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A family of simple and minimal extensions of the standard cosmological ΛCDM model in which dark
matter experiences an additional long-range scalar interaction is demonstrated to alleviate the long lasting
Hubble-tension while letting primordial nucleosynthesis predictions unaffected and passing by con-
struction all current local tests of general relativity. This article describes their theoretical formulation and
their implications for dark matter. Then, we investigate their cosmological signatures, both at the
background and perturbation levels. A detailed comparison to astrophysical data is performed to discuss
their ability to fit existing data. A thorough discussion of the complementarity of the low- and high-redshift
data and on their constraining power highlights how these models improve the predictions of the ΛCDM
model whatever the combination of datasets used and why they can potentially resolve the Hubble tension.
Being fully predictive in any environment, they pave the way to a better understanding of gravity in the dark
matter sector.
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I. INTRODUCTION

With the increase of the volume and quality of astro-
physical data, the standard ΛCDM cosmological model is
witnessing new tensions [1] questioning its ability to
describe all data. Among them, the Hubble constant tension
has become one of the main anomalies. It arises from the
discrepancy between the model-dependent determination of
H0 from the Planck analysis of the cosmic microwave
background (CMB) combined with baryonic oscillations
(BAO) data and the Hubble diagram interpretation, in
particular from the SH0ES experiment [2,3], that is almost
independent of physical assumptions. The former leads to
the value H0 ¼ ð67.49� 0.53Þ km=s=Mpc [4–6] while
the latter, using Cepheid-calibrated supernovae, concludes
that H0 ¼ ð73.04� 1.04Þ km=s=Mpc [7]. This trend is
confirmed by the lensing time delays of quasars from
the H0LiCOW experiment [8] which determines H0 ¼
73.3þ1.7

−1.8 km=s=Mpc. This results in a ≃5σ tension on H0.
Indeed both methods assume a standard ΛCDM cosmo-
logical model in particular to infer distances and physical
scales.
In a very crude way, this tension arises from the fact that

the value of H0 from CMBþ BA0 differs from the one
obtained at low-z from the Hubble diagram. Hence, it is
usually formulated [9] as a low/high-redshift tension since

in first approximation, the key physical parameters at the
background level are the comoving sound horizon

rs ¼
1

H0

Z
∞

z�

csdz
HðzÞ=H0

ð1Þ

with z� ∼ 1088 the redshift at recombination, and the
comoving angular diameter distance1

RangðzÞ ¼
1

H0

fK

�Z
z

0

dz
HðzÞ=H0

�
; ð2Þ

related to the angular (or luminosity) distance, DAðzÞ ¼
RangðzÞ=ð1þ zÞ or DL ¼ ð1þ zÞRangðzÞ. Their ratio fixes
the physical angular scales θ� of the acoustic peaks. The
precision of CMB observations sets a strong constraint on
this quantity from which one can get the early time
estimations of H0 given the knowledge of the baryon
and dark matter (DM) energy densities. It follows that most
of the arguments on theH0 tension circle around the sound
horizon with two main categories of models [9–11]. “Late
time models” modify the expansion history after recombi-
nation, increasing H0 but keeping rs unchanged. While
lowering the Hubble tension, these models remain in
disagreement with the BAOþ Pantheon [12,13] data.
“Early time models” modify the expansion history before
recombination, e.g. through energy injection around the
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recombination, changing both H0 and rs so as to have a
lower sound horizon to allow for a larger H0. Generically
such an early dark energy (DE) slows down the clustering
of DM and the baryon-photon fluid, suppressing power on
small scales [14,15], and was shown to alleviate but not
resolve the Hubble tension [16,17]. This led Ref. [18]
to single out 7 assumptions that need to be broken in
order to resolve the Hubble tension. While the relative
statistical merits of the proposed theories have been
compared [9,10], it was pointed out [19] that models
reducing rs can never fully resolve the Hubble tension, if
they are expected to be also in agreement with other lower
redshifts cosmological datasets.
As always in cosmology, when facing a tension, one

must first question the analysis of the data [20,21], the
consistency of different datasets and the accuracy of the
theoretical tools to interpret them. Then, one shall question
the validity of the cosmological hypothesis, i.e. a change in
the cosmological solutions with the same physical theory
before arguing for new physics [22–24]. This article will
question the physics subtending the ΛCDM model, but in
the less-controlled sector of the theory, i.e. the dark matter
sector for which we have no direct experimental control.
Nevertheless, and as we will demonstrate, even if such a
minimal and fully allowed extension is possible and
systematically lowers the Hubble tension compared to
the ΛCDM, it will drive us to compare the high and low
redshift data sets to understand the origin of the remaining
tension, requiring a new look at some datasets. While not
the main purpose of this work, it will call for further and
broader dedicated analysis. Concerning the cosmological
hypothesis, so far, some models arguing for a violation of
spatial homogeneity [25] or isotropy [26] have been
explored and the validity of the Friedmann-Lemaître
(FL) metric on all scales to accurately interpret small
angular scales of thin beam observations [27–29] have
been questioned. None of them have led to a viable solution
that would avoid the introduction of new physics.
Indeed, the number of models with new physics have

grown extensively exploring many properties of the dark
energy (DE) and DM sectors; see Refs. [9–11,30] for
reviews. Many of them assume a form of DE or an
interaction of DM with a new matter component and in
particular a scalar field. Among them, a large class
assumes that DM interacts with DE [31,32], most of
which are purely phenomenological in the sense that an
interaction term, e.g. QðH; a; ρDE; ρDM;…Þ, is assumed
without being implemented in a complete field theory, in
order to modify the cosmic expansion history during some
era. This has been shown to generically not alleviate the
Hubble tension. Similarly, several models [33–36] con-
sider that DM can decay to DE or dark radiation. They
generically suffer from the fact that they imprint a
suppression of the matter power spectrum [9]. To finish,
building on the fact that the Einstein-Boltzmann equations

used to predict CMBþ BAO is invariant [37,38] under the
rescaling transformations: H → λH, Gρ → λ2Gρ; σTne →
λσTne and As → Asλ

1−ns , the idea to consider a varying
gravitational constant was proposed [39] and implemented
in different ways [10–12] as a generalization of old
extended quintessence models [40,41]. Most of them face
difficulties with either primordial nucleosynthesis (BBN)
and/or local constraints on deviations from general rela-
tivity (GR). In order for the sound horizon, and thus CMB
predictions, to remain unchanged, one needs to also
modify the Thomson cross-section σT , i.e. the nongravita-
tional physics which is highly constrained. The idea to
“compensate” the variation of the gravitational constant by
a variation of the fine structure constant and/or electron
mass have been considered [42], showing it can alleviate
the Hubble tension despite the CMB [43] and other
constraints on the variation of constants [44] that shall
indeed be included together with the cosmological obser-
vations. We note that most of these studies postulate a
phenomenological law of evolution of the chosen constant
at the background level, e.g. cðzÞ. Indeed this means that
one chooses a “solution” to an unknown theory so that
perturbations cannot be treated consistently and the model
is not predictive in any other physical situation. Whatever
the constant to be considered varying, one must identify a
dynamical field [44–46] and treat consistently all its
effects, cosmological and noncosmological. Any model
that is either not mathematically complete nor fully
predictive shall be assigned a lower credence in model
comparison since it represents only a phenomenological
description and not a theory. This is usually not included in
model comparisons [9,10], as well as the noncosmological
constraints, which our model will avoid by construction.
These investigations indicate that the most promising

models have to focus on the DM sector and avoid to modify
the visible sector of the standard model (SM) fields. This
article proposes a new road by focusing on the properties of
gravitation in the DM sector which is loosely constrained.
More precisely, we assume the existence of a long-range
scalar force acting on DM alone similar to a fifth force in the
DM sector, which shall better be called dark second force
since DM is supposed to have no charge under the three
known nongravitational interactions. We construct a theory
which is a simple, natural and minimal extension of GR
with the introduction of a massless scalar field coupled to
DM only so that all matter fields are unaffected. The
cosmological models relying on this theory are minimal
extensions of the standard ΛCDM. Generically, they can
be seen as a particular class of bi-scalar tensor (ST)
theories [47–50], i.e. ST theories with two conformal
couplings, one in the visible sector and the second in the
dark sector. Those have however been constrained from
their effects on BBN and deviations from GR in the Solar
system that arise from the coupling to SM matter. To avoid
such constraints, we restrict to the subclass in which visible
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matter remains transparent to the scalar interaction. A
similar idea was considered in Ref. [51] but the scalar
field being a quintessence field impacted the dynamics
only at low redshift and was not used to address the
Hubble tension. In the context of the swampland con-
jecture [52] it was however argued that such a coupling
could alleviate the Hubble tension. Here, we further
assume that φ is massless so that it is not a dark energy
model, and this will turn out to be an important feature of
our construction.
These hypotheses have a series of advantages, namely

(1) we start from a consistent and well-defined field theory
so that it is fully predictive in all physical situations, not
only in cosmology. Besides it ensures the background and
perturbation dynamics are treated consistently. (2) It ensures
that all existing tests on the deviation from GR and of the
weak equivalence principle (WEP) are safe. In particular,
the latest results MICROSCOPE [53] that set strong
constraints on any light dilaton models [54] as well as
all the constraints from the variation of fundamental con-
stants [44,45], will be satisfied since they are all performed,
so far, only with the SMmatter. When it turns to cosmology,
it has further generic features: the scalar field will always be
subdominant in the matter budget so that it does not change
the expansion history directly. As such it is not a dark
energy component. In particular it will have no direct effect
on the dynamics of the universe at low redshift, no signature
on all astrophysical tests of GR and no effect on BBN
abundances predictions [55,56]. Since the new interaction is
mediated by a massless scalar, the conservation equations
imply that ρDM transfers to ρφ. As will be shown for the
best-fit solutions, the scalar field will behave as a pressure-
less fluid around equivalence and recombination and then
with a higher equation of state, hence redshifting faster than
radiation at low redshift. This is a key difference with dark
radiation that scales as the inverse fourth power, that will
ensure that it circumvents the effects on the matter power
spectrum. Deep in the radiation era, the field will be frozen
and its evolution being triggered by the DM to radiation
energy density ratio, its dynamics will occur naturally
around the last scattering surface. In an effective way, the
scalar interaction modifies the redshift evolution of the DM
energy density; this can be interpreted equivalently either as
a variation of an effective dark sector gravitational constant
or by the fact that a fraction of DM disappears from the
matter budget between equivalence and recombination. To
finish, as a consequence and as we shall demonstrate,
generically these models have the same sound horizon as
the ΛCDM but with a higher H0 at the expense of a lower
ΩD0. This translates in a younger universe, hence fitting the
model building constraints defined in Ref. [57]. It follows
that while sharing some characteristics with previous
models proposed in the literature, none of the former
proposals encapsulate all these features.

The article is organized as follows. Section II defines a
fully consistent theory in which the SM fields are subjected
to GR while DM is subjected to a massless ST theory, i.e. it
gives its action, field equations and then discusses the
properties of gravity in the DM sector before defining the
cosmological models that will serve our investigations. This
extension is minimal: the theory introduces 1, or eventually
2, new free parameters, to describe the coupling of the scalar
field to DM and the cosmological models have either 2 or 3
new free parameters since there is a freedom on the initial
conditions of the scalar field. This allows us to compute
unambiguously cosmological predictions both at the back-
ground and perturbation levels. Then, Sec. III details the
background dynamics in order to discuss physically the
main features of these models. In particular, it shows that all
models share generic properties, in particular to trigger the
transition between equality and last scattering surface (LSS)
and to have a sound horizon similar to theΛCDM but with a
lower H0. The perturbation theory and its numerical
implementation are detailed in Sec. IV which then allows
us to perform a full MCMC comparison to astrophysical
data in Sec. V in order to discuss the power of this class of
models to alleviate or eventually solve the Hubble tension.
This leads us to conclude that this class of models do
alleviate the Hubble tension. The properties of the best fits
are discussed, in particular their generic predictions of a
younger age for the universe. We summarize our findings in
Sec. VI and discuss the limits and the potential systems to
test the existence of a long range scalar interaction in the
DM sector.

