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Primordial black holes can be formed from the collapse of large-amplitude perturbation on small scales
in the early Universe. Such an enhanced spectrum can be realized by introducing a flat region in the
potential of single-field inflation, which makes the inflaton go into a temporary ultraslow-roll period. In this
paper, we calculate the bispectrum of curvature perturbation in such a scenario. We explicitly confirm that
bispectrum satisfies Maldacena’s theorem. At the end of the ultraslow-roll period, the bispectrum is
generated by bulk interaction and field redefinition. At the end of inflation, bispectrum is generated only by
bulk interaction. We also calculate the one-loop correction to the power spectrum from the bispectrum,
called the source method. We find it consistent with the calculation of the one-loop correction from the
second-order expansion of in-in perturbation theory.
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I. INTRODUCTION

Despite no observational evidence, primordial black
holes (PBHs) have been a research interest [1-4] because
they are a potential dark matter candidate [5,6] and they can
explain the origin of binary black holes found by gravita-
tional wave events [7]. The most widely studied formation
mechanism of a PBH is the collapse of large-amplitude
quantum fluctuations on small scales generated in single-
field inflation. On large scales, quantum fluctuations are
tightly constrained by cosmic microwave background
(CMB) observation [8—10]. Their power spectrum is almost
scale invariant with the amplitude 2.1 x 10™. On small
scales, observational constraints are loose enough so it is
possible to have a theory of large amplitude of the power
spectrum [11-17]. Typically ©(0.01) amplitude of power
spectrum is needed to produce a significant amount of
PBHs [18,19].

In our paper [20], we pointed out that such a large
amplitude of small-scale perturbation can affect prediction
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on large scales. This is possible because cubic self-
interaction between perturbation with long and short wave-
lengths induces the one-loop correction to the large-scale
power spectrum. We considered a PBH formation from an
extremely flat region in the potential that induces a
temporary ultraslow-roll (USR) period [21-25]. In the
end, we argued that our result could be generalized into
any PBH formation model with a sharp transition of the
second slow-roll (SR) parameter. We found that if the small-
scale power spectrum reached ((0.01), the one-loop
correction to the large-scale power spectrum would become
comparable to its tree-level contribution breaking the
perturbativity of the theory. Therefore, we have concluded
that PBH formation in single-field inflation is ruled out.

In this paper, we explore the features of this cubic self-
interaction. In Sec. II, we briefly review the power
spectrum of curvature perturbation. In Sec. III, we calcu-
late the bispectrum of curvature perturbation generated by
cubic self-interaction. We explicitly confirm that it satisfies
Maldacena’s theorem. In Sec. IV, we calculate the one-
loop correction to the large-scale power spectrum by two
different methods. We find the same result of the one-loop
correction in both methods. In Sec. V, we conclude
our paper.

II. TWO-POINT FUNCTIONS

In this section, we briefly review the analytical formula of
curvature perturbation in PBH formation [26-32]. We

Published by the American Physical Society
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FIG. 1. Schematic picture of the inflaton potential realizing
PBH formation. When the inflaton is around ¢cyg, scales probed
by CMB observations leave the horizon and it is in the SR regime.
It enters an extremely flat region at r = ¢, undergoing an USR
period. It enters the SR period again at r = 7, until ¢4, the end of
inflation.

consider a formation model from an extremely flat region in
the potential [33] that leads to a temporary USR motion of
the inflaton. The action of canonical inflation is given by

s=3 / & TGMER — (0,0) —2V(). (1)

where M, is reduced Planck scale, g = detg,,, g,, and R
are metric tensor and its Ricci scalar. Consider a spatially
flat, homogeneous and isotropic background,

ds? = —di? + & (1)dx? = (1) (=de + dx?),  (2)

where 7 is conformal time. Equations of motion for the scale
factor a(r) and the homogeneous part of the inflaton ¢(¢)
are the Friedmann equations,

1
3M3,

4'52
M3

2

(30 +v@).  H- ®)

with H = a/a being the Hubble parameter, and the Klein-
Gordon equation,

) . dv
¢+3H¢+@:O. (4)

Here, a dot denotes time derivative.

When CMB-scale fluctuations leave the horizon at
around ¢cyp (see Fig. 1), the potential is slightly tilted
to realize slow-roll inflation, satisfying,

0@

<1, CE=E——F5=——F5——
H>  2M%H?

<1, (5)

A
¢H
where e¢ is a SR parameter. In the SR period, € is

approximately constant. Then the inflaton goes through
an extremely flat region of the potential, between time ¢, to

t,, experiencing an USR period. When inflaton enters this
region with dV/dp ~0, (4) becomes ¢~ —3H¢p, so
¢ « a3, which breaks SR approximation [24]. This makes
e strongly time dependent and extremely small as

¢ -
e ©
pl
We also define the second SR parameter,
é ¢
=—=2e+2-—", 7
1 eH et ¢H ™

which is approximately constant and very small in SR
period |57] < 1, but large in USR period 5 ~ —6. The latter
regime satisfies the condition of the growth of the non-
constant mode of perturbation found in [34], namely,
3 — e+ 1 < 0, so that enhanced spectrum is obtained then.

