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The statistical mechanics of an ideal gas of point particles moving in a time independent background
metric with g0j ≠ 0 is investigated. An explicit calculation shows that when there is no background
electrostatic or magnetostatic field the thermodynamic pressure, energy density, and thermally averaged
energy-momentum tensor depend on temperature and chemical potential only through the ratios T0=

ffiffiffiffiffiffi
g00

p
and μ0=

ffiffiffiffiffiffi
g00

p
. A background magnetostatic field does not change this, however with a background

electrostatic field the previous results are multiplied by a factor expð−eA0=T0Þ, which is an exception to the
strict Tolman-Ehrenfest rule because the system is open.

DOI: 10.1103/PhysRevD.109.104001

I. INTRODUCTION

The Tolman-Ehrenfest effect [1–3] originated with the
observation that classical electromagnetic radiation in ther-
mal equilibrium with matter in a static background metric
(∂0gμν ¼ 0 and g0j ¼ 0) would have a thermally averaged
energy-momentum tensor whose temperature dependence
always occurs in the ratio T0=

ffiffiffiffiffiffi
g00

p
, where T0 is spacetime

independent. There are a number of arguments [4–10] that
support the Tolman-Ehrenfest result for the static case
g0j ¼ 0. Reference [10] specifically treats the ideal gas.
There are arguments that the Tolman-Ehrenfest effects

is valid when g0j ≠ 0 [11–19]. A special example in
this category is that of a rotating Minkowski reference
frame [18,19] in which gtϕ is nonzero but there is no
curvature.
The Schwarzschild metric illustrates the issue. In the

original ðt; r; θ;ϕÞ coordinates the metric is static:

ðdsÞ2 ¼
�
1 −

2GM
r

�
ðdtÞ2 − ðdrÞ2

1 − 2GM=r
− r2dΩ2 ð1:1Þ

with dΩ2 ¼ dθ2 þ sin2θdϕ2. The thermodynamic functions
for an ideal gas in this background metric will depend on T0

only through the ratio T0=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2GM=r

p
. A change to the

outgoing Eddington-Finkelstein time coordinate [20,21]

t0 ¼ t − 2GM lnðr − 2GMÞ ð1:2Þ

changes the form of the line element to

ðdsÞ2 ¼
�
1 −

2GM
r

�
ðdt0Þ2 þ 4GM

r
dt0dr

−
�
1þ 2GM

r

�
ðdrÞ2 − r2dΩ2: ð1:3Þ

Since gt0r ≠ 0 this metric is not static but stationary. It will
follow from the calculation described herein that an ideal
gas of point particles in this metric will be the same function
of T0=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2GM=r

p
.

The more important situations are those in which the
metric is stationary and cannot be changed to static by a
coordinate transformation. Though in this paper the metric
is not required to satisfy the Einstein field equations, there
are two familiar stationary metrics that do solve the field
equations and are not coordinate equivalent to a static
metric: the Kerr metric describing an uncharged, but
rotating black hole; and the Kerr-Newmann metric describ-
ing a charged, rotating black hole [22]. In Boyer-Lindquist
coordinates ðt; r; θ;ϕÞ both metrics have gtϕ ≠ 0. The Kerr-
Newman black hole is surrounded by a static electric field
and a static magnetic field. There are many other stationary
metrics that solve the field equations [23]. A limitation of
the present analysis is that equilibrium statistical mechan-
ics, whether done in the canonical or the grand canonical
ensemble, applies to situations in which the total number of
particles is conserved. Thus if the metric has an event
singularity statistical mechanics is only applicable well
outside the event horizon.
The Kerr-Newman example motivates extending the

investigation to include arbitrary background electrostatic
and/or magnetostatic fields and this leads to a specific
exception to the Tolman-Ehrenfest effect. The exception can
be illustrated by a simple example. Consider an ideal gas of*hweldon@WVU.edu
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nonrelativistic point particles with no gravitational field. In
kinetic theory the distribution function for such a gas in
thermal equilibrium is

f0 ¼ n0

�
2π

mT0

�
3=2

e−p
2=2mT0 : ð1:4Þ

The particle density n0 ¼
R ½d3p=ð2πÞ3�f0 is spatially uni-

form. Suppose the particles have charge e and a time-
independent external electric and magnetic field is imposed.
After equilibrium is achieved the new distribution function
should satisfy the Vlasov equation [24]

∂f
∂t

þ vj
∂f
∂xj

þ eðEþ v ×BÞj
∂f
∂pj

¼ 0: ð1:5Þ

In a complete analysis E and B would be the sum of the
external fields and the internal fields; the internal fields
being determined self-consistently by solving Maxwell’s
equations with the charge density and current density
computed from the distribution function f. If the external
fields are much stronger than the internal fields produced by
the charged particles thenE andBmay taken as the external
fields, with time-independent scalar and vector potentials A0

and A. The solution to the Vlasov equations is

fðx;pÞ ¼ n0

�
2π

mT0

�
3=2

e−½ðp−eAÞ2=2mþeA0�=T0 ð1:6Þ

where A0 and A are evaluated at the position xðtÞ of the
particle and f has no explicit time dependence. The particle
density is

nðxÞ ¼
Z

d3p
ð2πÞ3 fðx;pÞ ¼ n0e−eA0ðxÞ=T0 : ð1:7Þ

The factor exp½−eA0=T0� will appear in other thermody-
namic functions: pressure, energy density, entropy den-
sity. (The gauge transformation that eliminates A0 would
make A time-dependent and the distribution function
would no longer satisfy the Vlasov equation.) It will turn
out that in the presence of a stationary gravitational
field the same factor exp½−eA0=T0� will occur, whereas
the Tolman-Ehrenfest expectation would be a factor
exp½−eA0

ffiffiffiffiffiffi
g00

p
=T0�. This is not in conflict with derivations

of the Tolman-Ehrenfest effect [4–18] which rely
on ðTμνÞ;μ ¼ 0.
Throughout the discussion the particles are thermalized;

the internal electric and magnetic fields produced by the
charged particles are neglected and A0, A are unthermal-
ized, external potentials.
The central problem is that the non-vanishing of g0l

makes the Hamiltonian for a point particle moving on the
geodesics of a time-independent background metric rather
complicated. It will be shown in Sec. II that the particle

Hamiltonian in the absence of a background electrostatic or
magnetostatic field is

H̄¼ 1

g00

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g00ðm2−gijpipjÞþðg0lplÞ2

q
þg0lpl

�
: ð1:8Þ

Here pjðtÞ are the canonical momenta and the metric
components are evaluated at the particle position xiðtÞ.
Though covariant metric components gαβ do not appear in
H̄, the minimum value of H̄ occurs at pj ¼ −mgj0=

ffiffiffiffiffiffi
g00

p
and the minimum energy is m

ffiffiffiffiffiffi
g00

p
.

