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Virialized profiles and oscillations of self-interacting fuzzy dark matter solitons
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We investigate the effect of self-interactions on the shape and oscillations of the solitonic core profile of
condensed fuzzy dark matter systems without the backdrop of a halo, revealing universal features in terms
of an appropriately scaled interaction strength characterizing the crossover between the weakly and
strongly interacting regimes. Our semianalytical results are further confirmed by spherically symmetric
simulations of the Gross-Pitaevskii-Poisson equations. Inverting our obtained relations, we highlight a
degeneracy that could significantly affect constraints on the boson mass in the presence of repulsive boson
self-interactions and propose the simultaneous extraction of static and dynamical solitonic features as a way
to uniquely constrain both the boson mass and self-interactions.
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I. INTRODUCTION

Fuzzy dark matter (FDM) has lately emerged as a
popular alternative to the conventional cold dark matter
(CDM) model. Following the first proposition of an
ultralight bosonic dark matter constituent [1], an ultra-
light particle within the mass range 10722 — 10720 eV,
leads to a description based not on incoherent particles,
but on a single coherent wave function, with a de Broglie
wavelength of ~O(1) kpc. Numerical simulations [2—4]
have shown that on large scales, FDM replicates the
cosmic web structure of cold dark matter, while address-
ing some alleged challenges that CDM faces on galactic
scales. Formation and growth of structures in such a dark
matter background has been thoroughly investigated
recently [5-8]. The favorable look upon this type of
dark matter in recent years has been motivated by the
inherent properties which remedy ailments from which
the CDM model allegedly suffers [9-11]. Among these,
most notably, is the cusp-core problem [12] which is
resolved in FDM since the balance between the quantum
pressure and gravitation in FDM naturally forms a core,
embedded in a Navarro—Frenk—White-like halo [13].
Furthermore, some tentative, more direct favorable
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evidence for FDM may have begun to emerge, see,
e.g., [14]. Scrutiny of this model has become an active
area of research, see, e.g., [15—17] for recent reviews and
references to the literature.

The cores in FDM halos, often termed FDM solitons,
exhibit interesting dynamical behaviors. Given nonsym-
metric initial conditions, the cores formed from gravi-
tational collapse exhibit a random walk within the base
of the gravitational potential [18,19]. Furthermore, scalar
field oscillations are observed in numerical simulations
[2,3,18-23], and significant advances have been made in
understanding the parameter dependence of their fre-
quency [24,25]. These oscillations manifest in the form
of homogeneous radial expansion and contraction of the
soliton core and have been found to send out density
waves into the surrounding halo [20]. Higher excited
asymmetric states are also possible, but they are not
discussed in this paper. In such nonsymmetrically ini-
tialized simulations, the constructive interference of
density waves and further stochastic density fluctuations
[26,27] also generate granules with a typical scale of the
order of the central soliton core [2,3,28]. These granules
have been stipulated to be the driving force behind the
dynamical heating of stellar streams in the Milky Way
[29], while density waves have been proposed as
potential sources of disk heating [26]. Although the
relation and interactions of the solitons to their host
halos are very interesting and still to be fully explored, in
this paper we examine the FDM soliton in isolation,
without the backdrop of a complete halo.

Most FDM investigations have considered noninteracting
bosons, for which the physical state of the system is described
by a Schrodinger equation, coupled to the Poisson equation,
in what is known as the Schrodinger-Poisson system of
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coupled equations (SPE).! However, lacking any evidence to
the contrary, the addition of particle-particle interactions
renders the situation more interesting and dynamically
complex; such a setup, based on contact interactions adding
a further nonlinear contribution to the Schrodinger equation,
has been the subject of many recent works” [24,25,32-41].
Although some works focus on the limiting case when
interactions dominate (and the kinetic energy generating
the quantum pressure becomes negligible), e.g., [42—44],
effort has also been made to obtain general behaviors of self
interacting FDM systems [24,45]. Furthermore, constraints
upon the possible strength of self-interactions along with the
boson mass have very recently been examined
[33,34,37,40,46], and as a result, typical values for a
repulsive self-coupling of g ~ (10732-1072%) Jm3kg~' are
usually quoted within the context of interacting FDM
literature, with the exact value depending on the chosen
boson mass. Even in the lower ranges, such a small self-
interaction strength can still lead to clear and notable effects,
which could be observationally relevant, with [46] presenting
favorable observational evidence for the existence of a
nonzero self-coupling. Moreover, although attractive FDM
solutions are typically unstable beyond a small range of
allowed values, potentially leading to collapse and/or the
formation of a black hole [24,47], recent work [39] highlights
the potentially favorable and desired role of attractive
interactions in enhancing small-scale structure formation
in large simulations of the cosmic web. Such examples of self
interacting FDM would leave observational signatures like
an increased number of solitons that form in areas of
constructive interference in cosmic filaments, where insta-
bilities are present under the attractive self-interaction.

The aim of the present work is to characterize in detail—
both analytically and numerically—the effect of repulsive
interactions on the size and shape of the underlying
virialized solitonic core and to use such information to
accurately predict the oscillations of the core—building on
important earlier work on such observables [22,27,48-51].
Based on this, we propose a scheme for uniquely identify-
ing both the self-interaction strength and the boson mass by
combining information of soliton shape details and oscil-
lation frequency, which could potentially become available
in future observational data analysis. Indeed, oscillations
perturb the rotational velocity curves significantly within
the soliton and in the region immediately adjacent to it [52].
A statistical evaluation of the gravitational heating of
galaxies could therefore give a preliminary indication
of a relationship between frequency and other soliton
parameters.

'In this paper, we refer to both the noninteracting, standard,
fuzzy dark matter and its generalized form including self-
interactions as FDM, with the presence or absence of interactions
being clear from the context.

For earlier related work in a general relativistic context, see,
e.g., [30,31] and citing references.

First, building upon earlier work based on a Gaussian
solitonic core of some interaction-dependent effective
width [24], and making use of the virialization condition,
we derive analytical expressions characterizing the change
in shape parameters as a function of interaction strength in
the context of the empirical model of solitonic cores
[2,3,27,53]. Further introducing a characteristic interaction
strength marking the crossover between weakly interacting
and strongly interacting regimes—defined by equating the
interaction energy to the quantum kinetic energy (see also
[24,36,44])—we are able to obtain analytical results for
appropriately scaled soliton parameters (radius, peak den-
sity), cast only in terms of the ratio of the interaction
strength to such characteristic value; such results smoothly
interpolate between the previously studied noninteracting
and strongly interacting (Thomas-Fermi) limits.

To test the accuracy of our extended analytical predic-
tions, we also perform detailed spherically symmetric
numerical simulations of isolated soliton cores generated
through the very efficient imaginary time propagation
method widely used in cold atom studies [54] (but scarcely
seen in cosmological works, see, however, [55,56]). We
compare and contrast our virialized solitonic shapes both in
the absence and presence of repulsive self-interactions to
the Gaussian [24], Thomas-Fermi [24], and empirical [2]
profiles, with our findings providing a direct bridge
between all such limiting cases.

Moreover, our scaled analytical formulas are numerically
confirmed to be independent of the values of the boson
mass (m) and total soliton mass (M), at least within the
probed ranges 10722 eV/c? <m <107 eV/c®> and
10°M < M < 108M,. Such an analysis facilitates a criti-
cal test of the typically used empirical profile and provides
a direct relation of the scaling of central core density and
soliton width as a function of scaled interaction strength,
smoothly interpolating between relevant previous findings.

Next, we evaluate the oscillation frequency of the core,
building upon the early analysis of Chavanis [24], but based
here not on a Gaussian approximation to the soliton, but on
the more accurate empirical profiles for which we explicitly
derive a relationship between the peak density, py, and the
soliton oscillation frequency, f—thus supplementing pre-
vious related works based solely on numerical fitting
[22,27,48-51]. Implementing a perturbative approach on
our accurately virialized numerically generated solitons, we
obtain accurate numerical predictions for these oscillations
which we contrast to our analytical predictions and simpler
previous ones.

Our numerical analysis of soliton shape (peak density,
width) and oscillation frequency point to the existence of a
degeneracy between boson mass and self-interaction
strength in determining the resulting soliton parameters.
We discuss the implications of such findings for uniquely
determining both interaction strength and boson mass from
potential observational signatures. Through this analysis,
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we highlight that care is necessary when imposing con-
straints on the boson mass in FDM, as the addition of a free
parameter in the self-interaction strength could signifi-
cantly widen the allowed parameter space for the boson
mass, as previously suggested in [36]. We thus indicate that
strong constraints such as those discussed in [21,27] should
likely be revisited with this in mind.