After the USR period, the inflaton enters the SR period
again until the end of inflation. In both SR and USR
periods, because ¢ is very small, the scale factor can be
approximated as a = —1/Ht o e'’'.

Small perturbation from the homogeneous part, ¢(¢), of
the inflaton ¢(x, 7) and metric can be expressed as

p(x.1) = P(1) + 6p(x. 1),
ds* = —=N?dr* + y,;(dx’ + N'dr)(dx/ + N7dr),  (8)

where y;; is the three-dimensional metric on slices of
constant ¢, N is the lapse function, and N’ is the shift
vector. We choose comoving gauge condition

5p(x,1) =0, vij(x,1) = a*(1)e*™05,;, (9)
where {(x,t) is comoving curvature perturbation. Here,
tensor perturbation is not relevant. Also, N and N' are
obtained by solving constraint equations.

Expanding the action (1) up to the second order of the
curvature perturbation yields,

. 1
S(Z)[g = Mgl/dtd%ca%{g“z —2(51'5)2} (10)
a
In terms of the Mukhanov-Sasaki variable v = zM,

where z = av/2e,
normalized,

the action becomes canonically

"

sG] :% / dedx [(mz— (0iv)2+%vz], (11)

where a prime denotes derivative with respect to 7. In
momentum space, quantization is performed by promoting
the Mukhanov-Sasaki variable as an operator
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AT

v (1) = MplzCk(T) = vp(t)ay + vi(r)aly,

where mode function v, (7) approximately satisfies

2
UZ"‘ <k2—12) Uk :0, (12)

in both SR and USR regimes, and the operators satisfy the
commutation relation [ay,a’, ] = (27)33(k + k') under
the normalization condition,

viivg — vivp = 0. (13)

The general solution of mode function vy (7) is

ii _i —ikt i L ikt
vk(r)—m<l kr)e +m(1+k1>e . (14)

where A; and B, are determined by boundary conditions or
definition of a vacuum state.

At early time, ¢ < t,, the inflaton was in SR period with
Bunch-Davies initial vacuum. Then the mode function of
the curvature perturbation {; = v;/zM, is given by

f = (") L
HT) = 2Mp]\/€S—R *k3/2
X [Al‘ke_ik‘r(l + lkT) - Bl,keih'(l - lkT)], (15)

with the particular choice of A;; =1 and B, ; = 0. Here
€gr 18 € in SR period and subscript x denotes the value at
the horizon crossing epoch 7 = —1/k.

Att, <t <t,, the inflaton is in USR period. We define 7,
and 7, as conformal time corresponding to 7, and f,,
respectively. The SR parameter € can be written as ¢(z) =
esr(7/7,)® based on proportionality in (6). Therefore, the
curvature perturbation becomes,

o) = (=) (%) 3
K= 2Mp1 €SR % T k3/2
x [Ap e * (1 + ikt) — By e (1 — ikz)],  (16)

where coefficients A, ; and B, are determined by match-
ing to the SR solution (15) at the boundary. We consider
instantaneous transition from SR to USR, because it is a
good approximation to numerical solutions [31]. Solutions
of the coefficients by requiring continuity of {;(z) and
() at transition 7 = 7, are

3(1 +k72)
2ik*td

./42’]( — 1 - (17)

31+ ikt e,

By =—
2k 2ik373

(18)

At late time, t 2> t,, the inflaton goes back to SR
dynamics. The curvature perturbation can be written as

a0 = (=) (2) o
W)= 2Mp1 €SR To k3/2
X [As e (1 + ikt) — By e™** (1 — ikz)],  (19)

where coefficients A3, and B;; are determined by match-
ing to the USR solution (16) at the boundary. Solutions of
the coefficients by requiring continuity of {;(z) and ¢ (z) at
transition 7 = 7, are

Asy = ﬁ {0ke, = i) (ke, + i2eriie—m)
— [P (2kz, + 3i) + 3i][k>22 2k, — 3i) — 3i]},
(20)
N {2403 + K233 - 2ike,)] ke, — )
4k°tiT,

+ie 2k [3i 4 k222 (2ke, + 30)] (kt, i)z}. (21)

The two-point functions of curvature perturbation and
power spectrum can be written as

k(1) (1)) = 228 (k + K) (L (2)Ck (7)), (22)

3
22(k7) = (@ (), 23)

the bracket (---) = (0| - - - |0) denotes the vacuum expect-
ation value (VEV), and AZ(k) is the power spectrum
multiplied by the phase space density. We define k; and
k, as wave numbers which cross the horizon at z,; and z,,
respectively. At the end of inflation, 74(— 0), the tree-level
power spectrum is

k3
A% (k.70) = ) 1k (z0)I?

H? k,\ 6
N (s;{zMaeSR) <k> |Asi = Bssl? (24)
p * s

where coefficients A; ; and B; ; are given by (20) and (21),
respectively.

