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The detection of gravitational waves resulting from the coalescence of binary black holes by the LIGO-
Virgo-Kagra Collaboration has inaugurated a new era in gravitational physics. These gravitational waves
provide a unique opportunity to test Einstein’s general relativity and its modifications in the regime of
extreme gravity. A significant aspect of such tests involves the study of the ringdown phase of gravitational
waves from binary black hole coalescence, which can be decomposed into a superposition of various
quasinormal modes. In general relativity, the spectra of quasinormal modes depend on the mass, spin, and
charge of the final black hole, but they can also be influenced by additional properties of the black hole
spacetime, as well as corrections to the general theory of relativity. In this work, we focus on a specific
modified theory known as dynamical Chern-Simons gravity. We employ the modified Teukolsky
formalism developed in a previous study and lay down the foundations to investigate perturbations of
slowly rotating black holes admitted by the theory. Specifically, we derive the master equations for the ¥,
and W, Weyl scalar perturbations that characterize the radiative part of gravitational perturbations, as well
as the master equation for the scalar field perturbations. We employ metric reconstruction techniques to
obtain explicit expressions for all relevant quantities. Finally, by leveraging the properties of spin-weighted
spheroidal harmonics to eliminate the angular dependence from the evolution equations, we derive two,
radial, second-order, ordinary differential equations for ¥, and ¥,, respectively. These two equations are
coupled to another radial, second-order, ordinary differential equation for the scalar field perturbations.
This work is the first attempt to derive a master equation for black holes in dynamical Chern-Simons
gravity using curvature perturbations. The master equations we obtain can then be numerically integrated to
obtain the quasinormal mode spectrum of slowly rotating black holes in this theory, making progress in the

study of ringdown in dynamical Chern-Simons gravity.
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I. INTRODUCTION

The discovery of gravitational waves (GWSs) has pro-
vided a new avenue for scrutinizing the predictions and
phenomenology of Einstein’s theory of general relativity
(GR) in regimes characterized by nonlinear and dynamic
gravitational effects [1,2]. GWs offer the opportunity to
investigate the properties of astrophysical objects where
gravity is notably intense, such as black holes (BHs) and
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neutron stars. In particular, GWs are often generated by the
coalescence of binary BH systems, wherein two BHs orbit
each other, gradually inspiraling due to the emission of
GWs, and ultimately merging to produce a final BH that
emits GW radiation as it settles down. GWs during this part
of the coalescence, known as the ringdown phase, comprise
a superposition of numerous quasinormal modes (QNMs),
each with a complex eigenfrequency. By analyzing GW
observations, it may thus become possible to efficiently
explore the distinctive spectrum of QNMs exhibited by
BHs as they ring down [3,4].

QNMs are the characteristic vibrational modes of BHs
that are excited when the BH is perturbed. The study of
QNMs can provide important information about the fun-
damental properties of BHs and their surrounding space-
time. In particular, the QNM spectrum of astrophysical
(i.e., uncharged) BHs in GR is fully determined by just two
parameters: the mass and spin of the remnant BH. One
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promising application of QNMs is to test modified gravity
theories and alternative models of compact objects [5]. The
predictions of modified gravity theories may deviate from
GR’s and can manifest as modifications of the QNM
spectrum of BHs [6—12]. By observing the QNM spectrum
of merging BHs with GW detectors, it may be possible to
place constraints on these modifications to GR and its
models given two or more detections of QNM frequencies
with a strong signal-to-noise ratio. Recent GW detections
of binary BH mergers have provided some of the most
precise tests of GR in the strong-field regime [13]. With
improvements in detector technology and advancements in
computational techniques, using ringdown to test modified
gravity theories seems possible in the near future [14].

To study QNMs in GR, there are two well-established
approaches within BH perturbation theory. One approach,
proposed by Regge and Wheeler [15], perturbs the metric
directly, and it has been successfully applied to nonrotating
and slowly rotating BHs in GR [15-18], as well as in
modified theories of gravity [6-12]. However, this
approach has not been successfully applied to BHs with
a general spin. An alternative approach uses curvature
perturbations, and it was presented by Teukolsky [19] to
study rotating Kerr BHs in GR, including their QNM
spectrum and dynamical stability [20]. This framework
uses the Newman-Penrose (NP) formalism [21] and con-
siders curvature perturbations characterized by quantities
known as Weyl scalars. The success of the Teukolsky
formalism lies in its ability to provide a decoupled
evolution equation for each of the ¥, and ¥, Weyl scalars,
which describe transverse gravitational perturbations, and
physically represent ingoing and outgoing GWs, respec-
tively. Not only are these quantities decoupled from other
gravitational degrees of freedom, their evolution equations
are also separable into a radial and an angular equa-
tion [4,20,22].

The Teukolsky formalism in GR requires the background
geometry to be algebraically of type D under the Petrov
classification [23], as is the case for Schwarzschild and Kerr
spacetimes in GR. This Petrov type D property implies that
four of the five Weyl scalars vanish on the background.
However, when considering beyond-GR (bGR) theories, the
deviations introduced may lead to BHs described by non-
Petrov type D spacetimes. For instance, rotating BHs in
dynamical Chern-Simons (dCS) gravity and Einstein-
dilaton Gauss-Bonnet gravity are algebraically general
and classified as Petrov type I. As a consequence, the
Teukolsky formalism cannot be directly applied to bGR BH
spacetimes. Therefore, calculating the QNM spectra of
spinning BHs in bGR theories has been an open problem
for a long time and warrants new approaches. One potential
resolution to this problem became available recently
with the development of the modified Teukolsky formalism
[24-27]. This formalism, in theory, enables studying per-
turbations of spinning BHs in bGR theories and calculating

the QNM spectra of such non-Ricci-flat, matter vacuum
Petrov type I BH spacetimes. Yet, for tests with GW data, a
key theoretical challenge remains to calculate the QNM
spectra of BHs in modified theories, and then compare them
with observations. This work aims at computing the QNM
spectrum of one type of BH spacetimes.

In this work, we restrict our attention to modifications to
GR where a scalar field is nonminimally coupled to
topological invariant quadratic terms in curvature. A subset
of this class of theories, known as dCS gravity [28,29], was
proposed to explain the matter-antimatter asymmetry of the
Universe. This is achieved by the introduction of additional
parity-violating gravitational interactions, challenging a
fundamental pillar of GR. Due to the quadratic nature of
this theory, it is not strongly constrained using weak field
tests and evades binary pulsar tests [30] and GW polarization
tests [31]. However, early work using the metric perturbation
approach shows promise that ringdown tests can be useful in
constraining this modified theory of gravity [9].

We focus on slowly rotating BHs in dCS gravity to
leading order in spin in this work. This calculation serves as
a validation of the newly developed formalism [24], as the
results herein can then be confirmed with the results
obtained using the metric perturbation approach [9,32].
We first use the formalism prescribed in [24] to obtain the
modified Teukolsky equation for a slowly rotating BH in
dCS gravity. To leading order in spin, these BH back-
grounds are described by a non-Ricci-flat, matter vacuum
Petrov type D spacetime [24,33]. Solving the Bianchi
identities, we obtain the modified Teukolsky equation
first in the null NP basis. We then rewrite this equation
in the coordinate basis by defining a tetrad (similar to the
Kinnersly tetrad in GR). Finally, we make use of the
properties of spin-weighted spheroidal harmonics to
eliminate the angular dependence and obtain a radial
second-order differential equation. Due to the nonminimal
coupling between the scalar field and the curvature, the
perturbed master equations of the scalar field and the Weyl
scalars (¥, or W) are coupled in dCS gravity. Moreover,
some of these quantities also require metric reconstruction
within GR [34-38], making the problem more challenging,
yet still solvable, as we demonstrate here. Having obtained
the master equations in this work, we use the eigenvalue
perturbation method [25,39,40] in future work to calculate
the QNM spectrum and compare it with the results using
metric perturbations in dCS gravity [9,32].

The remainder of this paper is organized as follows. We
first present in brief the action and the field equations of
dCS gravity in Sec. II along with the slowly rotating BH
solutions in this theory. In Sec. III, we present an overview
of the modified Teukolsky formalism in [24], define a
three-parameter expansion under the slow-rotation approxi-
mation, and calculate the NP quantities on the dCS BH
background. In Sec. IV, we provide a concise review of the
metric reconstruction procedures in GR. In Secs. V-VII,
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we calculate the source terms of the scalar field equation
and the modified Teukolsky equation of ¥, and ¥, in the
null NP basis, the results of which are summarized in
Sec. VIIL. In Sec. IX, we project the equations into the
coordinate basis and extract their radial parts using the
properties of spin-weighted spheroidal harmonics. Finally,
in Sec. X, we summarize our work and discuss some future
avenues. Henceforth, we adopt the following conventions
unless stated otherwise: we work in 4-dimensions with
metric signature (—,+,+,+) as in [41]. For all NP
quantities except the metric signature, we use the notation
adapted by Chandrasekhar in [42].

I1. BHs IN dCS GRAVITY

In this section, we present the details of the theory and
the background BH spacetime used in this work.

A. dCS gravity

In this subsection, we briefly review the dCS gravity
following the discussion and the convention in [43]. A
more detailed review of dCS gravity can be found in
[28,29]. The action of dCS gravity is

S = /d“x\/—g{KgR + %1‘9R’/M,00 *RHvPO

1
SV L | (D)

where k, = ﬁ *RHPY is the dual of the Riemann tensor,
* PUUPC 1 poap puv
R = 5 € R afps (2)

and & is the pseudoscalar field coupled to the Pontryagin
density P := R,,,, "R***? via the dCS coupling constant .
The quantity V(9) is a potential for 9, which we set to zero
for the reasons explained in [44—46], along with any matter
contribution L., (since we work with matter vacuum BH
spacetimes) for the remainder of this work. From Eq. (1),
we find that [9] = 1 and [a] = L? in geometric units. Using
these coupling constants, we can define a dimensionless
parameter { characterizing the strength of the dCS correc-
tion to GR, where ¢ is defined in [43] to be

2

gEKgM4’

(3)

with M the typical mass of the system. When the system
under consideration contains a single black hole, then M is
its mass. When considering a binary system, then different
corrections to the solutions of the field equations will scale
with different (dimension 4) combinations of the two
masses.

Varying the action in Eq. (1) with respect to the metric
and the scalar fields, respectively, we obtain,

a 1

Ry:__cv+_T8v7 (4)
H Kg H 2Kg H
009 = — gRW/m “Ruvo, (5)

where [1 =V, V¥ is the D’ Alembertian operator, and
" = (V,8)e? WV RV + (V, V:9) R (6)
T8, = (V,9)(V,9). (7)

We have here adopted the trace-reversed form of the field
equations, using the fact that the C tensor is traceless, as it
renders future calculations simpler.

The dCS action presented above is an effective theory
that includes only linear in @ and quadratic in curvature
corrections to the FEinstein-Hilbert action, thus ignoring
higher order terms in o and in curvature. Therefore, the
resulting field equations are also similarly effective, and
their solutions ought to be truncated at leading order in «
and considered only for systems (and regimes of spacetime)
with small curvatures. Various previous works [43,47]
have studied the regime of validity of this effective action
and its curvature cutoff. In essence, the effective theory
remains valid provided (a?/k,)P* < 1, where recall that P
has been defined as the Pontryagin density. When this
is the case, the higher order in @ and in curvature terms
neglected in the action above can continue to be ignored.
The systems studied in this paper involve the exterior
spacetime of remnant BHs with masses in the range
3My < M < 10’ M. For such systems, the theory remains
effective, and { < 1 provided /a < 107 km, which is
assumed henceforth; the best current constraints on a come
from NICER and advanced LIGO observations, and they
require that v/a < 8.5 km at 90% confidence [48]. In this
range of a and for these BH masses, the quadratic curvature
corrections to the Einstein-Hilbert action will remain
perturbative, and the higher order in « and curvature terms
will remain controlled relative to the quadratic term
included in the dCS action.

B. Slowly rotating BHs in dCS gravity

Solutions to BHs in dCS gravity have been found both
numerically [49] and analytically [43,50-52]. For this
work, we consider the analytical solution found in
[50,51], which were obtained by perturbatively solving
field Egs. (4) and (5) to linear order in both the dimension-
less spin parameter y, where y = a/M (with the dimen-
sional spin parameter a = S/M, where S is the spin angular
moment, and M is the BH mass), and the dCS expansion
parameter ¢, defined in Eq. (3). This analytical solution
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casts the line element of a slowly rotating BH in dCS
gravity as

d.S‘2 = dsglow + dsiCS’ (8)

where, following the convention in [42], the line element
for the slowly rotating Kerr metric in Boyer-Lindquist
coordinates (7, r,@,¢) is given by

dsy = gSIOde“dxﬂ

slow
= —f(r)dt* - dtdg + f(r)~'dr?
+ r2d0* + r? sin® 0dg?, (9)

4Ma sin? 0
r

where f(r) = 1-2M/r is the Schwarzschild factor. The
line element in Eq. (9) is obtained by keeping only the
leading-order terms in a of the Kerr metric in Boyer-
Lindquist coordinates, i.e.,

dsk,.. = ggl‘?” dx®dxP

B _( 2Mr>dt2 4Marsm 0

1-= dd¢+ dr
p

2Ma%rsin? 6

+ pPdo* + (r2 +a*+ — ) sin® Od¢?,
P

(10)
with p? = r?> + a®> cos> @ and A = > — 2Mr + a>. To lead-

ing order in y and ¢, the dCS modification to the Kerr line
element is given by

G
dsics = —C'X%SinZ Odtdg, (11)
where
_ SMS 12M 27]‘42
Gr) — — 1 . 12
(I’) 474 < + Tr + 107’2> ( )

The above dCS correction to the line element is of
Oy, €"), and thus, we can use the trivariate notation
that we introduce in Sec. III C to write

ny' = - sin 6. (13)

The dCS metric of a slowly rotating BH is then identical to
the Kerr metric, except for the (¢, ¢) component, which
acquires the correction presented above. Similarly, the
background scalar field at leading order in spin is given
by [50]

90) —

Saacos® (1 2M

18M?
SM 2 T+ 5r2 )’ (14)

where the superscript denotes the scalar field is evaluated
on the background. Although the scalar field 9 enters at
O(¢'/?), as shown in Egs. (5) and (14), we follow [24] to
multiply 9 by an additional factor of ¢'/? for the simplicity
of order counting. In this case, the expansion of 9 starts at
0(¢), so at O, x', "), we have

61/2’9(0) — CX&(I,I.O)
5M? 2M  18M?
=¢— 14+ == 1
Q(32\/7_rr2< PR )cos@, (13)

where we have used Eq. (3). The three-parameter expansion
in {¢,y, e} is discussed in more detail later in Sec. III C.

III. BH PERTURBATIONS IN TEUKOLSKY
FORMALISM

In this section, we review the modified Teukolsky
formalism developed in [24]. In this paper, we extend
the two-parameter expansion scheme in [24] to a three-
parameter expansion discussed in Sec. III C to incorporate
the slow-rotation approximation, following [9,32].

A. Modified Teukolsky equation

As discussed previously in Sec. I, for studying pertur-
bations of nonrotating BHs, we obtain the perturbed field
equations and decompose these into master equations by
making use of the metric perturbations [15-17,53]. These
metric perturbations are separated into two sectors, depend-
ing on their behavior under a parity transformation. For
each parity, all the metric degrees of freedom are then
packed into one master function: the Regge-Wheeler
function for odd parity [15] and the Zerilli-Moncrief
function for even parity [16,17]. The master equations
governing these master functions are decoupled from other
dynamical degrees of freedom of the metric fields and are
separable into radial and angular equations.

However, for rotating BHs in GR, due to the lack of
spherical symmetry, to obtain the decoupled and separable
perturbed field equations, one has to use the Teukolsky
equations [19,20,54], where the fundamental variables to
solve for are the Weyl scalars W 4 characterizing curvature
perturbations. In this case, the master equations of ¥, 4 are
decoupled from other NP quantities and are separable into
purely radial and purely angular equations. For a quick
review of the NP formalism and the Teukolsky formalism
in GR, one can refer to the original papers [19,20,54,55],
the book [42], or more recent papers that work in the
Teukolsky formalism [24,38].

In modified gravity, most calculations for rotating BHs
have so far been done using metric perturbations and the
slow-rotation expansion, e.g., [9,32] in dCS gravity, [10,11]
in EdGB theory, and [12,56] in higher-derivative gravity.
However, these approaches cannot deal with BHs with
arbitrary spin, which motivated the development of the
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modified Teukolsky formalism in [24,25]. Following the
formalism in [24,25], one can find separable and decoupled
equations for ¥ 4 of BHs with arbitrary spin in a wide class
of modified gravity theories, such as in dCS gravity, which
can be treated as an effective field theory extension of GR.
In this paper, we use the modified Teukolsky equations of
Wy 4 in [24]. For an alternative approach following [57] by
projecting the Einstein equations to the Teukolsky equa-
tions, one can refer to [25].

In [24], the authors introduced a two-parameter expan-

sion, in terms of ¢ and € where

(1) ¢ is the parameter characterizing the strength of
modifications to GR. In the case of dCS gravity, { is
given by Eq. (3).

(2) € is the parameter characterizing the strength of
gravitational perturbations, which also appears
in GR.

We do not assume any hierarchy between ¢ and e. The
dimensionless coupling constant { can be smaller or larger
than the perturbative expansion parameter ¢ depending on
the BH system under consideration. In this way, one can
expand all the NP quantities as

v, = 4wl

(
]
=00 4 g0 g0l 4 el (16)
and the extra nonmetric fields, such as the pseudoscalar
field 9 in dCS gravity, as
9 =90 4 9() = £9(10) 4 reg(lh) (17)
where we have reserved the single superscript notation for
only an expansion in e. When using the double-superscript
notation, however, the first superscript also refers to
contributions proportional to ¢ to a given power. In
contrast, the second superscript refers to terms proportional
to € to a given power.

Using the expansion in Eqs. (16) and (17), the authors
in [24] found that for a rotating BH described by a matter
vacuum, non-Ricci-flat, Petrov type 1 spacetime that
perturbatively deviates from a Petrov type D spacetime
in GR, the gravitational wave perturbation ¥, satisfies

PO Z I LS00 (g

where H(()O‘O) is the Teukolsky operator for ¥, in GR [19],
and the source terms are divided into a “geometric piece”,

1,1 1,1 1,1 1,1
Séeo) = 8(().D) + S(<),n0)n—D + S(l,no)n—D’ (19)
with
Sop = ~Hy . (20a)

Soion = —HY Wi, (20b)

11 0.1)gy(1.0
S'sonn = H{" W, (20¢)

and a “Ricci piece”,

S — 820’0)89 D ggo,nsg,o) _ 5(10.0)S51.1) _ 550,1)5(11,0)’
(1)
with Sy, given by
S1=061-2.-21.0%Po0 = Di—2.00.-21Po1
+ 26@10 - 2K®11 - I?q)oz, (228_)
S2 = 00,220/ Po1 = Di=22.0.-11P02
— ;1@00 + 26(1)11 - 2Kq)12. (22b)
The operators Hy ;, &y are defined as
Hy = &EF, — & F — 3%,, Hy=&J, =&y,
1 1
& =E| ——d¥,, & = E, ——DY,, 23
1 1 v, 2 2 2 v, 2 (23)

where W, is a NP scalar, and we have also defined

Fi= 3[—4,0,1,0], Fy=Ap0.-40)
J = D[_zVo,—4,0], Jr= 5[0.—20,—4]’
E = 5[_1’_3,1._1]3 E, = D[—3,1,—1,—1]- (24)

The operators that appear in the above definitions are
defined for convenience to be

Diypcq = D + ae + be + cp + dp, (25a)
A peaq =A+ap+ bip+ cy + dy, (25b)
Slaped =0+ aa+ b+ cx + dr, (25¢)
Slabed = 0+ aa+ bp + cx + dr, (25d)

where (D, A, 8,5) are the usual NP differential operators
(constructed by contracting the tetrad with partial deriva-
tives), while (&, p, u, 7, a, , 7, 7) are spin coefficients, with
the overhead bar denoting complex conjugation, and
(a, b, c,d) are certain constants. For a complete derivation
of the equations above and the definition of Weyl scalars,
spin coefficients, directional derivatives, and Ricci NP
scalars, one can refer to [21,24].

