", (16)
we may then write the Einstein tensor as

G

2%

1
:R”U—ERgﬂy. (17)
It is a distinguishing feature of EC theory that the Ricci and
Einstein tensors are no longer symmetric.

Just like the connection (5), the Ricci and Einstein
tensors may both be written as the sum of two terms: a
metric part having no algebraic dependence on torsion, and
a nonmetric part that does have such a dependence and that
vanishes in torsion’s absence. Therefore, we express the
Ricci tensor (15) in the form

R,=R,+R,. (18)

with the metric part given by

R, =0,0q, - a0, + 0,00, — 1900, (19
and the part associated with torsion determined by

R;w = vrrI(;w(y - vyKo-y(r - S;maKuw(y

+ KK, — KoK, P (20)

'We use the definition of Hehl et al. [7] for the Riemann tensor,
which has the same placement of indices as Wald [21] but
opposite sign.

If we then define a symmetric second-rank tensor’

@;w(c) = Ka(lﬂ

1
- Eg/u/(Kaszﬂﬁﬂ + KaﬁGKoaﬁ) (21)

K’y — Ko, 'Kp,*

ap

that depends on C quadratically (cf., [22], Eq. 32), and if we
also recall the shorthand defined in Eq. (8), then it follows
that the Einstein tensor (17) may be expressed as

G/w = G/w + éuw (22)

with the familiar metric part

N A 1.
w — R;w - ERguw (23)
and the torsionful part
o 1o -~ ”
G, = EV{;CW -©,,(C). (24)

B. Field equations

The EC field equations may be obtained by considering
the action (see, e.g., [7,23,24])

1= [(La+ Lu)y=an (25)

where g denotes the determinant of the metric tensor g,,.
The Lagrangian density of the gravitational field is defined
in terms of the Ricci scalar (16) by

1
Lg= 21<R’ (26)
where the constant x is determined in terms of Newton’s
gravitational constant G and the speed of light in vacuum ¢
by x = 87G/c* The Lagrangian density of matter is
denoted by L,,. Both Lagrangian densities are considered
to be functions of the metric tensor g,,, and—depending on
algebraic convenience—the torsion §,,° or the contortion
K,.° [7].
Variation of the matter Lagrangian density with respect
to the metric yields the metric stress-energy tensor

g — 22 XEuv=0) _ 4, (27)
V') ag/w ’

while variation of the matter Lagrangian density with
respect to contortion yields the spin tensor

*For later convenience we take the argument of the left-hand
side to be C,,° even while we write the right-hand side in terms
of KHov.
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M — —20Euy=a) _ MY (28)

/=g 0K,°

These may be combined to give the canonical stress-energy
tensor (see, e.g., [7], Eq. 3.8)

A 1o ~
T = TV (29)

Like the Ricci and Einstein tensors, 7% is not symmetric in
EC theory.

Variation of the EC action (25) now yields the field
equations [7]

G

w = kT

pv

(30a)

Cu’ =KkM,’°. (30b)
It is noteworthy that, while the Einstein field equation (30a)
(EFE) is a partial differential equation, the spin field
Eq. (30b) is an algebraic identity. This means that spin
vanishes if and only if torsion does too.

C. Dynamic equations

The conservation laws for energy-momentum and spin
are found by Noether’s theorem (see, e.g. [7]) to be

. 1
V,T,* = Mo R + 8,0 T, (31a)
VM, =T, ~T,,. (31b)

Note that it is the canonical stress-energy 7', that appears
here, not its metric cousin T e These identities are the
“dynamic equations” of EC theory (see, e.g., [25,26]). As
discussed by [25], they are automatically compatible with
the contracted Bianchi identities as long as the field
equations (30) are fulfilled. Thus, similarly to EGR, EC
theory possesses “automatic conservation of the source”
(see, e.g., [27]).

D. “Effective” equations of EC theory

In the absence of spin, as in EGR [28], the spin field
equation (30b) forces torsion to vanish and the canonical
and metric stress-energy tensors to coincide. The field and
dynamic equations thus reduce to

(32)
and
vV, T,) =0 (33)

with

T

w =T

o (34)
In the absence of torsion, the stress-energy tensor is
symmetric.