On large scale, the power spectrum approaches an almost
scale-invariant limit,

H2
A2 ry (k) = A2 (k< kg t9) = | c57— | 25
x(SR)( ) s(O)( s 70) <87T2M§1€SR>* @)
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FIG. 2. Power spectrum of the curvature perturbation. At CMB
scale, k < kg, the power spectrum is almost scale invariant. p, =
0.05 Mpc™! is the pivot scale with amplitude AE(SR) (p.) =
2.1 x 107, based on observational result [9]. At small scale,
between k, and k,, the power spectrum is amplified to typically
AE(PBH) ~ 0(0.01) to form appreciable amount of PBHs.

with a small wave number dependence due to the horizon
crossing condition manifested in the spectral tilt,

where 7gg is 77 in SR period. This large-scale limit must be
consistent with CMB observation. On small scale with
larger wave number, k; < k < k,, the power spectrum is

oscillating around,
k,\°©
Bk () (27)

whose high-density peak may collapse into PBHs. It is
amplified by factor (k,/k,)® compared to the CMB-scale
power spectrum. Plot of the typical power spectrum is
shown in Fig. 2.

Az(PBH)

III. THREE-POINT FUNCTIONS

Three-point functions is generated by cubic self-inter-
action. Expanding (1) to third-order of ¢ yields the

interaction action [35],
G _ N oL
SWE] = Spuc[¢] + Se[¢] + drd’x2£({) 5

(28)
dlog A?(SR) . . .
ng—1=——""%— 2cer — e, (26) where the explicit form will be given shortly. The bulk
dlog k interaction Sy [{] reads,
|
3,03 | 242 1, 2 ; 13, 1 21 o0
Spu[¢] = M drd’xa” |e°¢ C+;€ (0:€) 5—26551{5%—56 ¢ §+§€§(5iaj)() +§€77§§ , (29)

where y = ed~>{. The boundary interaction Sg[¢] reads [36,37]

Spll] =

a
+ el £(0,0;£0,0;x — 0*Co%y) -

drd®x ; { 9a3H§3+ g(a 0)? -

C (0:0;20;0;% — *yd*y) —

i OCPPE =G L0

3 3
- czaﬂ : (30)

where total spatial derivatives are omitted. Boundary interactions without ¢ are unimportant because they will not contribute
to the correlation of . The last term is interaction proportional to the equation of motion in the lowest order,

6¢

The function f({) is explicitly given by

o=ttt

(=0 + 020,0,(0¢0,0)] +

(56) =g ewt) - care. (31)

1
577100 = 0720,0,(0600)|. (32)

Performing field redefinition { = & + f(&) generates a third-order terms from the second-order action (10) as

S = sP[e] + / dtd3X{(—2)f(C) (-

@
- ?C(aiaﬂal‘aﬂ -

%) —

d
> < 72 g(aiajé‘aiajx - 52652)()

dr

gcéz - %c%)} : (33)
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where y = e¢0~2¢. Such additional third-order action can-
cels the last term in (28) and all the boundary interactions
including C in (30), so the total action is [35—37]1

S@NE) + SV = SPE] + Spuxlé]- (34)

In terms of &, the total action is simply given by the second-
order action (10) and bulk interaction (29). The interaction
Hamiltonian in terms of & is

Ho = =1 [ @22 |2 + (08¢
- 288080, - 5OE)

+%€3€(aiaja_2€/)2 +%€’1/C/C2} (35)

In the standard SR inflation without PBH formation, the
first three terms and last three terms of (35) have coupling
O(e?) and O(e?), respectively. However, for inflation
model with PBH formation, everything is the same except
the last term of (35) becomes O(e) because n has O(1)
transition [40-44]. Therefore, the leading interaction is

1
Hiy = —EMgl/d%azen’C’CQ. (36)

Three-point functions of ¢ can be written schemati-
cally as

<Ck1 (T)Ckz (T)Ck3 (T)> = <§k] (T)§k2 (T)§k3 (T)>

+ redefinition terms, (37)

where the first term is generated by bulk interaction (35)
and the second term is boundary contribution at 7 from field
redefinition. Higher-order correction to the expectation
value of an operator O(r) is calculated by the in-in
perturbation theory,

'"We understand that there should be additional fourth-order
action of &, which arises from substituting field redefinition to the
cubic-order action. This should not be an issue in calculating
bispectrum. However, such quartic self-interaction can affect the
one-loop correction to the power spectrum. Fortunately, the
fourth-order action of ¢ has been calculated by [38,39] and it
is expected to generates independent contributions to the one-
loop correction than those induced by the cubic self-interaction
because it involves the higher-order SR parameter. We will
calculate the one-loop correction induced by the cubic self-
interaction in Sec. IV.