II. DEFINITION OF THE THEORY

This section defines the action of the theory and
derives its equations of motion (Sec. II A) before compar-
ing the properties of gravity in the visible and dark sectors
(Sec. II B) and then defining the free functions that are used
in our cosmological investigation (Sec. II C).

A. Action and field equations

The action is decomposed as

S ¼ SGR þ SSM þ Sφ þ SD ð3Þ

where we have introduced a new degree of freedom in the
form of the scalar field2 φ; see Fig. 1. The action for the
visible sector are

SRG ¼
Z

d4x
16πG

ffiffiffiffiffiffi
−g

p ðR − 2Λ0Þ ð4Þ

2We use the standard normalization used in scalar-tensor
theories, see e.g. Ref. [58].

HUBBLE TENSION AS A WINDOW ON THE GRAVITATION OF … PHYS. REV. D 109, 103505 (2024)

103505-3



SSM ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
LSM½ψ ; gμν� ð5Þ

while the DM sector is modeled by

Sφ ¼ −
Z

d4x
16πG

ffiffiffiffiffiffi
−g

p ½2gμν∂μφ∂νφþ 4VðφÞ� ð6Þ

SD ¼
Z

d4x
ffiffiffiffiffiffi
−g̃

p
LD½ψ ; g̃μν� ð7Þ

with the DM-metric

g̃μν ¼ A2ðφÞgμν: ð8Þ

LSM and LD are the Lagrangians of the standard model
and dark matter sectors. The two free functions V and A
describe the field potential and coupling to DM respec-
tively. This theory is defined in the SM-frame which for
DM corresponds to an Einstein frame. Since all observables
concern SM fields we work in this frame in which nothing
departs from GR for the SM fields with which all tests of
GR have been performed so far. Indeed, the DM sector is
expressed in its Einstein frame but all the usual notions of
mass and energy, distance and time, etc. are defined in the
SM-frame since all measurements are performed with SM
fields, even for the DM masses and energy density since
they act on SM fields only through gμν only. This is a
difference with standard ST theories [58] (see Appendix A
for a discussion on the frames).
The equations of motion deduced from the action are

Gμν þ Λ0gμν ¼κTμν þ κTðφÞ
μν þ κTðDMÞ

μν ð9Þ

∇μTμν ¼ 0 ð10Þ

∇μT
μν
ðDMÞ ¼ αðφÞTðDMÞ

σρ gσρ∂νφ ð11Þ

□φ ¼ dV
dφ

−
κ

2
αðφÞTðDMÞ

μν gμν ð12Þ

where we have defined κ ≡ 8πG and

αðφÞ ¼ d lnA
dφ

; β̂ðφÞ≡ dα
dφ

: ð13Þ

The stress-energy tensors of visible and dark matters are

Tμν ¼ 2ffiffiffiffiffiffi−gp δL
ffiffiffiffiffiffi−gp

δgμν
ð14Þ

and the stress-energy tensor of the scalar field is

κTðφÞ
μν ¼ 2∂μφ∂νφ − ½ð∂αφÞ2 þ 2V�gμν: ð15Þ

It is easily checked that

∇μ½Tμν
ðDMÞ þ Tμν

ðφÞ� ¼ 0 ð16Þ

showing that the energy transfer occurs only, as designed,
between φ and DM, which is indeed nothing else but
the action-reaction law. Note that the DM energy
density measured by an observer comoving with uμ

[gμνuμuν ¼ −1] is ρD ¼ Tμνuμuν. Indeed, one could have
considered the Einstein frame stress-energy tensor T̃μν

defined as in Eq. (14) but using the metric g̃μν, so that
T̃μν ¼ A2Tμν and the associated energy density measured
by an observer with 4-velocity ũμ satisfying g̃μνũμũν ¼ −1
would then be ρ̃D ¼ A4ðφÞρD. This energy is not meas-
urable. Since all observations and experiments are made
with standard model fields, there is no possible ambiguity
and the energy density inferred from them is ρD defined
from Tμν

ðDMÞ. The metric g̃ is simply a convenient interme-

diary for implementing the scalar force but all physical
interpretations are drawn from g.
Note that a series of works [47–50] have assumed the

existence of a scalar interaction with different couplings
between the visible and the dark sector in order to
investigate the dark-visible equivalence principle. The
coupling to SM fields induces, as already mentioned, a
time variation of the Newton constant, modifications of the
BBN abundances and deviations from GR in the Solar
system so that they are strongly constrained. The present
model evades these constraints by construction.

B. Gravitation of the DM sector

Before studying the cosmology, let us consider the effect
of the scalar-tensor theory on the motion of particles. In the
SM sector, the matter fields couple to the metric gμν so that

FIG. 1. Structure of the model. Left: while the standard matter
sector is governed by general relativity, the DM sector experi-
ences an extra long range scalar interaction. As a consequence the
strength of the gravitational interaction is different in the SM and
DM sectors. Since SM fields are transparent to the scalar force,
the gravitation between DM and SM fields is described by GR.
The gravitational constant between to DM particles depends on
the coupling αðφÞ and is thus varying in space and time. Right:
the SM sector feels φ and DM only through the effect of their
stress-energy on the gravitational field gμν to which it is
minimally coupled while DM particles experience an extra-scalar
force with coupling αðφÞ.
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the equation of a point particle of mass m and charge q
derives from the action

Spp ¼ −mc2
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−gμνuμuν
p

dτ þ q
Z

Aμuμdτ ð17Þ

where τ is the proper time and uμ the tangent vector to the
worldline, i.e. uμ ¼ dXμ=dτ. It satisfies uμuμ ¼ −c2 and
Aμ the potential vector. The variation of this action gives
the usual equation of motion

mc2γμ ¼ qFμ
νuν ð18Þ

with the 4-acceleration γμ ≡ uν∇νuμ ¼ duμ=dτ which sat-
isfies γμuμ ¼ 0, Fμν ¼ ∂μAν − ∂νAμ the Faraday tensor.
For a neutral particle, this is indeed the equation for the
geodesics of the metric g.
Now, in the DM sector, the matter fields couple to the

metric A2ðφÞgμν. The equation of a DM point particle of
mass m is

Spp ¼ −c2
Z

mAðφÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gμνuμuν

p
dτ þ q

Z
Aμuμdτ: ð19Þ

Particles with q ¼ 0 follow geodesics of the metric g̃μν,
since the theory satisfies the weak equivalence principle
within the DM sector. The equation of motion follows as

mc2γμ ¼ q
AðϕÞF

μ
νuν −mc2

∂ lnA
∂ϕ

⊥μν∇νφ ð20Þ

with ⊥μν ≡ gμν þ uμuν=c2 the projector on the 3-space
normal to uμ, which indeed ensures that uμuμ ¼ −c2; see
e.g. Ref. [45]. It follows that the fifth force,

Fμ ¼ −mc2αðφÞ⊥μν∇νφ; ð21Þ

remains perpendicular to the 4-velocity, uμFμ ¼ 0.
In the weak field, or Newtonian, limit g00 ¼ −ð1þ

2ΦN=c2Þ. Let us restrict to an uncharged particle, as
expected for DM (the general case is described in
Ref. [59] in case the DM enjoys a charge in the dark
sector). First, clearly, in the Galilean limit the projector
plays no role. In 3-dimensional notations Xμ ¼ ðT;XÞ, the
3-velocity and 3-acceleration are defines as

V ¼ dX
dT

; a ¼ dV
dT

; ð22Þ

with the convention “V ¼ Vi” with i ¼ 1…3 (see Ref. [60]
for details). For a nonrelativistic particle, at first order in
v=c, the equations of motion (20) and (21) of a test particle,
respectively of the SM and DM sectors, reduce to

a ¼ −∇ΦN; ð23Þ

aD ¼ −∇ΦN − α∇φ

≡ −∇½ΦN þ lnAðφÞ�≡ −∇ΦD ð24Þ

so that the general expression of the effective DM gravi-
tational potential is

ΦD ¼ ΦN þ lnAðφÞ: ð25Þ

Now, at lowest order in perturbations, R00 ¼ ΔΦN=c2.
Rewriting Eq. (9) as Rμν ¼ κðTμν − Tgμν=2Þ, the Einstein
equation for a dust fluid (or point particle) with stress-
energy tensor Tμν ¼ ρc2uμuν (so that T ¼ −ρc2) gives
ΔΦN=c2 ¼ ð8πG=c4Þρc2=2 that is the standard Poisson
equation

ΔΦN ¼ 4πGρ: ð26Þ

Now, assuming that φ ¼ φ0 þ δφ, the Klein-Gordon equa-
tion (12) gives

ðΔ −m2
φÞδφ ¼ 4πGα0ρD: ð27Þ

with m2
φ ¼ V 00ðφ0Þ and α0 ¼ αðφ0Þ. Working in units in

which c ¼ 1, these two equations are solved in terms of the
Green functions, i.e. with the source δð3Þðx − x0Þ,

Gmφ
ðx − x0Þ ¼ −

1

4π

e−mφjx−x0j

jx − x0j ð28Þ

as

ΦN ¼ 4πG
Z

d3x0G0ðx − x0Þρðx0Þ; ð29Þ

δφ ¼ 4πGα0

Z
d3x0Gmφ

ðx − x0ÞρDðx0Þ; ð30Þ

which for a point particle of mass M gives

ΦN ¼ GM
r

; δφ ¼ GMDα0e−mφr

r
: ð31Þ

Given that A ¼ A0ð1þ α0δφÞ, Eq. (24) simplifies to

aD ¼ −∇ΦN − α0∇δφ; ð32Þ

with

ΦD ¼ GMDð1þ α20e
−mφrÞ

r
; ð33Þ

with the Compton wavelength of the field λφ ¼ ℏ=mφc. For
a massless dilaton, a DM particle will experience a Newton-
like force but with a modified gravitational constant,
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GDM ¼ Gð1þ α20Þ; ð34Þ

which will be measured e.g. in a Cavendish experi-
ment [58] between 2 DM massive spheres. The first term
is the usual gravitational force, i.e. due to the exchange of a
graviton while the second arises from the scalar fifth force,
i.e. due to the exchange of a scalar.
The theory satisfies the weak and strong equivalence

principle in the visible sector and violates the strong
equivalence principle in the DM sector. Indeed GDM is
dynamical and vary on cosmological scales. Obviously, it
remains so far impossible to measure its value directly in
the laboratory. In our local environment, the DM density is
estimated [61] to lie within 0.4 and 0.6 GeV=cm3, too
small a value to have observable dynamical effects; see
however Ref. [62] for some proposed experiments. But this
DM gravity in the DM sector may have some consequences
on astrophysical scales, in particular for the structure of
dark matter haloes and the relation between the standard
and dark matters in galaxies.

C. Definitions of the models

The previous theory depends on 2 arbitrary functions V
and A. In this article, we shall consider the following
choices:
(1) The family of minimal models introduced in our

companion Letter [63] for a massless dilaton and
quadratic interaction

VðφÞ ¼ 0; AðφÞ ¼ 1þ 1

2
βφ2; ð35Þ

so that Eq. (13) implies

αðφÞ ¼ βφ

1þ 1
2
βφ2

; β̂ðφÞ ¼ β
ð1− 1

2
βφ2Þ

ð1þ 1
2
βφ2Þ2 : ð36Þ

The theory introduces a single new constant
parameter, β.

(2) The family of extended minimal models introduced
for a massless dilaton introducing a quartic coupling

VðφÞ ¼ 0; AðφÞ ¼ 1þ λ

4
φ4: ð37Þ

It introduces a single new constant parameters, λ.
(3) ðβ; λÞ models as a combination of the two previous

ones

VðφÞ ¼ 0; AðφÞ ¼ 1þ 1

2
βφ2 þ λ

4
φ4: ð38Þ

(4) The family of quadratic coupling, as chosen in light-
dilaton models [47,58],

αðφÞ ¼ βφ; β̂ðφÞ ¼ β ð39Þ

that derives from

VðφÞ ¼ 0; AðφÞ ¼ e
1
2
βφ2

; ð40Þ

with one single new constant parameter β. Indeed it
corresponds approximately to a model (38) with
λ ¼ β2=2.