Outline. Section II derives the Hamiltonian H̄ and
incorporates a time-independent background of static elec-
tric and magnetic fields. The Hamiltonian leads to the
partition function and the thermodynamic pressure in the
grand canonical ensemble in terms of two parameters T0

and a chemical potential μ0. The pressure due to the
particles is of the form eβ0ðμ0−eA0ÞP̄.
Section III computes P̄ explicitly and after using a

particular addition theorem for Bessel functions the final
result is

P̄ ¼ m2

2π2

�
T0ffiffiffiffiffiffi
g00

p
�

2

K2

�
m

ffiffiffiffiffiffi
g00

p
T0

�
ð1:9Þ

with no dependence on g0l or gjk.
Section IV contains the computation of the thermally

averaged energy-momentum tensor. The particle contribu-
tion has the perfect fluid form

hTμν
parti ¼ eβ0ðμ0−eA0Þ½UμUνðρ̄þ P̄Þ − gμνP̄�: ð1:10Þ

Section V discusses the low temperature limit and how to
change from classical Boltzman statistics to Bose or Fermi
statistics.
Appendix A details the change of integration variables

from the canonical momenta to Euclidean momenta that
makes possible the integration in Sec. III.
Appendix B proves a result used in Sec. IV, namely that

the thermally averaged energy-momentum tensor may be
calculated from the variational derivative of the partition
function with respect to the time-independent metric:

δ lnZ
δgμν

¼ −
β0

ffiffiffi
g

p
2

½hTμν
parti þ Tμν

field�: ð1:11Þ

Because g0j ≠ 0 it is not trivial to computeHfield in terms of
the canonical momenta πj and the covariant fields Fjk. The
result is displayed in (2.23). The derivative of this
Hamiltonian density with respect to the metric, keeping
πj and Fjk fixed, yields the usual Hilbert energy-momen-
tum tensor Tμν

field when the momenta are re-expressed in
terms of field strengths.
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Appendix C gives specific results for the energy density,
number density, and entropy density. At low temperature
the entropy density is given by a local form of the Sackur-
Tetrode equation.
Greek letters run over 0, 1, 2, 3; Latin letters over 1, 2, 3.

The metric signature is ðþ − −−Þ and g ¼ j detðgμνÞj;
and ℏ ¼ c ¼ 1.

II. HAMILTONIAN AND PARTITION FUNCTION

The first step is to derive the expression (2.31) for the
thermodynamic pressure. The starting point is the action
for N particles in a background comprised of a time-
independent metric plus electrostatic and magnetostatic
fields [25]

S ¼ −
XN
n¼1

�
m
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gμνðxnÞdxμndxνn
q

þ e
Z

AμðxnÞdxμn
�

−
Z

d4x
ffiffiffi
g

p
4

FμνðxÞFμνðxÞ: ð2:1Þ

The particle coordinates xjn depend on the time coordinate
x0n or equivalently on the proper time dτn ¼ gμνðxnÞdxμndxνn.
With g0j ≠ 0 the proper time is not time reversal invariant
and the particle motion is not time-reversal invariance.

A. Hamiltonian for N particles

The Lagrangian for N particles is a sum of identical
terms

LN ¼
XN
n¼1

Lðxin; vjnÞ

where vjn ¼ dxj=dx0n and each term has the form

Lðxi; vjÞ ¼ −m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g00 þ 2gj0vj þ gjkvjvk

q
− eðA0 þ AjvjÞ:

The metric and the vector potential are evaluated at the
position of the particle xkðtÞ. The canonical momentum is

pj ¼
∂L
∂vj

¼ −mðgj0 þ gjkvkÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g00 þ 2g0ivi þ gilvivl

p − eAj: ð2:2Þ

In terms of the velocity vj ¼ dxj=dt this means that

Hpart ¼ pjvj − L

¼ mðg00 þ g0jvjÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g00 þ 2g0ivi þ gilvivl

p þ eA0: ð2:3Þ

To express the velocity in terms of the momentum it is
convenient to define

p0
j ¼ pj þ eAj: ð2:4Þ

Note that pj depends only on t and Aj depends on xiðtÞ.
Equation (2.2) may be inverted to express the velocity in
terms of momenta

vj ¼ gj0

g00
−

cjkp0
kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g00½m2 − cilp0
ip

0
l�

q : ð2:5Þ

The matrix cjk is given by

cjk ¼ gjk −
gj0gk0

g00
ð2:6Þ

and satisfies

gijcjk ¼ δki : ð2:7Þ

(For the special case in which gij is diagonal, one can
calculate gμν by Cramer’s rule and show that cjk is diagonal
and cjj ¼ 1=gjj.) The Hamiltonian for each particle is

Hpart ¼ H̄ þ eA0

H̄ ¼ 1

g00

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g00ðm2 − cilp0

ip
0
lÞ

q
þ g0lp0

l

�
: ð2:8Þ

The minimum of H̄ is m
ffiffiffiffiffiffi
g00

p
and occurs at p0

j ¼
−mgj0=

ffiffiffiffiffiffi
g00

p
. For small velocity H̄ may be expanded as

H̄ ¼ m
ffiffiffiffiffiffi
g00

p �
1 −

gijvivj

2g00
þ 2

�
g0lvl

g00

�
2

þOðv3Þ
�

ð2:9Þ

which shows that for small velocity if g0lvl ≠ 0 the energy
is higher than for a static metric.

