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In this paper, we study the linear stability of self-interacting boson stars in the nonrelativistic limit of
the Einstein-Klein-Gordon theory. For this purpose, based on a combination of analytic and numerical
methods, we determine the behavior of general linear perturbations around the stationary and spherically
symmetric solutions of the Gross-Pitaevskii-Poisson system. In particular, we conclude that ground state
configurations are linearly stable if the self-interaction is repulsive, whereas there exists a state of maximum
mass that divides the stable and the unstable branches in case the self-interaction is attractive. Regarding the
excited states, they are in general unstable under generic perturbations, although we identify a stability band
in the first excited states of the repulsive theory. This result is independent of the mass of the scalar field and
the details of the self-interaction potential, and it is in contrast to the situation of vanishing self-interaction,

in which excited states are always unstable.
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I. INTRODUCTION

The Einstein-Klein-Gordon system constitutes a nonlinear
field theory that allows regular and localized configurations
that do not disperse in time [1,2]. These configurations are
usually referred to as boson stars [3-9], and their theoretical
existence is possible due to the equilibrium between the
repulsive “pressure” of the scalar field and the attractive
nature of the gravitational interaction. In its simplest
realization, the Klein-Gordon equation consists only of
the kinetic and the mass term, although boson star solutions
also exist if self-interactions are included [10-19].

The phenomenological relevance of boson stars depends
crucially on their stability properties. Spherically symmet-
ric ground state configurations are known to consist of a
stable and an unstable branch [20] divided by the state
of maximum mass [21]. This holds true in absence of
self-interactions, as well as for the theory with a quartic
self-interaction potential A|¢|*, and has been established
through a combination of semianalytic studies of the
linearized equations [20,21] and numerical simulations
[22,23] of the fully nonlinear field equations in spherical
symmetry. Regarding the excited states, there exist different
studies in the literature with different conclusions. On the
one hand, in Ref. [24], Jetzer argues that for the spherically
symmetric excited states, there also exist stable and
unstable branches that are divided by the state of maximum
mass, similarly to what happens for ground state configu-
rations, although his analysis relies on a pulsation equation
that is singular at the nodes. In Ref. [25], Lee and Pang use
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different analytical arguments to conclude that, on the
contrary, excited states are unstable, at least in absence of
self-interactions. Finally, based on numerical evolutions of
the spherically symmetric Einstein-Klein-Gordon equa-
tions, Balakrishna et al. [26] have confirmed that excited
configurations are unstable, even if quartic self-interactions
are considered. Full 3D numerical evolutions are currently
available and lead to similar conclusions regarding the
stability of boson stars under generic perturbations (for
details, see, e.g., Sec. 4 of [7] and references therein).
However, in a series of recent papers, Sanchis-Gual et al.
[27] and Brito et al. [28] have argued that if the self-
interaction is repulsive and strong enough, excited boson
stars may be stable. Their conclusion is based on the
numerical evolution of perturbed boson stars in the spheri-
cally symmetric sector of the fully nonlinear Einstein-Klein-
Gordon theory with quartic self-interactions. In particular,
they find excited configurations in which no apparent
instabilities are manifest during the time span of the
evolution, indicating that these states are either stable or
are unstable with a large time scale associated with the
unstable modes. Of course, the restriction to spherical
symmetry leaves open the possibility that such excited
states, although stable with respect to radial perturbations,
suffer from instabilities with respect to generic perturbations.
The purpose of this paper is to shed new light on
the stability problem of excited boson stars in the self-
interacting case. For this, we concentrate on the Newtonian
limit of the theory, where the complications of relativistic
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effects are absent and which, as we show, allows for a
systematic study of this problem in the linearized case.
In the nonrelativistic limit, the Einstein-Klein-Gordon
system reduces to the Gross-Pitaevskii-Poisson [8,29,30]
or the Schrodinger-Poisson [31-33] system, depending on
whether or not the theory includes a self-interaction term.
The Gross-Pitaevskii-Poisson system is particularly rel-
evant for the study of axion dark matter candidates (see, for
instance, Refs. [34—43]), and it is the main target of this
paper. In galaxies, and leaving the central region apart
(which is baryon dominated), visible matter moves at
velocities that are much smaller than the speed of light,
signaling that it might be sufficient to describe dark matter
haloes using Newtonian physics. In addition, since the
axion potential is nonlinear [44], self-interactions are
indeed expected to play a relevant role.

In particular, our study is based on some analytic and
numerical methods that have been previously developed to
analyze the linear stability of the equilibrium configurations
of the Schrodinger-Poisson system [45,46]. When applied to
the Gross-Pitaevskii-Poisson system, we obtain that spheri-
cally symmetric ground state configurations are stable if the
self-interaction is repulsive, in analogy to what happens in
the non-self-interacting case, and there exists a state of
maximum mass that divides the stable and the unstable
branch in the case of an attractive self-interaction [12,13].
This is similar to what happens for relativistic nonself-
interacting boson stars, although it is important to stress that
the existence of a maximum mass state is now determined by
the attractive self-interaction and not by relativistic effects.
Furthermore, our analysis allows us to consider generic
linear perturbations and is not restricted to the radial case.

Regarding the excited states, our study reveals that,
even if they are, in general, unstable, there exist configu-
rations belonging to the first excited state that remain
stable under generic linear perturbations when the effects
of a repulsive self-interaction become significant. More
specifically, for the solution space that we have explored
in this paper, if the self-interaction is attractive, as well as
in absence of self-interactions, spherically symmetric
excited boson stars are unstable under radial perturbations
and hence generically unstable. However, in case that the
self-interaction is repulsive, there exist excited configu-
rations that remain stable under radial perturbations, at
least for the first two excited states that we have consid-
ered. The existence of radially stable excited states is
consistent with the results reported in Refs. [27,28], as
will be discussed. Furthermore, we extend this analysis
to consider generic perturbations that do not necessarily
respect the spherical symmetry of the stationary states and
conclude that only a small region in the solution space
corresponding to the first excited states remains stable
under generic perturbations.

In this paper, we work in natural units where c = 7 =1
and use the (—,+,+,+) signature convention for the

spacetime metric. For convenience, we sometimes
express Newton’s constant G in terms of the Planck mass,

Mp =1//G.

II. SELF-INTERACTING SCALAR FIELDS

Our starting point is the Einstein-Klein-Gordon theory
for a complex scalar field ¢ (¢, X) of mass m, and quartic
self-interaction A|¢|*. This theory is described in terms of
the action

S[gu- &) :/d“x\/—_g(ﬁR—i—EM), (1a)

which consists on the Einstein-Hilbert term with matter
sector

Ly ==V, V¢ — mi|p*> = Alg|*. (1b)

As usual, g is the determinant of the spacetime metric s
R is the Ricci scalar, and ¢* denotes the complex
conjugate of ¢, with |¢|? its modulus square. The coupling
constant 1 is dimensionless and can take both signs,
depending on whether the self-interaction is repulsive
(4> 0) or attractive (4 <0). In case that 1 vanishes,
we recover a theory with no self-interactions, where the
scalar field is only coupled to gravity. For illustrative
purposes, we have restricted ourselves to a quartic self-
interaction, although our conclusions are independent
of the potential, as we clarify in the next subsection
and the Appendix A.