For this work, we are only interested in studying slowly
rotating BHs in dCS gravity up to O(y). Such BHs are
described by vacuum non-Ricci-flat Petrov type D
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spacetimes [33]. The modified Teukolsky equations for
these BHs hold the same form as given in Eq. (18) with the
source terms 88;13_]3 and S (ﬁrﬁfn_D in Egs. (20b)—(20c)
vanishing.

The equation of ‘I’( can be obtained from Eq. (18) by
the Geroch-Held- Penrose (GHP) transformation [58] and is

given in [24],

HPOWM = 70+ 70, (26)
where Hgo,o) is the Teukolsky operator in GR for ¥,, and

the “geometric piece” of the source terms is defined as

Teo' =T + Tionn + Tohonn:  (27)
with
70— _g0gon, (28a)
T o = —H W0 (28b)
T oo = HY W, (28¢)

whereas the “Ricci piece” is defined as

T 5(00) + 5 10) _ Ego,o)sgl,l) _ ggo,l)sgl,o)
(29)
with
S3=—A0220P2 + 5[2,2.0,—1@22
+ 2U(I)11 + l_/q)20 - 2)«(1)12, (308.)
S4 = —Ap12-2Pp + S[2,0.,0.—2](1321
+ 2l/q)lo - 2/1(1)11 + 6(1)22. (30b)
The operators H; 4 and &5 4 are defined as
:g4F4—53F3—3T2, :54.]4—53.]3,
1 -
53 :E3 —T—Zélpz, 54 E4—lP—A‘P2, (31)
with
F3=06040-1 Fy= D[4o 1.0]>
J3 = Ao J4=dp040
E;= 5[3 1.1.-1] E,= A[1,1,3,—1]- (32)

Although the formalism above works for BHs with arbi-
trary spin in dCS gravity, we choose to use the slow-
rotation expansion in this paper, so we can check the

consistency of our results with prior work using metric
perturbations [9,32] in our next paper [59]. We implement a
slow-rotation expansion of the above equations in
Sec. HIC.

B. Structure of the source terms

Here, we further discuss the structure of the source terms
in Eq. (18) presented in [24]. In particular, we focus on the
source terms that are nonvanishing for a non-Ricci-flat,
Petrov type D BH in dCS gravity, given in Eqs. (20a)
and (21). The source term in Eq. (20a) only depends on the
perturbed Weyl scalar ‘I’( Y in GR and the dCS corrections
to the stationary NP quantities at O(¢', €?). One can solve

the Teukolsky equation in GR [19,20] to calculate ‘P(()O’l)
directly. The NP quantities at O(¢', €°) can be computed
from the dCS metric in Eq. (11), as shown in more detail in
Sec. III D.

Due to the nonminimal coupling between the scalar field
and the metric, the source term S('!) in Eq. (21) depends
on both the scalar field perturbations and the metric
perturbations. To compute S-!), we first need to calculate
the NP Ricci scalars @;; using the stress tensor or the Ricci
tensor, i.e.,

1

1
Dyg =—=Ry; = —=R,IF,
00 >t

SR (33

where [# is one of the NP tetrad basis vectors. Since the
background and perturbed scalar field in GR vanish, we
have that 90 = 90 — (. Therefore, the NP Ricci

scalars (DE]]-’I) can be expressed as a function of the scalar

field perturbation (") and the metric perturbation 4> as

(L)
o]

— 0(8(1‘0)}1(0'1)) 4 (9(19(1*1)9(0’0)), (34)
where ¢(*9) and 2(*") are shorthand for terms that depend
on the metric tensor of the GR background and of the
metric perturbation due to GWSs reconstructed in GR,
respectively. From Eqs. (21), (22), and (34), we notice
that S('1) couples the GWs in GR and the scalar field 9, so
we need to solve the equations of motions of these
nongravitational fields to find their contributions to the

stress tensor and S(I'!). Moreover, from Egs. (23)-(25), we
see that SV in Eq. (21) depends on W\, the directional
derivatives at O(£?, €'), and the perturbed spin coefficients
at O(¢%e'), which need to be retrieved from the

reconstructed metric perturbation h,(g’l) for GR GWs.
One can either follow the metric reconstruction approach
in [34-37,60-64], the so-called Chrzanowski-Cohen-
Kegeles (CCK) procedures, which involves defining an
intermediate quantity called the Hertz potential, or the
approach in [38,42], which solves the remaining NP
equation directly. In this paper, we choose to follow the
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more widely used CCK procedures and apply them to
compute the source term S(I!)

C. Slow-rotation expansion

When considering a slow-rotation expansion, in addition
to the quantities given in Egs. (16) and (17), one needs to
consider an additional expansion in the dimensionless spin
parameter y = a/M. As an extension of Egs. (16) and (17),
all the NP quantities now admit a three-parameter expan-
sion in ¢, €, and y, where

v=> ¢y

Lm,n

m nqjlmn (35)

as well as the pseudoscalar field,

19_24« €n191mn (36)

Lm,n

In what follows, it sometimes is convenient to hide the y
expansion in more compact notation, such as y) =
w00 4 (LD When only a two-parameter expansion
is denoted, the y expansion is assumed.

In this paper, we focus only on linear perturbations in e,
along with the small-coupling approximation and the slow-
rotation approximation, i.e., up to linear order terms in {
and y, respectively. Therefore, our Egs. (35) and (36) can be
expanded as

7 111(0,0,0) +Z(\Ij(0.1,0) + C‘P(“'O))

+ 6(1{;(0,0,1) _i_)(lp(o,l,l)) 4 Ce(\P(l,O,l) +)(\P(1’1’1>),

(37a)
8 = (810 4 910D eyl (37b)
Equation (37a) groups the corrections to W(©%0) into

three sets organized by parenthesis. The first set of terms
are stationary corrections to the Schwarzschild metric due
to the slow-rotation approximation in GR, Y9 and in
dCS gravity, ¥(-1:0) The term W(*1'9) can be retrieved from
the slow-rotation expansion of the Kerr metric in Eq. (9),
and P19 can be evaluated with the O(¢', y!, €°) correc-
tion to the metric in Eq. (11) found by [50]. Since the
Pontryagin density vanishes for any spherically symmetric
spacetime, and the Schwarzschild metric is the unique
stationary spherically symmetric solution to the Einstein
equations, there is no correction to the metric at
O, 40, €% [43]. Thus, we have dropped the term
w(1.00) in Eq. (37a). For the same reason, 9190 = (.
The second set of terms are the GW perturbations to the
Kerr metric in GR up to O(Z%, ¢!, €'). These terms include
perturbed Weyl scalars, NP spin coefficients, and direc-
tional derivatives, all of which need to be evaluated in GR

but include spin perturbations. To evaluate these types of
terms, we need metric reconstruction of GW perturbations
at O(¢0, €'), the procedures of which are discussed in detail
in Sec. IV.

The third set of terms are the one we want to solve for,
which are corrections to GW perturbations in dCS gravity.
The term Y0 corresponds to gravitational perturbations
sourced by nonrotating BHs in dCS gravity. Since
9(100) — o (0. s purely sourced by the leading
contribution to the dynamical pseudoscalar field 9101,
so only S contributes to Eq. (18), and no metric
reconstruction is needed. The term ¥Y("''')) corresponds to
leading-order corrections to gravitational perturbations of
slowly rotating BHs in dCS gravity. Unlike the nonrotating
case, since both the metric and § are corrected at
O 11, €9, ‘I‘(()L"l'l) can either be driven by dynamical
GW perturbations in GR or dynamical 9.

For the first type of correction, the driving terms can
come from Séeol Tin the form of terms proportional to the
product RO R0.1) " Ag discussed in Sec. Il A and [24], this
kind of term is due to the correction to the background
geometry, so they are independent of bGR theories.
Up to O x4t e!), the background spacetime is still
Petrov type D [43], so SE)L;L’;_)D = S(llnl)n]z) =0 in
Eq. (19), and one does not need metric construction to
evaluate these terms [24]. In Sec. VI A, we compute Sgc’ol)
in detail. Besides Sgé’ol), there is also contribution from
S(D in the form of terms proportional to the product
910 ;0.1) due to the effective stress tensor. In this case,
metric reconstruction is needed, and we compute S{''!) in
Sec. VIB.

For the second type of correction, the driving terms only
come from SV, Since both (101 and 9("1-1) are non-
zero, the metric field in these terms needs to be evaluated on
the Kerr background, expanded to O(y). To find 8(-!), one

needs to solve Eq. (5) at O(¢',€'), i.e.,
M2
[7(0.0) 9(1.1) — [R*R]( ) — g.1) 9(1.0) (38)
167/72

where we have used Eq. (3) to rewrite a in terms of £, which
then cancels. Notice that the first term on the right-hand
side has an implicit factor of {. However, this factor cancels
out throughout Eq. (38) using the perturbative expansion in
Eq. (37b). In Sec. V, we compute the source terms of
Eq. (38). In Sec. VI B, we compute the source terms driven
by 9D but leave 9"V unevaluated. In our follow-up
work [59], we solve both the modified Teukolsky equation
and the scalar field equation jointly to find the QNM shifts.
Since metric reconstruction at O(£?, €') is required for both
the modified Teukolsky equation and the scalar field
equation, we present a review of the procedures in Sec. I'V.
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D. NP quantities on background

In this subsection, we present the background tetrad for a
non-Ricci-flat, Petrov type D, slowly rotating, dCS gravity
BH spacetime. To obtain the null tetrad for the metric given
by the line element in Eq. (8), one can follow the general
procedures prescribed in [24] or the standard procedures for
finding the Kinnersley tetrad in GR given in [42]. In [65],
such a tetrad was found by following the second approach.
Nonetheless, for completeness, let us rederive the tetrad
following the prescription in [42,65]. Our result is con-
sistent with the one in [65], but with additional tetrad

rotations to set ‘I’é{i(’);f‘ =0.

To begin, we first find the null geodesics in the equatorial
plane for a dCS BH to be

%_ [r2+ : an(r)} %,
. \/ amae) (1- 257 15,
= (D) )

where E = —-0.%/0t is a constant of motion, & is
the Lagrangian for Kerr in [42], A(r) = A(r) +
2aMG(r)/r + G(r)?/4, and G(r) = {yG(r). Following
the procedures outlined in [42], we align the tetrad basis
vectors /# and n* along the outgoing and ingoing null
geodesics, respectively, at the equilateral plane with £ = 1

such that
- <r2+a2—%(r),\/A(r)ﬁ(r)<l—a(i§r)>,

A(r)

o,a+@>, (40)
= N<r2 ra -2 —\/A(r)ﬁ( )<1 - “%”),

07a+@>, (41)

where N is the normalization factor introduced to impose
ln, = —1. Since I* and n* are along null geodesics, /#1, =
n*n, = 0 is satisfied automatically. Expanding Egs. (40)
and (41) up to O(¢', 41, €%), we find

1u:<rr o.M G ) (42)

—r, r(r—ry) 2r(r—ry)

& G(r)
2r(r — rs)>’ (43)

where r, is the Schwarzschild radius given by r; = 2M,
and N(r) = (r —r,)/2r. When ¢ = 0, I* and n* reduce to
the Kinnersley tetrad of Kerr BHs expanded to O(y!). The
tetrad basis vectors /# and n* in Egs. (42) and (43) are the
same as the principal null directions in Eq. (31) of [65].

To obtain the remaining components of the null tetrad,
notice that the correction to the Kerr metric due to dCS
gravity enters at O(¢', y', €”) only in the t¢p component.
Therefore, it can be expected that the corrections to the
Kinnersley tetrad are only along the d; and 9, directions,
which is seen to be true for /# and n#. Thus, at O(¢', !, €°),
the corrections to the remaining null tetrad components, m*
and m*, take the form

- r M
Ho— -1
n'=N(r) (r -r -0, r(r—ry) +

mi(1L10) —

(my(r.0),0,0,my(r,0)), (44)
where m* can be obtained by taking the complex
conjugation of Eq. (44). Imposing the remaining ortho-
gonality conditions to O(¢!, y!,€%), we find m,(r,0) =
my(r,0) = 0. Therefore,

M cos 6
mt = <t)(Ms1n9 0,1- w,
Var r

iyM cos 0
X i(l - w) csc 9). (45)
r

Notice that m* (and therefore m*) holds the same form as
the Kinnersley tetrad of Kerr BH expanded to O(y). Using
Egs. (42), (43), and (45), to O(', x', €°), we obtain

2ilyA
Y, =¥, =0, ¥ = —%sin@,
r
M 3iy CAy(r)
TZ:_F_ 3 <M2——8r5 cos 6,
3V2ilyAs(r) .
lP3 = —Wsme, (46)

where A;(r) are listed in Appendix A.

Such a calculation contradicts the claim that BHs in dCS
gravity are Petrov type D spacetimes to O(y). We see that
the seeming contradiction arises due to the nonvanishing

¥, and ¥; on the background. However, we can perform

tetrad rotations to eliminate ‘P (1.1.0) and ‘{’ (1.1.0) as

described in detail in Appendix A This can be achleved
by a type II rotation [ie., Eq. (Alb)] with »U-10) =
—V/2iA(r)sin@/(32Mr°) and a type I rotation [i.e.,
Eq. (Ala)] with a9 = \/2iA;(r)sin@/(64M7r7), res-
pectively. Following this, we finally obtain
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¥.=0 V ie{0,1,3.4},

¥, — _M 3 (M2 —CA%(”)) cos 0. (47)

PR i

The explicit expression for the rotated tetrad is listed in
Eq. (A4). Different from [65], we call the tetrad in Eq. (A4)
the “principal tetrad”. Notice that, in [33], a Kinnersley-like

tetrad for the dCS metric expanded up to O(¢!, 42, €”) was

also found. To impose that ‘P(()%f) vanish at O(y?), when the

background spacetime is Petrov type I, Ref. [33] added

terms at O(£'/2, y!, €°) to the tetrad. In this paper, however,

we only want to impose ‘Pé{fﬂ = ‘P&fﬂ =0, and prefer

to keep the expansion scheme in Eq. (16), so the tetrad in
Eq. (A4) is more suitable for our purposes.

We have also listed all the spin coefficients up to
O, ', €") in the principal tetrad in Appendix A.
For any vacuum Petrov type D spacetimes in GR, the
Goldberg-Sachs theorem requires that in the tetrad where
k =0 =A=v=0, the Weyl scalars ¥, ; 34 = 0 and vice
versa. However, in dCS gravity, since the effective stress
tensor is nonzero, the background spacetime is non-Ricci
flat. Thus, ‘I’(()fi(gA do not necessarily vanish in the tetrad
where (1) = 5(1.0) = 3(10) = (1.0) — (0 and vice versa.
For the tetrad in Eqgs. (42), (43), and (45), we found that
k10 = 5(10) = 3(1.0) — 1(1.0) — (0 while \ngo) #0 up to
O, x', €°). This tetrad is along the principal null direc-
tions found in [65]. Nonetheless, the master equation
Eq. (18) is more simplified when \I’(()Ti(,)3),4 =0, so we use

the principal tetrad in Eq. (A4) for the remaining
|

calculations even if the spin coefficients mentioned above
do not vanish along the principal tetrad.

IV. METRIC RECONSTRUCTION

This section reviews how to reconstruct the perturbed
metric and the corresponding NP quantities from solutions
to the Teukolsky equation for Kerr BHs in GR. There are
two approaches to metric reconstruction, in general: the
first approach involves systematically solving the Bianchi
identities, Ricci identities, and commutation relations
[38,42], whereas the second approach, or the CCK proce-
dures, utilizes an intermediate Hertz potential to reconstruct
the metric [34-37,60-64]. In this work, the second
approach is employed to perform metric reconstruction.

A. Metric perturbations

In this subsection, we present the reconstructed metric
perturbation h,(,?jl) for GR GWs. For convenience, in this
section, we drop the superscript (0,1) of h,(l(,),'l) and always
assume that &, is at O(£°, ¢'). The CCK procedures can be

carried out in two different gauge choices:
Ingoing radiation gauge (IRG): hyslf =0, h=0, (48)
Outgoing radiation gauge (ORG): hyynf =0, h=0, (49)

where & is the trace of h,; with respect to the background
metric. The reconstructed metric 4, in the IRG and ORG
are given in Egs. (50) and (51), respectively [36,37],

(hap)irg = Lalp(8713.0,-11010.4.03] — AD)0.403) + Matfg(D(-130-1D0.403)

—l(amﬁ)(D[1.3,1.—1]3[0.4,o.3]) + 3[—1,3.—1.—1]D[0.4,0.3]]‘;‘H +c.c., (50)

(haﬁ)ORG = —p‘4 ["a”ﬂ(5[—3,—1.5,0]5[—4,0.1,0]) + mamﬁ(A[O,SJ,—3]A[0.1,0.—4])

1My (01-3.1.5.11A00,1,0.-4)) + Aj=15-1,-30-4.0,1.0] P + C.C., (51)

where the notation for the derivatives is given by Eq. (25),
and P, is the complex conjugate of the Hertz potential. We
have also dropped the superscript (0,1) of the Hertz
potential for simplicity. Notice, since we use an opposite
signature from [36,37], our Egs. (50) and (51) have an
opposite sign from the results in [36,37].

Although the metric and the NP quantities at O(¢%, ')
are reconstructed in certain gauges (i.e., IRG or ORG), the

Weyl scalars ‘I‘(()] ;‘1) are gauge invariant for any Petrov type

D BH spacetimes, as shown in detail in [66]. Since slowly

rotating dCS BHs up to O(y) are Petrov type D, the

(L.1)
4

equations of ¥, ;” we derive are gauge invariant. However,

(

for Petrov type I BH spacetimes, Tofil)

are not invariant
under gauge transformations at O(Z%,€') [66], so the
master equations of ‘Pél 21]) will depend on the gauge where
we reconstruct the metric. Nonetheless, the QNM frequen-
cies should still be gauge invariant.

B. Hertz potential

The Hertz potential Wy that appears in Eq. (50) in the IRG
and Eq. (51) in the ORG satisfies the Teukolsky equation

for p= ") and WV, respectively [34,35,60.63.67]. For
convenience, let us drop the superscript (0,1) of ‘I’((f;‘l) and
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always assume that W, 4 are at O(¢{0, e!) in this subsection.
Using the perturbed metric in Eq. (50), the relation between
the Hertz potential ¥}, and ¥4 can be found by directly
evaluating the Riemann tensor or by using the Ricci
identities. In the IRG, the perturbed Weyl scalars can then
be expressed in terms of the Hertz potential using

1

lPO = _§D4@H’ (523)
1 _
Y, = —§p4 (LT, — 12M0, %], (52b)
and in the ORG,
1 _
lP4 = 3—2p4A2D+4A2LPH, (533)
1 —
¥y = 3 (L4, + 12M 0, (53b)
where p = —1/(1 — iacos @) and
r? + a? a
D=1, = A 0, +0, +Ka(,,
r+a’ a
D' = — X 0,—1—6,—K6,/,,
L, = —iasin09, — [0y + i csc 69, — s cot b,
L] = iasin00, — [dy — i csc 09, — s cot ],
£4 - ﬁlﬁoﬁ_]ﬁ_zs
£ =l icics, (54)

where we only keep terms up to O(y) when applying these
operators. Note that the D operator was introduced before in
Eq. (25), but here we provide its expression using the
Kinnersely tetrad. We point out that these are the same
operators that appear in the Teukolsky-Starobinsky identity
[20,42]. Notice, Egs. (52) and (53) follow [36,37], which
corrected a factor of one-half in earlier papers [34,35,60]."

