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This paper explores the evolution of the overdense region of dark matter in the presence of a
nonminimally coupled scalar field which is used to model quintessence and phantomlike dark energy. We
focus on algebraic coupling, where the interaction Lagrangian is independent of the derivatives of the scalar
field. To make our model more relativistic, like the minimal coupling scenario we studied earlier, we
consider a spacetime structure that is internally closed Friedmann-Lemaitre-Robertson-Walker (FLRW)
spacetime and externally the generalized Vaidya spacetime. This structure allows nonzero matter flux at the
boundary of the overdense region. Our investigation reveals that an increment of the coupling strength
causes dark energy to cluster with dark matter at a certain cosmological scale where the influence of dark
energy cannot be ignored. This phenomenon arises from the specific nature of the nonminimal coupling
considered in this paper. While the evolution of matter’s energy density remains unchanged, the scalar
field’s Klein-Gordon equation is modified, causing dark energy to deviate from its homogeneous state and
cluster with dark matter. Similar to minimal coupling scenarios, closed spherical regions do not collapse
within certain parameter ranges, exhibiting eternal expansion within the spatially flat FLRW spacetime and
acting as voids with decreasing matter density. The study extends our understanding of the cosmological
scenarios where the virialization of the overdense regions of dark matter is influenced by the nonminimally

coupled dark energy.
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I. INTRODUCTION

The exploration of the emergence of structures in a
homogeneous and isotropic universe is an intriguing topic
in astrophysics and cosmology, rooted in linear perturba-
tion theory in cosmology [1,2]. As we know, after recom-
bination, perturbation modes deviate from linearity, serving
as the pillars for future structural formations. Before
entering into the nonlinear regime, phenomena such as
Jeans instability play an important role in growing the
primordial perturbations [1,2]. Gravitationally bound struc-
tures, from galaxy clusters to smaller scales, are believed to
originate from nonlinear instabilities, with the dark matter
sector playing a central role [3—6]. Since dark matter seems
to be weakly interacting, it decouples from the “primordial
matter soup” long before baryonic matter, initiating a
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collapse to form structures. Consequently, these overdense
regions are conventionally believed to predominantly con-
sist of dark matter. When the baryonic matter decouples, it
accumulates inside the overdense regions of dark matter
and eventually forms galaxies, galaxy clusters, etc.

As an initial approximation, the primordial overdense
patches of dark matter are considered to be spherically
symmetric, and their evolution is commonly modeled using
the “top-hat collapse model” [7]. In this model, these over-
dense regions are described using a spherically symmetric
closed Friedmann-Lemaitre-Robertson-Walker (FLRW)
metric. On the cosmological scale, the universe is nearly
flat, and therefore, the background of the overdense regions is
described by a spatially flat FLRW metric. According to the
top-hat collapse model, the overdense regions of dark matter
initially expand in an isotropic, homogeneous manner along
with the background flat FLRW spacetime. The fluid within
these spherically symmetric overdense regions is considered
to be homogeneous and pressureless. Eventually, the dynam-
ics of these overdense regions detach from the background

© 2024 American Physical Society
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cosmic expansion, and these regions begin to behave like
subuniverses. These overdense subuniverses start to collapse
under gravity after reaching a turnaround. However, within
general relativity (GR), it is well-known that the outcome of a
collapse involving a homogeneous pressureless fluid (dust) is
always a black hole [8]. Consequently, using the top-hat
collapse model alone, it is impossible to relativistically obtain
desired small-scale equilibrium configurations as the even-
tual end-states of the gravitational collapse of overdense
regions. To address this limitation, Newtonian virialization
techniques are employed to obtain such equilibrium states,
providing an explanation for galaxy formation.
Virialization is a process wherein a system of N particles
attains an equilibrium state at a large system time, given by

<T>T—>oo :_%<2Fi'ri> > (1)
i=1 T—>00

where F; is the net force on the ith particle, r; is its position,
T is the total kinetic energy of the system, and the system
reaches the virialized state over a large system time 7. The
angular bracket denotes time averaging. If the particles in
such a system interact solely gravitationally, the system
achieves its final equilibrium state when the following
condition is met:

(T) = =5 (Vr), o)

where V7 is the total gravitational potential of the system.
Four processes primarily govern the virialization of a
collapsing system, consisting only of gravitationally inter-
acting particles; violent relaxation, phase mixing, chaotic
mixing, and Landau damping [9,10]. Using the principle of
energy conservation, one can establish that spherically
symmetric overdensities undergo virialization when

n= Ifi = 0.5, where R,;, and R, are the physical radius

max

of the overdense region at the virialization time t,;, and the
turnaround time #,,,,, respectively. One can show that the
time t,;, is equal to 1.81 times the time 7,,,, if the overdense
region is modeled by closed FLRW spacetime.

In the top-hat collapse model, the aforementioned
virialization argument is invoked to stabilize a collapsing
system. As discussed previously, in this model, dark matter
is considered homogeneous and dustlike throughout the
evolution of the overdense regions, mainly because such a
fluid can satisfactorily explain the large-scale structure of
our Universe. Models in which dark matter is regarded as
pressureless and nonrelativistic are known as cold dark
matter (CDM) models [11,12]. Conventionally, the role of
the cosmological constant, A, in the structure formation
process is often overlooked. However, some authors have
attempted to integrate the effects of A into the gravitational
collapse process [13-16]. Traditional ACDM models face
inherent challenges [17,18]. As a response to these

challenges, dynamical dark energy models based on scalar
fields have been introduced. One frequently used scalar
field in this paradigm is the quintessence field.
Additionally, phantomlike scalar fields, characterized by
a negative kinetic term, are also employed to model dark
energy [19-23].

At a certain cosmological scale, dark energy may have a
nonzero contribution to the total gravitational potential V
of the overdense region of dark matter. V7 of the overdense
region in a two-fluid system consisting of dark matter (DM)
and dark energy (DE) is given by [24]

1 1
V= E/PDM¢DMd” +§//7DM¢DEdU

+;/pDE¢DMdU+;/pDE¢DEde (3)
v v

Here ¢ppy; and ¢ppg are the gravitational potentials of dark
matter and the dark energy components and ppy; and ppg
are overdensities of the dark matter and the dark energy
components. The four distinguishable scenarios arising
from the nonzero values of these integrations can be
categorized as follows:

(1) Isolated subuniverse (no dark energy clustering): In
this scenario, only the first integration in Eq. (3) is
nonzero. Spherical overdensities of dark matter
behave like an isolated subuniverse and virialize
at a certain radius, and this scenario aligns precisely
with what the top-hat collapse model describes [7].