The paper is structured as follows: After reviewing the
governing equations of FDM and common soliton profile
shapes discussed in the literature (Sec. II), we critically
revisit the shapes of virialized soliton profiles (Sec. III).
Here, we review the noninteracting results (Sec. III A) and
focus on the modifications imposed by repulsive self-
interactions, which provide new extended relations in terms
of a characteristic interaction strength approximately sepa-
rating the weakly and strongly interacting limits: this is
obtained by matching quantum kinetic and interaction
energies (Sec. III B). Our numerical procedure and results
are then shown (Sec. III C), with soliton oscillations
discussed both analytically and numerically (Sec. IV).
By inverting relations for soliton core density and oscil-
lation frequency parameters previously obtained in terms of
a fixed boson mass m, we obtain implicit relations for m(g)
as a function of variable interactions for any radius/
oscillation frequencies (Sec. V), pointing to emerging
degeneracies, whose inferred observational constrain impli-
cations are discussed (Sec. V B). Brief conclusions are then
given in Sec. VL

II. THE GROSS-PITAEVSKII-POISSON SYSTEM

In the framework of FDM, dark matter is composed of
ultralight bosonic particles and can be described by a
classical complex field y(r, r). We take its mass density to
be represented by p = |w|% and the energy functional for
the field can be written as

E=[ar P+ i + L e
2m? 2 2m
—0+W+U. (1)

where ©, W, and U are the kinetic energy, the gravitational
energy, and the interaction energy, respectively. The
Newtonian potential V(r, ) is a functional of y and obeys
the Poisson equation,

V2V(r.1) = 42G(p - p), (2)

where the average mass density, p, has been subtracted as is
necessary for the consistent description of continuous
systems under Newtonian gravity [24,57]. The self-inter-
action strength, g, is considered as a two-body contact
(short-range) interaction which can be effectively associ-
ated with the s-wave scattering length a; through the
relationship g = 4zh*a,/m>.

By varying Eq. (1), one arrives at a nonlinear
Schrodinger equation, a Gross-Pitaevskii type equation
of the form
" oy (r, 1) h>V?
i = |-

ot 2m

+gp(r,1) + mV(r, 1) |w(r. 1), (3)

which, along with Eq. (2) constitute the Gross-Pitaevskii-
Poisson Equation system (GPPE) for the description of
FDM. By applying the Madelung transformation,
w = /pexp(iS), and separating real and imaginary parts,
we obtain the continuity equation,

P V- (pu) =0, )

in which u = 7VS/m defines the velocity, and the equation
of motion takes the form of the generalized Bernoulli
equation,

s 1 n V2 /p
® (Vs - = 0.
5 T3, (VS) A mV +gp—o 75 0. (5)

The last term of Eq. (5) is the quantum pressure, which
originates from the uncertainty principle. In the noninter-
acting case (g =0), equilibrium is achieved when the
repulsion due to the quantum pressure balances the
attraction due to gravity [58].

The virial theorem in this case states that [24,59]

20+ W +3U = 0. (6)

It is customary to decompose the kinetic energy into
classical and quantum parts, respectively, defined by

1
®C = /d3r5p|u

In equilibrium u = 0, and therefore the classical kinetic
energy, is zero, but the quantum kinetic energy, ©,, still
contributes to the energy budget. The equilibrium system is
static and obeys the virial theorem where only the quantum
kinetic energy plays a part, thus

hz
2 = [ &r—|Vyp)>. (7
. eg= [y VAP ()

20, + W +3U = 0. (8)

A. Common soliton profiles

A characteristic feature of the Gross-Pitaevskii-Poisson
system is the coherent corelike soliton structure at the
center of the gravitational well of the halo [13,18,21,60].
We discuss below characteristic expressions that are fre-
quently used in the literature to describe the spatial profile
of the soliton in various limits.
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First, in the absence of self-coupling (¢ =0), the
gravitational attraction is solely balanced by the quantum
pressure term. In this limit, the soliton density is usually
approximated by the empirical profile [2],

()

where p, is the central (peak) core density, and r,
represents the core radius, defined as the radius at
which p(r.) = py/2: this yields the exact value 1=
21/8 1 ~0.091. We note here that while the above profile
automatically satisfies the virial theorem 20, + W = 0, in
order to ensure this it is in fact critical to use the exact (as
opposed to the approximate) value of A quoted above (see
also subsequent related comments).

We also stress here that p, and r. are not independent
parameters, and a central density-radius relation has been
reported [2,27,28,50,51] in the form

~1/4 -1/2
re = % % kpe.  (10)
1.9M pc 107~ eV

Such an expression can also be obtained from variational
energetic considerations [57].

Second, the opposite, strongly interacting limit corre-
sponds to a hydrostatic equilibrium in which the gravita-
tional attraction is balanced by repulsive interactions [24].
In this limit, the solitonic core is instead approximated by a
Thomas-Fermi profile [61-64],

R . rr
= (2)m().

of characteristic spatial extent Ryp.

For consistency with the notation used for the empirical
profile, we introduce here the spatial extent, r’*, corre-
sponding to the point where the density drops to half
its central value, i.e., prp(rlf) = (1/2)prp(r = 0), thus
yielding

TF TF
pri(r) = L0 T gin (1.895%). (12)
r

T 1.895 r 7

More generally, but only accounting for global shape
features without attention to detailed radial dependence, the
soliton can also be approximated by a Gaussian [24]. While
only approximate, and a poor description for both the g = 0
and g — oo limits, such a description has two obvious
benefits: (i) it facilitates an easy qualitative interpolation
across these two limiting cases in the context of an effective
interaction-dependent width, and (ii) it is easily amenable
to analytical calculations. The form of such a Gaussian is

10* - - i
P Numerical:
= (9=0)
- — (9=9,)
§- 102 — (9=5049,)
o
=
=
2 100k Analytical:
q) .
a = -Empirical [Eq. (9)]
-------- Gaussian [Eq. (13)]
=-Thomas-Fermi [Eq. (12)]
102 : ' :
10° 10 10
Radius [kpc]
FIG. 1. Dependence of the shape of density profiles on

interaction strength for characteristic examples and comparison
between numerical (generated using imaginary time propagation
to find the ground state solution) and analytical predictions in
such regimes, with interaction strength increasing from top to
bottom curves. Compared to the noninteracting limit (top green
line), we also show a profile with self-interactions of an adequate
strength (g, ) to impact the properties of the soliton (orange line)
and the corresponding profile in the Thomas-Fermi regime of
strong self-interactions. The empirical profile is given in Eq. (9);
the Thomas-Fermi and Gaussian and profiles are, respectively,
defined by Egs. (12) and (13). In all cases, the profiles are
normalized to M = 1 x 10"My and with m = 2 x 1072? eV/c?.
The characteristic interaction strength g, corresponds to the value
marking an approximate crossover from weakly interacting to
strongly interacting and is defined in Eq. (34) by balancing
interaction and quantum kinetic energies, see subsequent dis-
cussion in the text.

p(r) = M(#) " exp (- ;) (13)

The different arising density profiles and a comparison
with our more accurate numerical results (discussed in
Sec. I C) are shown in Fig. 1 across the entire range of
interactions, with g, denoting a characteristic interaction
strength (defined later) marking an approximate crossover
from the noninteracting to the strongly interacting limits.

