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The subsolar mass primordial black hole (PBH) attracts attention as robust evidence of its primordial
origin against the astrophysical black hole. Not only with themselves, PBHs can also form binaries with
ordinary astrophysical objects, catching them by gravitational wave (GW) bremsstrahlung. We discuss the
detectability of the inspiral GWs from binaries consisting of a PBH and a white dwarf (WD) by using
space-borne gravitational wave interferometers like DECIGO. The conservative assessment shows the
expected event number in three years by DECIGO is O(107%) for Mpgy ~ 0.1M . Possible enhancement
mechanisms of WD-PBH binary formation may amplify this event rate. We discuss how large enhancement
associated with WDs is required to detect WD-PBH merger events without violating the existing

constraints on the PBH-PBH merger by the ground-based detector.
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I. INTRODUCTION

Primordial black holes (PBHs) are hypothetical black
holes that could have formed in the early Universe before
star formation [1-4]. They have attracted attention more
and more as a candidate for dark matter [5], seeds of
supermassive black holes [6,7] (see, e.g., Refs. [8,9]
for implications of supermassive PBH by high-redshift
luminous galaxies found by the James Webb Space
Telescope), planetary-mass microlensing objects towards
the Galactic bulge detected by the Optical Gravitational
Lensing Experiment [10], hypothetical Planet 9 in our solar
system [11,12], triggers of faint supernovae called calcium-
rich gap transients [13], etc., (see, e.g., Refs. [14,15] for
recent reviews on astrophysical implications of PBHs). A
significant property of PBHs is that they can have a wide
range of mass even smaller than the solar mass, unlike the
astrophysical black holes that are formed through the
gravitational collapse of massive stars. Thus, the detection
of subsolar mass black holes is a smoking gun for the
existence of PBHs.

While subsolar mass PBHs have been searched mainly
by the gravitational microlensing1 so far (see Ref. [17] for a
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'So far any microlensing search for PBHs has not detected a
PBH, but several candidate events are reported, represented by
the single event by the Subaru Hyper Suprime-Camera [16].
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summary of the existing observational constraints on the
PBH abundance), gravitational waves (GWs) have been
attracting much attention as a new tool to probe the subsolar
mass PBHs. In the early Universe, PBHs can form binaries
by the tidal torque exerted by a neighboring PBH [18-20].
After forming the binaries, their orbits gradually shrink as
they emit the GWs. Depending on the separation and the
component masses of binaries, their GWs can have the
frequency to which the GW detectors are sensitive. LIGO-
Virgo-KAGRA (LVK) Collaboration has already obtained
the constraints on the PBH abundance from the search
of the subsolar mass black hole binaries [21-24]. Several
groups independently report candidates of GWs from
subsolar mass black hole binaries [25-27]. Furthermore,
Pujolas et al. [28] estimated the detectability of the PBH
binaries in various future observations, such as Einstein
Telescope [29], LISA [30], and DECIGO [31,32].

While the dominant formation channel of the PBH bi-
naries is the three-body interaction in the early Universe,
the GW bremsstrahlung can lead to PBH binaries in the late
Universe [20,33,34]. In this channel, an unbounded PBH is
captured by another PBH through the close encounter due
to the energy loss by the GW emission. This channel can
form not only PBH-PBH binaries but also the binaries of a
PBH and another astrophysical compact object. For exam-
ple, Tsai et al. [35] and Sasaki et al. [36] estimated the
merger rate of binaries consisting of a PBH and a neutron
star (NS). Tsai er al. discussed the scenario in which
GW170817 is an NS-PBH merger event. Sasaki et al.
showed that the NS-PBH binaries are subdominant, and
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their merger rate is not enough to explain LVK’s NS-BH
merger candidates.

In this work, we newly consider the binaries consisting
of a subsolar mass PBH and a white dwarf (WD). The
merger frequencies of the WD-PBH binaries are O(1072—
10~") Hz, which are interesting targets of DECIGO.
However, numerical simulations of the WD-PBH merger
are yet to be done. We then focus on the inspiral GW and
investigate the detectability of the WD-PBH merger event
via the maximum detectable distance of inspiral events with
a sufficiently large signal-to-noise ratio (SNR) in the
DECIGO observation. As WD-PBH inspiral GWs can
be mimicked by WD-WD ones, we also discuss whether
they can be distinguished only by the differences in the
merger frequencies. Finally, we estimate the expected
event number of the WD-PBH binaries in the three-year
DECIGO mission.

The paper is organized as follows. In Sec. II, we discuss
the detectability and the distinguishability of WD-PBH bi-
naries by assuming three years of observation of DECIGO.
In Sec. III, we present the merger rate estimation, and
Sec. IV is devoted to the conclusions and future perspec-
tive. The details of the merger rate calculation are sum-
marized in the Appendix. Throughout the paper, we
suppose that the PBH mass function is monochromatic.