(O(2)) = <[Texp <i /_ m dT/Him(T/)ﬂ
o) [Texp<—i /_ oo dT’Him(r’))]>, (38)

where T and T denote time and antitime ordering. For
three-point functions, the operator is &y, (7)8k,(7)8k, (7).
The first-order expansion of (38) reads,

(O@) =2 / CdnIm(O@H(z)).  (39)

00

The bispectrum ({y, (7){k, (7)Ck, (7)) is defined as

(Cx, ()¢, (1)¢k, (7)) = (2m)38(k; + Kk, + K3)
X {8k, (T)¢k, (7)Ci, (7). (40)

The squeezed limit, when one of wave numbers in
the bispectrum is very small, the bispectrum satisfies
Maldacena’s theorem [35]2

lim (i, ()4, (1), ()

= —(ns(ka, 7) = D&k, (2)k, (DN Lk, (7)Ek, (1))
= —(n5(ka. 7) = 1)ICk, () PS4, (7). (42)

where we define,

dlog A2(k,7)

kt)—1=
ns(k.7) dlog k

(43)

We emphasize that Maldacena’s theorem is satisfied by the
bispectrum of £, not . We now calculate the bispectrum at
four different epochs.

A. Slightly after the end of USR period

In this subsection, we calculate bispectrum at a time
slightly after the end of the USR period. Note that every

*Maldacena’s theorem is valid for attractor single-clock
inflation. When a nonattractor period exists, it is generalized
as described in [45,46]. As an example, generalized Maldacena’s
theorem in the USR period is

]}lig})<(§kl ()81, () i, (7))

- #Ps(kl )|y (ky. 7) = DHP(ky, 7) + Py (ky, 7)]

+ (1 = ny(ka, 7)) Ps(ky, 7) Py (o, 7)), (41)

where P (k, 7) = {{k (7){_x (7)))- In our context, for perturbation
with p < ky, Py(p,7,) < HP(p,7,) as we can check from (16),
so the consistency condition reduces to the standard one [47].

This is also expected based on [48].

103541-5
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time 7, is written in this subsection implicitly means it is evaluated at z} when the inflaton is already in the second SR
period. The three-point functions of ¢ is given by

<§k1(7e)§kz(7e)§k3 (t.)) = 2/_; dTllm@kl(T)Ckz (T)§k3 (1) Hin(71))- (44)

Substituting in (36) yields the bispectrum,
(4% (Te)Ckz(Te)§k3 (z.)) = —2M12)1 _Te dTle(Tl)TII(TI)az(fl)lm[é:k, (7e)Cx, (Te)Ck3 (%)CEI (Tl)C}:z (71)43;3*(71)] +perm.  (45)

Here and hereafter, +perm means summation over a cyclic permutation of suffices with a tilde in the preceeding expression.
To evaluate the time integral, we remind that # is almost constant in both SR and USR periods, so #'(7) & 0 except for sharp
transitions around 7 = 7z, and 7 = 7,. Therefore, #'(7) can be written as

7 (z) = An[=6(z —7y) + 6(z = 7)), (46)
where An ~ 6. After evaluating the time integral, the bispectrum becomes,
(i (280 (28, (7)) = ~2M2e(c)a(2) Anc, (2G5, (200 (7 )5 (2)Im(Ci, (2)E, *(2.)
+ 2Me(zy)a? (vy) Anim(Cy, (7 )i, (7 )i, (7e) S (7,)87 (287 (7)) + perm. (47)
From the normalization condition (13), we can obtain,

1

m (i (7)Y (7)) = (e, )a(z,) (48)
p e e

Substituting it into (47), we find the squeezed limit of the bispectrum as

{x, ()

«Ck](Te)é‘kz(fe)é‘—kz(z-e)» = —{A’? _4A’7M§1€(1S)02( )I |:§k ( )|

gg»@mﬂ}%mwmmm2<@>

We define a coefficient C(k) = C,(k) + C,(k), where

C.(K) = An. <um—4MMﬂm2mn[gf§g<><ﬂ. (50)

Plot of C, (k) and C,(k) are shown in Fig. 3. For comparison, we also plot n(k,z,) — 1 directly from the mode function
(16). We can see that C(k) almost overlaps with ng(k, 7,) — 1, but they are not precisely equal. Clearly, the coefficient
C(k) # ny(k,7,) — 1, implies that the bispectrum of ¢ does not satisfy Maldacena’s theorem.

The bispectrum of ¢ is given by the bispectrum of ¢ plus contribution from field redefinition. Because 7(z,) = 0, the
leading field redefinition (32) is £¢/H. Noting that a(z,)H = k,, the bispectrum of ¢ reads,

<<Ck] (Te)Ckz(Te)Ck3 (Te)» = «Ckl (Te)gkz(Te)Ch (Te)»
+ k2 (8, (7o )6k, (T) D8k, (T )6, (7)) + €8, (7e) i, (T )WEk, (70)E k(7))
L8k, (7e)8k, (2)DEk, (7o) iy (7)) + &k, (70)E1x, (Te) D&, ()8, (7))
L8k, (70)8k, (2)DCk, (7 )84, (7)) + (&, (70)Ex, (Te) D&k, (766, (7 ) D- (51)

The leading terms in the squeezed limit, k; — 0, are

€&k, (7e)Ck, (7e) i, (7)) = (€, (T )8k, (7e)E i, (7))
+ Kk (Ek, (70)8 i, (TN, ()8, (7)) + (B, (78 (2D, (52)

103541-6
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2 4 6 8 10
k/ks

FIG. 3. Plot of C,(k), Cs(k), B(k), T(k), and ny(k,z,) — 1. We choose k,/k, = 10 just for illustrative purposes.

and more explicitly

€8x, (7e) 8, (7e)C i, (z) ) = — {An—4AnM§1€(Ts)a2( 5)Im [ékz(( )>|2Ck2(.) 1o (7s)
2re [ s (Pl )P (53)
We define contribution from field redefinition as
B Cil(ze)dY (ze)
By = 2re ) 34

so the total coefficient is (k) = C(k) — B(k). The plot of B(k) and T'(k) are shown in Fig. 3. We can see that 7'(k) precisely
equals to n,(k,7,) — 1, which confirms Maldacena’s theorem. Equality 7'(k) = n,(k, 7,) — 1 holds exactly, which one can
confirm by substituting mode function (16) to the explicit form of 7'(k).