B. Generalized soliton profile ansatz

In order to more accurately characterize the role of
interactions on the soliton shape, we proceed by construct-
ing a generalized ansatz. On physical grounds, we antici-
pate for such a general density profile to depend on the
radial coordinate r, and the interaction strength g, only
through the dimensionless ratios r/r. and g/g,, where g, is
a characteristic interaction strength to be defined later. We
thus introduce a generalized ansatz of the form®

3See [36] for a general density profile ansatz and [24,44] for a
similar scaled self-interaction strength.
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p= o (7 , r) , (14) L e (7 , F) o (22)
where )
r-9. (15) =D <Gi\4 > @)
9«

Following Chavanis [24], we start our analytical studies Interaction energy:

by reducing the expression for the mass and various system
energies in terms of relevant physical variables and _ 2ng 2 o 7 2
appropriate dimensionless integrals, whose values can be U= m Po? r ) rdr, (24)
calculated based on our generalized ansatz. Specifically, we
M?g
—a0)(504). (25)

obtain the following expressions: Total mass:
In the above expressions, n(I'), a(I'), ¢(I'), v(I'), and

M= 4 / - po(p(’,r) P, (16)
0 re

= (L) (4zpor?). (17) ¢(I') are parameters depending on the dimensionless

o interaction strength, obtained from a dimensionless integral

Moment of inertia: directly related to the shape of the density profile of the
soliton in the presence of self-interactions. We henceforth

] =4r / Pop (L , F) rdr, (18) refer to such pararpeters as shz.lpe pararr.leters.'Such param-

eters were first introduced in the pioneering work of

Chavanis [24] who used a Gaussian approximation to

c

2

= a(l) (Mr?). (19) the soliton density profile, given by Eq. (13). We calculate

Quantum kinetic energy: profiles in Table 1.
As evident, the values of these shape parameters are

2ﬂf12 L 1/2

/ o emphasize that calculations of soliton static and dynamical
parameters (e.g., radius, peak density, oscillation fre-
m2r? in changes to the shape of the profile—and thus the shape
parameters—already in the noninteracting limit, an effect

the specific shape parameters for the three aforementioned

Pdr (20) rather sensitive to the exact profile shape. Moreover, we

o(T') < ) 21) quency) will be found to exhibit a high degree of sensitivity

Gravitational energy: amplified when interactions are taken into consideration.

TABLE I.  Values for the various shape parameters arising from the relevant energy integrals depending on the exact profile shapes:
such values are obtained analytically for the cases of a Gaussian profile (an analysis already performed in Ref. [24] from which the
values in the third column are quoted) and evaluated in this work also analytically for the empirical profile of Eq. (30) (fourth column).
These are compared and contrasted to results from the numerical simulations in the noninteracting regime g = 0 (fifth column) and over
a broad range of relevant interaction strengths smoothly interpolating between the noninteracting and strongly interacting limits,
showing the change in the shape parameters as a function of interactions (penultimate column). To highlight the observation that the
values of some shape parameters decrease (7, &), while others (o, v, {) increase with increasing interaction, we depict the limiting high
interaction strength values using bold font. For comparison, the final column shows the analytically predicted values in the strongly
interacting Thomas-Fermi regime, based on the Thomas-Fermi profile of Eq. (12). A graphical representation of the dependence of such
shape parameters on scaled interaction strength I" is shown in Fig. 2.

Shape Gaussian Empirical Numerical Thomas-Fermi
Physical origin parameter [Eq. (13)] [Eq. (30)] Numerical g =0 e [10‘5, 104] [Eq. (12)]
Mass n 0.4385 0.9347 0.9693 £ 0.0231 0.4731-1.0270 0.4385
Moment of inertia a 1.5000 3.0009 3.0531 £ 0.0578 1.1163-3.1435 1.0497
Quantum kinetic energy c 0.7500 0.3919 0.3865 £ 0.0038 0.3799-1.3053 1.2266
Gravitational energy v 0.3989 0.2919 0.3033 £ 0.0158 0.2936-0.4482 0.4584
Interaction energy ¢ 0.0635 0.0262 0.0247 + 0.0007 0.0235-0.0823 0.0896
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III. VIRIALIZED SOLITON PROFILES

A. Noninteracting virialized profiles (g =0)

In the absence of interactions (g = 0), the virial theorem
between the quantum kinetic and the gravitational energies,

20, + W =0, (26)

can be used, jointly with the above energy expressions to
establish a direct relationship between peak density and
core radius [24].

To contrast the noninteracting limit of this section to
subsequent considerations featuring the additional inclu-
sion of interactions, we henceforth label all such g = 0 (i.e.,
I' = 0) shape parameters by a O subscript, i.e.,

{n.a.0.v8}(g = 0) = {ny, a9, 60, v, Lo}

In terms of such notation, we thus obtain from Egs. (20),
(22), and (26) an expression for the soliton radius, 7, in the
noninteracting limit, in the form

260 h2
Fo = — )
© vy GMm?

(27)

Substitution of this into the earlier reduced expression for
the soliton mass Eq. (16) provides a relation between r,. and
Po, namely,

= (200" NV s, (28)
¢ 4771/0770sz 0

Interestingly, a 7. « p, 14 relationship along with a coef-
ficient of proportionality were numerically obtained from
fitting [2,28] without any explicit reference to virialization.
Our present analysis extends such a numerically based
result by an analytical derivation of the coefficient of
proportionality based on the empirical profile of Eq. (9),
explicitly showcasing its dependence on a range of physical
parameters. Such a relationship was also previously given
in [36].

It is now possible to rephrase the equation for soliton
mass M in terms of a single parameter only, for example, in
terms of the peak density p,, in the form

260fl2 )3/4 14

Po - (29)

Using this relation, the empirical profile in Eq. (9) for the
noninteracting limit can be reformulated as

)

As the empirical profile provides the best approximation
to the ground state of the GPPE in the noninteracting limit,

Egs. (27) and (30) reveal that, for any given pair of values
for the soliton and boson masses (M, m), one can ab initio
generate a virialized soliton profile for the noninteracting
case, with shape parameters taken from the empirical
profile. Such g = 0 profile is shown in Fig. 1, demonstrat-
ing the good agreement with the numerical solution of the
GPPE discussed in the next section.

The profile-specific shape parameters for the three
commonly used profiles are given in Table. I, both in
the absence and presence of interactions.

B. Modifications due to interactions

Next, we consider the effect of repulsive self-interactions
(g > 0) on the soliton profile. These contribute to the
system’s energy via Eq. (25).

In Sec. IlII A, we have used the virial theorem to obtain an
expression for the core radius, r., in the noninteracting
limit, Eq. (27), expressed in terms of the noninteracting
shape parameters o, and v,. Using now instead the
generalized form of the virial theorem in the presence of
interactions, Eq. (8), we obtain the more general expression
in the interacting case, namely,

o) R

rc(g) = mGMmz

. \/ | 30O

2t D)
(31)

Note that as the shape of the soliton changes with
increasing value of the self-coupling g, all shape param-
eters now become a priori unknown functions of g.
However, we show that such parameters become universal
in terms of the dimensionless interaction strength I' =
g/ g, so in the above equation and henceforth, we denote
these as {n(I'), a(T"), o(I"), ("), {(T) }.

We note here that such an equation, but with constant
values for the shape parameters based on a Gaussian ansatz,
was already obtained in Ref. [24]. Here, we have generalized
such expression to reflect the changing soliton profile due to
repulsive interactions through the I'-dependent shape param-
eters. The above relation therefore describes an a priori
unknown dependence of r,. on g which is more complex than
that implied solely by the explicit appearance of g on the rhs.

The corresponding expression for the peak density can
be obtained from Eq. (16) as

1 M
4mn(T) ri(g)”

pol9) = (32)

We can gain some immediate analytical insight for both
core radius and peak density by defining corresponding
limiting functions in the noninteracting and strongly
interacting limits. To do this, it is useful to first define
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an expression for the characteristic interaction strength, g.,
separating these two limiting cases.

1. Characteristic interaction strength

A useful estimate of the (relative) strength of interactions
can be obtained by defining a characteristic interaction
strength scaling, g,, as the interaction strength value at
which the interaction energy equals the quantum kinetic
energy [24], i.e.,

1ont
- GM*m?

As the dependence of the shape parameters ¢, v, and ¢ on
I' = g/g. is a priori unknown, the above expression is in
fact an implicit equation for g,. We can however simplify
the procedure and obtain a well-defined explicit definition
for the characteristic interaction strength g, by making the
heuristic, but convenient, choice to evaluate the shape
parameters using the empirical profile, Eq. (9), in the
noninteracting (g = 0) limit. The important benefit of our
choice is that it allows us to present results in a universal
manner with m and M scaled out. We would expect the
crossover between the noninteracting and strongly inter-
acting regimes to take place around’ g ~ O(g,), i.e., '~ 1.
Based on such a choice, we define g, as

2 4
o2\ 107
= (2 ) 34
4 <¢0u0> GM2m? (34)

We note that, although the actual value of g, would be
slightly shifted following a different choice for the evalu-
ation of the shape parameters, such choice would have no
qualitative influence on the findings reported throughout
this work.