(i1)) Homogeneous dark energy model: This scenario
arises when the first two integrations in Eq. (3)
contribute to the total gravitational potential. The
nonzero values of the second integration in Eq. (3)
imply a Non-negligible effect of dark energy on the
virialization process of spherically symmetric over-
dense regions of dark matter. However, in this
scenario, dark energy cannot cluster and virialize
with dark matter; the dark energy density inside the
overdense region remains similar to the external dark
energy density [25-28].

(iii) Clustered dark energy scenario: In the third scenario,
dark energy does not undergo virialization with dark
matter, yet it can cluster within overdense regions.
Here, it is assumed that since the beginning of the
matter-dominated era, dark energy synchronously
follows the motion of dark matter on both the
Hubble scale and the galaxy cluster scale. This
scenario is referred to as the clustered dark energy
scenario [24,29-33].

(iv) Dark energy clustering and virialization: In this
scenario, dark energy can cluster and virialize with
dark matter inside the spherical overdense re-
gions [24].

In [25,26], the authors studied a cosmological scenario
where dark energy exhibits homogeneity, meaning that
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internal and external dark energy densities are identical. In
[26], the focus was on investigating the impact of the
cosmological constant on the virialization of spherical
overdensities. Whereas, Wang et al. [25] considered the
homogeneous quintessence dark energy model. As men-
tioned earlier, in scenarios with homogeneous dark energy,
dark energy does not cluster or virialize within the spherical
overdensities of dark matter. However, the virialization
process of these overdensities is altered due to the
presence of nonzero energy density and negative pressure
of dark energy, leading to distinct values of # which is, as
mentioned previously, the ratio between the R;. and R .
It can be shown that the 7 is always less than 0.5 when A
dark energy is considered [26,27,34]. In the homogeneous
dark energy model, a significant challenge arises because,
following the virialization of overdense regions, the
density of dark energy within the virialized region con-
tinues to change with the continuous expansion of the
background universe. This issue is thoroughly examined
in [24]. However, this problem does not appear for the A
dark energy scenario, since the energy density of the dark
energy remains constant throughout the evolution. In
order to resolve the problem with homogeneous dark
energy, clustered dark energy models are introduced,
where, at the scale of galaxy clusters, dark energy can
cluster and virialize within overdense regions. For this
scenario, one can verify that 7 is always greater than 0.5.
Whereas, in the case where dark energy can cluster but
cannot virialize inside the overdense region, the virialized
radius of the spherical overdense region becomes smaller
than half of the turnaround radius (i.e., < 0.5) [24,34].
In [34], we show that the above-mentioned behavior of 7 is
true for both the quintessence and phantomlike dark
energy.

For the homogeneous dark energy scenario, the problem
that we discussed above is addressed in most of the
literature devoted to this topic, by not considering the
formal general relativistic approach but instead using a pure
phenomenological method. In this method, the problem is
approached nonrelativistically. It involves using an FLRW
metric with a positive spatial curvature constant and
subsequently formulating the Friedmann equations. The
first Friedmann equation, which incorporates the square of
the first derivative of the local scale factor, poses chal-
lenges, especially as it necessitates estimating all the known
energy sources within the spherical patch. Given that
energy may not be conserved, this equation becomes
redundant. The majority of prior research in this domain
relies predominantly on the other Friedmann equation,
which encompasses the second derivative of the scale
factor. This equation is treated as a second-order ordinary
differential equation in time and is solved with suitable
initial conditions.

In recent work [34], we addressed this issue of the
homogeneous dark energy model by employing a more

relativistic method. In that paper, we studied the evolution
of overdense regions of dark matter in the presence of a
minimally coupled scalar field representing homogeneous
dark energy. We tackled the problem in the homogeneous
dark energy model by matching the internal closed FLRW
spacetime with an external generalized Vaidya spacetime
resulting in a leaking of scalar field through the boundary
of the overdense region. The nonzero flux of the scalar field
through the boundary of the overdense region shows how
the dark energy retains its homogeneous nature through-
out the evolution. Therefore, in the regime of general
relativity, using our model, we showed how homogeneous
dark energy influences the virialization process of the dark
matter. However, it should be noted that our method is
relativistic up to the virialization. We employed the
Newtonian virialization technique to investigate the virial-
ized end states of the overdense regions.

In this paper, we investigate the evolution of the over-
dense region of dark matter in the presence of a non-
minimally coupled scalar field. We adopt a spacetime
structure similar to the one examined in [34]. This choice
is crucial as the specified spacetime structure plays an
important role in preserving the homogeneous behavior, if
indeed it exists, of dark energy modeled by a nonminimally
coupled scalar field. Therefore, in the present paper, we
consider an external generalized Vaidya spacetime which is
smoothly matched at the boundary of the internal closed
FLRW spacetime. It is important to emphasize that our
focus here is solely on the algebraic coupling between the
scalar field and matter. By algebraic coupling, we mean that
the interaction Lagrangian does not depend on derivatives
of the scalar field [35-37]. Utilizing algebraic nonminimal
coupling, we explore the evolution of overdense regions of
dark matter in the presence of quintessence and phantom-
like dark energy. The main motivation behind examining
the nonminimal coupling between dark matter and dark
energy is to gain insights into how this coupling can impact
the virialized structures of dark matter on a certain
cosmological scale where the influence of dark energy
cannot be ignored. As previously mentioned, our earlier
study focused on minimal coupling, and the results
diverged significantly from those obtained with the top-
hat model. These disparities prompt us to investigate the
same scenario with nonminimal coupling. Similar to our
prior study [34], we observe that, for some suitable small
values of parameters, the dark energy component remains
predominantly unclustered and homogeneous. However,
our findings also reveal that an increment of the non-
minimal coupling between dark matter and dark energy
leads to the clustering of dark energy within the overdense
region of dark matter. This clustering arises due to the
specific nature of the nonminimal coupling considered in
our study. It can be shown that the energy density of matter
remains unaffected by the non-minimal interaction, staying

1

proportional to PR where a(¢) is the scale factor. On the
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other hand, the Klein-Gordon equation of the scalar field
undergoes modification with an additional interaction term.
Consequently, an increase in the coupling strength compels
the dark energy to deviate from its homogeneous state and
cluster with the dark matter inside the overdense region. In
essence, we can describe this phenomenon as the dark
matter pulling the dark energy inward as the coupling
strength increases.