II. DETECTABILITY BY DECIGO

A. Signal-to-noise ratio for the inspiraling
WD-PBH binary

In this subsection, we evaluate the detectability of
WD-PBH binaries only through the inspiral GWs. The
most optimistic scenario, which we hereafter assume, is
that DECIGO keeps observing the binary inspiral for three
years from the beginning of the observation run, and the
binary merges just after the end of the observation run.
The detectability is quantified by the SNR of the inspiral
waveform from the initial frequency f,;, to the final
frequency f .« in the detector frame. Note that we basically
suppose quasicircular orbits for WD-PBH binaries for
brevity though Cholis et al. [37] suggested that the binaries
formed in the GW bremsstrahlung have high eccentricities
and merge within a few years, typically keeping their
eccentricities even at the merger.

The measured signal in the frequency domain is
obtained by

h(f) = Fihy(f) + Fxhy(f), (2.1)

where F, and F, are the antenna pattern functions, and

h,, are plus/cross modes expressed by

hi(f) = (1+cos’)ho(f).  hy(F) = =2icosiho(f).

(2.2)

with the inclination angle 1. ki is given by

- 5 (1+2)GM\0 ¢ i
Fo(F) = 1| —g=2/3 [ L2027 \ 7 © e-7/660(f)
O(f) 96ﬂ ( C3 > de € P

(2.3)

where W(f) is the GW phase, G is the Newtonian constant
of gravity, and c is the speed of light. M, is the chirp mass
defined by

(m1m2)3/5

M, = —
C (my+my)'

(2.4)

with the component masses m; and m, in the source frame.
z and d are the source redshift and the luminosity distance,
respectively. Their relation is given by

z cdz

dp = (1+2) L TG

(2.5)

We employ astropy [38] to calculate the luminosity
distance and use the cosmological parameters obtained by
Planck18 [39]. Given the detector noise spectrum S, (f), we
define the SNR by

o [ [ sire]”

Following Ref. [40], we estimate the SNR averaged over
the extrinsic parameters (e.g., the source position in the
sky) by the formula,

(2.6)

8 A
=——/I 2.7
where /; and A are given by
foo  f73
I; = df =——, 2.8
! / w o Salf) 2
/5 _ (14 2z)GM\/®

The integration range [fmins fmax) i Eq. (2.8) is obtained
below as a frequency evolution during the three-year
observation of DECIGO.

In the present work, we use the DECIGO’s design power
spectral density (PSD) [41],
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SDECIGO(f) — {7.05 x 10—48<1 + <%>2>

p
_ A\
48 107! ( .
1 Hz 1+ (flp)z
-4
1533 % 10792 <ﬁ> ]Hz‘l, (2.10)

with f, = 7.36 Hz.
Here, we focus only on GWs from the inspiral phase. We
assume that f, .. is given by
WD-PBH
merge

14z

fmax: s (211)

where [0z is a typical merger frequency in the source

frame. In the case of WD-PBH binaries, WDs would be
tidally disrupted in the final stage of the inspiral phase, and
then fiee’ " is determined by the binary separation equal
to the tidal radius, R;q,, Which is estimated by balancing
the tidal force and the WD’s self-gravity as

Figa = F grav at r = Rijgal
2GM R GM
N 2PBH < WD> _ 2WD at = Rygy
r r Ryp
DM\ 3
= Riga = (MPBH> Rwp., (2.12)
WD

where Myp and Mpgy are respectively masses of the WD
and the PBH, and Ry is the radius of the WD.We use the
following mass-radius relation:

M -1/3
Rwp = 0.0126R®< MWD> , (2.13)

[0}

which is proposed in Ref. [42]. The corresponding fre-
quency is given by

Jiidat = ! \/G(MWD h MPBH). (2.14)

3
R tidal

Equation (2.12) implies that Rq, is smaller than the
radius of the WD, Ry, if 2Mpgy < Mwp. In such cases, as
the merger frequency, fyae ", we should use the Kepler
frequency at the time when the orbital radius becomes the

sum of the radii of the WD and the PBH (Rpgpp),

1 \/G(MWD + Mppy) (2.15)

Tkepies = P (Rwp + Rppn)®

The merger frequency is determined by the one realized
earlier,

'WD-PBH
merge

- min[fKeplerv ftidal]' (216)
As for fi, we introduce f,. as the corresponding
frequency in the source frame,

_fstart
fmm_1+z'

(2.17)
The duration that the binary requires to evolve from the
frequency f to f, (> f;) is given by (see Refs. [43-45])

