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Incompatibility of fine-structure constant variations at recombination
with local observations

Léo Vacher®'"" and Nils Schoneberg 2t

'International School for Advanced Studies (SISSA), Via Bonomea 265, 34136, Trieste, Italy
Institut de Ciencies del Cosmos (ICCUB), Facultat de Fisica, Universitat de Barcelona (IEEC-UB),
Marti i Franqués, 1, EO8028 Barcelona, Spain

® (Received 5 March 2024; accepted 11 April 2024; published 13 May 2024)

Some attempts of easing the critical Hubble tension present in modern cosmology have resorted to using
variations of fundamental constants, such as the fine-structure constant, at the time of recombination. In this
article we demonstrate that there are critical hurdles to construct such viable models using scalar fields,
due to the striking precision of local constraints on the fine-structure constant stability. These hurdles
demonstrate that in single-field models one has to extremely fine-tune the shape of the potential and/or the
initial conditions. Indeed, for single-field models in a potential that is not fine-tuned we can put a generic
bound at recombination of Aa/a <5 x 107 (95% CL).
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I. INTRODUCTION

Thanks to the incredible experimental and theoretical
effort undertaken within the last decades, the precision
of the measurement and understanding of the underlying
cosmological model has steadily increased. However, this
increased precision has uncovered new tensions between
different measurements of cosmological parameters—such
as the Hubble constant (which specifies the current
expansion rate)—within the cosmological standard model
(ACDM, involving a cosmological constant and cold
collisionless dark matter). This Hubble tension between
local distance ladder measurements using Cepheids and
determinations from the Planck satellite measuring the
cosmic microwave background (CMB) anisotropies have
now reached a significance of beyond 56 [1-3].

It has been recently proposed that an early variation of
the fundamental constants could ease this Hubble tension
by delaying the time at which recombination occurs [4-8].
Such primordial variations can be constrained directly
using the CMB anisotropies and spectral distortions, but
these constraints remain loose enough to allow for the
existence of significant deviations with respect to the local
values measured on Earth [8-11]. However, to remain
consistent from a high-energy physics perspective, a space-
time-dependent fundamental constant—as the fine-
structure constant «, quantifying the intensity of the
electromagnetic force—must be induced by a fundamental
field implemented at the Lagrangian level (for a review see
for example [12]). Such fields are for example unavoidable

“Ivacher @sissa.it
L. V. and N. S. contributed equally to this work.

2470-0010,/2024,/109(10)/103520(16)

103520-1

in string theory, with the scalar dilaton field, partner mode
of the graviton, inducing a variation of all the standard
model’s gauge couplings [13].

In general, any model that shows a displacement of such
a coupled field causes a variation of the fine-structure
constant in the early Universe. However, as we will detail
within this work, if a relatively large relative variation of the
fine-structure constant is desired, this displacement should
occur as early as possible. As such, investigating scalar
fields that become dynamical around the time of recombi-
nation are of particular interest. The prime example of such
fields is an axionlike particle (ALP) with a decay constant
such that it becomes dynamical around recombination.
Indeed, such a field has been used to supply an era of early
dark energy (EDE) contribution [14,15], which has also
been shown to provide a successful path in order to ease
the Hubble tension [16-18], though not without caveats
[19-25]. These ALPs are deeply motivated both from high
energy, as solution to the strong CP problem and modes
from string theory [26,27]. Moreover, such ALPs could
produce some parity-violating signal in the cosmic micro-
wave background which claims to have been detected in
Planck data [28-30]. Note, however, that this claim of
detection has been contested by recent analyses as [31]. As
such, an important question to address is whether such an
ALP could be also coupled to electromagnetism and induce a
variation of the fine-structure constant, further alleviating the
H tension (and/or overcoming the shortcomings of EDE). As
proposed in [32], such a field fully coupled to electromag-
netism through both a scalar and a pseudo-scalar term is
expected to be present in general scalar-tensor theories.

We will see that such a scenario would be in conflict
with the extremely tight constraints imposed by laboratory
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data on Earth today. Along with our exploration of
the swampland conjectures in [33], we will derive an
“almost-no-go” theorem, stating that a simple early
varying fine-structure constant scalar field model cannot
possibly provide fine-structure constant variations large
enough to be cosmologically relevant without an extreme
level of fine-tuning in either the potential or the field
initial conditions.

We will start by presenting the theoretical background
for varying fine-structure constant models in Sec. Il A,
followed by the derivation of an almost-no-go theorem
for models with early fine-structure constant variation in
Sec. IIB. The validity of this theorem will then be
demonstrated in two models: axionlike particles coupled
to electromagnetism in Sec. IIl A and a toy model with a
hyperbolic tangent potential in Sec. II B. Finally, we will
discuss the extent and the limits of our study followed by
our conclusions in Sec. IV.

II. THEORETICAL MOTIVATION

In order to remain consistent with the most basic
principles of physics, any variation of the fundamental
constants of nature must be implemented at the Lagrangian
level, promoting the constants to scalar fields. In Sec. I A,
we will present the formalism allowing for a consistent
variation of the fine-structure constant. From this theoreti-
cal background, we will show in Sec. II B using simple
derivations that such scalar field models cannot allow for an
early variation of the fine-structure constant while remain-
ing compatible with local data without an extraordinary
amount of fine-tuning.