As the scenario with minimal coupling, which we
investigated earlier, is a subset of the current scenario,
similar to the previous case, closed spherical regions do not
undergo collapse for certain parameter ranges; instead, they
exhibit eternal expansion within the spatially flat FLRW
spacetime. These expanding regions act as voids, with
decreasing matter density. Like our previous study, here our
approach is relativistic up to the virialization. We consider
the Newtonian virialization technique to stabilize the
collapsing overdense region of dark matter. The quest
for a comprehensive understanding of the general relativ-
istic counterpart to the Newtonian virialization process
remains a challenging problem. Dey et al. [30] present a
dynamic solution within the framework of general rela-
tivity, illustrating a gravitational collapse leading to an
equilibrium state. However, they do not assert that this
equilibrium state directly corresponds to the Newtonian
virialization state. Recently, in [38] the authors derived the
possible form of the scalar field potential which can lead to
an end equilibrium state of the gravitational collapse of the
scalar field, using the general relativistic equilibrium
conditions mentioned in [30]. Meyer et al. [39] introduce
a general relativistic virial theorem based on the Tolman-
Oppenheimer-Volkoff solution for perfect-fluid spheres
in the Einstein-de Sitter and ACDM cosmologies. How-
ever, they do not clarify how a collapsing matter cloud
reaches the virialization state. In another work [40],
Friedman and Stergioulas introduce a virial theorem
definition in stationary spacetimes, explored in Sec. 3.3
of their monograph. A focused exploration into deriving the
relativistic virial condition for dynamic spacetimes, build-
ing upon the introduced condition in the monograph, could
offer valuable insights.

The work in this paper is organized in the following way.
In Sec. II, we elaborately discuss the nonminimal coupling
between the matter and the scalar field, where we review
the basic foundation of the works done in [35-37]. In
Sec. III, we discuss the spacetime structure considered in
this paper and explore the impact of nonminimal coupling
on the evolution of the overdense region of dark matter by
solving a differential equation derived from the Friedmann
equations. At last, in that section, we discuss the results and
their possible physical interpretation. Section V gives a
summary of the work presented in this paper. Throughout
the paper, we use a system of units in which the velocity of
light and the universal gravitational constant (multiplied by
8m), are both set equal to unity.

II. NONMINIMAL COUPLING OF MATTER WITH
SCALAR FIELD

In this section, we briefly discuss the nonminimal
coupling of matter with a scalar field which is worked
out elaborately in [35-37]. The action we will consider is

S = / d*x(Logay + Lo + Ly + Liny) (4)

where the gravitational sector is given by the standard
Einstein-Hilbert Lagrangian,

‘Cgrav =
where ¢ is the determinant of the metric tensor g, and R is
the Ricci scalar. Within Brown’s framework, the
Lagrangian for the relativistic fluid can be written as

‘cm Y _gpm(n7 S) + Jﬂ(c”,y + se,y +/7)Aa134)7 (6)

where p,, is the energy density of the matter. We assume
pm(n,s) to be prescribed as a function of n, the particle
number density, and s, the entropy density per particle. ¢,
0, and p, are all Lagrange multipliers with A taking the
values 1, 2, 3, and a* are the Lagrangian coordinates of the
fluid. The vector density or the current density of particle
number J# is related to n as

_
V=9

where U* is the timelike 4-velocity of matter satisfying
U,U" = —1. The scalar field Lagrangian is given by

JH = \/=gnU*, | = /=guJ"J", n

L,=—/=7 %eaﬂqﬁd"(]ﬁ +V(g)|, (7)

where ¢ = 1,—1 are for quintessence and phantomlike
scalar field, respectively and V(¢) is the potential of the
scalar field ¢. Lastly, the Lagrangian for the interacting
sector is

Line = —/=9f(n.s.$). (8)

where f(n, s, ¢) is an arbitrary function of n, s and ¢. Now
as we know, the total energy-momentum tensor can be
written as

-2 6L
T’Lw:——é e
V=9909"

Therefore, the energy-momentum tensors for the scalar
field, matter, and interaction part are

©)
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y 1
Tt = €,00,0 = g |5 €0, + V(9) | (10)

T/(Zl) = PmGu T (/)m + pm>U;4Uw (11)

(int)

le - pintg,uu + (pim + pint)U/A Uw (12)

where the pressure in the matter sector p,, can be written as

P
= n— — s
pﬂ’l an pm
Pine = f(n,5,9),
and
af(n,s, ¢
Pint = ”(T)—f(”vsvﬁb)-

Now, the total energy-momentum tensor for the physical
system can be written as

T =1 + T + 132"
and the Einstein equation gives us

G, =T, (13)

7%

Variation of the Lagrange multipliers in the total

Lagrangian gives,

U Uy (i + 1) + @+ 50, + faa, =0, (14)

51— B—?Jrg—]:] + U9, =0, (15)
b: I =0, (16)
0:(sJ#),, =0, (17)
Bt =0, (18)

ot (Bad¥) =0, (19)

where p is the chemical potential given by u = S—Z and

Hint = g—{;. Here u;,, is a new variable defined for our case
and it is not the standard chemical potential as u = (p +
p)/n [35-37].

Equations (16) and (17) stand for the particle number
conservation constraint and the entropy exchange con-
straint, respectively. Both of these can be written as

V,(nU*) =0 and V,(snU")=0. (20)

Now, the modified Klein-Gordon equation is

v of
O =55 "o = (21)

III. SPACETIME STRUCTURE AND THE
GOVERNING COSMOLOGICAL EQUATIONS

A. Spacetime configuration

In this paper, as we mentioned before, in order to model
the dynamics of the overdense region of dark matter in the
presence of nonminimally coupled dark energy, we use
closed FLRW spacetime,

2
t
ds® = —di? + 1"—(]32ch2 + 22 (1)(d6? + sin® 0dd?),
—kr

(22)

where the constant k can be 0,+1, and a(¢) is the scale
factor of the overdense region. A value of k = 0 signifies a
flat spatial component, while negative and positive values
indicate an open or closed spatial section, respectively. We
consider closed FLRW metric to model the overdense
region of dark matter since the dynamics of a flat universe
are always monotonic. A flat universe either expands or
collapses depending upon the initial values of a(¢) i.e., the
flat universe cannot have a turnaround scenario if we do not
include bounces.