5 GMC>—5/3

tUﬁ—dﬂ)-——(

256 3

xS (Y = 157,

C

(2.18)

From this expression, by assuming that the binary merges at
the end of the observation period in our optimistic scenario,
we can evaluate the frequency at the onset of the obser-
vation run [i.e., three years (= T,) before the merger],
which is corresponding to [, as

Tops = t( xgggBH) - t(fstan)’ (219)

and it gives

5 3

C

256783 (GM\5/3\ /3
f@nz{(x%?%*ﬂ+Tm ( °) } |

(2.20)
We set the detection threshold on the SNR at 8 [44] and

refer to the maximum distance of the detectable binaries as
the horizon distance. Figure 1 shows the horizon distance
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FIG. 1. Horizon distance as a function of Mpgy and Myp.

The black solid line indicates 1 Gpc. There are breaks around
Mppy ~ (2 —35) x 107'M . Around there, the merger frequency,
defined by Eq. (2.16), changes drastically because the tidal
frequency fijqq and the Kepler frequency fxeper have different
mass dependencies.
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depending on the masses of a PBH and a WD. From this
figure, we can find that we would detect the GWs from
a WD-PBH binary at ~1 Gpc for Mywp 2 0.8M, and
MPBH z OSMO

B. Distinguishability between WD-PBH and WD-WD

In the previous subsection, we evaluated the detectability
of WD-PBH binaries. The GW waveform from a compact
binary is characterized by the chirp mass M. Therefore, if
a WD-WD binary and a WD-PBH binary have similar
component masses, they can not be distinguished only from
the chirp mass. However, the merger frequency can be
different because of the difference in the radii of WDs and
PBHs. We discuss, here, how we can distinguish WD-WD
binaries and WD-PBH binaries by the difference in the
merger frequencies.

The merger frequency of WD-WD binaries, which is
denoted by fpie. is estimated as well as the merger
frequency of WD-PBH binaries. We consider the WD-WD
binary with the masses of My ; and Myp, 5. We use Ryjgy 1
to denote the tidal radius in which the first WD (M ; and
Rwp 1) is disrupted by the companion WD (Mywp»). It is
estimated by

2Mwp o\ /3
Riida1 = <M ’ Rwp,1-
WD, 1

(2.21)

By changing the labels 1 <> 2, the tidal radius R4, » can be
defined. When the two WDs approach as close as the
radius,

RBWD _

ddal. = Max([Rygar 1. Riigal 2] (2.22)

the lighter one is tidally disrupted. We define the frequency

corresponding to REWP by

gwp _ | \/G(MWD,I + Mwp,) (2.23)

tidal ( RE(}ZID ) 3

Mpgh = Mwp,2 =0.4M o

o
N
]
I
N
[

Mpgn = Mwp,2 =1.2M¢

When My, | =~ Myp ., REWP could be smaller than the sum
of the WD’s radii. In such cases, as the merger frequency, we
should employ the Kepler frequency at the time when the
binary separation is equal to the sum of the WD’s radii,

_ 1 JG(Mwp,1 +Mwp,) (2.24)

#BWD
7\ (Rwpi+ Rwp.o)?

Kepler

Thus, as in the case of the WD-PBH binary, the merger
frequency of the WD-WD binary is given by the lower one,

BWD _ ¢ BWD BWD
merge — MIN [f Kepler / tidal ]

(2.25)

Figure 2 shows the comparisons between the merger
frequencies, fiee " and fhuge, and the initial frequency
WD-PBH of the WD-PBH binary as functions of Mpgy.
If the frequency satisfies fhmge < fian o0, the WD-PBH
binary merges at the frequency that WD-WD binaries with
the same masses never reach. So, we can distinguish the
WD-PBH binary and the WD-WD binary by the difference
in the merger frequencies.

Figure 3 zooms in on the right panel of Fig. 2, focusing
on the regions where 0.5M 5 < Myyp; < 0.6M . For some
mass ranges,the merger frequency of the WD-WD binary is
located between [y °H and fieer 1. This means that the
waveforms of the WD-PBH binary and the WD-WD binary
overlap in the frequency domain. If this overlap is signifi-
cant, it might be difficult to distinguish between the
WD-PBH and WD-WD binaries. We define the quantity
named “distinguishability” by

N
xg = 52, (2.26)
Q
where ¢’ is defined by
8 A
¢ =z (2.27)
5dy.