B. The equation of motion

Though equilibrium statistical mechanics does not
employ the equation of motion it is important to check
that the Hamiltonian does give the correct equation of
motion for the particles. Hamilton’s first equation

vj ¼ ∂Hpart

∂pj
ð2:10Þ

reproduces (2.5). Hamilton’s second equation

−
dpj

dt
¼ ∂Hpart

∂xj
ð2:11Þ

will yield the equation of motion. It is convenient to employ
the proper velocity
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uμ ¼ dxμ

dτ
ð2:12Þ

with components

uj ¼ vjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g00 þ 2g0ivi þ gilvivl

p ð2:13Þ

u0 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g00 þ 2g0ivi þ gilvivl

p : ð2:14Þ

Since uα ¼ gαμuμ, reference to (2.2) and (2.3) shows that

pj ¼ −muj − eAj ð2:15Þ

Hpart ¼ mu0 þ eA0: ð2:16Þ

Hamilton’s second equation (2.11) becomes

m
duj
dt

þ e
dAj

dt
¼ m

∂u0
∂xj

þ e
∂A0

∂xj
: ð2:17Þ

A simple way to compute the spatial derivative of u0 is to
apply ∂=∂xj to m2 ¼ gμνuμuν, which results in

u0
∂u0
∂xj

¼ −
1

2
ð∂jgμνÞuμuν þ euk∂jAk: ð2:18Þ

Multiplying (2.17) by u0 and using u0ðd=dtÞ ¼ d=dτ gives

m

�
duj
dτ

−
1

2
ð∂jgμνÞuμuν

�
¼ eFjαuα: ð2:19Þ

As yet there are only three equations. To obtain the
fourth contract (2.19) with uj and use ujðduj=dτÞ ¼
−u0ðdu0=dτÞ to obtain

m
du0
dτ

¼ eF0juj: ð2:20Þ

The four components of (2.19) and (2.20) are summ-
arized by

m

�
duλ
dτ

−
1

2
ð∂λgμνÞuμuν

�
¼ eFλαuα: ð2:21Þ

The contravariant form of this equation is

m

�
duλ

dτ
þ Γλ

μνgμνuμuν
�

¼ eFλαuα; ð2:22Þ

which is the correct equation of motion for a particle in a
background electric/magnetic field [26]. Solutions for the
particle trajectories are obtained in [27].

C. Hamiltonian for the background
electric/magnetic field

The Hamiltonian for the background electromagnetic
field is also needed. The canonical Hamiltonian density
given by Noether’s theorem in terms of the canonical
momenta πj ¼ ∂Lfield=∂ð∂0AjÞ and canonical fields Fjk is

Hfield ¼ −
πjπkgjk
2g00

ffiffiffi
g

p þ πjFjkgk0

g00

þ
ffiffiffi
g

p
4

FjkFlmcjlckm þ πj∂jA0 ð2:23Þ

as shown in Appendix C.

D. Partition function for the ideal gas

In a gas of N particles the Hamiltonian for each particle
is of the form (2.8) and is a function of each particle’s
contravariant position coordinates x1, x2, x3 and its covar-
iant momenta p1, p2, p3. The Hamiltonian forN particles is
the sum of the single particle Hamiltonians:

HN ¼
XN
n¼1

Hpartðxin; pn
j Þ ð2:24Þ

and the total Hamiltonian is HN þ R
d3xHfield. The

Boltzman factor e−β0HN is a product of N exponentials.
The integration of each factor e−β0Hpart over its six-
dimensional phase space is the same and so the partition
function for N particles is

ZN ¼ 1

N!

�Z
d3xd3p
ð2πÞ3 e−β0Hpart

�
N
e−β0Hfield : ð2:25Þ

(Because of the convention ℏ → 1 the denomina-
tor h3 ¼ ð2πℏÞ3 → ð2πÞ3.)
In the grand canonical ensemble the partition function

depends on the chemical potential μ0:

Z ¼
X∞
N¼0

ðeβ0μ0ÞNZN; ð2:26Þ

and therefore

lnZ ¼
Z

d3xd3p
ð2πÞ3 e−β0ðHpart−μ0Þ − β0Hfield: ð2:27Þ

The momentum integration variable may be shifted from
the canonical pj to p0

j

p0
j ¼ pj þ eAj; ð2:28Þ

this removes Aj from the partition function as expected
from the Bohr-Van Leeuwen theorem [28].
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The partition function is directly related to the thermo-
dynamic pressure [29]

lnZ ¼ β0

Z
d3x

ffiffiffi
g

p
P: ð2:29Þ

Therefore

P ¼ Ppart −
1ffiffiffi
g

p Hfield; ð2:30Þ

where the pressure exerted by the gas of particles is

Ppart ¼
T0ffiffiffi
g

p
Z

d3p0

ð2πÞ3 e
−β0ðHpart−μ0Þ: ð2:31Þ

The next step is to perform this integration.

III. CALCULATION OF THE PARTICLE
PRESSURE

The terms in Hpart involving μ0 and eA0 have no
momentum dependence and so

Ppart ¼ eβ0ðμ0−eA0ÞP̄ ð3:1Þ

P̄ ¼ T0ffiffiffi
g

p
Z

d3p0

ð2πÞ3 e
−β0H̄: ð3:2Þ

The dependence on μ0 may be written

β0μ0 ¼
ffiffiffiffiffiffi
g00

p
T0

μ0ffiffiffiffiffiffi
g00

p : ð3:3Þ

and is in agreement with Oscar Klein’s argument [30] that
both T0 and μ0 will always occur divided by

ffiffiffiffiffiffi
g00

p
. The

factor exp½−eA0=T0� in (3.1) is an exception to the Tolman-
Ehrenfest rule and will remain in the final result. This
section will show that P̄ is given by (3.25) and is a function
only of the ratio T0=

ffiffiffiffiffiffi
g00

p
.