A. Nonrelativistic limit

In the nonrelativistic regime we are interested in, it is
. . . . . 1
convenient to write the spacetime line element in the form

ds? = —[1 4 2®(t,X)]dr* + [1 — 2¥(t,X)]6,;dx'dx!, (2a)

and decompose the scalar field into

——=e "y (1, 5), (2b)
2]’}10

P(1.X) =
where ®(7,X) and ¥(z,X) are the gravitational potentials,
and (¢, X) is the wave function. In the nonrelativistic limit,
the different quantities scale as 0, ~€'/20; ~emy, ® ~ ¥ ~ €

and y ~ \/Mlz,lmoe, with € a small positive number.

'Equation (2a), which is expressed in the Newtonian gauge,
codifies only the scalar degrees of freedom of the gravitational
field [i.e., for fixed z, the fields ®(z, X) and ¥(z, X) transform as
scalars under spatial rotations]. Vector and tensor modes do not
couple to nonrelativistic matter, and we have not included them
here for simplicity.
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Introducing the decomposition (2) into the action (1) and
working to the lowest orders in € we arrive at

S[@, W, y] :/dt/d3x [ﬁm(ch—lp)

0o 1 2
it — A=y ? )y —my @y [?|.
+y <lat+2m0 4mglwl )1// my wl}
(3)

where A refers to the three-dimensional flat Laplace
operator. In order of appearance, the first term of this
equation describes the gravitational field, the second term
the matter sector, and the last one the interaction between
the two. Note that there are no time derivatives of the
gravitational potentials in the action of Eq. (3). This is a
consequence of the fact that gravity is not dynamical in the
nonrelativistic limit.

Equation (3) is cubic in the small parameter e, except
for the self-interaction term, which contains four powers
of €, which suggests that its effect is negligible for small
field amplitudes. However, this term is multiplied by the
coupling constant A, which indicates that it starts to
contribute when the amplitude of the field is sufficiently
large, such that € ~ m3/(AM3,). This allows us to introduce
the self-interaction parameter

M
2amf’

(4)

which is dimensionless and measures the “strength” of the
self-interaction. Note that, given that m, is expected to be
much smaller than the Planck mass, the parameter A is
naturally large. In Appendix A, we argue that Eq. (3) is, in
fact, valid for potentials V(¢), which are more general than
the quartic self-interaction one.

The variation of Eq. (3) with respect to the wave function
y results in the Gross-Pitaevskii equation [47,48]

.0 1 A
tal; = o AV + ", WPy + mlly,  (5a)
whereas the variation with respect to W yields (after
integration by parts and discarding boundary terms)
A(® —¥) = 0. Assuming that ® and ¥ vanish at infinity,
this implies that ® = W. Finally, variation of Eq. (3) with
respect to @ results in the Poisson equation

AU = 4zGmyg|y|? (5b)

for the gravitational potential ¢/ := ® = ¥. The =+ signs in
Eq. (5a) make reference to the repulsive (4) and attractive
(—) cases. We will refer to the system of equations (5) as
the Gross-Pitaevskii-Poisson system. Note that if the

self-interaction term vanishes, i.e., A = 0, this reduces to
the more familiar Schrodinger-Poisson system.

The nonrelativistic action, Eq. (3), is invariant under time
translations, which means that the evolution of the system
is not affected by shifts in the time parameter 7. Associated
to this symmetry, we can define the total energy of the
configuration,

1 zA 1
— v 2:|: 4 _ 2 d3
g /(—2m0| ] 0, ly| +2mo?/1|w|> x, (6)

which is conserved during the evolution. In addition, Eq. (3)
is also invariant under continuous shifts in the phase of the
wave function, y — ei“I//, with a a real constant, which
results in the conservation of the particle number

N= / WP, 7)

Other conserved quantities associated with the Galilei group
do exist; however, they will not be used in this article. For a
systematic study of symmetries and conserved quantities
for A = 0, see Refs. [49-51].

B. Reformulation in terms of dimensionless quantities

In this section, we formulate the Gross-Pitaevskii-
Poisson system in a more convenient form. To proceed,
we introduce the dimensionless quantities

_ 2m _ 2m
= TO s X = —A]/g X, (Sa)
_ A 7[A2 1/2
U:=—=U, o= . 8b
2 v (2M12>1m0> v (8b)

In terms of these new variables, the Gross-Pitaevskii (5a)
and Poisson (5b) equations simplify to

oy

lE:

(A £y + Uy, (92)

AU = |y

2 (9b)

where we have omitted the bars in order to simplify the
presentation (from now on, we will denote dimensionfull
quantities with the superscript phys whenever necessary).

Equivalently, Eq. (9) can be expressed as an integro-
differential nonlinear equation

Loy s

where we have defined the dimensionless operator

Hy) = -4+ |y> + A (jw]?), (11)
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and where for a generic function f(X), we have introduced

A_l _ f(y 3
% —yl

(12)

Note that in terms of the variables (8), the parameter A
disappears from our equations; hence, all possible values of
the coupling constant 4 can be explored at the same time,
implying that our results do not depend on the strength of
the self-interaction.

In terms of the dimensionless quantities, the conserved
energy functional (6) EPYS[yPYs] = (M2, / (moA> ) E[y]
can be expressed in the form

Ely] = Tly] £ Fln]

=Dln.nl.  n=ly’.  (13)

where the functionals 7', F, and D are defined by

1= [ Ww@pd (14a)
me:;/ (DR, (14b)
Din, n] :=ﬁ//%d3yd3x. (14c)

Furthermore, the first and second variations of the energy
functional are given by (see Appendix B of Ref. [45] for
some details on a similar calculation)

58 = Re(H(y )y, o), (15a)
%€ = Re(H(y)y. ) + (H(w)dy, dy) + 2F[5n]
—2DIén, én], (15b)

with 6n := 2Re(y*Sy) and (y,¢) = [w*¢pd’x denoting
the standard L>-scalar product between y and ¢, such
that (y,w) = N.

III. STATIONARY STATES AND THEIR
LINEAR STABILITY

In this section, we focus on scalar field configurations
of the form

y(1.X) = e *6l0(3), (16)

where 6 is a real-valued function of ¥ and E a real

constant.” Introducing this ansatz into Eq. (10) we arrive at
the nonlinear eigenvalue problem:

*Since the operator H(c\”)) is real, in the sense that
H(oO )y = (H(cV)y)*, there is no restriction in demanding
that 6% is real valued.