But even in the presence of spin, the equations of EC
theory may be rewritten without approximation so as to
resemble those of EGR rather closely [7]. To see this we
may use the decomposition of the Einstein tensor into
metric- and nonmetric parts [Eqgs. (23) and (24)] and the
trivial identities

(35)

MV
Cpu)® = Cu°. (36)

If we then split the EFE (30a) into symmetric and
antisymmetric parts, we find that

- ©,,(C) =«T| (37a)

uv)»

]~
—VGC”,," = KT[W].

5 (37b)

Now we use the spin-field equation (30b) to substitute spin
for torsion everywhere (including within va):

R I «
G;ll/ — KT(MD) — EKVJMU(/UJ) + K'Z@”D(M),

(38a)

V,M,,° = 2T}, (38b)
The second of these equations is a redundant repetition of
the conservation law for spin (31b).

Finally, define the symmetric effective energy—momen-
tum tensor

1

®ﬂl/ = T(ﬂl/) - Evo‘MU(MD) + K@MV(M)’ (39)

which may alternatively be written as
®/u/ = T;w + K@/H/ (M)’ (40)

using Egs. (29) and (30b). We will generally use the first
alternative because this paper’s focus is on the (weak-field)
kinematics of the physically meaningful matter fields of the
canonical stress-energy tensor. In any case, the sym-
metrized effective EFE (38a) thus takes the familiar form

G, =«O

2% Hv*

(41)

The metric Einstein tensor is conserved by the metric
covariant derivative, and therefore so is G)W:
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A

V,0m = 0. (42)

[Presumably, this conservation law follows from algebraic
manipulation of the field equations (30) and the dynamic
equations (31), but it seems more straightforward just to
appeal to Gw’s properties.]

In summary, the effective equations of EC theory are

G, =«0,, (43)
V, 0 =0, (44)
V,M,,° = 2Ty, (45)

with all instances of torsion within va understood to have
been replaced by spin using Eq. (30b). The first two of these
equations are algebraically identical to standard EGR, albeit
with a differently defined stress-energy tensor. However,
they do not obviously decouple from the spin conservation
equation, so the similarity is just formal.

III. ANATOMY OF THE STRESS-ENERGY
AND SPIN TENSORS

Before deriving the equations of weak-field EC theory,
we should study the structure of the stress-energy and spin
tensors more closely. We use an index O to denote the time
coordinate x = ¢t and lowercase roman indices to denote
three spatial coordinates {x'}. The speed of light ¢ is
introduced as a scaling parameter that enables us to keep
track of and order various terms in powers of c¢. The
structure of the scale is set by the rest energy, Ty = pc’.

We assume that in an instantaneously comoving Lorentz
frame (ICLF) the energy-momentum tensor takes the form

) <T°° To;')

TiO Tl]

2 J
= (C p 1 . > (46)
I

We have included a nonzero ICLF momentum-density p'
and mass-flux ¢, as well as dropping the EGR requirement
that 6"/ be symmetric. We may derive the corresponding
expression for slowly moving matter by Lorentz-boosting
with a small velocity v’, where ||v|| < c. Defining

Y = 6" — pvivd, (47)

the stress-energy tensor takes the generic form

2

C
(T””)—< o
val‘l_pl

cpv’) + ¢/
e ) (48)
=X+ (p'v +v'q!)/c

where we have included the leading-order term in each
entry, as well as the term one power of ¢ lower.

We have chosen p’ and ¢ to carry one less factor of ¢
than po'. This scaling seems empirically reasonable. At low
enough velocities, an object’s linear momentum is derived
solely from its rest mass and velocity. But p’ and ¢’
represent contributions from spacetime itself, so they must
enter at subleading order as in Eq. (48).

