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Weak magnetic fields must have existed in the early Universe, as they were sourced by the cross product of
electron density and temperature gradients through the Biermann-battery mechanism. In this paper we
calculate the magnetic fields generated at cosmic dawn by a variety of small-scale primordial perturbations,
carefully computing the evolution of electron density and temperature fluctuations, and consistently
accounting for relative velocities between baryons and dark matter. We first compute the magnetic field
resulting from standard, nearly scale-invariant primordial adiabatic perturbations, making significant
improvements to previous calculations. This “standard” primordial field has a root mean square (rms) of
a few times 10~ nG at 20 < z < 100, with fluctuations on ~kpc comoving scales, and could serve as the
seed of present-day magnetic fields observed in galaxies and galaxy clusters. In addition, we consider early
Universe magnetic fields as a possible probe of nonstandard initial conditions of the Universe on small scales
k~1—10° Mpc™'. To this end, we compute the maximally allowed magnetic fields within current upper
limits on small-scale adiabatic and isocurvature perturbations. Enhanced small-scale adiabatic fluctuations
below current cosmic microwave background spectral-distortion constraints could produce magnetic fields as
large as ~5 x 107!! nG at z = 20. Uncorrelated small-scale isocurvature perturbations within current big
bang nucleosynthesis bounds could potentially enhance the rms magnetic field to ~107'% — 10719 nG at
z = 20, depending on the specific isocurvature mode considered. While these very weak fields remain well
below current observational capabilities, our work points out that magnetic fields could potentially provide an

interesting window into the poorly constrained small-scale initial conditions of the Universe.

DOI: 10.1103/PhysRevD.109.103536

I. INTRODUCTION

While magnetic fields are ubiquitous in the Universe
[1-4], their origin remains unknown. A possible explan-
ation could be the dynamo amplification of “primordial”
magnetic fields, generated in the early Universe prior to
nonlinear structure formation [4]. Indeed, even seed mag-
netic fields as weak as 107! nG at the time of galaxy
formation could be sufficient to source the magnetic fields
observed today in galaxies and galaxy clusters [5].

In 1950, Biermann showed that magnetic fields can be
generated starting from vanishing initial conditions in an
ionized plasma if the electron density and temperature
gradients are misaligned [6], a process now known as the
Biermann-battery mechanism. About a decade ago, Naoz
and Narayan [7] (hereafter NN13), considered this mecha-
nism within a cosmological context for the first time. They
computed the magnetic field sourced by linear fluctuations
originating from adiabatic initial conditions, assuming the
latter have a nearly scale-invariant power spectrum with
amplitude and slope consistent with large-scale cosmic
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microwave background (CMB) anisotropy data. They
found that these “standard” adiabatic initial conditions
could lead to a magnetic field with root-mean-square
(rms) ~107'® — 10~15 nG at redshift z ~ 10 — 100, fluctu-
ating on comoving scales of order 10 kpc. NN13 accounted
approximately for the effect of supersonic relative motions
between baryons and cold dark matter (CDM) [8], which
they showed to significantly affect the resulting magnetic
field power spectrum.

A by-product of NN13’s work is the understanding that
the cosmological Biermann-battery mechanism is most
efficient on ~1-10 kpc comoving scales. This implies that
the resulting magnetic field could, in principle, offer a
window into initial conditions on these scales, much
smaller and much more poorly constrained than the
~1 — 10% Mpc scales directly probed by CMB-anisotropy
and large-scale structure data. Not only could kpc-scale
initial conditions have a significantly larger amplitude than
their Mpc—Gpc scale counterparts, they may also depart
significantly from adiabaticity, since isocurvature (i.e.
nonadiabatic) initial conditions are especially weakly con-
strained on such scales. The purpose of the present paper
is to compute the magnetic field generated by non-
standard initial conditions through the Biermann-battery
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mechanism, in the hopes that this observable may
eventually serve as a probe of the small-scale primordial
Universe.

A related endeavor was recently undertaken by Flitter
et al. [9] (hereafter F + 23), whose work inspired ours.
Specifically, F + 23 computed the magnetic field sourced
by small-scale compensated isocurvature perturbations
(CIPs), in which initial baryon and CDM perturbations
compensate each other to produce an exactly vanishing
total matter fluctuation. In this work, we significantly
expand on F + 23’s calculation in multiple aspects. First
and foremost, we consider a variety of isocurvature initial
conditions in addition to CIPs, as well as amplified small-
scale adiabatic initial conditions. Second, we numerically
evolve linear electron density and temperature fluctuations,
rather than using simple analytic approximations which can
be inaccurate by up to one order of magnitude. Last but not
least, we incorporate exactly the effect of large-scale relative
motions between baryons and CDM, which significantly
affect the growth of small-scale perturbations, be they
originated from adiabatic or isocurvature initial conditions.
Along the way, we also make some significant improve-
ments to NN13’s original work. We update their prediction
for the magnetic field sourced by standard adiabatic initial
conditions, which we find can reach root-mean-square (rms)
of ~4—5x10"nG at 20<z<100, peaking at z ~ 60,
assuming small-scale initial conditions consistent with the
Planck 2018 best-fit cosmology [10].

Our main result is to predict the magnetic field produced
by nonstandard small-scale perturbations, and can be
summarized as follows. We find that enhanced small-scale
adiabatic initial conditions can lead to magnetic fields as
large as ~107!' nG without violating CMB spectral-
distortion constraints [11]. We also show that, within
current constraints, small-scale isocurvature perturbations
may source magnetic fields reaching ~107'% nG at z = 20,
depending on the specific type of isocurvature mode. We
note that our more accurate treatment leads to a prediction
for the magnetic field sourced by CIPs up to one order of
magnitude larger than that of F+ 23. Although to our
knowledge no observational method currently exists to
probe such weak small-scale magnetic fields at cosmic
dawn (but see Refs. [12,13] for a probe of large-scale
magnetic fields of comparable magnitude), these field
amplitudes are in principle large enough to seed magnetic
fields observed in today’s galaxies and galaxy clusters, and
can be significantly larger than the expectation from
standard adiabatic initial conditions.