The effects of repulsive self-interactions on the resulting
soliton ground state are visible in Fig. 1. As one dials up the
strength of the (repulsive) self-interaction, the core begins
to expand and the density drops, as already visible for g =
g, (orange line). In this regime, neither the empirical profile
nor the Thomas-Fermi profile adequately replicate the form
of the density profile. However, once the interaction
strength is large enough and the quantum kinetic energy
is negligible in comparison to the interaction energy, the
system is well modeled by the Thomas-Fermi profile, as
shown there in the case of g = 50g,.

“This is equivalent to the parameter y, defined in Eq. (50)
n [24], becoming y ~ 1.

2. Analytical expressions in limiting cases

The above expression for g, allows us to obtain useful
analytical expressions for the leading order dependence on
the scaled interaction strength in the weakly and strongly
interacting limits: in each such case, we simplify the
expression of Eq. (31) by replacing the ['-dependent shape
parameters by the corresponding constant parameters
obtained analytically in the limiting cases of zero and
strong interactions (Thomas-Fermi).

In the weakly interacting case, we thus introduce

3GM2m3 é’ol/o
1 14— —9g |, 35
+\/ +2 nt G% g (35)

where subscripts 0 are used to denote corresponding shape
parameter values at g = 0. This can now be rewritten in
terms of the dimensionless interaction strength, I', in the
more compact form,

P

2

() == (14 v1+15I), (36)

where ! describes the noninteracting value given pre-
viously by Eq. (27).

Correspondingly, in the strongly interacting regime, we
introduce the notation

JTF 7
rZF(F):CT 14+ /1 +15=2T |, (37)
G
where rIT" corresponds to the value of r. in the limit

g — oo, and g¢I¥ is defined as in Eq. (34), but based on
shape parameters evaluated analytically for the Thomas-
Fermi profile, i.e.,

2 4
gr =21 O (38)

Crrvrr GMm
The values of the shape parameters corresponding to the
two limiting soliton profiles are given in Table I (columns 4
and 7, respectively, for noninteracting and Thomas-Fermi
limits).

Similar to the above discussion, we define the limiting
expressions for the interaction-strength dependence of the
peak density, py(T), in the noninteracting case; specifically,
we find

A= ()

1 ++1+415I'

whereas in the Thomas-Fermi limit
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A0 = (). 0

L4, /1+154%T

In each above case, the shape parameters are evaluated at
the corresponding limits. We also note here that

9«
77 =~ 0.546. (41)

*

3. Crossover between weakly and strongly
interacting regimes

The soliton size in the presence of interactions, r.(g),
increases monotonically with g, always lying between these
two limiting curves, i.e., r%(g) < r.(g) < r'F(g); this is
confirmed by numerical simulations below. Its exact
behavior can be directly extracted from Eq. (31) along
with a numerical determination of the shape parameters
o(I'), ¢(I"), and v(T") via the more compact relation,

o 2
rc<r):ﬁ h

) Ghin? (1 +/T+ 150(r)), (42)

where we have introduced a generalized dimensionless
interaction strength parameter C(I") which also accounts for
interaction-induced shape effects via

0= oo (@m) | @

The corresponding dependence of the central density on
interactions is then given by

1M
- 4m (D) ()

po(T) (44)

where n(I') can again be determined from numerically
obtained soliton profiles.

In the following subsection, we perform a detailed
numerical study which confirms the validity of the above
semianalytical formulas. Indeed, we see below that a
numerical determination of the shape parameters, along
with Eqgs. (42) and (44), describes the size and central
density of a soliton of mass M, made up of bosons of mass
m, very well across all values of the self-coupling g from
the noninteracting to the strongly interacting regimes.

C. Numerical approach: Imaginary time propagation
as a tool for ground state profiles

1. Dimensionless GPPE

In order to numerically solve the GPPE, we revert to
dimensionless form by scaling all physical variables to
appropriate values. This is done in terms of a timescale,

T= (Gpref)_l/zv (45)
characteristic of an object crossing a uniform density

configuration of some reference density p.; and the
corresponding energy and length scales

E = NN/ Gpres, (46)

#H2 1/4
L= ( G > : (47)
m=GpPref

for some particle number N = M/m. Setting t = Tt and
r = Lr/, the resulting dimensionless GPPE takes the form

oyt Vv’?
ll, — __l//l + Vll/// +g/|w/|2wl (48)

ot 2

and
2y P Sys =
Ve —an(22) - ), (49)
ref

where the interaction strength is written as ¢ =

9 7\/Gpret/psys»  the  gravitational potential as V =

% h\/apsys /m+/per, and the wave function has been scaled
to the mean density p,, within the computational box
through the dimensionless form y' =/ /p5;s. We choose

the mean reference density of the system as p,; = 1.5 X
10°M/kpc® which is commensurate with the current
cosmic density. We henceforth drop all primes for the sake
of simplicity.

As the true ground state solution to the GPPE (which is
what we are seeking numerically) is a spherically sym-
metric density distribution, we further simplify the problem
to be solved numerically to a spherically symmetric form
(thus disallowing any angular dependence/asymmetries to
creep up also in subsequent dynamical analysis). A further
significant benefit in doing so is that it makes the required
numerical resolution of the soliton feasible, without unnec-
essarily strong demands on computational memory and time.

Using the further substitution yw = ¢/r, we obtain the
radial (one-dimensional) GPE in the form

ap 1 & p
= ———= 4V z
"or ( 207t +g‘ r

2ﬁ, (50)

which we solve using the implicit midpoint method. The
Poisson equation to which the GPE is coupled to now takes
the simpler form

o’V
W:4ﬂrp, (51)

where we have made the substitution V = V/r and dropped
the p term which is no longer necessary due to the fact that
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we are using a spherically symmetric regime with boundary
conditions that go to zero. (Note that subtraction of the
mean density would have been necessary if we were to
include periodic boundary conditions).

The computational speedup acquired by translating to a
spherically symmetric system and using this method is
significant and allows for the study of higher mass solitons
with larger resolution, where 3D approaches may suffer
from a lack of computational power or simply from a lack
of memory in being able to store large 3D arrays.

2. Imaginary time propagation and numerical
ground state

Early studies of the ground state soliton employed a
shooting method to obtain the solution of the time-
independent GPPE equations which decay at infinity
[25,59] or utilized a “shedding” of the excited modes which
escaped the computational box imposed by an absorbing
boundary [59]. Here, we take a different approach to generate
the ground state solution of the system, employing a method
widely used in various guises in the study of cold atomic
condensates [54,65,66] by propagating our system in imagi-
nary time (but see also [55,56] in the FDM context). By
setting dt — —idt, we reformulate the system in such a way
that a “forward” propagation in imaginary time results in all
higher energy eigenstates decaying exponentially at a rate
proportional to the energy of each eigenstate. As a result, the
ground state decays comparatively more slowly than all other
(excited) states. By additionally enforcing a renormalization
of the particle number within the system at the end of each dr
propagation, we ensure that the norm of ¢ remains constant
through such a procedure. Such combination of imaginary
time propagation and renormalization gradually extracts
energy from the system and suppresses all occupied excited
eigenstates present in the initial configuration, while keeping
the total number of particles fixed. As a direct consequence of
this, it directly enforces a gradual transition to the ground
state without the need for resorting to either a shooting
method or a removal of modes via absorbing boundary
conditions.

In our calculations, we assume that the ground (virial-
ized) state is reached when the total energy of the system
has converged to within one part in 108. To ensure the size
of our numerical grid has no influence on our findings, we
also monitor the value of the density at » = Ar, the inner-
most point of the computational sphere, and also the ratio
p(Ar)/p(L), where L is the edge of the computational
sphere. By imposing a large value for this ratio (here
p(Ar)/p(L) > 10%), we ensure that the computational
sphere is large enough in size to adequately contain the
soliton without the boundaries interfering with its shape
and dynamics.

Moreover, in our numerical calculations, we need to
balance the need for good accuracy of the soliton core (i.e.,
high spatial grid resolution)—which controls the extent to

which the virial theorem is numerically satisfied—and the
computational time required (which increases with increas-
ing number of grid points). In practice, we found that the
description can be sufficiently accurate upon including at
least five grid points between r = 0 and r = r,, although a
higher number of grid points will further enhance numeri-
cal accuracy. We find that the virial condition (6) is satisfied
by our solutions on the order of 1%.