As for the spin tensor, we take its ICLF components to be

00 0 MOjO
(MH7) = MO0 pgii0
0 —cp/

B (Cﬂi c0 )’ “9)
ey _ 0 MOjk
(M )_ MOk pgiik
0 m/k

_ (_”ik _Aijk). (50)

Again, we have scaled the nonclassical fields ' and z* to

ensure that nonclassical effects cannot enter at leading

order. Lorentz-boosting once again with the small velocity
v', and defining [cf. Eq. (47)]

MV = 7 — '/, (51)

Aijk — /Iijk _ eijvk’ (52)

the spin tensor takes the generic leading-order form

0 —cu
(MP0) = ( i Ctt, >, (53)
cut v
and
0 Ik
HokY —

One may show that, as in Eq. (48), nonclassical effects
correct @ and A"/ only at subleading order in c.

Thus, the physical parameters of EC theory are seen to
include the mass density p, the dynamic mass density flux
cq', the dynamic momentum density ¢ p’, the material stress
tensor ¢, the dynamic mass moment density cy’, the
particle spin tensor 6, the dynamic mass moment density
flux cz/, and the material couple stress tensor A%, The
justification for this nomenclature will be motivated later in
Sec. IV C. From a classical continuum mechanics perspec-
tive, new terms in the stress-energy tensor are the dynamic
mass density flux cg’ and the dynamic momentum density
cp', while the new spin terms involve the dynamic mass
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TABLE I. Summary of the physical parameters encountered in
the weak-field limit of EC theory. The top set of parameters is
familiar from classical continuum mechanics with spin, whereas
the bottom set of parameters represents relativistic phenomena.

p Mass density

vl Particle velocity

ol Material stress tensor

0l Particle spin tensor

Atk Material couple stress tensor
cq’ Dynamic mass density flux

cp' Dynamic momentum density
cut Dynamic mass moment density
crll Dynamic mass moment density flux

moment density cu’ and the dynamic mass moment density
flux cz'/. The theory’s physical parameters are summarized
in Table 1.

IV. WEAK-FIELD EQUATIONS

A. Preliminaries

We now seek leading-order weak-field approximations
to Egs. (43)—(45), that is, to write down the equations of
motion at first post-Newtonian order. A post-Newtonian
(PN) expansion combines two formal perturbation expan-
sions: one in powers of ¢ and another in powers of G (see,
e.g. [20]). PN theory may systematically be pushed to high
order, but since here we only seek equations accurate to first
(1-PN) order, it is not necessary to do so systematically.
Rather, it will be sufficient just to carry out traditional,
linearized gravity theory (see, e.g., [20], Sec. V.5), drop-
ping terms higher than O(G) and solving the effective EFE
(43) to leading order in ¢ in each of @y, ©;, and ©;;. This
approach’s consistency with formal PN theory follows from
comments on p. 307 of [20].

For weak gravitational fields, e.g., [21,27,29,30], we
express the metric tensor as

Guv = My + hmn (55)

where 7,,, is the standard Minkowski metric with signature
(= +++), and h,, = h,, denote small perturbations in the

metric. The linearized metric Einstein tensor is (see, e.g.,
[29], Eq. 7.7)

A 1
GMV = 5 (0,0,h .t a(,aﬂh v = aﬂayh
-0h,, - nﬂydﬂ()ph‘” +n,,0h), (56)

where [1 denotes the d’Alembertian 7*Y0,0,, and the
linearized Christoffel symbols are

FZV = %”ﬁlj(ayh/}v + auhu/} - a[)’h/,w)' (57)
As discussed in Appendix A, h,, scales like ¢™* at most.
The Christoffel symbols inherit this scaling, and since M**°
scales like ¢ at most [Egs. (53) and (54)] it follows that any
product of Christoffel symbols and spin is of order ¢~
This will simplify the upcoming algebra.

B. Reduction to linearized EGR

To leading order in G, one may write the effective
energy-momentum tensor (39) as

O =Tu — 3 (58)
dropping V’s torsionful parts and &(M). Additionally, the
lowest leading order in 7', is Z;;) ~ O(c?). Therefore, we

may disregard the O(c™!) spin-Christoffel cross terms to
leave

1

O =T ~3 (59)

nv

M ().
Applying analogous reasoning to the spin conservation
equation (45) reduces it to

oM,° =2T,, (60)

having noted in particular that T, ~ O(c).