The rest of this paper is organized as follows. In Sec. II,
we describe how we calculate perturbations in electron
density and baryonic gas temperature, which are the
principal ingredients of the Biermann-battery mechanism,
including the effect of relative velocity between CDM and
baryons. In Sec. III we derive the power spectrum of the
magnetic field sourced by general electron and temperature

fluctuations through the Biermann-battery mechanism, and
present our results with standard primordial adiabatic
perturbations. In Sec. IV we consider nonstandard adiabatic
and isocurvature initial conditions saturating current con-
straints, and compute the resulting magnetic field power
spectrum. We conclude in Sec. V. We give a pedagogical
derivation of the Biermann-battery mechanism in a cos-
mological context in Appendix A, provide details of our
numerical implementation in Appendix B, and give a
detailed comparison of our work with that of F+4 23 in
Appendix C.

II. EVOLUTION OF PERTURBATIONS

A. Implementation

In this section we describe how we compute the linear
evolution of perturbations in CDM, baryons, free electron
fraction x,, and gas temperature Ty, the latter two being
relevant to the computation of magnetic fields. We separate
perturbations into “large scales” and “small scales,”
depending on whether their comoving wave number k is
less or greater than 1 Mpc~!, respectively.

On large scales, perturbations are insensitive to relative
velocities between baryons and CDM (their effect is only
relevant at k > 40 Mpc~' [8]). Moreover, baryon pressure
is negligible, and as a consequence free-electron and gas
temperature fluctuations do not affect the evolution of
large-scale perturbations at linear level (even though the
converse is true). We may therefore obtain the evolution of
baryon density and velocity perturbations (5, 8;) from the
Boltzmann code crLAss [14], and compute the linear
response of the free-electron fraction and gas temperature
to these perturbations using the modified recombination
code HYREC-2 [15-17], with the method described in
Ref. [18]. This allows us to extract the relative perturbations
o, = ox,/x, and Or,, = 6T gas /T as a function of time
(or redshift) and wave number, for any given initial
conditions.

The same is approximately true for the evolution of
small-scale perturbations prior to kinematic decoupling of
baryons from photons, at z &~ 1060, since at that epoch the
dynamics of baryons is dominated by their coupling to
photons. Therefore, we also use CLASS combined with the
modified HYREC-2 linear-response solution for 4§, , 57% for

small-scale perturbations' until z = 1060. After photon-
baryon kinematic decoupling, baryon pressure becomes

'While perturbed recombination calculations [19-21] are
available in CLASS, in its default setting the code works only
for relatively large-scale modes. Moreover, the perturbed recom-
bination equation implemented in CLASS are only valid in the
limit when photoionizations are negligible, and after transitions
from the excited to the ground state are no longer bottlenecked,
i.e. for z < 900. Except for our neglect of photon perturbations in
the gas temperature evolution, our implementation with the
modified HYREC-2 is therefore more accurate.
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relevant, and as consequence the evolution of baryon fluid
variables becomes coupled to gas temperature fluctuations,
which are themselves coupled to free-electron fraction
fluctuations. Moreover, relative velocities between baryons
and CDM affect the growth of small-scale perturbations,
as they advect baryon and CDM perturbations relative to
one another [8]. Since the effect of baryon-CDM relative
velocities is nonlinear and not included into CLASS, we
implement our own differential equation solver, initialized
with our cLASS + modified HYREC-2 solution at z = 1060.
We follow the treatment of Refs. [8,22]. Given that scales
k > 1 Mpc~! are well within the horizon scale at z < 1060,
we may solve the fluid equations in the subhorizon limit.
We may also neglect photon perturbations, due to their
rapid free-streaming. Moreover, given that relative veloc-
ities fluctuate on scales k ~0.01-0.1 Mpc~!, and only
affect perturbations on scales k =40 Mpc~!, we may
use moving-background perturbation theory [8], by solving
for the evolution of small-scale perturbations on a local
patch of uniform relative velocity v, o 1/a, in the
baryon’s rest-frame. Explicitly, we solve the following
system of coupled differential equations for the baryon
and CDM density perturbations (J5,, 6.) and velocity
divergences with respect to proper space (6,,0,.), as well
gas temperature and ionization fraction perturbations
(5Tgau d,,), where overdots denote derivatives with respect

to coordinate time:

. i
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2
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gc = i (vbc : k)ec - 2H0c A (Qcéc + Qbéh)’

a
61’1 - _abv
. 3H2 2K2
t9b - _2H9b - T (Qcéc + Qbéb) + 7 (51, + 5Tgus)
4p,
A
30
2 T,-T T
5T}=da = _geb + 1—‘C |: J/;Z—v = 5Xg - T : 5Tgas:| ’
gas gas
X dln AB
5, ==—=|8 0
X, . |: Xe + b +aln Tgas Tgag
olnC [0,
—— -6, ) |- 1
N dIn Ry, (3H b)] m

In these equations, all quantities except for the perturbation
variables (8;.,0..6.0..6r,, ,0,,) are by default background
(i.e. homogeneous) quantities, H is the Hubble rate, and
Q, . are the contributions of baryons and CDM to the total
critical energy density. We calculate the background gas
temperature Ty, and free electron fraction x, using the
recombination code HYREC-2 [15-17] implemented in
CLASS [14]. The last term in the baryon momentum

equation, proportional to the background electron density
n, and the Thomson scattering cross section o7, accounts
for residual photon drag after z = 1060, and is required to
obtain accurate results, especially for nonadiabatic initial
conditions. The baryon’s isothermal sound speed squared is
given by C? = Tgas/ﬂmH’ where H= [1 + (ch/mH)xHe]/
(1 + xge +x,) is the mean molecular weight which
depends on the background free-electron fraction x, and
the constant ratio of helium to hydrogen by number xy.
Note that we do not include fluctuations of the molecular
weight since x, < 1 and free-electron fraction fluctuations
remain very small at the redshifts of interest [22]. The
evolution of gas temperature perturbations is governed by
the Compton heating rate

8 T
T, = oty 2)
3(1 + xge + x.)m,

and the evolution of ionization perturbations depends on
the effective case-B recombination coefficient Ag (T, T gys)
[15], as well as on the corresponding effective photoioni-
zation rate By (T,) through Peebles’ C-factor [23]

3RLyoz + AZs,lS

C= ,
3RLya + A2S,15 + 4[3’3

(3)

where A ;, is the two-photon decay rate, and Ry, is the
Lyman-a net decay rate defined as

8tH
3/1iya(1 —x,)ny’

(4)

RLya =

where ny is the number density of hydrogen.