A. Fields coupled to electromagnetism

The fine-structure constant « is a dimensionless gauge
coupling quantifying the intensity of the electromagnetic
force. It represents a favorable observable in order to
investigate the possible variation of the fundamental con-
stants, as its impact on physics is well known and it is
possible to measure its value with a great accuracy
throughout cosmic history using multiple independent
probes [34]." As far as we know, the only self-consistent
path to promote a as a dynamical quantity is to introduce
new fields at the Lagrangian level which are responsible for
its variation. If @ — a(¢), then the electromagnetic kinetic
Lagrangian must be modified as

1 1
—ZFWF””—’—ZBF(@FWFW (1)

in order to preserve the U(1) gauge invariance of the theory,
such that the fine-structure constant evolves as

'Additionally, & is dimensionless, and only the stability of
dimensionless constant can be investigated unambiguously. For a
discussion see for example [35].
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where oy~ 1/137 is the value of the fine-structure
constant measured in laboratory.” Including a kinetic and
potential term for the scalar field, its full Lagrangian can be
written as

1

1
L==50,0) = V() = BeDF WP + - (3)
Knowing that the possible fine-structure constant varia-
tions allowed by experiments are extremely restricted, the
scalar coupling can be typically linearized as

Bp(¢) =1+ (¢ — o). (4)

where { = d,B 7l d=do (with the sign convention of [36]).
This approximation appears to accurately model the time
variation of the fine-structure constant through cosmic
history for a wide range of models. While we will use
this linearization in the remainder of the main text, we also
discuss how generic this approach is in Appendix B.

From the expression of By, one can express the varia-
tions of the fine-structure constant as

B2 tp- o). (5)

Qo

The amplitude of variations of such a scalar field through
cosmological times, and hence the allowed variations of «,
are sharply restricted by the atomic clocks measurement
of [39] providing a bound of

1 de B 19

o di| o (1.8 £2.5) x 107" /yr. (6)
As such, in the absence of screening mechanisms, any
significant variations of the field from the CMB responsible
for a different fine-structure constant at recombination must
brutally rapidly decrease to match local constraints.

In addition, direct astrophysical measurements of Aa/ay
itself (which are made using quasars) lead to Aa/ay(1 <
7<25)~ 107® (see item 2). For comparison, these
measurements can be converted to give an approximate
estimation of the fine-structure constant drift rate of
(da/df)/ag|,~1 5 ~ 1071%h/yr. Such estimation can be
done by comparing the measurement of quasars at different
redshifts (here we used a polynomial regression of the data

This formalism for fine-structure constant variations was
presented in [36] as a generalization of the models of Bekenstein
[37] and Sandvik, Barrow, and Magueijo [38], which are the
limiting cases where the scalar field is proportional to the electron
charge [leading through a change of variables to a(¢) = aye®”
and Bp(¢) « e™? for a canonically normalized field ¢].
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up to various orders). Hence, local data on (der/dt)/a are
more stringent than local data by around two and a half
orders of magnitude.

B. Almost a no-go theorem

Let us now investigate further how the experimental
bounds can constrain the presence of varying a during
recombination. For this, let us look at the two ingredients
that are present for such a model:

(i) a relevantly large Aa/a at the time of recombina-

tion (by definition) and

(ii) a small dlna/dIna today in order to avoid atomic

clock constraints.
As we are going to see, in a standard formalism of coupling
based on a single scalar field, these two conditions are
highly incompatible.

First, we must consider what we mean by relevantly
large Aa/a during recombination. For our purpose, we
will choose a benchmark value of Aa/ay(zems,) = 1072,
which would in principle completely resolve the Hubble
tension (this value was computed with a simple code such
that it leads to the same angular sound horizon while raising
H to 73.04 km/s/Mpc, the value preferred by [1]).

However, it is already clear that such high values of
a(Zemp) are not compatible with the Planck 2018 angular
power spectra measurements, since it is possible to infer a
constraint of [9]

A
a—“ (zemp) = (=0.7 £ 2.5) x 1072 (7)
0

However, we note that this constraint is dependent on
the geometrical degeneracies present in the CMB and as
such might be eased when introducing additional model
parameters such as curvature, variation of the neutrino
mass, dark energy equation of state, etc. Instead, the
bound we derive below will be mostly independent of the
specifics of the evolution of the various cosmic energy
densities and their perturbations. We also note that it has
been derived assuming typically a constant shift of
the fine-structure constant. Finally, we will see that the
bound we derive is even tighter than that obtained from
the CMB itself.
Now, let us introduce the two quantities

Aa 0 d¢
=5 = —(Ap=-— — dlna, (8
o (Zemb) = —CAP == e dIn na, (8)
_dlna| d¢
“dlna|_, ‘dina o ©)

In this notation we can succinctly summarize our con-
straints as € =~ (1.76 + 2.44) x 107 /h from Eq. (6), where
we use the usual definition of 7 = H,/[100 km/s/Mpc].

Comparing with a benchmark value of ® ~ 1072 gives us a
ratio of /e ~ 107, If we reparametrize the field speed
evolution through some function U(z) such that

dep dep
=U , 10
aina ~ "Damal_, (10)
we can immediately relate the two expressions as
In 1+zemp
> - e/ U(z)dIn(1 + 2). (11)
0

Importantly, this relation is independent of the precise value
of £, since it simultaneously rescales D and €. As such, the
combination of a given desired D at early times and a given
constraint on e from atomic clock observations gives a
coupling-independent constraint on the necessary evolution
of the field speed.

Looking at the rough order of magnitude of this con-
straint, the problem becomes quickly apparent. In only
roughly seven e-folds (from recombination to now), the
relative field speed U(z) has to vary by approximately a
factor of ®/e ~ 10 It turns out that with mild assumptions
this combination is almost impossible. Below, we will put a
bound on /e from simple considerations and translate it
into a bound on D. To show this, let us slightly rewrite the
equations of motion for the scalar field speed3

dé . 1dv

dlna+3¢:_ﬁ@ (12)

and explicitly integrate to obtain

a’dv
——dIna. 1
Hd¢d na (13)

$=Ca3—-a?
Let us, for a moment, focus on the homogeneous equation.
We are going to come back to the inhomogeneous part in a
bit. The homogeneous part ¢ = Ca™ tells us that from
Hubble drag the field speed can only decay at a rate of
a3 = (1 + z)*. This immediately places a tight constraint
on U(z) = ¢/H - Hy/ . Indeed, since v(0) = 1 by def-
inition, we would have U(z) = (1+2z)* - Hy/H in this
case. It is now easy to put a conservative bound on the
integral as

*We neglect the possible couplings of the field to the other
sectors of the Universe, expected to be present in such models in
the Klein-Gordon and the Friedmann equations through terms of
the form {A¢p; [38]. Given the allowed values for £, the impact
on the field evolution is expected to be largely subdominant; see
also Sec. IV.
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Inl+z, H
i‘)/ez/ (1+z)3ﬁ0dln(1+z)+
0

0

1 2
=—(1 3 1

1 2

2 3_ 321 5 Q. 4
<311 +100 = 1] 4+ 555 [(1 412007 £ 9.3 x 10

If we require our benchmark value of ®/e ~ 107, then
this is obviously a contradiction. Indeed, we can use this
bound to impose limits on D = Aa(zemy)/do as we show
below. However, we first aim to give a few details on the
calculation.