Similar to the perturbations of ¥, and W¥,, the
Hertz potential can be defined in the coordinate basis
(1,r,0,0) as

IRG: ‘?H = Zkfm<r)2yfm(9’ ¢>e—iwt’ (553')

ORG: ¥y = R, (1) 2, (0. )" (55b)

where  , Y, (0, ¢) =1y Sz (0)e™? are spin-weighted
spheroidal harmonics of spin weight +2 solving the
angular Teukolsky equation in GR. ,R,,,(r) are radial
functions that can be expressed in terms of the radial

'Recall that we follow the notation in [42]; the signs of
Eq. (52) are opposite to the ones in [36,37].

Teukolsky functions ZR(;;I) (r) and _ZR%I)(r) of ‘I‘((]O’l) and

p““{’(()o’l) , respectively, by inverting Egs. (52) and (53)
using the Teukolsky-Starobinsky identity [62],

" 2 .

R (r) =~ A DL) (ARG ()], (56a)
. 32

R (r) =g (Duo ) R (). (56b)

Here, the operators D,,,, and D)o are mode decomposition
of D and D', respectively [62],

.am— (1P + d®)w

me - ar + 1 A )
22
Dj;w) - ar - iam <rA+ - )a) (57)

¢ is the mode-dependent Teukolsky-Starobinsky constant
[20,62,68,69],

€ = 22(A+2)% = 8w?A@* (54 + 6) — 1247
+ 1440*a* + 1440’ M?, (58)

where @ = a*> —am/w and 1 = (A, + s + |s| with (A,
being the Teukolsky’s angular separation constant [19].
For a Schwarzschild BH, A,, = (£ —s)(+s+1).
Furthermore, one can notice from Eq. (52) that any

(Z, m,w) mode of ‘P(()O’l) in the IRG generates a mixture

of (£,m,w) and (¢,—m,—@) modes of Tgo’l). Thus, it is
more convenient to use the ORG when solving the

(L.1)

modified Teukolsky equation of ¥, . For a similar reason,

when solving the modified Teukolsky equation of ‘I’(()l'”,

we use the IRG.

Substituting the differential operators D}y, and D,,, in
Eq. (57) into the expression for the radial part of the Hertz
potential in Eq. (56), we have

- m 0,1
Row(r) = 15 (r 0, M) ROV ()

+ fm(ro. M) ROV (1), (59)
A - 0,1
R (r) = oS5 (r 0, M) RED (r)

T fm(r. 0. M) ROV (r), (59b)

where we have made use of the radial Teukolsky equation
to reduce all second- and higher-order derivatives of
SR,(/,?;:) (r). In Eq. (59), the prime denotes the first derivative
with respect to the radial coordinate r. The functions f; are
spin weight s and mode dependent. These functions are
lengthy and nonilluminating, so they have been presented

in a separate Mathematica notebook [70].
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C. Spin-weighted spheroidal harmonics

Spin-weighted spheroidal harmonics that appear in
Eq. (55) are solutions to the angular Teukolsky equation
in GR [19,20]. In general, these are eigenfunctions of an
equation of the form [71]

1 d 9dz m? + s> + 2ms cos @
——— | sin
sin 0 dO do sinZ0

— 7%c0s?0 + 25y cos O — sEQm) z=0, (60)

where s represents the spin weight, (E’, is the eigenvalue
of the equation, which has been numerically calculated in
the literature [20]. Comparing Eq. (60) with the angular
Teukolsky equation in GR [19], we see that y = yMw. In
the slow-rotation expansion, spin-weighted spheroidal
harmonics Sy;m can be expanded as [20,71]

&+ m (e —m)2e+1) .
-9 om

Yem(0.9) = (1) S\/

In the special case that s = 0, the spin-weighted spherical
harmonics become the standard spherical harmonics, i.e.,

OYfm =Yem. (64)

Spin-weighted spherical harmonics and spin-weighted
spheroidal harmonics also obey the following orthogonality
relations:

/ ds yfm Syf’m’ = O¢¢' O (65)

Az ds szm sz’m’ = 5ff’5mm” (66)

where dS is the solid angle element, and the integration is over
the entire 2-sphere. At certain places, we might drop the
superscript y of (), denoting its eigenvalue for simplicity.
A spin-weighted spherical harmonic Y., with spin
weight s can also be raised to Y, ~of spin weight
s + 1 via the raising operator d or lowered to ,_,Y,, of
spin weight s via the lowering operator d. The operators &

and O are defined to be [72]
o, F =

—(0dg +icscBoy — scoth) (F, (67a)

0,F = —(0p — icsc 00, + s cot6) (F, (67b)
where (F is some angular function in (0, ¢) of spin weight

s, such that

sy;m = sYt’m —"_y(sb?er] sYt’+lm + Sb?f—l SYt’—lm> + 0(7/2)’
(61)

where (Y., are spin-weighted spherical harmonics
with spin weight s. The factors (b7 .., in Eq. (61) hold
the form [71]

w1 = ml][(£ 4 1) — 7]
Deen = ¢ +12/2f+1)20+3) (622)
s 2 _ 2V (2 = 2
sb?f—l = \/(f i ) (62b)

A 26-1)20+1)

To evaluate spin-weighted spherical harmonics, one can use

(@S] () )
(63)

0 Ypm =[(I=s)U+s+1)]"V2 Y, . (68a)

0 Yo =—[l+s)I-s+ 1]V Y, . (68b)

(0.0.0)

One can further rewrite the directional derivatives &
and 520 on the Schwarzschild background in terms of &
and 0, respectively, i.e.,

1 -
6000 F = — — (5 —scotf) ,F (69a)
: Var o
5(0,0,0) }‘___(6+scot¢9) F. (69b)
\/_r

By expanding 6% and 59 in terms of 599 and 5(-0:0)
in the slow-rotation limit, one can also replace 509 and
500 with & and 8. In Secs. V-VII, we use Eq. (69) to
simplify the terms with 69 and 60 acting on spin-
weighted spherical harmonics.

D. Perturbed NP quantities

As we are working within the NP basis, in addition to
the perturbed metric given by Eq. (50), we also require the
reconstruction of the perturbed NP quantities, such as the
perturbed tetrad, Weyl scalars, and spin coefficients. We
adopt the methodology outlined in [38,67] to perform this
reconstruction. The first step involves expressing the
perturbed tetrad in terms of the background tetrad. This
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is accomplished by expanding the perturbed tetrad in terms
of the background tetrad, and then utilizing the trans-
formation properties of the tetrad to obtain the perturbed
tetrad components in terms of the background tetrad
components such that

eﬁ(O,l) _ Aab(O.l)e!;(O;O)’ (70)
where ¢} represents a null tetrad such that
ey = {1, n*, m*, m'}, (71)

and A,” are coefficients that map the background tetrad to
the perturbed tetrad.
As shown in [38,67], one can always perform tetrad

rotations to set six real parameters of the A’V coef-

a(0,1)

ficients to zero. Then, expanding £, in terms of e, and

ez (0.0)
find

and using the linearized completeness relation, we

h,&?}l) =-=2 [1(2,1)n(0,0) + lgg’o)ni())’l)
(0.1) 7(0.0) _ . (00) - (0.1)
()

] (72)

Comparing Eq. (72) to Eq. (70), we find [38,67],

m

1 1
mtO) = 0 e (O —Ehf%)m” —Ehfq?;,i)mf‘, (73)

where we have dropped the superscripts of e’é(o’o) for
simplicity. Since we have adopted the sign convention in
[42], our signature is opposite to that used in [38,67].
Therefore, the perturbed tetrad in Eq. (73) has an opposite
sign from the results of [38,67], as seen in Eq. (72).
Equation (73) works for both the IRG and ORG In the IRG

or ORG, we can further set h(o" ) = hmm =0 or h,m D —

h(o-l) = 0in Eq. (B4), respectively, where a is any index in

the NP basis.
For the spin coefficients, one can linearize the commu-
tation relation following [42],

[EZ’ e’zﬂ = (}/Cba 4 ab)eé - Cab ec’ (74)
where y“,. is the Ricci rotation coefficients. Using the
relation between spin coefficients and Ricci rotation coef-
ficients in Eq. (B1), one can write C,,¢ in terms of spin
coefficients, as listed in Eq. (B2) [21,42]. From Eq. (B2),
one can also solve for spin coefficients in terms of C,;°¢,
and the results are in Eq. (B3). Expanding Eq. (74) using
Eq. (70), one finds

Cabc(O.l) — aaAbc(O,l) _ abAac(O,l)
_ (Aud(O,l)dec _ Abd(O,l)Cadc +Adc(0,l)cabd)’
(75)

where the superscripts of C,,“%% are dropped for con-
venience. The coefficients A, can be retrieved from
Eq. (73). The GR structure constants C,,**?) are directly
given by Eq. (B2) and the spin coefficients in GR. With all
the quantities in Eq. (75), one can then use Eqs. (75)
and (B3) to evaluate the spin coefficients at O({0, ¢!). We
have listed our result in Eq. (B4), which works for both the
ORG and IRG. Our result is consistent with [38] up to the
overall minus sign due to different signatures, which
corrects some errors in [67].

To reconstruct Weyl scalars, one can either directly
linearize the Riemann tensor and project it onto the NP
basis to find Weyl scalars or use the Ricci identities in
Eq. (BS). For both approaches, we use the perturbed tetrad in
Eq. (73), and we check that the results are consistent. We also
compare our results in the IRG to the equations in [36],
which corrected a factor of 1/2 missed in [60] and are listed
in Eq. (B6). After expressing everything in terms of the Hertz

potential, our results of ‘I‘(()(_)ig_4 in the IRG agree perfectly

with Eq. (B6) but not for ‘I‘go’l). Since ‘P<30’1) is not invariant
either under tetrad rotations or coordinate transformations at
O, ') this difference indicates that we might have a
O(¢° €") difference in the choices of coordinate or tetrad.
For coordinate- and tetrad-invariant quantities ‘Pé 41), our

results are consistent with [36,60]. In addition, since ‘P2

is invariant under tetrad rotations but not coordinate
transformations at O(¢%, €') [i.e., Egs. (B9) and (B11)],
we are in the same coordinate as [36,60], consistent with

that we all use the IRG. Thus, the difference in ‘I’;O’l) is only
due to tetrad choices at O(£%, ¢'), where we explicitly
follow the convention in [38,67], but Refs. [36,60] were not
explicit about their tetrad choices at O(Z% €'). More
specifically, we find that the tetrad in Eq. (73) after setting

ROD = pO1 — 0 differs from the tetrad in [36,60] by a

la mm
type I rotation. In Schwarzschild, this difference in ‘I’g
can be compactly written as

3
= Wl + > PhGY

0,1
ng ) 2 nm

(76)

where ‘PgOCIC)K is the result in [36,60]. The results of other

Weyl scalars at O({°, e!) in Schwarzschild are listed in
Eq. (B7). For Kerr, we do not have such a simple correction

to ‘Pgo'l), so we just use the Ricci identity in Eq. (B5d).
Similarly, in the ORG, no previous literature provided

results of all the Weyl scalars in terms of ‘I’I({O']) directly, so

we also use the Ricci identity to evaluate them.
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When deriving the modified Teukolsky equations, we
made the gauge choice that ‘P(&l) =0, but this is not the
case for the tetrad in Eq. (73), as one can see in Egs. (B5)—
(B7). Thus, to be consistent with the gauge we chose for the
modified Teukolsky equations, we need to perform addi-
tional type I and type II rotations to remove ‘P%l). From
Eq. (B9), we find the rotation parameters to be

0.1
w0
3%,

0.1) _

a( ) — — b((),l) [

\p(O, 1)
B (77)

¥, ’

Since ‘I‘(()Oli =0 are invariant under tetrad rotations at
O(L0, €', one can continue using Egs. (B5)~(B7) by just
setting ‘I‘(l(_)él) = 0. For spin coefficients, their values after

the rotation are listed in Eq. (B10) following [42]. With
these reconstructed quantities, we are now ready to evaluate

the source terms in the equation of (') in Eq. (38).

V. THE EVOLUTION EQUATION
FOR 911 IN THE IRG

In this section, we project the equation governing 9(!-!)
[Eq. (38)] onto the NP basis using the IRG. For conven-
ience, we define the right-hand side of Eq. (38) as

any_ M

9 :_1671%

[R*R](O‘l) _ D(O,l)&(l.o)’ (78)

so that the evolution equation for (""" becomes
0090y = siY, (79)

This equation is first expressed in terms of the NP
quantities, following which we evaluate its left-hand side
using the background NP quantities in Sec. IIID and
Appendix A and its right-hand side using the reconstructed
NP quantities at O(¢°, €') in Sec. IV and Appendix B. The
same methodology demonstrated in this section is applied
to computing the modified Teukolsky equation in Sec. VL
Figure 1 presents a schematic illustration of the steps
involved in calculating a completely separated radial
evolution equation for the scalar field perturbation in
the IRG.

A. Projection onto the NP basis

In this subsection, we project Eq. (38) onto the NP basis.
This projection involves the projection of two fundamental
quantities: the D’Alembertian operator [1 and the
Pontryagin density R*R onto the NP basis. In particular,

Scalar field equation for 9D in the IRG

/\

Left-hand side of Eq. (38)

In coordinate basis
Equation (85)

Separated radial equation

Equation (88)

Expression for (R*R)(*Y and 00D 9110 iy
{t,r,6,¢} coordinates in Eq. (95) and Eq. (97)

Right-hand side of Eq. (38)

(1.1)

Source term S, ewritten as Eq. (93

In coordinate basis
using the Hertz potential Eq. (94)

Using the recipe in Sec. IX A

Source terms as functions of the radial coordinate
in the IRG, V%, (r) and Vi, (r), are given by Eqs. (135) and (136

The radial evolution equation of the scalar field perturbation 9
for slowly rotating BHs in dCS gravity in the IRG is given by Eq. (140)

FIG. 1.

A schematic flowchart prescribing the steps involved in obtaining a separated radial evolution equation for the scalar field

perturbation 9(1:D for slowly rotating BHs in dCS gravity. This flowchart summarizes the details of the calculations described in Secs. V
and IX B. Initial and final outcomes are represented by rectangular boxes, while intermediate results are symbolized by encapsulating
bubbles. The directional arrows are meant to seamlessly guide the reader through the logical flow of the calculations.
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our goal is to express these quantities in terms of NP
quantities, particularly the below-mentioned quantities in
the NP basis, namely,

* 1 ef
Rupea = §€cd Rabef’
V,V, 8 = vb(lg,a> =9 — }’dablg,d- (80)

Here, 7, is the metric in the NP basis. The notation f,
denotes the directional derivative of f defined by the tetrad
basis e}. The quantities y . are Ricci rotation coefficients,
which can be expressed in terms of spin coefficients using
Eq. (C1) [21]. The tensor R ,,.; can be expressed in terms
of Weyl scalars using Eq. (C3) [21]. Therefore, the
Pontryagin density and the [ operator can be expressed
in the NP basis as

R*R = —8i(3¥5 — 49, ¥; + ¥ ¥, —c.c.), (81a)

O=-{D.A} = {68} + (u+p—y—-7)D
Het+e—p-pA+(a—p-n+7)s
+@a-p-n+r1)s|. (81b)

The factor of i in Eq. (81a) arises from the normalization of
the Levi-Civita tensor €,,., in the NP basis. In the
literature, such as in [73], the covariant Levi-Civita tensor

is typically defined as e,,.., = /|9|é,,..,, where &,..,
denotes the Levi-Civita symbol. However, this definition
encounters issues when attempting to convert a Levi-Civita
tensor from Boyer-Lindquist coordinates to the NP basis,
due to the determinant of the Jacobian relating these two
bases often being complex. Thus, to convert the tensor

density é to a tensor, we instead need to define

€y =/ _gé;w-nyv (82)

which has the same normalization factor as the Einstein-
Hilbert action. The absolute value in the usual definition is
to impose that the Levi-Civita tensor is a real tensor in the
Lorentzian signature, but the minus sign of /=g will do the
same trick. Since # = 1, we find the normalization factor to
be i rather than 1 from Eq. (82). This is also consistent with
that

pvey

(elnmlﬂ - elnmm)v (83)

€lnmn =

N[ =

which shows that €,,,,7 1S an imaginary number. We have
now expressed all the terms in Eq. (38) in the NP basis.

B. Left-hand side of Eq. (38)

In this subsection, we compute the operator (1) acting
on 8V to obtain the homogeneous component of Eq. (38).

The operator (10 can be evaluated directly using the
slowly rotating Kerr metric presented in Eq. (9).
Alternatively, one can use Eq. (81b) and the NP quantities
of Kerr, expanded up to O(y), as given by Eqs. (A4)—(A6),
and then setting { to zero. We therefore find

100
mmm:_ﬁHgk (84)
where Hfgo’o) is the Teukolsky operator for particles with

spin weight s = 0 in [19],

2,3 _ 4 e
HOY = _p(r = )3 = 2(r = M)a, — o*r —4myw

r—ryg

— 05 — cot 80y + m? csc? 6, (85)

where we have only kept the terms up to O(y) and
separated 91 as

Y = @, (r) ) Vi, (0, p)e, (86)

or in the slow-rotation expansion,

9l = O () [Oyfm(a ¢) + Mo (Ob?fﬂoyfﬂm
+ob% o1 oY potm) T O(?)]e~ . (87)

Thus, in the absence of sources, @, (r) satisfies

r(r—=rg)o? +2(r—M)o,

w*r — 4;(mM2a)
————— A, | Oz (r) =0, (88)

r—rg

where (A, is the Teukolsky’s separation constant for
s =0 [19]. We therefore see that the left-hand side of
Eq. (38) is separable in the radial and angular coordinates.
Further, in Sec. IX, we show that the complete expression in
Eq. (38) can be separated into radial and angular parts using
spin-weighted spheroidal harmonics of spin weight zero.

C. 8591’1) in terms of AV and 91V

To systematically calculate 51(91.1) in Eq. (78), we can
partition it into three parts based on the terms that necessitate
metric reconstruction, namely, those at O(¢0, e!):

(1) Weyl scalars at O(£°, e'): These terms are solely
determined by the Pontryagin density (R*R)(*!). For
slowly rotating BHs in dCS gravity, these Weyl
scalars in Eq. (78) receive contributions from both

h,(g’o’l) and h,(,(z’l'n. We expand Eq. (81) up to

O(¢%€"). Since in Petrov type D spacetimes
‘1‘80103)4 = 0, the only terms that survive are propor-

tional to ¥,, such that
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(RR)OD = —48i(w" gD _ P0Gy = (g9)

where \Pgo'())

and ‘Péo’l) is given by Eq. (B6c) using the metric
reconstruction procedures.

(2) Spin coefficients at O(£% €'): This dependence
arises from —[©D90.9  Since we are only
interested in the terms up to O(¢', x',€') in this
work, and 9000 = 0 as explained in Sec. III C, the

metric fields in =919 only have the contri-

bution from h,(fim) Thus, we only need metric

reconstruction at O(£°, x°, e!) for these terms. The
first two terms in Eq. (81b) will not contribute
directly, although one can find additional spin
coefficients by using the commutation relations to
combine the anticommutators. For the rest of the
terms, we find at O(¢%, e!),

is given by Eq. (47) by setting { = 0,

(@) 4 gD — O _50.Dyp

+ (e©D +e(()l)_p(ol)_pmn)A
+ (a — OV — 7O 4 705
+ (@1 — pO1) _ 7(O.1) 1 £(0.))5]9(L0) - (90)

where the spin coefficients at O(¢?, e!) are given by
Egs. (B4) and (B10) using metric reconstruction
procedures.