Note that the equation for ionization fraction perturba-
tions is only valid for scales larger than the typical distance
traveled by Lyman-a photons between emission and
absorption events, i.e. for scales k<103 Mpc™' [24]. We
will extrapolate our results to scales k < 10* Mpc™', but
the reader should keep in mind that they can only be fully
trusted for k < 10° Mpc~..

B. Initial conditions and results

We consider five types of primordial perturbations
(defined at z > 103, prior to horizon entry): adiabatic
(AD), baryon isocurvature (BI), CDM isocurvature (CI),
joint baryon and CDM isocurvature (BCI), and compen-
sated isocurvature perturbations (CIPs). For BCI, baryons
and CDM perturbations are initially equal, while for CIPs,
5. = —(Q,/Q.)d, initially, such that baryons and CDM
produce no net gravitational potential. Let us note that, in
principle, all primordial perturbations may contribute to
large-scale relative velocities. However, we checked that
the dominant contribution is always coming from adiabatic
perturbations under current constraints on the amplitude of
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large-scale primordial perturbations. Hence, regardless of
the type of small-scale initial conditions considered when
solving Eq. (1), the relative velocity of CDM and baryon is
always assumed to be determined by that of adiabatic
perturbations.

Each type of initial condition i is characterized
by a single scalar variable Af(k), which is the primordial
curvature perturbation for adiabatic initial conditions, the
initial baryon density for BI, BCI and CIP, and the initial
CDM density for CIL. The output of our code are the transfer
functions 7, of each variable §,, for each type i of initial
conditions, defined through

Sz k. Vi) = Ti(z. k. v - k) AV (k). (5)

where v (which we will simply denote by vy, in what
follows) is the local baryon-CDM relative velocity at
Zini = 1060, which affects perturbations of wave-vector k
only through its projection along k. As a cross check of our
code, we have explicitly computed the matter power
spectrum for adiabatic initial conditions, averaged it over
the Gaussian distribution of relative velocities, and con-
firmed it agrees with the results of Ref. [8].

In the context of magnetic fields, we are especially
interested in the transfer functions of the gas temperature
perturbation 67, and of the free-electron density pertur-
bation 6, = d,, + &y, since these are the relevant fields for
the Biermann-battery mechanism. We show some of these
transfer functions in Fig. 1 for AD and CIP modes.

III. MAGNETIC FIELD FROM THE
BIERMANN-BATTERY MECHANISM

A. General expressions

The Biermann-battery mechanism sources a magnetic
field at a rate proportional to the cross product of the free-
electron density and temperature gradients. In the expand-
ing Universe, this rate is [7,9,25]

d T as
o (a®B) = — i V5, x Vér,,, (6)

where e is the electron charge (see Appendix A for a
pedagogical derivation). We may easily integrate this
equation, and write its explicit solution in Fourier space,
for a given initial value of the local relative velocity
Vhe = Upe(2Zini = 1060):

B(t’ k’ vbc) = m/ot dt,Tgas(t/)

A’k
X/W[kl Xk]anﬂ(t/’khvbc)

X 5Tgﬂs<tlvk - kl’ vbc). (7)

Recalling the definition of the transfer functions in Eq. (5),
and accounting for a possible superposition of multiple
types of initial conditions, we get

3
B(t,k,vy,) =W1)]2e/é:)13[k1 x k|

xS XU (ke k= v ) A (R ) A (ke — ),
i.j

(8)
where i, j = AD, BI, CI, BCI, CIP, and we have defined
X (t.ky ke, V)

t . N . A
_ / AT (V)T (1 Ky e - k)T (. ey - ).
0 aas
)

We see that, for a given realization of the initial conditions,
B(k) depends on the full vector v, in contrast with the
linear fields &, (k), which only depend on w, - k.

We now compute the small-scale power spectrum
Py(t,k, vy.) of the magnetic field, for a given local value
v,.. It is defined as

(B(k) - B*(K')) = (27)*6p (k' — k)Py(k). ~ (10)

under the assumption of Gaussian initial conditions,
uncorrelated between different types:

(A'(k)A* (k') = 6;;(2m) op (K — k)P (k). (11)

Note that our calculation could easily be generalized to
correlated initial conditions. Using the properties of
Gaussian random fields, we arrive at

11 [k
— [ Sk <k
2a462/(2ﬂ)3| 1 XK

Y P (ky)PI(|k—ky ) F & (tky =k, vye).
ij

PB(t’k’ vbc)

(12)
where we have defined

fijT(tvkl»kvac)
= (XU (t.ky Ky, ) — X0 (Ko Ky vpe) P (13)

The local small-scale power spectrum Pg(k, vy.) defined
in Eq. (12) is not statistically isotropic, as it depends on
the direction k through vy - k. Note that, unlike the
matter power spectrum, which depends on relative velocity
only through its projection v, -k along k 8], the local
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FIG. 1. Transfer functions for 6, (left column) and 67 (right column), for adiabatic initial conditions (top panels) and CIPs (bottom
panels). The upper (lower) plot of each panel is for k =100 Mpc~! (k = 1000 Mpc™). For wy, - k = 0, transfer functions are real,
shown in black dashed. For v, - k # 0, transfer functions are complex functions, hence we show both their real (in red) and imaginary
(in blue) parts for vy, - k = 6, where o, ~ 17 km/s is the rms relative velocity per axis.
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small-scale power spectrum of the magnetic field depends
on the relative magnitude v, and on its angle with k
separately, i.e. Py(k, vy.) = Py(k, vpe, Dy - k).