Mpgn =Mwp,2 =1.4Mo
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FIG. 2. Comparison of the relevant frequencies for WD-PBH and WD-WD binaries. Black solid and dotted lines are maximum and
minimum frequencies realized by WD-PBH inspirals, respectively. Orange dashed lines show the merger frequency of the WD-WD
binary whose component masses are My ; and Myp, ,. If the orange dashed line is below the black dotted line, WD-PBH and WD-WD
binaries can be distinguished only by the inspiral waveform. We assume three years of observation.
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Mpgy = Mwp,2 =1.4M
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FIG. 3. Enlarged figure of the right panel of Fig. 2. While
binaries are distinguishable for My, ; 2 0.56M, it is hard for
Mwp1 < 0.56M and impossible for My < 0.54M to dis-
tinguish them only by the inspiral waveform and hence the
merger waveform is required which is beyond the scope of
the paper.

with “wrongly” replacing the WD-PBH merger frequency
with that of the WD-WD one,

D /(142) _
fWD—gPBH )dfgn(f) for fgt&g]r)tPBH < fBWD

]’7 = S tart (I4z merge
"WD-PBH BWD
0 for fart 2 merge*
(2.28)

If fB%e is equal or very close to fyeer>H, we could not

judge whether the binary is a WD-PBH binary or a
WD-WD binary only from their inspiral parts because
they have the same frequency evolution during the obser-
vational period. In such case, ¢’ equals ¢. In this sense,
the “distinguishability” xg4;, is a quantity representing how
likely we can distinguish a WD-PBH binary from a WD-
WD binary. That is, for x4 ~ 1, we can distinguish a WD-
PBH binary and a WD-WD binary, but for xg;, ~ 0, we can
not distinguish a WD-PBH binary and a WD-WD binary.
Figure 4 shows the distinguishability x4 as a function of
the WD’s mass with Mpgy = 1.2M and 1.4M. Let us
focus on the case of Mpgy = 1.4M, (thick black line in
Fig. 4). For Myp 2 0.55M, the distinguishability x4;s of a
WD-PBH binary and a WD-WD binary is almost unity.
This is because the merger frequency of a WD-WD binary
is lower than the initial frequency of a WD-PBH binary, as
Fig. 3 shows. On the other hand, for Myp < 0.55M, the
merger frequencies of a WD-WD binary and a WD-PBH
binary are the same. This leads to no distinguishability in
SNR. Even in this case, WD-PBH binaries and WD-WD
binaries could be distinguished once we go beyond the
conservative approach. We can consider various effects
related to the coalescence (e.g., tidal deformability). We
will discuss it in more detail in the concluding section.
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S ———tidal }0.032
% 0.8 < \\ === = === contact (BWD)
o ~ Y t0.030
> SN _
b= . AN ~ S
= b =2y N
a 0.6 — \\\ 0028 E
© i N
< — N - "
(2] \\\ \\\ = . 2
S 041 ~ I~ te— . LT TIT0.026
()] N \\ S
£ oo 0N =
@ i N +0.024
~ ~
a 021 S
\\\ ~
~~._ }0.022
0.0
0.020
0.40 0.45 0.50 0.55 0.60 0.65 0.70
Mwp[Mo ]

FIG. 4. Distinguishability [Eq. (2.26)] in black lines. The thick
(thin) line shows the PBH mass of 1.4M, (1.2M,). The distance
to the source is chosen such that the reference SNR ¢ = 30.
Although the integrals /7 and I}, depend on the redshift, the result
is not much affected by the value of the reference SNR. The blue
dashed lines represent the tidal radius of the WD-PBH binary.
The orange dash-dotted lines represent the contact radius
of the WD-WD binary whose component masses are Mvwp and
1.4M g (1.2M ).

III. EXPECTED NUMBER OF EVENTS

In this section, we estimate the merger rate of the WD-
PBH binaries. The expected number of events is given by

. MWD.mux dMWD Zup dV
VB = T, [ [

7—
MWD.min MWD dZ
M 7, max d dR
« / I am, Nhalo AAWD-PBH ’ (3.1)
Mh.min th dln MWD

with the comoving volume V(z) within the redshift z, the

. d alo .
halo mass function d”#}‘], and the merger rate density per

halo per logarithmic WD mass ‘fﬁﬁ“ﬁ- We below neglect

the redshift dependence of the halo mass function and
the merger rate and use the current values for simplicity.
We set the minimum and maximum masses of halos at
My min = 400M o and My, 0 = 101°M g, respectively. We
have confirmed that the event rate of WD-PBH mergers is
not very sensitive to the choice of M}, i, and M, .. The
detailed description of each term in the integrand is given
in the Appendix. Figure 5 shows the resultant event number
in three years as a function of the PBH mass. Note that
we assume the fraction of PBH to the dark matter, fppy,
is unity though astrophysical observations have already
put the constraint fpgy < O(107") for Mpgy = 0.1M,,.
Figure 5 implies that the merger rate of WD-PBH binaries
is too low to detect them by three years of observation
of DECIGO.