Once the ground state solitons have been obtained from
the imaginary time propagation, they are then propagated in
real time to confirm that they are indeed solutions close to
the ground state. When evolved in real time, any deviations
from the true solitonic ground state will result in the
creation of an “atmosphere” of bosons around the soli-
ton—a miniature version of a dark matter halo, formed by
excited bosons ejected from the soliton,” somewhat reduc-
ing its mass M. To estimate this deviation from the ground
state, we calculate the total mass residing in the temporally
averaged soliton across the entire dynamic simulation. This
is achieved by numerically determining the Penrose-
Onsager mode as in [57], which defines the true ground
state. We thus verify that only a very small mass leakage
from the soliton occurs: in all our simulations, losses to
atmospheres around the core are at a level of at most 107>
of the initial ground state solution’s mass M.

Shape parameter values are extracted from simulations
by performing the relevant numerical energy integrals on
the generated ground state profile and then using the peak
density and core radius of the numerical soliton to calculate
them. Although all shape parameters should be uniquely
identified in the case of g = 0, numerically we find a slight
variance of up to few % in their values, as seen in the fifth
column of Table I. Such variance accounts for a slight
change due to a different spatial resolution and computa-
tional box size. However, in all simulated noninteracting
cases, there is a clearly identified value for each shape
parameter, with such values being in accordance with our
analytical values calculated from the empirical formula
(fourth column of Table I). The numerical average for each
noninteracting shape parameter value is plotted on the left
of each subplot in Fig. 2 as a filled green point at I' = 0.
Error bars are not visible in most cases, due to the small
standard deviation in results.

3. Numerical results for variable self-interaction strength

Ground states were generated for a range of g values, for
several different configurations of m and M. Shape param-
eter values were extracted from these numerical ground
states. Such behavior is shown for all five shape parameters

SUnlike the simulations presented in the early work of [59]
which shed modes above the ground state soliton via an absorbing
boundary condition, a process termed there gravitational cooling,
we here effectively form minihalos which remain gravitationally
bound, fitting comfortably within our computational box.
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FIG. 2. Dependence of the value of shape parameters on
interaction strength, scaled to the characteristic value g, defined
by Eq. (34). Such dependence is reproduced by a two-parameter
fit based on Eq. (52) which has as limiting cases the non-
interacting limit at I' = 0 and the Thomas-Fermi limit at I' — oo,
whose exact values for each parameter are given in Table I. The
corresponding predictions of Ref. [24] based on a Gaussian
approximation (reported in column 3 of Table I) are shown here
by the horizontal dashed line. Filled green points at the g = 0 line
represent the averaged values of the corresponding shape param-
eters from numerical simulations (see Table I, fifth column).

(n, 0, v, a, and {) in Fig. 2. As evident, all such parameters
follow a clear monotonic transition from the noninteracting
limiting case (leftmost part, green points) to the Thomas-
Fermi case (rightmost part), with some of them decreasing
(n, a) and others increasing (o, v, {) with increasing
(scaled) interaction strength T'.

Interestingly, we find that the dependence of all such
shape parameters on I" can be excellently fit by a function
of the form

TABLE II. The fitting constants for Eq. (52).

n c v a ¢
a 0.4 1.15 0.5 0.3 1.1
b 1.5 1.5 1.7 1.5 1.5

u(r) = 2==E [1 — tanh <1og10(br) - “ﬂ . (52)

where u denotes any of these shape parameters, subscripts 0
and TF denote the corresponding analytical values in each
regime, and a and b are fitting constants. The specific chosen
values of these fitting constants for each shape parameter are
given in Table II and vary slightly for each shape parameter.
Nevertheless, in all cases, both a and b are of order unity.

An important comment needs to be made regarding the
shape parameter ¢, which originates from the quantum
pressure. Given that the Thomas-Fermi regime is defined
by a negligible quantum pressure, the analytical value
computed from the quantum kinetic energy integral for the
Thomas-Fermi profile loses meaning. Moreover, the
deviation of the numerical values for ¢ from the fit in
Fig. 2 for large values of I > 10° can be attributed to the
much steeper decrease of the Thomas-Fermi profile toward
a zero value (in stark contrast to the smoother decrease of
the numerically generated profiles).

Next, we comment on the validity of the Gaussian
approximation for different values of g. As is evident from
Fig. 2, the Gaussian values taken from Ref. [24] always fall
within our obtained numerical range: in fact, such points
typically lie close to the midpoint between our presented
analytical limiting values (except for # where the Gaussian
value effectively corresponds to the Thomas-Fermi limit)
and, as such, are good approximate values in the crossover
regime. Note however that although such values are never
off by more than a factor of 3, such analytically convenient
choice of values cannot capture the true variable nature of
the shape parameters.

Having fully quantified the universal dependence of the
shape parameters on the dimensionless interaction strength
I'=g/g., we can now discuss the corresponding, and
observationally relevant, dependence of the key soliton
profile parameters of peak density and soliton radius on
interactions. To present this in the most general manner, we
consider the dependence of the rescaled central soliton
density po(I")/po(0) and core radius r.(I')/r.(0) as a
function of the rescaled self-interaction strength
I' = g/g,. The results of our numerical simulations are,
respectively, shown in Figs. 3(a) and 3(b).

Superimposing numerical data points for three different
total mass M and soliton mass m combinations (in the range
2x 10722 eV/c? <m <2x 10721 eV/c?> and 10'My, <
M < 10°M), shown by different symbols/colors, the
dependence of scaled peak density and soliton core on
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I' is shown over the entire probed range of I' €
[4 x 1075,3 x 10%].

Analytical expressions for these curves can also be
obtained as follows: the scaled soliton width dependence
on I' can be obtained through Eq. (42) as

(T) o)\ (v(D)\ ' /1 + /14 15C(T)

= . (53)
C(O) ] Lo 2
The corresponding dependence of the peak density can be
obtained from Eq. (44) via

5D e

Inputting our numerically evaluated universal shape param-
eter dependence on I' based on Eq. (52) for (), v(I'),
¢(T), and (") into the above equations yields the solid
black lines in Figs. 3(a) and 3(b): such curves are clearly
found to lie directly on top of all our numerical points for
different (M, m) combinations. To clarify such observa-
tions, in each of the two cases, we also plot the corre-
sponding fully analytical weakly interacting (r2(I), p§(T"))
[solid gray lines] and strongly interacting (Thomas-Fermi)
limits (rZF(T), pl*(I')) [dotted orange lines], defined,
respectively, by Egs. (36), (37), (39), and (40). These
curves delimit the region where all our data points lie and
which we indicate by green shading.

In both cases, we clearly see a transition from the
noninteracting behavior for small I" to the Thomas-Fermi
behavior for large I', with such transition indeed occurring
around I' =1, i.e., near the characteristic interaction
strength g, of Eq. (34); such value has been highlighted
by a vertical dashed red line for easier visualization. To
make such transitions between the two limiting cases more
transparent, we further highlight the weakly and strongly
interacting limits in subplots (i) and (iii), respectively,
found to the left and right of the main plot.

We have thus fully characterized our soliton ansatz of
Eq. (14) in terms of a universal dependence on the (scaled)
interaction strength, with such behavior obtained semian-
alytically (by a combination of analytical expressions com-
bined with the universal dependence of the shape parameters
on I') and confirmed by full numerical simulations.

~

~

IV. SOLITON OSCILLATIONS

The simplest (lowest-energy) excitation of the soliton
core comes in the form of a radial oscillation. The rate of
such an excitation depends on the total mass of the soliton,
the mass of the constituent boson, and—in the interacting
case—the interaction strength [24]. Soliton core oscilla-
tions could in fact lead us to signals of FDM’s existence in
astronomical observations, as well as allow us to place
constraints on the range of possible boson masses [21,27],

and they may play a part in gravitational heating of
galaxies. It is also possible that core oscillations may drive
dynamical behavior in the entire halo structure due to
interference [52].

In this section, we examine the dependence of the
frequency of such small radial oscillations on the self-
coupling strength parameter in terms of the dimensionless
ratio I'. This allows us to overlay data from a variety of
solitons on a universal curve.

A. Isotropic oscillation

A proper study of the soliton’s oscillations would involve
a thorough analysis of its normal modes, an investigation
that we leave for an upcoming publication. Here, following
[24,36], we employ a perturbative method for studying the
radial oscillatory dynamics of the soliton, making the
further assumptions that (i) small oscillations can be
described by making r., the parameter that sets the scale
of the solitonic profile Eq. (14), time dependent, i.e.,
r. = r.(t), and (ii) the resulting velocity field takes the
isotropic form

u = f(1)r. (55)

As we now show, these two assumptions can satisfy the
continuity equation, Eq. (4), for a specific form of the
function f(z).