A more physically meaningful quantity is the direction-
averaged power spectrum, which by slight abuse of
notation we denote P(k, v;,..), defined as

d*k
Py(k, vpe) = /EPB(k’ Vpe)

1/ . A
—5/1 d(Dye - k)Pg(k, v, Dye - k). (14)

The isotropic magnetic field power spectrum only depends
on the magnitude of the local relative velocity. Lastly, the
global magnetic field power spectrum Py(k) is obtained by
averaging Ppg(k,vy.) over the Gaussian distribution of
relative velocities at z = 1060, with variance per axis [8]
o3y = (v3.)/3 ~ (17 km/s)?, explicitly,

2 0 :
Py(k) = “ﬂdfdA dvy Uﬁce_%“/zai‘PB(k, Ve )- (15)

From the magnetic field power spectrum, one may obtain
the overall variance of the magnetic field,

3

<B2>:/%p3(k):/dln k%PB(k). (16)

Whenever we quote our results for (B?), we take an upper
cutoff k., = 10* Mpc~! in this integral.

We see that obtaining the magnetic field power spectrum
at a given redshift and wave number requires computing a
5-dimensional integral: three angular integrals (correspond-
ing to the relative angles between k, lAcl and 7y.), one
integral over the magnitude of k;, and one over the
distribution of »y.. Moreover, the integrand in Eq. (12)
itself depends on time (or redshift) integrals of products of
transfer functions. This therefore represents a very signifi-
cant computational challenge, which requires careful opti-
mization to remain tractable. We provide the details of our
numerical implementation in Appendix B.

B. Application to nearly scale-invariant
adiabatic initial conditions

In this section, we show the power spectrum of magnetic
field produced by perturbations in electron density and
gas temperature seeded by “standard” primordial adiabatic
perturbations, with a nearly scale-invariant primordial
power spectrum

k3
S PAOSI(K) = A (k) (17)

10—14 4

10—15 4

10—16 4

20)/(2n%)]"* [nG]

10—]7.

10—18

[k3PB(]€, z

===+ vp =0 km/s

/ —— Averaged over vy

10719 4 /7

10! 10% 103 10*
k [Mpc™}

FIG. 2. Power spectrum of the magnetic field produced by the
Biermann-battery mechanism with primordial adiabatic pertur-
bations, extrapolating the Planck CMB best-fit cosmology [10] to
small scales, at z =20. The gradually colored blue curves
correspond to the local isotropic power spectra Py (k, vy, ) defined
in Eq. (14), for relative velocities vy €[0,40,,], where
614~ 17 km/s. The color of Pg(k, vy.) with v, = 0 starts with
light blue and gets darker as v,,. increases being dark blue with
vpe = 4014 Overall, the amplitude of Py (k, vy, ) increases rapidly
at first with small vy.’s, and after it peaks with v, % 4 km/s at
k~10° Mpc~! the amplitude decreases with wy.. The solid
orange line show the w,.-averaged result Py(k) defined in
Eq. (15). For reference, the dashed orange line shows
Py(k, vy, = 0), the power spectrum one would obtain if neglect-
ing relative velocities.

where the pivot scale is k, = 0.05 Mpc~!, the amplitude is
A, =2.1x 1077, and the spectral index is n, = 0.9665,
which are the Planck CMB-anisotropy best-fit values.

We present our result in Fig. 2, where we show the rms
magnetic field per logarithmic scale, +/k*Pg(k)/27°,
at z=20. We see that it peaks around comoving
wave number k ~ 103 Mpc™!, with an overall rms (B?)!/? ~
4 x 1075 nG. Accounting for relative velocities does
not significantly shift the peak of Pp, but significantly
enhances power on scales k < 10° Mpc~!. In particular,
nonvanishing relative velocities change the large-scale
(small-k) asymptotic scaling of +/k’Pg(k) from o k’/?
to o« k2.

These asymptotic behaviors can be understood as follows.
First, let us note that the reality condition of real-space
perturbations implies that 7, (k, vy, - k) = T5(k, vy - k)
for any perturbation a. Therefore, F ?}) AD (ky,—k,) =
[21m (X" ey, —ky)) .

For v, =0, all transfer functions are real, and as a
consequence, FopAP (ky,—k,, v, =0) =0, implying that,
at lowest order in k, FAPP (ky, k — k;, vy, = 0)  k? for
k < k;. From Eq. (12), we thus find P (k) « k* for k much
smaller than the peak of the integrand (which is around the
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FIG. 3. The rms of velocity-averaged magnetic field produced
by the Biermann-battery mechanism with primordial adiabatic
perturbations, extrapolating the Planck CMB best-fit cosmology
[10] to small scales, as a function of redshift. The rms at z = 20 is
that of the velocity-averaged magnetic field shown as an orange
line in Fig. 2. Note that the redshift-evolution of the rms is
determined by both the production rate of magnetic field and the
dilution of the existing field due to the expansion of the Universe.

Jeans scale k; for adiabatic initial conditions), explaining

the observed scaling \/k*Py (k)  k7/%. For vy, # 0, trans-
fer functions acquire a nonvanishing imaginary part (see
Fig. 1). This implies that F52P (ky, —k;, v, # 0) # 0. As
a consequence, Bq. (12) gives Pg(k) < k> for k < kj,
implying \/k*Pg(k) o k>, as observed in Fig. 2.

Let us recall that our results should only be trusted
for k < 10> Mpc™!, since for smaller scales finite photon
propagation effects may significantly alter the evolution of
perturbed recombination [24].

The redshift evolution of the rms magnetic field is
determined by a competition between the Biermann-battery
production rate and dilution by cosmological expansion.
We show this evolution in Fig. 3, where we see that the rms
magnetic field increases until z &~ 60, after which it starts
decreasing. This interesting result could not easily be
predicted analytically.