~

Ec") = H(6©)s®. (17)

The integro-diferential equation (17) determines the sta-
tionary solutions to the Gross-Pitaevskii-Poisson system.
The stability of these solutions is determined by the
behavior of the small deviations about Eq. (16). To proceed,
we linearize the integro-differential equation (10) following
the procedure presented in Refs. [33,45]. With this in mind,
we propose the following ansatz for the wave function

w(t.3) = [0 (%) + eo(t.F) + O], (18)

where € is a small positive parameter. Here, (E,c()) is a
solution of the nonlinear eigenvalue problem (17), and
o is a complex-valued function depending on (#,X) that
describes the linear perturbation.

Introducing the ansatz (18) into Eq. (10), one obtains, to
linear order in e,

a rel A
a‘j (H9 — E)o + 260 k[c®Re(c)],  (19)

with the linear operators H(?) := H(5(*)) and

K:=41+A" (20)

To separate the temporal from the spatial parts of o, we use
the mode ansatz (see also Sec. 5.2 in [52] for details):
o(t.3) = [A(X) + B()]e + [A(X) - B(X)]"e*".  (21)
where A and B are complex-valued functions depending
only on X and A is a complex constant [not to be confused
with the self-interaction coupling constant A of Eq. (1b)].
Substituting Eq. (21) into Eq. (19) and setting the coef-
ficients in front of ¢*'’ and e* to zero, we arrive at

ilA = (H -~ E)B, (22a)

i2B = (HY — E)A + 260K[6©4].  (22b)
This system constitutes a linear eigenvalue problem for the
constant 4. Notice that linear instability is signaled by the
existence of solutions with a positive real part Az of 4.
The lifetime of the unstable configurations is expected to be
of the order of #j, ~ 1/A%™, with A™* the eigenvalue with

the largest real part.

A. Basic properties of the stationary states

Next, we present some basic properties satisfied by the
solutions of Eq. (17), based on a simple scaling argument
similar to the one used in Ref. [53]. In Sec. IV B, these
properties will be used to shed light on the stability of
stationary states in the attractive case.
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To explain our scaling argument, recall that stationary
states are critical points of the energy functional (13),
assuming that the particle number N = (y, ) is fixed. To
show this, we may use Eqgs. (15a) and (17), which imply
that stationary states (16) satisfy 6€ = ERe(c'?), 5). On the
other hand, since N is fixed, 0 = Re(y, dy) = Re(6'?), 5),
which implies that 6€ = 0.

Now, let v > 0 be an arbitrary real and positive parameter
and (7, X) a given wave function. Consider the rescaled
function

w, (1, X) =13y (1,0%), (23)

which leaves the particle number invariant: (y,,w,) =
(w,w). Under this rescaling, the energy functional (13)
transforms as

Elw,| = V*T|y] £ V*F[n] —vD|n, n], (24)

and the first and second variations of E[y, | at y,_; = y are
d

9 glyn)| = 27ly) £ 3F ] - Dfnnl,  (250)
d2

& el =27y) + 6Fln). (25b)

In particular, if y is a stationary solution, the first variation
is zero, which yields the relation

D[n,n] = 2T|y| £ 3F|n]. (26)

This expression is valid for any stationary solution and
allows one to eliminate D[n, n] in the energy functional and
compute the energy for such states solely in terms of T[]
and F[n] according to

Ely] = =Tly] ¥ 2F|n]. (27)

This expression implies that the energy of the stationary
states is always negative in the repulsive case. In the
attractive case, it follows from Eq. (24) that [y, ] is not
bounded from below, since it can be made arbitrarily
negative by choosing v large. According to Eq. (25b),
the critical point at v = 1 corresponds to a local minimum
of &ly,] if T—3F >0 and to a local maximum if
T —3F < 0. It follows from these observations that in
the attractive case, a stationary state y cannot be a (local)
minimum of the energy functional if 7 < 3F, that is, when
the self-interaction term dominates the kinetic term.

B. Basic properties of the linearized equations

We close this section by reviewing some properties of
the solutions to the system of Eq. (22) that describe the
behavior of linear perturbations. These properties and their

derivation are completely analogous to the ones reported
in [46]; hence, we only mention the most relevant ones.

First, note that there always exists the zero-mode
solution (4, A, B) = (0,0, ﬂa(o)), with # an arbitrary com-
plex constant. This corresponds to the trivial perturbation
that rotates the real function ¢(X) into the complex plane,
resulting in a new configuration (¢, X) that is indistin-
guishable from (16).

Second, the solutions to the Eq. (22) appear always
in quadruples; that is, if (1,A,B) is a solution, then
(=1,A,—B), (1*,A*, —B*) and (—1*, A*, B*) are also sol-
utions. This implies that the eigenvalues A appear always in
the form {1, —4, 4*, —A*}. Linear stability requires that all
eigenvalues A are purely imaginary. In the remainder of this
work, we shall count the number of unstable modes by the
number of eigenvalues with distinct real part. Hence, when
both the real and imaginary parts of A are different from
zero, we count the pair of eigenvalues A and A* as one
unstable mode, although they may belong to two linearly
independent eigenfunctions.

Third, from Eq. (15b), we obtain the following expres-
sion for the second variation of the energy functional,

52€ = (6w, [H) — E|sy) + 2F[6n] — 2D[6n,5n],  (28)

which is quadratic in dy. Note that we have used the
second variation of (w,y) = N = const to eliminate the
term containing &%y, and recall that 6n = 2Re(y*dy).
The second variation of the energy functional 5°€ is related
to the linearized equations in the following way:
Multiplying Eq. (22b) by A* and Eq. (22a) by B* and
integrating, one obtains

iA(A. B) = 8E[Ag) + S2E[A,), (29a)

iA(B.A) = (B.[H" — E|B), (29b)
where Ap, A; denotes the real and imaginary parts of A,
respectively, and 6>E[Ag] is given by Eq. (28) replacing sy
with Ag. The right-hand sides of the previous equations are
real; thus,

-22|(A,B)]> €R. (30)

Finally, if A is real, one can choose A real and B
purely imaginary. Eliminating iAA on the left-hand side
of Eq. (29a) and using Eq. (22a), one gets

—(B.[HY — E|B) = §2E[A]. (31)

Equations (29)—(31) are useful to rule out the existence
of certain unstable modes. For example, consider a sta-
tionary state for which E is the ground state energy of the

Schrodinger operator ). Then, (B.,[H”) — E]B) >0 with
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equality if and only if B lies in the kernel of H*) — E. This
immediately excludes the existence of modes with 1z # 0
and A; # 0 since in this case, Eq. (30) would imply that
(A, B) = 0, and then one could infer that A = B = 0 using
Egs. (22) and (29b). If, in addition, this state is a local
minimum of the energy functional, such that 5*€ is positive
or zero, then unstable modes with A; = 0 are also ruled out
since in this case, Eqs. (22) and (31) imply that A = B = 0.
These arguments show that stationary ground state con-
figurations can have only real or purely imaginary A and
that real eigenvalues are excluded if these configurations
are a local minimum of the energy functional &.