In the first line of Eq. (14) we have split the integral into
one part where we assume matter domination to hold
(above some z,) and one part where the dark energy might
be important.

In the second line we have combined the first and second
Friedmann equations

2(H + H?) 826 (p + 3P)
=- - =—(1+3w),
H? 52p

(15)

with w = P/p being the total equation of state in the
Universe, which can quickly be simplified to

dlnH_H 1+ 3w

P 1
dlna H? 2 (16)

3
1= 5 (1+w),
which gives the relation of H/Hy = (1 4 z)*?0+%) used
here. Note that w at this point can and does depend on time
and is simply defined as w(z) = P(z)/p(z). Now, for any
normal contents of the Universe, we have w € [-1, 1] and
this allows us to quickly bound the first summand in the
third line of Eq. (14).* Let us stress again that this derivation
is intended to propose a conservative bound rather than an
accurate estimate. In the same direction, we also bounded
1 4+ z, > 0 for the second summand. In the fourth line we
simply evaluate the remaining integral. Finally, we bound
Zp < 10 and z., < 1200 as well as Q,, > 0.1 (to get

“In principle a w < —1 could break this argument, but this is
practically irrelevant for two reasons: (i) the first summand turns
out to have a negligible 0.5% contribution to the total sum, and
for it to have a 50% contribution one would need w ~ —2.4,
which is strongly excluded by any late-time data, and (ii) the
bound assumed for z, of around 10 is very conservative, and even
if a nontrivial dark energy model with w < —1 would be used,
also in this case the bounds could be made tighter by choosing a
less conservative z,.

1

VQ'm In 14z,
In 1+

N / (1421 + 20 dIn(1 + o)
0

Inl+z, 3
</ (14231 + )70+ In(1 + 2) +

Inl +Zemb

(14 2)3(1 +2)732dIn(1 + 2)

[(1 + Zcmb)3/2 - (1 + ZA)3/2]

2
W om

2 3/2
3\/Q—m[(1+zcmb)/ _O]

Kl + Zcmb)3/2]

(14)

\/Q,, > 0.3) in the fifth line to give the final upper bound.
Note that these are very conservative upper bounds,
since CMB data typically require a smaller recombination
redshift and measurements of baryonic acoustic oscillations
(BAO) or supernovae of type la (SNla) require z, ~
0.33 <« 10 and Q,, ~ 0.3; see below.

Since the computation is always dominated by the
matter-dominated part (due to much larger integration
range), we can make the following statement: Given the
constraints on €, from Pantheon+ SNla of [40]
(0.334 £ 0.018), we find that we can exclude ratios of
D/e < 4.8 x 10* at 95% CL. This would translate for the
current bounds from atomic clocks into D < (2.8 x 107) /h
at 95% CL [using the value from BAO of [41] with Q,, =
0.299 4+ 0.016 would give instead D < (3.0 x 1074)/h
at 95% CL].

This bound is expected to apply maximally for physi-
cally motivated and consistent models emerging from
unification theories (as grand unified theories or string
theories), in which the potential contribution is usually
subdominant and in which the presence of couplings with
radiation freeze the field during radiation domination and
typically just lead to a logarithmically slow variation in
matter domination, leaving even less time for the field to
decelerate. As we will see below, the presence of a potential
that is not fine-tuned does not weaken these bounds.

C. The issue of potentials

We have considered only the homogeneous part of the
field evolution of Eq. (13) so far, and one could wonder if
the inhomogeneous part involving the potential slope
dV/d¢ could impart sufficient deceleration to allow the
field to evade this issue. Indeed, with complete freedom
over initial conditions and shape of the potential, this is
always trivially possible. One can simply construct such a
potential where ¢ — 0 toward z = 0. As we will argue

>To obtain these constraints we used the corresponding
Gaussian probability densities for €2, and ¢ from the respective
measurements and propagated them according to the laws of
transforming and multiplying independent random variables.
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below, this requires a fine-tuned and “unnatural” combi-
nation of initial conditions and potential shape.

Let us consider the energy conservation equation [or
equivalently Eq. (12)], which can be written as

dv +1 d¢?
dlna 2dlna

=347 <0. (17)

This equation corresponds to motion in a potential with a
dissipative force,” and as such the field must eventually
obey dV/dIna < 0 (as the squared field speed trivially
cannot decrease below 0). Indeed, at any location within the
potential a field would naturally start rolling downhill
[p=0= ¢ =—dV/d¢ and thus 5[V] = —(dV/d¢)>5t].
As such, we have a strong expectation that V < 0 except in
a transitory phase where the field has been accelerated
before and suddenly encounters an uphill slope and has not
sufficiently decelerated. We stress here that it is not
impossible to generate V > 0 it is simply not a “natural”
state for a field with arbitrary initial conditions in an
arbitrary potential.

However, the problem is slightly worse than just requir-
ing V > 0 during part of the evolution. This is because
Eq. (13) weighs the contributions of a given dV/d¢ with
the current Hubble expansion rate as well as a factor of a,
making the weight a function that is quite spiked toward
a — 1. Indeed, during matter domination we have
a®/H « a*>. This implies that the deceleration has to
happen mostly toward the end of the evolution and, as
such, be sudden. Since we are essentially requiring the field
to come to an abrupt halt, it does not move over great
distances of the potential, thus requiring essentially the
potential slope at a singular point (of the current-day field
position) to balance exactly to cancel out any remaining
velocity. This is the fine-tuning issue for nonoscillatory
solutions. In Sec. III B we show an example with a constant
slope dV/d¢ to decelerate the field and note that the final
field slope has to be extremely fine-tuned.