B. Slightly before the end of USR period

In this subsection, we calculate bispectrum at a time slightly before the end of the USR period. Note that every time 7, is
written in this subsection implicitly means it is evaluated at 7, when the inflaton is still in the USR period. At this time, there
is still no sharp transition at z,, so the bispectrum of & is

«Ck] (Te)Ckz (Te)Ck3 (Te>>> = 2M12)1€<Ts>a2(7s)A’/lIm[Ckl (Te)Ckz (Te)z.:/g (Te)z.:;"zl (Ts)z.:iz (TS)C;}*} (Ts)] + perm. (55)

Because 7(z,) ~ —6, the leading field redefinitions (32) are #¢?/4 and é¢/H. In the squeezed limit, the bispectrum of ¢ is

(i (2000 (702220 = G )2+ (2 () ()

+k Ck, (70)8 i, (2D (U8, (70)E -k, (7)) + (i, (7)1, (7)) (56)

More explicitly, it can be written as

&k, ()
1k, (7e)

} T An}lel ()Pl (2P (57)

(o (7)o (7)o, (52)) = —{—4AnM§Ie<rx>a2<r Jim [

Z.:kz (%)c;: (Te)
DJRe |27 7
e|: ke|Ck2(Te)|2

|2ék2( 285, (75)

103541-7
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C. Exactly at the end of USR period
In this subsection, we calculate the bispectrum at exactly the end of the USR period. The bispectrum of ¢ is
1
«Ckl (Te)€k2 (Te)€k3 (Te)» = _2M§l€(76)a2 (Te) 5 AﬂCk] (Te)gz] (Te)Ckz (Te)é,;'; (Te)lm(glg (Te)é,;”:; (Te))
+ 2M§]€(Ts)a2 (Ts>AnIm[ék1 (Te)z.:kz (Te>z:k3 (Te)z:;”; <TS>§;~22 (TA)C;":; (Ts)] + perm, (58)

where factor 1/2 arises because only the left half of the Dirac-Delta function is integrated. In the squeezed limit, it becomes

A
1k, (7e)

After adding contribution from field redefinition, the bispectrum of { in squeezed limit is

n(z.)
4

(G (2, (2 ) (7)) = — {lAn A ()% (5l | 25 (50 >]}|ckl<n>|2|ckz<re>|2. (59)

«é’kl (Te)z:kz (Te)é’—kz (Te)» = <<Ck1 (Te)Ckz (Te)C—kz (Te)> 4«€k1 (Te)C—kl (Te) >><<Ck2 (Te)g—kz (Te)»
+ ke Gk, ()8 i, (2D (KK, (7)1, (7)) + K8, (7 )6 i, () D). (60)

and more explicitly

(%) ,
|C (z >|2Ck2( s)Ckz(Ts)

} —n(re>}|<:k,<re>2¢k2<re>|2. (61)

(G (7)o, (2) i (7)) = = {1An 4ARME (e, )z, )m {

Cka (Te)ggct (Te)
—2Re |2
{ AR

We need to define 7(z,) = —An/2 so the squeezed limit of bispectrum becomes a continuous function from 7, to 7.
Therefore, bispectrums (53), (57), and (61) are equal.

D. At the end of inflation

At the end of inflation, 7y(— 0), contribution from field redefinition are negligible because #7(z) ~ 0 and ¢ decays.
Therefore, the bispectrum of { and ¢ are equal

(G, (70)¢k, (70)k, (70)) = (€k, (70)Ck, (70)k, (70))s (62)

and it is given by

<<é'k, (To)Ck2 (To)§k3 (7o) ) = —2M§1 /TO dTle(Tl)n/(Tl)az(Tl)Im[Ckl (TO)CIQ (To)Ck3 (To)é}; (Tl)é'zz (Tl)q”; (71)] + perm. (63)

—00

Substituting (46) into the time integral yields,

(i (20) iy (20) i, (20)) = ~2M2e(e)a () Aqm(Zy, (20) (70) i, (20)5, (2003, (2 ) ()]
+ 2M3e(x,)a® (x,) Aim(Z, (20)i, (70) iy (00)C5, (2,)87 (225 (2,)] + perm. (64)

In the squeezed limit, the bispectrum becomes

<<c:k1<ro>ckz<ro>¢_k2<ro>>>——{4AnM§1e<re>a2<re>I Lf:z(( ))|2¢k2< >¢k2<re>]
A (e, ) e >Im[|f"z(( ))|zck2<.> <a]}|(:kl<ro>|2\ck2<ro>|2. (65)
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0 \ N

-2 4 77" ns(k, ) — 1

N

_af

-6}

. . . .
2 4 6 8 10
k/ks

FIG. 4. Plot of Cy(k) and ng(k,zy) — 1. We choose k,/k, = 10 just for illustrative purposes.