The small event number is because of our conservative
estimation. The expected event number would be increased
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m fpp,=1.0

107 == frgn=0.1
10—5 4
10—6<

10—7<

WD —PBH
Nevent in 3yr

10—8<

10—9<

102 101 100 101
Mpgy [Mo ]

FIG. 5. Expected number of WD-PBH mergers detected by
three-year observation of DECIGO. Thick solid line shows the
case of fpgy = 1.0, and thin dashed line shows the case of
Sfpeu = 0.1. The break at Mpgy ~ 0.6M originates from the
crossover between the tidal frequency and the Kepler frequency,
which can be seen in Fig. 1.

by several orders of magnitude, depending on the assump-
tions on the number densities, the velocity dispersions,
etc., of the target objects. In the context of the NS-PBH
merger, several possibilities (e.g., formation in ultrafaint
dwarf galaxies or globular clusters and PBH clustering
at their formation) provoking such enhancement are pre-
sented [35]. Before concluding this section, we briefly see
how much enhancement is required (and allowed) to detect
the WD-PBH binaries. Let us parametrize the enhancement
of the event number by [35]

AWD-PBH __ WD-PBH
Nevent = awp X apH X fPBH X Nevenl ’

(3.2)

where awp and apgy are the enhancement factors induced
by some mechanisms related to the WDs and the PBHs,
respectively.

Even forgetting about the realistic astrophysical proc-
esses, apgy cannot be enlarged arbitrarily because it would
conflict with the current constraint on the PBH-PBH
merger rate achieved by the ground-based GW detectors.
As we explained in Sec. I, PBH-PBH binaries are formed in
two channels, and the early-time formation basically domi-
nates the late-time formation. However, if the enhancement
factor apgy for WD-PBH is too large, it would also enhance
the late-time PBH-PBH formation, making it dominant
and leading to the violation of the current constraint on the
event rate of subsolar mass PBH binary coalescences.
To discuss it quantitatively, we calculate the event number
of PBH-PBH mergers in the late-time formation sce-
nario. Because apgy phenomenologically parametrizes
the enhancement due to the PBH properties, the PBH-
PBH merger rate would also be enhanced in a similar
way as

10°

1)

10—2<

10744

10—6<

PBH — PBH
Ngoent in 1 yr (fegn

10-2 101 100 101
Mpgu[ Mo ]

FIG. 6. Expected number of PBH-PBH mergers detected by
one-year observation by LIGO.

A7PBH-PBH 2 A7PBH-PBH
Nevem ~ (aPBHfPBH) Nevem ’

(3.3)
where NPBHPBH g the expected number of PBH-PBH
mergers estimated with fpgy = 1 and apgy = 1. So far,
binary mergers with masses of less than 1M have not been
detected. Therefore, NEBH-PBH should be less than unity.
For Mpgy = 107'M, as our interest, we find NEBIPBH
1 x 1073 (see Fig. 6 in the Appendix). Therefore, we get the
upper bound,

NEBHPBH < 1 = appy fppn S 3 x 107 (3.4)

Substituting this into NWDPBH and taking the value
NWD-PBH — 5 % 1075, the required enhancement factor
awp for the detectable event rate of WD-PBH binaries
would be

NWDPBH > 1 — qp = 2 x 10°. (3.5)
If such an enhancement would be realized, one or more
WD-PBH merger events could be detected by DECIGO

without contradicting the current constraint on the PBH-
PBH merger rate.

IV. CONCLUSIONS AND FUTURE
PERSPECTIVE

We have investigated the detectability of WD and sub-
solar mass PBH binaries formed by the GW bremsstrah-
lung. To this end, in Sec. II, we first investigated the
maximum distance of the detectable binaries as the horizon
distance assuming the simple waveform model given by
Egs. (2.7)—(2.9) and the three-year observation of DECIGO
with its design sensitivity. We have shown that the GWs
from WD-PBH binaries at ~1 Gpc are detectable when
their mass satisfies Myp = 0.8M 5 and Mpgy 2 0.5M .
Second, we discussed the distinguishability between
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WD-PBH and WD-WD mergers by estimating the merger
frequency from the comparison of their tidal and contact
radii. We found that WD-PBH mergers can be distin-
guished from other binaries just by looking at the merger
frequency unless the WD mass is less than ~0.55M,.
Finally, We evaluated the merger rate and the expected
number of WD-PBH merger events in Sec. I1I. We assumed
the standard halo properties and simplified WD distribu-
tions. The conservative expectation of the number of WD-
PBH merger events is too small [~O(107°)] to be detected
for Mpgy ~ 107! M,

In a specific situation such as clustering distribution
or low velocity-dispersion of target objects, the expected
number of WD-PBH merger events would be much
enhanced. We should note that an arbitrarily large enhance-
ment due to some mechanisms related to PBHs would
contradict the current constraint on the PBH-PBH merger
rate in the ground-based detectors because the same
mechanisms would also promote the PBH-PBH merger.
We conclude that O(103) enhancement due to WD-related
mechanisms could enable the detection of O(1) WD-PBH
merger events by three-year DECIGO observation without
violating the current PBH-PBH constraint.