Although the form of the soliton profile p(r) is not
known for g#0, we may make use of our ansatz
p(r) = pogp(r/r.,T), further assuming that the profile
becomes time dependent only via r. — r.(t). We thus
obtain

ap olnr. (py ,
o _ _o0mre (Po gy g 56
ot ot (ﬁ”* P (56)
and
_ Po
Voo =g (Por3). )

where ¢’ denotes a derivative with respect to the function’s
spatial argument. Clearly, the continuity equation is ful-
filled if

_ lor,
Cr.ot’

f(t) (58)

and therefore describing the oscillation by assuming that
the whole profile evolves with time via r.(7) and with the
velocity profile

1 or
=—"‘r, 59
" r. 0tr (59)
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FIG. 3. Universal dependence of key static and dynamical soliton properties on scaled dimensionless interaction strength. Shown
are [from top to bottom] the cases for (a) peak soliton core density, (b) core radius, and (c) core oscillation frequency, with such
quantities scaled to their corresponding noninteracting simulated values, and all self-interactions scaled to the characteristic value
g, from Eq. (34). All plots show numerically simulated data for three different (M, m) combinations and a continuous solid black
line obtained from our analytical equations (53), (54), and (76) using as input the I'-dependent shape factors shown in Fig. 2.
Panels (ii) [middle] reveal the entire crossover, with (i) left and (iii) right panels, respectively, highlighting the weakly interacting
and strongly interacting limits. The two limiting boundaries of the green channels highlight the range of accessible predicted
values, bounded from above and below by the respective characteristic universal curves: specifically, the noninteracting gray line
is constructed from Egs. (36), (39), and (76), with g, [Eq. (34)] computed using the noninteracting shape parameters. Moreover,
the dashed black Thomas-Fermi line arises from Eqgs. (36), (39), and (76) with g, [Eq. (34)] calculated instead using the Thomas-
Fermi shape parameters. The vertical purple line highlights the characteristic interaction strength value g = g, (corresponding to
I' =1). Note that a crossover between the limiting noninteracting and Thomas-Fermi lines is in fact present in the case of the
oscillation frequency [(c)(ii)], despite this being largely obscured by the very narrow accessible channel. We highlight that the
excellent fit of our semianalytical predictions (solid back lines) through all our numerical data demonstrates the importance of
the correct incorporation of the universal variation of shape parameters on scaled interaction strength. Remarkably, such an
approach accurately predicts the peak density, radius, and frequency, even in the transition region between noninteracting and
Thomas-Fermi limits.
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1s consistent with mass conservation. This allows us to
calculate the classical kinetic energy, O, as

1
®C :2/p|u|2d3r (60)
1/dr. 1\?2 oo
— () |4 4 1
2<dt rc) |:7Z/O pr dr} (61)
1 dr.\2

Therefore, solitons can exhibit oscillations which physi-
cally manifest as a uniform expansion and contraction of
the soliton profile. The soliton mass M is constant in time,
and therefore, the peak density must also experience
oscillations as py(t)  r73(t), see Eq. (16).

B. Analytical oscillation frequencies

The total energy of the interacting system can be
written as

Eyw=0c+0,+W+U (63)
1 dr.\?2 M GM? gM?
=—aM| =< == 64
2a (dt) +6m2r% v r. +Z:2mrg (64)
1 dr.\?
=—aM|—=< % 65
() +viro) (65)

which can be thought of as an integral of the motion for the
dynamical equation,

d*r dv
mEre 4V 66
M T ar, (66)

Hence, the fundamental, breathing oscillation mode of the
soliton can be described by the one-dimensional motion of
a nonrelativistic, Newtonian particle moving in the poten-
tial V [24] defined above.

A static solution corresponds to a g-dependent equilib-
rium radius, 7}, satisfying

dv
dr,

=0. (67)

re

By performing a small perturbation about this equilibrium
radius r.(t) = ri + &(¢) in (66), we find

n”M _ GM? M?
aMEé (1) + (60— —5— 20—+ 120 ——2 ) (1) =0, (68)
m-re. r; 2mrd

re

where, to avoid notational clutter, we henceforth drop the
superscript. At this point, we remind the reader that, as

V(r.) depends on g both explicitly and implicitly via the
shape parameters ¢ = o(I"), v = v(T), and { = ('), such
equilibrium value depends on g¢: in fact, it corresponds to
the g-dependent equilibrium value given by Eq. (31). We
thus infer [24] a frequency,

f

1 (6@, +2W + 12U
\/Q+ + (69)

s I ’

where we remind the reader that I = aMr?2 is the moment
of inertia. Accounting for the interacting virial condition
[Eq. (6)] and using the expressions for the shape parameters
we can rewrite this as

3¢(IT)
o o 1+ <2y(r> 6#2(9))9 (70)
g = 2 2.4 ‘
20(0) 7> m*rs - (6 emem
() (9) 1 (21/(1") Gmrf(g))g

Note that r. is now a function of the self-coupling g. Such
an expression, but with constant shape factors, has been
previously analytically derived in Refs. [24,36]. Here, we
generalize this to include the numerical differences hidden
within the dependence of the shape parameters on I

In the g — 0 limit and by making use of Eq. (28), we can
write the oscillation frequency in a form which is solely
dependent on the peak density of the soliton,

£(0) = (G—") o, (1)

apgw

with the shape parameters v, 1y, and ap for the I' =0
empirical profile, Eq. (9), given in Table I. This form agrees

with the f « p(l)/ 2 relationship expressed in previous liter-
ature [22,27,48-51]. Specifically, we find

Po
0)=114( ———""——
10 <IO9MO kpc™3

1/2
) Gyr!,  (72)
while in, e.g., [22] the coefficient is 10.94, a value obtained
from analyzing oscillations of the central soliton in a
simulated core-halo system. Very similar values are quoted
in the literature [27,48-51]. The difference is very small
and could be due to the fact that values quoted in the
literature are mostly extracted from solitons embedded in
halos and not in isolation which may not be oscillating in
their fundamental frequency only.

Itis interesting to note that by looking at Eqs. (27) and (72)
we can compare our results to those from [24], finding that

Temp = 0.71497Gaygss (73)

femp = 10021 f Gauss- (74)

As a result, and perhaps somewhat unexpectedly, although
the radius parameters between the Gaussian profile and the

103518-13



INDJIN, LIU, PROUKAKIS, and RIGOPOULOS

PHYS. REV. D 109, 103518 (2024)

Percentage

—0O Semi-analytical

--® Empirical [Eq. (30)]

t

10— - '
L4

. o 997090 IR A
S ¢ Poa e R 234
2 oo e ¢?‘?1A5: AN '
o * S o0 o b

® 07 102 0%

Boson Mass [eV/C2]
— Numerical

Empirical mean
with standard deviation

Semi-analytical mean

l...
0
— ¥ )
- 5
= ® 3
O] 2
5 o
3100 i ‘,0’ ® Numerical |
T A --- Empirical [Eq. (30)]
/"
o T
1072 102! 1070
Boson Mass [eV/C2]
..
100 3 ‘J‘. 3
. -
5, P
S il
g o1
@
S 102 > i 3
o
O 5]
L% o d ® Numerical
o --- Empirical [Eq, (30)]
e
Al 1 1
10
108 10’ 108

Soliton Mass [M® ]

Percentage

- Gaussian [Eq. (13)] with standard deviation
SO et % SRR
315 Teeti %ot
IR I S C 2 R Il 3.
3 b 4,4}4, P b
- A

-10= . |

10° 107 108

Soliton Mass [I\/IG ]

FIG. 4. Left (Top): the oscillation frequency for varying boson mass for a total soliton of mass Mjen = 2 X 10’ M. Bottom: the
various results for oscillation frequency when the soliton mass is varied from a range of 10° to 108M . The black arrow indicates a
mutual point which is present in both simulation runs. The dashed line is plotted according to Eq. (75), in which the shape parameters are
calculated from the relevant energy integrals of the empirical profile, Eq. (30). Right: a residual plot of the oscillation frequencies,
calculated according to [(simulation-analytics)/simulation], for the case of (top) varied boson mass and constant soliton mass and
(bottom) varied soliton mass and constant boson mass. The zero line represents the simulation data. The filled black data points
correspond to the residual between the simulation data and Eq. (75), with shape parameters from the energy integrals using the empirical
profile. The black diamonds correspond to the same, but instead making use of the shape parameters from the Gaussian. The hollow
purple circles use a numerical extraction of the shape parameters from each ground state solution to calculate the frequency. In either
case, residuals are grounded on simulation data. To the right of each residual plot is a data point which represents the mean residual value
for the case of frequency calculations from the empirical profile, Eq. (30), and the corresponding variance in the form of error bars. As
can be seen from the two right subplots and discussed in the text, using the empirical or Gaussian profiles gives essentially identical
results for the oscillation frequencies which are less accurate than those determined by using the shape parameters obtained from the

numerical soliton profiles.

empirical profile (9) are clearly distinct, the balancing of
these and the various shape parameter values in these limiting
cases appearing in Table I result in almost perfect cancella-
tion, thus leading to practically the same predictions for the
frequency. Therefore, our extended present work confirms
that the Gaussian ansatz approach can be considered a
remarkably robust approach for analyzing the soliton’s
oscillation frequency.