(3) Tetrad/directional derivatives are at O(£°, e!): Sim-
ilar to the second situation, these types of terms also
arise from —[1©D9(1:9) and vanish at O(¢', 40, €").
Thus, we must only reconstruct the NP quantities at
O 40, €"). Using the Schwarzschild properties of
all the spin coefficients in Eq. (C10), we find

[DODA+DAOD  AODD 4 ADON)

_5(0.D5_ 550.1) _50.1)5_F50.1)

—2(y—p)DOD =2pA0D) 42050 4 5(0-1))]901.0),
(91)

where the tetrad at O({°, ¢') is given by Egs. (73)
and (B8). Notice, the terms at O(¢°, €!) in Egs. (90)
and (91) are all at O(Z%, %0, €') as 910 is non-
vanishing only at O(¢!, x', €), but we choose to
hide the expansion in y for simplicity.

A similar classification is used when we compute the source

terms in the modified Teukolsky equation for \I’él’l)

and W\,
One can further combine the second and the third types
of source terms and express them as functionals of the

metric components in the NP basis (e.g., hgm ) , hﬁ,‘in”, hE,?,,P
in the IRG) and the rotation coefficients (e.g., (%! and

b)) such that the separation of variables can be more
easily carried out in Sec. IX. In this case, we find

D(O'O’U&(I‘O*O) _ D(OJ,I)&(I,0,0) =0,

{hn(leI 001 {D 5}+h001)(5
+[(D-2 )h(‘””) (5 —2a)h0" D
— [(D =2p)h0" = (5 = 2a)hionV]

x 8+ c.c. p910), (92)

D(0,0 1 (1,1,0)

Finally, we have

2
(1.0.1) _ *R)(0.0.1)
R ’
8 167'[;( )
2
51(91,1,1) IA;[ (R*R)(O*”) _ D(O,O.])@(I,I.O)’ (93)
7[7

where (R*R)(®%1 and (R*R)(©11 are given by Eq. (89),
and 00D 9(L1L0) s given by Eq. (92).

D. 81(91‘1) in the coordinate basis

We now rewrite ngl’l) [Egs. (78) and (93)] in the
coordinate basis (z, 7,0, ¢) using the perturbed NP quan-
tities found in Sec. IV and Appendix A. From Egs. (78) and
(93), we notice that ngl’l) contains two pieces: the term
proportional to (R*R)®! and the term proportional
to OOD Y0,

For the first piece, according to Eq. (89), we essentially

need to evaluate ‘Pgo’l) up to O(y). The value of ‘Pgo’l) in

terms of the Hertz potential ‘P]SO’I)

is given by Eq. (B6c),
and ‘PI(JO’I) has the expansion in Eq. (55). Since we use the
slow-rotation approximation in this work, we can further
decompose spin-weighted spheroidal harmonics in terms of
spin-weighted spherical harmonics using Egs. (61) and (62)
such that Eq. (55) becomes

P, = ZRfm(r) [ZYfm(gv ¢) +xMo (b7 4 12Y o1,
+ 207 ey Y o) T O(*)] e (94)

Now, one can insert into Egs. (B6c) and (89) the decom-
position in Eq. (94) and the background NP quantities at
O(£° €°) in Egs. (A4)—(A6) after setting ¢ = 0. After using
Eqs. (69a) and (69b) to simplify the terms with 50 and
5(00) acting on ,Y,,,(0,¢), we find

104029-15



WAGLE, LI, CHEN, and YUNES

PHYS. REV. D 109, 104029 (2024)

(R'R) OV = e [(g{" (r, 0. M) Ry, (r) + 5" (r. 0, M), R}, (1)) oY

‘m (9’ ¢)

+)((g3m(r’ w, M)ZRfm(r) + g§m<r’ , M)ZRfm( ) 1116 Yfm(e d))

(r

)
+ (95" (ro 0. M)yR (1) + 65" (r, 0. M), K7, (7)) cOs B0Y (6. )
+)(2b’;f+l(g§m(r’w’M)ZIAefm(r) + g (r.0, M), R,
+ 222 (g5 (ro 0, M)y R (r) + g1 (ro 0, M), R

where f’(r) denotes the derivative of f with respect to the r
coordinate for any function f(r). Here, ,R,, (r) is the
radial function of the Hertz potential for slowly rotating
Kerr BHs in GR, which can be computed from the radial

function of ‘I‘(()O’l) using Eq. (56a). One can, in principle,
expand ,R,,,(r) further in y and drop additional terms
above O(y) in Eq. (95). For simplicity, we choose not to do
this additional expansion here but implement it when
computing QNMs in [59], where we need to explicitly

(0.1)

evaluate the radial functions of ¥, . We have also used

00.1) _ 1 (£+2)!

n(1) oY p11m (0. D)
Ry (1)) oY oy (0. $)] + c.c., (95)

|
the radial Teukolsky equation to reduce any n-th radial
derivative of ,R,, (r) with n > 1 to ,R,, and R’ (r).
The explicit forms of ¢/ (r,w, M) are long and therefore
presented through a separate Mathematica notebook [70].

For the second piece, according to Eq. (93), there is only
a contribution from 3001 9(1.1.0) since the scalar field at
O, 4°, €°) vanishes in dCS gravity. Thus, we only need
the reconstructed metric at (£% 4°, €'). Using Egs. (94),
(A6), and (50), we find

nn - ﬁ 4(f — 1)!2kfm(r)oyfm (9, ¢)€_iwt +c.c |, (963)
[21e—2 1 ) ) ‘
0,0,1 . —iw
h,(m ) = : oy { [4M -r(2+ la)r)] 2R, (1) + r(r— rS)zR’fm(r)} 1Y, (0, @)e™", (96b)
RO — 2 {[(r W2+ ¢ =2+ Tiwr) — wr(ir + 20r?)|,R,,, (1)
r(r—ry)
+2(r = r)(M = iwr >2R;m<r>}2Ym (0. ¢p)e . (96¢)

Now, we can evaluate all the directional derivatives and spin coefficients at O({ 0

In the end, using Eq. (92), we find

[7(00.1) 9(1,1,0)

= 7 [(h{" (r. 0. M) 1R, (r) + HE" (1. 0. M), R

20, €') using Eqs. (B4), (B8), and (B10).

,fm(r)) sin 61 Yfm(e’ ¢)

+ 15" (ro 0, M) (295 (r) + 183 (1)) 1Ry, (1) €08 00Y 1, (6. §)] + c.c., 97)

where 9 (r) is the radial part of the background scalar field
in Eq. (15). In Eq. (97), the reconstructed metric only has
contribution at O(y°), so the radial function ,R,, () is
evaluated on the Schwarzschild background. Since we
choose not to expand R(r) in y here, we do not distinguish
,R,, (r) evaluated on the Schwarzschild or slowly rotating
Kerr background. Combining Egs. (95) and (97), we have
the source terms in the equation of ') up to O(y). The
master equation of 91 in the IRG in the coordinate
{t,r,0, ¢} is presented in Eq. (127) of Sec. VIIL

In Sec. IX, we show that Eq. (78) up to O(y) can be
separated into a radial and an angular equation. In the

following section, we apply the same procedures to

evaluate the source terms in the modified Teukolsky

equation of ‘I‘él’l) in terms of the reconstructed NP

quantities and project the equation into the coordi-
nate basis.

VI. THE MODIFIED TEUKOLSKY EQUATION
OF ¥'V IN THE IRG

In this section, we evaluate the modified Teukolsky
equation of ‘P( b in Eq. (18) following the similar
procedures in Sec V. We first evaluate the left-hand side

104029-16



PERTURBATIONS OF SPINNING BLACK HOLES IN ...

PHYS. REV. D 109, 104029 (2024)

Perturbed gravitational field equation for \I/(()l’l) in the IRG

Left-hand side of Eq. (18)
In coordinate basis
Equation (98)

Separated radial
equation

Left-hand side of Eq. (148)

Source term Séel,;,l)

Right-hand side of Eq. (18)

! 1

Source term S

In coordinate basis
using the Hertz
potential Eq. (94)

l l

terms proportional
t0 Opm (1)
81(41’1) & 51(4171)

terms given
in Eq. (142)

terms proportional
t0 2 Rem (1)
81(3171) & 3(3171)

Using the recipe in
Sec. IX A

terms given
in Egs. (144)

terms given
in Egs. (146)

The radial evolution equation of the Weyl scalar perturbation \Ifgl‘l) for slowly rotating BHs
in dCS gravity in the IRG is given by Eq. (148)

FIG. 2. A schematic flowchart prescrlbmg the steps involved in obtaining a separated radial evolution equation for the gravitational

field perturbation described by the ‘I‘

1D Weyl scalar in the IRG for slowly rotating BHs in dCS gravity. This flowchart summarizes the

details of the calculations described in detail in Secs. VI and IX C. Initial and final outcomes are represented by rectangular boxes, while
intermediate results are symbolized by encapsulating bubbles. The directional arrows are meant to seamlessly guide the reader through

the logical flow of the calculations.

of Eq. (18) and the source term S(gle’ol) due to the correction
to the background geometry using the background NP
quantities in Sec. III D and Appendix A. We then project
the source term S("'") onto the NP basis and compute its
coordinate-based value using the reconstructed NP quan-
tities in the IRG given in Sec. IV and Appendix B. Figure 2
presents a schematic illustration of the steps involved in
calculating a completely separated radial evolution equa-

tion for the ‘Pél’l) Weyl scalar perturbation in the IRG.

A. Right-hand side of Eq. (18) and Siy.’

Since slowly rotating BHs in dCS gravity are Petrov type
D up to O x", %), we only need to compute the

(0,0)

Teukolsky operator H, " in GR and its stationary correc-

tion Hél'o) in Eq. (20a). Thus, we do not need metric
reconstruction in this subsection.

Using the Weyl scalars and spin coefficients found in
Sec. III D and Eq. (23), we find that

00,0 I (000

HYY = =37 ((),TK)’ (98a)
0.1,0 I 010

HYMO = =33 0L, (98b)

where HE)OTOKO) and H (()OTIKO are O(y") and O(y") terms of the

Teukolsky operator Hy i for ¥y (Eq. (4.7) in [19]),

C(r)

r—ryg

M)o, -

HIR = —r(r— 1) 6~

— 0% —cot0dy + (4 + m? + 4mcosf) csc* 0 — 6,
(99a)
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(i(r—M) — Mwr)
-1

(0,1,0) m
HO,TK = —4M

—wcosf|, (99b)

C(r) = 4iwr(r — 3M) + &’r, (99¢)

where we have decomposed the Weyl scalar ‘Pg)l) at O(e) as

Wil = LROD(r) + 6RUD (1) + 0(2)]

2Spm(0)e7 e, (100)

The Teukolsky equation corresponding to Egs. (99a) and

(99b) is separable with ,R'"-"(r) satisfying

C
r(r—r)0* +6(r—M)o, + ()
r—r;
dmyM(i(r — M) — Mwr) 0.1
+ - ZAfm ZR(fm )(I") =0.

r(r—ry)
(101)

Since there is no correction to the background geometry

(1,0,0) (1,1,0)

at O(¢", 40, €%, Hy ™" = 0. For Hy ", we find

1,1,0) _ lfi’l]W4
4481° (r — ry)

- %COSH<C3(}") - Lﬂc‘*(”)

H} (Cy(r) + 4iwr2Cy(r))

167° 2
iM* Cs(r) .
+W [(r— rs)Cy(r) cos 00, — 5, Sin 00y |,

(102)

where all C;(r) are listed in Appendix A. The source term
Séle'ol) is then given by

SIOD g, R R CUCICURNIATIEY

Sg;ol’l) can be evaluated in terms of the coordinates using
Egs. (100) and (102).

B. Source term SV

In this subsection, we evaluate the source term SV
from the effective stress tensor or the source term of the
trace-reversed Einstein equation in Eq. (4). The first step is
to project the Ricci tensor R, onto the NP basis such that
we can express the NP Ricci scalars @;;, where

q)ijNRab NRM,,ea”eb”, (104)

in terms of NP quantities (Weyl scalars, spin coefficients,
and tetrad) and the scalar field J. The precise relation
between ®;; and R, is given in Eq. (C6). Using Eq. (4), we
find

1\:
Rﬂl/ = — (K—> MZ[(VG19>€O.5Q(MVGRD)5
g
1
+ (VOV29) Ryuyel +5— (V. 9)(V,9).  (105)
2k,
where we have inserted an additional { =3 to the term linear
in 9 and an additional {~! to the term quadratic in 9 to

compensate the factor of g”% we have absorbed into the
expansion of 3 in Eq. (17). Since 9 enters at least at O({),
all the metric fields at the right-hand side of Eq. (105) are
at O(¢?), which can be expressed in terms of NP quantities
in GR,

__ cd
Rab =n Rcadb’

chab = Rab.c - ydacRdb - ydbcRad’ (106)

Since we are interested in gravitational perturbations of

vacuum spacetime, R,(g’o) = R,(,(,)jl) =0, and all the metric

fields in Eq. (105) enter at O(¢?), the first term in Eq. (105)
vanishes. Evaluating the rest of the terms, we find the seven
independent components of R, in terms of Weyl scalars,
spin coefficients, directional derivatives, and the scalar field
d in Eq. (C4).

We can now evaluate the source terms in the modified
Teukolsky equations. Inspecting the source term SV in
Eq. (21), we can divide it into two parts based on whether
S|, are dynamical,

S — 551,1) +S§}'1),

851,1) _ g(zoﬁl)Sé],O) —850'”551‘0),

85},1) o E(O.O)S(l,l) _ 5(0,0)5(1,1)‘

=¢2 92 1 91 (107)

%0) in terms of the

For 851’1), one can directly evaluate S
stationary scalar field 9'*) and the metric in GR using
Egs. (22), (C4), and (C6). Then, we only need to recon-

struct the operators S(&l) using our results in Sec. IV and

Appendix B. The results of S(]TQ’O)
Appendix C.

For SE;'l, the only pieces involving metric recon-
struction are S(lfil). For SEZI), we can further divide them

into two parts based on whether @;; are dynamical,

are provided in
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Sia) =85 51 0% = D0 2P0
sy = 5;8.{)2,2.0]‘1’81{()) - ngﬁl,)z.o,—l] 02
ngél '= 5E2’20,>—2,1,o]q’(()%)’1) - ng’zo,z),o,—z]‘b((ﬁ'l)’
sily) = 5;8,'8)2,2.01 o - D Egﬁo,)z.o,—l}‘pélz'l)’

where we used that k(090 = 5(00) = 3(00) — (. Based on

this classification, we can then additionally separate Sg}'l)
into two parts

1.1 1.1 11
851 ' = S§1A> + 8513)7

11 0.,0) (1,1 0,0) (1,1
S§1A> = 5& )Sé.A) _55 )SgA,A)’

11 0,0) (1.1 0,0) (1,1
8513>:5£ )Sg,B)_gg )SE,B)‘ (109)

For SSAU, similar to S;l’l), we only need to evaluate @5}’())

using the background metric and the stationary scalar field

9(10) The only quantities needing metric reconstruction are
these additional O(¢°, €') operators acting on CI)E}’(»
(.I)E/l 9 are listed in Appendix C.

The most complicated piece of SV is S'), which
Q'l). Fortunately, from

ij
Eq. (108), we notice that we only need to evaluate (D&)’l),

, Where

needs metric reconstruction for ®

11 11 : .
<I>(()1 ), and <I>(()2' ' To organize our calculations, we can

divide d>,(-/1.’1) into four parts based on which kind of terms
need metric reconstruction, similar to what we have done in
Sec. V. Inspecting Eq. (C4), we notice that all the terms are
some coupling of a Weyl scalar, a scalar field, a spin
coefficient, and directional derivatives, which is due to the
structure of R, in Eq. (105). In this case, we make the
following classification:

(1) Weyl scalars are at O({°, €'). In this case, the scalar
field 9 is at O(¢', €°). As discussed in Sec. Il C, the
leading contribution to 819 is at O(!, 4!, €°) since
nonrotating BHs in dCS gravity are still Schwarzs-
child. Then, since we are interested in O(!, x', e!)
corrections, all the spin coefficients and directional
derivatives are at O({0, 40, €%), the order of the
Schwarzschild background.

(2) Spin coefficients are at O(¢{0, e'). Similar to the first
situation, the scalar field 9 is at O(', x', €°), so all

J

+2600 0" — 20N — gD,

(D(1~0) _ Z(O,l)q)&)vo) + 26(0,1)(D<111v0) _ 2K(0,1)q)(112-0)’

(108)

the Weyl scalars and directional derivatives are at
O(&° 4%, €), which are evaluated on the Schwarzs-
child background in GR.

(3) Tetrad/directional derivatives are at O(¢%, e!). Sim-
ilar to the first two cases, since 8 is at O(¢!, x!, €°),
all the Weyl scalars and spin coefficients can be
evaluated on the Schwarzschild background.

(4) The scalar field 9 is at O(¢!, e'), which has con-
tributions from both O(&', 4%, €') and O(&', 4", €")
terms. Then, all the NP quantities generally need to
be evaluated on the Kerr background expanded in
the slow-rotation expansion to O(y'). Since 9!
also requires us to solve the scalar field equation in
Eqs. (38), we choose not to compute 9"V in this
work but only list the source terms in terms of it. We
solve the scalar field equation together with the
modified Teukolsky equation in our follow-up
work [59].

At O(&', y', €'), using the classification above, we can
set many terms to O since they are evaluated on the
Schwarzschild background (i.e., when & is stationary).
Similar to Sec. V, the results of @élo’l) , dJ(()ll‘]) , and <I>élz’]) up
to O, x', €") are expressed in terms of the perturbed
Weyl scalars, metric perturbations, and dynamical J in
Appendix C. Due to the complication of S!"!), we do not
present the results here but provide its coordinate-based
values directly in the next subsection.