Another way to quickly decelerate the field might in
principle use strong oscillations. However, it can quickly
be shown that in a potential of type V(¢) = A - ¢p*" the
envelope of the oscillations only decays as a=>/("*1) (see
for example [16]), and the envelope of the oscillation speed
decays as a="/("t1) We reproduce for convenience the
argument of [42] in Appendix A and extend it to the field
speed. In any case, this behavior a=3"/("*1) is slower than
a3 for all n €N, implying that the problem for oscillating
potentials is equal or even slightly worse, since they are
slightly more inefficient at dissipating energy and they

®This might become more obvious by replacing ¢ — V/mx,
which then immediately gives the normal kinetic term of a free
particle (p =V + %mxz). The dissipative force in this case would
simply be F4;, = —3HX (whereas the normal force generated by
the potential is still Fpo = —d,V).

cannot use a slope dV/d¢ to decelerate, since it will be
traversed in both directions during any oscillation. For this
reason even oscillatory potentials cannot create a large D
for a given small bound on € using the same reasoning as in
Eq. (14). However, here too there is an extremely fine-tuned
way to avoid a straight no-go theorem. If the oscillation
happens to reach its maximum just at z = 0, then the field
speed there will be zero, meaning that any bound in € is
trivially satisfied. Given that the field speed needs to be
about 1-2 orders of magnitude smaller today than the
expected speed from the decay of the field speed envelope,
this requires even more fine-tuning in the field position.
Indeed, one can quickly show that for the aforementioned
potential a field offset of ¢p = ¢ (1 — €) gives a relative
velocity offset of \/2ne. Restricting the velocity to be
smaller than the velocity envelope by 2 orders of
magnitude [to reach D/e ~ 107, which is 2 orders of
magnitude larger than the bound of Eq. (14)] then would
bound & <107*/(2n), which especially for large n is
quite a fine-tuned position for the final field. We discuss
such fine-tuning of oscillatory potentials in an example
case in Sec. III A.

In summary, if the potential is oscillatory, an extreme
degree of fine-tuning is required for a given value of the
fine-structure constant variation D = Aa/a to be compat-
ible with the strict observations of € < 1, namely that the
field happens to exactly end up at the turnaround of the
oscillation today. If the potential is not oscillatory, one
needs to construct a potential that happens to have
exactly the correct slope toward z — 0 in order to
decelerate the field by just the right amount at the last
moment. In either case, the potential and/or the field
initial conditions need to be fine-tuned in order to avoid
the tight constraints. We show such fine-tuning explicitly
for a few examples in Sec. III.

Statement 1. We have demonstrated that one has to either
give up large fine-structure constants at recombination or
face an extreme degree of fine-tuning of the potential or the
initial conditions for any model where the fine-structure
constant variation is generated from the variation of a single
scalar field.

III. EXAMPLE STUDIES

The aim of this section is to illustrate and strengthen the
argument made in Statement 1. For this, we investigate two
example cases. One displays a highly oscillatory behavior
(due to an axionlike potential) and is investigated in
Sec. IIT A, whereas the other shows a fine-tuned potential
that aims to decelerate the field rapidly toward the end of its
movement and is investigated in Sec. III B.

A. Axionlike particles coupled to electromagnetism

Let us now verify the validity of the discussion above by
considering the canonical case of ALPs. Originally invoked
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to solve the strong CP problem in quantum chromody-
namics [26], the existence of ALPs is commonly proposed
in cosmology as a dark matter candidate [43], a source of
early dark energy [16] or at the origin of cosmic birefrin-
gence in the CMB [28-30].

The potential V,,(¢) of an ALP is typically modeled by
the function [14,15]

V@) = naf 2|1 -cos ()]

a

which allows for a domination of the field energy density at
early times followed by a brutal damping in successive era.
As such, ALP are well motivated candidates to implement
an early variation of the fine-structure constant, assuming
their full coupling to electromagnetism as proposed in [32].
As such, ALPs are well-motivated candidates to implement
an early variation of the fine-structure constant.

The eventuality of coupling between EDE and electro-
magnetism was already investigated in a different context
by [44], and in some sense we are generalizing here this
work for axionic fields and with new datasets.

One can further note that such a phenomenology
could be well motivated within the framework of string
theory [45], where both EDE and the early variation of the
fine-structure constant could be caused by the existence of a
dilaton field coupled to an axion. We will however not
discuss this case here, focusing only on single scalar field
models for now. As such, we postpone such an inves-
tigation for future work.

The “canonical” ALP early dark energy model that has
been proven to have a significant impact on the Hubble
tension [6,16—18] has four fundamental parameters describ-
ing the model. These are {m,, f,,n,¢;}, where the first
three parameters describe the potential of Eq. (18) and the
fourth parameter is the initial condition of the field
displacement (the initial field velocity is typically irrelevant
due to the strong Hubble drag at early times). These
parameters are typically further replaced by parameters
carrying more physical meaning, such as f.q. (the largest
fraction of energy density that the ALP EDE field reaches,
related to f,) and z. (the critical redshift at which the field
begins oscillating due to the weakening Hubble drag,
related to m,).

Furthermore, for the sake of simplicity, the initial field
displacement is replaced by the initial position along the
cosine curve of the potential, ®; = ¢;/f,. In addition to
this parameter space, we introduce the linear coupling { of
the fine-structure constant to the field displacement as in
Eq. (5), self-consistently propagating the effect of a varied
fine-structure constant throughout recombination processes
as described for example in [9]. As such, the parameter base
can be written as {z., feqe, 1, ©;, {} in this notation.