Similar arguments will be applied to exclude other types
of unstable modes in the next section.

IV. STATIONARY AND SPHERICALLY
SYMMETRIC SOLUTIONS

For the remainder of this article, we focus on stationary
solutions which are spherically symmetric, i.e., 6(?(X) =
o9 (r). In the next subsection, we discuss the background
(unperturbed) solutions, whereas some properties of the
linearized perturbations are discussed in subsequent sub-
sections. A detailed study of the linear stability based on a
numerical analysis is presented in Sec. V.

A. Background configurations

Instead of solving directly the integro-differential equa-
tion (17), for a numerical analysis, it is more convenient to
work with the original Gross-Pitaevskii-Poisson system (9).
Introducing the harmonic ansatz (16) into Eq. (9)
and defining the shifted potential u(®)(r) = E —U(r),

the dimensionless Gross-Pitaevskii-Poisson equations take
the form

Ao = (ig(ﬂﬂ - M(O))g(0>, (32a)

Au® = -2, (32b)

where A, = %5—:2 r denotes the radial Laplace operator.

The system of equations (32) must be solved for some
appropriate boundary conditions. Regularity at the origin
demands 6% (r=0) =0, 6!V (r=0)=0, u ) (r=0) = u,,
and % (r = 0) = 0. (Here and in the following, the prime
refers to derivation with respect to r.) Then, given u, the
central amplitude of the field o, is fine-tuned using a
numerical shooting methodology based on the condition
lim,_, o(r) = 0 at spatial infinity, which is required for the
solution to be localized.

The system (32) is solved numerically using an adaptive
explicit 5(4)-order Runge-Kutta routine [54-56], where we
rewrite the equations as a first-order system for the fields
(69, u(®). For the shooting, we use a methodology similar
to the one described in [32], based on bisection.

Some representative solutions of the stationary and
spherically symmetric Gross-Pitaevskii-Poisson system
are shown in Figs. 1 and 2 for the ground (n = 0) and
the first excited (n = 1) states, respectively.

In these figures, the mass of the configurations MP"* has
been calculated as their particle number Eq. (7) times the
mass my of the individual particles, which leads to MPYs =
(M3, (4xmgAY2) M, where M :=4x [@[60(r)?r?dr is
the dimensionless mass. Note that, formally, the radius of a

1.01 n=>0
—— GPP repulsive
0.8 1 — SP
—— GPP attractive
0.6
S
(&)
0.4 1
0.2 1
0.0 1
0 5 10 15
r
FIG. 1.

Ground state configurations: Stationary and spherically symmetric solutions of the Gross-Pitaevskii-Poisson system with no

nodes (n = 0). Red (blue) lines correspond to the repulsive (attractive) case, and we have included the solutions to the Schrodinger-
Poisson system (black lines) for reference. Left panel: the profile of the wave function ¢(”) (r) for a central value of unity, o, = 1. Center
panel: the effective mass of the configurations Mgy as a function of the effective radius Rg9. Right panel: the magnitude of the energy
eigenvalue |E| as a function of the central amplitude o,. The dots in the last two panels correspond to the configurations of unit
amplitude. For o, — 0, the effects of the self-interactions become negligible.
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3.0
1.0 n=1
081 —— GPP repulsive 2.5
— SP
0.6 - — GPP attractive 2.0
S & 1.51
0.2 1
1.0
0.0 o9 — 0
0.5 /
—0.2
T T 0 T T T 0.0 T T T T
0 5 10 15 2 12 22 32 0.0 0.5 1.0 1.5 2.0
r Rgg ap

FIG. 2. First excited state configurations: Same as in Fig. 1 but for the stationary and spherically symmetric solutions of the Gross-

Pitaevskii-Poisson system with one node (n = 1).

boson star extends to infinity, and for that reason, we have
defined the effective radius Rg9 as the one encompassing
99% of the total mass of the configuration, Mq9. On the
other hand, the energy eigenvalue EP™S = [2m/A]E asso-
ciated with the state 6(°’(r) can be computed from the
formula (see Appendix C in Ref. [45] for more details)

E=up-— A 60 ()P rdr. (33)

As expected, the profile of the configurations expands
(shrinks) if the self-interaction is repulsive (attractive),
as can be appreciated in the left panels of Figs. 1 and 2.
Furthermore, in the repulsive case, the configurations
become more compact as we increase the value of the
central amplitude, as also occurs for the stationary and
spherically symmetric solutions of the Schrodinger-Poisson
system, whereas in the case in which the self-interaction
is attractive, there exists a state of maximum mass corre-

‘max

sponding to a central amplitude 610\499 ; see the central panel
of Figs. 1 and 2 and Refs. [12,13,18]. Finally, it is also
interesting to stress that in the limit 6, — 0, the attractive
and the repulsive configurations approach the solutions to
the Schrodinger-Poisson system; see the central and right
panels of the same figures. This implies that the effects of
the self-interactions become negligible in the limit of low
amplitudes, as is also apparent from the Gross-Pitaevskii-
Poisson system (5).

In Fig. 3, we plot the total energy £ of the configurations
as a function of the total number of particles N for the
ground and first two excited states. Note that the energy
functional (6) consists of three terms: The first of them is a
consequence of the “quantum pressure” and is positive
definite. The second one is associated with the self-
interaction and can be positive or negative, depending
on whether the self-interaction is repulsive or attractive,
respectively. Finally, the last term is associated with the

gravitational interaction, which is attractive and negative
definite. It is interesting to note that in the repulsive case, as
well as if there are no self-interactions, the total energy is
negative definite, and its magnitude increases with the
number of particles. Furthermore, for a given value of N,
the energy also increases with the number of nodes 7 in the
configuration. This allows us to label the number of the
excited states with n, as is usually done. However, this
behavior changes for the case of an attractive self-
interaction, where, for a given n, there is a state of
minimum energy (which coincides with the state of
maximum mass), and from this point onward, the energy
increases up to positive values.

B. Stability properties based on a scaling argument
(attractive case)

Recall from Sec. III A that in the attractive case, a
stationary configuration cannot be a local minimum of the
energy functional if 7 — 3F < 0. When the central value of
the scalar field o) is small, the configurations resemble the
ones of the Schrodinger-Poisson system, and hence, the
self-interaction term F is negligible, such that 7 > 3F is
expected to hold. In contrast, as o, grows, the influence
of the self-interaction becomes more pronounced (see
Figs. 1 and 2), and one expects 3F to surpass the value
of T after some critical value of o,.