(5) The family of couplings inspired by axion
physics [64]

VðφÞ ¼ 0; AðφÞ ¼ 1þ βð1 − cos kφÞn: ð41Þ

At small φ, when n ¼ 1 it corresponds approxi-
mately to a model (38) with β ¼ βk2 and λ ¼
−βk4=6.

We shall refer to the first three models asΛβCDM,ΛλCDM
and Λðβ; λÞCDM. The last two fall in the family
Λðβ; λÞCDM with λ of different signs and are better
motivated physically.

D. Discussion

The equations of Sec. II A allow the investigation of any
physical system, while the analysis in the Newtonian limit
of Sec. II B can allow for instance to implement the new
interaction in Vlasov-Poisson equations or to describe DM
haloes in the nonlinear regime. Indeed DM and baryon will
not fall in the sameway which can bias the relation between
their distributions. The subclass of models defined in
Sec. II C have one or two extra-parameters and all assume
a vanishing potential.
While all the models we consider assume V ¼ 0, we

provide all the equations with a nonvanishing potential to
allow for an easy generalization such as nonminimal dark
energy models. Note also that the distinction between
matter and interaction is not obvious since all fields have
an energy density that enters the Einstein equation. When
this field is coupled to some matter fields, it is responsible
for an interaction. In the case at hand, φ is always negligible
in the matter budget and its density is driven by ρD, see
Fig. 2 below.

III. BACKGROUND COSMOLOGY

A. Background equations

To discuss the cosmological implications of these
models, let us consider a Friedmann-Lemaître spacetime
with its usual metric

ds2 ¼ −dt2 þ a2ðtÞγijdxidxj ð42Þ

where

γijdxidxj ¼ dχ2 þ f2KðχÞdΩ2
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is the spatial metric and a the scale factor. fKðχÞ ¼
fsinh χ; χ; sin χg respectively for K ¼ −1; 0;þ1. The red-
shift of comoving observers and Hubble function are
defined, assuming the convention a0 ¼ 1, as 1þ z ¼
1=a and H ¼ l̇na with a dot referring to a derivative with
respect to the cosmic time.
At the background level, the Einstein equations give the

Friedmann equations

3

�
H2 þ K

a2

�
¼ κðρþ ρD þ ρφÞ þ Λ ð43Þ

−3
ä
a2

¼ κ

2
ðρþ 3Pþ ρD þ 3PDÞ − Λþ 2φ̇2 − 2V ð44Þ

with the scalar field energy density and pressure,

κρφ ¼ φ̇2 þ 2V; κPφ ¼ φ̇2 − 2V: ð45Þ

While the conservation equations in the SM sector remain
unchanged,

ρ̇i þ 3Hðρi þ PiÞ ¼ 0; ð46Þ

for DM they become

ρ̇D þ 3HðρD þ PDÞ ¼ αðφÞðρD − 3PDÞφ̇ ð47Þ

and the Klein-Gordon equation is

φ̈þ 3Hφ̇ ¼ −
dV
dφ

−
κ

2
αðρD − 3PDÞ: ð48Þ

As usual, we define the cosmological parameters

Ωi0 ¼
8πGρi0
3H2

0

; ΩΛ0 ¼
Λ

3H2
0

; ΩK0 ¼ −
K
3H2

0

ð49Þ

for baryons (i ¼ b), radiation (i ¼ r) and dark matter
(i ¼ DM), the cosmological constant and the spatial
curvature and we define the matter density parameter as

Ωm ≡Ωb0 þΩD0: ð50Þ

Concerning the scalar field, we define

Ωφ̇ ¼ φ̇2

3H2
0

; ΩV ¼ 2V
3H2

0

: ð51Þ

B. Dynamics of DM

The background dynamics of DM is affected by the
scalar fifth force. Assuming a constant equation of state wD,
Eq. (47) gives

ρD ∝ a−3ð1þwDÞ
�
AðφÞ
A0

�
4−3ð1þwDÞ

: ð52Þ

Note that when wD ¼ 1=3, we recover the conformal
invariance of Maxwell theory which implies that the
radiation does not depend on A. We assume that PD ¼ 0
in this article but provide the equations for any wD. We also
stress that we have the freedom to assume that only a
fraction ξ of the DM energy density today is subjected to
the scalar interaction, i.e.

GρD ¼ GρD0a−3ð1þwDÞ þ ξGρD0a−3ð1þwDÞδAðφÞ ð53Þ

with

δAðφÞ≡
�
AðφÞ
A0

�
4−3ð1þwDÞ

− 1: ð54Þ

FIG. 2. Background dynamics for the coupling functions (35)–
(38) assuming ξ ¼ 1 for the best fit models whose parameters are
given in Table II. From top to bottom: evolution of the DM energy
density exhibiting the departure from pure dust around recombi-
nation; the effective equation of state defined in Eq. (57); the
strength α of the scalar interaction compared to the Newton
interaction; the visibility function; and the cosmological evolu-
tion of the energy densities (in units of 3H2ðaÞ=8πG showing that
the scalar field energy density remains subdominant at all times.
In all cases, initial conditions have been set directly on the
radiation era attractor (see Sec. III B).
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This could be interpreted e.g. as having two DM sectors,
one subjected to GR and one subjected to ST gravity and
with ðΩDv0;ΩDd0Þ ¼ ð1 − ξ; ξÞΩD0. Note that the effect of
φ on ρDM can be interpreted as due to a variation of an
effective gravitational constant

GeffðφÞ ¼ G½1þ ξδAðφÞ� ð55Þ

since GρD ¼ GeffρD0a−3ð1þwDÞ. Indeed Geff does not
coincide with the gravitational constant (34).
Phenomenologically, the fifth force modifies the evolu-

tion of the DM energy density. It can be described as an
effective equation of state defined as

1þ weff ≡ −
1

3H
ρ̇DM
ρD

: ð56Þ

Using Eq. (47), it gives

weffðaÞ ¼ wD −
1

3
ð1 − 3wDÞ

d lnA
d ln a

: ð57Þ

To finish, the reduced Friedmann equation takes the form

E2ðzÞ ¼ Ωmð1þ zÞ3 þ Ωr0ð1þ zÞ4 þ ΩΛ0

þ ξΩD0ð1þ zÞ3δAðzÞ þ Ωφ̇ þ ΩV: ð58Þ

The first line corresponds to the standard ΛCDM while the
second gathers all the effects of the scalar interaction. The
standard ΛCDM model is recovered when ξ ¼ 0 and
wD ¼ 0. Models with ξ ¼ 1 are called minimal and have
Geff ¼ GA=A0. Even though we give the full set of back-
ground equations for any constants wD and ξ to allow for
broader investigations, the following numerical investiga-
tions will assume wD ¼ 0 and ξ ¼ 1.
The evolution of the background quantities for the three

models (35)–(38) are depicted in Fig. 2. We can already
draw some generic conclusions. As announced, φ is always
subdominant so that it does not account for dark energy; the
energy density of DM or equivalently Geff, varies around
the last scattering surface, the intensity of the scalar
coupling vanishes at low redshift, so that DM enjoys pure
Einstein gravity, while it reaches a constant value ranging
between 5% and 7% at high redshifts.

C. Dynamics of the scalar field

The intensity of the dark fifth force depends on the
evolution of φ dictated by the Klein-Gordon equation (48).
First, once multiplied by φ̇, it gives the conservation
equation

ρ̇φ þ 3Hðρφ þ PφÞ ¼ −8πGξρDð1 − 3wDÞ
A0

A
φ̇ ð59Þ

with the energy and pressure defined in Eq. (45). This
equation can be used to define an effective equation of state
for the scalar field defined by ρ̇φ þ 3Hð1þ wφÞρφ ¼ 0, as

wφ ¼ w̄φ þ
8πGρD
3ρφ

ξð1 − 3wDÞ
d lnA
d ln a

ð60Þ

with w̄φ ≡ Pφ=ρφ that depends on V; see Eq. (45). Indeed
in all the models considered in this article for which V ¼ 0,
it reduces to w̄φ ¼ 1. Then, it is easy to check that Eqs. (47)
and (53) imply

ð8πGξρD þ ρφÞ: þ 3H½8πGξρDð1þ wDÞ
þ ρφð1þ w̄φÞ� ¼ 0 ð61Þ

which is indeed nothing else than Eq. (16). It also implies
that the DM and φ effective equations of state satisfy

8πξGρDðweff − wDÞ þ ρφðwφ − w̄φÞ ¼ 0; ð62Þ

which is again obvious from Eqs. (57) and (60).
Assuming the energy density of the scalar field is initially

subdominant, the evolution of the effective equation of state
of φ for the best fits of three models (35)–(38) is depicted on
Fig. 3. Interestingly, the scalar field behaves as a small
curvature term (wφ ≃ −1=3) deep in the radiation era while
mimicking an almost pressureless fluid around recombina-
tion and then increasing toward a stiffer value (wφ > þ1=3)
at low redshift so that it is redshifted away faster than
radiation. It is this combination of properties among all the
possible properties allowed by these models and that cannot
be guessed beforehand that were actually favored by the
MCMC to ensure that the effect on the matter power
spectrum remains mild and that they evade the problem
of a dark radiation component. Furthermore if initially the
scalar field dominates the energy budget over radiation, we

FIG. 3. Equation of state wφ of the scalar field for the best fits of
the three models (35)–(38); see Table II for their parameters.
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show below that it is generically attracted toward the
solution where it becomes subdominant with wφ ≃ −1=3.
In order to study the evolution of the scalar field, it is

useful to use the time variable p defined by

p≡ ln a; a ¼ ep

as time variable ranging from −∞ to 0. It follows that

φ̇ ¼ Hφ0; φ̈ ¼ H2φ00 þ Ḣφ0:

Inserting these expressions in Eq. (48) and using
Eqs. (43) and (44) to express H2 and Ḣ ¼ ä=a −H2,

the Klein-Gordon equation (48) is rewritten as

2φ00

3 − φ02 þ
8πGρð1 − wÞ þ 2Λþ 4V

8πGρþ Λþ 2V
φ0

¼ −
8πGρDαðφÞ þ 2dV=dφ

8πGρþ Λþ 2V
ð63Þ

with ρ ¼ ρb þ ρr þ ρD. A prime denotes a derivative with
respect to p on the field and with respect to φ on A. The
positivity of H2 implies that 3 − φ02 > 0. Now, when
V ¼ 0, ρφ ¼ H2φ02 and we have the master equation

2φ00

3 − φ02 þ
�
1 −

1

3

Ωr0e−p − 3ΩΛ0e3p

Ωr0e−p þΩb0 þ ΩD0

h
ð1 − ξÞ þ ξ AðφÞ

A0

i
þ ΩΛ0e3p

�
φ0

¼ −
ξΩD0

Ωr0e−p þ Ωb0 þΩD0

h
ð1 − ξÞ þ ξ AðφÞ

A0

i
þΩΛ0e3p

d
dφ

�
AðφÞ
A0

�
: ð64Þ

We shall now study the 3 usual limiting cases of radiation,
matter and cosmological constant dominated eras. To grasp
the dynamics of φ, we assume that A is given by the
coupling function (35), that is by a ΛβCDM model, which
is actually the limit of all models at small fields.