To investigate the behavior of an ALP EDE coupled to
electromagnetism, we used a modified version of the CLASS

software [46] coupled to MontePython [47,48], along the line
of previous works using a similar setup [33,49,50] (follow-
ing also the idea behind the implementation of [16,51,52],
but adapting it to the new coding standard of CLASS v3.2.0,
which also involves variations of fundamental constants
[53]). For the plots we use LIQUIDCOSMO [54]. For
simplicity, we first focus on the n = 3 case, which was
favored by observational data in order to address the H,
tension [17].

As further discussed in Appendix C, the model acts as
desired for a model implementing an early variation of the
fine-structure constant, inducing almost no variation of the
fine-structure constant at low redshift, until it suddenly
reaches a plateau associated with a different value of a #
ay after an oscillatory transition close to the CMB epoch.
The time at which this transition occurs is directly given
by the critical redshift (z..). The parameters f .4, and { impact
the amplitude of the oscillations and the magnitude of the
plateau in a(z) while ®; impacts the number of oscillations
during the transition phase and the final speed of the field.

In order to confront this model with data, we use
likelihoods associated to various datasets’ also used in [50].

(1) Cosmological. We use CMB angular power spectra
and lensing reconstruction data from the Planck
satellite [56,57], baryonic acoustic oscillation data
from BOSS DRI12 [58], the Pantheon SNIa sample
[59], and cosmic chronometers from [60]. We also
use a prior on the H, value from [61], implemented
as discussed in [62] as a prior on the supernovae
absolute magnitude.

(2) Fine-structure. We use the spectroscopic measure-
ment points of quasars (QSO) from various datasets
[63-66] as well as a prior from the Oklo natural
nuclear reactor [67], and the updated bound on the
time variation of a of Eq. (6) coming from measure-
ments of atomic clocks [39], as already used in [33].

The results of this investigation can be found in Fig. 2,
where we show the constraints on the underlying model
parameters from only cosmological observations (item 1)
or also including fine-structure constant observations
(item 2). An enlargement of the constraints on { can be
found in Fig. 1. The immediate conclusion is that without
experiments probing the fine-structure constant, a large
range of ¢ values is allowed (even slightly favoring a
positive value). For example, a point on the edge of the 20
exclusion limit with { ~ 0.06 can be associated with a value
of Aa(%mb)/% ~ 10_3-8

"We do not discuss the constraints coming from big bang
nucleosynthesis here (which would further reinforce the point we
want to make), as these are expected to be strongly model
dependent. On this topic, see e.g. [55].

These suggestive values of Aa(zemy)/® naturally depend on
the other parameters of the model (such as ®; or z,.). Here we use
the best-fit values of the corresponding run—rescaling only {—to
give a qualitative estimate.
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B 10 o likelihoods (f; = 10?)
Bl 10 AtomicClocks likelihood (f; = 10°)
B all likelihoods (f; = 10%)

2 3 4 ) 6 7

fi ¢

FIG. 1. Contour plots of the parameter space of the ALP
scenario for three different datasets: no a data (red curve), no
atomic clock data (blue curve) and all likelihoods (green curve).
fiis arescaling factor allowing one to easily compare the curves.

Instead, once likelihoods probing the fine-structure
constant are added, no such points are available anymore,
and the ¢ is restricted to lead to cosmologically irrelevant
a(z) at the recombination times, in accordance with our
almost-no-go theorem of Statement 1. Put otherwise, while
it would be legitimate to think that local constraints on a(z)
at z ~0 have no bearing on the possible behavior of the
field during recombination era at z~ 1100, quite the
opposite is true for a well-defined single-field model.
With the full likelihood set, the maximum values allowed
for the electromagnetic coupling are of the order of
{~107%, which can be associated to a value of
Aa/ay(zems) ~ 107,

Overall, we report constraints on ¢ and the associated
suggestive values of Aa/ag(zem,) in Table 1.°

Importantly, it is possible to circumvent the relatively
narrow bounds on ¢ reported in Table I entirely if one is
allowed to fine-tune their initial conditions (®;) drastically,
such that the final field movement will be exactly in a

*We note that the ALP EDE model is always what drives the
higher value of H, in this combined model (and there is no
correlation between ¢ and f.4.) since the EDE is so much more
efficient at resolving the Hubble tension in a way that is
statistically preferred from the CMB data compared to the
a(z) introduced by the coupling (¢).

TABLE 1. Mean and standard deviation of { for the various
data combinations in the ALP EDE case, corresponding to the
posteriors shown in Fig. 1 and corresponding variation of the
fine-structure constant at the emission of CMB associated to
the mean.

No «a data No atomic clocks All likelihoods
¢ (22+£1.9)x 1072 (=0.06 £0.77) x 1073 (0.06 £ 0.45) x 10~*
22 (2emb) 2.5x 107 —6.8 x 107° 6.8 x 1078

turnover of an oscillation. Since these fine-tuned initial
conditions take up a tiny negligible prior volume, they are
not visible in the posterior contours of Fig. 2. This behavior
of fine-tuned initial conditions or potential parameters
occupying a vanishing amount of prior space is expected
to be generic and not just related to this particular model.

This can lead us to conclude another interesting corollary
statement.

Statement 2. Even if fine-tuned initial conditions and/or
potential shape can reconcile large variations of the fine-
structure constant at recombination with the local bounds,
these typically occupy a negligible fraction of the prior
volume and might thus still be ruled out in a Bayesian
analysis.

However, in our ALP EDE example case we can force
the field into such fine-tuning by minimizing the likelihood
for a fixed ¢ = 1073 (more than an order of magnitude
larger than the allowed range). In this case, we can reach a
similarly good maximum likelihood as in the full run,
differing only by Ay? ~23.1 (largely driven by the QSO
and Oklo likelihoods), whereas the original best fit of the
full run would result in a Ay? = 129 000 if simply rescaled
to have ¢ = 1073. The reason is that with this minimization
strategy the fine-tuning of the initial conditions can be
performed such that the final field configuration is almost
perfectly at the turnover of a single oscillation. Such a
behavior is displayed in Fig. 3, comparing the minimized
best fit of the full run and the minimized best fit of the run
with ¢ = 107> fixed. While the former reaches the small
final field velocity through appropriately small { to lead to
cosmologically irrelevant a(z) at recombination times, the
latter reaches it by fine-tuning the ®; such that the final
field velocity is almost zero by virtue of the oscillation
ending at exactly z =0 (see also the field displacement
being at a peak in the same Fig. 3).