Like the minimal coupling scenario we studied earlier
[34], here also we want to generalize the top-hat collapse
model in the presence of nonminimally coupled dark
energy, and therefore, we choose closed FLRW spacetime
to model the overdense region. At the initiation of the
gravitational collapse (1 = 0), a(¢) can assume any positive
definite value, which can always be rescaled to one.
Therefore, we set a(t = 0) = 1. To account for the pres-
ence of dark matter and dark energy in the ever-expanding
background of the overdense regions, we model the back-
ground using the flat FLRW spacetime,

ds? = —di? + @(1)dr* + r2a@(1)(d6? + sin® 0dd?), (23)

where the scale factor of the background is denoted by a(7).
Henceforth, any parameter with an overbar denotes its
association with the background. As done in our previous
work, we utilize an external generalized Vaidya spacetime to
depict the matter flux through the boundary of the overdense
region within its immediate vicinity. Importantly, Vaidya
spacetime is not regarded as a background spacetime; rather,
the background at the Hubble scale is modeled using flat
FLRW spacetime. Vaidya spacetime is exclusively employed
to depict the localized dynamics of matter around the
boundary of the overdense regions. Therefore, in our model,
at a timelike hypersurface X =r—r, =0, Vr, < 1, the
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internal closed FLRW spacetime smoothly matches the
external generalized Vaidya spacetime,

dr?

ds? = —di* + a(1) (1 + r2d§22)

= —di* + a*(t)d¥? + a*(1)sin’WdQ?, (24)

_r2

2M(r,, v)

ds? = —(1 — >d1)2 —2dvdr, + r}dQ*.  (25)
r17

Here, we define the co-moving radius as r = sin¥ and r,
along with v represent the coordinates associated with the
generalized Vaidya spacetime. For the smooth matching at X,
as we know, we need to match the induced metric (%,;,) and
the extrinsic curvature (K ;) on the X from both sides. From
the induced metric matching we get

2M(r,,
<1>2 _2Mryv) o 21';#,,) —1, (26)

rl/'
r, = a(t) sin' ¥y, (27)

and the matching of the extrinsic curvature gives us [34],

dr,
-+ %
cos ¥, :”—d, (28)
/ M 'y
M(r,, = +sin® 29
(rv U).rv ZSinI//ba(l)+SIH ypaa ( )

Here, F denotes the Misner-Sharp mass of the internal
collapsing spacetime, and it must satisfy the following
condition at the boundary,

F(t,siny,) = 2M(r,, v). (30)

The matter flux at the boundary depends on the scale factor
and the Misner-Sharp mass (F) of the collapsing spacetime,
asindicated in Eq. (29). In this case, the Misner-Sharp mass F
of the internal spacetime is a time-dependent function only
since the internal spacetime is spatially homogeneous. As we
know, the internal pressure p = —%, and therefore, the
existence of nonzero pressure at the boundary signifies a
nonzero matter flux through it. This is why we incorporate
the use of the generalized Vaidya spacetime in the immediate
vicinity of the internal two-fluid system. The negative
pressure at the boundary implies an inward matter flux for
an expanding scenario and an outward matter flux for a
collapsing scenario. It is seen in the next subsection that the
nonminimal coupling we consider here does not have any
impact on the evolution of the matter part, whereas it
modifies the Klein-Gordon equation of the scalar field.
1

Therefore, dustlike matter evolves like S0 and there is

zero-flux of the matter at the boundary of the overdense
region. Only the scalar field leaks out of the boundary since
the pressure at the boundary is negative. This result is similar
to the results we demonstrated in our previous work with
minimal coupling. However, it is also shown in the next
subsection that the nonminimal coupling indeed causes dark
energy to deviate from its homogeneous nature. An incre-
ment of the strength of the nonminimal coupling results in a
lesser outward flux of the scalar field, and consequently, g—z
becomes greater than one. Therefore, the nonminimal
coupling forces the dark energy to cluster inside the over-
dense region.

B. Governing cosmological equations of the
nonminimally coupled matter and scalar field

From (20), one can obtain the conservation equation for
the number density and entropy as
n+3Hn=0 and §$=0. (31)

Now, from Egs. (10)-(12), we get
Tllf(m) — diag(—pm, Pms Pm>s pm)’
T;:(mt) = diag(—pint> Pints Pint> Pint)»
and

790 _ _ Be(ﬁz N V(¢)} o %64,2 _V(p).

Substituting the above expressions for the energy-momen-
tum tensors of matter, scalar field, and the interaction
component into the Friedman equations associated with the
internal metric we obtain,

3a> 3k L.

kb (”’" TR V) “’i“‘)’ 2
22 @k (L v+ (33)
P a2 az— Pm 2€ Pint |-

Now, from the conservation of the total energy-momentum
tensor we can write,

M — g HY o
v”T(t) - vﬂT(m) + vﬂT(d)) + V#T(im) =0, (34)

which implies,

) a . . . AV Opin
3- 3Hed + — =0.
Pm + a(pm+pm)+¢<€¢+ €¢+a¢+a¢>

(35)
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Therefore, the modified Klein-Gordon equation [Eq. (21)]
becomes,

; . OV Opin
H _— =
ep+3 €¢+a¢+a¢ 0, (36)
and the matter equations of motion is
) a

From above Egs. (36) and (37), it can be observed that the
nonminimal coupling alters the Klein-Gordon equation,
while the equation of motion for matter energy density
remains similar to that in the minimal coupling scenario.
Now, if we take the matter as dust then pressure p,, = 0 and
from (32) and (33) we get,

3a* 3k L.
Tt = (pm +56d* + V() +pim>, (38)

52

A ke (Jr V@ ). @9)

a  a 2

pmo
a*(t)
the initial density of matter in the overdense region. Using

py =%€d” + V($) in (38) we get

and with p,, = 0, Eq. (37) implies p,, = where p,, is

. 2
= i\/(pm +p¢3+ pmt)a — L (40)

Ppa =~ K’%’” + %) (3 + ed?ua®) + pyedia+

Differentiating (40) with respect to comoving time ()
we get

a

a = )

Pm +p(/) +pint + (pm,a +p(/§,a +pint,a) ’ (41)

4
3

where py 45 Pin.q» a0d pin , are derivatives of the scalar field
energy density, the fluid energy density and the interaction
part energy density respectively, with respect to the scale
factor a. Similarly, using p, = %eq}z — V(¢) we obtain,

py+py=€p%a* and py=p,—-2V($). (42)

Substituting the expression of & from Eq. (40) in the
Eq. (42) we get

ed’a’ ed’a’
P¢<1 B ) — (Pm +Pint)T+P¢ + kegp?, = 0.