Thus our weak-field approximation to Eqs. (43)—(45)
reduces to two decoupled problems. On the one hand we
have the spin conservation equation (60) which has no
algebraic dependence on the metric. On the other we have a
standard problem of linearized EGR,

G, =x0,,, (61)
vV, 0 =0, (62)
with effective stress (59) given explicitly by
cp c(pv/ —10,0)
(@) = i 1A pki kij) _ s(ij) (63)
c(pv' =50,0%) AN — X

to leading order.

This decoupling simplifies the process of gauge-fixing.
Linearized EGR’s well-known invariance under the trans-
formations

hy, = hy, + 2048, (64)

for arbitrary &,(x) is not generally preserved within
linearized torsionful theories. Analogous transformations
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do exist within such theories, but they tend to take a much
more complicated form (see, e.g., [31,32]). In this con-
nection, we remark that Battista and De Falco [22] chose a
specific constitutive relation for the spin (that of the
Weyssenhof fluid) to be able to treat the modified EFEs
using the “standard” gauge-freedom of Eq. (64) in their
study of gravitational waves with arbitrarily large torsion.
Within this paper we may make full use of the freedom
represented by Eq. (64) because the weak-field approxi-
mation means that the spin does not see the metric.

In fact, given the existence of extensive literature on
linearized EGR, at this point the problem is essentially
solved. In Eq. (63) we have % to O(c?), " to O(c), and
© to O(1). As shown in [20] (Secs. 5.5.7 and 7.3.2), this
is sufficient to write down the 1PN equations of energy-
momentum conservation. All that is different from EGR
is the form of the energy-momentum tensor, with the
3-momentum and 3-stress each possessing spin-related
corrections. For those interested in our choice of gauge, we
have included a full solution of Egs. (61) and (62) in
Appendix A, but one can equally proceed straight to
Sec. IV C.

C. Weak-field limit of the dynamic equations

From [20] (Eqgs. 7.55-7.58) we find that 1PN conserva-
tion of ®,, gives both standard conservation of mass,

9,p + 04 (pv¥) = 0, (65)

and a form of 3-momentum conservation,
1 . . .
9, (pv’ - Ea,ﬂ’“> + 0; (9 AX) — £y = —po, V. (66)

The field V is the standard Newtonian potential satisfying
V2V = 4znGp. (67)

We find the equations of the spin degrees of freedom by
taking the (i,0) and (i, j) parts of Eq. (60). This gives

O’ = QI = p' — ¢ (68)
and
0,07 — 0, N7k = —2%li]], (69)
The leading balance is at O(c®) in both cases, so the
connection does indeed not contribute. -
The last step is to use the equation for #“ to bring the

equation for pv' into a more familiar form. We rewrite
Eq. (66) as

0(pv') = 0;2) = —pd'V + 0y <§ 0,0 — 0./'Ak<”>) . (70)

then substitute Eq. (69) into the right-hand side of Eq. (70).
Given that 0,0, A% vanishes identically, it follows that

9 (pv;) — 9T = —po,V. (71)

In summary, using definitions (47), (51), and (52), the
1PN equations of Einstein-Cartan relativity are

9P + 0k (pr*) =0, (72a)
0,(pv;) = 0;(ci/ = pviv/) = —p9, V., (72b)
V2V = 4zGp, (72c)
0,0;; — ak(iijk - eijyk) = —(Uij - in)’ (72d)
O = 9j(m! — piv’) = p; — q;. (72¢)

Note that the only Christoffel symbols required for this
result were

f‘f)o =20V + O(c7), (73)

while we only needed to calculate the Newtonian part of the
metric:

ds? = (=1 +2¢72V)c2d? + (1 = 2¢72V)§;;dxidx/.  (74)