1. Radiation era

When ρr ≫ ρb; ρD;Λ without any assumptions on ρφ.
Equation (64) simplifies to

2φ00

3 − φ02 þ
2

3
φ0 ¼ −

ξΩD0

Ωr0A0

epA0ðφÞ: ð65Þ

We define the time at which the forcing term on the r.h.s.
starts to be non negligible by introducing peq as

expð−peqÞ≡ ΩD0=Ωr0A0: ð66Þ

Interestingly one can estimate, neglecting the baryons and
the variation of AðφÞ, that ΩD0=Ωr0A0 ∼ ð1þ zeqÞ, zeq
being the redshift at matter-radiation equivalence, so that
the driving force on the right-hand side (rhs) of Eq. (65) is
of order

ξβ
1þ zeq
1þ z

φ ¼ ξβep−peqφ:

It implies, unless β is extremely large, that the effect of the
nonminimal coupling starts to have a dynamical effect
around the equivalence.
First, deep in the radiation era and neglecting the driving

force, i.e. for p ≪ peq, the field equation

2φ00

3 − φ02 þ
2

3
φ0 ¼ 0

has the general solution for φðpiÞ ¼ φ and φ0ðpiÞ ¼ φ0
i,

φ ¼ φi þ
ffiffiffi
3

p (
ArgTanh

�
φi

0ffiffiffi
3

p
�

−ArgTanh

"
φi

0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
φ02
i þ ð3 − φ02

i Þe2ðp−piÞ
q

#)
; ð67Þ

and thus

φ0 ¼
ffiffiffi
3

p
φ0
iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

φ02
i þ ð3 − φ02

i Þe2ðp−piÞ
q :

One can also conclude that the field asymptotically settles
to a constant

φ → φ̃i ¼ φi þ
ffiffiffi
3

p
ArgTanh

�
φ0
iffiffiffi
3

p
�
:

It is easily seen that φ0 becomes negligible compared to
ffiffiffi
3

p
,

so that even if it were dominated initially, it becomes
subdominant, ρφ ≪ ρr, rapidly deep in the radiation era. In
that regime the field converges toward the solution of
φ00 þ φ0 ¼ 0, that is

φ ¼ φi − φ0
i½1 − epi−p�: ð68Þ
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As a consequence, even if the scalar field dominates at early
time, it becomes rapidly subdominant. Obviously the
solution behaves as φ0 ∝ a−1. During the radiation era,
the Friedmann equation (43) gives a ∝ t1=2 so that as long as
the coupling is negligible in the Klein-Gordon equation (48),
φ̇ ∝ a−3 ∼ t−3=2, i.e. φ ∝ t−1=2 ∝ a−1. In that regime
ρφ ¼ H2φ02 ¼ H2φ02

inita
2
init=a

2, hence

ρφ ¼ 8πGρrφ02
init

�
ai
a

�
2

∝ a−6

as expected for a massless scalar field.
However, even in the radiation era, one shall take into

account the effect of the driving force that acts before peq to
drive the field toward 0. The field being in slow-roll,

φ00 þ φ0 ¼ −K0ep−peqφ; ð69Þ

where the parameter controlling the onset of the transition
is defined in general on the attractor by

K0 ≡ 3

2
ξ
A0ðφiÞ
φi

; ð70Þ

and since we restrict the current analytic analysis to the
ΛβCDM model, it reduces to the constant

K0 ¼
3

2
ξβ: ð71Þ

Consequently, Eq. (69) is solved in terms of Bessel
functions as

φðaÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi�
aeq
a

�s �
k1J1

�
2

ffiffiffiffiffiffiffiffiffiffiffiffi
K0

a
aeq

r �
þk2Y1

�
2

ffiffiffiffiffiffiffiffiffiffiffiffi
K0

a
aeq

r ��
:

As long as a ≪ aeq=K0, we recover (68), by expanding the
Bessel function around 0, since

φðaÞ ¼ −
k2

π
ffiffiffiffiffiffi
K0

p aeq
a

þ
ffiffiffiffiffiffi
K0

p �
2γE − 1

π
k2 þ k1

�
ð72Þ

to which we get the slow-roll correction terms

ffiffiffiffiffiffi
K0

p
π

k2 ln

�
K0

aeq
a

�
þ
�
4γE − 5

2
k2 þ k1π

þ k2 ln

�
K0

aeq
a

��
K3=2

0

2π

a
aeq

:

2. Matter era

When ρb; ρD ≫ ρr;Λ without any assumptions on ρφ,
Eq. (64) simplifies to

2φ00

3 − φ02 þ φ0 ¼ −
ξΩD0

A0ðφÞ
A0

Ωb0 þ ΩD0

�
ð1 − ξÞ þ ξ AðφÞ

A0

� : ð73Þ

Since ρφ is subdominant at the end of the radiation era, one
can safely neglect φ02. For small φ,

φ00 þ 3

2
φ0 ¼ −K0Ξ0φ; Ξ0 ¼

ΩD0

Ωb0A0

: ð74Þ

Hence, the field decays as

φ ∝ a−3=4
h
k1e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9−16K0Ξ0

p
ln a þ k2e

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9−16K0Ξ0

p
ln a

i
:

with or without oscillations depending on the parameters
K0 (theory) and Ξ0 (cosmology). Since Ξ0 ∼ 10–15 (see
Table II), the condition for oscillations 9–16K0Ξ0 < 0
teaches us that it requires βξ≳ 0.02.

3. Λ era

When Λ ≫ ρr; ρb; ρD, Eq. (64) simplifies to

2φ00

3 − φ02 þ 2φ0 ¼ −
ΩD0ξ

ΩΛ0A0

e−3pA0ðφÞ: ð75Þ

As previously, since φ is subdominant, it reduces to

φ00 þ 3φ0 ¼ −K0e−3ðp−pΛÞφ; e3pΛ ≡ ΩD0

ΩΛ0A0

; ð76Þ

the solution of which is

φðaÞ ¼
�
a
aΛ

�
−3=2

�
k1J1

�
2

3

ffiffiffiffiffiffi
K0

p �
a
aΛ

�
−3=2

�

þk2Y1

�
2

3

ffiffiffiffiffiffi
K0

p �
a
aΛ

�
−3=2

��
: ð77Þ

At large a=aΛ, it behaves as

φðaÞ ∼ k1
ffiffiffiffiffiffi
K0

p
3

�
a
aΛ

�
−3

−
3k2

π
ffiffiffiffiffiffi
K0

p :

4. Numerical comparison

The numerical integration of the full Klein-Gordon
equation (64) is compared to these analytical solutions on
Fig. 4 for the class of models (35). Deep in the radiation era,
φ is rapidly attracted to a slow-roll attractor and the initial
conditions in an eventual φ-dominated era are erased since
its energy density redshifts as a−6. Such an early kinetic
phase does not imprint cosmological observables but can
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actually leave a signature on the primordial gravitational
wave background spectrum (see e.g. Ref. [65] for an
example).
Then, during the radiation era, the driving force is

controlled by β and peq which explains why it starts to
act before equivalence and the earlier for larger β. In the
following matter era, since Ξ0 ∼ 10–15, φ will undergo
oscillations as soon as ξβ ≳ 0.02. The period of the
oscillations in ln a increases with β. According the value
of the plateau during the radiation era, the field may or may
not relax and oscillate around 0. As we can see from Fig. 3,
the best-fit solutions does not reach such a behavior but this
explains why the effective equation of state of the scalar
field is driven to values larger than 1=3 during the matter
era. So the onset of the attraction toward φ ¼ 0 depends on
β and the time to reach this minimum depends on both β
and φi. The cosmological constant only induces a small
kick in the last e-fold.

D. Effective models and reconstruction problem

At the background level, our model reduces to a form of
interaction between DM and a scalar field since the dark
sector is dictated by the set (47)–(59). It can be rewritten
either as a set of interacting fluids as

�
ρ̇D þ 3HρDð1þ wDÞ ¼ Q;

ρ̇φ þ 3Hρφð1þ w̄φÞ ¼ −8πGξQ
ð78Þ

with

Q ¼ αðφÞρDð1 − 3wDÞφ̇ ð79Þ

or as two independent components

�
ρ̇D þ 3HρDð1þ weffÞ ¼ 0;

ρ̇φ þ 3Hρφð1þ wφÞ ¼ 0
ð80Þ

where the two effective equation of states weff and wφ are
time dependent and related by Eq. (61). This means we
have two identical formulation at the background level
only, the first relying on fwD; VðφÞ; AðφÞg and the second
on fweff ; wφg.
As discussed in the introduction, many phenomenologi-

cal models of interacting DM with DE or even some fields
of the SM sector have been considered. They are formulated
by the choice of equation of states for DE and DM and an
interaction terms. For instance, the interaction term Q was
assumed to behave as kHρDE [31], kHρD [66,67] which
means that ρD ∝ a−3þk that corresponds to a model with
wD ≠ 0 but without interaction with φ, 3kð1þ wDEÞHρD or
3kð1þ wDEÞHðρD þ ρDEÞ [68] and 3kð1þ wDEðaÞÞHρDE
[69]. First, the comparison of these quantities with the
interaction term (79) in our theory shows some drastic
differences: (1) all these models are analytic in ρDE which
means while (79) is proportional to φ̇, that is

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρφ þ Pφ

p
,

and (2) the strength of the interaction α depends on φ hence
adapting to H2 through the Klein-Gordon equation. These
two features cannot be reproduced by direct couplings
between the two dark components. Indeed, one can use
our insight to express φ as some inverse function of 4V ¼
ρφ − Pφ so that, in a purely phenomenological way our
model could be mimicked, at the background level only, by
an interaction term of the form

Q ∼ fðρφ − PφÞρDð1 − 3wDÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρφ þ Pφ

p
:

Indeed, the interaction term Q entering the continuity
equations at the background level is only the projection
of a general interaction term Qμ, i.e. the projection of
Eq. (11) along the preferred 4-velocity of comoving
observers (see e.g. Ref. [70] for a generic discussion of
interacting species)

peq

Matter EraRadiation Eraφ Era

–20 –15 –10 –5 0

–0.4

–0.2

0.0

0.2

0.4

0.6

p

φ

peq

Matter EraRadiation Eraφ Era

–20 –15 –10 –5 0

0.0

0.1

0.2

0.3

0.4

0.5

p

φ

FIG. 4. Evolution of φ from a full numerical integration (solid
blue line) compared to the analytic expressions during the radiation
era (dotted red line) and matter era (dashed black line) assuming a
coupling function (35). Top: β ¼ 0.5 and φi ¼ 0.5 while we vary
φ0
i ¼ ð−0.2;−0.4;−0.8Þ from top to bottom. The value of φ0

i
affects the duration of the φ-dominated era before the field enters
the slow-roll radiation dominated attractor. Hence one can set the
initial conditions on this attractor deep in the radiation era. Bottom:
keeping the initial conditions fixed to ðφi;φ0

iÞ ¼ ð0.5;−0.2Þ, β is
varied as (0.5, 5, 20) from upper to lower curves.
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uν∇μT
μν
ðDMÞ ¼ αðφÞTðDMÞ

σρ gσρuν∂νφ≡Q:

As already explained, choosing a phenomenological inter-
action term or DE equation of state does not give access to a
full theory needed in particular to derive a consistent
perturbation theory, even if it could reproduce the back-
ground equations. The consequences of not treating the
perturbation in a consistent way with the background is
illustrated in Fig. 5 in which we have implemented the CMB
computation in a model with the same background as our
best-fit models but without taking into account φ and its
coupling at perturbation level. This leads to typical varia-
tions of typically of order 2% which is much larger than the
error bars from the Planck data (compare to Fig. 12 to be
convinced that the effects are dramatic). This highlights the
difficulty to draw robust conclusions on a purely phenom-
enological model.
It is interesting to stress that the background equations

derived in the previous sections can be used to tackle the
reconstruction problem, i.e. to identify a theory that would
produce a determined dark sector at the background level.
One may want to reproduce a given dark sector history, that
is impose a solution of the form

fρ̂DEðaÞ; ρ̂DMðaÞg;

with a hat to recall that this corresponds to arbitrary
phenomenological chosen functions. Since we have two
free functions, one may try to reconstruct the theory that will
contain this solution. For the two components we can derive

their equations of state ŵDE=DMðaÞ ¼ −ðd ln ρ̂DE=DMa3=
d ln aÞ=3. These equations of state are the one entering
the system (80), that is they shall coincide with fweff ; wφg.
This determines the coupling function from Eq. (53) as

AðaÞ ∝ ½ρ̂DMðaÞa3ð1þwDÞ� 1
4−3ð1þwDÞ; ð81Þ

wD being free. Then one deduces that

w̄φðaÞ ¼ ŵDEðaÞ þ
8πGξρ̂DMðaÞ

ρ̂DEðaÞ
½ŵDMðaÞ − ŵDEðaÞ�:

Then, from Eq. (45) we deduce that

8<
:

4VðaÞ ¼ ρ̂DEðaÞ½1 − w̄φðaÞ�;	
dφ
da



2 ¼ 1

2Ĥ2ðaÞa2 ρ̂DEðaÞ½1þ w̄φðaÞ�
: ð82Þ

Hence Eqs. (81) and (82) provide fAðaÞ; VðaÞ;φðaÞg. One
cannot prove the theory will be well-defined but this can
serve as a guide to construct an action mimicking a chosen
behavior and hence to draw its cosmological signature
consistently.