C. SOV in the coordinate basis

In this subsection, we evaluate the coordinate-based
values of S(') using the decomposition of (1) in
Eq. (87) and the Hertz potential ‘Plgl’]) in Eq. (94).
Following Sec. IIT A, we separate S('!) into two parts:
the terms coupled to the dynamical scalar field 9" and

the terms coupled to the background scalar field 919,
For the first part, we find its coordinate-based value to be

L, —iw m m m
Sy = e [(p{m (r. 0. M)® () + 5 (r 0. M)O,,, (1) + p§" (r. 0. M)BY,,(1),Y 1,,(0.)
+ (g (r, 0, M)@p,, (r) + p§™ (r, 0, M), (r) + pg" (r,@, M)®},,(r)) sin,Y £, (6. $)
+x(py" (r. 0, M)®p,,(r) + pg"(r.@. M)®,,(r) + p§" (r. 0. M)©7,,(r)) cos Y 1, (0. $)
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+20b% o1 (PG (r, 0, MO,
+x0b% oy (P75 (r, 0, M)©,

U = e =" (. 0. M)Bp (1) + D5 (1. 0. M@

= x(P§" (r. 0. M)®py, (r) + pS" (r. 0. M)®y,, (r
+x (5" (r. 0. M)®p,, (r) + pg" (r. 0. M)®, (r

—Xo b££+l(p10 (r.o,M
—Xo bferl(plS (r,o.M

)
)€

(1) + Pl (r.0.M)6,
w(r) + Py (r.0. M)©;,

O (r) + PIi'(r, 0. M)E
em(r) + PI3(r. 0, M)@

(r) + P18 (r, 0. M)®},, (1) 1Y 11,0 (0. @)
(1) + P (r. 0. M), (r) 1Y p_1,, (0. )], (110a)
fn(r) + PS" (r. 0. M)O7,,(r) Y 1, (0. 4)
+pg" (r. . M)6y,,(r)) sin6_,¥ ,,, (0. ¢)
+p5”’(r ®. M)®7,(r)) cost_,¥,,(60.¢)
fm(r) + P (r. 0. M)87,, (1) 5 4,1,,(6.¢)
im(r) + P (r. 0. M)87,,(r)) 5¥,_,,(0.4)].  (110b)

In Sec. IX C, after getting the radial part of the equation of 9(:1), we further express @4(r) in terms of ©,,,(r), €/, (r),

2R, (r), and HR},, ().
Similarly, we find the second part to take the form

Sgsl'l) = ye ' [(g{" (r, @, M), Ry (r) + 5" (r, 0, M),R,, (7)) sin0,Y 4, (0, $)

+ (qgm(r’ w, M)zkfm( ) =+ qu(r’ w, M)Zie/fm(r)) CosS 92Yfm(9’ ¢)

+ (¢ (r.0. M),R 1, (r) + g™ (r.0, M), R}, (1)) sin 05Y 1, (0, )], (111a)
Sy = e (™ (r, 0. M), Ry (1) + @57 (ro 0. M),R.,, (1)) sin 6,1, (6. )

+ 357 (r.@. M), R () c0s 05 1,0, )], (111b)

where ,R,, (r) is the radial function of the Hertz potential
given by Eq. (56a), and ,R,,,(r) is the complex conjugate
of ,R,,(r). The radial functions ¢/"(r,w, M) and
Gi™(r,w, M) are presented in a Mathematica notebook
[70]. Note that we have used the radial Teukolsky equation
to eliminate any beyond-first-order derivatives of the Hertz
potential to obtain a simplified expression in Eqs. (111a)

and (111b). The master equation of ‘Pé“) in the IRG

in the coordinate {r,r,6, ¢} is presented in Eq. (127) of
Sec. VIII.

VII. THE EVOLUTION EQUATION FOR $') AND
THE MODIFIED TEUKOLSKY EQUATION FOR
¥\'"" IN THE ORG

In this section, we evaluate the equations governing the
evolution of the perturbed scalar field 9! and the
perturbed Weyl scalar ‘Pgl’l). Although one can, in princi-

ple, evaluate the evolution equation of ‘Pfll'l) in the IRG, as
briefly discussed in Sec. IV B, the evaluation is more
convenient in the ORG. We follow a set of steps similar to

those in the IRG for 91"V in Sec. Vand for """ in Sec. V1.

Below, we present the master equations of (")) and ‘Pil’l)
in the ORG.

A. The equation of 81V
The scalar field perturbations are governed by Eq. (38).
We now represent the right-hand side of Eq. (38) as
M2
16n

71(91,1) —— [R*R]OD — OO0 (112)

Projecting the Pontryagin density onto the NP basis leads to
the same set of equations as described in Sec. V A since our
choice of gauge does not affect the quantities shown
in Egs. (81).
The master equations for the scalar field perturbations in
the ORG are same as that shown in the IRG,
H1<90.0)19(1,1)

=7, (113)

with H\"” and 90 both given in Egs. (85) and (86),

respectively, whereas 7° ,(91‘1) is given in Eq. (112). The left-
hand side of Eq. (113) in the ORG remains unchanged from
the IRG since the operator acting on the scalar field
perturbations is evaluated on the background. On the other
hand, since the source term in Eq. (113) depends on
perturbed quantities, the value of these quantities is gauge
dependent. In the ORG, the Pontryagin density given in
Eq. (89) holds the following form in the coordinate basis:
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(R'R)OV = = [(g{" (r.0, M)_yRp,,(r) + 85" (r. 0. M) 1R}, (1))

Y (0.9)

+ (85" (r, @, M) _s R, (1) + @5 (r, 0, M) 4R, (7)) sin0_, Y 4, (6, )
( (r w, M 2Rfm( )"’9?’”(” w, M) 2R2m< )) COSHOYfm(gv ¢)

)-
+x- 2bff+l(g7 "(r, 0, M)_ 2Rfm<")+£l§m<r w, M) R, (r )oY 1m0, P)
( M) _,Rz,,(r) + @{0(r. 0. M) _,RY,, (1))

+x-2b7 . 1(99 r,w,

Y, 1.(0.9)] +cc., (114)

where functions g;(r, @, M) are presented in a separate Mathematica notebook [70], and _,R,, (r) is the radial function of

the Hertz potential for a slowly rotating Kerr BHs in GR computed from the radial function of the ‘P< b using Eq. (56b).

To evaluate the remaining part of the source term T
metric perturbations given in Eq. (51). We obtain

D(0.0,l)&(l.l,O) _

where the functions B;(r) are presented in a separate
Mathematica notebook [70], and 9x(r) is the radial part
of the background scalar field given in Eq. (15). Similar to
the case evaluated in the IRG in Sec. V, the radial function
_,R,, (r) is evaluated on the Schwarzschild background.
Combining Egs. (115) and (114) gives us the complete

source term 74" The master equation of 9D in the

ORG in the coordinate {z, r, 0, ¢} is presented in Eq. (127)
of Sec. VIIL

B. The equation of ‘I‘(l’l)

In this subsection, we present the modified Teukolsky
equation for the Weyl scalar perturbation ‘P( given in
Eq. (26) in the coordinate basis. Following steps similar to
Sec. VI, we separate the source terms into two categories:

T(gle’ol) and 7)) whose forms in the NP basis have been
given in Egs. (27)—(29).

1. Homogeneous part and T ge’?

Similar to Sec. VI A, by using the Weyl scalars and spin
coefficients in Sec. IIID and Appendix A along with
Eq. (31), we find

s ST
HOLO) % (OJ»O)’ (116b)
where we define
(H (ooo)+ H(Olo))TEI)E(H(OOO+ 7_[4010)1/15‘1) (117)

, we use the perturbed spin coefficients given in Eq. (B3) and

e (™ (r, 0. M) _,Rp,,(r) + 05" (r. 0. M) 4R}, (r)) sin0_;Y 1, (6. ¢)
+ 057 (r, 0, M) (28%(r) + r8%(r)) _oR 1, (1) cO8 0¥ 4, (0, )] + c.C.,

(115)

I
by extracting a factor of p* from the Weyl scalar Tgl)
following [19], i.e.,

1 0, s
vy =yl = LR (1) + CaRp () + O()]

—2Sfm (g)e—iwﬂrim(/). (1 18)
The operators HA(E’TOI’() nd H 40T1K0 are O(y°) and O(y!)

terms of the Teukolsky operator H, g for w4 (Eq. (4.7)
in [19]), respectively,

D

HOSY = —r(r = 1) 4 2(r = M), = 21

’ r—=r;

— 05 — cotdy + (=2 cotd + mesch)? — 2,
(119a)
(r—M M

HflO'T]]’(()) =4M [m(z(r )+ Mar) —wcosb|,

' r(r - rs)

D(r) = —diwr(r —3M) + o*r. (119b)

The Teukolsky equation corresponding to Egs. (119a) and
(119b) is separable with _2R(21’11)(r) satisfying

{r(r —7r,)0%=2(r—M)o, + D(r)
r—rg
4myM(i(r — M) + Mor) 01y _
r(r _ rs) —2Afm —2Rfm (}”) =0.

(120)

For the same reason in Sec. V111A’ we do not need metric
reconstruction to compute 7 g since the background

(1,1

spacetime is still Petrov type D. The source terms Tge'o)
hold the form
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10,1 (1.1.1) 1.1.0)gy(0.0.1) (1.1.0). (0.0.1
Toeo =0, Tige™ = —H WP =30y 000
(121)
with
o M
(11oy  —imM .
Hy o = m(Dl(r) — 4ior*Dy(r))
iM4 iwr*Dy(r)
160 cosé’( 3(r) —+>
imM* Ds(r) .
+W [(r —rg)D4(r) cos 69, — ;r sin 969] ,
(122)
where we have absorbed the factor of p* into Hil'l’()), and

the functions D;(r) are presented in Appendix A.

2. T

Using the expression for the metric perturbation in the
ORG given in Eq. (51), one can evaluate the perturbed spin
coefficients and perturbed Weyl scalars at O(¢{0, e!). These
can then be used to evaluate the following source terms,
which can be divided into two parts based on whether S5 4
are dynamical,

0.1 :7_51,1)+T§;,1)7
1,1 0,1 1,0 0,1 1,0
T _ 0510 _ g0 510

T = g0V _ 00500 (133

Analogous to Sec. VI, Tﬁl’l) consists of terms dependent on
the stationary scalar field, the background, and the per-
turbed metric in GR.

Similarly, we can further divide T;}’l) into two catego-

(1,0)

ries based on whether terms are proportional to ®;;"" or

dJI(»Jl»’l), which we denote as 7T E}Al) and 7 5}]’;), respectively,

1.1
751 )= TIIA +TI[B >

1.1 0.0) o1, 0,0) (1.1
TEIA):‘SE )Sé(l,A>_€g )Sg,A)’

T;}BI) _ 5510,0)5(1,1) _ S(O'O)S(l'l).

4.8 3 V3B (124)

Here, Sngl ) and S‘(:él) have terms proportional to d)g}’n,

whereas Sg%ff) and Sf:f’ll) have terms proportional to <I>E;’0>.

Expressing these source terms in the coordinate basis,
the terms proportional to the scalar field perturbation are
given by

T = e [(p{" (r. 0. MOy, (1) + P57 (r. 0. M)B),, (r) + 95" (r. . M)O, (1)) LY, (6. )
+ (B (r 0. M)®, (1) + 95" (r. 0. M)®,,, (1) + P (. 0, M)®Y,, (1)) Sin6_, Y 1, (6. )
+ (05" (.0, M)®,,, (1) + 95" (r. 0. M)BY,, (1) + p§" (r. 0. M)®Y,, (1)) €08 0_5Y 1, (0. )
X0 o1 (7 (o0, M)® () + BT (7.0, M)BY,, (1) + B3 (r. 0. M)®L,, (1) oY ¢ 1,,(6.9)

+Zob?f—1(l’{§1(’”v @, M)®g,,(r) + P{T(r» 0, M)®,, (r) + P’ipgn(’ﬁ o, M)0y, (1) 2Y, 1, (0.9)], (125a)

T3 = e (B (r.0. )8, (1) + B (r. 0. M), (1) + 35" (r. 0. M)®,, ()71, (6. 0)
—x(PE" (r, @, M)®y,, (1) + pE"(r, 0, M)®,, (r) + 5" (r, 0, M)OY, (r)) sin 6, Y £, (0, p)
+ (PG (r, 0, M)®y,,(r) + P§"(r, 0, M)O,, (r) + 5" (r, 0, M)®, (r)) cos0,Y ., (0, p)
= x0b% o (B (1,0, M)@p,, (1) + BT (r, @, MO, (r) + P13 (r, 0, M)®,, (1) 1Y 441, (6, D)
=207 o (BT (r.@. M), (r) + BT (r, 0, M)©,, (r) + PY (r. 0, M)©,, (1)) 1Y 4_1,,(0. ).

The source terms proportional to the background scalar field can be expressed in the coordinate basis as

(125b)

T = ye (" (r, 0, M)_yR s (r) + 95" (. 0, M)_y R}, (7)) $in6_, Y 1, (6, )
+ (q?zfm(r’ , M)—2Rfm<r) + qu(r’ w, M)—ZRfm(r)) Cos 9—2Yfzn(97 ¢)
+ (5" (r, @, M) R (1) + 457 (ro 0, M) R0, (7)) sin0_3Y 1, (0. )], (126a)
Ty = e (@ (r.0.M) R, (r) + 85" (r.0.M)_,RY,, (1)) 5in 0,7 ,,(0. )

+ 85" (r. 0. M) 5Rp,,(r) 08 0,7 1,,(6. ). (126b)
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where ,R,, (r) is the radial function of the Hertz potential
given by Eq. (56b). The functions q¢"(r,w,M) and
q:"(r,w, M) [not to be confused with §¢"(r, w, M)] are
functions presented in a Mathematica notebook [70]. The

master equation of \Pil,l) in the ORG in the coordinate
{t,r,0, ¢} is presented in Eq. (127) of Sec. VIIL

VIII. EXECUTIVE SUMMARY OF ALL MASTER
EQUATIONS

This section presents an executive summary of the main
results of this paper, whose derivation was presented in
Secs. V=VII. Through Secs. V-VII, we used the tetrad

|

defined in Sec. III D to rewrite Egs. (18) and (38) using the
IRG and Egs. (26) and (38) using the ORG. In this section,
we summarize these results and condense them into a single
master equation for convenience. In later sections, we
present and apply a procedure to decouple the master
equations for the scalar field perturbation 9(''") and the

Weyl scalar perturbations ‘P&l) (or lI‘gl’l)) into a set of
coupled radial ordinary differential equations in the IRG
(or ORG).

With this in mind, the master equations for §U-1)
[Eq. (38)], ‘I‘ [Eq (18)], and ‘P [Eq (26)] can all
be expressed as

P Py AyM? Py Py Py oy 1 0 oy
. 5292 Y _ AL VN T ¥ S A (N YL 4
Vo T ol =0 O ag? rr=r) gz = 2As+ Dir-M) 5 s1n909< n aa)
1 1 0 -3M
+s|yM{-- —2icotfescd| 2 4 2s M+1)(Mcos9 W + (s?cot?0 — s)y = E(r)S,  (127)
ror—r o¢ r—=rs ot

where H represents the Teukolsky operator for a spin s
field in GR given in [19]. Recall that y is the dimension-
less spin parameter, r; = 2M is the Schwarzschild radius,
and M is the BH mass. In Table I, we present the field
quantities y which satisfy this equation and the source
terms, £(r) and & on the right-hand side of Eq. (127),
dependent on the gauge and the spin weight s of these
fields. Observe that, clearly, the differential operator H in
Eq. (127) acting on the field quantity y is exactly the same
as the one derived by Teukolsky in [19] in GR for Kerr BH
perturbations [c.f. Eq. (4.7) therein], expanded to leading
order in spin. In addition, from Table I and the source
terms in Eqs. (103), (110), (111), (121), (125), and (126),

we notice that the (/,m) and (I,m) modes of ‘P&”

need to be solved jointly, as we discuss in more detail
in Sec. IX.

IX. SEPARATION OF VARIABLES AND
EXTRACTION OF THE RADIAL MASTER
EQUATION

In this section, we extract the radial parts of the master
equations for 901 [Eq. (38)] (both in the IRG and ORG),

for ‘P [Eq (18)], and for ‘I‘ [Eq (26)]. Let us first
present our procedures for ehminatlng the angular depend-
ence in these equations and then apply them to spe-
cific cases.

A. Eiminating the angular dependence

To eliminate the angular dependence of these master
equations, we utilize the properties of spin-weighted
spheroidal harmonics in Sec. IV C and go through the
following procedures:

TABLE I. In this table, we present the quantities WV, the spin weight s, and the source terms & that appear in Eq. (127).
Ingoing radiation gauge Outgoing radiation gauge
s (spin s (spin
7 E(r) weight) & (equations) weight) S (equations)
9.1 2 0 — zMZ(R*R)( 1) _%D(O.Oil)g(l.lio) 0 —n‘%MZ(R*R)“)-l) _)(D(O,O.l)'g(lil.O)
Egs. (95) and (97) Egs. (114) and (115)
gt 2 42 S 4+ S ZUD oy SiD Ly F- - -
Eqgs. (103), (110), and (111)
pplln2s - - -2 T 7 7 gy 7D

Eqgs. (121), (125), and (126)
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(1) From Secs. V-VII, we first observe that the master equations of 91 and kv

(L1 after decomposition into spin-

weighted spheroidal harmonics [i.e., Egs. (86), (100), and (118)] all take the form

SHfm[Sll/bam(r)SSfm(9> _Iw[mt+1m¢ = Z P (r Sffm ) _lwfmt+im¢ + SQ];H‘L(")S-}_C];IH(Q)ei@mﬂt_i’n(p’

sHeom [sl//f—m (r) sSeom (9)] e~ ir-mt=img —

ZP

where (H,,, is the (¢, m) mode of the Teukolsky operator
in GR for particles of spin O [i.e., Hl(go,o) in Eq. (85)], spin 2
[i.e., HE)O’O) in Egs. (98) and (99)], and spin -2 [i.e., HE‘O’O)
in Egs. (116) and (1 19)]. The radial function gy, (r) is the
radial part of 9V [ie., ©,,(r)], ‘Pf)l’l) [i.e., 2R,(fln’ql)(r)], or

‘4‘1’411 [i.e., _ZRL(,,m (r)] to be solved for. The angular
function (S,,,(0) is the  dependent part of spin-weighted
spheroidal harmonics ()(0,¢). The radial functions
sPE (r), (0%, (r) and angular functions f% (6) can be
extracted from the source terms found in Secs. V-VII. In
the equation for 8"-"), we can observe from Egs. (95), (97),
(114), and (115) that ,P% (r) = Q% (r) since the scalar
field is real, while there is no such a constraint for ‘Pg;‘l)

since they are complex in general.
|

Wi = R (1) Sem(O)e™ I -y REE (1) (S (B rnt =i,

R (o I (7)

1) ofE (@) ent= 4 Q8 (1) T (8)erttim,

eIty Y o (1) S g () €=,

(128a)

(128b)

(2) Equation (128) assumes that a single (£, m) mode
[Eq. (128a)] or a single (£, —m) mode [Eq. (128b)]
can solve the modified Teukolsky equation. How-
ever, this is, in general, not true since the source term
in Eq. (128a) is a mixture of modes proportional to
e~@m! and @', and similarly for Eq. (128b). On
the other hand, in GR, one has the well-known
symmetry [22]

©) _ _ =

Wy = ~Wp_py»

(129)

so both Eqs. (128a) and (128b) contain source terms
proportional to e~*#n’ and e~*#-n'_Thus, one has to
consider Egs. (128a) and (128b) jointly or solve the
linear combination, i.e.,

(130a)

(130b)

(0.1

where we have absorbed an overall factor into the normalization of (R, )(r) and gy, (r). Furthermore, we have also taken

o0 =~

@,_,, not just in GR but also in dCS gravity due to the structure of Eq (128). As discussed and shown in more

detail in [66], one can solve for both the complex constant 7., and the QNM frequencies w,,, using the eigenvalue
perturbation method method in [25,39,40]. The combination (7.,,, w,,) have two independent solutions [25,26,66],
resulting in the breaking of isospectrality. In this case, by plugging the ansatz in Eq. (130) into the scalar field equation or
the modified Teukolsky equations, using Eq. (128), and matching the phase of the terms, we find

Z me sffm ) + F]fmsQl,;_m<r)sfl,;_m(9)’ (131&)

prm

stm[sl//fm Sfm

Sfm

st—m[sl//t’—m( sff— ( ) SQ?m(r)S‘]_“];’m(g)’ (131b)

‘m

where we have divided a factor of 7,,, in Eq. (131b), and
Wein(r) are radial solutions tied to (14,,, Wz, ). Similar
procedures for generic modified gravity theories can be
found in [66].
(3) For the evolution equation for 9l
of%.(0) consists of the following terms

@ OYfm(e’ ¢) and OYfilm(07 ®),

(i) cosByY,,(0,¢), and
(iii) sin6.,Y,,,(0.4).
For the master equation for ‘I‘S"‘U, /%, (0) contains
‘D) we observe that D Ve (0.¢) and Yy, (0,4),
(i) cosBOirY ., (0,¢), and
(iil) sinf.,Y,,(0,¢) and sinf.3Y,,, (0, ¢).
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Notice that (f% (6) are angular functions in the modified
Teukolsky equation for the particle of spin weight s
and mode (Z,m). The subscript s and subscripts (£, m)
do not indicate the mode number of the angular function
itself. For example, | f’;m(ﬁ) contains terms proportional
to sinf.,Y,, (0, ®).