A. Euclidean momenta

To compute P̄ it is necessary to change the integration
variables from p0

j with metric gjk into Euclidean momenta
ka. The details of this transformation are given in
Appendix A. The Hamiltonian becomes

H̄ ¼ 1ffiffiffiffiffiffi
g00

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2

p
þ s · k

�
; ð3:4Þ

where s is a Euclidean vector with length squared

s2 ¼ g0jgj0 ¼ 1 − g00g00: ð3:5Þ

The minimum of H̄ occurs at ka ¼ −msa=
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2

p
and the

value of the minimum is still m
ffiffiffiffiffiffi
g00

p
. The change in

integration variables requires

d3p0 ¼
ffiffiffiffiffiffiffiffiffi
gg00

q
d3k; ð3:6Þ

which leads to

P̄ ¼ T0

ffiffiffiffiffiffi
g00

q Z
d3k
ð2πÞ3 e

−β0H̄: ð3:7Þ

B. Dimensionless variables

The change to a dimensionless integration variable
u ¼ k=m and introduction of a dimensionless parameter

z ¼ m

T0

ffiffiffiffiffiffi
g00

p : ð3:8Þ

converts the exponent in the integrand of (3.2) to

β0H̄ ¼ z½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p
þ s · u�: ð3:9Þ

The pressure integral is

P̄ðs; zÞ ¼ m4

z

Z
d3u
ð2πÞ3 e

−β0H̄: ð3:10Þ

It appears that P̄ is a function of the two variables s and z.
To show that it actually depends only on a particular
combination of these two variables requires performing the
integration. The angular integration gives

P̄ðs; zÞ ¼ m4

2π2sz2

Z
∞

0

udu e−z
ffiffiffiffiffiffiffiffi
1þu2

p
sinh½szu�: ð3:11Þ

Next expand the sinh in an infinite series:

P̄ðs;zÞ¼ m4

2π2z

X∞
l¼0

ðszÞ2l
ð2lþ1Þ!

Z
∞

0

due−z
ffiffiffiffiffiffiffiffi
1þu2

p
u2lþ2: ð3:12Þ

The necessary integrals are modified Bessel functions of
the second kind [31]:

Z
∞

0

due−z
ffiffiffiffiffiffiffiffi
1þu2

p
u2lþ2¼Γðlþ 3

2
Þ

Γð1
2
Þ

�
2

z

�
lþ1

Klþ2ðzÞ ð3:13Þ

and the pressure becomes

P̄ðs; zÞ ¼ m4

8π2
X∞
l¼0

s2l

l!

�
z
2

�
l−2

Klþ2ðzÞ: ð3:14Þ

By using the asymptotic value of Klþ2ðzÞ either for low
temperature (z ≫ 1) or for high temperature (z ≪ 1) one
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can perform the sum on l and obtain the leading term and
the sub-leading term in either regime and confirm the
Tolman-Ehrenfest effect to that order. This suggests that the
infinite series representation can be simplified.

C. Simpler expression for P̄

It will turn out that the entire series is only a function of
the single variable

z
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2

p
¼ m

ffiffiffiffiffiffi
g00

p
T0

: ð3:15Þ

To show this define the derivative combination

D ¼ z
∂

∂z
þ
�
1

s
− s

�
∂

∂s
; ð3:16Þ

with the property

Dðz
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2

p
Þ ¼ 0: ð3:17Þ

Application of D to (3.14) gives

DP̄ðs; zÞ ¼ m4

8π2
X∞
l¼0

�
s2l

l!
2l

�
1

s2
− 1

��
z
2

�
l−2

Klþ2ðzÞ

þ s2l

l!
ðl − 2Þ

�
z
2

�
l−2

Klþ2ðzÞ

þ s2l

l!

�
z
2

�
l−2

z
d
dz

Klþ2ðzÞ
�
: ð3:18Þ

The last line is simplified by using the identity [31]

z
d
dz

Klþ2ðzÞ ¼ ðlþ 2ÞKlþ2ðzÞ − zKlþ3ðzÞ: ð3:19Þ

All terms proportional to Klþ2 combine:

DP̄ðs; zÞ ¼ m4

8π2
X∞
l¼1

s2l−2

ðl − 1Þ! 2
�
z
2

�
l−2

Klþ2ðzÞ

−
m4

8π2
X∞
l¼0

s2l

l!

�
z
2

�
l−2

zKlþ3ðzÞ: ð3:20Þ

The two series cancel and thusDP̄ðs; zÞ ¼ 0 and so P̄ðs; zÞ
is a function only of the single variable (3.15):

P̄ðs; zÞ ¼ m4

8π2
Ψðz

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2

p
Þ; ð3:21Þ

or equivalently

X∞
l¼0

s2l

l!

�
z
2

�
l−2

Klþ2ðzÞ ¼ Ψðz
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2

p
Þ: ð3:22Þ

To obtain an explicit form for Ψ, set s ¼ 0

�
2

z

�
2

K2ðzÞ ¼ ΨðzÞ: ð3:23Þ

This determines the function Ψ and so for s ≠ 0

P̄ðs; zÞ ¼ m4

2π2
K2ðz

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2

p
Þ

½z
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2

p
�2

: ð3:24Þ

In more physical variables

P̄ ¼ m2

2π2

�
T0ffiffiffiffiffiffi
g00

p
�

2

K2

�
m

ffiffiffiffiffiffi
g00

p
T0

�
: ð3:25Þ

(That the two expressions (3.14) and (3.25) for P̄ are equal
amounts to

1

4

X∞
l¼0

s2l

l!

�
z
2

�
l−2

Klþ2ðzÞ ¼
K2ðz

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2

p
Þ

½z
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − s2

p
�2

; ð3:26Þ

which is a known addition theorem for Bessel func-
tions [32].)