The plots in Fig. 4 show that these expectations are
indeed fulfilled. Interestingly, the critical value of o for
which T — 3F = 0 seems to coincide with the maximum of
the mass in the center panels of Figs. 1 and 2. As will be
discussed in the next section, when this critical value is
surpassed, the number of unstable modes grows by one.

For completeness, Fig. 5 shows the behavior of the
energy functional under the rescaling (23) and illustrates
that stationary states with positive (negative) values of
T — 3F represent a local minimum (maximum) with respect
to this particular variation.
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FIG. 3. The energy £ of the states as a function of their number of particles N: Relationship between the energy functional (27) and the
particle number N for states with zero, one, and two nodes in the repulsive, non-self-interacting and attractive cases. Note that in
the attractive case, the number of nodes n does not necessarily label the number of the excited state. The shaded regions represent the
stability bands with respect to generic linear perturbations discussed in Sec. V.
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FIG. 4. The combination 7" — 3F as a function of the central amplitude o for different values of the node number 7 in the attractive
case: Configurations with a negative value of T — 3F correspond to stationary states that represent critical points of the energy functional
that cannot be local minima, and hence, they are expected to be unstable. The stars denote the maximum mass configurations at

max

M . .
6y =0, ; see also Fig. 5, which complements these plots.

C. Decomposition of the linearized system iMA = (ﬁ(LO) — E)Bpy. (35a)
into spherical harmonics

Since the background solution is spherically symmetric,
the linearized equations can be decoupled into a family of
purely radial systems by expanding the perturbations in R .
terms of spherical harmonics Y*. In particular, the field  with the operators H(LO> and K; defined by
A(X) can be expanded as

iABpy = (7:[(L0> — E)Apy + 209K, [60A,y],  (35b)

A = A, £ 602 4 ATH(602), (36a)
AR) =D A (r)Y™M(9.9), (34)
o K, =1+ A7, (36b)
and similarly for B(X). This reduces Eq. (22) to the
following system: where A == Ay —L(L +1)/r* and
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FIG.5. Scaling the energy functional as (¢, X) = v°

(¢, vX) for attractive ground state configurations: The energy functional £[y, ]

as a function of v for three ground state configurations. Left panel: stationary state with oy = 0.19 < agm’ax giving T = 0.558 and
F = 0.047. This state could be a local (but not a global) minimum of the energy functional and hence could be stable. Center panel:

‘max

stationary state with o) = 1.0 = 63/199 giving T = 5.641 and F = 1.887. This state resembles a saddle point of the energy functional.
Right panel: stationary state with 6y = 1.89 giving T = 11.411 and F' = 5.282. This state cannot be a local minimum of the energy

functional and is expected to be unstable.

[eS]

L
r<
1/,,L+1f<

0

AT ) (r) = — P)idr,  (37)

with r_ = min{r,7} and r. := max{r,7}. Note, in par-
ticular, that A, = A; .

In the next section, this system will be solved numeri-
cally for L =0,1,2,.... Before doing that, however, we
prove that no unstable modes are present if L is large
enough, which, in principle, reduces the numerical analysis
to a finite number of L values.

D. Nonexistence of unstable modes
for sufficiently large L

In this subsection, we show that if the orbital angular
momentum L of the perturbation is large enough, then there
are no unstable modes. The arguments below generalize
the ones in Sec. IV.C of Ref. [46] to include the self-
interaction term.

Using the estimate (E8) for D[én, 6n] in Appendix E of
Ref. [46], one obtains from Eq. (28) the inequality3

1
8%E > 5 (Véw, Véy) + (8yr, [£60% + Uy — E|oy)

— C(8y/f. 0w/ f) £ 2F[on], (38)

where UO A~1(|6D]?), €, > 0 is a positive constant,

and f(X):=+/1+ |X|*. In the repulsive case, the term
+2F [5n} on the right-hand side of Eq. (38) is positive and

*Note that the left-hand side of Eq. (E8) in [46] should read
D|[én, 6n] instead of D[6u, Su].

hence can be discarded without altering the inequality. In
the attractive case, we use the estimate |6n]* <
which implies

Flon] < max[(1+ [3*)ly (X)) (w/f. 8w/ f).  (39)

Since || is smooth and decays exponentially to zero as
|X| = oo, the maximum is finite. Therefore, the negative
term —2F[n] on the right-hand side of Eq. (38) can be
removed after making the constant C; larger.

Based on these results, we can prove that §°€ is positive
definite for sufficiently large values of the orbital angular
momentum L. To this purpose, we expand dy in spherical
harmonics

Sy = hpy(r)YHM (9, ). (40)

Substituting this in expression (38) and discarding the
terms that involve |A},,(r)|*, one gets

525>Z{/ | A ( nF{%-c]]w
+ A oo|hLM(r)|2[:ta(0>(r)2+U0(r)—E]r2dr}. (41)

First we look at the integrand in the second line and observe
that the function g(r) := [+6'%(r)? + Uy(r) — E]r* satis-
fies g(0) = 0 since ¢(¥ and U, are regular at the center,
whereas ¢(r) is positive for large enough r. This implies
(since Uy is continuous) that g(r) has a minimum; that is,
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g(r) > C, for all r >0 for some negative constant C,.
Using these properties, the estimate (41) yields

525>Z/ |y (r |2[$—C1+C2 dr. (42)

Therefore, 6*& is positive definite if /4, is identically zero
forall L with L(L +1)/2 — C; 4+ C, < 0. This proves that
the second variation of the energy functional is positive
definite on the subspace of perturbations with large enough
values of L.

Now we can prove the nonexistence of unstable modes
for large L. We proceed by contradiction. If 4 has real and
imaginary parts different from zero, then Eq. (30) yields
(A, B) =0, and in this case, Eq. (29) and the positivity of
52E imply that A = B = 0. On the other hand, if A is real,
Eq. (31) leads to a contradiction since the right-hand side is
positive, whereas the left-hand side is negative for suffi-
ciently large values of L.

V. NUMERICAL STUDY OF THE LINEARIZED
SYSTEM

To find the eigenvalues A of the system (35), we use the
methodology described in Refs. [45,46], for which it is
convenient to write the system of equations in a more
appropriate form. For this, we define the new rescaled
functions ay (r) == rApy(r) and b (r) = rBry(r), in
terms of which the system (35) reduces to
= —iﬂaL,

by F |6 b, + USth, (43a)

ay + Usfa; F 3|69 Pa,

—2a6 <j: L(Lrij)> [6©a;] = —idb,. (43b)

Here, we have introduced the effective potential
Ut (r) = u®(r) = L(L +1)/r?, and the operator
(d*/dr* — L(L +1)/r*)~"' = rA7'r7! denotes the inverse
|
0
D}, F 322 + UST — 203 (B} — L)',

where here 0 represents the (N — 1) x (N — 1) zero matrix,
with N the number of Chebyshev points distributed as

x; = cos(jz/N), j =0,1,...,N. The quantities

%, == diag (5 (x1), 60 (xp), ..., 61 (xN—l))’
Ui = diag (U5 (x,), UF" (x2), ... UF" (xn-1)),
L(L+1 L+1 L(L+1
L:= diag( ( :_ ), ( j_ ) e (2+ )>
X X2 AN-1

of rA;(r~!) with homogeneous Dirichlet boundary con-
ditions at r = 0 and r — oo. Given that the system (35) is
independent of the magnetic quantum number M, we have
omitted this label in Eq. (43).