In the first three of Eqs. (72) we see “classical” self-
gravitating continuum mechanics, albeit with a stress tensor
that need not be symmetric. Moreover, our solution of the
EFEs has produced in Eq. (72b) a body force that is
specifically gravitational [cf. Eq. (2)]. The fourth equation
adds Cosserat-style spin degrees of freedom that couple
algebraically to the classical degrees of freedom through v'.
Note that this equation is driven by the asymmetry of the
stress tensor alone, with the external torque ¥;; vanishing at
this order [cf. Eq. (3)]. Finally, we find an evolution
equation involving the wholly nonclassical fields y', 7/,
p', and ¢'. It is this equation that motivates our earlier
nomenclature: cu’ a “mass moment density” and cz'/ the
corresponding flux. Equation (72e) also couples algebrai-
cally to the classical degrees of freedom through v,
although if x/, 7'/, p', and q' are zero initially then they
remain so and (72e) is irrelevant.

V. SLIGHTLY STRONGER FIELDS

We gain further insight into the interplay of spin and
energy-momentum by writing Eqgs. (43)—(45) accurate to
1.5PN order. It is easier to derive the 1.5PN equations than
one might imagine, because no extra work is required
regarding the EFEs: as shown in Appendix B, we still only
need the Newtonian potential V. Moreover, we can continue
to disregard the parts of ®* that explicitly feature torsion
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because they come with four extra factors of ¢! and are
therefore suppressed at this PN order; Eq. (58) is thus still a
valid expression for the effective stress-energy tensor. All of
this means that nothing from Appendix A needs to be
changed here. To obtain the 1.5PN equations, we just need
to expand the dynamic equations (44), (45) one order higher
in ¢~!. This introduces no new concepts with respect to
Sec. IV, just more algebra; therefore we consign most of the
work to Appendix B while here we essentially just quote
and describe the resulting equations.
To 1.5PN order the spin tensor has components

MO0 = —cpl — 0l + O(c7), (75a)
MO = gl 4 24ligdl  O(c), (75b)
MO =TI — Aok fe + O(c72), (75¢)
Mik = —Aik 4 2Tk f e 4+ O(c72), (75d)

while the (symmetrized) canonical energy-momentum
tensor is given by

T% = ¢2p + O(cY), (76a)

, o1, .
TO) = cpv/ + E(pf +4¢’') +O(c™), (76b)
Tl = —36)) 4 (p+ q)<i1;j)/c + 0(6—2)' (76¢)

Appendix B then shows that the 1.5PN equations of motion
are [Egs. (BS), (B6), (B11), and (B18)]

dp +0;(pv/ +¢’/c) =0, (77a)
0,(pv; + pi/c) — 0;[o;) — pviv/ — (piv/ + v;q7)/c]
V2V = 4zGp, (77¢)

0,(0:; + (uiv; — pjvy)/c)] — {4
— [0 + (uiv, —MjUi)/C)]Uk - (Uiﬂjk - Vjﬂik)/c}
=—(0;j—0;) +(pi—aq:)v; = (p; —q;)vi]/c

- (ﬂiajV - ﬂjaiv)/C’ (77d)

0,(u; + 0,07 /c) = 0w — v’ — (! — v’ ) 0¥/ c]

=pi—q;—(0;—0;)v'/c—0/0;V/c. (77e)
We reiterate that the Newtonian potential V is the only extra
part of the metric required to derive these equations, just as
in Sec. IV C. Even upon the inclusion of O(c™3) torsion,
we do not require any off-diagonal metric components. For
our purposes, the connection may be taken to be

F{)O =20V + 42Gc™3 (78a)
1Y =20,V =T9, (78b)
Ii; = —42Ge™30; =T, (78¢)
Ff-(j _ 47rGC_3(ﬂ,-5jk _ﬂkfsij)’ (78d)

with Iy = I

Notice how differently p’ and g’ behave in Eq. (77). In
Eq. (77b) the former combines with pv' to form the “spin-
corrected 3-momentum,” whilst in Eq. (77a) pv' combines
with the latter to give the “spin-corrected mass flux” that
sets the time derivative of p. Moreover, from Eq. (77b) we
see the fact that (in general) p # g only contributes further
to the asymmetry of the 3-stress. We also remark that these
equations introduce further mutual algebraic coupling
between x' and 6, with Eqs. (77d) and (77¢) resembling
each other closely.