Our results are significantly different from those
obtained in the pioneering work of NN13. Specifically,
we obtain an overall magnetic field rms larger than theirs
by at least one order of magnitude, and significantly
different large-scale asymptotic behaviors for Pg(k). We
were able to identify some assumptions that may explain
part of these differences. First, NN13 assume that the
perturbations in free electron density are equal to the
perturbations in free-electron fraction, i.e. that 5, =6, ,
instead of 6, =&, + 6,. However, we find that, for
adiabatic perturbations, |5, | $0.2|8,| at z <50 on all scales
k> 1 Mpc~!. Hence, NN13’s assumption significantly

underestimates the free-electron density perturbation,
which may explain why they obtain a lower magnetic
field amplitude than we do. Second, NN13 estimate the
angle-average power spectrum Pg(k, vy.) by substituting2
Tk, vy) = (| T (k. vp)>)'/? in Eq. (9), where the
average is over the angle between k and wy.. This does
not account for correlations between transfer functions at
different wave numbers for a given relative velocity, as is
correctly accounted for when we average Pjp itself (which is
quartic in transfer functions) over angles. This assumption
of NN13 explains why they obtain the same large-scale
asymptotic scaling for Py (k) regardless of the value of vy
their averaging procedure spuriously eliminates the
imaginary part of X?}) ’AD, which, as we show above, is
responsible for the different asymptotic scaling of
Pg(k, vy, #0). Neither one of these assumptions (nor
the minor differences in our evolution equations for x,)
explain the asymptotic behavior of Py(k) found by NN13,
however: their Fig. 2 shows +/k’Py(k) < k" on large
scales, implying Pg(k) o k%%, independently of v,,. This
result is inconsistent with the fact that Pg (k) should scale ar
least quadratically in k on large scales, as can be seen e.g.
from Eq. (12). Our new results should thus be seen as
updating and superseding those of NN13.

IV. MAGNETIC FIELD AS A PROBE
OF SMALL-SCALE INITIAL CONDITIONS

A. Setup

We now compute the magnetic field generated by the
superposition of the “standard” (CMB-extrapolated) adia-
batic initial conditions with power spectrum given in
Eq. (17), with a nonstandard power spectrum for a single
type of primordial perturbation i (possibly adiabatic as
well) with a Dirac-delta peak at scale k:

. 272
Pi(k) :k—%Az(k0)5D(k—ko)- (18)

The resulting magnetic field power spectrum is then

PB(k7 vbc) = P%td(k? vbc) + P%XStd(k’ vbc) + Pgi(k vbc)7

(19)
which includes the cross term, linear in A2(k),
ixs c? dQIACI A
PB td(k, vbc) = Wk(z)A2(k0) /H |k1 X k|2
X PR =
x Fop® (koky. ke = koky, vye), (20)

2y - . .
Private communication from S. Naoz.
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and a term quadratic in A%(kg), given by

ii T c 2
Py =5 |32 1 - (/2007
2r .. ~ N
[ i ok = Kok )

(21)

for k < 2ky, and vanishing otherwise, where ¢, is the
azimuthal angle of k, in the spherical polar coordinate
system where k is the zenith, and the plane spanned by
(k. De) has ¢y = 0. The term P (k) peaks near k ~ k.

In what follows we apply these results to spikes in the
small-scale adiabatic or isocurvature perturbations, satu-
rating existing upper limits, to show the maximum mag-
netic field they might generate.

B. Application to enhanced small-scale
adiabatic perturbations

CMB anisotropy data only probes relatively large-scale
(k <0.3 Mpc™!) adiabatic modes. On smaller scales, the
most stringent constraints to date can be derived from upper
bounds to CMB spectra distortions. Reference [26] provide
simple analytic expressions for the chemical potential y
and Compton-y distortion sourced by small-scale adiabatic
perturbations with a Dirac-delta spike as in Eq. (18),
accurate to 20% for k > 5 Mpc™!:

e 2.2(eFolki — o= (/b)) A2 (ky), (22)
y & 0.4e~ko/k)* A2 k), (23)

k, = 5400 Mpc!, k,=31.6 Mpc™'.  (24)
COBE-FIRAS [27] constrains |u| <9 x 107 and [y| <
1.5 x 1073 at the 95% confidence interval. This implies
that, the bound on A?(k) is approximately

A%p (ko) < 4 x 1073 eko/ku, (25)

This expression recovers the bounds from either u or y
limits in the region where either one dominates.

Figure 4 shows the velocity-averaged B-field power
spectrum at z =20 produced by adiabatic primordial
perturbations with a Dirac-delta spike saturating spectral
distortion upper limits (in addition to the “standard” nearly
scale-invariant power spectrum), for varying spike posi-
tions k,. We find that magnetic fields can be as large as
~5 x 107! nG, four orders of magnitude larger than that
generated by standard adiabatic initial conditions, without
violating CMB spectral-distortion constraints. This maxi-
mum rms is attained for ky ~ 103 Mpc~!.

10—10

10— 114 %

107124

20)/(2n%)'/* nG]

10—134

(k3 Pp(k, =

10~ . . .
10! 102 103 104
k [Mpc]

FIG. 4. Velocity-averaged magnetic field power spectrum at
7 =20 produced by adiabatic primordial perturbations with a
Dirac-delta spike at k = ky € [10, 10*] Mpc~™' whose amplitude
saturates CMB spectral distortion upper limits, Eq. (25). The
color of the curves starts with light red at k, = 10 Mpc~! and gets
darker as k, increases. Each curve peaks near k ~ k.

C. Application to small-scale isocurvature
perturbations

We now compute the magnetic field power spectrum
generated by various small-scale isocurvature perturbations
saturating current limits. For BI, BCI and CIPs, the most
stringent upper limits come from big bang nucleosynthesis
(BBN) constraints, first derived in Ref. [28] and revised
in Ref. [18], which limit the primordial baryon variance
on scales larger than the neutron diffusion scale,
k <4 x 108 Mpc~!, implying

A%(ky) <0.019, i=BI, BCL CIP (95%C.L.) (26)

For pure CDM isocurvature (CI), the BBN bound does not
apply. Instead, the strongest constraint is the one we
obtained in Ref. [18] based on the perturbation of
the average recombination history, which is of order
A% (ko) 0.7 for ko <500 Mpc~!, and rapidly degrades
for smaller scales. Given that linear perturbation theory
should not apply for such large amplitudes, the precise
value of the bound is not robust. Therefore, for illustration
purposes, we simply compute the magnetic field generated
with AZ(ky) = 1.