These equations must be solved for some appropriate
boundary conditions. To determine these conditions,
one can study (heuristically) the dominant terms near the
origin and at spatial infinity. Near r = 0, the equations are
dominated by the centrifugal term L(L + 1)/r* of the
effective potential US", which means that regular solutions
at the center must behave as (a;, by ) ~ (rF*!, rL+1). This
leads to the following boundary conditions at the origin:

ap(r=0)=0, by (r=0)=0. (44a)
On the other hand, in the asymptotic region, the radial
profile of the background field 6(*) (r) decays exponentially
to zero and u%)(r) approaches E. This implies that the
fields (a;,b;) must vanish at infinity,

lima; (r) =0,

r—oo

limb, (r) =0 (44b)

in order to have solutions with finite total energy.

To numerically solve the system (43) with the
Dirichlet boundary conditions (44), we employ the follow-
ing approach: First, the background profiles ¢(°)(r) and
u®(r) are computed following the method described in
Sec. IV, and they are extended to large values of r using the
procedure described in Sec. III.A of [45]. Second, these
background profiles, as well as the perturbed fields a;, b,
and the different operators, e.g., the derivative and its
inverse, are discretized in terms of Chebyshev polynomials
using a standard spectral method (see, e.g., Ref. [57]),
which leads to a finite-dimensional eigenvalue problem.
For details of the numerical discretization procedure, we
refer the reader to Sec. IV of Ref. [45].

The discrete version of the system (43) can be written as

D} ¥ 22 + Ut <aL> :_M<aL>
0 by b, /)’

[
are the discrete representation of the background quantities
and centrifugal term, respectively, and the discrete operator
Dy is defined in [45]. The vector

(ZZ) = (ag(x1), ..,

represents the eigenfields (A, Bry)?. We solve the
discrete eigenvalue problem (45) using the SciPy library [54].
Our code is publicly available in [58].

(45)

ar(xn-1) br(x1), ... bL(xN—l))T
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FIG. 6. Spherically symmetric perturbations: The real part of the frequency A as a function of the central amplitude o, for perturbations
with L = 0 in configurations with n = 0, 1, and 2 nodes. The existence of modes with a real positive part of the frequency indicates the
existence of an instability. The different color shades correspond to different unstable modes, and for reference, we have included dotted

vertical lines in blue to indicate the state of maximum mass 6, * in the attractive case. The circles denote our numerical results, whereas

the dashed lines represent the scaled results of the n unstable modes reported in Ref. [46] for the Schrodinger-Poisson system. For the
repulsive and the attractive cases, we use straight solid lines to connect the numerical results and improve the visualization. Ground state
configurations (n = 0) are stable for any value of the amplitude if the self-interaction is repulsive, or if there is no self-interaction, and

they are unstable for large enough amplitudes (6 2 6, * = 1.0) if the self-interaction is attractive. Excited states (n # 0) are in general

unstable, although certain bands of stability in the amplitude o, appear if the self-interaction is repulsive.

In the following subsections, we present the results of the
eigenvalue problem, first for the ground state configura-
tions and then for the excited states.

A. Ground state

As we have discussed in previous sections, the Gross-
Pitaevskii-Poisson system describes three possible scenar-
ios: one characterized by the absence of self-interactions
(where the Gross-Pitaevskii-Poisson equations reduce
to the Schrodinger-Poisson system), another where the
self-interaction is repulsive, and a third scenario where the
self-interaction is attractive.

For ground state configurations (n = 0), we have found
that, for the explored range of the parameter space
O<op<10, 0<L<12 for the repulsive and
0<o0g<5, 0<L L6 for the attractive case), the first
two scenarios exhibit a similar behavior under linear
perturbations. In particular, the configurations are always
stable under spherically symmetric perturbations (L = 0),
as can be appreciated from the left panel of Fig. 6.
Furthermore, nonspherical perturbations (L # 0) do not
either exhibit unstable modes that grow in time, at least for
L <12, as can be seen in the left panel of Fig. 7 for L =1
and the left panel of Fig. 8 for other values of L in the
repulsive case. The results corresponding to the scenario
without self-interactions are consistent with those reported
in [46] and coincide with the repulsive and the attractive
cases in the limit oy — 0.

Contrary to the first two scenarios, the case with an
attractive self-interaction presents ground state configurations

that are unstable under radial perturbations (L = 0). More
precisely, we found unstable modes with A > 0 when
oy 2 1; see the left panel of Fig. 6. This gives rise to a family
of solutions that is stable for 65 < 1 and unstable for 6 = 1.
Interestingly, the division between the stable and unstable
states seems to coincide with the maximum mass configu-

ration at 6y = ag/lgngax ~ 1. This is consistent with the turning-
point principle; see Refs. [59-61], the Appendix C2 of
the published version of [62], and in particular Ref. [21]
for a discussion in the context of relativistic boson stars.
Regarding nonspherical perturbations, no unstable modes
appear when L = 1, as is appreciated from the left panel of
Fig. 7. Based on a more extensive study within the afore-
mentioned parameter range, we found no unstable modes for
L > 0, as can be seen from the left panel of Fig. 9.

B. Excited states (spherical perturbations)

The excited states of the Schrodinger-Poisson system
are known to be unstable under radial perturbations [33].
However, in presence of self-interactions, our analysis
(carried out in the range 0 < oy < 14 with 0 <L <12
and 0 <L <6 in the repulsive and attractive cases,
respectively) reveals an interesting pattern of stability
and instability bands, with a particular relevance for the
case where the self-interaction is repulsive. Our study
focuses on the first two excited states (n = 1 and n = 2)
of the Gross-Pitaevskii-Poisson equations; however, we
expect that the behavior discussed below will continue to
be valid for higher excited states.
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FIG. 7. Nonspherical perturbations (L = 1): Same as in Fig. 6 but for perturbations with L = 1. The ground state (n = 0) is always
stable under such perturbations, no matter if the self-interaction is attractive, repulsive, or absent. Excited states (n # 0) present stability
bands for the repulsive and attractive cases.

=
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FIG. 8. Stability band structure (repulsive case): The shaded regions in red represent, for different values of L in the interval from
0 to 12, the amplitudes o for which the system posses unstable modes. Lighter (darker) colors indicate the presence of one (two)
unstable mode(s). Note that the ground state (n = 0) does not present unstable modes for any value of ¢, or L, so we can conclude that it
is stable. In contrast, the first excited state (n = 1) presents a common stability band in the interval 1.55 < 6y < 2.07, whereas this band
is empty for the second excited state (n = 2).