E. Generic features of the models

Before we proceed to the computations of the cosmo-
logical observable, we can already mention the following
conclusions for any model with V ¼ 0 and A ∼ 1þ βφ2=2
at small field:

(i) First, Fig. 2 confirms that ρφ is negligible (at most
0.27% of the total matter content) in the minimal
ΛβCDM model. Hence the new scalar degree of
freedom modifies gravity in the DM sector but not
the expansion history directly.

(ii) Then, the DM fifth force vanishes in the late universe
(α → 0) and saturates to α ¼ 0.107 in the early
universe while the effective coupling, Geff , varies
of A∞=A0 − 1 ∼ 6.4% between constant values long
before equivalence and after recombination.

(iii) Phenomenologically the main variation starts around
equivalence and mostly takes place around recom-
bination in an extended redshift region. It happens
generically on this scale due to the coupling to DM
so that the variation of φ in the radiation era is
dictated by the parameters β and peq.

(iv) The conservation equations imply that ρD transfers to
ρφ. The latter can enjoy a large variety of dynamics
given the parameter β and the initial conditions. As
soon as φ undergoes damped oscillations, ρφ will
scale as a−6 so that part of the DM is actually taken
out of the matter budget since it transfers to a
component that redshifts faster than radiation. How-
ever the best-fit models have the property that ρφ
behaves as an almost-dust like fluid around the

FIG. 5. Example of the impact of a nonconsistent treatment of
the perturbation on CMD spectra. We compare our best fit model
(with consistent background and perturbations) computation to a
model with the same background dynamics but which does not
take into account the scalar field perturbations. The relative ratio
of the corresponding spectra for the best fit of the ΛβCDMmodel
can reach 4% for the TT spectrum (solid line) and 2% for the EE
spectrum (dashed line). This should be compared to the residuals
of the Planck data in Fig. 12.
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recombination before getting a stiffer equation of
state that eventually becomes larger than 1=3 at low
redshifts. This is a key difference with DM decaying
into dark radiation that scales as a−4. Hence, and as
we shall later see, our models evade the generic
problem of the suppression of the matter power
spectrum.

(v) Both the sound horizon rs and the angular distance
to the CMB are the same as in the standard ΛCDM.
This is a key feature that convinces us these models
will reproduce the CMB power spectra of the
ΛCDM to a high accuracy since θ� is identical.

(vi) This already highlights why these models can
alleviate the Hubble tension: ρφ being negligible,
one gets the same background sound horizon and
distance to the last scattering surface as for a
standard ΛCDM but with a higher H0 and a lower
ΩD0, and hence a sizeably larger Λ. As a conse-
quence of the fact that gravity is stronger at high-z,
the effective cosmological parameter controlling the
CMB is 8πGeffρD0

=3H2
0 ∼ ðA∞=A0ÞΩD0.

Since these models compensate a higher H0 by a lower
ΩD0, they predict a younger universe (typically 13.55 Gy
for the best-fit of the minimal ΛβCDM model instead of
13.79 Gy for the ΛCDM, as we shall see in details once
confronted with data).
Figure 6 compares our new models to the three existing

categories of models (namely late and early dark energy
models and earlier recombination models) to highlight
why they differ from the usual solutions investigated so far.
In a spatially Euclidean universe, rs and Rang are both
defined as integrals of 1=HðzÞ, the former before recom-
bination, and the latter after recombination (see introduc-
tion). This is the reason why we plot 1=HðzÞ so that the
area below the curve in their respective redshift range
provides a visualization of rs and Rang. Note that since we
use logarithmic scales for visualization purposes, these
areas are meant as the ones of the corresponding plot with
linear scales. We also include the 1=Hi for the various
components of the Universe (i ¼ matter, radiation, Λ) with
HiðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8πGρiðzÞ=3

p
the Hubble factor that would be

obtained from the Friedmann equation if all other species
density are set to zero (hence 1=Hi > 1=H since
H2 ¼ P

H2
i ). For each class of solutions, the angular size

of the acoustic peak constrains the ratio of rs=Rang to be
identical to its ΛCDM value even though the cosmological
constant is changed so as to lead to a larger Hubble rate
today. For the early dark energy and earlier recombination
models, this is achieved by reducing both lengths by a
factor f < 1. This figure clarifies the different roads taken
to solve the Hubble tension and highlights the novelty of
our class of models.

IV. LARGE SCALE STRUCTURES

To compare our model to CMBþ BAO data and the
Hubble diagram, we need to implement it in a Boltzmann
code. To this end, we need the linear cosmological pertur-
bation equations. We can choose to define the perturbations
in any gauge which is fully fixed since observables,
e.g. CMB anisotropies, must be gauge-invariant. The
most popular gauges for numerical integrations are the

FIG. 6. Qualitative comparison of the existing families of
solutions to the Hubble tension with exaggerated and idealized
modifications (see text for explanations). Modifications with
respect to the ΛCDM are drawn in dashed lines.
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Newtonian gauge and the dark matter comoving synchro-
nous gauge. In Newtonian gauge and conformal time η, the
spacetime metric for the scalar mode is

ds2 ¼ a2ðηÞ½−ð1þ 2ΦÞdη2 þ ð1 − 2ΨÞγijdxidxj�; ð83Þ

whereas in synchronous gauge it is decomposed with the h
and the E potentials, as

ds2 ¼ a2ðηÞ
�
−dη2 þ

�
1þ h

3

�
γijdxidxj

−
�
∂i∂j −

1

3
Δγij

�
Edxidxj

�
: ð84Þ

In the next section we collect the perturbation equations
in the Newtonian gauge which are physically more trans-
parent since the potentialsΦ andΨmatch the usual Newton
potential for small scales. In the subsequent section we
detail the numerical implementation and we explain why
we must eventually resort to the synchronous gauge for
purely numerical reasons, and provide the corresponding
equations. Hereafter, a prime denotes a derivative with
respect to η.

A. Perturbation equations

The perturbation equations for baryons and radiation
are unchanged but we get extra-terms in the Einstein
equations and in the conservation equation for DM and φ.
We decompose the scalar field as φ ¼ φðtÞ þ χ in
Newtonian gauge.
First, the Einstein equations (9) become

Φ − Ψ ¼ 8πGa2Prπr ð85Þ

Ψ0 þ 3HΦ ¼ −4πGa2ρð1þ wÞvþ φ0χ ð86Þ

ðΔþ 3KÞΨ − 3HðΨ0 þHΦÞ

¼ 4πGa2ρδþ φ0χ0 − φ02Φþ a2
dV
dφ

χ ð87Þ

where e.g. ρð1þ wÞv includes all the components,
ρð1þ wÞv ¼ P

i ρið1þ wiÞvi with i ¼ r; b;D and πr is
the anisotropic stress of the radiation component (includ-
ing both photon and neutrinos).
For the component of the visible sector (b, r and possibly

a part of the DM not coupled to φ), we have the standard
equations [71,72]

δ0 þ 3Hðc2s − wÞδ ¼ −ð1þ wÞðΔv − 3Ψ0Þ ð88Þ

v0 þHð1 − 3c2sÞv ¼ −Φ −
c2s

1þ w
δ: ð89Þ

Then, for DM, the interaction term is given by Qν ¼
αðφÞTðDMÞ

σρ gσρ∂νφ so that ∇νTν
μ ¼ Qμ reduces to

δ0D ¼ −ðΔvD − 3Ψ0Þ þ ½αχ0 þ β̂φ0χ� ð90Þ

v0D þHvD ¼ −Φ − αφ0vD − αχ ð91Þ

and one can note that

αχ0 þ β̂φ0χ ¼ ðαχÞ0: ð92Þ

To finish, for the scalar field we get

χ00 þ 2Hχ0 − Δχ þ a2
d2V
dφ2

χ

¼ ½2ðφ00 þ 2Hφ0ÞΦ þ φ0ðΦ0 þ 3Ψ0Þ�
− 4πGξρDa2½αδD þ β̂χ�: ð93Þ

B. Numerical implementation

The model is implemented both at the background and
perturbations levels as a modification (available upon
request) of the CLASS code [73]. A shooting method is
used to ensure the desired final energy density of cold dark
matter, given that it no longer scales as 1=a3. Also the total
energy budget is adjusted with another shooting method
since there is a residual energy density in the scalar field not
known a priori. The marginal distribution in the ΛβCDM
model is shown in Fig. 7. While the initial conditions need
to be adjusted for the scalar field to provide a viable
solution, it is important to stress that (1) the space of
solutions contains trajectories that provide a better fit than

FIG. 7. Marginal distribution of the background scalar field
initial conditions of the ΛβCDM model. β, being related to K0

[see Eq. (70)] controls the onset of the transition, whereas AðφiÞ
dictates the amplitude of energy density extracted from DM by
the scalar field. This shows that the best-fit models do not require
a fine tuning of their initial conditions.
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the ΛCDM and (2) that there is no fine tuning on the
parameters ðφi; AiÞ.
Numerically, the background scalar field is set directly

onto its radiation era attractor, that is assuming k2 ¼ 0 in
Eq. (72). The derivative of the field is related to the field
initial value thanks to the lowest order expansion of Eq. (77)
which then yields φðaÞ ¼ φi½1 − K0a=ð2aeqÞ� þOða2Þ.
The expression of K0 for the ΛβCDM model is given by
Eq. (71), and for other models we use the general form (71)
which, except for the model (35), depends on β and φi.
The numerical implementation in Newtonian gauge is not

straightforward since the perturbed Klein-Gordon equa-
tion (93) requires the knowledge of bothΦ0 andΨ0, but only
the latter is given by the Einstein equation (86), whereas the
Eq. (85) can only be used to obtain Φ, and getting the
derivative of this equation can be numerically unstable. We
rather choose to work in synchronous gauge [35,74] but we
have verified that the results are extremely similar to
Newtonian gauge results when Φ0 is wrongly replaced by
Ψ0 in the Klein-Gordon equation.
To that goal, first we need Eqs. (90), (91), and (93) in

synchronous gauge,

δ0D ¼ −ΔvD −
1

2
h0 þ ½αχ0 þ β̂φ0χ� ð94Þ

v0D þHvD ¼ αðχ þ φ0vDÞ ð95Þ

while for the scalar field it is simply

χ00 þ 2Hχ0 − Δχ þ a2
d2V
dφ2

χ

¼ −
1

2
h0φ0 − 4πGξρDa2½αδD þ β̂χ�: ð96Þ

The dynamical equation dictating the evolution of h,
obtained from the perturbed Einstein equations, can be
found in Ref. [74]. We set the initial conditions χ ¼
−ðα=β̂ÞδD, but χ0 ¼ 0 since it then reaches rapidly its
slow-rolling attractor. We consider the usual adiabatic
conditions for the other species. In addition we set the
initial condition vD ¼ 0, which completely fixes the syn-
chronous gauge. Note however that there is a key difference
with the usual ΛCDM-comoving synchronous gauge: the
scalar force in the DM sector implies that vD does not vanish
at all times since DM particles are not following geodesic of
the metric gμν and the cold dark matter Euler equation must
be implemented consistently.