We define the coefficient as

_ 2 (%(T()) 2 * 1% _ 2 * %
Co(k) = 4AnMIm TACNE le(ze)a (7o) (ze)CE (ze) — e(zy)a(z,) 8k (75) ¢ (7)) - (66)

The plot of Cyy(k) is shown in Fig. 4. For comparison, we also plot n,(k, 79) — 1 directly from power spectrum (24). We can
see that Cy(k) precisely equals to ny(k,7y) — 1, which confirms Maldacena’s theorem. The equality Cy(k) = n,(k, 7o) — 1
holds exactly, which one can confirm by substituting mode function (19) to the explicit form of Cy(k).

IV. ONE-LOOP CORRECTION

Schematically, the one-loop correction to the power spectrum of { can be written as

(¢p(70)Cp(t0) N (1) = €&p(70)—p(70) ) (1) + redefinition terms. (67)

The redefinition terms are negligible because they are evaluated at the end of SR period.3 Thus, the one-loop correction at
the end of inflation is simply,

(o () p(m) D 1) = €&p(70)E—p(70) D1)- (68)

In this section, we calculate the one-loop correction to the large-scale power spectrum by two different methods: source
method and direct in-in formalism. The source method utilizes bispectrum to calculate the one-loop correction, which is
used by [47]. Prior to this work, source method is implemented by [52,53], in a similar context. On the other hand, direct in-
in formalism is simply a second-order expansion of the in-in perturbation theory (38), as we did in [20].

A. Source method

Recall the second-order and third-order actions given by (10), (29), and (34). The total second-order and leading bulk
interaction reads,

1
Si] = S|+ Sunle] = M [ arxare| €7 = (0 + 302 (69)
The corresponding equation of motion for § with long wavelength is

Some time after this paper was posted on arXiv, Refs. [49,50] appeared, which calculated the one-loop correction in the same setup
by using the third-order action with boundary terms. With different technical details, both papers claim cancellation between the one-
loop correction induced by the bulk and the boundary cubic self-interactions. In our approach, the boundary interactions and interactions
proportional to the equation of motion are removed by field redefinition, as explained in Sec. III. At present, those papers are criticized
by [51]. We will solve this discrepancy elsewhere, pointing out what is missing in [49,50].
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a‘e 3k
e T (70)

where p is a wave vector on the CMB scale. The last term can be regarded as a source term of the second-order differential
equation. The solution can be written as & = &/ + &°, where ¢/ and &° are the homogeneous and inhomogeneous solutions,
respectively. The mode function of the homogeneous solution is

o) = A, + 5, [ ()

where A, and B, are arbitrary functions of p. The inhomogeneous solution is given by

1 [ d*k
60 =3 [ et [ delemetel @) [ Gt i), (1)

then performing integration by parts leads to,

i) = [ St e () [ b))

NED )
1 [ dz; 7 . Bk d
+Z/_oom/_oo drza2(72)€(fz)’1( )/(271_)3(1 [ k( )Cp—k(Tz)]. (73)

Because we are interested in the finite effect of the amplified perturbation on small scale due to the USR period, the wave

number integration domain is restricted to kg < k < k.. Substituting (46) to the time integral and use approximation p < k
g

yields

1 &’k 1 &k 2
() = =81 [ G a(e) + 300 [ b)) (74
Note that each ¢ in this solution is an operator.
The two-point function of £ can be written as
(€o(70)-p (7)) = (&b (70)85 (70)) + 24&3 (70)8 L0 (70)) + (&3 (20)625 (z0) ). (75)

The first term is simply the tree-level contribution,

€&p(20)E_p(70) 0y = €&h(20)ELp (7)) = 1€, (70) 2, (76)

with power spectrum given in (25). The second and third terms are the one-loop corrections to the two-point function,

€&p(70)E_p(T0) (1) = 24&3 (20)ELp (70) ) + €&} (20)E5p (70))- (77)

The one-loop correction comes from the correlation between inhomogeneous and homogeneous solutions and the
correlation of two inhomogeneous solutions.
First, we calculate the correlation of two inhomogeneous solutions. It reads

3 3
@eam) = (51) [ St (B o, (2 () (79)

where € is defined as

“Note that the second term in (74) cannot be neglected. The approximation ¢ "»(7,) < aH{ ,(z,) holds only for mode functions with
p < k,, which are far outside the horizon at z,.
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Ck(Te) :Ck(fe)

Performing the Wick contraction, it becomes

Gesmn - () [ o]

We can estimate how large is such correction. Performing
integration around k ~ k, leads to

T 2
(€m0 (z0)) ~ 0(1)|Cp(70)|2||?;((75))||2Af(PBH). 1)

Substituting typical numerical values for PBH formation,

p/k; ~ 107 for PBH with mass O(10) M, A pyyy, ~ 0.01,
and A% (p) ~ 107, we obtain

((CIS:.(TO)CS—p(To») N (’)(1) [Az(PBH)P <p>3 <1 (82)
<<€p (TO)C—p (T())»(O) A?(SR)(p) ks

Therefore, the correlation of two inhomogeneous solutions
is very small because of cubic suppression between large
and small scale.