Another interesting corollary to the main Statement 1 can
be derived from the fact that we cannot find a region of
Ay?* ~ 0: since this “trick” of fine-tuning the deceleration of
the field at late times cannot lead to vanishing Aa(z) for a
wide range of redshifts in an oscillatory potential, the QSO
and Oklo likelihoods at z > 0 necessarily impart a reason-
ably large likelihood penalty.

Statement 3. As such, even when there is an extreme
degree of fine-tuning in the design of the potential, other
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FIG. 2. Contour plots of the parameter space of the ALP scenario for three different datasets: no a data (red), no atomic clock data

(blue) and all likelihoods (green).

data on the fine-structure constant in the late Universe can
put even further constraints against a relevant fine-structure
at recombination.

B. Toy model

In this section we attempt to build a simple toy model
of a case in which the field does not oscillate around a
minimum in the potential but instead displays a continuous
motion. As such, according to Statement 1 it can only have
a significant impact at the time of recombination and avoid
the current fine-structure constraints by virtue of fine-
tuning of initial conditions or parameter values. For this,
we introduce a potential based on the hyperbolic tangent
function as

V(g) =107 [fap + (1 - f)(sp + )]+ V,  (19)

<tanh (g) + 1>, (20)

with

f=

| =

with the free parameters {V, k, a, s, Z}.lo The factor 10710
is used purely for numerical reasons related to the imple-
mentation in CLASS. We show one example of such a
potential in Fig. 4. The idea of this potential is to first
accelerate the field down a slope, which is accomplished by
the term s¢) with a negative slope s < 0, relevant as long as
¢ < —X. As soon as the field crosses the inflection point
(¢ > %), the second part of the potential becomes impor-
tant and decelerates the field through another linear
slope a¢, now with positive slope a > 0. The value of
quantifies the width of the transitional region. We addi-
tionally allow for an offset x, which could in principle
further accelerate or decelerate the field only within the
transitional region.

As further discussed in Appendix C, this toy model
provides a great example of early fine-structure constant
variation, with a single brutal transition of the value of «
around z.,, very close to a Heaviside function. The two
slopes s and a together drive the time and the amplitude of

"The offset parameter k¥ was introduced here for the sake of
generality but does not display any interesting behavior.
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FIG. 3. Axion EDE field (top) and field velocity (bottom) as a
function of redshift for the best fit of the full model (red) and for
the best fit of the model with ¢ = 107 fixed (blue). While the red
model reaches a small rescaled field velocity due to a small value
of ¢, the blue model reaches it only through the fine-tuning of the
initial conditions allowing for the exact cancellation of the field
speed today in the turnover of an oscillation.

—-
I

=
o

0.5

Potential V(¢) (arbitrary units)

e
o

-5 0 5
Field offset ¢ (arbitrary units)

|
—
o

FIG. 4. Example of a potential of the form of Eq. (19) with
parameters a = 0.3, s = —0.1, 2 =1, x =0, and V, = 107",
The blue range marks the accelerating part of the potential
dominated by the downhill slope s < 0 for ¢ < —Z, while the
red marks the sudden deceleration regime dominated by the
uphill slope a >0 for ¢ > X. The intermediate region is
marked in green.

the transition. As expected, { simply rescales the whole
evolution of the fine-structure constant.

For our toy experiment, we fix the cosmological param-
eters to the best-fitting parameters of Planck [2] and
investigate only the extension of the parameter space,
using flat priors on log;o(—s) €1, 15], logy(x) € [-5,5],
logo(a) €[-10,5], and {€[-10,10] and we fix the
parameters © = 107> and V,, = 1078, The initial field value
is also fixed to ¢(z = o0) = —1072. Since the parameter
space is highly degenerate and difficult to explore with
traditional Markov chain Monte Carlo methods, we make
use of the POLYCHORD sampler [68] in this case.

We only put two requirements on the field, namely that
it should generate a cosmologically relevant variation of
the fine-structure constant at recombination, Aa(Zey,) =
1072 4 1073 (thus avoiding the potential issue discussed in
Statement 2) and that it should avoid constraints by the
fine-structure observations detailed in item 2. These two
limitations alone are sufficient to force the model param-
eters into a tight fine-tuned degeneracy, which can be
observed in Fig. 5 (lower panel). The degeneracy manifests
as a one-to-one relation between the slope for acceleration
(—s) and the slope needed for deceleration (a). This slope
for deceleration has to balance exactly in such a way as to
make the field decelerate entirely until today. Examples of
the field trajectories are shown in Fig. 6 where this becomes
very apparent as a sudden and rapid stop or drop in velocity
toward z — 0 or equivalently a = 1/(1 +z) — 1.

It should also be noted that by construction the field
speed typically reaches O(107") for this type of potential,
thus requiring smaller values of { when the field decelerates
later, which is typically the case for smaller slopes. This

= 0r
i
e
27
I log,,(—s) <15
ol B log,,(—s) <10
B logo(—s) < 9.5
:\\ 0 logp(—s) < 9.0
RN BN logy(—s) < 8.5
- A3 . B logo(—s) <8
o -3t
=
4t

6 s 10 12 1
logyo(—s)
FIG. 5. Constraints on the parameter space of the toy model

with the hyperbolic tangent potential. Contours are derived for
different bounds on log;(—s).
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<
<=9

(rescaled) field velocity ¢ - d¢/dIna

-7 N
10 —— logo(—s) < =95
logyo(—s)
—— log(—s) < —8.5
10-94= : : : :
107 10~4 1073 1072 107! 100

scale factor a = 1/(1 + z)

FIG. 6. Rescaled field speeds for the best-fitting models for the
various cases. Note that cases with lower log;o(—s) need a
smaller ¢ to reach the same low rescaled field velocity [the peak
of the nonrescaled velocity is always at around O(107!)]. All of
the models show a very drastic deceleration toward z — 0 or
equivalently a — 1.

imparts an additional (though not as strong) degeneracy
between log;o(|¢]) and log;o(—s) that can be seen in Fig. 5.
As such, even in this case we can conclude that one has to
fine-tune the potential such that the field suddenly and
rapidly decelerates exactly at z — O if one requires cos-
mologically relevant Aa(z) at the time of recombination as
per Statement 1.