C. Mode evolution

Let us illustrate some differences of the evolution of our
models compared to the standard ΛCDM.
To compare the evolution of DM and baryon perturba-

tions, let us combine Eqs. (90) and (91) as

ðδD − αχ − 3ΨÞ0 ¼ −ΔvD ð97Þ

v0D þ ðHþ αφ0ÞvD ¼ −Φ − αχ: ð98Þ

This is no surprise from the analysis of Appendix A since
the first equation is the standard conservation equation for
the density contrast δ̃D ¼ δD − 4αχ in the gravitational
field defined by the two potentials Ψ̃ ¼ Ψ − αχ and
Φ̃ ¼ Φþ αχ; see Eqs. (A3) and (A4). This explicitly
highlights the contribution from the scalar field. Note
however that δ̃D and ṽD ¼ vD are sourcing the Einstein
equations for Φ and Ψ. They combine to give

½ãðδ̃D − 3Ψ̃Þ0�0 ¼ ãΔΦ̃;

that is in an equation for the density contrast in the flat
slicing gauge of the DM-Einstein metric. Indeed, the DM
is minimally coupled to the metric g̃μν so that cosmologi-
cally it experiences the scale factor ã ¼ aA; see Eq. (A3).
This implies that ρ̃ã3 ¼ ρa3=A remains constant. At the
perturbation level, the relevant quantity is the g̃ metric flat
slicing gauge invariant perturbation density contrast.
This equation for DM can be combined with the one for

the baryons after recombination by defining the relative
entropy and velocity as

S≡ δD
1þ wD

−
δ

1þ w
; V ≡ vD − v: ð99Þ

From Eqs. (88)–(91), we get

S0 þ ΔV ¼ ðαχÞ0; V 0 þHV ¼ −αφ0vD − αχ ð100Þ

leading to

½aðS − αχÞ0�0 ¼ aαΔ½φ0vD þ χ�: ð101Þ

Indeed baryons are coupled to photons so they also feel a
nonvanishing force at the perturbation level before decou-
pling. This effect of entropy generation will also occur in all
models with ξ ≠ 1 since then there will be two DM sectors
[see definitions below Eq. (54)], with only one of them
subjected to the scalar fifth force, such that models with
ξ ≠ 1 generically develop DM-DM isocurvature modes
revealing the scalar force. The entropy generation arises
from the fact that the DM component coupled to φ is
comoving in the metric g̃μν so that vD “feels” the effective
Hubble parameter ðaAÞ:=ðaAÞ and the potential Φ̃. This is a
cosmological manifestation of the violation of the equiv-
alence principle between the visible and dark sectors.
Figure 8 illustrates the evolution of the scalar field

perturbations for the best fit model with coupling (35).
This extra component compared to the standard ΛCDM
starts to grow around the equivalence and earlier for smaller
wavelengths. Whatever k they peak to 0.1 and then slowly
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decay while oscillating when subhorizon. Even though it is
difficult, and even not really meaningful to compare the
evolution of the density contrasts and potentials in two
different models because the perturbations are not living on
the same background, such comparison gives a flavor of the
effects on the CMB and matter power spectra. First, the
effect is smaller than 4% independently of the wave number
k so that the amplitude of structures, σ8, is expected to be
only marginally modified. Second, the potentials witness a

shift smaller than 1% after recombination and remain
constant almost until a redshift of order 5 when they drop
by several percents. Hence we shall not expect a sizable
difference in the integrated Sachs-Wolfe contribution to
the CMB.

V. COMPARISON TO OBSERVATIONS

A. Cosmological data

In order to test its power on the Hubble tension we
perform a MCMC analysis with Cobaya [75]. We consider
a baseline dataset which consists in

(i) CMB data from Planck: low and high l temperature
and polarization, with CMB lensing [76].

(ii) DES Y1: weak lensing and galaxy correlations
(3x2pt) [77].

(iii) supernovae (SN) data from the Pantheon sam-
ple [78].

BAO data are then combined to this baseline in different
ways. First, we split BAO measurements into a low-z
(noted z < 1 hereafter) and high-z (noted z > 1 hereafter)
datasets.
The low-z consists in
(i) 6dF: a distance measurement at zeff ¼ 0.106 [79];
(ii) SDSS DR7 [main galaxy sample (MGS)]: Rang and

DH ≡ 1=H at zeff ¼ 0.15 [80];
(iii) SDSS DR12: Rang, DH and redshift space distor-

sions (RSD) at zeff ¼ 0.38 and zeff ¼ 0.50 [81]; and
(iv) luminous red galaxies (LRG) of SDSS DR16: Rang,

DH and RSD at zeff ¼ 0.698 [82].
The high-z dataset consists in
(i) emission line galaxies (ELG) of SDSS DR16: Rang,

DH and RSD at zeff ¼ 0.85 [82];
(ii) quasistellar objects (QSO) of SDSS DR16: Rang,DH

and RSD at zeff ¼ 1.48;
(iii) Lyman-α (Lyα) absorption lines of SDSS DR16:

Rang, DH at zeff ¼ 2.33; and
(iv) Lyα-QSO cross-correlations in SDSS DR16: Rang,

DH at zeff ¼ 2.33;
Finally, the local measurement of H0 from the recent

SH0ES results [7] is combined with the baseline dataset
and the chosen BAO data.

B. Analysis of the ΛCDM model

The marginal constraints in the H0–Ωm plane for
individual probes, obtained from an MCMC analysis, are
gathered in Fig. 9. The Hubble tension is apparent in the
fact that Planck only contours do not overlap with the ones
from SNþ SH0ES. However contours from Planck only
intersect with those obtained from all BAO data only.
It is illuminating to explore in more details the BAO data

by examining the constraints obtained from the separate
high-z and low-z BAO datasets independently. It is clear on
Fig. 9 that this leads to rather different constraints in the
H0–Ωm plane, a fact already highlighted in Fig. 5 of

FIG. 8. Evolution of perturbations. Top: the scalar field
perturbations χ grow between equivalence and recombination
before decaying slowly. Middle: relative evolution of δD with
respect to the ΛCDM best fit. Down: relative evolution of the
gravitational potential Φ. Overall differences with respect to
ΛCDM structure formation are small, hence the amplitude of
structure, σ8 is expected to be only marginally modified.
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Ref. [82]. The low-z BAO only data (without RSD) lead to a
rather higher value of the matter content (Ωm ¼
0.388� 0.050), which is in slight tension with the DES
Y1 constraints Ωm ¼ 0.248þ0.030

−0.017 as well as with SNþ
SH0ES constraints Ωm ¼ 0.299� 0.022. Even though
DES Y3 [83] now prefers larger values, this motivates that
we either consider all BAO data or just the high-z subset to
assess our model.
In addition, BAO observations provide an independent

measurement of both rDHðzÞ and rD=RangðzÞ, with rD the
sound horizon at baryon drag (zD ≃ 1060) which is slightly
larger than rs, through their radial and angular measure-
ments respectively. Indeed, in a spatially Euclidean FL
spacetime,

RangðzÞ ¼
Z

z

0

DHdz ð102Þ

so that there should be a consistency between the Rang and
DH ≡ ðc=H0ÞE−1=2ðzÞ measurements, the latter being
related to the slope of the former. This relation holds
whatever the dynamics of the universe, i.e. independently
of the matter content as long as it can be described by a FL
spacetime. Figure 10 shows that the Rang measurements for
the data points of redshifts zeff ¼ 0.38, 0.5, 0.7 tend to
prefer a mildly larger slope than theΛCDM best fit whereas
the average slope set by theDH points in this redshift range
is slightly smaller than the slope from this same best fit.
To better understand these slight tensions, it is instructive

to detail the constraints in the H0–Ωm plane for each
individual BAO measurements. Figure 11 summarizes
these individual constraints assuming rD ¼ 147.07 Mpc
from the Planck ΛCDM model best fit (in the ΛCDM
model); see Appendix B and Eq. (B1) for the expression

of rD. This differs from Fig. 9 in which the constraints take
into account the ðH0;Ωm)-dependence of the sound hori-
zon, approximately as rs ∝ 1=ðH0Ω

1=2
m Þ and similarly for

rD. Any change in the constant rD chosen would shift the
constraints of Fig. 11 vertically.
Assuming a fixed rD, it is clear that the Rang measure-

ments for the 3 data points with redshifts z ¼ 0.38, 0.5, 0.7
are in full agreement with the MGS constraint on DV ≡
ðzR2

angDHÞ1=3 at z ¼ 0.15 only for large values of Ωm. The
DH data at these same 3 redshifts do also agree well only
for large values of Ωm. However such large Ωm are in
tension with the SN data. It follows that any early modified
cosmological model that would induce a lower rD, will shift
all curves upward hence bringing them in a better agree-
ment with theH0 constraint by SH0ES. But their agreement
would still be for the same large values of Ωm, as seen in
Fig. 9. Hence, a tension with SN data would persist.
Conversely, BAO data from redshifts z ¼ 0.85, 1.48,
2.33, be it Rang or DH, are in agreement for values of
Ωm which are roughly around 0.3 and which are in better
agreement with SN data.
This issue can be grasped differently by considering the

intersection of the BAO constraints with the SH0ES
constraint on H0 while still assuming the sound horizon
at baryon drag rD ¼ 147.07 Mpc. The Rang data points at
redshifts z ¼ 0.38, 0.5, 0.7 would constrain Ωm ≃ 0.1
whereas the rest of the BAO data would indicate
0.2≲ Ωm ≲ 0.3, exception made of the 6dF and MGS data

FIG. 9. Constraints of the ΛCDM in the H0–Ωm plane. The
low- and high-z BAO data do not point to the same region of the
parameter space. The role of each individual data point on these
contour can be understood by comparing to Fig. 11.

FIG. 10. Comparison of the BAO data and the best fits
prediction for DH and Rang. These two quantities are related
by Eq. (102) that tells us that DH is related to the slope of Rang if
the universe is described by a FL spacetime. It shows that the 3
data points with redshift zeff ¼ 0.38, 0.5, 0.7 would prefer a
mildly larger slope than the ΛCDM best fit. Note also that since
our models generically predict a lower Ωm they are in tension
with the low-z BAO data. Note also that even though the shapes
of the transition in the 3 models differ slightly, they predict nearly
identical post-recombination histories so that the curves for the 3
models cannot be distinguished on this plot.
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point at z ¼ 0.15, which cannot accommodate the SH0ES
result in any manner with such a sound horizon.
Therefore, either a solution arises from a modification of

the sound horizon at recombination while preserving the
quality of the fit to the CMB peaks, but this can only be
partially successful since the sound horizon rescaling
needed for low-z BAO is necessarily different [19], or
without any modification to the sound horizon the BAO
data for Rang at low-z would hold the constraints of any
alternative model to intermediate values ofH0, between the

Planck and the SH0ES values, and thus cannot fully resolve
the Hubble tension. This is a limit imposed by the current
structure of the data that no model can beat. For all these
reasons, we have decided to also consider a subset of BAO
data with all BAO and RSD data, except those three values
of Rang at zeff ¼ 0.38, 0.5, 0.7 and the data points from the
MGS at z ¼ 0.15, but keeping all DH and RSD with their
correlated errors at these redshifts. This BAO subset is
noted hereafter BAOð-4ptsÞ þ RSD.
To finish, let us come back on the information that can be

extracted from the global shape of the CMB angular power
spectrum, that is the relative heights of the acoustic peaks
and their angular positions. First, note that the relative
heights of the peaks and their relative positions, regardless
of the sound horizon angle θ⋆, constrain the relative ratios
of DM to photons and to baryons around recombination. In
the ΛCDM, and therefore knowing the dilution of all
species, it provides information on ΩD0h2 since today the
photon energy density is well known and the redshift of
recombination is also well constrained. To get a crude
estimate of the constraints it sets in the H0–Ωm plane, we
can combine the marginal from Planck on ΩD0h2 to the one
on Ωb0h2 to get the rough constraint Ωmh2 ≃ 0.1442�
0.0014 from the CMB global shape alone. We include the
corresponding region as a gray curve in Fig. 9. In addition
we can also add the constraint arising from the angular size
of the sound horizon θ⋆ which is very well measured from
the absolute positions of the CMB peaks (black curve).
Their domain of intersection PS in the H0–Ωm plane
roughly determines the constraint set by Planck data alone:
it implies a value for H0 too low to agree with SH0ES. Any
solution that solves the Hubble tension while preserving the
sound horizon at recombination, would also preserve
the sound horizon at baryon drag (rD ¼ 147.07 Mpc for
theΛCDM best fit). Therefore, it necessarily requires to find
a way to shift the constraints from the CMB global shape,
i.e. the gray curve, to the left so that the new PS domain lies
within the region compatible with SH0ES. This is actually
what our models do by triggering the disappearance of DM
around and after recombination. This implies that such class
of solutions must generically have a lower Ωm than the
ΛCDM best fit, and consequently a larger cosmological
constant. Generically, in our models, the universe expands
slower after recombination until Λ starts to dominate (and it
dominates earlier), at which point it expands faster. This
leads to the same comoving distance to the LSS but with a
higher H0 and a younger universe.