D. Energy density

For later purposes it is convenient to compute the
quantity

ρ̄ ¼ T0ffiffiffi
g

p
Z

d3p0

ð2πÞ3 H̄e−β0H̄ ¼ T0

∂P̄
∂T0

− P̄: ð3:27Þ

Using (3.19) gives

ρ̄þ P̄ ¼ m3

2π2

�
T0ffiffiffiffiffiffi
g00

p
�
K3

�
m

ffiffiffiffiffiffi
g00

p
T0

�
: ð3:28Þ

IV. THE ENERGY-MOMENTUM TENSOR

Appendix B shows that the thermally averaged energy-
momentum tensor may be computed from the variation
derivative of the partition function. Eqs. (B7) and (B24)
give

δ lnZ
δgμν

¼ −
β0

ffiffiffi
g

p
2

h
hTμν

parti þ Tμν
field

i
: ð4:1Þ

Since lnZ ¼ β0
R
d3x

ffiffiffi
g

p
P this is equivalent to

hTμν
parti þ Tμν

field ¼ −
2ffiffiffi
g

p ∂ð ffiffiffi
g

p
PÞ

∂gμν
: ð4:2Þ

Using
ffiffiffi
g

p
P from (2.30) gives
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hTμν
parti ¼ −

2ffiffiffi
g

p ∂ð ffiffiffi
g

p
PpartÞ

∂gμν
ð4:3Þ

Tμν
field ¼

2ffiffiffi
g

p ∂Hfield

∂gμν
: ð4:4Þ

A. Field EMT

In Appendix B, Hfield is expressed in terms of canonical
momenta πj and canonical fields Fjk with the result (B19).
The partial derivative (4.4) is computed keeping πj and Fjk

fixed; when the result is re-expressed in terms of the fields
the result is the usual Hilbert energy-momentum tensor:

Tμν
field ¼ −FμαFνβgαβ þ

gμν

4
FαβFαβ: ð4:5Þ

B. Particle EMT

To implement Eq. (4.3) begin with Ppart ¼ eβ0ðμ0−eA0ÞP̄.
Since P̄ depends only on the g00 component of the metric
the derivative in (4.3) is

hTμν
parti ¼ eβ0ðμ0−eA0Þ

�
−2δμ0δν0

∂P̄
∂g00

− gμνP̄

�
ð4:6Þ

As shown in (3.24) the g00 dependence of P̄ occurs only
through the ratio T0=

ffiffiffiffiffiffi
g00

p
and so a g00 derivative is

equivalent to a T0 derivative:

−2g00
∂P̄
∂g00

¼ T0

∂P̄
∂T0

¼ ρ̄þ P̄: ð4:7Þ

Therefore

hTμν
parti ¼ eβ0ðμ0−eA0Þ

�
δμ0δ

ν
0

ðρ̄þ P̄Þ
g00

− gμνP̄

�
: ð4:8Þ

The thermal average of the particle velocity is zero because
vj ¼ ∂Hpart=∂pj:

Z
d3p0

ð2πÞ3 v
je−β0ðHpart−μ0Þ ¼ 0: ð4:9Þ

The normalized velocity vector of the ideal gas is therefore
Uμ ¼ δμ0=

ffiffiffiffiffiffi
g00

p
, which allows (4.8) to be expressed in the

perfect fluid form

hTμν
parti ¼ eβ0ðμ0−eA0ÞfUμUνðρ̄þ P̄Þ − gμνP̄g

¼ fUμUνðρpart þ PpartÞ − gμνPpartg: ð4:10Þ

Because of the external potential A0ðxÞ the covariant
divergence of hTμν

parti is not zero:

hTμν
parti;μ ¼ gνj

e
T0

ð∂jA0Þ: ð4:11Þ

V. DISCUSSION

A. Low temperature example

The spatial dependence of P̄ comes entirely from g00 and
so P̄ is constant on surfaces of constant g00. The full particle
pressure Ppart ¼ eβ0ðμ0−eA0ÞP̄ has somewhat different iso-
baric surfaces if A0 ≠ 0. The result (3.25) for P̄ may be
evaluated when Z ¼ m

ffiffiffiffiffiffi
g00

p
=T0 ≫ 1 using the asymptotic

behavior K2ðZÞ → e−Z
ffiffiffiffiffiffiffiffiffiffiffi
π=2Z

p
:

Ppart ¼
T0ffiffiffiffiffiffi
g00

p
�

mT0

2π
ffiffiffiffiffiffi
g00

p
�

3=2
eβ0ðμ0−eA0−m

ffiffiffiffiffi
g00

p Þ þ…: ð5:1Þ

The resulting thermodynamic functions (number density,
entropy density, and energy density) are displayed in
Appendix C. The gradient of the pressure is

∂jPpart

Ppart
¼ −β0

�
m
∂jg00
2g00

þ e∂jA0

�
−
5

4

∂jg00
ðg00Þ3=2

: ð5:2Þ

For the Kerr-Newman metric in Boyer-Lindquist coordi-
nates t, r, θ, ϕ both g00 and A0 depend on r and θ. At large
distances the θ dependence is negligible

g00 ≈ 1 −
2GM
r

ð5:3Þ

A0 ≈
Q
r

ð5:4Þ

and the pressure gradient is radial:

dPpart

dr
≈ n

�
−
GMm
r2

þ eQ
r2

�
ð5:5Þ

after using β0Ppart ≈ n and neglecting the OðT0=mÞ cor-
rection. The first term in the parenthesis is the gravitational
force exerted on the particle by the central mass; the second
term is the electrostatic force on the particle.

B. Quantum statistics

The calculations presented are for distinguishable point
particles obeying Boltzman statistics. If instead the par-
ticles are indistinguishable and obey either Bose-Einstein
or Fermi-Dirac statistics the particle pressure becomes

Ppart ¼ −
T0

ξ
ffiffiffi
g

p
Z

d3p
ð2πÞ3 ln½1 − ξe−β0ðHpart−μ0Þ� ð5:6Þ
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where ξ ¼ 1 for Bose statistics and ξ ¼ −1 for Fermi
statistics. When expanded in a series

Ppart ¼
T0

ξ
ffiffiffi
g

p
X∞
b¼1

ðξeβ0ðμ0−eA0ÞÞb
b

Z
d3p
ð2πÞ3 e

−bβ0H̄ ð5:7Þ

the integral is the same as (3.2) except that β0 is replaced by
bβ0. The value of the integral may be read off from (3.25)

Ppart ¼
m2

2π2ξ

X∞
b¼1

ðξeβ0ðμ0−eA0ÞÞb
�

T0

b
ffiffiffiffiffiffi
g00

p
�

2

K2

�
mb

ffiffiffiffiffiffi
g00

p
T0

�

ð5:8Þ

and satisfies the Tolman-Ehrenfest rule except for the eA0

dependence. If the ensemble contains particles and anti-
particles the total particle pressure requires adding to (5.8)
another such series with μ0 replaced by −μ0. A simple
check of (5.8) is that of massless bosons with μ0 ¼ A0 ¼ 0
in which case