We show in Fig. 5 the rms magnetic field (B2)!/?
generated by small-scale isocurvature perturbations satu-
rating the limits described above, as a function of the peak
scale ky. We find that, under current constraints, primordial
isocurvature perturbations have the potential to enhance
(B*)'/2 up to ~3 x 10712 nG for BCI, ~107"3 nG for BI,
and ~10~'* nG for CIP. Since CI are not well constrained
on these scales, they may source a magnetic field with rms

103536-8
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1079
— a  — B

— BCI — CIP

=== w/o standard AD

10716 . .
10! 10? 10° 10*
ko [Mpc™']

FIG. 5. The rms magnetic field at z =20 produced by the
Biermann-battery mechanism with a Dirac-delta primordial
isocurvature power spectrum peaked at k = ky [Eq. (18)]. Note
that while BCI, BI, and CIP are under BBN bound [18,28]
[Eq. (26)] as there is no robust constraint on the amplitude of CI,
we set A%(ky) = 1 for CI. Dashed lines only include contribution
purely from isocurvature perturbations, and solid lines include the
contribution from ‘“standard” adiabatic perturbations. Note that
the rms of By is ~4 x 1071 nG.

up to ~3 x 107'% nG. Note that as Py is the dominant
contribution for {BI, BCIL, CI}, the rms magnetic field
scales as AZ(ky) while (B?)'/2 > (B2 )!/?, where By is
the magnetic field produced with “standard” adiabatic
initial conditions.

One would naively think that the magnetic field from
isocurvature perturbations should be roughly a factor of
A?(ky)/A, larger than that sourced by standard adiabatic
perturbations. However, this is not the case as the growth
rate of perturbations is in general much slower for iso-
curvature perturbations than for adiabatic perturbations (see
Fig. 1), since CDM perturbations are not boosted by the
gravitational potential sourced by photon perturbations in
the radiation-dominated era.

Let us note that CIPs were first considered as a source of
magnetic fields through the Biermann-battery mechanism
in Ref. [9], whose authors considered CIPs with power-law
primordial power spectra. Our treatment iS much more
detailed in several respects, leading to up to one order of
magnitude difference with the results of Ref. [9] with equal
assumptions for the CIP primordial power spectrum. We
discuss the differences between our work and theirs in
Appendix. C.

V. CONCLUSION

In this paper we make the most accurate calculation to
date of the magnetic field produced by a variety of
primordial perturbations through the Biermann-battery
mechanism. To do so, we consistently solve for the

evolution of small-scale perturbations in electron density
and baryon gas temperature, including the effect of large-
scale relative velocity between CDM and baryon.

We first calculate the magnetic field produced solely
from standard, nearly scale invariant primordial adiabatic
perturbations. Our results update and supersede those of the
pioneering work NN13 [7], as we correctly compute the
electron density perturbation, and account for the full
angular dependence of the magnetic field power spectrum
on relative velocities. We show that the resulting “standard”
magnetic field can reach an rms of a few times 10~!> nG at
7 =20-100, with maximal fluctuations on comoving
scales k ~ 103 Mpc~!. This magnetic field can serve as a
seed field to be later amplified by dynamo processes,
possibly explaining the magnetic fields present in galaxies
and galaxy clusters today [4].

In addition, using the fact that the main contribution to
magnetic field comes from perturbations on very small
scales k ~10°-10° Mpc™', we argue that measuring
magnetic fields can be a useful probe for initial conditions
of the Universe on such small scales. We first consider
enhanced small-scale primordial adiabatic perturbations,
and show that they can source magnetic fields as large as
~5x 107" nG without violating current CMB spectral
distortion constraints. We similarly compute the magnetic
field sourced by a variety of small-scale isocurvature
perturbations (baryon, CDM, joint baryon and CDM,
and compensated baryon-CDM isocurvature perturba-
tions). We find that such nonstandard perturbations could
generate magnetic fields as large as ~107!14-1071 nG at
cosmic dawn, depending on the specific type of isocurva-
ture mode, without violating current BBN and perturbed
recombination constraints. While these are extremely weak
magnetic fields, below current detection capabilities, they
may still be a useful observable to consider in the future, as
they could provide a new window into the poorly con-
strained small-scale initial conditions of the Universe.
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APPENDIX A: DERIVATION OF THE
BIERMANN-BATTERY MECHANISM

In this appendix we provide a pedagogical derivation
of the Biermann-battery mechanism, in the cosmological
context. For simplicity we do not account for cosmic
expansion in this derivation (alternatively, it can be thought
of as a derivation in a locally inertial coordinate system),
and restore dependence on scale factors in the final result.
We work in units where ¢ = 1.

1. Electron-proton slip and current density

We consider free electrons and free protons as two
distinct ideal fluids (a more rigorous approach would use
kinetic theory and follow their distribution functions).
For each fluid i = e, p, we denote by n; its number density,
p; = m;n; its mass density, v; its velocity, T; its temper-
ature and P; = n;T; its pressure. Assuming helium is
fully neutral, all of these fields are nearly identical for
electrons and protons, except for their mass densities,
pp R (my/me)p. > p.