C. MCMC analysis

We can now present the results of the full MCMC
comparisons for the ΛβCDM, ΛλCDM and Λðβ; λÞCDM
models. All cosmological parameters are varied in a
spatially Euclidean cosmology, along with the new param-
eters β, λ and the attractor initial value φi of the scalar field.
We use large flat prior for the parameters of the ΛCDM

FIG. 11. Constraints from individual BAO data points. Assum-
ing a fixed sound horizon from the ΛCDM Planck only best fit,
one can determine the region PS allowed by the shape of the
CMB angular spectrum: (1) its global shape (relative heights and
positions of the acoustic peaks) sets the approximate constraint
Ωmh2 ¼ 0.1442� 0014 (gray line) while (2) the absolute posi-
tions of the acoustic peaks determine the angular size of the sound
horizon θ� (black line). Their intersection roughly determines the
constraint PS set by Planck only. In order to be compatible with
SH0ES, PS shall move to lower Ωm. For each BAO points we
depict the 1σ strip allowed by Rang (top) and DH (bottom). It is
clear that if H0 is determined by SH0ES, the Rang data points at
redshifts z ¼ 0.38, 0.5, 0.7 constrain Ωm ≃ 0.1. The BAO data
alone constraints drags toward a larger Ωm.
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model and flat priors for the scalar field with A0ðφiÞ=
φi ∈ ½0.2; 1� (hence translating into a prior on β for the
ΛβCDM model), and AðφiÞ∈ ½1; 1.1�. In addition, in the
Λðβ; λÞCDM model we use the flat prior λ=β2 ∈ ½−1; 0.5�.
The neutrino masses are taken into account by assuming
that one flavor of massive neutrinos with mν ¼ 0.06 eV,
and setting the number of massless relativistic species so as
to ensure Neff ¼ 3.044 [84].
It can first be checked from Fig. 12 that the best fits for

all models fit well the CMB patterns as expected from
earlier discussions. Their residuals with the CMB data are
as good as those of the ΛCDM best fit. For these best fits,
the preferred parameters correspond to sound horizons
which are extremely similar to the ΛCDM best fit within
the same set of data, ensuring that the χ2 for CMB data is
not degraded significantly even though our priors allow our
model to have a modified sound horizon. Then, Fig. 13
provides some insight on the matter power spectrum. Since
the modes growth is almost unaffected, it is very similar to
the ΛCDM power spectrum below its peak while it has
slighlty more power on small scales beyond the peak. Since
Ωm is decreased by the coupling with the scalar field, S8
increases only marginally, which is a positive feature of this
class of models.
The ΛβCDM being the simplest model, we start by

discussing the marginal distributions of all its relevant

cosmological parameters presented in Fig. 14, with the
different combinations of BAO data detailed above. For the
two other models ΛλCDM and Λðβ; λÞCDM, we only show
the marginal distributions on a reduced set of parameters in
Fig. 15. All models share the same properties of a lowerΩm
as expected, a younger universe and a lower tension with
SH0ES on H0. The constraints on the cosmological
parameters are gathered in Table I and we summarized
the best fit parameters of the four models in Table II. They
lead to similar constraints, all sharing the same trends that
we discuss in more details for the ΛβCDM.
With the baseþ BAOþH0 dataset, all models alleviate

the tension with SH0ES since for a ΛCDM the average
Hubble constant is h̄ ¼ 0.688 whereas in the ΛβCDM it is
h̄ ¼ 0.698. This means that the 4.4σ tension is reduced to
3.8σ. We consider a measure of the tension within a given
model defined as (see Refs. [9,30] for the methodology)

QDMAP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ2datasetþH0

− χ2dataset

q
ð103Þ

where χ2 stands for the minimum of −2 lnðLÞ (obtained
with BOBYQA [85,86]). QDMAP measures the degradation
of the best fit within a model when the H0 constraint from
SH0ES is included. Also in order to compare the merit of a
given model with respect to the ΛCDMmodel, we consider

ΔAIC ¼ χ2model;datasetþH0
− χ2ΛCDM;datasetþH0

þ 2N ð104Þ

FIG. 12. Black: residuals of TT, TE and EE spectra of the
ΛCDM best fit (from Planck data only) [4] with Planck data. Red:
differences between our ΛβCDM best fit spectra (obtained with
the base datasetþ BAOðz > 1Þ þH0 and the former spectra.

FIG. 13. Top: the power spectra of the best fits of the 3 models
are indistinguishable by eye. Bottom: relative variation of the
final matter power spectrum with respect to the ΛCDM best fit. It
is mostly boosted on smaller scales beyond the peak by less that
10%. This implies that S8 is almost unaffected.
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where N is the number of additional parameters of the
model (2 for ΛβCDM and ΛλCDM, but 3 for
Λðβ; λÞCDM).
For the ΛβCDM model, and with dataset ¼ baseþ

BAO, we find QDMAP ¼ 3.6 and ΔAIC ¼ −2.6, which
indicates only a marginal improvement. However, as we
have discussed in the previous section, the low-z BAO data
favor a higher matter fraction today. As a consequence,
when excluding 4 points of the low-z BAO or the whole
(z < 1)-BAO datasets [that is considering respectively

dataset ¼ baseþ BAO(-4pts) and dataset ¼ baseþ BAO
(z > 1)], the model can reach a higher H0 since lower Ωm
values are allowed. With the BAO(z > 1), it leads to
h ¼ 0.7187� 0.0076, in good agreement with SH0ES,
while other criteria also improve substantially (QDMAP ¼
2.0 and ΔAIC ¼ −14.5). The constraints with BAO(-4pts)
are very similar, as can be checked on Fig. 14, showing that
the four low-z BAO data points have the strongest statistical
weight toward a lower H0. Note also that within the low-z
BAO data, only the ones measuring Rang show this trend as

FIG. 14. Marginal distributions of the ΛβCDM model. The Ωm −H0 degeneracy is clearly seen on the lower left panel. The model
moves along this line toward a lowerΩm to get a higherH0. All other cosmological parameters are almost unaffected and remain close to
their ΛCDM value but Λ that will adjust since we have assumed a spatially Euclidean cosmology (K ¼ 0).
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FIG. 15. Marginal distributions of theΛλCDM andΛðβ; λÞCDMmodels. All models share the same properties to lead to a lowerΩm to
allow for a higher H0 generically concluding for a younger universe compared to the ΛCDM and S8 remains almost unchanged.

TABLE I. Comparison of the posterior marginal distributions and success criteria of the ΛCDM, ΛβCDM, ΛλCDM, and ΛβλCDM
models. GT is the Gaussian tension on H0 for the model between the dataset mentioned (but without H0), and the H0 constraint from
SH0ES only. Since spatial sections are Euclidean and radiation energy density is negligible today, the energy fraction of the
cosmological constant is constrained by ΩΛ þ Ωm ¼ 1.

Model baseþH0þ Ωm Ωb0h2 h S8 Age (Gyr) GT QDMAP ΔAIC

ΛCDM BAO 0.2965� 0.0044 0.02263� 0.00013 0.6877� 0.0035 0.801� 0.009 13.75� 0.02 4.4σ 4.8 0
ΛCDM BAO (z > 1) 0.2912� 0.0052 0.02270� 0.00014 0.6919� 0.0042 0.794� 0.010 13.73� 0.02 4.1σ 4.4 0
ΛβCDM BAO 0.2875� 0.0056 0.02249� 0.00014 0.6977� 0.0054 0.814� 0.010 13.67� 0.04 3.8σ 3.6 −2.6
ΛβCDM BAO (z > 1) 0.2666� 0.0073 0.02246� 0.00015 0.7187� 0.0076 0.807� 0.010 13.55� 0.05 1.8σ 2.0 −14.5
ΛλCDM BAO 0.2884� 0.0054 0.02253� 0.00014 0.6966� 0.0052 0.817� 0.011 13.68� 0.04 3.8σ 3.9 −2.8
ΛλCDM BAO (z > 1) 0.2689� 0.0072 0.02253� 0.00014 0.7160� 0.0075 0.811� 0.011 13.56� 0.047 2.2σ 2.0 −15.4
Λðβ; λÞCDM BAO 0.2878� 0.0059 0.02247� 0.00015 0.6974� 0.0058 0.815� 0.009 13.67� 0.04 3.8σ 3.5 −0.1
Λðβ; λÞCDM BAO (z > 1) 0.2656� 0.0077 0.02246� 0.00015 0.7196� 0.0081 0.805� 0.010 13.54� 0.04 1.7σ 1.8 −13.8

TABLE II. Best fits of ΛCDM, ΛβCDM, ΛλCDM, and Λðβ; λÞCDM models. All the figures of this article have been performed with
these values obtained using the BAO(z > 1) datasets.

Model baseþH0þ Ωm Ωb0h2 h log ð1010AsÞ ns τreio β λ φi

ΛCDM BAO 0.3011 0.02259 0.6841 3.0524 0.9674 0.0598 0 0 0
ΛCDM BAO (z > 1) 0.2957 0.02261 0.6886 3.0652 0.9735 0.0666 0 0 0
ΛβCDM BAO 0.2836 0.02246 0.7012 3.0454 0.9720 0.0542 0.3196 0 0.4345
ΛβCDM BAO (z > 1) 0.2619 0.02250 0.7240 3.0569 0.9741 0.0601 0.2509 0 0.7159
ΛλCDM BAO 0.2863 0.02242 0.6987 3.0544 0.9708 0.0591 0 0.8436 0.6551
ΛλCDM BAO (z > 1) 0.2659 0.02253 0.7188 3.0625 0.9769 0.0647 0 0.1666 1.0959
Λðβ; λÞCDM BAO 0.2870 0.02249 0.6979 3.0409 0.9713 0.0518 0.2862 −0.0653 0.4242
Λðβ; λÞCDM BAO (z > 1) 0.2681 0.02248 0.7167 3.0306 0.9713 0.0477 0.2551 −0.0426 0.6489
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theDH and RSDmeasurements at the low redshifts are kept
in the BAO(-4pts) dataset.
In the constraints with the BAO(z > 1) dataset, the

universe is younger with tU ¼ 13.55� 0.05 Gy, an age
consistent with the one deduced from globular clusters
(GC) [57,87]. Note also that S8 ¼ 0.807� 0.010, hence
the tension with DES results increases only mildly. To
finish, note that the small tension on Ωbh2 mentioned in
Refs. [88,89] survives since these models are precisely
built to avoid any alteration of BBN physics.
Our analysis also emphasized on a concrete example the

problem of reconciling CMB data with low-z BAO data, as
pointed out in Ref. [19]. This confirms the insight [90] that
“new physics is not sufficient to solve theH0 problem,” see
also Refs. [16,91–94] for similar arguments.

VI. CONCLUSIONS

The theory presented in this article and the cosmological
models that can be constructed on its basis are simple and
minimal extensions of the ΛCDM in the sense that the
physics of the visible SM sector remains fully unchanged.
We take advantage of the fact that the physics of the dark
sector remains badly constrained. We assume that DM
enjoys a long-range scalar interaction besides the standard
GR interaction, i.e. a dark scalar force. The main direct
consequences of these assumptions are
(1) No constants that can be measured in the laboratory

or in the Solar system vary. This implies that it
escapes by construction all existing local constraints
on the deviation from GR in the Solar system. There
is no testable violation of the weak equivalence
principle [53] or observable variation of a non-
gravitational constant [44,45] since they concern
the SM fields.

(2) The gravitational constant remains constant and
equal to the Cavendish value of the Newton constant
since, again, SM fields are not subjected to the scalar
interaction.