Ppart ¼
π2

90

�
T0ffiffiffiffiffiffi
g00

p
�

4

: ð5:9Þ

APPENDIX A: CHANGE TO EUCLIDEAN
MOMENTA

The calculation in Sec. III of the partition function
requires integrating exp½−β0H̄� with respect to the canoni-
cal momenta dp1dp2dp3, where

H̄ ¼ 1

g00

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g00ðm2 − cijp0

ip
0
jÞ

q
þ g0jp0

j

�
; ðA1Þ

with cij as defined in (2.6), and p0
j ¼ pj þ eAj. The spatial

metric gjk may be expanded at any point xi in terms of three
Euclidean frame vectors

gjk ¼ −
X3
a¼1

fðaÞjfðaÞk; ðA2Þ

which are the analogs of vierbeins in three-dimensional
space. (The minus sign arises because the eigenvalues of gjk
are negative.) The contravariant form of the frame vectors is

fiðaÞ ¼ −cijfðaÞj: ðA3Þ

Equations (A2), and (A3) imply

X3
a¼1

fiðaÞfðaÞj ¼ δij

fjðaÞfðbÞj ¼ δab

X3
a¼1

fiðaÞf
j
ðaÞ ¼ −cij: ðA4Þ

The quadratic term in H̄ is

−cijpipj ¼
X3
a¼1

ðfiðaÞp0
iÞðfjðaÞp0

jÞ; ðA5Þ

which suggests introducing Euclidean momenta ka

ka ¼ fjðaÞp
0
j: ðA6Þ

(This is not a canonical transformation: the defining
Poisson bracket fxi; pjg ¼ δij implies fxi; kag ¼ fiðaÞ.) H̄
is now

H̄ ¼ 1

g00

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g00ðm2 þ k2Þ

q
þ g0j

X3
a¼1

fðaÞjka

�
: ðA7Þ

Define a Euclidean vector

sa ¼
g0jfðaÞjffiffiffiffiffiffi

g00
p ðA8Þ

with length

s2 ¼
X3
a¼1

½sa�2 ¼ g0jg0j ¼ 1 − g00g00: ðA9Þ

The Hamiltonian has the simple form

H̄ ¼ 1ffiffiffiffiffiffi
g00

p h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2

p
þ s · k

i
: ðA10Þ

The inverse of relation (A6) is

p0
j ¼

X3
a¼1

fðaÞjka; ðA11Þ

which gives for the Jacobian of the change from p0
j to

Euclidean ka
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d3p0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j detðgijÞ

q
jd3k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g00

j detðgμνÞj

s
d3k

¼
ffiffiffiffiffiffiffiffiffi
gg00

q
d3k ðA12Þ

where g ¼ j detðgμνÞj. These results yield (3.7).

APPENDIX B: Tμν FOR PARTICLES
AND BACKGROUND FIELD

1. Calculation of Tμν
part from Hpart

The energy-momentum tensor for the particles may be
calculated using the Hilbert variational principle:

−
ffiffiffi
g

p
2

Tμν
partðxÞ ¼

δ

δgμνðxÞ
Z

dx00Lpartðx0Þ

¼ δ3ðx − x0Þ
�
∂Lpart

∂gμν

�
∂0xi;xi

ðB1Þ

where the metric variation is performed before the equations
of motion are imposed on the particle velocity and position.
The following steps depend three facts: (i) Lpart does not
depend on the momentum pj, (ii) Lpart ¼ pj∂0xj −Hpart

and pj∂0xj does not depend on the metric, (iii) Hpart does
not depend on the velocity ∂0xi:�

∂Lpart

∂gμν

�
∂0xi;xi

¼
�
∂Lpart

∂gμν

�
∂0xi;xi;pj

ðB2Þ

¼ −
�
∂Hpart

∂gμν

�
∂0xi;xi;pj

ðB3Þ

¼ −
�
∂Hpart

∂gμν

�
xi;pj

: ðB4Þ

Therefore

ffiffiffi
g

p
2

Tμν
partðxÞ ¼ δ3ðx − x0Þ

�
∂Hpart

∂gμν

�
xi;pj

: ðB5Þ

The partition function for the particles

lnZpart ¼
Z

d3xd3p
ð2πÞ3 e−β0ðHpart−μ0Þ ðB6Þ

has a variational derivative

δ lnZpart

δgμνðx0Þ
¼ −β0

ffiffiffi
g

p
2

Z
d3pd3x
ð2πÞ3 Tμν

parte
−β0ðHpart−μ0Þ ðB7Þ

This is the starting point of Sec. IV.

Explicit form for Tμν
part. It is not difficult to explicitly

differentiate Hpart with respect to gμν by considering the
metric dependence of the covariant particle velocity uα.
From (2.15) uj is independent of the metric because pj and
Aj are. The derivative of gαβuαuβ ¼ 1 with respect to gμν

yields

∂u0
∂gμν

¼ −
uμuν
2u0

: ðB8Þ

This gives the derivative of Hpart ¼ mu0 þ eA0. A change
from the contravariant metric to the covariant metric gives

ffiffiffi
g

p
Tμν
part ¼ δ3ðx − x0Þmuμuν

u0
ðB9Þ

as expected.