We assume the monochromatic spectrum for the PBH
mass distribution throughout this work. In many works,
it is pointed out that the mass distribution can be broader,
such as log-normal distribution. If the distribution is
sharp and the fpgy summed over all PBH masses is the
same level, the merger rate will not be changed. If the
spectrum is much broader, the merger rate will be affected
significantly.

One may include additional effects to improve the
detectability and distinguishability of PBH-WD binaries.
For example, the waveform modeling can be improved by,
e.g., the tidal deformability of WDs. As a binary becomes
closer, the WD is gradually deformed, resulting in the
modification in the gravitational waveform. This modifi-
cation is significant around the merger. Another example is
the effect of mass transfer. The WD-WD binary under the
stable mass transfer is discussed in the literature [46,47].
It is known that there is the possibility that the binary
separation becomes wider as the mass transfers from the
smaller star to the heavier star (called outspiral). The GW's
from such a binary are much different from that of the case
without the mass transfer. The synergy between GWs and
electromagnetic emissions can also be beneficial in iden-
tifying the source. WD-WD binary mergers are candidates
of type Ia supernovae [48,49]. WD-PBH binary mergers
could emit electromagnetic emissions that are different
from those of WD-WD binary mergers. On the analogy
of NS-BH binaries, tidal disruption events can also be
expected from the WD-PBH binary mergers. Numerical
simulations for these merger events would be interesting
(see [50] for a numerical simulation of a binary coalescence

of a NS and a subsolar mass PBH). As well as concrete
mechanisms for the merger rate enhancement discussed
in Sec. III, these points should be worth studying in
future work.

ACKNOWLEDGMENTS

We thank Hiroki Takeda and Tomoya Kinugawa for
the beneficial discussions. This work is supported by
JSPS KAKENHI Grants No. JP21K13918 (Y. T.),
No. JP20H01899, No. JP23H04502 and
No. JP23K13099 (T.S.Y.), No. JP20K03968 (S.Y.), and
JST SPRING Grant No. JPMJSP2125 (R.1.).

APPENDIX: DETAILS OF MERGER RATE
CALCULATION

1. Halo density profile

We employ the definition of the halo mass by the mass
contained in a sphere where the averaged density is 200
times larger than the critical density p;;.. The virial radius
Tyir 1s defined by the radius of the sphere which is used in
the definition of the halo mass. In other words, r,;, satisfies,

4 Tvir
My = ?ﬂrsir X 200pi = 47[/ drrppm(r),  (Al)
0

where ppy(r) is the dark matter density profile. We use the
Navarro-Frenk-White (NFW) profile [51,52] for dark
matter mass density profile,

Ps
r/ro)(L+r/r)*

pom(r) = ( (A2)

where p, and r, characterize the density profile and are
determined from the halo mass M}, and the concentration
factor C := ry;/r,. The virial radius is given by the halo
mass as shown in Eq. (A1l). So, we get the r from M}, and
C. The density parameter p, is given by

200 c3
Ps - =7 . (A3)
P 3 In(1+C)-C/(1+C)

Ludlow et al. [53] provides us with the fitting formula of
the concentration parameter as a function of the halo mass
and the redshift,

where v(z) := 8y./on(M,z) is the dimensionless peak
height, o, = 1.686 is the spherical top-hat collapse thresh-
old, and the parameters {cq, B, 71, 72,1y} are

103514-7



YAMAMOTO, INUI, TADA, and YOKOYAMA

PHYS. REV. D 109, 103514 (2024)

cp = 3.395 x x70215, (A5)
B = 0.307 x x4, (A6)
71 = 0.628 x x0047 (A7)
y2 = 0.317 x x708%3, (A8)
vo = (4.135 - 0.564x — 0.210x

+0.0557x% — 0.00348x*) x D(z)~!,  (A9)

with x =1+ z and the linear growth factor D(z)7.
These relation is valid for 0 <log(1+42z) <1 and —8 <
log o[M/(h™'My)] < 16.5 Table. Here, h is the Hubble
parameter in the unit of 100 kms~! Mpc~!. The function
om(M,z) is the root mean square of the linear density
field smoothed on the scale R(M) = [3M/(4xp,,)]'/? and
defined by

o2\ (My, 2) = — / " dkK2P(k, 2)|[W(KR(M,)P, (A10)

277:2 0

where P (k) stands for the linear matter power spectrum and

W (kR) is the Fourier transformation of the top-hat window
function with radius R defined in the real space. o, is
approximated by

22.26£292
M,z) =D . (All
Gm( Z) (Z) 1+ 1.5350.275 +3.36§0.198 ( )
where
Mh -1
= ———] . Al2
¢ = (i) (12
The linear growth factor is approximated by
Qn(z) ¥(0)
D(z) = —" 1 - Al
(2) Qo ‘I‘(z)( +2)7, (A13)
with
Qn Q
W(0) = 0u(0)7 -0 (2) + (14 22) (14 D),
2 70
Q
Q4(2) o (A14)

- Qo+ Quo(l+2)°

and Q. (z) =1 —Q,(2).