(43)

Now, putting the value of p, from Eq. (42) in Eq. (43)
we get

) 2 2 2
u el |y () Kt

Py = ., = (44)
<1 _ €¢.ua )
6

Now using (39)—(42) we get

3p int 3k€¢,2a
a a

:| ~ Pm,a ~ Pinta- (45)

Now, differentiating Eq. (44) with respect to a and using equation Eq. (45) we obtain the following second-order differential

equation:

|:(pm + pint)(3 + €¢,2aa2) + p¢€¢,2aa2 + 3pint - 3k€¢.2a

a

:| ~ Pm.a ~ Pinta

1 . 2 2 . 214 4
— 5 3V¢¢,a 4 (pm,a +p1nt,a)€¢,aa _ (pm,a +pmt,a)€ ¢,aa + <pm +pint>€¢,2aa
e a? ’ 2 12
3 1 — ¢Aa
6
eV 43 .a> ke*¢p*a
+ (pm —+ pint)€¢.a¢,aaa2 - J)f’ + €V(¢>a¢,2a + €V(¢)az¢,a¢,aa - 3k€¢,a¢,aa - 2’ } (46)
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C. Construction of the model

We aim to characterize our system using an autonomous
system of differential equations involving three variables,
ensuring its self-containment as done in [35]. The autono-
mous equations take the form,

X =filxy.z), o Y =fleya), 7 =fxy2),
where x, y, and z represent three dynamic variables of the
system, and the prime notation denotes differentiation with
respect to the time parameter. The functions f;(x, y, z) for
i = 1,2,3 do not explicitly depend on the time parameter;
they solely rely on x, y, and z.

The background evolution modeled by flat FLRW
spacetime can be parametrized in terms of phase-space
variables o, X, Y, and Z, defined as follows:

:L Y = V(¢) _ Pint _ \/m
V6H' V3H ' 3H?’ V3H'

These variables allow the background Friedmann equation
to be expressed as

=0 +X*+Y>+2Z,

serving as a constraint equation permitting the replacement
of (o) with other variables. With these variables, the
cosmological field equations can be written in terms of
X,Y,Z7,X,Y, Z, A, and B, where prime denotes the
derivative with respect to Hdt. Here,

_ Pint B— L dpine
2H?’ V6H? 0

In selecting our model, we define functions p;,, and p;,,
such that A and B become functions of X, Y, and Z only.
This ensures the system is closed at both the background
and perturbation levels, and consequently, we can write the
following expression of p;, and p;, [35]:

Pint = ypg‘le_ﬂ[ﬁ’ Pint = (a - l)pim? (47)
where y, a, and f are real constants and play important roles
in the dynamics of the system consisting of nonminimally
coupled scalar field and dustlike matter. In the next section,
we will discuss how these constants influence the dynamics
of the overdense regions. From Eq. (37), it can be
demonstrated that p,, 3,leadmg t0 P = P, (53), where
ap and p,, is the 1n1t1a1 value of the scale factor and the
matter-energy density, respectively. Throughout this paper,
we consider a, = 1. For the case of closed FLRW space-
time, one can do a similar parametrization as done above
and get a similar expression of p;, and p;, as shown in
Eq. (47). We also assume the potential of the scalar field
as V(¢) = Vye™ for quintessencelike and phantomlike
scalar fields.

Now, for quintessence like scalar field, we take ¢ = 1,
Now for k = 1, Substituting these expressions in Eq. (46),
one can get the following second-order differential equa-
tion of ¢(a):

Ve a4 9 st Voe—ﬂ;¢?aa5 Pmoffaaz _ P 4302 Vge _5Pm720<ﬁa — iy @b aa + 38 h g = Vo a4,
—Woe_;%’z“aél y(pm;)gzew {3ﬁa2 —%—445 . ¢32 @ “‘ﬁjf”s + 3“¢ © b } =0, (48)
and for k = 0, we get
—4Voe ™ a + VOe‘Z’qfaaS + pmofaaz +3a’*Vye™ — % = Py 0P a0 — Voe ™ a* ¢ 4
i SonS e Wy G e by ) o

It is generally considered that the phantomlike scalar field has negative kinetic energy and therefore, for the phantom field
€ = —1. For the phantom field, substituting these expressions in Eq. (46), one can get the following second-order

differential equation of ¢(a):

V 3 a® m 30612 5 mo¥.a
4V06—/1¢¢‘a03 _ 9¢‘aa + 0€ 2¢,ga +,0 0445_, _ 4)?&&3 4 31a? Voe—/lqb + % +pmoa¢,aa _ 3024).““ 4 VOe_l¢a4¢,aa
AWVoe g2 a* )b 2 g4 35 addd® 3ag d
4 7 2 + 4% ;)3a 3pa? +ﬂ¢ +4¢ a0 - ¢’2 - (IZ - ¢2 + ¢ aqat| =0, (50)
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and for k = 0, we get

Voe 3 ad 3 a? 5
4"/06_}@47,(1513 + 0 2¢,a + pmo(z,a + 3/1(12‘/06_}“]5 + meogbﬂ + pmoa(p‘aa + VOe_l¢a4¢,aa
AWVae 2 a* Ze=Pe 2 a* 34 adda® 3ag ,dd
2 5 Va + 4% ’”;)30 3pa’ +ﬂ—¢'2” + 4 4a® — 4)"; - 4’: - ¢2 +¢aeat| =0, (51)

where ¢ ,, is the second-order derivative of the scalar field
with respect to a. Here the last terms involving factor y is
coming due to the nonminimal interaction between matter
and scalar field. If we put y = 0 in this equation then we
will get the equation where there is no coupling between
scalar field and dark matter. We can now solve the above
differential equation to get the functional form of ¢(a).
Consequently, using the solution of ¢(a) and the differ-
ential Egs. (38) and (39), we can obtain the expression of
scale factor a as a function of comoving time ¢. In the next
section, we discuss the results of our work elaborately.