C. Numerical results for noninteracting solitons

To numerically study the lowest-energy soliton oscilla-
tions, we must perturb the obtained ground states. This can be

very easily engineered in our numerical simulations using the
following trick: instead of running our imaginary time
propagation until full system equilibration has been
achieved, we terminate such process somewhat earlier to
allow for the otherwise almost perfect ground state solution
to be left with a “natural” built-in perturbation. Subsequently
propagating such perturbation in the (real) time domain, we
can extract the frequency of such an oscillatory mode by
performing a Fourier analysis of the dynamics of the peak
density value.

According to Eq. (27), the radius and, therefore, the peak
density are both functions of boson mass. We can therefore
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rewrite Eq. (71) in terms of the boson mass and soliton

mass,
1 Ué G4M4m6 1/2 75
o ﬂ <86¥000 fl() ) ' ( )

In order to compare results of the empirical and Gaussian
profiles to our numerics, we evaluate the above frequency
formula, Eq. (75), using the shape parameters obtained from
the respective profiles. A detailed comparison between
simulation data and the prediction from Eq. (75) is shown
in Fig. 4 as a function of both (i) changing boson mass
(within the range 1072? eV/c? <m < 10720 eV/c?) [top
plots] and (ii) changing soliton mass (within the range
10°My <M < 108M ) [bottom plots]. This confirms the
very good overall validity of Eq. (75) for the empirical (and
Gaussian) analysis with our numerical data [Fig. 4(a)]. To
better understand how these compare, and what the subtle
differences between empirical and Gaussian results [con-
cealed in Fig. 4(a)] may be, Fig. 4(b) plots their scaled
residual differences in each case.

This reveals that, despite a very good overall agreement
with our numerical simulation data, such results for both
empirical (filled black circles) and Gaussian (hollow
diamonds) consistently overshoot the numerically obtained
frequency (green line). Motivated by our preceding detailed
shape-parameter analysis, we thus proceed to calculate the
shape parameters individually from each numerically
generated ground state and use these—rather than the
shape parameters from the empirical profile—in Eq. (75):
as expected, this semianalytical procedure (open purple
circles) yields a much better agreement with the oscillation
frequency extracted from simulations. It is therefore clear
that the calculation of the oscillation frequency of a soliton is
in fact also sensitive (on the 10% level) to the shape
parameters and therefore the shape of the profile.

f(0)

D. Results for interacting solitons

The analytical prediction (70) for the oscillation fre-
quency in the case of g # 0 can be written in terms of the
dimensionless parameter I" as

f(F):< 2 )
f(0) 1+ +/1+415C(T)

15C(T")
X 41+ , 76
\/ 1+ /14 15C(T) 76)
where we remind the reader that C(I') = ”;((E;ZEB :igg; T, see

Eq. (43). A comparison of the above formula, with the
shape parameters obtained from numerical soliton profiles,
to numerical simulations of oscillating solitons is shown in
Fig. 3(c).

Once again, as in the analysis of p, and r, of the previous
section, we can obtain the limiting values for f in the cases
I'=0 and I' - o0, by evaluating all shape factors
{¢(T),v(I'),o(I")} appearing in C(I') in terms of their
noninteracting limits {£(0),2(0),5(0)} or their strongly
interacting Thomas-Fermi limits {¢77, 077, 677}, Such
process gives us the corresponding noninteracting and
Thomas-Fermi channels for the frequencies, respectively,
shown by the gray and dashed orange lines in Fig. 3(c).
Interestingly, in our numerical results, the two channel
limits experience a crossover around I & 1, as can be seen
in Figs. 3(c)(i)-3(c)(iii)which shows that the limit at the
top of the channel is the noninteracting one for I' 5 1
[Fig. 3(c)(i)], while the Thomas-Fermi limit is found at the
top for I'g1 [Fig. 3(c)(iii)]. Our numerical data points
always trace the upper of the allowed channels throughout
the entire range of self-interaction strengths.

V. PHYSICAL PARAMETER DEGENERACIES
AND OBSERVATIONAL IMPLICATIONS

A. Physical solitons and m —I" degeneracy

Our preceding analysis for a soliton of fixed total mass M
has been conducted under an implicit further assumption of
a fixed boson mass m. As anticipated, this has revealed a
dependence of static and dynamical properties on the boson
interaction parameter g, which enters as a new parameter
appearing both implicitly and explicitly in the equations for
the soliton radius r.(g), [Eq. (31)], the peak soliton density
po(g) [Eq. (32)], and the soliton oscillation frequency
f(g) [Eq. (70)].

To explain this, let us focus below on the soliton radius
r. in the absence or presence of interactions, for which we
remind the reader of the main functional dependence of the
previous expressions (under the assumption of a fixed M).
These take the respective forms:

For g = 0:

rem) = Ao 3. (17)

where A, = 2(60/vy)(h*/GM) depends on the noninter-
acting shape parameters (and the physical constants 7, G,
and constant soliton mass M).

For g > O:
D) :A(F)(l + «/1;—156(F)> (%) 78)
— A(D)E(T) (#) (79)

where A(T') = 2(o(T)/u(T"))(h*/GM) is defined in terms
of the I'-dependent shape parameters, and for convenience,
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we have also introduced an expression C(I") > 1, which has
convenient limiting cases,

C(T = ) :%(F).

From Eq. (78), we see that the interdependence of
parameters r., m, and I' = g/g, implies that it takes a
combination of the values of two of these parameters to fix
the third one. Given that the main observationally relevant
physical quantities are likely to be the soliton mass M
(already assumed as constant in above discussion) and the
soliton radius, we henceforth assume here a fixed value for
the soliton radius r.(m,T") = R, and consider the resulting
interrelation between the boson mass m and the scaled
boson self-interaction I'. Thus, by inverting Eq. (79), we
obtain for each value of R, the following dependence of m
on I

() = AT 2 (30)

This expression shows clearly that fixing r, to the value R,
and varying T" results in a varying m(I") curve which
becomes a locus of all values of the boson mass and
dimensionless self-coupling corresponding to a soliton of
fixed radius R.. The idea of such curves corresponding to
parameter values that result in the same soliton radius was
first put forward in [36,67].

The same logic can be independently applied for fixed
values of each of the peak density and the frequency. In
particular, the corresponding equations defining these
degeneracy curves read:

For a fixed peak density, py,

””:<%ymwwmwwwamW% (81)

For fixed frequency, f,

20(I)

() = FPBO N\ [ sem 1 220

(cm)?

where we have introduced

B(r) = Va()o (D) 4y 2zh3 (83)

VA() G*M?*

Equations (81) and (82) determine the loci of all values of
m and I" which result in solitons of the same central density
and same oscillation frequency, respectively. In all cases,
such degeneracy curves reduce to their corresponding

—Radius [Eq. (80)]
6 | = Peak Density [Eq. (81)]
- --Frequency [Eq. (82)]

o L
g 4
€
2 L
10 1072 10° 102 10%
T
FIG. 5. The scaled universal m —I" curves for which one

obtains solitons of constant radius, peak density, and oscillation
frequency, corresponding to Egs. (80)—(82), respectively. Here,
my is defined as the boson mass atI" = 0 for the respective soliton
parameters (r., f, pg)-

noninteracting limits when we take I' = 0, being consistent
with a single viable boson mass value.

Such dependencies of the boson mass m on I, resulting
in (m,T") pairs that support solitons of fixed radius, peak
density, and oscillation frequency, are shown in Fig. 5. Note
that the boson mass has been scaled by a reference mass
my = m(I" = 0) to make the plot universal. In this plot, we
see clearly that the curves corresponding to fixed soliton
radius® and fixed peak density overlap, whereas the scaling
for fixed frequency reveals qualitative similarity but is
distinctly identifiable.