IV. DISCUSSION AND CONCLUSIONS

In this work we have theoretically derived an almost-
no-go theorem (Statement 1) about the impossibility to
have a large fine-structure constant at recombination while
remaining compatible with late time observations in a
single-field model without resorting to extreme fine-tuning
of the potential or its initial conditions.

We have given two examples in Sec. III that show the
impact of this almost-no-go theorem. Furthermore, we have
derived two corollary statements to this main statement,
which further restrict the fine-tuned models that avoid
Statement 1. Statement 2 states that the prior volume of
such fine-tuned models in a Bayesian analysis is typically
negligible, while Statement 3 states that other late-Universe
data probing the fine-structure data can still be an issue in
this case (especially for oscillating potentials). As such, it
appears that the often-investigated possibility of a fine-
structure constant variation around the time of recombina-
tion that has been proposed in the past to ease the Hubble
tension [8] does not seem feasible with current late-time
and laboratory observations of the fine-structure constant,
at least for single-field models.

Indeed, using fairly simple arguments one can derive an
upper bound on the variation of the fine-structure constant
at recombination of Aa(Zmy )/ < 3 x 1074/h (95% CL),

which can be further generalized to Aa(zey)/dy <
5 x 107 using a weak prior on the Hubble parameter.

We note that there are a few caveats to this discussion.
First and foremost, the argument can be avoided if screen-
ing mechanisms exist that would either allow the fine-
structure constant a to take on a different value depending
on the scale at which it is measured (such as the chameleon
mechanism; see for example [69]) or that would act
differently on the values of the fine-structure constant in
the late and the early Universe."" Second, we perform a
linearization in the field displacement, the validity of which
is further discussed in Appendix B. Third, our model does
not consider possible couplings of the field to the other
sectors of the Universe (such as baryonic matter), as is
the case in many theories involving a varying a(z). The
existence of such couplings, as the Bekenstein-type cou-
plings {;p; [36], should impact slightly cosmic evolution of
the field but we do not expect it to drastically change our
conclusions (the field deceleration still needs to be fine-
tuned in terms of the additional coupling parameters).

We also want to point out that the same argument can in
principle be made for the variation of other fundamental
constants, such as the electron-to-proton mass ratio, which
has been shown in the past to be even more successful
in easing the Hubble tension [6,7,70]. Ultimately, such an
investigation would have to consider the combined varia-
tion of the fundamental constants that is expected in most
physically motivated models or define a well-defined
theory of varying only the electron mass.

Let us also note here that any varying constant model
must induce a violation of the FEinstein equivalence
principle at some level (see for example [12,71]), such
that it should also be sharply constrained locally by
stringent tests of the universality of free fall performed
by experiments such as MICROSCOPE [72]. We did not
consider such a constraint here as its relation to the
underlying parameters is strongly model dependent and
the accurate bound provided by atomic clocks is in any case
stringent enough for our statements.

The improvement brought by future datasets is expected
to put further stress on coupled scalar field models. The
stringent bounds on the stability of fundamental constants
from laboratory data will be sharpened by the upcoming
nuclear clocks experiments [73] while early Universe
constraints will be updated by future generation of CMB

: lScreening mechanisms would typically imply a change in the
effective value of a with the local density and hence discard
laboratory measurement such as atomic clocks, the density on
Earth’s surface being much greater than the one of the primordial
plasma at recombination. This would however leave the mea-
surements of QSO available, which derive from absorption
lines in low-density clouds. However, using the bounds of
(da/dt)/ag|,1 5 ~ 10711 /yr from QSO measurements and us-
ing the same reasoning as above only lead to the mild upper
bound of Aa(zemy)/g < 0.1.
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missions such as Simons Observatory [74] and the combi-
nation of CMB-S4 [75] and Lite-BIRD [76], which will
measure the anisotropies of the last scattering surface at a
cosmic variance accuracy.12 The combination of these
datasets will rule out any cosmologically interesting varia-
tion of the fundamental constants at recombination, and
thus condemn simple and consistent solutions of the
Hubble tension based on such variations.

While the scope of the almost-no-go theorem has to be
clearly defined, we stress that the impressive work that has
gone into tightening the local laboratory constraints on
variations of fundamental constants have yielded such high
precision that now even seemingly unrelated cosmological
epochs are constrained by these data.
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APPENDIX A: OSCILLATORY DYNAMICS

Note that this is a simplified write-up of [42]. The
interested reader is encouraged to visit the original source.

In order to determine the behavior of the field envelope,
the idea is that the field oscillates between the two critical
points of the potential. These are the points where simulta-
neously ¢ =0 and V(pmax) = Vinax» With V.. being
relatively constant over a single oscillation (as long as
the oscillation frequency is much larger than the Hubble
frequency).