(3) The energy density of the new scalar degree of
freedom is subdominant in the energy budget during
the whole cosmic history (see Fig. 2). Hence this is
not a model of dark energy; φ does not affect directly
the expansion history of the universe and cannot
explain the acceleration of the cosmic expansion.

(4) From the two previous points, it is obvious that BBN
predictions remain fully unaffected by construction.

(5) It also implies that the interpretation of the Hubble
diagram remains unaffected.

(6) The gravitational effect of DM on the SM field is
unchanged since the latter have no charge under the
new interaction.

(7) But the gravitational clustering of DM is affected.
As we have seen, in the cosmological setting, the
nonminimal coupling can be interpreted either as a
variation of the DM gravitational constant or as the

fact that part of the DM energy density as been
transferred to ρφ. As a consequence DM gets an
effective nonvanishing time-varying equation of
state (see Fig. 3).

A fully consistent theory has been proposed in
Eqs. (3)–(7) assuming a massless scalar field and a coupling
(8) to DM. This allows us to treat in a consistent way the
background and perturbation evolutions and to ensure that
the noncosmological constraints are also taken into account.
Actually, among the side results, we have illustrated the
effect of not taking the perturbations consistently into
account by considering a phenomenological model with
same background cosmology but without the effect of the
nonminimal coupling at the perturbation level. This led to
errors of order of several percents on the CMB predictions
(see Fig. 5) which is much higher that what the data can
allow. We have also discussed the reconstruction problem of
models with time varying dark energy and dark matter
equations of states, or equivalently DM couple to DE
models. We have also stressed the importance to take into
account noncosmological data. Indeed the comparison to
data can state whether a model is excluded at a certain
confidence level but comparing best fits cannot rely only on
data. While one can indeed compare their merit to fit a given
dataset, this is not sufficient, and one shall also attribute a
prior on the theoretical construction and consistency of the
theory that reflects both our prior beliefs [95,96] and the
ability of the theory to make predictions or not in any
physical situation. In particular, models assuming e.g.
ad hoc phenomenological evolution of background quan-
tities or constants, i.e. solutions to an unknown theory, shall
have a much lower credence than a theory to which one
finds a consistent solution in any physical situation.
The models studied in this article offer an effective way to

make the gravitational constant in the dark sector vary with
cosmic time or equivalently to have a suppression of the DM
energy density right after the onset of the matter era.
Interestingly, our models have the key generic feature that
they let the sound horizon and distance to the last scattering
surface unchanged compared to the standard ΛCDM but
with a higherH0 at the expense of a lowerΩD0, which is still
in agreement with low-z data and in particular DES Y1. This
is the key feature of these models that explains why they
improve the Hubble tension (see Fig. 11). All our models
predict a younger universe than the ΛCDM. Among the
models compared here, the quadratic (35) and quartic (37)
couplings offer a similar quality of fit, while adding a
quartic contribution to the quadratic one (38) does not
improve it. Typically with all data the Hubble tension drops
from 4.4σ to 3.8σ, while it is reduced from 4.1σ to 1.8σ
when low-z BAO are not used. Again, we recall that our
models drive Ωm to lower values. This led us to discuss the
role of the high- and low-z BAO data, a key issue to hope to
fully solve the Hubble tension, but indeed too far from the
main scope of this work. While in agreement with DES-Y1,
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we have to emphasize that DES Y3 results [83] are shifted
upward with Ωm ¼ 0.339þ0.032

−0.031 , which can put that solution
to the Hubble tension at risk. Also it may be challenged by
the Pantheon+ [97] sample which findsΩm ¼ 0.334� 0.18.
As pointed out in [98], these large recent values ofΩm imply
that most extensions of the ΛCDM model aiming at solving
the Hubble tension lead to a tension on Ωmh2.
Our model is almost indistinguishable from the ΛCDM.

It enjoys however the specific feature that DM and baryons
do not feel the same gravity which will imprint their
velocity. In Fig. 16 we compared the power spectrum of
kðvb − vDÞ in the ΛβCDM model to the standard case. It
shows two specific features: (1) it is boosted by 4 orders of
magnitude and (2) the baryonic oscillations are washed
out. It follows that this would modify the measurement of
velocity induced acoustic oscillations [99,100] that could
be measured from 21 cm observations [101,102]. This
observable will be sensitive to any effect biasing the
velocity of the two kinds of matter, and hence a possible
new probe of the equivalence principle between the visible
and dark sectors. Similarly, Refs. [103–106] proposed to
test the WEP in the dark sector by combining redshift-
space distortions and relativistic effects in the galaxy
number-count fluctuations, which could be achieved with
the coming DESI and SKA observations. Both require a
dedicated study.
The minimal models consider a single extra function

AðφÞ for a massless dark sector dilaton. They can be
extended in many ways by:
(1) considering different coupling functions A. We have

compared 3 of them here and shown that there
signatures only differ slightly. The variation of A
from its initial to its lowest value controls the
amplitude of the effect on DM, whereas the param-
eter K0 defined in Eq. (70), and which is related to
the initial slope of the function, controls when the
effect takes place;

(2) introduce a nonvanishing potential V. We restricted
to a massless φ. A potential can modify the cosmo-
logical dynamics and in particular make it a quintes-
sence field if it dominates at late time; Since the mass
of the quintessence field should be of the order of
the late-time Hubble rate, the potential would be
effectively negligible around the matter radiation
equality and the mechanism of the model would
be unaffected;

(3) introduce two types of DM components (i.e. ξ ≠ 1)
or a nonvanishing wD. In that case, this offers the
freedom to introduce a small degree of isocurvature
perturbations in the initial conditions in the dark
sector; and

(4) one can consider that g̃μν is not conformally related to
gμν but through a disformal relation [107] as already
considered to account for the dark sector [108].

So far we have defined and exhibited models that
improve slightly the Hubble tension. Indeed this is no
proof that they describe nature and one would need to go
deeper and exhibit some specific signatures. Since the
theory is fully defined it opens the way to investigate its
phenomenology in various environments. From a theo-
retical perspective, the model opens at least two concerns
that would need to be investigated by specific DM
theoretical constructions. (1) φ is massless (or light) and
unless protected by a symmetry, quantum corrections will
generate a mass from DM field loops. This is the case for
any interacting light fields. (2) One shall address the
question of whether one can modify the DM gravity sector
independently of the SM sector. In some models, a scalar
fifth force may potentially lead to a violation of the WEP
that could be probed [109,110], in particular if DM and
SM fields interact. Such models are however strongly
constrained [111]. These two issues can only be discussed
in a model-dependent way and are far beyond the phe-
nomenological investigation of the current work. Note also
that it has also been suggested that the anomalies in the
positron/electron spectra may arise from a long-range dark
force mediating the DM annihilation and that it could be
detected at the LHC [112]. Then, one shall investigate the
effects of the scalar force in astrophysical environments and
how it modifies DM haloes, see e.g. in Refs. [50,113–118]
for tests of the WEP between the visible and DM sectors.
Our current analysis is limited to the linear regime. The age
of the universe being smaller than in the standard ΛCDM
and the growth of DM haloes being modified, one should
quantify the onset of the nonlinear regime and its conse-
quence for structure formation. Still, as shown on Fig. 13 the
linear power spectrum is almost not affected compared to
the ΛCDM and the scalar field being light does not cluster,
which tend to make us think that modifications to nonlinear
effects would be small. The analysis in the case of extended
quintessence (i.e. scalar-tensor quintessence) was first
proposed in Refs. [119,120] to show the effects were below

FIG. 16. Power spectra of the baryon-CDM velocity difference
kðvb − vDÞ in the ΛCDM and ΛβCDM models.
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the percent level. Such an analysis is beyond the scope
of this work and would deserve a specific study.
Reference [121] also suggested that a DM fifth force seems
to have beneficial effects for DM distribution on small
scales and that an extra evanescent component of matter
with evolving mass and a fifth force large enough may be
needed to reach a better understanding of early assembly of
more nearly isolated protogalaxies.
As a conclusion, these new models are encouraging.

They offer a simple and minimal extension of the ΛCDM
that decreases the Hubble tension while being compatible
with all local experiments and BBN. It offers the possibility
to be tested in other environments and the existence of such
a dark fifth force may be a path toward a better under-
standing of DM [122,123].
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APPENDIX A: FRAME RELATIONS

As explained in Sec. II A, gμν is the SM-frame metric.
For SM field, there is just one frame since the gravity theory
is standard GR. For the DM sector, gμν corresponds to an
Einstein frame metric with associated Jordan frame metric
g̃μν defined in Eq. (8). It is easily checked that, in the DM
Jordan frame, Eqs. (11) and (20) can be rewritten as

∇̃μT̃
μν
ðDMÞ ¼ 0 ðA1Þ

γ̃μ ¼ 0 ðA2Þ

(assuming q ¼ 1), where all the quantities are defined with
respect to the metric (8). This expresses the fact that
DM fields are universally coupled to g̃μν so that the
WEP is valid in this frame, leading to the usual conserva-
tion and geodesic equations. Since ũνũν ¼ −1 it follows
that ũν ¼ A−1uμ and T̃μν ¼ A−2Tμν so that ρ̃ ¼ A−4ρ.
Now assume that gμν defines the line element (83) ds2

while g̃μν defines a similar line element ds̃2 but with scale
factor ã and potentials Φ̃; Ψ̃. Since, ds̃2 ¼ A2ds2 and
Aðφþ χÞ ¼ AðφÞ½1þ αχ�, one concludes that

ã ¼ aA; Φ̃ ¼ Φþ αχ; Ψ̃ ¼ Ψ − αχ: ðA3Þ

For the matter sector, the scaling gives

ρ̃ ¼ A−4ρ; δ̃ ¼ δ − 4αχ; ṽ ¼ v: ðA4Þ

Now in the DM-Einstein frame, the equations of motion are
derived from Eq. (A1), that is from their the usual
conservation equations. Hence ˙̃ρþ 3H̃ðρ̃þ P̃Þ ¼ 0 directly

gives Eq. (47). At the perturbation level, δ̃0 þ Δṽ − 3Ψ̃0 ¼ 0

and ṽ0 þ H̃ ṽ ¼ −Φ̃, which are the standard equations (88)
and (89), which once expressed in the DM-Einstein frame
reduce directly to Eqs. (90) and (91). This a consistency
check. This also explains the structure of the perturbation
equations under the form (97) and (98) since they are the
standard perturbed conservation equations in the DM-
Einstein frame. Indeed the Einstein equations need to be
written for Φ and Ψ.

APPENDIX B: CONSTRAINTS
IN THE H0�Ωm PLANE

Let us consider a spatially Euclidean FL spacetime, filled
with only matter and a cosmological constant, which is a
good approximation in the matter era. The spacing of the
baryon-photon acoustic oscillations provide a BAO stan-
dard ruler, rD, given by

rD ¼
Z

∞

zD

csðzÞ
HðzÞ dz ðB1Þ

with zD the redshift of the drag epoch and cs the sound
speed. It corresponds to the distance traveled by sound
waves between the end of inflation and the baryon/photon
decoupling after recombination. Typically rD ∼ 147 Mpc.
A measurement of radial BAO provides the ratio [82]

θHðzÞ ¼
rD

DHðzÞ
¼ rDHðzÞ: ðB2Þ

For a given Ωm, the Hubble constant deduced from that
measurement is

H0 ¼
θHðzÞ
rD

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmð1þ zÞ3 þ 1 − Ωm

p : ðB3Þ

A measurement of angular BAO provides the ratio

θAðzÞ ¼
rD

RangðzÞ
: ðB4Þ

Since the universe is assumed to be spatially Euclidean, we
have the relation (102), then for a given Ωm the Hubble
constant deduced from that measurement is

H0 ¼
θAðzÞ
rD

½IðΩm; 1þ zÞ − IðΩm; 1Þ� ðB5Þ

with

IðΩm; 1þ zÞ ¼ 1þ zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Ωm

p 2F1

�
1

3
;
1

2
;
4

3
;
Ωmð1þ zÞ3
Ωm − 1

�
:
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