2. Average of capture rate ov,,

The cross-section ¢ [not to confuse it with the perturba-
tion amplitude o, [Eq. (A10)] ] of a PBH and a WD with
the relative velocity v, is

(37 ) UL
18/7 ’
6\/E 610/7 Urel/
(A15)

The probability distribution of v, would be approximated
by the truncated Maxwell-Boltzmann distribution [54],2

p(vrel; Vyir» vDM) = FO [e_vil/l%M - e_viir/v%)M]@(vvir - Urel)’

(A16)

where wv,; is the virial velocity, vpy is the velocity
dispersion of the dark matter (PBHs), and F|; is the constant
determined by the normalization,

1= 471'/ " dw 02 p(V; Vyir» VoMm)- (A17)
0

vpMm and vy, can be related with halo parameters via Eq. (6)

of Ref. [54],

GM(V < rmax) _ Uyir C g(xmax) (A18)

rmax B 75 xmax g(C) ,

where g(C) =In(1+C) = C/(1+C), and X0 = Fiax/Fs =
2.1626 (equal to C,, of Ref. [54]). M(r < rpyay) is the mass
contained in the sphere of the radius r,,,,. Using the NFW
profile [Eq. (A2)], we get

Upm =

Tmax

dr "ZPDM(”)

M(r < rp) = 471/

0

4 3 'xl"ﬂﬂx x
=dxr dx——
s [) (1+x)?

xmax
= 4zxrp, {ln(l + Xmax) — T
max

(A19)

Once we get the parameters {r,,p,, C}, we obtain the
velocity dispersion vpy; from the first equality of Eq. (A18)
and the virial velocity v,;, from the second equality. The
average of ov, 1s given by

(V) = 471/0%ir dv v p(v; Vyir, VoM ) OV (A20)
Using Egs. (A16) and (A18), we get
85 2/7
<Gvrel> ~Nx 27 <”>
6v2
2/7 1 42)7
% G*(Mppy + MWD)IONMVéDMP{SH (A21)
010/7011/7 ’
DM

2Strictly speaking, Bird ef al. [54] employed this distribution
for the PBH-PBH relative velocity.
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where
A f)vir A2 A
N=F, / dp 937 (e —e7r),  (A22)
0
with D = v/vpum, Dyir = Vyie/Vpms and Fy = drvdy, Fy.

3. Merger rate in a particular halo

The merger rate of a WD with the mass of Myp and a
PBH in a particular halo with the mass of M, is

dRWD PBH /rvir anD
———— =z drr* ———— , A23
dIn MWD 0 mr dIn MWD nPBH<GUrel> ( )

where nywp and npgy are the number density profiles of
WDs and PBHs, respectively.

For PBHs, we simply assume that the density profile is
proportional to the halo mass density,
(A24)

peeu(r) = feeupom(r)

and the mass spectrum of PBHs is monochromatic,

npgy(r) = '%H;H)—fPBHpDM(r)

(A25)
MPBH

Sasaki et al. [36] uses the exponential density profile for
NSs. We assume that the number density profile of the
WDs also is an exponential form, i.e.,

anD

R A L — ~r/rwp
dlnMWD<r) Nwpe )

(A26)

where N yp is the normalization constant depending on the
mass Myp, and rwp is the characteristic radius that is
assumed to be independent of the mass. We assume [36]

'wp = O.lrs. (A27)
The normalization Ny is calculated as follows. First, we
start with the derivation of the galaxy’s stellar mass. We use
the relation between the halo mass M}, and the stellar mass

M., of the galaxy. Behroozi et al. [55] gives the fitting
function,

M,
logo[My,/Mo] = log,g M, + Blogiy <M 0>

5
L
with
logigMy =M o+ M, (a—1), (A29)
logigM,o =M, o0+ M,.os(a—1), (A30)

B=Po+Pala—-1), (A31)
Y =70 +7vala—-1), (A32)
§=258y+0d,(a—1), (A33)

where a is the scale factor. The parameters are taken
from Table 2 of Ref. [55], M, = 12.35, M, = 0.28,
Moo =10.72, M.y, =055 py=044, p,=0.18,
yo— 1.56, y, = 2.51, 6y = 0.57, and 6, = 0.17. The gal-
axy’s stellar mass determines the normalization constant of
the mass spectrum of the main sequence stars through the
condition,

