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We describe two fitting schemes that aim to represent the high-density part of realistic equations of state
for numerical simulations such as neutron star oscillations. The low-density part of the equation of state is
represented by an arbitrary polytropic crust, and we propose a generic procedure to stitch any desired crust
to the high-density fit, which is performed to ensure continuity of the internal energy, pressure, and sound
speed for barotropic equations of state that describe cold neutron stars in  equilibrium. An extension of the
fitting schemes to equations of state with an additional compositional argument is proposed. In particular
we develop a formalism that ensures the existence of a # equilibrium at low densities. An additional feature
of this low-density model is that it can be, in principle, applied to any parametrization. The performance of
the fits is checked on mass, radius and tidal deformability as well as on the dynamical radial oscillation
frequencies. To that end, we use a pseudospectral single neutron star evolution code based on a
nonconservative form of the hydrodynamical equations. A comparison to existing parametrizations is
proposed, as far as possible, and to published radial frequency values in the literature. The static and
dynamic quantities are well reproduced by the fitting schemes. Our results suggest that, even though the
radius is very sensitive to the choice of the crust, this choice has little influence on the oscillation

frequencies of a neutron star.
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I. INTRODUCTION

When describing relativistic stellar structure and super-
nova or neutron star (NS) hydrodynamics, one needs to link
the thermodynamic quantities using an equation of state
(EOS). The choice of the EOS is crucial, mainly because
the detailed physics at very high densities (i.e., where the
strong nuclear interaction is the dominant one) are poorly
understood [1]. Polytropes are characterized by a high
numerical precision on the computation of thermodynamic
variables due to their analytical nature, allowing them to be
widely used in simulations [2—8] but are however only very
crude approximations for nuclear matter in the core or for
the electron Fermi gas of the crust. Therefore, more realistic
approaches of complex events such as a binary neutron star
merger need a detailed description of the strong nuclear
interaction in the core. These nuclear EOSs, the so-called
realistic EOSs, often come as tables like those given in the
CcoMPOSE database’ [9]. Realistic EOSs are already used in
binary neutron star merger [10—13], core-collapse [14—17],
protoneutron star cooling [18,19], and general relativistic
magnetohydrodynamic dynamo codes [20].
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However, these tables may induce numerical artifacts,
degrading the overall accuracy of the simulation. First, due
to the nonanalytical nature of nuclear models at high
densities, the precision on the thermodynamic quantities
is often far from the typical machine accuracy used in
computers. This may have an impact on the computation of
derivatives of the EOS, like the sound speed, or those that
are necessary for interpolation. Computing the sound speed
with finite-differences schemes can present nonphysical
spikes that may lead to code failure. Second, increasing the
complexity of physical hypotheses leads to equations of
state with two or three arguments, namely by considering
composition and temperature effects, meaning that even
with a reasonable amount of discretization points for every
argument (of the order of a hundred), the tables may
contain millions of entries, and the associated files would
be very large. Some EOSs even depend upon more than
three arguments if more particles, such as muons, are
included. Moreover, computing the thermodynamic quan-
tities at nontabulated values has to be done with interpo-
lation, which is in itself not a trivial problem. For example,
Swesty [21] has proposed a way of interpolating tables
in a thermodynamically consistent manner using Hermite
cubic and quintic splines. However, this technique can

© 2024 American Physical Society
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suffer from spurious oscillations of higher-order polyno-
mials, especially at low densities where the derivatives can
be the noisiest. Representing a table analytically is a way to
avoid this problem. Several analytical representations of
tabulated EOSs already exist, such as piecewise polytropes
[22] that were later improved [23] and generalized
(hereafter referred to as GPP) [24], spectral representations
[25-27], as well as the more recent parametrizations of the
sound speed [28] and of the enthalpy [29].

These representations are all dedicated to cold,
p-equilibrated EOSs which only depend on one thermo-
dynamic argument, typically chosen as the baryon number
density or the (pseudo)enthalpy. Although not a para-
metrization, [30] gives an analytical extension of cold
EOSs to arbitrary proton fraction outside of f equilibrium
and to finite temperatures. We here propose an analytical
representation dubbed pseudopolytrope, both for one- and
two-argument EOSs, with corresponding analytic models
for low-density parts (crust), ensuring f equilibrium in the
two-argument case. To benchmark our approach for one-
argument EOSs, we will compare the performances of the
pseudopolytrope with a second type based on the ana-
lytical approach of Potekhin et al. [31] and Pearson et al.
[32] that was designed for a very precise representation of
Brussels-Montreal unified EOSs. In both cases, the fits
are performed in a high-density interval corresponding to
homogeneous matter in the core, and the low-density part
is attached in a thermodynamically consistent manner.
The fits are then tested on static quantities such as the
mass, radius, and tidal deformability, and on dynamic
quantities, namely the radial frequencies of spherically
symmetric stars, as computed with the code that has
been presented in [33]. As such, the code only takes
one-argument equations of state, but to take electrons
into account only the evolution equation for the
electron fraction has been added in the code when
using two-argument EOSs, making the generalization
straightforward.