Importantly, in working to 1.5PN order we have not only
reproduced Cosserat elasticity at lowest order, we have also
shown that torsion produces modifications to Cosserat
theory when the continuum becomes weakly relativistic.
In particular, we have derived a gravitational torque

—(ui0;}V = u;jo;V)/c (79)

in Eq. (77d), as well as augmenting Eq. (77b)’s gravita-
tional force by

These new terms, especially the force, constitute hypoth-
eses that could in principle be tested experimentally. At
present such tests would presumably be very hard, but if
they could ever be performed then they might provide
a useful counterpoint to experiments based on gravita-
tional waves.

VI. DISCUSSION

We have shown that it is possible to reduce the equations
of EC theory to those of classical continuum mechanics
with spin, or “Cosserat elasticity.” We achieved this by
assuming an empirically reasonable scaling for the non-
classical degrees of freedom ', p', ¢', and #'/, and then
considering the weak-field limit of EC theory. This pro-
cedure was helped by the fact that weak-field EC theory
reduces to weak-field EGR but with an extra equation
representing spin conservation. In addition to the equations
of Cosserat theory, our linearization procedure produced a
classical-looking equation for the evolution of the mass-
moment density.

We also argued that the 1.5PN equations could be
derived without much extra effort (as long as one has
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computer algebra software handy) and saw from those
equations how spin and energy-momentum start to couple
together at low PN order. Those equations also drew a clear
distinction between the external force and torque due to
gravity: a gravitational force appears in the equation for
linear-momentum conservation at 1PN order, while such a
torque only enters the equation for spin conservation
at 1.5PN.

The 1.5PN equations contain spin-related terms that are
not present in the equations of “pure” Cosserat elasticity. If
extremely precise measurements of such a medium’s motion
were carried out, then in principle one could test for the
presence of torsion.

The chosen c-scalings for the nonclassical fields are in
some sense a postulate of this paper. One may derive weak-
field equations of motion where all the nonclassical fields
are “bumped up” by one power of ¢, so that (for slowly
moving matter) 7% = c¢(pv’/ + ¢/) for instance. We did this
at first but found that those equations mixed classical and
nonclassical fields in a way that seemed unphysical. We
certainly did not find the equations of Cosserat elasticity.
Therefore, we proceeded on the assumption that nonclass-
ical fields should not enter the continuum theory.

Incidentally, it is not clear that one may consistently
import standard linearized EGR techniques using those
different scalings. This is because the spin-conservation
equation would involve the metric via the Christoffel
symbols, so it is not obvious (at least to us) that the
linearized EC theory would split into a problem of linear-
ized EGR and an extra equation. Hence, one would
probably need to work harder to gauge-fix properly [32].
Perhaps a proper gauge-fixing in this manner would lead to
the equations of Cosserat theory even with the different
scalings? If it does, we have not worked out how. Hence, we
postulate that the nonclassical fields should scale with ¢ as
they do.
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APPENDIX A: SOLUTION OF THE
WEAK-FIELD EQUATIONS

Here we solve Egs. (61), and (62). First we reduce the
modified EFEs (61) to a suggestive weak-field form,
following the approach of Poisson and Will [20]
(Sec. V.5.4) (although our notation is that of Carroll [29],
Sec. VIL.2). Then we choose a convenient gauge and solve
the field equations for the necessary components of the

metric and connection. Finally, we use those results to write
down the weak-field equations.