Then the evolution of V,, is directly a tracer of the total
energy density p [since p(¢max) = Vimax by definition]. The

12See Refs. [5,11] as well as [10] for quantitative forecasts on
constraints on varying constants coming from measurements of
anisotropies and spectral distortions with future CMB experi-
ments.

advantage of using p instead of V is that p will typically not
decrease drastically during the oscillation, as the potential
energy is turned into kinetic energy. To find the density
evolution, we decompose ¢* =p+ P = (y + Yp)p with
some constant part y and some oscillatory part y,, and some
mean evolution p. Note that the energy density is not
conserved [see Eq. (17)], though the overall stress-energy
is. Indeed, we use the energy conservation equation
dp/dIna = =3(p + P) = =3(y +y,)p [which is equiva-
lent to Eq. (17)] to find an equation involving p. On the
long timescales of interest we neglect y, (average it out,
giving also p from the average of p), and we are left
with p o a=%". To explicitly find y, one can average ¢*/p =
y +7v, over any given single oscillation (which will be
the same in any other oscillation) and neglect for this the
slow variation of the field speed due to the Hubble friction.
In this limit ¢ = \/2(p — V). This gives a period of
oscillation of

T o / dt dt o ¢IHZ\X 1 d¢ (Al)
d¢ _(/lmax 2(p - V) .
Plugging everything in then leaves us with
1 [T ., 1 [bo .
yR / ¢ /pdt = = $/pdep (A2)
0 _¢max
¢max ¢max \/E
([ v [ )
|:/_¢max _¢max 2(p_ V)
(A3)

For the final step, we approximate p=p during the
oscillation and use V/p ~ V/V ux = (¢p/max )" to obtain

2n

_ A4
n+1’ (A4)

4

which can then easily be plugged into the equation for

Vinax & P a3 a—6n/(n+l)7

(AS)

and finally using V., o @2, we get the evolution of the
envelope as

Drmax & a=3/(m+h),

(A6)
Note that d[g.] /dtz—%ﬁqﬁmax and is not equal to
[d¢p/dt],,.» the envelope of the oscillation speed. For the
latter, we simply recall that ¢) = 1/2(p — V) is maximal
when V — 0, and there gives ¢ o« /p o a=3/("*1) (the
same can be found using the virial theorem).
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APPENDIX B: LINEARIZATION

One may wonder about the legitimacy of the lineariza-
tion Br~1+{A¢ assumed throughout all this work,
especially for the early time evolution of the fields.

To test this linearization, we compare it with the
evolution predicted by other well-motivated models. The
canonical Bekenstein models [38,77] predict a variation of
the form

A
_a:e—CA¢_1 (B1)
0]

with { = —2. However, such a high value of { is clearly

excluded by data for the potential under consideration here,
so we generalize it to smaller values of the electromagnetic
coupling.

Another relevant model is the runaway dilaton model [13],
in which the fine-structure constant evolution is given
by [78]

Aa_

— (] — oD
il Z(1 = em9),

(B2)

These two models are expected to be well described by our
linearization, at least near ¢ = ¢.

The redshift evolutions of Aa/a in the linearized, the
Bekenstein, and the dilaton scenarios are displayed in Fig. 7
using the axionic potential, ¢ = 1073 and best-fit values for
all the other parameters. We can see that the Bekenstein-
type model is well described by the linearization through-
out all of the cosmic history with difference never getting
greater than one permille. The runaway dilaton prediction,
however, has the same overall behavior but diverges
compared to the linearization (up to ~20%) after it reaches
a plateau during radiation domination at very high redshift.

However, this is not a concern for several reasons.
First, at the time of recombination (z ~ 1100) the typical
deviation is still in the permille range. Second, even at
earlier times, it can be shown that the leading-order
correction causes a smaller variation of Aa(z) at equal £,
and thus our fine-tuning argument would be even
stronger for these types of couplings. Third, even in
other modified coupling scenarios that differ for a
constant ¢ by order-unity factors in Aa(z), the argument
is only slightly weakened but otherwise remains intact

linearization
=== Bekenstein
0.0001 4 —— dilaton

0.0000 4

) —0.0001

o7}

—0.0002

—0.0003 4

—0.0004 4

10° 10 10? 10% 10* 10° 10° 107
1+z

FIG. 7. Comparison of Aa(z)/a for ¢ = 1073 using different
expressions: linearization (red curve), dilatonlike coupling (green
curve) and exponential coupling (blue curve).

due to the large order of magnitude between the
constraint of Eq. (14) and the typical /e required to
be cosmologically relevant.

One could even imagine stronger deviations in cases
where Br(¢) has an even more exotic shape that could
not even be linearized. It might thus be possible to
counter the argument of this paper by using such a well-
designed choice of By(¢). However, this choice would
have to be motivated from an underlying high-energy
theory; otherwise, it would just amount to displace the
extreme level of fine-tuning at the level of the initial
conditions or potential shape toward the choice of the
Br(¢) function itself.

We will not discuss here possible kinetic coupling of the
field of the form By (¢, d,¢) as in [79] and leave such an
investigation for future works.

APPENDIX C: EVOLUTION OF THE
FINE-STRUCTURE CONSTANT
IN THE MODELS

In this appendix we display several examples of evolu-
tions of Aa(z)/ay and their variation with the relevant
underlying model parameters to facilitate the understanding
of the main text. In Fig. 8 we show the evolutions for the
ALP EDE model, while in Fig. 9 we show the evolution for
the tanh toy model of Sec. III B.
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FIG. 8. Impact of the different parameters of the ALP model on the cosmic evolution of Aa(z)/ay. We show only the additional
model parameters, and note that the usual cosmological ACDM parameters do not impart large changes on Aa(z)/ay. Both fe4.
and ( rescale the amplitude of the fine-structure constant variation, while a, = 1/(1 + z..) changes the redshift of the transition
from constant (due to Hubble drag) to oscillating field. Finally, ®; changes the phase of the oscillations (as well as very slightly

changing the initial redshift).
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FIG. 9. Impact of the different parameters of the hyperbolic tangent model on the cosmic evolution of Aa(z)/aq. For purpose of

visualization we follow the degeneracy line of a and s. We see that simultaneously the redshift of the transition and to a lesser degree
the amplitude of the transition is modified. For ¢ we note the expected behavior of only rescaling the overall amplitude of the Aa(z)/a.
We do not show the impact of the offset x since the variation in terms of Aa/q is very small.
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