IV. RESULTS OBTAINED FROM THE
COLLAPSING PROCESS

In our prior study of structure formation of dark matter in
the presence of a minimally coupled scalar field [34], we
identified a bounded region in a region plot that links the
initial value of the dark matter, p,, , with the scalar field
potential parameter V. The specific values of p,, and V,
within this region are indicative of the dynamics exhibited
by overdense regions, characterized by a collapsing phase
following an initial expansion akin to the top-hat collapse.
The allowed parameter space for p,,  and V reveals that for
larger values of V, p,,, must take smaller values, and vice
versa, in order to achieve dynamics similar to the top-hat
collapse. In this paper, we conduct a comparable study for
nonminimal scenarios and our results reveal a distinct

0.8

0.6

¢11]

0.4

0.2

0.0
0.0

0.1

02 03

ol1]
(a)

04 05 06

contrast from the preceding minimal scenario. Figures 2(a),
2(b), 3(a), and 3(b) depict the allowed shaded region of p,,,,
and V associated with dynamics resembling the top-hat
collapse when nonminimal couplings are taken into
account, where we consider different values of a for
nonminimally coupled quintessencelike [i.e., Figs. 2(a)
and 2(b)] and phantomlike scalar fields [i.e., Figs. 3(a)
and 3(b)]. On the other hand, the unshaded regions in those
figures correspond to those dynamics that expand eternally.
The region plots demonstrate that while the allowed region
for p,,  and V, remains similar to that of the minimal
coupling scenario for lower values of a, its characteristics
undergo a change for higher values of the same parameter.
From Figs. 2(b) and 3(b), it can be seen that for @ = 7, there
exists a range of values of V, for which two allowed ranges
of p,,, are possible. However, it is also noteworthy that there
exists arange of V, for which all values of p,,, are permitted.
This type of nature is absent if we consider a minimally
coupled scalar field. Based on the aforementioned findings,
it can be broadly asserted that the inclusion of nonminimal
coupling expands the parameter space of p,, and V; in
which overdense regions exhibit initial expansion followed
by subsequent contraction, whereas the region for continual
expansion decreases due to the nonminimal coupling. It’s
important to highlight that the features of the allowed
regions are not as strongly influenced by variations in the
values of other nonminimal coupling parameters, specifi-
cally y and f, as they are by a. However, for all cases, as

T T T T T

1.5 1
1.0 1
=Y
0.5 1
0.0
0.0 0.2 0.4 0.6 0.8
¢l1]

(b)

FIG. 1. Figure shows region plot of ¢ vs ¢ for a = 1 initially. Here the values of A =1, Pmg =3, Vo =001, a=1, p=1,
y = 0.0006 are fixed. The values resides inside this region will provide sufficient acceleration for the background. (a) Region plot for

quintessence field. (b) Region plot for phantom field.
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FIG. 2.  Figure shows variation of region plot of V, vs p,, for increasing values of « for the quintessence field. (a) Region plot with

a = 1. (b) Region plot with a = 7.

stated before, the shaded region increases as we increase the
value of any of the nonminimal coupling parameters.

Now, we have solved the second-order differential
Egs. (50) and (51) of ¢(a). Since the differential equations
are second-order differential equations, we must consider
two initial conditions, namely ¢(a = 1) and ¢'(a = 1), for
their solution.

To facilitate a comparison between our model and the
standard top-hat collapse model, we restrict our discussion
in this paper to scenarios where the initial value of & is
positive. This positive value ensures an initial expansion
phase of the overdense region, aligning with the conditions
of the standard top-hat collapse model. The present model
of gravitational collapse is a complicated model as it
involves various model parameters as, V,, 4, a, f and y.
Depending upon the values of these parameters one has to
set the initial conditions of the problem. In our specific case
we require four initial conditions; p,, ., ¢(t = 0), ¢’ (1 = 0),
and a(t = 0). Fixing a, , and y the initial conditions can be
found from different constraints. We list the conditions
which constrain the initial values below:

0.30]
0.25
0.20"

= 0.15;
0.10
0.05
0.00:

a=1

1

10 12 14
me
(a)

FIG. 3.
(b) Region plot with a = 7.

16

(1) We can always assume a(0) = 1 without loss of any
generality.

The initial conditions must be such that it produces
sufficient acceleration for the background universe.
This condition constrains the initial values of
¢p(a=1)and ¢'(a=1).

The initial conditions must be such that a(0) is a
positive real number for the collapsing spherical
perturbation. This condition gives a bound on the
initial value of p,, , as the initial value of p, will
already be fixed with the previous condition.

The initial conditions should be such that the
spherical perturbation proceeds towards a turn over
in the future.

The possible values of ¢(a = 1) and ¢'(a = 1) satisfying
the second condition are shown in region plots in Figs. 1(a)
and 1(b). Our initial values of ¢p(a = 1) and ¢'(a = 1) are
chosen from this region. For particular initial values of
¢(a=1) and ¢'(a = 1) we have then found out all the
corresponding possible values of p,, and V, which can
give rise to a gravitational collapse (see Figs. 2 and 3).

2

3

“

0.30] ¢
0.25
0.20}
= 0.15'
0.10}
0.05}
0.00:°

Pmqy
(b)

Figure shows variation of region plot of V vs p,, for increasing values of « for the phantom field. (a) Region plot witha = 1.
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FIG. 4. Figure shows variation of different variables with variation of y for scalar potential V(¢) = Ve for the quintessence field.
Where a,,,, is the maximum value of scale factor and t,,,, is the time when it will reach that value. V; has the dimension of inverse
length squared. Discussion on the unit of V, can be found in the main text. Here the top-hat collapse is represented by yellow dotted line
whereas for the blue curves interaction is zero, so it represent minimal coupling. For red curves y = .0006 and for green curves
y = .0005. Here # = 1 and a = 1 are fixed. (a) Variation of a/ay,y with #/f,. (b) Variation of @, with #/#,,. (c) Variation of Z—Z with