1. Decomposing the stress-energy field equations

Let us write 4, using the irreducible decomposition

/’loo - —ZCD, (Al)
ho; = w;, (A2)
hij - 2sij - 2‘1,5[!, (A3)
where we have defined
1.
and the spatially traceless tensor
1 1

This decomposition leads to the following representation of
the metric part of the Einstein tensor (Carroll’s Eq. 7.29):

Goo = 0,05 + 2V, (A6)
. I, 1 .
GOi = —EV Wi + zalajwj + doajsl-/ + ZGOai‘P, (A7)
W1 .
Gij = —an(ale + a]Wl - 25,10kw )

+ aiaksjk -+ 6j6ks,-k - 5,-j6k6msk”’ — DSij

+ 2035, — (0,0, — 6,,V)(® — ). (A8)

As Refs. [20,29] subsequently discuss, one may further
decompose the vector-field w; and the trace-free tensor-
field s;;. We write w; as

w = 0;Ad +w, (A9)
where the transverse part w' has vanishing three-
divergence. Similarly, we have the decomposition

s = sz + slS’ + silf (A10)
where sz is a divergence-free transverse part,
9;s7 =0, (A11)
sisj denotes the solenoidal part
s _ 1 i
Sij =75 (0:¢; +9,8:), 9;¢' =0, (A12)
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and s‘i denotes the longitudinal part

3
J

sl = (a,-aj —%6,:,-V2) 6. (A13)
It is useful to define
¥ =V %Wa, (A14)
® = @ + gyl — 320, (A15)
Wt = wt =09y, (A16)

in terms of which Gﬂ,, will take a particularly simple form.
Using these decompositions, the effective EFE (43) can
be arranged as

V2P = k0@, (Al7a)
2V3(® - P) + 632 = O/, (A17b)
2000,¥ — % V2 = k@y,. (Al7c)
The full spatial part
25,039 — %ao(a,wjL + 0;W})
— (0,0, — 8;V?)(® - ¥) - Os7 =x0;;  (AlS)

describes gravitational radiation, and is therefore unneces-
sary for our purposes.

Finally, we note that Eq. (A17c)’s left-hand side con-
stitutes a Helmholtz decomposition into the curl-free term
2000,% and the divergence-free term —1 V2ibit. Moreover,
the timelike component of the linearized conservation
equation is 0y®yy = 0,0,;, wherein we have neglected
Christoffel terms at leading order; this may be substituted
into the divergence of Eq. (Al7c) to give

2V20, ¥ = kdyBy0. (A19)
which holds trivially due to Eq. (A17a). We therefore drop
Eq. (Al7¢c)’s curl-free part, and define ©p; to be ©y,’s
divergence-free part. This leaves our minimal subset
decomposed EFEs as

Vz‘i’ = §K®00’ (A20a)

s 1
V(B - W) = k0, ~ 353%, (A20b)
V2t = —2xOL, (A20¢)

with ©F; the transverse part of 0.

2. A convenient choice of gauge

For our present purposes, it is convenient to choose a
gauge within which V>® = 4zGp/c*. To that end, we
impose the following conditions:

V4 =0, (A2la)
V20 = %K@f - 333, (A21b)
V200¢; = 2kOF.. (A2lc)
These lead to the following gauged equations:
vy — 4:—2G ’. (A222)
Vi (®-%) =0, (A22b)
V2wt =0. (A22c)

Equation (A21a) sets Eq. (A22a), as well as causing 6 to
vanish. Then through Eq. (A21b) we obtain Eq. (A22b),
thus enforcing strict equality of @ and W. Equation (A21c)
is chosen because it leads to Eq. (A22c) causing wi- to
vanish.

3. Solution for metric and connection

@ is the only component of the metric itself that we will
need within Sec. IV C. Also, the only component of the
connection required within Sec. IV C is the Christoffel
symbol ff)o, which is given by

[y = 0,® + dywi + 9,04, (A23)
to leading order. Given that wi- vanishes, we must now find

® and A.
To find ®, we recall that Eq. (A22b) sets ¥ = @, so

4dnG

Vid = — P (A24)
c
This shows that @ has PN order
D ~ (’)(c‘z). (A25)

Next, to deal with A we note that the order of ® and ®,' lead
to Eq. (A21b) having a right-hand side of order ¢~*. It
follows that

dpd ~ O(c™). (A26)
As stated earlier, we only require [}, accurate to O(c™2), so
we may neglect . Since wi- vanishes, we conclude that

i
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[, = 0,@. (A27)