Next, we calculate the correlation between inhomo-

geneous and homogeneous solutions. It reads,
|

k=

2 !
-t (19)
2 2
ol e (a-ga)a] ] (50
|
o
(o)L p(ro)) =50 [ 555 | =il ()
G ERACIGED| 69)

Note that we use &, (7) ~ §p(7,). This can be understood
intutively as follows. We are calculating the one-loop
correction generated by cubic self-interaction. The vertex
factor of the one-loop correction corresponds to the
bispectrum. Such a bispectrum evolves in time with the
dominant contribution at 7 = 7. The one-loop correction at
the end of inflation is obtained by integrating the bispec-
trum over time to the end of inflation, which captures the
main contribution at 7 = 7,.

In this source method, the one-loop correction to the
large-scale power spectrum is proportional to the squeezed
limit of the three-point functions. The first term is nothing
but the squeezed limit of the bispectrum that is given by
(59). The second term are three-point correlations involving
the time derivative of &, which can be calculated from in-in
perturbation theory (39). The squeezed limit of such
correlations, when one ¢ is a long-wavelength perturbation,
is given by

«Ci( (Te)g—k (Te)Cp(Te») = _2M§1 _le dTle(Tl)’/II(Tl)a2<71)Im[C;c(Te)Ck(Te)Cp<Te)C;;*(Tl)Z:E(TI)C};(TI)] + perm. (84)

(e8]

Note that permutated terms with ), can be neglected because they are much smaller than the others. Performing a time
integral with #/(7) given in (46), we obtain

«Ci( (Te)g—k (Te)gp (Te)» = _4M§l€(76)a2(76>%A’7|Cp (Te)|2|§k (76)|2Im(§2(76)€? (72))
+4Mpe(z,)a* (z) An|C , (z,) PIm[C (7,) C (7. ) C (24) i ()] (85)

The first term obviously vanishes, so only the second term contributes to the correlations. Substituting (59) and (85)
into (83) yields,’

5Compared with [47], the author obtains only the first term in (83), although there is the second term due to integration by parts.
However, this is not an essential difference. A more important discrepancy is [47] substitutes Maldacena’s theorem to the first term,
the squeezed bispectrum. The bispectrum of ¢ at the end of the USR period does not satisfy Maldacena’s theorem, as explained in
Secs. IIT A-III C. The bispectrum of & at the end of inflation satisfies Maldacena’s theorem because it is equal to the bispectrum of ¢,
as explained in Sec. III D. The one-loop correction to the power spectrum at the end of inflation is proportional to the bispectrum of §
at the end of the USR period, not the bispectrum of ¢ at the end of inflation. Therefore, substituting Maldacena’s theorem into the first
term in (83) is incorrect.
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1 d*k 2
w0l =5 (1PIep )P [ 5 {5 )P = bt )an(sim| (4ute) - 5p-chte)
X GG E)] (56)
We compare this result to direct in-in formalism in the next subsection.
B. Direct in-in formalism
The second-order expansion of in-in perturbation theory reads,
(O(x)) = (0(0))5.0) + (O@)1.1) + (O(1)) 02)-
11 / dTl / dTZ int Tl mt(T2)>7
- [Lan [7 4O () (). (87)

Because we are interested in the one-loop correction to the large-scale power spectrum, the operator O(z) is &, (79)¢_p (7o)

Substituting the leading interaction (36) leads to,

(€p(70)8-p(70)) (11) 2 pl/ dzya*(z))e(r))n (71)/ dr,a’(7y)e(z2)' (72)

/H{d% } (ki +ky +k3)o(ky +ks +kg)

X (8, (11)8k, (71)8x, (11)p (70)€ p (70)8, (72)8k, (72)k, (72)) (88)
1 o / o 2 /
<§p(TO)C—p(To)>(o,2) 4M oodfla (z))e(z)n' (1) /_oo drya*(z2)e(72)1 (12)
/H[d;k ] (k; 4 ks + k3)6(ky + ks + k)
< ( ) (To)Ck, (Tl)Ckz(Tl )Ck3 (Tl)é‘iu(fz)é‘ks (Tz)§k6(72)>- (89)
The total one-loop correction reads,
€&p(70)6—p(T) N (1) = €&p(70)p(70) D (1.1) + 2Re(C, (70)6—p (70) D(0.2)- (90)
Performing the time integral with #'(z) given in (46) and the Wick contraction, we obtain
3
G0l = 3 MAOIPIEy 0P [ (5 16{ [PatleiPim(e, g (@il
—de(r,)a*(z,)e(z,)a* (r,)Im(C, (70) ) (7)) Im(C (7, )i (7. ) i (2) C (7))
—2e(r,)a*(z,)e(z,)a’ () Im(C, (z,) ) (7)) Im(C3 (7, )i (7,)C5 (24))
(91)

+ [6204|§k|21m(Cﬂ§;7*)Im(é’ké’?)]fzf.\\ } )
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k/ks

FIG. 5. Plot of C,(k), C,(k), and ny(k,7,) — 1. We choose k,/k, = 10 just for illustrative purposes.