(4) As shown in Sec. V B, the homogeneous part of
Eq. (38) for 81"V is separable in r and @ if one
decomposes 9" into ), (0, $). Thus, to extract
the radial part of Eq. (38), we multiply Eq. (78) by
oV (0,¢) and integrate it over the 2-sphere,
utilizing the orthogonality properties of spin-
weighted spheroidal harmonics in Eq. (65).

(5) Similarly, as shown in Sec. VI A, the homogeneous
part of the modlﬁed Teukolsky equatlon for ‘P(

and p‘4‘P4 (i.e., HO ) and H4 %y are separable in

r and @ if one decomposes ‘I’él‘l) and p““{‘il’l) into

V(0. ¢) and Y, (6, @), respectively. Thus, to
extract the radial part of Eq. (18) and its GHP
transformation, we multiply S"" and 71D
3V (0.¢) and ,Y,, (6, ), respectively, and in-
tegrate them over the 2-sphere.

(6) Since we use the slow-rotation approximation in this
work, when computing the integrals involving
sVem(0,¢), one can further expand YV, (0, ®) in
terms of Y, (0, ¢) using Eq. (61). Thus, there are
only spin-weighted spherical harmonics in these
integrals.

(7) After the angular integration, the angular functions
ofrm(@)e™® in step 3 become coefficients of the
form

6 5
Asllszzm = Az dSs] Yzf’lm K Yfzm’ (1323)
A = | dScosO, Yy e ¥ (132b)
S1$2¢ = @ sitlimsyt fymo

Afllsizsm = /52 dS sin 9‘9] Yflmsz Yt’zm’ (1320)

and the ,f,_,(0)e™? angular functions become

Al]ilz{z :lzdScoséle,flmSsz _n»  (133b)

Al = /SZ dSsinby Ys ¥, . (133c)

Since spin-weighted spherical harmonics are not
orthogonal across different spins over the 2-sphere,
one has to calculate these coefficients in general
directly. Besides evaluating the integrals in
Egs. (132) and (133) for different (s{,¢;,m) and
(so,75,m) every time, there are also other ap-
proaches. One approach is to use the series-sum
representation of (Y., (0,¢) in Eq. (63), as dis-
cussed in Appendix D with the results stored in a
Mathematica notebook in [70]. Now, the master

1,1)

equations of (") and ‘I‘((f;ll) become completely

radial, i.e.,
Hfm stm Z ffmSP]}m
+ nt’m sff-msQf_m(r)’ (1343')
Hfmsl//fm fomplbgm

+7‘s}§msQ§m(r)’ (134b)

‘m

where (H,,, is the radial Teukolsky operator for a
spin s field in GR and given in [19]. The coefficient
sf%, comes from the integral of (S,,(0) and
% (0) over the 2-sphere, and similarly for its
complex conjugate (f . % and (§% is given by
Egs. (132) and (133), respectively.

B. Radial part of the equation of 1V

In this subsection, we present the radial part of Eq. (38)

coefficients of the form in both the IRG and ORG found by following the

procedures in Sec. IX A. In the IRG, we find the radial

Azlfslzfz—m = / ds, v, . ‘zyf ’ (133a) parts of terms proportional to e~ in Egs. (95) and (97),
b 2 respectively, to be

VEL (1) = (91" (r.o.M)yRp (r) + 4" (r.0. M)y R, (1) 41 (957 (ro0. M)y R (1) + 657 (r0. M), Ry, (1)) A, (135)

Vau(r) = x(h{" (r.o. M), R, (r)

+ hg" (r. @, M)y Ry, () ALG (136)

where the terms proportional to b7, | or cos yY z,, (6. ¢) in Eq. (95) are at O(?) after the angular integration. In the ORG,

we find
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UR,(r) = (8" (r.0,M)_,R;,(r) + g5™ (r, 0, M) 1R}, (r)) + 2 (g5

2 (" (r.0. M) 5Rp,,(r)
+ b5 (r. . M) Ry, (r)) AL

where R,,,(r) is the radial part of the Hertz potential
given in Eq. (55), A{{™ and A%l are given by
Eq. (132), and the prime denotes a derivative with respect
to the radial coordinate r. The functions {g¢"(r,w,M),
hfm(r,w,M),gl (r,a),M),[]fm(r,a),M)}, where i €1, 4]
and j€[1,2], are the same functions in Egs. (95), (97),
(114) and (115) and presented in a separate Mathematica
notebook [70].

Using Eq. (59), we can replace the radial Hertz potential
JR,n(r) and its derivative in Eqgs. (135)—(138) with
XR;O,;)(r) and SR’(K(Z,;I)(r). Notice that the form of the

equations remains similar with SIAi’fm(r) now replaced by
|

U?ﬂ‘l(") =
(138)

"(r, @, M) _yRp (r) + g5 (r. . M) _,R.,, (r)) A7
(137)

SR;?;:)(r) and the prefactors now new functions of

{r,w,M}. For instance, in the first parenthesis of
Eq. (135), one finds that the prefactor of ZR;?;)(;") is

gf’”(r, w, M) sz’”(r, w, M) + ggm(r, w, M)zfgm(r, w, M).
(139)

Each of the functions that would appear in V& (r), V2 (r),
UR (r), and US) (r) are separately presented in the
supplementary Mathematica notebook due to their lengthy
nature [70].

Combining Eq. (88) with Egs. (135) and (136) [or
Egs. (137) and (138)], we now have a completely radial
equation that describes the evolution of the scalar field

perturbations,

2,3 _ 4ymM?
IRG : [r(r — )02+ 2(r — M)d, + W - OAM} O (1)
_» _ IR 2D I
= 671'2 (me( ) + ’/Ifmvf—m(r)) —-r (me(r) + ’/Iz,’mvf—m(r))’ (140)
2.3 _ a4ymM?
ORG: [r(r=r)a2 + 20 = Mo, + M 1 o,
_ M iR A i0
=2’ rP(UE,(r) +7ienU,L,, (1) = 1P (Ug, (1) + fiemU 2, (1)) (141)

Recall that r, is the Schwarzschild radius, M is the
mass of the BH, y is the dimensionless spin parameter
such that y = a/M with a being the spin, (A, is the
separation constant for a spin-0 field [19], and
{VB (r), V2 (r),UR (r), U5 (r)} are radial functions
given in Egs. (135)—(138). The constant #},,, is the relative
coefficient between the (£, m) and (£, —m) modes of ‘P&l)
in Eq. (130), of which only certain values can solve
Egs. (131) and (134) consistently. To obtain this coefficient,
one has to solve Eq. (148) for the (£,m) and (¢,—m)

modes of W' [or Eq. (152) for ¥{""") in the ORG] jointly.
In [66], it was shown that one can turn Eq. (148) [or
Eq. (152)] into an eigenvalue problem, following
[25,39,40], such that the solutions of #,,, correspond to
the eigenvectors of the system, and the QNM frequencies
Wy, are eigenvalues.

[

In the above equation, V;’i ., Tefers to taking the complex
conjugate of all the radial functions in VR ,, but replacing
TG, NS A} with (A" NN
and similarly for Vf_m, U“jm, and U'Z #_m- Equations (140)
and (141) can now be solved for to obtain the scalar-led
QNM frequencies. Notice that there is a coupling between
the scalar field perturbations and the gravitational pertur-
bations in GR, which appear in the form of the Hertz
potential radial function ,,R,, (r) in the IRG or ORG,
respectively.

C. Radial part of the equation of ‘I‘(l’l)

In this subsection, we present the radial part of the
modified Teukolsky equation for ‘I‘( V). Just like in the case
of the 9 field, the left-hand side of the modified Teukolsky
equation Eq. (18) is the same as the Teukolsky equation in
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GR and is separable under the decomposition in Eq. (100), with its radial part given by Eqgs. (98) and (99). To extract the
radial part of the right-hand side, we follow the recipe provided in Sec. IX A to eliminate all angular dependence.

First, integrating H E)I‘O)‘I‘éo'l), where H E)l 9 is given by Eq. (102), with ,),,,(0, ¢), we find the radial part S%.. () of Sgle'ol)
to be
iyM*
167

iymM* iorr  r(r—r,) ©.1) -
_4448’,9(’._,.3) [C3(r)—C4(r)< ) + ) ar 2R)f’m (T)Angc

M ) RO () (D =TI — [ E I E=DAG™), (142)

1287°

SE0(r) = (Cy(r) +4iwrCy(r)) LROD (r) +

where we have used Eqgs. (67) and (68) to replace dy(,Y ,,,(0, ¢)) with Y, (0,¢) and ;Y (6. ¢). In Eq. (142), recall once
more that r, is the Schwarzschild radius, M is the mass of the BH, y is the dimensionless spin parameter, A55" and A55™ are
given by Egs. (132), and the functions C; with i €[1,5] are presented in Eqgs. (AS8).

Next, due to the structure of Eq. (131), multiplying Eq. (110a) by ,),, (0, ¢) and Eq. (110b) by ,¥,_ (6, ¢) and
integrating over the 2-sphere, we find

Sém(r) = (pf'"(r, @, M)®,,(r) + pg’"(r, w,M)®,, (r)+ pg’"(r, w, M)} (r))
+ x(pg" (r, 0, M)y, (r) + pSm(r, @, M)®), (r) + pg™(r, @, M)®), (r))AT5"
+x(py"(r, 0, M)®p, (r) + p§™ (r, @, M)®, (r) + p§™ (r, @, M)@, (r)) A", (143a)

§m<r’ , M)(:)/fm(r> + ﬁgm(n @, M)@;m(l’))(—l)m
5" (r.0.M)®,, (1) + pg" (r. 0, M)®Y, () AL
§"(r. 0. M)®),,(r) + p§" (r. 0, M)®7, ()AL (143b)

S}(r) = =(B{"(r.0. M)®p,, (1) + P
—x(P{"(r.0, M)®p,(r) +
+x(PF" (r. 0. M)®p (r) + p

Here, S4,,(r) and 8%,,(r) denote the radial part of the (¢, m) mode of SE{“) (r) and S&l’l) (r), respectively. Notice that both

S4,,(r) and 82_,,(r) contribute to the (£, n) mode of the radial modified Teukolsky equation in Eq. (131a). The coefficient

(=1)™ in Eq. (143b) comes from that A™55™ = (=1)"*5 since _,¥,_,,(0,¢) = (—1)"**,Y;,,(6, ¢). The terms proportional

to (b7 .., in Egs. (110a) and (110b) are at O(y?) after the angular integration. We can further use Eq. (140) to rewrite

@”, (r) in term of Oy, (r), ®,, (r), 1R, (r), and LR, (r) such that

82 (r)= (k7" (r.0.M)®p,, (r) + k5" (r. 0. M)®, () + K" (1.0, M), Ry, (1) + K" (1.0, M), R Y, (7))
+ 2 (K" (r.@. M) @, (1) + k(" (r. 0. M) @, (1) + K" (1.0, M)y Ry (1) + K" (r.00. M)y R, (1)) AR
+ 2 (K" (r.0.M)@ () + K{F (r. 0. M@, (r) + (T (r.co. M), R (1) + k{3 (r. 0. M), Ry, (r)ASSE . (144a)

St (r) == (k" (r.0.M)®,,(r) + k5™ (r.0.M)®,,,, (r) + k5" (r.0, M), R £, (r) + K5 (r, 0, M), Ry, (1)) (=1)™
— )((l_cg’”(r,w,M)éfm(r) —|—l_<§m(r,a),M)®’fm(r) —I—I_cﬁ’”(r,w,M)zlA?fm(r) —|—/_cgm(r,w,M)ZR'fm(r))Ai’ig;m
+ (k5" (1@, M)B (1) + K3 (.0, M)B,, () + K7 (roo. M)y R, (r) + K3 (o0, M), R, () AT, (144b)

where some of the radial functions kf "(r,w, M) are

1
Km(r, 0, M) = —ﬁ@'\/ﬂ(lf +2)1/(¢ = 1)'M3[M?*(8 + 2my(3i 4 2wr))
r'(r—ry
—2Mr(4+ (A, +ior+my(2i —wr)) + r*(2+ (A, + 2ire - 2r’e?)), (145a)
12 2)! - 1)IM*[M - 3i 2i —

(r—r,)
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while the remaining functions kf "(r,w, M) for i € [3, 12] are provided in [70]. Recall that I_cf’"(r, ®, M) are the complex

conjugates of k¢ (r,w, M).

Similarly, projecting Eqs. (111a) and (111b) into the radial direction, we find

SE (1) = 2[(g" (r, 0, M), R 1, (r) + @5 (r, @, M), R, (7))
+ (g5 (r . M), Ry, (r) + 5" (r. 0, M), R, (7))

S2,.(r) = 1@ (r, @, M)R iy (r) + @57 (7, 0, M)y R (1)) AT

O+ 35 (r @, M)y R 4, (AT,

AT+ (g5" (r. 0. M)yRe, (1) + g (r. @, M), R, (1)) S

£fm
A32s ]’

(146a)

(146b)

The functions ,R,,,(r) and SI;?,gm(r) are the radial parts of the Hertz potential [i.e., Egs. (55)] and its complex conjugate,
respectively. Prime denotes a derivative with respect to the radial coordinate r. The coefficients {A{4™, A55™, A5™} and
{AT_”Z;’”, Aigi;m} are given by Egs. (132) and (133), respectively. Due to the complicated functional form of ¢¢"(r, w, M)

1

with i € [1, 6], we have presented them in a separate Mathematica notebook [70]. The radial functions Z]f "(r,w, M) are
given by

. 15i0(¢ 4+ 1)V 4 € = 2M* (18M? + 5Mr + 1) (6M + r(=3 + irw))

ql (r’a)’M> - 12 . (1473.)

4r'2(r—ry)
15i4(¢ + DVE2 + € = 2M*(18M? + SM 2
& (r. o, M) = DI DV & & = MM 4 SMr 4 17) (147b)
4r
15i(¢ — 1)2(€ + 1)(€ + 2)M*(54M?* + 10M 2
q§m(r,w,M):— i( JO(¢ + )7+ 2)M( + r+r). (147¢c)

16712

Combining Egs. (18), (98), (99), (142), (144), and (146), the modified master equation for the radial part of the ‘I’(()l’l)

Weyl scalar is

c(r)

dmyM(i(r — M) — Mor)

r(r—ry)0* +6(r—M)o, +
r—r,

= =2r2[S5(r) + (82, (r) + 87 (1) + (S, (r) + fienSE(r))].

where C(r) is given by Eq. (99c), 8% (r) is given in
Eq. (142), and 84, (r) and §4_,,(r) are given by Egs. (144),
whereas SE, (r) and S%_,, (r) are given by Eqs. (146). Notice
that there is no 7, in front of S7_,,(r) since S%,,(r) and
S4_,.(r) implicitly depend on 7, via 9 [i.e., Eq. (140)].
Furthermore, one needs to solve the (¢,m) and (¢, —m)
modes of Eq. (148) jointly, from which one can then obtain
the coefficient 7., between these two modes defined in
Eq. (130) and the QNM frequnecy a)fm,2 as we work out
in [59] following the procedures in [66].

Using Eq. (59), the radial part ,R,,(r) of the Hertz
potential ¥, in Egs. (144) and (146) can be further expressed

as functions of the radial Teukolsky function ZR(;;’;) (r) for the
perturbed ¥, in GR [19], as discussed in Sec. IXB.

The coefficient 7,_, and the QNM frequency w,_,, are
redundant with #,, and g, respectively, since we solve the
(Z,m) and (¢,—m) modes jointly. More specifically, from
Eq. (131) and a more detailed discussion in [66], one can find
that 7,_,, = 1/(77/fm) when 774, # 0 and w,_,, = —@zy,.

11
r(r—r,) — A 2R(fm >(V)

(148)

I
All necessary functions have been provided in a supplemen-
tary Mathematica notebook due to their lengthy nature [70].
One can readily use existing wave function ansatz in the
literature to evaluate the radial Teukolsky function [22,74].
Notice that the modified Teukolsky equation for the
Weyl scalar perturbation ‘I‘él’l) exhibits coupling to the
scalar field perturbation at O(¢!, €!), but no such coupling
is seen for the scalar field perturbation at the same order,
unlike the case involving metric perturbations [9].

D. Radial part of the equations of ‘1’5‘1’1)

In this subsection, we present the radial part of the
modified Teukolsky equation for the Weyl scalar perturba-
tion ‘I’ftl’l) for a slowly rotating BH in dCS gravity. Similar
to the case studied in above Sec. IX C, the left-hand side of

the modified Teukolsky equation for W{"" in Eq. (26)

holds the same form as the left-hand side of the Teukolsky
equation for ‘Pgo’l) [19]. First, multiply Hftl'o)‘l’io'” _

H OO by L3, (6. ), with H,"” given in Eq. (122),

and integrate over the 2-sphere,
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iymM ~ : iyM* iwrr r(r—ry) ’ .

Ten(r) =qasr =y 01 0) —4ir*Dy(r) Rf, (r) = 1673 [DW) —Dy(r) ( 50, ) | 2R (A%,
iyM* , . ’

23 Ds() 2R () (VEF D) (E= AL, =+ 3) (€ =2)A%4m,), (149)

where _zRég;l])(r) is the radial function of p‘4‘PE‘O’l) presented in Eq. (118), {AZ™,  AZ4m,  A%5™,.} are given in
Eqs. (132), and D;(r) for i €[1,5] are presented in Eqs. (A9). )

Next, we multiply Eq. (125a) by _,),,. (6, ¢) and Eq. (125b) by _,),_. (6. ¢) and integrate over the 2-sphere. We also
make use of Eq. (141) to decompose the ®”, (r) dependence in terms of ®,,(r), ®, (r), _,R,,,(r),and _,R},,(r) such that
T4, = (€ (r,0,M)8,,,(r) +€"(r,0,M)®,, (r)+¥"(r,0,M)_sRy, (r) +€" (r,0,M)_,R}, (1))

A (o0, M), ()4 (10, M)O), (1) 67 (0. M) 5 R (1) + 67 (0, M) 5 R ()AL,
+ 2 (65" (r.0. M) @, (r) + ¥§ (r.0. MO, (r) + ¥} (r.0. M) _y Ry, (r) + €75 (r.0.M) 5 Ry, (r)) A%, (150a)

Thn=—(E"(r,0,M)8p,, (r) + E" (r,0,M)8),, () + 8" (r,, M) _yRp,, () + € (r, 0, M) _y R (r)) (=1)"
— 1 (6" (r 0. M) @y, (r) +- & (r.0,M)®),,, () + 8" (r, 0. M) _y R (r) + " (ro0,M) ,Rer (1)) A5
+ 2 (8" (r.. M) @y, (r) + ¥ (1.0, M)B),,, () + ¥ (ro 0. M) 5 R, (r) + 8 (r.0,M) R0, () ASL5" (150b)
where we recall that ©,,,(r) is the radial part of the scalar field perturbation, _,R,, (r) is the radial part of the Hertz
potential in the ORG, prime denotes a derivative with respect to the radial coordinate r, and an overhead bar denotes
complex conjugation. The constants A and A" are given by Egs. (132) and (133), respectively, with the relevant subscripts
and superscripts. The functions Ef "(r,w, M) and Ef’"(r, ®, M) are given in a Mathematica notebook [70]. Similarly, the
source terms in Eq. (126) can be decomposed into a radial equation as
T2, = xl(a{" (r.0. M) R, (r) + 45" (r, @, M) _,Ry, (r) AZJ,,
+ (5" (r.@. M) 3R (r) + 95" (r. 0. M) 5 RY,, (1)) AL,
H5" (r, @, M) R, (r) + ag" (r. 0. M) Ry, () A% ], (151a)

T8 = 2[(a]" (r 0. M) Ry (r) + )" (r 0. M) Ry, (r)) A5
+ai" (r, 0, M) R (r) NS5, (151b)

Using Eq. (59), the radial function _ZIA?fm (r) of the Hertz potential ¥, in Egs. (150) and (151) can be expressed in terms

of the radial Teukolsky function _2R§21’11) of p‘“PElo’l) in GR, as described in Sec. IX B. All necessary functions have been

provided in a supplementary Mathematica notebook [70]. Combining Egs. (26), (116), (119), and (149)-(151), we find

D(r) 4myM(i(r — M)+ Mwr i
( ) - ( ( ) ) =2 Afm —2R(t’1ml)(r)
r—r r(r—ry)

= 21750 (r) + (T2,,(r) + T2_,,(r) + (T2, () + itewT 7 (1)]. (152)

r(r—ry)0* =2(r—M)o, +

As before, one has to solve the (¢, m) and (£, —m) modes of Eq. (152) jointly to obtain the coefficient 7,,, in Eq. (130)
and the QNM frequency w,,,. This analysis shows that the modified Teukolsky equations for the Weyl scalar perturbations

‘P(()L'tl) and the scalar field perturbation 9(':") can be separated into a radial and angular piece. The radial piece can then be
integrated numerically to obtain the QNM frequencies.
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X. DISCUSSION

In this paper, we have employed the modified Teukolsky
formalism in [24] and laid down the foundations to
investigate the perturbations of slowly rotating BHs in
dCS gravity at leading order in spin, where the BH
spacetime is non-Ricci flat, but remains of Petrov type
D. In this work, we have calculated the master equations
that describe the perturbations of gravitational and scalar
fields. To incorporate the slow-rotation approximation, we
first extended the two-parameter expansion in [24] to a
three-parameter expansion. Following [42,65], we then
rederived the null geodesics on the equatorial plane, from
which we found the NP tetrad for slowly rotating BHs in
dCS gravity up to O(y). The resulting tetrad is the
Kinnersly tetrad expanded to O(y), with an additional
adjustment accounting for the dCS correction. This tetrad is
the same as the one in [65]. Since BHs in dCS gravity are
non-Ricci flat, this direct extension of the Kinnersly tetrad
leads to some nonzero background Weyl scalars ¥, and V3,
so we performed additional tetrad rotations to remove them
and computed all the background NP quantities in this
rotated tetrad.