GPP attractive ] n=1 : n=2
n=>0

g0

FIG. 9. Stability band structure (attractive case): Same as in Fig. 8 but for the attractive case. Note that the common stability band is
empty for the first and second excited states and that no unstable modes are found for L > 3. Note also that for n = 2 and L = 2, there
are two unstable modes in the interval 0 < o < 0.1, although they are barely visible.
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The central and right panels of Fig. 6 present the results
obtained for radial perturbations. As can be observed, there
exist unstable modes with A > 0 in the attractive, the
repulsive as well as in the non-self-interacting case. In the
first and third cases, we have identified an unstable band that
spans all values of the central amplitude ¢, that we have
explored. For the nth excited state, this band consists of n
unstable modes that grow exponentially in time. In the
attractive scenario, for one of these modes, 1z grows rapidly
as oy increases, signaling that the solutions have a lifetime
that is much shorter than the state with the same central
amplitude in the non-self-interacting theory. Indeed, in
absence of self-interactions, one observes a linear relation-
ship between the real part of the mode(s) frequency Az and
the central amplitude 6. This relationship arises from an
inherent scaling freedom in the Schrodinger-Poisson system.
For further details regarding this symmetry, we refer the
reader to Refs. [32,45]. The dashed lines represent the scaled
results of the n unstable modes reported in Ref. [46], while
the dark circles denote our numerical results. As can be seen,
both sets of results are in agreement.

A more interesting pattern appears for the repulsive
scenario, in which the unstable radial modes cover only
localized intervals of o, resulting in stability bands where
Az = 0% see the central and right panels of Fig. 6. It’s worth
noting that, unlike ground state configurations, the boun-
dary between stable and unstable solutions is not deter-
mined by a maximum mass state. The relation of these
results with those of Refs. [27,28] will be discussed in the
conclusion section and Appendix B.

C. Excited states (nonspherical perturbations)

Next, we address the problem of what happens to the
stability bands of the previous subsection when nonspherical
perturbations are considered. Specifically, the relevant ques-
tion is whether unstable modes with L > O appear inside
these bands, which would imply that the configurations are
unstable with respect to generic linear perturbations.

The central and right panels of Fig. 7 show unstable
modes with L = 1 appearing in certain intervals of o,
giving rise to new stability bands. Interestingly, such bands
appear in the repulsive as well as in the attractive case,
whereas for L = 0, they only occurred in the former case.
Further stability bands arise as L increases. The central and
right panels of Figs. 8 and 9 show the different stability
bands (white regions) for different values of L. Notice that
for high enough values of L, the stable band covers entirely
the region of the parameter space we have explored, which
is compatible with the result obtained in Sec. IV D.

Furthermore, it is interesting to compare the colored
regions of instability shown in Figs. 8 and 9 for small

“Note that the occurrence of such localized stability bands is
excluded in the non-self-interacting case due to the aforemen-
tioned rescaling freedom of the Schrédinger-Poisson system.

values of 6. In this limit, the self-interaction term of the
Gross-Pitaevskii equation (5) is subdominant, which would
lead to all scenarios being equivalent (see the overlapping
region in Figs. 1 and 2). As a consequence, one observes
from Figs. 8 and 9 that in the limit 6, — 0, the instability
bands (including the number of unstable modes) transit
continuously to the corresponding instability bands belong-
ing to the configurations of the Schrodinger-Poisson
system. For the particular cases n = 0 and n = 1, we refer
the reader to Fig. 4 of Ref. [46] for the case # = 0 where
the respective regions of instability for the Schrodinger-
Poisson system are reported.

We conclude this section by emphasizing that only
configurations lying in the intersection of the stability
bands for all L are stable with respect to generic linear
perturbations. For n = 1, the resulting common stability
band turns out to be very narrow in the repulsive case, as
shown in Fig. 8, whereas it is empty in the attractive case;
see Fig. 9. For n = 2, there are no stable configurations,
neither in the repulsive nor in the attractive case. Similar
results are expected for higher excited states.

VI. CONCLUSIONS

In this paper, we have analyzed the impact of a self-
interaction potential on the linear stability of boson stars,
with particular interest on the excited states. In absence of
self-interactions, it is known that excited boson stars are
unstable, as has been confirmed using semianalytical
techniques, both in the nonrelativistic [33] and the rela-
tivistic [25] regimes, and numerical simulations [26,33].
This has led to the belief that this result is general and holds
true in the presence of a self-interaction potential, as has
been observed using numerical evolutions of the spheri-
cally symmetric Einstein-Klein-Gordon equations in the
Al@|* theory [26].

However, in a series of recent papers, performing a
more systematic study of the numerical evolutions of self-
interacting excited boson star configurations, the authors
of Refs. [27,28] have concluded that, for strong enough
repulsive quartic self-interaction, these configurations
remain stable under spherical perturbations, at least for
times of the order of 10*mg!.

Motivated by these recent findings, and using a combi-
nation of analytic and numerical methods, we have ana-
lyzed the linear stability of the stationary and spherically
symmetric solutions of the Gross-Pitaevskii-Poisson sys-
tem that describes the nonrelativistic limit of the Einstein-
Klein-Gordon theory in the presence of a quartic or more
general potential term. Furthermore, we have been able to
extend our analysis to include perturbations that do not
necessarily respect the spherical symmetry of the unper-
turbed system, and in this sense, it goes beyond the radial
stability study of the excited states performed in [27,28].

In particular, if the self-interaction is repulsive, we have
found that ground state configurations are stable under
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generic linear perturbations, a result that is consistent with
the idea that these states represent a global minimum of the
energy functional for fixed particle number (cf. the left panel
of Fig. 3). For the excited states, however, there exists a
series of stability and instability bands in the central
amplitude o, of the background field that depends on the
particular value of the angular momentum number L
associated with the perturbation. This series disappears for
high enough values of L, since in this case, there are
no unstable modes, as we have been able to prove. The
stability under generic linear perturbations is determined by
the common band that results from the intersection of the
stability bands associated with each different L. For the first
excited state, we have determined the existence of a common
stability band in the range 1.55 < 0 < 2.07, whereas this
band is empty for the second excited state. These results are
summarized in Fig. 8, and they are independent of the mass
of the scalar field and the strength of the self-interaction (as
long as they are different from zero). This is a consequence
of the fact that for the Gross-Pitaevskii-Poisson system,
mg and A can be absorbed in the dimensionless variables.
We expect a similar behavior for higher excited states.