2. Calculation of Tμν
field from Hfield

a. The canonical Hfield

Because g0j ≠ 0 it is not trivial to computeHfield in terms
of the canonical momenta πj and the magnetic field Fjk.
The starting point is the Lagrange density

Lfield ¼ −
ffiffiffi
g

p
4

FμνFαβgμαgνβ; ðB10Þ

which implies a canonical momentum

πj ¼ ∂Lfield

∂ð∂0AjÞ
¼ −

ffiffiffi
g

p
F0j ðB11Þ

and the Hamiltonian density

Hfield ¼ πj∂0Aj þ
ffiffiffi
g

p
4

FαβFαβ

¼ πjF0j þ
ffiffiffi
g

p
4

FαβFαβ þ πj∂jA0: ðB12Þ

To express this in terms of canonical variables requires the
identity

gjkπk ¼ −
ffiffiffi
g

p
F0kgkj ¼ −

ffiffiffi
g

p
g0μFμj ðB13Þ

which may be solved for F0j:

F0j ¼
1

g00

�
−
gjkπkffiffiffi

g
p þ Fjlgl0

�
: ðB14Þ

This allows the first term in (B12) to be expressed in terms
of momentum and covariant field strength. For the second
term in (B12) use the quantity
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cαμ ¼ gαμ −
gα0gμ0

g00
ðB15Þ

to obtain

FαβFαβ ¼ FαβcαμcβνFμν þ 2
F0αgαμF0μ

g00
: ðB16Þ

Because cαμ is zero if either α ¼ 0 or μ ¼ 0 and F0α is zero
if α ¼ 0 the identity simplifies to

FαβFαβ ¼ FjkcjlckmFlm þ 2
F0jgjkF0k

g00
: ðB17Þ

This allows the second term in (B12) to be expressed as

ffiffiffi
g

p
4

FαβFαβ ¼ πjπkgjk
2g00

ffiffiffi
g

p þ
ffiffiffi
g

p
4

FjkcjlckmFlm: ðB18Þ

The resulting Hamiltonian density in terms of canonical
variables is therefore

Hfield ¼ −
πjπkgjk
2g00

ffiffiffi
g

p þ πjFjkgk0

g00

þ
ffiffiffi
g

p
4

FjkFlmcjlckm þ πj∂jA0: ðB19Þ

A simple check is that ∂0Aj ¼ ∂Hfield=∂πj.

b. The metric derivative of Hfield

The canonical momenta πj and the magnetic field Fjk do
not depend on the metric. The metric dependence of Hfield
due to

ffiffiffi
g

p
is easy to compute from (B19) and gives

�
∂

ffiffiffi
g

p
∂gμν

�
∂Hfield

∂
ffiffiffi
g

p ¼ −
ffiffiffi
g

p
2

�
gμν
4

FαβFαβ

�
ðB20Þ

after using (B18) to convert canonical momentum back into
fields. To compute the metric derivative with

ffiffiffi
g

p
fixed

∂Hfield

∂gμν

				 ffiffi
g

p ðB21Þ

is more difficult and must be calculated for the separate
cases μν ¼ 00; j0; jk. After computing the metric deriva-
tives it is necessary to use the relation

F0k ¼ g0μFμjcjk ðB22Þ

which follows from (B13). The final result is

∂Hfield

∂gμν
¼ −

ffiffiffi
g

p
2

�
−FμαFνβgαβ þ

gμν
4

FαβFαβ

�
: ðB23Þ

A change from contravariant gμν to covariant gμν and the
relation lnZfield ¼ −β0Hfield give

δ lnZfield

δgμν
¼ −β0

ffiffiffi
g

p
2

Tμν
field: ðB24Þ

APPENDIX C: THERMODYNAMIC FUNCTIONS

1. Exact relations

a. Thermodynamic quantities

The thermodynamic pressure due to the particles is

Ppart ¼
T0ffiffiffi
g

p
Z

d3p0

ð2πÞ3 e
−β0ðHpart−μ0Þ: ðC1Þ

Differentiation gives

μ0
∂Ppart

∂μ0
þ T0

∂Ppart

∂T0

¼ Ppart þ ρpart þ n
eA0ffiffiffiffiffiffi
g00

p : ðC2Þ

where

ρpart ¼
1ffiffiffi
g

p
Z

d3p0

ð2πÞ3 H̄e−β0ðHpart−μ0Þ: ðC3Þ

The first term in (C2) is related to the number density:

nffiffiffiffiffiffi
g00

p ¼ ∂Ppart

∂μ0
¼ β0Ppart: ðC4Þ

This is the ideal gas law

Ppart ¼ n
T0ffiffiffiffiffiffi
g00

p ðC5Þ

in local form. The second term in (C2) is related to the local
entropy density

s ¼ ffiffiffiffiffiffi
g00

p ∂Ppart

∂T0

¼ 1

T

�
Ppart þ ρpart þ n

eA0ffiffiffiffiffiffi
g00

p − μn

�
: ðC6Þ

2. Low temperature regime

Using the approximation (5.1) the number density is

nðxÞ ¼
�

mT0

2π
ffiffiffiffiffiffi
g00

p
�

3=2
eβ0ðμ0−eA0−m

ffiffiffiffiffi
g00

p Þ: ðC7Þ

The entropy density sðxÞ can be computed from (C6) and
afterward if the chemical potential is expressed in terms of
the density the result is
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sðxÞ ¼ n

�
5

2
þ ln

�
1

n

�
mT0

2π
ffiffiffiffiffiffi
g00

p
�

3=2
��

; ðC8Þ

which is the local form of the Sackur-Tetrode equation [33]. The energy density of the particles is

ρpartðxÞ ¼ n

�
mþ 3

2

T0ffiffiffiffiffiffi
g00

p
�
: ðC9Þ

[1] R. C. Tolman, On the weight of heat and thermal equilib-
rium in general relativity, Phys. Rev. D 35, 904 (1930).

[2] R. C. Tolman and P. Ehrenfest, Temperature equilibrium in a
static gravitational field, Phys. Rev. 36, 1791 (1930).

[3] R. C. Tolman, Relativity, Thermodynamics, and Cosmology
(Dover Publications, New York, 1987), Sec. 128 and 129.

[4] B. Sánchez-Rey, G. Chacón-Acosta, L. Dagdug, and D.
Cubero, Thermal equilibrium in Einstein’s elevator, Phys.
Rev. E 87, 052121 (2013).

[5] J. A. S. Lima, A. Del Popolo, and A. R. Plastino, Thermo-
dynamic equilibrium in general relativity, Phys. Rev. D 100,
104042 (2019).

[6] C. Cremaschini, J. Kovár, A. Stuchlík, and M. Tessarotto,
Kinetic formulation of Tolman-Ehrenfest effect: Non-ideal
fluids in Schwarzschild and Kerr spacetimes, Phys. Fluids
34, 091701 (2022).

[7] H.-C. Kim and Y, Lee, Local temperature in general
relativity, Phys. Rev. D 105, L081501 (2022).