The source terms of the modified Teukolsky equation for
Wy4 arise from two distinct contributions. Some originate
from the homogeneous component of certain Bianchi and
Ricci identities, so they only rely on the corrections to the
background geometry. For Petrov type D spacetimes, these
stationary corrections only couple to the perturbations of
W4, so we evaluated them using the NP quantities in the
dCS background and the solutions to the Teukolsky
equation in GR. The other source terms stem from the
stress tensor associated with corrections to the Einstein-
Hilbert action. In dCS gravity, these source terms couple
the scalar field with the metric in GR. Thus, to completely
evaluate them, we need to solve for the dynamical scalar
field. In this case, we first evaluated the scalar field
equation and used the same methodology to guide our
calculations for W, 4.

Since the scalar field is driven by dynamical metric
perturbations in GR, one needs to first reconstruct the
metric associated with curvature perturbations in GR. In
this work, we chose to follow the CCK procedures
developed in [34-37,60-64], where the perturbed metric
is obtained from the Hertz potential, though other proce-
dures in [38,42] may also apply. Using the reconstructed
metric in [34-37,60-64], we then computed all the per-
turbed NP quantities in GR following the approach in
[38,67]. Since we also chose the gauge that the perturba-
tions of ¥, 3 vanish in both GR and dCS gravity [24], we
performed additional tetrad rotations to transform all the
perturbed NP quantities into this gauge. In the end,
projecting the scalar field equation onto the NP basis,
we used the reconstructed NP quantities to express all the
source terms as differential operators acting on the Hertz
potential.

The Hertz potential can be obtained from the perturba-
tions of ¥4 in GR, which are solutions to the Teukolsky
equations in GR. Decomposing the Hertz potential into
spin-weighted spheroidal harmonics, we presented the
source terms of the scalar field equation in Boyer-
Lindquist coordinates explicitly. The radial function of
the Hertz potential was then determined from the radial
function of the perturbed ¥4 in GR following [62].

In the IRG, the above steps led to three coupled, partial
differential equations for the (¢, m) and (¢, —m) modes of
the Weyl scalar perturbation in dCS ‘I’f)“) and the (£, m)
mode of the scalar field perturbation (1)) [the (¢, m) and
(¢, —m) modes of 9-1) are redundant since 9! is real],
that we refer to as master equations. Similarly, in the ORG,
we obtained three coupled, partial differential equations for
the (¢, m) and (£, —m) modes of the Weyl scalar pertur-

bation in dCS W\ and the (£, m) mode of 9. More

explicitly, the master equation of ‘I’(()l'l) (or ‘Pftl’l)) consists
of the GR Teukolsky operator for a spin 2 (or spin —2) field
acting on ‘I’ (or ‘I’ ) as well as a source term that
depends on 19( 1) and the Weyl scalar perturbation in GR
Y (or ¥V, Similarly, the master equation of §(:)
consists of the GR Teukolsky operator for a scalar field

(0.1)

acting on 91 and a source term that depends on ¥

(or PV,

To separate these master equations into radial and
angular ordinary differential equations, we exploited the
orthogonality properties of spin-weighted spheroidal har-
monics and performed a harmonic decomposition to
eliminate all angular dependence of the source terms.
The homogeneous part of the scalar field equation naturally
separates, so we obtain a purely radial differential equation
[i.e., Eq. (140) in the IRG and Eq. (141) in the ORG].
Similar procedures were then implemented for the modified
Teukolsky equations of W4 The source terms of the
modified Teukolsky equations were expressed in terms of
the Hertz potential and the dynamical scalar field. We then
projected the source terms into the radial direction by
integrating them over spin-weighted spheroidal harmonics.
The homogeneous part of these equations separates in the
same way as the Teukolsky equations in GR, so we also
obtained two radial differential equations for ¥, [i.e.,
Eq. (148)] and ¥, [i.e., Eq. (152)], respectively.

Through these procedures, we obtained three coupled,

ordinary (radial) differential equations for {, R 1‘1)( )
1.1 1.1

2R (1) 05,1 (1)} (or { Ry, (). 2Ry, (1).05, (1))

in the ORG) where the first two are radials functions of

D (or p‘4‘{‘gl‘l) ), and the last one is the radial function
of 91 All of these equations have the same structure. The
left-hand side is the radial Teukolsky operator for particles

of spin 2 (P""V), spin =2 ({"")), or spin 0 (9(V). For the
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radial master equation of ‘I‘ (or ‘I‘ ) the right-hand

side contains source terms that depend on {@Km)(r),
0.1 0.1 1.1 0.1

Rep (). RENY o {040 RE().

R;O_’iz(r)}), where the last two are radial functions of

LP(()O’l) (or p‘4‘P§O’1)). For the radial master equation of

901 the right- hand side contains source terms that depend

on LRI (1), RN} (or { RO (1) RED (M),
The coupled system therefore forms a (Sturm-Liouville)
eigenvalue problem that should be amenable to standard
procedures to find the eigenvectors and eigenvalues, i.e.,
the QNM and scalar frequencies.

The primary objective of this study was to apply the
modified Teukolsky formalism in [24] to investigate
perturbations of BHs in some specific modified theories
of gravity. To illustrate this, we considered the case of
slowly rotating BHs to leading order in spin within the
framework of dCS gravity. Although the slow rotation
approximation may not provide highly accurate results for
more realistic BHs (with spins y ~ 0.6), it is a simplified
problem for testing the newly developed formalism.
Incorporating additional degrees of freedom associated
with dCS gravity, coupled with the intricacies introduced
by the metric reconstruction procedures, renders this
calculation complex. Yet, in this work, we successfully
demonstrated that the modified Teukolsky equation in [24]
does not only decouple Weyl scalars ¥4 from other NP
quantities but also admits a separation into radial and
angular parts, a key advantage of the Teukolsky equation in
GR, especially for rapidly rotating BHs. Although this
paper focused on the first order in the slow rotation
expansion, the separation of the modified Teukolsky
equation should hold for any spin since the orthogonality
properties of spin-weighted spheroidal harmonics we have
used to separate the equation apply for a general spin. Thus,
this calculation is an ideal initial step toward determining
the QNM spectra for BHs with general spin in modified
gravity.

This work creates a new path to directly calculate the
corrections to the QNM frequencies for slowly rotating
perturbed BHs in dCS gravity. Having obtained the master
equations for the perturbed Weyl scalars W,, and the
perturbed scalar field, we can now integrate these equations
using numerical integration schemes, such as the eigen-
value perturbation method in [25,39,40] to find the QNM
spectra. Moreover, the QNM spectra obtained using the
modified Teukolsky formalism can then be compared to the
results from the metric perturbation approach [6,7,9,32,75]
and numerical relativity [76-79]. Notice that, in higher-
derivative gravity, Refs. [26,27] have followed our formal-
ism to compute the QNMs in the slow-rotation expansion
of BHs in that theory, and they obtained results valid for
x < 0.7. Nonetheless, the dCS case we have focused on is

more complicated due to the coupling to the scalar field
equation. As discussed above, we have also presented in
detail the angular dependence of the master equations of the
perturbed W4 and 9 and showed explicitly that they are
separable, while Refs. [26,27] only briefly discussed using
the orthogonality of spin-weighted spheroidal harmonics to
extract the radial equations.

An additional aspect worth exploring is the phenomenon
of isospectrality breaking in the QNM spectra. In GR, odd
and even parity modes oscillate and decay at the same rate.
However, certain modified theories of gravity have been
shown to exhibit a breaking of isospectrality, e.g., dCS
gravity [6,7,9,32,75], EAGB gravity [8,10,80], and higher-
derivative gravity [56]. The investigation of isospectrality
breaking has, so far, primarily focused on metric perturba-
tions, as the Zerilli-Moncrief and Regge-Wheeler equations
naturally separate metric perturbations into even- and odd-
parity sectors [15,16]. However, for BHs with arbitrary
spin, there are no known extensions of the Zerilli-Moncrief
and the Regge-Wheeler equations, so we need to use the
modified Teukolsky equation to study isospectrality break-
ing. In another study [66] involving all the authors, the
definite-parity modes of curvature perturbations in modi-
fied gravity were found, and the features in these bGR
theories that result in isospectrality breaking were revealed
and demonstrated in several simple cases. Nonetheless, a
direct mapping from the Zerilli-Moncrief and Regge-
Wheeler functions to the modified Teukolsy equations of
these definite-parity modes still remains unknown. The
implementation of the modified Teukolsky equation in a
concrete bGR theory has opened up possibilities for
addressing these questions and more.

Building upon the insights gained from the present
study, further investigations can be pursued involving
more complex systems within various gravitational the-
ories. As part of our collaborative effort, we are currently
engaged in extending this calculation to derive the
master equations and QNM spectra for BHs with arbitrary
spin in dCS gravity, where the BH spacetime is Petrov
type I. In addition, we are also actively involved in
computing the master equations for rotating Petrov type
I BHs within the framework of EAGB gravity. For the first
time, we can explore the QNM spectra for BHs with
general spin in a wide range of gravitational theories and
spacetime geometries, which can then be compared with
real observation data to scrutinize these possible devia-
tions from GR.
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APPENDIX A: PRINCIPAL TETRAD, SPIN
COEFFICIENTS, AND SOME AUXILIARY
FUNCTIONS
In Sec. IIID, we performed tetrad rotations to set

‘P(lgo) = 0. As discussed in [42], these tetrad rotations

preserving the orthogonality conditions of the NP tetrad
can be divided into three types,

I: >l m->m+al,m—m+al,

n — n+am+ am+ aal. (Ala)
II: n—>n,m— m+ bn,m — m+ bn,

[ — 1+ bm + b + bbn. (A1b)
N: > A Y. n— An,m - e“m,

m— e m, (Alc)

where a and b are complex functions while A and ¢ are real
functions. The transformations of Weyl scalars and spin
coefficients under the tetrad rotations in Eq. (Al) can be
found in [42]. The tetrad rotations above are precise, but
when these rotation parameters are small, for example, at
O(¢', €°), the rotations of the tetrad at O(¢', €”) simplify
into

110 — (10 4 p10 g 4 (10 — A0,
n(10) 5 (L) 4 50100 4 4103 4 SA10)

m10) 5 (10 4 (10 1 p(L0)y 4 010y (A2)
where we defined A = A —1 and combined the three
types of tetrad rotations. Then, the Weyl scalars at O(¢', €°)
transform as

1.0)

Yor4 =0,

(
0
lI,(11,0) R lI,(11,0) + 3b("0)‘P2,
w0 w0 3500, (A3)
where we used that the background at O(¢, €°) is Petrov

type D, so \Pg,)i(,);A = 0. Since the spin coefficients at

O(¢', €%) after the rotations can be easily computed from
the rotated tetrad, e.g., Eq. (A4) in this work, we do not
provide their general transformations under the tetrad
rotations here.

Using the tetrad rotations in Eq. (A1) and the results in
Eq. (A3), we set ‘I‘Eféo) = 0 and found the principal tetrad
to be

p— (L 10, M
-

&G(r) LA (r)>’

—r r(r—ry) 2r(r—ry) 16M7r’
(Ada)
- r M & G(r)
uo— 1
n = N(r) <r -1 -0, r(r—ry) * 2r(r—ry)
CrAs(r)
BN A4b
+16Mr7(r—r_‘,) ’ (Adb)
1/ Ay (r) A (r)(r=ry)\ .
p=—— (M1 ) sino,
m 75 (1){ ( +¢ 32M2r5(r —) sin
o (As(r) FA(r)(r =)
l{,’;{( 37O sin 0,
iyM 0 iyM 0
| - AEO8 ,i<1 _ Ao > esc 9), (Adc)
r r
where
A (r) = 126M7 + 60M°r + 25M°r?, (ASa)
Ay(r) = 18M7 + 10MSr + 5M52, (A5b)
Ay(r) = 252M° — 6M"r — 10MS% — 25M5F.  (A5c)

In the principal tetrad Eq. (A4), the spin coefficients at
background are

c=1=0,
4r2 1SICZB1(r)Sln9
K=— V=— )
(r—ry)? 16V2r7
2r 1 iMy {B,(r)
= =——— 1- 0,
P r—rs'u roor ( 16r° o8
iMy CB3(r) .
T=— __\/Er2< + 32,0 siné,
M
i C)(Bz(r)cose’
327
u o1 . r—r,
=L (1-im
Y 2+4r< iMy—s cos@),
—  (rcos@+ iMycos20)cscO
a=p-
V272
1 M B
= — cote_l £ 3+C 4(2) sin@ —cscd | |,
2\/§r r 167
(A6)
with
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_ 6 5 4.2
B (r) = 42MS + 16M°r + SM*7, (ATa) " ,(r) = 774M> + 360Mr + 14572, (A8d)

_ 5 4 3.2
By(r) = 126M° + 60Mr + 25M°r", (ATO) oL () = 1300M — 378M2r — 240M12 — 1857 (ASe)

Bs(r) = 1800M° — 162M°r — 120M*r> — 125M373,
(A7c)

The radial functions in Eq. (122) are given by

Di(r) =Cy(r) i#3, (A9a)
By (r) = 270M® — 6M3r — 15M*r? — 25M3 7. (A74)
. . D;(r) = 1206M3 — 12M?*r — 45Mr* — 12513, (A9b)
Using the above NP quantities at O(¢!, €%), we com-
puted the correction to the Teukolsky operators in
Sec. VI A. In Eq. (102), these radial functions are defined

to be APPENDIX B: RECONSTRUCTED NP
QUANTITIES

Cy(r) = 17640M* — 17196 M°r + 6M*r*
In this appendix, we provide the explicit expressions

3 4

+210Mr° + 129577, (A8a) of these reconstructed NP quantities in Sec. IV. As

3 5 ) discussed in Sec. IV, one can write these structure constants

Co(r) = 189M° + 120M"r 4 T0M ™, (A8b) C,,°¢ in terms of spin coefficients using Eq. (74) and the

definition of spin coefficients in terms of Ricci rotation

Cs(r) = 342M3 — 816M?r — 385Mr*> — 1653, (A8c) coefficients,

K =7131» T = —VY241, &€= (7121 - }’341)7 P = 7V134s A= —Y244s a = (7’124 - 7344)v

N = DN =
N = N =

0 = 7133 H = V243, p= (7123 - 7343), T =7132; V==V, V= (7122 - 7342)- (Bl)
It was found in [42] that

Cio'==(r+7). Ci’=-(e+8), Cp’=7+n, Cp'=-a-p+r, Cy’=-x. C’=p+e-& Cu'=o0,
C23]:17, C232:—r+6r+ﬂ, C233=—,u+}/—}7, C234=—/_1, C34'=M—ﬁ, C342=ﬂ—ﬁ7 C343=B—(1’ (B2)

and the other components can be found by using complex conjugation and that C,;,¢ is antisymmetric in its first two indices.
Solving the above equation, one can also express spin coefficients in terms of C,;°,

(C3® + Cpp* = Cy3t),

| =

1
Cs1® + Cuy* + Cu3?), U=

K= C312,0 — —Cil,/l — C423,I/ — —C421,p — _E(

(C31' + C3? = Cyy ),

N[ =

1
= _§(C411 + CP + Cyp). T=

1

e=—(Cy*—C3° +2Co > +p - D). ¥ =—(Cp* = C3> +2Cy" +p—pr).

[— ] —

a =

IN RSN

(Cat' = Cp? +2C3° + 7 — 1), B=—=(Cy' = Cyp? +2Cy5* +7— 7). (B3)

4

Then, following the procedures in Sec. IV, one finds the spin coefficients at O(¢0, €!) to be

1
kO = 55[—2,—2.1,1]}1510’1) - D[—Z,OVO,—I]hE%l)’ (Bda)
1
6(0.1) — _ED[—Z,Z,I,—I]hiS?;J) + (7—[ + T)hgi)nsl)’ (B4b)
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A0 = = (7 + )hgg—}ll) + %A[—l,l,z,—Z]hghr‘y’ (B4c)
YO0 — _%5[2,2,_1,_1];;,&,, ' F g, (B4d)
e = 411 [Aiio-2h ) = 2D 00 yhis = 8o s ahin + 62012l = (0 = P)hi' ] (Bde)
pOl = % [~y — (p = p)hi" — 0100 10]h§m + - 2o1z]h1m — Dy, l]hmm . (B4f)
p O = % [~phii") — 5[0,2,—2_—1]@9{11) + 5[0,2.0,1]}153;;1) +(u+p)hgy Y+ AL OO]hl(nm)]’ (B4g)
yOb = % [—D[o,2.1,—1]h:(3il) - 3[0,2,—2,—1]h$3h1) + 5[0.2,2.3]]1,(1(3-;[1) —(u—p- 47’)}152’1) —(u- ﬁ)h%)]’ (B4h)
a0l = % [—D[_z’o,_l,_z]h,(ﬁ;;l) + 5[_2,0.],1]h£;?,h> - 5[00 1-1h En + A4 z]hgil) 5[2,0,—1,—1]}15,?;711)]7 (B4i)
pOY = % [—D[-4,z.z,-1]h£3hl> 802-1 _1]h£r?m) = 0j0,0,-1,-1h ln )+ Apo20h Em )+5[o 2.1 l]hmm)]7 (B4j)
70 = : [D[zo 10]h51m) +Thlyy) 5[0,0.—1,—1]}1;2’1) + A[o,l,o,—z]hg;%l) + fhg;?}nl)}’ (B4k)
70D = % [~Dp20.- ]]hnm) + whig) + Bj0.0.1, l]hgg g -4y o—20]h( D+ hinm)]' (B41)

For Weyl scalars at O(£?, e!), one can use Ricci identities to retrieve them from spin coefficients. The equations below
work for both vacuum and nonvacuum spacetimes since we have linearly combined Ricci identities to remove NP Ricci
scalars @, following [38,67],

Wo=D_31-1-1]0 = O-1.-3,1.-1)K, (BSa)
¥, = Djp.10-1)8 = 9—10.10€ — (@ + 7)o + (r + p)x, (B5b)
¥, = %[5[ 20,1118 = 8100 ® + D -y — A1, 1]€+5[ L=1-1)T = Ao —p + 2(vk = /10)] (B5c)
W3 = S.1.0-1)7 — Ajp1o-na+ (e +p)v— (B+7)4, (B5d)
Wy = 0p.11-1V — Ap1 3214 (BSe)

The equations above are precise, so one needs to linearize them when extracting the Weyl scalars at O(¢°, €!) using the
perturbed tetrad and spin coefficients at O(Z%, €').