In the above discussion, the mass has been obtained as a
function of the dimensionless interaction strength I"' = ¢/ g,
for fixed soliton radius, peak density, or oscillation fre-
quency. It can be instructive to reconsider the problem in
terms of the relation between the boson self-interaction
strength, g, and the boson mass, m, for any fixed value of
soliton radius, peak density, or oscillation frequency, para-
metrized through a particular value of I'. This can be done
by writing

- __(10R* [ 6A(T) 1
g(T,m)=Tg,(m) =T (G Mz) (g(r)y(r)> m’ ()’ Y

where m(I") depends on r., py, or f, as given in Eqgs. (80)—
(82), respectively. Tracing over the parametric variable I,
and for each fixed value of radius, peak density, or
frequency, we can thus obtain a parametric relation between
g and m. Such dependence is plotted in the three panels of
Fig. 6, in which the fixed value of each such parameter is
represented by a different color line.

®See similar Figs. 4 and 5 in [36] for the case of solitons of
fixed radius.
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FIG. 6. Curves of constant radius, peak density, and oscillation
frequency (the value of which is shown by the color bars),
revealing the allowed parameter space of repulsive self-inter-
action strength and boson mass based on such chosen parameters.
These graphs can be extended towards the heavier boson mass
regimes. The figure plotted for a soliton mass M = 108M,.

B. Observational relevance

For any single soliton with radius r,. and peak density py,
we have explicitly shown that there exists an entire contour
line of boson mass and interaction strength pairings that
support its existence within FDM. This rules out basing any
constraints on a high-resolution accurate observation of a
singular galactic dark matter object as the degeneracy
means that no meaningful limits can be established;
instead, one can only deduce which contour the object
must lie on. However, multiple objects of different total
soliton mass will have differing contour lines, where the
g(m) gradients are dependent on their total mass. As a
result, when one maps the contour lines of several galactic
objects onto the same set of appropriately scaled axes, their
intersection point will correspond to the true physical value
of the boson mass and self-interaction strength which
enables the formation of such solitons in our Universe.

Figure 7 illustrates this point: first, we consider a
specific pair of boson mass and self-interaction strength,
m=22x1072? eV/c? and g = 1072 Jm?/kg which, for
a given soliton mass, will yield a specific set of soliton
parameters—the core radius, peak density, and oscillation
frequency. We then note that any points along the
corresponding m(g) degeneracy contour will yield an
identical soliton—i.e., the resulting solitons are observa-
tionally indistinguishable for points chosen anywhere along
a single degeneracy contour line for a fixed total mass.

We can now design two solitons of different mass,
chosen as 108M and 10°M, and plot their degeneracy
contour lines in the m — g parameter space, along which the
radius and frequency remain constant (for fixed total mass).
In this specific case, the 108M, soliton has a 0.57 kpc
radius and an oscillation frequency of 2.66 Gyr~!, whereas
the 10° M, soliton has a 0.23 kpc radius and an oscillation
frequency of 39.86 Gyr~'. These values were chosen
heuristically for the purpose of illustrating clearly how
the information of the true boson mass and interaction

v =

o
3!

10 26 | o 4
a
=5
<!
¥
o
e

_1028¢ = E
g‘: :

S g=10% um3kg]
S B
=
()]

10-30 L : . J
|—10 MO[Radius 0.57 kpc]
| ==mn 108 M [Frequency 2.66/Gyr]
—10° MO[Radius 0.23 kpc]

1092 | =ememe 10° M [Frequency 39.86/Gyr] |

22 -21
10 > 10
m [eV/c7]
FIG. 7. Scheme for simultaneous identification of boson self-

interaction and mass through the numerical overlap of key soliton
g — m degeneracy lines for two different galaxies. Shown are
heuristically chosen lines of constant radius (solid) and frequency
(dashed) for soliton masses of M = 108M<D (red) and M =
10°M, (blue). Their overlap points to a unique combination
of g and m values for such systems. Here, we have chosen to
show a 0.57 kpc radius and an oscillation frequency of
2.66 Gyr™! for the 103M, soliton, whereas the 10°M soliton
has a 0.23 kpc radius and an oscillation frequency of
39.86 Gyr~!. A single underlying FDM model would result in
the degeneracy curves from a multitude of solitons with different
masses, radii, and oscillation frequencies all crossing at the same
point (see text).

strength may be extracted from the contour lines. The
location of the intersect of these contour lines is the true
boson mass and self-interaction strength which accommo-
dates both of these solitons to exist in space. Once again, in
our case, the intersect values were arbitrarily chosen as an
initialization requirement. In a universe where the dark
matter is fuzzy and described by a single scalar field, all
degeneracy curves corresponding to candidate observed
solitons must cross at the same point (within observational
error bars) which would represent the single universal value
for the mass m and self-coupling ¢ that correspond to our
Universe.

The existence of the aforementioned degeneracy could
have an impact on current constraints on the boson mass
which are likely to change if the parameter space is
extended to include g.7 Indeed, various limitations have
been placed upon the allowed range of the boson mass by

" Although the relative ranges of m and I" exhibited in Fig. 5
may imply that existing constraints on the boson mass will not be
shifted by orders of magnitude, it is still the case that including
the self-coupling may be relevant.
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probing both cosmological scales, e.g., [35,68], as well as
singular astronomical objects such as the star cluster orbiting
the center of Eridanus II [21,27] or rotational curves and
stellar kinematics [69—72]. Furthermore, [73] finds a corre-
lation between the core oscillation and the oscillation of gas,
which would further be affected by self-interaction and
would prove a likely observational signature. All these
works, apart form [35], do not include a self-interaction,
and in some cases, clear differences between theoretical fits
and observational data were identified [71], while in others it
was further evident that a single boson mass could not
adequately fit theoretical curves to observational data
[69,72]. On the other hand, [46] reports that a nonzero value
of the self-coupling, along with a single boson mass, can fit
the rotation curves of the dark matter dominated galaxies in
the SPARC database provide for the first time positive
support for FDM solitons with a nonzero value of the
self-interaction from rotation curves. The degeneracies dis-
cussed here would be relevant for all the above studies which
make inferences about the boson mass.® Clearly, all of the
above are very preliminary observational investigations but
provide strong motivation for precise, quantitative analysis of
the model [76]. Steps have been taken to incorporate baryons
into these models [50,77], which would likely add an
additional layer of complexity.

VI. CONCLUSIONS

In this paper, we evaluated quantitatively the impact
of a nonzero, repulsive self-interaction on the shape of
virialized, fuzzy dark matter solitons and some of their
key characteristics, namely, their central density p,
radius r., and the frequency f of their small radial
oscillations. We achieved this using a general ansatz for
the density profile and quantified the change in its shape
via the computation of five shape parameters, corre-
sponding to dimensionless integrals that are associated

*In this work, we discussed parameter degeneracies related to
the compact FDM solitons. Similar degeneracies can also exist on
cosmological scales for FDM overdensity power spectra, see [74]
which analyzes a linearized hydrodynamical version of the hybrid
condensate particle model of [75].

to the different components of the soliton’s energy, mass,
and moment of inertia.

By using a dimensionless measure of the self-interaction,
I, we mapped the transition of the shape parameters from the
noninteracting to the strongly interacting regime with uni-
versal curves; all of the numerically generated solitons we
explored (generated via imaginary time propagation with
different masses M and composed of bosons of different
mass m) can be placed on these curves. Knowledge of the
shape parameters then informs the transition of p, r.., and f
from the noninteracting to the strongly interacting regimes.
Again, this transition can be described by universal functions
if appropriately scaled quantities are used. As an interesting
side observation, we found that the accurate numerical
determination of the shape parameters also allows for a
better semianalytical prediction of the oscillation frequency
for g = 0 compared to the use of either the Gaussian or
empirical density profiles.

Our results also led us to the notion of degeneracy curves,
representing the loci of all those (m, g) pairs that result in
solitons with identical r., py, and f. The question then
naturally arises of how such degeneracy might be broken via
the observation of many possible solitonic objects. It would
seem that such notions are highly topical given the increasing
effort to place constraints on the parameters of FDM via
confrontation with observations of astrophysical objects that
could harbor FDM solitons. We leave further exploration of
such confrontation to future work.

The data supporting this work are openly available
at [78].
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