4. Conservation of 0,

To obtain the 1-PN equation of conservation of ©,,, we
rewrite Eq. (60) explicitly as

000" + 0,0 + 14,0 + 1Y 0 = 0. (A28)
Recall that ©,, ~ O(c?) and [, ~ O(c™2); this means that
the I'® cross terms in the energy—momentum equation are
at most O(c?). Equation (A28)’s timelike component’s
leading order terms are at O(c). The connection therefore
plays no role and we find

0,p + 9;(pv’) = 0. (A29)
As for Eq. (A28)’s spacelike components, the leading

balance is at O(c), so the only I'® term that can contribute
is T7,®%. From Eq. (A27) this leads to

) (pv’ - 26k9k'> 1 0,(AKID) —Z0)) = —paV., (A30)

where we have defined

V =dc (A31)

Equations (A29) and (A30) are as adapted from [20] in the
main text.

APPENDIX B: 1.5PN

Expanding Eq. (58), we find after tedious, computer-
assisted algebra that

0% = ?p — cou’ + O(cY), (B1)

0j 1 jk L ooi,i j kj

eY = ¢ pv/ +§ak91 +ae (p! +¢’) + o JT¥
+ 0! = 20l 07] + O(c™), (B2)

@ij — (akAk(l/) — ZU) + C_l [(p + q)(’vJ) — atH(U)
+ 0TI — I 4 Tol] + O(c), (B3)

with

Leij = pioyV. (B4)

Now we expand Eq. (45) to give

— 0, (4" +0v;/c) + 0;,(T1Y = A /c) +Ty' /e
=q —p +25y;/c + O(c?) (B5)

+ 0,(07 + 2ulivil ¢) — 0, (AT — 20T/ ¢) + T, /¢

= 23 4 2(p — g)livll Jc + O(c72), (B6)
where the terms
Iy =-0Y0,V, (B7)
Lyij = =2u;04V, (B3)

arise from the terms in Eq. (45) involving (metric)
Christoffel symbols.

We need to compute various derivatives of ® to expand
Eq. (44). We go sequentially, making judicious use of the
evolution equations for ' and #”/. First, we note that

81600 = Czatp - c@,(ajl_[” + Pi - CI’) + O(CO>’ (B9)

on account of Eq. (B5). Equation (BS5) also implies that

. 1 . : .
QY = c(pvf + 50k91k> + [p/ + 9,110

— (o)) + O(c). (B10)

We now have enough to state conservation of mass.
Taking account of various terms’ (anti)symmetry, we find
that Eq. (44)’s zero component is

V,0% = ¢719,0% + 9,0% + O(c?)

=0,p+0,(pv/ + ¢//c) + O(c™?) =0. (Bl1)

At this order, the Christoffel symbols do not contribute.

To write down conservation of momentum, we must
manipulate ;0" suitably. To that end, we note that

y 1 ’
00N = 2 0,0, A, (B12)

due to C’s (anti)symmetries. This allows us to substitute
Eq. (B6) into the three-divergence of Eq. (B3), which after
some tedious algebra gives

0,01 = ~20,0,0" — 0,57 + ¢ {p’?ﬂ + gl

+ <F@’-/ - E1"Ml./> —0,(vliptl) — 0,H<’-’>]
+O(c™?). (B13)

In getting here it is crucial that the »II cross terms cancel;
this happens because
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0,0, (TTF( /) — AT — pliTIIF)

= 0,0, (WM — Tk — pTIVH) = 0. (B14)

Using Eq. (B10) we find, after many cancellations, that
9, (pv' + p'/c) = ;[E7 = (p'v/ + ¢'v') /c]

+9; (reff - %erf) Jc+[PO) = O(c™?). (BIS)

Here the Christoffel terms from the EFE do contribute:

[[6]; = (p— [ c)a;V. (B16)

It also happens that

| . .
whereupon we find that
0,(pv; + pi/c) = 0;[Z7 — (piv! + v,q7)/ ]
= —po;V — 1a;0,V/c+ O(c™?). (B18)

This is the 1.5PN statement of 3-momentum conservation.
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