In Refs. [36,60], they also computed the perturbed Weyl scalars in the IRG and expressed them in terms of the Hertz
potential,

0. 1 0,
lIl(() 1> — _5D[_3’1’0‘_1]D[_2’2YO’_1]hSnrr:)’ (B6a)

1 _
lP(lo’l) =73 [2D[—1,1,1,—1]D[0,2.1,—1]h£3;11) + D[—1,1,1,—1]5[—2,2,—2,—1]hg:?r'r}) + 5[—3,1,—3,—1]D[—z,z,o,—l]hﬁr?r’:p], (B6b)
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1
12

+ 5[—1,1,—2,—1]3[—2,2.—2,—1]h£r(z)ﬁp] )

PO

1 _ _ _ _
¥ = - 3 [(Pp1s-18p20-1 + 111D o2 + 81121y B2tk |,

1 .- _ _ _
lI,‘(‘0.1) =- [5[3,1,o,—1]5[2,2.o,—1]h,(1(:{,11) + 3W,(70(4,0.0.0] — PA0,04.0—HD4.000 + 704,00 + 2‘P2)‘Pn]a

(0.1)

nn,1

is the piece of hﬁl(,){1>

where h proportional to ¥, in
Eq. (50), i.e., A" = 8113011810405 Pa- As we discussed
in Sec. IV, our results using either the Ricci identities or
direct computation from the linearized Riemann tensor
agree for ‘I‘(()Oll% 4 but not for ‘I’;O'l) due to different choices
of the perturbed tetrad. Thus, we can use Eq. (B6) for
w"), and Eq. (B5d) for ¥{"".

For Schwarzschild, the equations above simplify into

1 .-
‘P((,O'l) _ —§D4‘I‘H, (B7a)
1 _ -
lP(lo,l) _ —§D3 (5 —4a)¥,,, (B7b)
1 _ _ —
Pl = 5 D(5 - 2a) (5~ 4) ¥y, (B7c)
0.1) 1 %= 3 ¥4
g = _505(5 —2a)(6 — 4a)¥y + E‘chm, (B7d)
pO _ L 5(5 5 y
i =3 (6 +2a)8(6 —2a)(6 — 4a) ¥y
3
5 WaluD + p(A + 4y) = 29, ] ¥y, (B7e)

K<0"1) — K(O’l) + b(()l)p —_ Db(o’l)7
A0 - 200 4 700 2a + 1) + 5a,
€<0’1) — 8<0’1) + E(O’l)ﬁ + b(o’l)(a + 7[),

4O 5 40 4 400 7 4270008 4 570,
FON S GO 4 p01) (4 4 y),
T(O,l) — T(O’l) + a<0’1>p + 2b(051>y — Ab<0’1>‘

a0 5 g0 4 GO0, 4 pO),,
200 5 70 4 00, 4 paOD),

0,1 = = 0,1
[D[I,I.Z,—I]D[Z,Z,Z,—l]h;(m,l) +2(Dp12,-1100.2,-1,-1] + 5[—1,1,—2,—1]D[0,2,1,—1])hfzm )

(B6ce)

(B6d)

(B6e)

[
D

nm

where we have added the correction term %‘I‘z

to ‘I‘go’l).

To use a consistent gauge with the one in Sec. Il A, we
need to rotate the tetrad to remove ‘P&l). Under type I and
I tetrad rotations at O(¢°, '), the tetrad becomes

101 — 101 4 pO0N 4 pODjg — 540N,

nO) S pO1) 4 500 4 4O 5 4 5400,

mOD — mOD + qOD7 4+ pOVp +ipOUm,  (BS)
and the Weyl scalars transform as

Wi =0, WM - W 4 3p00y,,

P w30y, (BY)

The rotation coefficients a®) and 5" are given by
Eq. (77). For spin coefficients, due to the complication of
the reconstructed tetrad, instead of computing the spin
coefficients from the rotated tetrad directly, we chose to use
the transformation of spin coefficients under tetrad rota-
tions in [42]. In this case, the spin coefficients transform as

o0 — 6O 4 pON (28 + 7) — 5HO,
VO = O + g0 (y +2y) + Aa®,
PO 5 pO1) 4 pODZ 4 2pO.1) g — FpO.1)

}/(071) — 7/(0’1> + a(0~1)a + a(o,l) (ﬂ + T),

(B10)

Furthermore, besides the tetrad rotations, when one performs coordinate transformations x* — x* + &* at O(CO el), one

finds

wO.1) 5 pO1) gﬂ(O,l)aﬂlp(O,O) 4 5#(0,1)()}‘\}'(0,0),

(B11)

for the scalar-type NP quantities such as Weyl scalars and spin coefficients [67].
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APPENDIX C: EXPRESSION OF ®;

In Sec. VI B, we want to rewrite the Ricci tensor in Egs. (105) and (106) in terms of Weyl scalars, spin coefficients, and
directional derivatives. Since y ;. is antisymmetric in the first two indices, it has 24 independent components. These 24
components can be further reduced to 14 components using complex conjugation, which can then be expressed in terms of
spin coefficients using the definition in Eq. (B1),

Yizi=¢€+& yim=r+7. rim=a+pf. ri31=K Vin=T, V133=0, YVi34=p:
YB1=—%, Y=-V, Ya3=—A VYu4a=—f, V1 =E—& V=7—V, Yaz=a—p. (C1)
For Riemann tensor or Weyl tensor, it is antisymmetric within its first pair and second pair of indices and symmetric under

the exchange of the first and the second pair of indices, so the total number of independent components reduce to 21 using
these symmetries. Besides these symmetries, Cypcq) = 0 and Cpeq 18 traceless in the vacuum, which further give us the

following relations in [42],

C1314 = C1323 = C1424 = C2324 =0,

<C1212 - C1234)7 (CZ)

N =

C1334 = _C1213’ C2334 = C12237 C3434 = C12127 C1342 =

which reduce the number of independent components of C,,., to 10. These 10 independent components can be represented
by five Weyl scalars and their conjugates. With complex conjugation, we can find all the components of the Weyl tensor
using the symmetries above and the components below,

C1212 = lPZ + ‘i’b C1213 = lPlv C1223 = _@39 C1234 = @2 - lPZﬁ C13l3 = \{‘07 C2323 = li"4' (C3)

With Egs. (105) and (106) and (C1)—~(C3), we find Eq. (105) in the NP basis to be

Ry = iRl{(D'()) MWy — 2% — (a+f + 1)¥) + (@+ f+ 7)V) + (¢ + &) (¥, — ¥5)] — (A9)[5¥ — 0¥y — kY| + V]
+ (89)[(a—p)¥ + 6¥, + (e —&—p)¥, —k(¥, — P,)]
59)[(a — ﬂ)‘PO —(e—8+p)¥, + 0¥, + k(¥ - ¥,)]

W) {5,519 + = ‘1‘0{5 §}9 +W,{D.5}9 — ¥, {D.5}9 - (¥, @2)%{0,0}8} + R, (DI)(DY), (C4a)

Rlz:iRl{(Dg)[Vq’l—17‘1’1—(7+7+#+ﬁ)(q'2—@2)+(5‘+ﬂ+ﬁ)w3—(a+ﬁ+ﬂ)‘i’3]
—(A)[(a+p+1)¥ = (@+p+0)¥ — (e +a+p+p)(¥ = ¥2) +x¥5 — k3]
+ (B, ~ (r =7+ ¥~ (a=P+a—-7)(¥, = ¥,) + (e =&~ p)¥5 + 53]
—@)(r-7-R)Y, + 2P+ (@-p+a—1) (Y- ¥,) +0¥; — (e — &+ p)¥;3]
W {A,5}9 4+ P {A,5}9 + (¥, —P,)[{D,A} + {5,6}]9 — ¥5{D,5}9 + ¥5{D,5}9} + R,(DI)(A8), (C4b)

Rz = iRl{(Dﬁ) Wo—(y+7+u+n)¥ —20%, + (a+p+7) (¥, +2¥,) — 2(e + &) ¥;]
—(AY[(a+p+7)¥ — (e +&+p+p)¥) —20¥, +k(¥, 4+ 27,)]
+ (6 — (@ =B+ —7)¥, +2(a— PP, + (e — & —p) (¥, +2¥,) + 28]
—(69)[(y —7 - )% + (@—f + 7 —1)¥) + o(¥, + 2¥,) — 2c¥3]
Wo{A,5}9 + P, [{D,A} 4 {56,6}]9 + P,{6,6}9 — (¥, +2¥,){D,5}9 + VP5{D, D}9} + R,(DH)(69), (Cdc)
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Ry = iR, {—(Dt‘))[ﬂ‘l’3 =W =AY, + A - (AN [(y +7) (W2 =) — (@ + f+ 7)Y,

+(a+p+ T)‘P3 + 0¥y — W, + (59) V(W = Wa) — (y =7 + 1) W5 + A¥5 + (2 — §) V]
+ (69) (¥, — W) = W5 — (y =7 — )5 + (a — B) V]
%(‘I‘ —9,){A,A}9 + W5{A, 519 - P;{A,5}9 ——%{5 539+~ l114{5 5}8} + R,(A9)(AI), (C4d)
Ry = i.731{—(D19)[17(2'P2 + W) = 20¥; — (r+ 7 +u+ )P + (a+ B+ )V
— (A2 +7)¥ — @+ +7)2¥, +Ps) +20¥; + (e + E+p +p)P; — KV,
+ B2, = (=7 + 1) (2¥2 + P2) = 2(@— f)¥; + (a — f + 7 — T)¥5 + 5V,
+ (89)[20%, — A%, +W,) + (@ =B+ 7 —1)P5 + (e — &+ p)P,]
W {A A} + (2, + P1){A,5}9 — W3{5.5}9 — W3 [{D. A} + {6.6}]9 + P4 {D.5}9} + R,(A9)(59), (Cde)

Ry = le{ (D [P¥, — AP, —P,) — (@ +f+7)P5 + (e + )P,

—(AY[(y + 7)Y — (@+ B+ 0)¥| +0(¥, - P,) + 3]
+ (8o — (r =7+ ¥, — (@ —B) (¥ —Py) + (e —8— p) + &VP,]
+ (89) [0, — ¥, — o5 + K‘i’4]
% Wo{A, A} + W, (A, 5},9-101'2 C,){6,619 — B {D, 5} + 1\1!4{1) D}S} + R, (59)(59), (C4f)
Ry = %R1{(D’9)[Vq’1 — W - (7 +u+ ) (Y =) + @+ f+2)¥; — (a+ f+ n)¥s5)

—(A)[(a+ B+ = (@+p+0) —(e+E+p+p) (P, = F,) + k¥; — RF;]

+ (BN, = (r =7+ )W — (@ =+ 7 -7) (¥, = V) + (e — &= p)¥5 + 5¥3]

—@Nr—7 -+ + (@—f+7—7) (¥ —¥) +0¥5 — (e — &+ p) V5]

-V, {A, }8+‘P {A,8}9 4+ (W, — P,)[{D, A} + {6,5}]9 — W3{D,5}9 + ¥3{D,5}9} + R,(69)(58),  (C4g)

where

and the remaining components of R, can be found by exchanging the indices or complex conjugation.
The Ricci NP scalars @;; are related to the Ricci tensor via

1 1 1 1 1
q)OOZERll» D, =§R13, ‘D02=§R33, ‘1)10251314, Dy 21(R12+R34)7
1 1 1 1
(DIQ - §R23? ¢20 - §R441 q)Zl - §R24’ (1)22 - ERZZ’ A - R/24 (C6)

Using the projection of the Ricci tensor onto the NP basis in Eq. (C4), the stationary scalar field in Eq. (15), and the NP

quantities in Schwarzschild [setting { = y = 0 in Egs. (A4) and (A6)], we find the O(¢!, y!, ") contributions to ®;; o
1.1,0 1.1.0 1.1.0 1.1.0 1.1.0

q>(()0 >:¢(()2 ):q)gl ):q><20 ):q)<22 ' =0, (C7a)

(I)(l 1,0) CI)(I’I’O) o _151M5(18M2+8Mr+3r2) sin 6 (C7b)
01 10 - 16\/5}"9 s
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110 110y 15iM3(r = ry)(18M* + 8Mr +3r%) sin @
q)gz ) q’él )= 327310 , (CTc)

which are used in Sec. VI to evaluate Sﬁ:{l'l) and S;}Al'l). From Eq. (C7), one can also find ng) to be

45iM° (42M? + 16Mr + 5r%) sin @
G0 _ 450 ( + r+ 5r%)sin ’ G0 _ g, (C8)
! 161/2r10 2
As discussed in Sec. VI, to compute S5, one needs to evaluate d>é})'l), (Dél and (I)OO . When 8 is stationary, since
9(1.00) — 0, <I>(1 90 — 0, and we have only contributions from <I>(1 " at 02", 4", €'). Based on our classifications in in
Sec. VI, we ﬁnd the first type of contributions to be

R

ol = ’21 (w0 (52 + 2a8) 9010 — PO (82 4 245) 90110 4 (WO @Oy p2g110)], (C9a)
R
R _ _

q)élzgl) _ l21 [ (0.0, 1)(A2 + 27,A)19(1,1,0) + (\pgo’o*l) _ ‘Pgo'o’l))(éz + 20{5)19(1‘1’0) _ \ygosofl)Dzlg(l,l,O)]’ (C9c)

where we used that in Schwarzschild,

a(000) — ((00.0) — _53(0.00) —~(0,0,0)

7 F; 0.0.0),

—(0,0,0)

i 0.0.0),

=(0,0,0)

700 = y000), (C10)

and other spin coefficients at O(£?, ¥, €”) vanish with the gauge choice ‘Pgo’l) = ‘Pgo'l) = 0. For simplicity, we have also
dropped the superscripts of all the terms at O(£°, €°). For the second type of contributions, we have

(L

oLl =0, (Clla)
q)élllBU _ 31R1 (21D + p)a®OD + 2y + u)bOOD]DIILO) 4 2(D — p)pO0D AY-1LO

+2[2ab 00.0) 4 (5 — 4a)b00D]590:10) 4 [2(8 + 2a) b0V DAl 15901L0 ], (C11b)
) (Cllc)

where we used that in Schwarzschild,
T(()010304)1 _o. OO0 _ (000) (C12)
The parameters a(*%) and 5% are rotation parameters given by Eq. (77). For the third type of contributions, we find
ol =0, (C13a)
31R 1P,

q)éll.,lc’l) _ {2 D —l—p)h( )+ (D—i—p)a(o’o'l)]DS(l’l’o) —|—2(D +p)b(0’0’1)A19(1'1’0)

+ 25b<0-0»‘>519<1-1$0> — (D + p)hig") = 28600159110
+4(h£3{10'1) + a(O,O,l))DZlg(l,l.O) + 4p(0.0.1) 52 9(1.1.0)
+2b000({D, A} + {6,8})9010 — (D, 5L9110 ], (C13b)

1,1.1
o(lL) — g, (C13c)

where we used Eqgs. (C10) and (C12).
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For the last type of contributions, since 8! can have both contributions from 9191 and (') the background metric

we need is generally up to O(&%, y!, €%). This is also true for the operators converting ®;; to S. For this reason, we do not
expand the expression below explicitly in y but do the expansion at the end when pluggmg in the coordinate-based values of
the NP quantities. Then, at O(¢', '), we find

iRy

@l = RyDIO DY — - (¥, = ¥,) D29, (Cl4a)

1
o =7 [2Ra(8910ID + DINOG)INY + iRy (@ + f+ 7) (Wy + 2%5) DI — iRy (W5 + 29)({D, 8} + po) 9],

(C14b)

oLy

b =7 2R8I + iR, (B — a)(W, — Pp)]0901 ) — Ry (W, — W,)52911), (Cl4c)

N[ —

Notice, since we do not do an expansion in y above, Eq. (C14) works for fully rotating BHs in dCS gravity. In addition,
due to the expansion convention we used, where we have absorbed an additional C% into the expansion of 9, there are
terms taking the form ~R, 919 90-1) at O(¢!, €'). These terms come from the usual pseudoscalar action with minimal coupling.
In our expansion convention, we have inserted {~! before these terms [i.e., Egs. (105) and (C5)], so their contribution is still at
O(¢',€'). In the equations above, we have also dropped the superscript for terms at O({0,€%) for simplicity.

APPENDIX D: AN APPROACH TO COMPUTE PROJECTION COEFFICIENTS
IN EQS. (132) AND (133)

In this section, we present an approach to compute the projection coefficients in Egs. (132) and (133) using the series
representation of spin-weighted spherical harmonics (Y, (0, ¢) in Eq. (63). From Eq. (63), we can see that the integrals in
Egs. (132) and (133) become a series sum over g; and g, of

Q(a,b,c,d) = / dO sin® (g) cot? (g) sin!*¢0cos?0,

a = 2(/1 +f2),
b =2(q, + q2) + 51 + 5 —my —my,
c,de{0,1}, (D1)

multiplied by the remaining constants dependent on (s, ¢, m;) and (s,, £, m,) in Eq. (63). The integral in Eq. (D1) can be
evaluated analytically in terms of Gamma functions, i.e.,

20(1 + 4201 + %)
Q(a,b,0,0) = I 22 -y : (D2a)
(2b—a)L(1 +551r(1 + %)
9(a.b.0,1) = (3+§) 2, (D2b)
Q(a,b,1,0) = %, (D2c)

so we can express the coefficients in Eqs. (132) and (133) as a series sum of Gamma functions, which are much faster to
evaluate than direct integration for large ¢ ,. More specifically, we get
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S152

X

v 1 L +m)l(& —m)\ (26, + 1) [(Er+m) (6 —m)!(26, 4+ 1)
A (“’ﬂ)‘Z\/ @1+ 5)1(Z1 = 5)! \/

3 [ (D [ PR [ (o[ oty
= q1 g1+ s —m 92 G+ 5y —m

(£2 + $2)!(&5 = 52)!

AL, p) =

| =

X

g=

where

(_1)(f1+f2—s1—s2+ql+qz)Q(z,,ﬂl +265,2q, +2q, + 51 + 55 — 2m, a,ﬂ)} , (D3a)
(1 + ) =51)! (€2 + 52)1(5 = 5)!
I OO [ s [
q1 qr+sy—m q> G + 5 +m
(—)OrtamsimetatR) Q24 + 265,21 + 2q5 + 51 + 55, @, ﬂ)} : (D3b)
ASM(0,0) = AGE™, ASZM(0,1) = AT, ATET(1,0) = AT, (D4a)
AP 0,1) = AT, ATT(1,0) = AT (D4b)

T 6om TE16om
Ass, 2" (0,0) = Ag ™,

We have provided this series-sum representation of the coefficients in Egs. (132) and (133) in a Mathematica notebook [70].
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