In contrast, if the self-interaction is attractive, ground
state configurations are only stable if they are located to the
right of the maximum mass configuration in the Mgg vs Rgg
curve (see the center panel of Fig. 1). Regarding the excited
states, and similar to what occurs in the repulsive case, for
each value of the angular momentum number L of the
perturbations, there exists a series of stability and instability
bands in the central amplitude 6,. However, the common
stability band is empty, at least for the first two excited
states; see Fig. 9 for details. Again, similar results are
expected for higher excited states.

It is reasonable to think that the stability bands we have
found persist in the Einstein-Klein-Gordon theory, at least as
long as we are not too far from the nonrelativistic limit.
Related to this point, it is interesting to compare our results
with those reported in Refs. [27,28]. In [27], the authors
construct solutions of the Einstein-Klein-Gordon equations
for the first excited state (n = 1) and different values of
the self-interaction parameter A and frequency w, whereas
in [28], for the states n = 1, ..., 10, the frequency w is fixed,
and the self-interaction parameter is varied. In particular,
it is found in [28] that for sufficiently large values of A,
the excited states are stable under radial perturbations.
Additionally, for the case of the first excited states, stability
bands can be identified from Fig. 3 and Table 1 in [27].

Although the existence of excited stable states and the
occurrence of stability bands is compatible with the results
reported in Refs. [27,28], a direct comparison is challeng-
ing due to the relativistic effects that we have neglected in
our results. Furthermore, the fact that the Gross-Pitaevskii-
Poisson system can be rewritten in a form that is indepen-
dent of the mass and the self-interaction parameter reduces
the problem to one with a single continuous parameter

(the field’s central amplitude); hence, exploring the
solution space in the same form as in [27,28] is unnatural
in our setting. For the second excited states, a rough
comparison of our results with those of Ref. [28] is
presented in Appendix B, although it is important to
stress that, in the nonrelativistic limit, these states are
unstable with respect to generic linear perturbations (see
the right panel of Fig. 8 for reference).

Finally, it is interesting to stress that, contrary to what
happens in the relativistic theory, the conclusions that
we have presented in this paper are generic and can be
extended to other potentials different from the quartic
self-interaction one that have been analyzed in, e.g.,
Refs. [26-28]. Again, this is due to some of the peculiarities
of the nonrelativistic limit of the Einstein-Klein-Gordon
theory, as we clarify in Appendix A. Boson stars resulting
from higher-rank fields, both in the absence and presence of
self-interactions, have been explored in e.g. Refs. [63-66].
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APPENDIX A: GENERIC SELF-INTERACTION
POTENTIAL
Consider a self-interaction potential of the general form

Vo) =y
n=2 :

%27[1 (Al)

where v,, are dimensionless constant parameters, and M is
a characteristic mass scale. Under the assumption that the
coefficients v,, do not grow too fast such that the con-
vergence radius is different from zero, this is the most
general potential that respects the internal U(1) symmetry
and is analytic in |¢|? in a vicinity of ¢ = 0. Furthermore,
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FIG. 10. The effect of the higher self-interaction terms. The
different regimes of the Einstein-Klein-Gordon theory, showing
the scales at which the quartic self-interaction term (e¢) and the
higher-order terms (epjgher) become important. Notice the model
independence that the Einstein-Klein-Gordon theory exhibits at
scales below €pigher- This regime is characterized in terms of two
parameters: the mass of the scalar field and the coupling constant
A. For the quartic self-interaction potential, €pighey — 00, Whereas

for a generic potential, epgpe, is expected to be of order € ~ 1.

we have assumed that the constant term n = 0 is zero and
have excluded the n =1 term in Eq. (Al) since its
contribution is already included in the mass of the scalar
field m,. Note that the first term of this series corresponds
to the quartic A|¢|* self-interaction potential of Eq. (1b),
with 4 = v,/4!; however, now we have an infinite number
of additional self-interaction terms that also contribute to
the potential energy of the field.

After introducing this potential into the action (1)
and working out the nonrelativistic approximation as we
described in Sec. II A, the self-interaction term in Eq. (3) is
modified to

A | |4 1 Ve |l//|2

am2 " 2400, mgM? " |’

(A2)

In the nonrelativistic limit, y ~ M%lmoe, and the
second term in the square bracket starts to contribute
to the equations of motion when €~ €yigher =

\/240v,/vs(M/Mp), which should be compared with
€sir = m3/(AM3,), which signals the onset of the quartic
self-interaction and is naturally smaller. For instance, if
M ~ Mp and all the coefficients v,, are of the same order,
then the higher orders of the potential show up at the same
scale than the relativistic effects, when ¢ ~ ¢,y = 1. This
leads to the conclusion that the nonrelativistic limit that we
have introduced in Eq. (3) is generic and valid beyond the
quartic self-interaction theory A|¢|*. These observations are
illustrated pictorially in Fig. 10.

APPENDIX B: COMPARISON WITH THE WORK
IN REFS. [27,28]

The Einstein-Klein-Gordon action in Eq. (1) of our
paper coincides with that of Eq. (1) in Refs. [27,28]
provided we perform the following identifications: Mp =1,
my =pu and qﬁ:%d). However, there is a factor 2

of difference in our definition of the self-interaction
parameter (4); i.e., Agurs = 2Aueir- Taking this into account,
it is possible to conclude that, in the nonrelativistic limit
[cf. Egs. (8) and (16)],

”Agurq 1/2 |(I)0|
Go = | —urs = V21 A —2,  (BI
oo (2 M12>1m0 0y T their Mpl ( )

where in this appendix, we have reintroduced the overbar to
indicate dimensionless quantities. Given that the authors of
Refs. [27,28] work in Planck units, Mp; = 1, we can relate
field amplitudes in our paper to those of Refs. [27,28]
through 6o = V27 Apeir| Do |-

In Ref. [28] it is reported that, for second excited states
(n = 2) with frequency @ = 0.92 and y = 1, the minimum
value of the self-interaction parameter for which a
configuration is stable under radial perturbations is
Ageir = 150, corresponding to a central amplitude of
approximately @, ~ 1.3 x 1072 (see Fig. 7 in [28]), which
translates to 6y ~ 4.9 in our paper. We can compare this
result with the stability bands at L =0 that we have
identified in the right panel of Fig. 8, i.e. 2.2 <5, <2.5,
and 3 < 6y < 6.4. Even if the correspondence is only at the
order of magnitude level, it is important to stress that the
configurations with @ = 0.92 are relativistic, so we do not
expect a perfect match.

Furthermore, evidence of stability/instability bands can
be also inferred from the results presented in Ref [27]. In
Fig. 3 of this reference, the authors explore the solution
space corresponding to the first excited states (n = 1)
by varying the self-interaction parameter A and the fre-
quency w. For instance, choosing A = 75, a stability band
emerges as we decrease the frequency from @ = 0.92 to
o = 0.90, leading to excited states that are stable under
radial perturbations. However, further decrease in @ leads
again to unstable solutions. Table 1 of this reference
confirms the same pattern.
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