We can note here an alternative approach to include out
of p-equilibrium effects in hydrodynamics simulations, as
done in recent works on the so-called bulk viscosity to
provide effective ways to describe such fluids out of the
weak f equilibrium in general relativity [34-36].
Nevertheless, in this work we follow the transport approach
in which the potential absence of weak equilibrium is
considered through a separate conservation equation for the
electron fraction that contains source terms to take neutrino
production into account. The source terms are computed
thanks to the description of neutrino emission rates found
in [37].

To test our fits we choose three different EOS models,
covering different techniques and a relatively large range of
neutron star global properties. One model is based on
relativistic density functional theory (DFT), one is based on
a Skyrme (nonrelativistic) density functional and one on an

empirical extension of a variational microscopic model. All
of them are reasonably compatible with existing constraints
from nuclear experiments, theory, and astrophysics. To be
specific, for the two-argument fits we consider the lowest
temperature entry of the general purpose EOS models:
(1) RG(SLy4) [38,39], a nucleonic nonrelativistic DFT one;
(ii) the nucleonic relativistic DFT one HS(DD2) [40,41]; as
well as (iii) the SRO(APR) model [42,43]. The latter is
based on the APR EOS [44], which itself is partly adjusted
to the variational calculation of [45], and contains a phase
transition to a pion condensate at high densities. For the
corresponding one-argument fits, we use the zero temper-
ature version of the nucleonic EOS RG(SLy4) [38,46,47]
and the APR(APR) EOS (chapter 5.12 of [48], based on
[44]). The latter uses a mixed phase to describe the
transition to the pion condensate which therefore smooths
the EOS. The fitting coefficients for the nucleonic GPPVA
(DD2) EOS [41,49,50] are also provided. The data, as well
as references and details for all EOSs are publicly available
in tabulated form from the cOMPOSE database [9]; the
naming convention is the same as in this database, too.

Throughout the whole paper we use geometrized units
where ¢ = 1 and G = 1, except in Sec. I B.

The paper is organized as follows: Secs. II and III are
dedicated to the description of procedures to represent
one- and two-argument EOSs, respectively. Results are
presented in Sec. IV with a comparison to static quan-
tities (maximum mass, tidal deformability) and dynamic
quantities (radial oscillation frequencies) both against
published values and between the two fitting schemes.
In particular a study of the influence of the choice of
the crust is shown, as well as a comparison between
frequencies of one- and two-argument EOSs. Conclusions
are drawn in Sec. V.

II. REPRESENTATION OF ONE-ARGUMENT EOSs

This section is devoted to the presentation of the fitting
schemes to parametrize barotropic EOSs that describe cold
neutron stars in f equilibrium. Two schemes are presented
and for each one, the global strategy is the following: the
fitting scheme is applied to the core of the NS, i.e., for
densities above some threshold ny;, ; for densities below
nym.1 @ polytrope is considered for the crust. In between, a
GPP is used to get a continuous matching of thermody-
namic quantities: energy density e, pressure p, and sound
speed c;, both at ny, ; and gy, 5.

A. Pseudopolytropes

We start with a fitting functional that we call pseudo-
polytropes. If ¢ = e/mgng —1 is the rescaled internal
energy per particle (excluding rest-mass energy), with np
the baryon number density, mp the baryon mass, and e the
total energy density, then the basic functional is
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e(np) = g(np)n, (1)

where g is an arbitrary function. The name pseudopolytrope
is justified by the following: the choice of g = x/mpa,
where « is a constant and denoting y = a+ 1 yields a
polytrope

where p is the pressure. In order to account for an arbitrary
crust, following the approach by [24], we add two param-
eters L and d such that the final functional is

e(ng) = g(ng)n + d —5 3)

The fitting coefficients will be a and the coefficients
{@i}ic oy of g, which we choose to be a polynomial:

Zax (4)

Their values will be adjusted by fitting the functional and
its derivatives, whereas most parametrizations use only a
single thermodynamic quantity to perform the fits.

From now on, x denotes the natural logarithm of the
density ng expressed in fm™3. In order to perform a C?
stitching of the fit and an arbitrary crust, i.e., with
continuous sound speed, we add a single intermediate
density interval that is described by GPP formalism:

g(x = In(ng [fm™3

K
egep(np) = ﬁ”sﬁp (14 dgep)ng — Lgep,  (5)
perp(np) = Kappnp™ + Lopp. (6)

Then, for a given crust defined by pressure and energy
density profiles p.(ng),e.(ng), there are three junction
conditions at two densities njy,;, i = 1, 2, with nj,; <
Mim, that allow us to determine the six parameters
Kepp. I'cpp, dgpp, Lgpp, d, L:

o1 dp,

KGPPFGPP”E;P,P] = d (”ﬁm,l)v (7)
np

d(g(x)e™
K GPPFGPPnhm 2 = Mim2 (% (Mim.2)

d2 g(x e

S ). @

KGPP”E[T} + Lgpp = Pe(Miim,1) )

d(g(x) e(zx
r,
Keppnygs + Lapp = Mim2 = = (Mmim2) + L, (10)
Kgpp T,
r 1 n & 4 (14 dgpp) Miim,1 — Lapp = € (Mim,1), - (11)
GPP —
K _ L
— Eﬁfpz " bdgpp - = 9(Xjjm ) €12
Fgpp — 1 Mim,2
L
td- (12)
Mim,2