t/tmax- (d) Variation of w, with t/1,,,. (¢) Variation of @, with /.
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FIG. 5. Figure shows variation of different variables with variation of /3 for scalar potential V(¢) = Ve~ for the quintessence field.
Where a,,,, is the maximum value of the scale factor and ¢, is the time when it will reach that value. V) has the dimension of inverse
length squared. Discussion on the unit of V|, can be found in the main text. Here the top-hat collapse is represented by a yellow dotted
line whereas for the blue curves interaction is zero, so it represents minimal coupling. For red curves # = 1 and for green curves
f = 100. Here y = .0006 and & = 1 are fixed. (a) Variation of a/ay,, With ¢/, (b) Variation of @4 with #/ . (c) Variation of ;_Z with
t/tmax- (d) Variation of w, with t/r,,,. (¢) Variation of @, with 1/,,.
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FIG. 6. Figure shows variation of different variables with variation of a for scalar potential V(¢) = Ve for the quintessence field.
Where a,,,, is the maximum value of scale factor and ¢, is the time when it will reach that value. V) has the dimension of inverse
length squared. Discussion on the unit of V|, can be found in the main text. Here the top-hat collapse is represented by yellow dotted line
whereas for the blue curves interaction is zero, so it represent minimal coupling. For red curves a = 1 and for green curves @ = 2. Here
y = .0006 and f = 1 are fixed. (a) Variation of a/amy,, with t/t,,,. (b) Variation of @, with #/#,,. (c) Variation of 5—;’ with 7/t

(d) Variation of @, with t/t,,,. () Variation of @, with /7.
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FIG. 7. Figure shows variation of different variables with variation of 8 for scalar potential V(¢) = Vye™? for the phantom field.
Where a,,,, is the maximum value of scale factor and 7, is the time when it will reach that value. V) has the dimension of inverse
length squared. Discussion on the unit of V, can be found in the main text. Here the top-hat collapse is represented by yellow dotted line
whereas for the blue curves interaction is zero, so it represent minimal coupling. For red curves f = 5 and for green curves f = 20. Here
a=1and y = .0001 are fixed. (a) Variation of a/am,, With t/t,,,. (b) Variation of @, with #/#,,. (c) Variation of % with 7/t

(d) Variation of @, with 1/t,,,. (¢) Variation of @, with /7.
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FIG. 8. Figure shows variation of different variables with variation of y for scalar potential V(¢p) = Vye™¢ for the phantom field.
Where a,,,, is the maximum value of scale factor and t,,,, is the time when it will reach that value. V; has the dimension of inverse
length squared. Discussion on the unit of V, can be found in the main text. Here Top hat collapse is represented by yellow dotted line
whereas for the blue curves interaction is zero, so it represent minimal coupling. For red curves y = .0005 and for green curves
y = .0006. Here @ = 1 and f§ = 1 are fixed. (a) Variation of a/ay,y with #/f,. (b) Variation of @, with #/1,,. (c) Variation of Z—Z with

t/tmax- (d) Variation of w, with t/1,,,. (¢) Variation of @, with /.
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FIG. 9. TFigure shows variation of different variables with variation of a for scalar potential V(¢) = Vye™¢ for the phantom field.
Where a,,,, is the maximum value of scale factor and ¢, is the time when it will reach that value. V; has the dimension of inverse
length squared. Discussion on the unit of V|, can be found in the main text. Here the top-hat collapse is represented by yellow dotted line
whereas for the blue curves interaction is zero, so it represent minimal coupling. For red curves a = 1 and for green curves @ = 2. Here
p =1 and y = .0006 are fixed. (a) Variation of a/ay,, with #/t,. (b) Variation of w, with #/t,,,. (c) Variation of Z—Z with 7/t

(d) Variation of @, with t/t,,,. () Variation of @, with /7.
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We have chosen p,,  and V|, values from the last two figures
fora =1, f =1, and y = .0006. Similarly, plots for other
regions can be generated by varying the parameter values
accordingly, to obtain the initial condition for different
parameter values. Our final choice of initial conditions are
based on such considerations. There are multiple ways one
can choose the initial conditions as we have various
constraints. We have presented one of the ways in which
we have found out reasonable initial values for the
collapsing problem.

In our system of geometrical units, the scalar field, 4, a,
and f are dimensionless, while a has the dimension of
length, p,,, and V, have dimensions of inverse length
squared and y has dimension L*“*~!)| where L represents
the length dimension. Similar to the work with minimal
coupling [34], in the current investigation, we choose
values of p,, that consistently remain proximate to the
critical density of the background at the onset of the
collapse. For a specific epoch where collapse occurs, if
We express p,,, in conventional units, we can easily convert
it into geometrized units by multiplying p,, by Gc™,
where G is the universal gravitational constant and c is the
velocity of light. This conversion yields a value of L2
This value in units of L=2 serves as a suitable scale in our
context to express the values of Vy, p,, , and y.

We consider the initial conditions ¢(a = 1) = 0.001 and
¢'(a = 1) = 0.00001 for solving the differential equations
[Egs. (50) and (51)]. Now, to investigate the impact of
nonminimal coupling on the evolution of overdense regions,
we set the values of 4, p,, , and Vo to 4 =1, p,, =5, and
Vo = 0.001, respectively. We then vary one of the coupling
parameters, a, 3, or y, while keeping the values of the
remaining two fixed. Figures 4-6 depict the evolution of
dynamic quantities, such as a, @y, = py/ps. 05 = Py/Pyp»
Wy = p(ﬁ/(pm +p(/))’ and @, = ﬁqﬁ/(ﬁm +ﬁ¢)’ with time for
different values of y, f, and a, respectively. Here, w,
represents the equation of state of the quintessencelike scalar
field in the overdense region, @, denotes the effective or total
equation of state of the internal fluid comprising matter and
the quintessencelike scalar field, and @, represents the total
equation of state of the background fluid consisting of matter
and the quintessencelike scalar field. On the other hand,
Figs. 7-9illustrate the evolution of a, w, 3,4, @;, and @, when
the scalar field exhibits phantomlike nature. The evolution of
the scale factor a [as depicted in Figs. 4(a), 5(a), 6(a), 7(a),
8(a), and 9(a)] reveals that nonminimal coupling accelerates
the overdense region’s transition to the virialization state
compared to both minimal coupling scenarios and the top-hat
collapse. Whereas the nature of the evolution of , illustrated
in Figs. 4(d), 5(d), 6(d), 7(d), 8(d), and 9(d) suggests that as
we increase the values of nonminimal coupling parameters,
the resulting fluid begins to exhibit behavior more akin to that
of dust. The reason behind this lies in the fact that, as
demonstrated, the energy density of matter remains

unaffected by the nonminimal interaction, staying propor-

tional to #)3 However, the Klein-Gordon equation of the

scalar field undergoes modification with an additional
interaction term [Eq. (36)]. Consequently, the presence of
dark matter slows down the flux of dark energy through the
boundary, causing less pressure at the boundary and through-