In the presence of an electric and magnetic field, the
momentum equations satisfied by each fluid are

dv, VP, e

=-V¢ - E B
o ¢ me( + v, xB)
+ Fep(vp - ve)? (Al)
d vp
o vy L (E+v,xB)
dt pp m,
Pe
- _Fep(vp - ve)’ (AZ)
Pp

where e is the elementary charge, and we neglected photon
drag. Aside from the obvious gravitational, pressure and
electromagnetic forces, the last term, proportional to the
relative velocity between electrons and protons, represents
the drag force arising from frequent Coulomb interactions
between the two species—it is this term which, in practice,
forces electrons and protons to be behave very nearly
as a single fluid. Subtracting the two equations, and only
keeping terms at lowest order in m,/m, < 1, we obtain an
equation for the “slip,” i.e. the velocity difference between
the two species:

(vp - ve) + Fep(vp - ve)

VP,
= ‘—f—i(E—f—vexB).
pe me

dt

(A3)

Let us now estimate I, ,: it is of the order of the rate of
interactions between electrons and protons, namely
[, ~ 1n.(6¢c(ve1) Vrer)» Where o is the Coulomb interaction
cross section and v, is the microscopic (in contrast with

the macroscopic averages v,, v,) relative velocity of
electrons and protons—for completeness, exact expres-
sions for the momentum-exchange rate can be found in
Refs. [29,30]. The Coulomb scattering cross section is
approximately o¢(v) ~ (€2/(m,v?))? ~ o1/ v*, where o7 is
the Thomson cross section. Since microscopic relative
velocities between electrons and protons are dominated
by the electrons’ thermal velocities, we find

Fep ~ neoT(me/Te)3/2' (A4)
We may estimate the ratio of this rate relative to the Hubble
rate by noting that the Thomson scattering rate n,or
becomes comparable to the Hubble rate around redshift
7~ 103, at which point x, ~ 0.1. Hence, we find (assuming
H(z) o z3/? during matter domination, and with n,  x,z°),

r X
—P~ 2 (2/10%)32(m, /T, )2 A5
The electron temperature is approximately
0.25 eV x (z/10%), - > 120,
o { /10, (A6)
0.03 eV x (z/120)%, z <120,

where the transition at z= 120 corresponds to thermal
decoupling from photons. Therefore, we find, at z < 120,
Lep o7 __%e

10 i 00T

(A7)
where we have normalized x, to its freeze-out abundance.
We thus see that, at all relevant times, I',, > H, implying
that electrons and protons are tightly coupled. This allows us
to estimate the slip relative velocity by solving Eq. (A3) in
the quasisteady-state approximation:

—_ ~
veN

1 [VP
¢+ * (E+v,xB)|.

A8
Fep Pe m, ( )

p

This slip is an important quantity as it allows us to deter-
mine the electric current density j = e(n,v, —n,v,)~
en,(v, —v,). We thus have found

VP, m, .
Rlep— -
en, e°n,

E+v,xB+

(A9)

2. Combining with Maxwell’s equations

We now combine Eq. (A9) with Maxwell’s equations.
Given a current density j, the magnetic field satisfies the
forced wave equation

Vxj— 41 2B — V°B]. (A10)

T
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MAGNETIC FIELDS FROM SMALL-SCALE PRIMORDIAL ...

PHYS. REV. D 109, 103536 (2024)

When considering scales much smaller than the Hubble
radius, one may neglect the first term relative to the second
one in the right-hand side of Eq. (A10). Taking the curl
of Eq. (A9) and using Maxwell-Faraday equation (and
neglecting small fluctuations of the prefactor in front
of j), we obtain

1
- 0B+ Vx (v, xB) +—Vx (VP,/n,)

m,

~ rep2—4—v232—,1 V2B, (Al1)

T

where we have defined a characteristic lengthscale

me

Aep =

~ (ez/me)(me/Te)S/z’ (AlZ)

e
P 4ze’n,

where we used Eq. (A4) and or = (87/3)(e?/m,)>.
Inserting Eq. (A6), we thus obtain, for z < 120
Aep ~0.03 cm(z/100)73 (A13)

For fluctuations on a comoving scale k, the ratio of the term

proportional to V2B to the first term in Eq. (A10) is of order
Aep|V2B| . Aepk?
|0,B| a*H

k 2
~ (5o i) GO0 (a9

Therefore, we see that, for any cosmological scales of
interest, the term proportional to V2B may be safely
neglected in Eq. (All). If we restrict ourselves to small
perturbations in the electron density, we may moreover
neglect the term V x (v, x B). We have thus found

1Vn,

e n2

1

0B~-V x (VP,/n,) = x VP,. (A15)
e

With P,=n,T,, and n, =7, (148, ). To=Tg(1+67).

we find

T,
OB~ ——L2V5, x Vo . (A16)
e as
Re-expressing proper gradients in terms of comoving
gradients, and accounting for the dilution of magnetic
fields by 1/a’> due to cosmological expansion, we re-

cover Eq. (6).

APPENDIX B: NUMERICAL IMPLEMENTATION
DETAILS

In this appendix we detail our numerical implementation
of the magnetic field power spectrum.

®

(i)

(iii)

103536-11

We first store the transfer functions of electron
density perturbations 5, and baryon gas temperature
perturbations &7, in tables. We note that, for large
relative velocities or small scales, all perturbations
are proportional to the rapidly oscillating component
ek with phase

v = [ Gk ur)

k%ﬂ“&

where z;,; = 1060. Instead of tabulating the rapidly
oscillating small-scale transfer functions themselves,
we thus tabulate their slow-varying parts

¢(z. k-

1+7
)1+ Zin

(B1)

Tk v k) = e RO Th (2 ki B (B2)
This allows us to get accurate interpolation
results with a coarser table. For small-scale modes,
we store the slow-varying parts 7 for 1,300 wave
numbers k€ [1,2 x 10*] Mpc~™!, 200 values of
v, -ke[0,46,,), and 300 redshift points in
7 €[20, z;,;] logarithmically spaced in scale factor
(or equivalently in 1 + z). For large-scale modes, we
store transfer functions only with v,. = 0 for 450
wavenumbers k€ [3 x 107, 1] Mpc™' and 1,000
redshifts z € 20, z;,;]. When needed, we interpolate
these tables using Python SciPy cubic spline inter-
polator.

We compute the time integral in X 7 [Eq. (9)], using
the trapezoidal rule with the 300 logarithmically
spaced redshifts in z € |20, z;,;] at which we store the
transfer functions at high &’s. This avoids having to
do 3-dimensional interpolation: we only interpolate
over k and vy, - k for each given redshift grid-point.
In principle, this time integral should be extended
to t - 0 (or z — o0), but we checked that it is in
fact already well converged when only including
7 < z;y; = 1060, since the integral is dominated by
late times.