The last term is much smaller than the other terms because the curvature perturbation is not amplified at 7 = 7, yet. After
some algebra we find,6

@l [ o {late)P = st im ] (4ae) - i) )

Bl

«Cp (TO)g—p (TO)»(I) =
<& <re>c,t<rs>c;*<rs>] } (93)

Hence, the calculation of the one-loop correction by the direct in-in formalism and source method (86) leads to the same
result.
One-loop correction (93) can be written as’

3
el = 1P [ 555 360 = b + ] luGeP (94)
where C,(k) is defined in (50) and C,(k) is defined as
Ck) = —4mntge(s (e ST oy (95)

Plot of C,(k) is shown in Fig. 5. For comparison, we also plot C,(k) and n,(k, z,) — 1 in the same figure. We can see that
Cy(k) =~ C,(k) = ns(k,z,) — 1, so we can approximate the integral as

; 3
/((217];3 Bcs(k) - Ct(k)] k() ]* =~ _%/d—lz("s(k’ 7.) = DICi(z.))?

(27)
dlog Aj(k,z,) 1,

1 2
= —2/d10gkAs(k, Te)TgkN—EAS(PBH). (96)

®Note that we have to consider the difference between ¢ »(7.) and ¢, (7,) for the second term in (91) because it is comparable to
Im(¢,(z,)¢’(z,)) in the first and third term. From (19), we can obtain

H? A%
Im(&,(70)¢p (7)) = —(m) ;]{3 <k_> : (92)
p * s )

Substituting (48) and (92) to (91) leads to (93).

7Incorrectly substituting Maldacena’s theorem to (83) leads to subtraction of the second term in (97) by the contribution from the field
redefinition at the end of USR period. Recall equality n,(k,z,) — 1 = Ay — B(k) + C,(k) that we discussed below (54). From Fig. 3, we
can see that B(k) ~ Ayn. Substituting Maldacena’s theorem means that one implicitly includes the contribution from the field redefinition
B(k), which almost cancels An. This is the reason Ref. [47] obtains only the first term in (97), although there is a factor of 2 discrepancy
that might come from the prefactor of (77).
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Then, the one-loop correction becomes,

(o (o) —p(z0) D1 » _lAmCP(Té’)'zA?(PBH)

iR [ S

(97)

~ |

We compare the one-loop correction to the tree-level
contribution as

<<Cp(T0)C—p(To)>>(1)
€p(0)Zp(t0) Do)

(A’//) A? s(PBH)

l\)l'—‘

%(A’?) /((;Tk)3|5k<fe)|2- (98)

In order to trust perturbation theory, this ratio must be much
smaller than unity. The first term is the one-loop correction
predicted by [47]. For AZ(PBH ~ 0.1, the rat10 is 0(0.1), so

contribution of the first term is quite small.® However, there
is also the second term. Requiring the second term to be

¥The reason can be intuitively understood as follows. The
integral in (94) can be written as

/k dk
K, k

s

C(k)A (k. 7). (99)

where C(k) is a function coefficient. Because AF (k, 7,) & A ppy)
within the integration domain, the integral strongly depends on
the coefficient. The integral with coefficient C,(k) or C,(k) will
be significantly smaller than integral with constant coefficient,
because C, (k) or C,(k) is oscillating around zero. The first term
in (97) comes from the integral with coefficients C, (k) and C,(k),
while the second term comes from the integral with constant
coefficient Ay. Therefore, it is reasonable that the second term is
dominant compared to the first term.

much smaller than unity leads to the upper bound
A2 Soemy << O(0.01).

In (97), we obtain the bare one-loop correction. Issue
related to regularization and renormalization is discussed in
[20]. Although we focus on SR to USR to SR transition
with Ay = 6, our result is general for any sharp # transition.
We briefly discuss other PBH formation models from
single-field inflation in [20].

V. CONCLUSION

In this paper, we consider a single-field inflation model
with sharp transition of the second SR parameter from SR
to USR to SR period, which leads to PBH formation. We
have derived the bispectrum and one-loop correction in
such a setup. We have shown explicitly that the bispec-
trum in squeezed limit satisfies Maldacena’s theorem. We
have also clarified which terms in the cubic self-
interaction of the curvature perturbation yield contribu-
tion to the squeezed bispectrum. At the end of the USR
period, the bispectrum is generated by the bulk inter-
action and field redefinition. At the end of inflation,
bispectrum is generated only by bulk interaction. We have
also demonstrated that the calculation of the one-loop
correction by source method and direct in-in formalism
leads to the same result, confirming the conclusion of our
paper [20] that the one-loop correction to the large-scale
power spectrum provides a significant constraint to the
small-scale power spectrum.
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