out the overdense region. As we are aware, the expression for

pressure is given by p = — Flégzt)‘ This implies that when the

pressure is zero, it corresponds to a Misner-Sharp mass F that
is independent of time. Therefore, in the scenario of
negligible pressure, we can express F as F = Fyri+
SFy(t)r?, where 6F(t) — 0 and F, is a positive valued
constant. Since at the boundary F(r,,t) =2M(r,,v)
[Eqg. (30)], the total internal mass measured from the external
Vaidya spacetime becomes nearly time independent. This
suggests that the internal system behaves almost like an
isolated universe akin to the top-hat collapse model.
Additionally, contemplating larger values for the nonmini-
mal coupling parameters facilitates the transition of dark
energy from its homogeneous state, causing it to cluster more
within the overdense region. This phenomenon is evident in
the evolution of 6, = p,, / Py as depicted in Figs. 4(c), 5(c),
6(c), 7(c), 8(c), and 9(c).

V. DISCUSSION AND CONCLUSION

In this paper, we investigate how a nonminimally
coupled scalar field influences the evolution of the over-
dense region of dark matter. We adopt a spacetime structure
crucial for preserving the homogeneous behavior of dark
energy, as seen in a previous study [34]. Our focus is on
algebraic coupling, where the interaction Lagrangian is
independent of derivatives of the scalar field. We explore
the impact of nonminimal coupling on the virialized
structures of dark matter, particularly on a cosmological
scale where dark energy’s influence cannot be disregarded.
The motivation for exploring nonminimal coupling comes
from notable deviations observed in earlier results with
minimal coupling when compared to the standard top-hat
collapse model. Moreover nonminimal coupling in the dark
sector cannot be ruled out in principle [41-45]. As because
we do not know exactly the components of the dark sector
and there exists no thermodynamic rule to prevent energy-
momentum exchange in the dark sector, in general one can
always assume some nonminimal coupling. These cou-
plings will have interesting cosmological consequences
which have been reported in the previous references. In the
present work we have implemented the idea of nonminimal
coupling in the dark sector in the level of the action and
worked out the whole theory. The effective nature of the
coupling although remains phenomenological, as shown in
Eq. (47). One can choose various forms of this interaction
term, out of various possibilities we have chosen one that
keeps the dynamics tractable and simple. The question of
the exact form of this interaction term remains open as it
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cannot be dictated by any formal theory. Our study reveals
that increased nonminimal coupling induces the clustering
of dark energy within the overdense region of dark matter
and the energy density of matter remains unaffected, being
proportional to aIT On the other hand, the Klein-Gordon
equation of the scalar field undergoes modification with an
additional interaction term, influencing dark energy to
cluster with dark matter.

In a previous work [46] it was argued that if the dark
energy component of the Universe is modeled by a scalar
field whose Lagrangian density contains a nontrivial
function of the kinetic term, then in those cases the sound
speed in the dark energy sector can be really small. In such
cases, the dark energy sector can nontrivially affect
structure formation. In our case, the dark energy component
is modeled by a scalar field which has the standard kinetic
term but still affects the structure formation process non-
trivially. This happens due to the nonminimal coupling in
the dark sector. Due to the specific nonminimal coupling
used in our work we see that although in the expanding, flat
background FLRW spacetime the equation of state is
effectively like dark energy the effective equation of state
of matter in the detached collapsing spacetime is approx-
imately equal to the equation of state of dust. Gravitational
contraction in a closed FLRW spacetime with nonminimal
coupling in the matter components produce such a state. As
a result of this the gravitational collapse in nonminimally
coupled dark sector becomes a bit more easy to handle than
the case where the components are not coupled. In the
simplest case the external matched spacetime just turns out
to be the Schwarzschild spacetime when the equation of
state of the collapsing matter practically nears zero because
in this case the internal spacetime has a dustlike effective
component, the whole collapse process conserves mass.

In this paper we have used general relativistic paradigm
to formulate the collapsing process. This was a necessity as
we have started at the level of the action which has the
gravitational as well as the matter and nonminimal coupling
terms. The minimization of the action produced all the
equations of motion which we have used in this paper. In
spite of this formal approach our work has a heavy
phenomenological flavor as because the form of the non-
minimal coupling and the scalar field potential were chosen
from the widely used forms by various authors working in
this field. These forms can reasonably reproduce the late-
time cosmology results. Our semi-formal approach ends
near virialization. Our work does not analytically predict
virialization but virialization is also phenomenologically
implanted. This feature is not new, the concept of

virialization at the end phase of top hat collapse was also
implemented in the same manner. Our work predicts that
this final virialized form of the effective matter inside the
detached spherical overdensity is rather exotic. This effec-
tive matter is a combination of the dark energy component
and the pressureless dark matter component. Both the
sectors are exchanging energy and momentum in such a
way that the effective matter also behaves almost as dust.
This prediction can have interesting consequences in
theories of structure formation. Our work predicts that
the essential input for clusters of galaxies may have dark
energy components hidden somewhere. We would like to
explore this topic in the near future.

We extensively explore the permissible parameter space
of V, and p,, , identifying conditions under which over-
dense regions demonstrate dynamics akin to the top-hat
collapse which has an initial expansion phase followed by a
collapsing phase culminating in the virialization state. The
study encompasses both quintessencelike and phantomlike
scenarios, revealing distinct changes in the parameter space
for nonminimal coupling compared to minimal coupling.
We show that the allowed parameter space increases as we
increase the values of nonminimal coupling parameters.
Additionally, we study the impact of nonminimal coupling
on the virialization process. We present the evolution of
dynamic quantities, such as a, o, 5,/,, w,, and @,, for
different values of the nonminimal coupling parameters.
Our results imply that the nonminimal coupling accelerates
the transition to the virialization state and leads to behavior
resembling that of dust in the resulting fluid. Furthermore,
we highlight the nearly time-independent behavior of the
total internal mass in the presence of negligible pressure,
implying the internal system behaves similarly to an
isolated universe, as in the top-hat collapse model.
Larger values of nonminimal coupling parameters facilitate
the transition of dark energy from its homogeneous state,
causing increased clustering within the overdense region.
Our findings have the potential to enhance our compre-
hension of the cosmological implications associated with
nonminimal coupling of dark matter and dark energy in the
context of dark matter structure formation, along with its
possible observational signatures.
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