For given values of vy, and oy, - k, we compute the
3-dimensional k-integral of Eq. (12) as follows. We
define the z-axis to be aligned with the vector k, and
let vy, be on x — z plane without loss of generality.
We then perform the integral in spherical polar
coordinates ki, 6, ¢, noting that the symmetry of
the problem implies 02” dp =2 [Fdp. We then
perform 21-point Gaussian-quadrature integration
for ¢ €0, z]. We rewrite the polar angle integral

J1, dcos6 = — fo‘/i 2xdx, where we define
x=+/1-cos6, and then perform 21-point Gaus-
sian quadrature integration for x € [0, \/5] This is to
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better handle a divergence which happens because
the integrand scales as (1 — cos #)~/2 when k; = k.
Given a set of two angular variables, we integrate
over k; from kyy, =3 x 107 Mpc™! to kpy =
10* Mpc™! using the 1-dimensional integrator in
Python SciPy package (scipy.integration.-
quad). Finally, we compute the 2-dimensional
angular integral by trapezoidal rule over sampled
points of cos @ and ¢.

(iv) Finally, we compute the 2-dimensional integral over
Vpe and dy, - k, given in Egs. (14) and (15), by doing
11-point Gaussian quadrature integration for each
I-dimensional integration.

APPENDIX C: COMPARISON WITH FLITTER
ET AL. [9]

In this appendix, we review the assumptions taken in
Ref. [9] (hereafter F 4 23) to compute the magnetic field
generated by CIPs, and contrast them with our detailed
calculation.

On scales much larger than the baryon Jeans scale, baryon
and CDM perturbations are known to remain constant in
time for CIP initial conditions. Motivated by this result,
F+ 23 assume a strictly constant baryon perturbation
5SS = A for all scales k < 400 Mpc™!, and compute the
resulting late-time free-electron density perturbation, finding
6 ~ —0.06A. In contrast, we compute the full time
evolution of the free-electron density perturbation, as a
function of scale, and find that it significantly differs from
(and can be significantly larger than) this constant value even
at scales k < 400 Mpc‘l, as can be seen in Fig. 1.

In addition, F + 23 neglect the gas temperature fluctua-
tions sourced by CIP initial conditions, hence only account
for the cross term 55“’5‘%;1 in the magnetic field source.

This assumption is self-consistent with their assumption of
constant 577, implying 6§ = 0, which thus cancels the
main source of gas temperature fluctuations in Eq. (1). In
contrast, we self-consistently account for CIP-sourced gas
temperature fluctuations, which are in fact comparable to
free-electron density perturbations even for scales signifi-
cantly larger than the Jeans scale (see Fig. 1). We thus
effectively account for two more terms in the magnetic field
source: 53755 and 5¢1SF!.

Moreover, F+ 23 assume that the AD-sourced gas
temperature fluctuations strictly follow the baryon density
fluctuations, 6’}; = 252P. In turn, baryon density fluctua-
tions are assumed to precisely match the total matter
density fluctuation up to a constant Jeans scale k; =
200 Mpc~', and to be suppressed by a factor (k,/k)?> for
smaller scales [19,31], ie. modeled as &P (k) =
min[1, (k;/k)?] x 54P(k). F+23 then model the
matter power spectrum using CLASS at large scales,
extended to small scales (k> 100 Mpc™!) by the

Scale-invariant primordial power spectrum for CIP

10-14
[©)
A
10710
&
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o
~

= 10-16

4 10
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N

=

5] —17
A 10 7 7 -=-- Flitter et al. (vp. = 0km/s)
=, ," —-=--- This work, vp. = 0 km/s

e ’ —— This work, averaged over vy,
10718 T .‘
10! 10% 10% 10*
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FIG. 6. Comparison of our results with those of F -+ 23,
assuming a scale-invariant primordial power spectrum for CIPs
(the case of @ = —3 in their definition). The green dashed line is
the reproduction of calculation done in F + 23, and navy curves
are from our calculations, only including the contributions from
CIPs (and not the contribution from standard adiabatic fluctua-
tions alone).

Bardeen-Bond-Kaiser-Szalay fitting function [32] with
baryon corrections of Ref. [33]. In contrast, we self-
consistently compute the electron density and gas temper-
ature perturbations for AD initial conditions, without
imposing a constant bias with respect to density fluctua-
tions nor any approximate cutoff at the Jeans scale.

Last but not least, F 4+ 23 do not account for relative
velocities between CDM and baryons. Interestingly, these
supersonic relative motions break the exact cancellation of
the gravitational potential, thus allowing density perturba-
tions to grow on scales larger than the baryon Jeans scale.
This effect is thus qualitatively the opposite from what
happens for adiabatic perturbations [8]. However, it does
not necessarily lead to an overall increase of the magnetic
field power, since it pushes gas temperature fluctuations
closer to the adiabatic limit 5Tgas - %5b, and makes the ratio
5Tgas /6, closer to being scale-invariant, i.e. “aligns” more
the gradients of gas temperature and electron density
fluctuations.

As a concrete example, we consider a scale-invariant
primordial power spectrum for CIPs, Pcp(k) = Zk—’ézACIp,
corresponding to the spectral index &« = —3 case in F 4 23.
In that case the upper limit on Acp is dominated by
large-scale CMB-anisotropy constraint, which with our
convention’ is Acpp < 0.88 x 1073 [34].

We see in Fig. 6 that the magnetic field from our
calculations without any approximations is an order of

Reference [34] define Pep(k) = Acpp/ K instead of our
27[2ACIP/ k3
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magnitude larger than the result of F + 23 at z = 20. Note
that the difference would have even been larger had we not
included relative velocities, which lower the rms magnetic
field by a factor of ~2 —3. Also note that, while the
observable magnetic field also includes contributions from

standard adiabatic modes alone [shown to be O(10~!% nG)
in Fig. 2], for a fair comparison, in Fig. 6 we only include
contributions from CIPs, sourced by 5?135(};2, 65“’5’};,
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