[8] V. Faraoni and R. Vanderwee, Tolman-Ehrenfest’s criteria of
thermal equilibrium extended to conformally static space-
times, Phys. Rev. D 107, 064072 (2023).

[9] P. Kovtun, Temperature in relativistic fluids, Phys. Rev. D
107, 086012 (2023).

[10] L. Aragón-Munõz, Study of ideal gases in curved spacetime,
Int. J. Geom. Methods Mod. Phys. 20, 2350150 (2023).

[11] C. Rovelli and M. Smerlak, Thermal time and Tolman-
Ehrenfest effect: Temperature as the speed of time, Classical
Quantum Gravity 28, 075007 (2011).

[12] H. M. Haggard and C. Rovelli, Death and resurrection of the
zeroth principle of thermodynamics, Phys. Rev. D 87,
084001 (2013).

[13] C. Rovelli, General relativistic statistical mechanics, Phys.
Rev. D 87, 084055 (2013).

[14] S. R. Green, J. S. Schiffrin, and R. Wald, Dynamic and
thermodynamic stability of relativistic, perfect fluid stars,
Classical Quantum Gravity 31, 035023 (2014).

[15] J. Santiago and M. Visser, Gravity’s universality: The
physics underlying Tolman temperature gradients, Int. J.
Mod. Phys. D 27, 1846001 (2018).

[16] J. Santiago and M. Visser, Tolman-like temperature gra-
dients in stationary spacetimes, Phys. Rev. D 98, 064001
(2018).

[17] M. Xia and Sijie Gao, General proof of the Tolman Law,
arXiv:2305.17307.

[18] J. Santiago and M. Visser, Tolman temperature gradients in
a gravitational field, Eur. J. Phys. 40, 025604 (2019).

[19] M. N. Chernodub, V. A. Goy, and A. V. Molochkov, In-
homogeneity of a rotating gluon plasma and the Tolman-
Ehrenfest law in imaginary time: Lattice results for fast
imaginary rotation, Phys. Rev. D 107, 114502 (2023).

[20] A. S. Eddington, A comparison of Whitehead’s and Ein-
stein’s formulae, Nature (London) 113, 192 (1924).

[21] D. Finkelstein, Past-future asymmetry of the gravitational
field of a point particle, Phys. Rev. 110, 965 (1958).

[22] T. Adamo and E. T. Newman, The Kerr-Newman metric: A
review, Scholarpedia 9, 31791 (2014).

[23] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers,
and D. Herlt, Exact Solutions of Einstein’s Field Equations,
2nd ed. (Cambridge University Press, Cambridge, UK,
2003).

[24] L. D. Landau and E. M. Lifshitz, Physical Kinetics
(Pergamon Press, New York, 1981), §27.

[25] S. Weinberg, Gravitation and Cosmology: Principles and
Applications of the General Theory of Relativity (John
Wiley & Sons, New York, 1972), §12.1.

[26] L. D. Landau and E. M. Lifshitz, The Classical Theory of
Fields, 4th ed. (Pergamon Press, New York, 1975), §90.

[27] E. Hackmann and H. Xu, Charged particle motion in Kerr-
Newman space-times, Phys. Rev. D 87, 124030 (2013).

[28] K. Huang, Statistical Mechanics, 2nd ed. (John Wiley &
Sons, New York, 1987), p. 168.

[29] J. S. Dowker and R. Critchley, Vacuum stress tensor in an
Einstein universe: Finite temperature effects, Phys. Rev. D
15, 1484 (1977), Eq. (18).

[30] O. Klein, On the thermodynamic equilibrium of fluids in
gravitational fields, Rev. Mod. Phys. 21, 531 (1949).

[31] I. S. Gradshteyn and I. M. Ryzhik, Tables of Integrals,
Series, and Products (Academic Press, New York, 1980).

[32] G. N. Watson, A Treatise on the Theory of Bessel Functions,
2nd ed. (Cambridge University Press, Cambridge U.K.,
1966), p. 142.

[33] S. H. Pereira, On the Sackur-Tetrode equation in an ex-
panding universe, Rev. Mex. Fis. E 57, 11 (2011).

TOLMAN-EHRENFEST EFFECT FOR AN IDEAL GAS IN A … PHYS. REV. D 109, 104001 (2024)

104001-11

https://doi.org/10.1103/PhysRev.35.904
https://doi.org/10.1103/PhysRev.36.1791
https://doi.org/10.1103/PhysRevE.87.052121
https://doi.org/10.1103/PhysRevE.87.052121
https://doi.org/10.1103/PhysRevD.100.104042
https://doi.org/10.1103/PhysRevD.100.104042
https://doi.org/10.1063/5.0111200
https://doi.org/10.1063/5.0111200
https://doi.org/10.1103/PhysRevD.105.L081501
https://doi.org/10.1103/PhysRevD.107.064072
https://doi.org/10.1103/PhysRevD.107.086012
https://doi.org/10.1103/PhysRevD.107.086012
https://doi.org/10.1142/S0219887823501505
https://doi.org/10.1088/0264-9381/28/7/075007
https://doi.org/10.1088/0264-9381/28/7/075007
https://doi.org/10.1103/PhysRevD.87.084001
https://doi.org/10.1103/PhysRevD.87.084001
https://doi.org/10.1103/PhysRevD.87.084055
https://doi.org/10.1103/PhysRevD.87.084055
https://doi.org/10.1088/0264-9381/31/3/035023
https://doi.org/10.1142/S021827181846001X
https://doi.org/10.1142/S021827181846001X
https://doi.org/10.1103/PhysRevD.98.064001
https://doi.org/10.1103/PhysRevD.98.064001
https://arXiv.org/abs/2305.17307
https://doi.org/10.1088/1361-6404/aaff1c
https://doi.org/10.1103/PhysRevD.107.114502
https://doi.org/10.1038/113192a0
https://doi.org/10.1103/PhysRev.110.965
https://doi.org/10.4249/scholarpedia.31791
https://doi.org/10.1103/PhysRevD.87.124030
https://doi.org/10.1103/PhysRevD.15.1484
https://doi.org/10.1103/PhysRevD.15.1484
https://doi.org/10.1103/RevModPhys.21.531