M - V/MMS.m1x dM M dn
' MMS min VS Y8 dMys dMMS
MM .max d

A T e

M min dIn My

where V is defined by
4

V= 3” =N (A35)

and we set Mg min = 0.01M g and Mg nax = 100M . We
use the following mass spectrum [56]:

ABD( MMso)l —app (0 01 <Mys/Mg S008>
—— = { Ays (g

)] —avsi
Aws (o

(0.08 < Mys/Mg <0.5)

)1 w2 (Mys/Mg 20.5),

(A36)

where agp = 0.8, ays = 1.3, and aygp = 2.0 [57]. The
constant Ay;g is determined by the continuity at Myg =
0.08M, and Agp is chosen so that Eq. (A34) holds. We
assume that the main sequence stars with masses of 1My <
Mys < 8M collapse to WDs. Taking into account the
mass loss of the stars, the mass of a WD is estimated by the
empirical relation [58],

M M
WD — 0.339 +0.129 =15
© ©

(A37)

where M5 is a mass of the progenitor of the WD. Using
this relation, we can convert the mass spectrum of the main
sequence stars to that of the WDs which is denoted by

dﬁWD
dIn MWD ’

that has no radial dependence. This number density is
understood as the averaged one defined by
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n T
anD = l " NWDe_r/rWD X 47[}’2(.17'.

_@wo A38
dinMywp  V Jo (A38)

The normalization constant is hence determined by

N — 1% ditwp
WP 4 [rme drr2e=/mwo dIn My
0.5V ditwp

~ . A39
4ﬂr%VDdlnMWD ( )

4. Merger rate per comoving volume
and halo mass function

Integrating the merger rate in a particular halo with a
weight due to the halo mass function (i.e., the number of
halos with the mass of M}, per comoving volume), we get
the merger rate of a particular mass of WD per unit time per
comoving volume by

/Mh.max th dnhalo dRWD-PBH (Mh) s (A40)
dmy,

Mh.min d ln MWD

where dny,,,/dM), is the halo mass function. The fitting func-
tion of the halo mass function is given by Tinker et al. [59],

dnhalo /_)m dln[ar_nl]
~halo _ Ll A4l
a, ), "am, (A41)
with the matter density p,(z) = Qu(2)peric(z) and
Oy \ ¢ /2
Flon) = AK7> + 1}, /. (A42)

For {A,a,b,c}, we use the values for A =200 [corre-
sponding to the definition of the virial radius [Eq. (A1)] ] in
Table 2 in Ref. [59], i.e.,

c =1.19.

(A43)

A =0.186, a=147, b =257,

5. Rate of detectable mergers of PBH
and WD with a particular mass My

The unit comoving volume is defined by

0 H@“”[/%}

(A44)

Using dV /dz, we get the rate of the detectable mergers of
PBH and WD with a particular mass My, by

/ Zup dZd_V M M, dnpato dRwp.peH (Mh) (Ad5)
0 dZ M), min th dln MWD
Here, z,, is determined by the horizon distance,
Zup CdZI
Dhorizon = (1 e A46
horizon ( + Zup) 0 H(Z’) ( )

The horizon distance depends on the WD and PBH masses
and the detector’s sensitivity, and so does zp.

6. Merger rate of PBH-PBH binaries formed
in the late universe

To calculate the merger rate of PBH-PBH binaries,
we follow the same process as we did for PBH-WD
binaries. The expected event number of PBH-PBH mergers
is given by

Zup dv M h,max
PBH-PBH __
Nevent = Tops / dz
0 2 My, min

dnhalo
RIA

Rpp-peH-
(A47)

The difference is the merger rate density per one halo;
because we assume the monochromatic mass distribution
for PBHs, we do not carry out the integration over Mpgy.
The merger rate density per one halo Rpgy ppy 1S given by

Rpgu.pea = 47TA Cdr rzf]%BanDM(r)<Gvre]>' (A48)

When we estimate z,,, we use the PSD achieved in the
first observation run of the LIGO-Virgo Collaboration,

18 H 4
S%IGO(f) — [(m) x 107* +4.9 x 107

f

16x 104 ( 1
1610 (2000Hz

)2] Hz™!,  (A49)

which is taken from Ref. [60]. We assume the one-year
observation. Figure 6 shows the event rate of PBH-PBH
binary mergers detected by one year observation of the
LIGO detector. The result is consistent with preceding
studies such as Bird er al. [54].
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