They correspond, by groups of two, to the continuity
conditions of the internal energy and its first two deriva-
tives. The first two equations are independent of
dgpp, Lgpp, d, L and are solved with the non-linear vector
function root-finder ROOT of the SCIPY.OPTIMIZE PYTHON
library [51] to determine Kgpp and Lgpp. Only those first
two equations are coupled, while the subsequent four
equations can be solved successively to directly determine
Lgpp, L, dgpp, d in this order. The fit is performed with a
minimization of the following cost function:

E({a;}.a.d.L)
1 <Xtabi_Xfit(xiv{aj}’avd’L))Q
= > = Ax;,

Xmax = Xmin T~ Xtab,i

(13)

where X min are the limiting densities of the chosen
fitting interval, Ax; is the log-density step of the table, i.e.,
if the densities of the table are discretized as {x;, i € [0, N]}
where  xp = Xpin < X1 < ... <Xy Xy = Xpax,  then
Ax;=x;,y—x; when i=0,...N—-1, and Axy=
Axy_; and the variable X spans the chosen quantities to
fit on, making the procedure a joint fit. For the one-
argument fits the fit is performed on &/ng, In(p/ng), and
I'; [defined by Eq. (A12)], which are chosen to represent
the internal energy ¢ and its first two derivatives, rescaled
so that they are all of close order of magnitude.
We start by producing a set of fit coefficients with
d =L =0, thanks to a linear least-square fit of & with
respect to x performed with the CURVE_FIT routine of
SCIPY.OPTIMIZE [51]. This educated guess is then used as
the starting point of the minimization of Eq. (13). At every
step of the procedure, Kgpp, 'gpp, dgpps Lgpp, d, L can be
computed from the current value of the coefficients. In
practice, the crust is taken to be a polytrope for which the
parameters (k,y) are chosen freely:
pe(ng) = Kknj. (14)
Once y is chosen, a fine-tuning of x is done by hand to
ensure that the maximal mass of the EOS is recovered. The
results of the fit are reported in Table I for one-argument fits
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TABLE I. One-argument EOS fit coefficients for the pseudopolytrope scheme.

6_11 6_12 213 6_!4 6_15 L_l6 6_17 [04
RG(SLy4) [38,46,47] 0.28803  0.094928  0.0078768 —0.013071 0.0010821 —0.0010058 —6.6725 x 1078  1.5444
APR(APR) [44,48] 0.31909  0.12187 0.026877 —0.042652  0.016685 0.014534 0.0044882 1.9044
GPPVA(DD2) [41,49,50] 0.49196 —-0.029608 —0.16060 0.090142  0.15724 0.053312 0.0062917 1.6799

of RG(SLy4) [38,46,47], APR(APR) [44,48] and GPPVA
(DD2) [41,49,50].

B. The Potekhin-Pearson fitting scheme

References [31,32] present an analytical representation
between the log of the pressure, logy p = ¢, and the log
of the total energy density, log;, (é[g - cm™]) = & accord-
ing to

3
% Folas(E = ag)) + (ay + agt)

x folag(ag = §)) + (ayg + ay &) folan(aiz = $§))

+ (aws + aisé) folas(ai; — &) + 1+ [azocé;_ a19)]2
asy

" 1+ [ay(E—ap)* (13)

{=K+

where fo(x) = {exp(x) + 1}7!, a; are the fitting coeffi-
cients, and & = e/c? is in gecm™. Setting K = 0 gives the
pressure in units of dyncm™2, while K = —33.2047 gives
the pressure in MeV fm™.

Reference [32] showed that Eq. (15) could calculate the
pressure with typical errors of about one per cent for the
Brussels-Montreal Skyrme functionals, for densities in
the range 6 <& < 16. Indeed, each of the terms in
Eq. (15) address a specific region of the NS (see Fig. 1);
the first term is associated with the outer crust while the

1036 b

1030 L

1024 L
1018 L

1012 E

Pressure [dyn - cm™?]

106 L

B K
K .
1+ 2 2

00 107 100 100

elg-em™

109 10%

second, third and fourth terms describe the inner crust and the
core regions. The fifth and sixth terms describe the neutron
drip and the core-crust boundary, respectively.

Despite the fact that Eq. (15) can compute the pressure
over the whole NS domain, we neglect the terms associated
with the crust since our aim is to model the high-density
part of the EOSs only. We therefore apply the analytical fit

=K+ (a, +as&)folas(a; = &))
+ (as + aeé)folas(ag = §))
+ (a9 + aipé)folar(an —§))

+ ags
1+ [aj5(&—ayq))?

(16)

to the CompOSE tabulated values of pressure and total
energy densities where ng > 0.05 fm™3. This lower limit in
ng for the fitting window was chosen by hand to ensure
good quality fits. In accordance with the GPP approach the
pressure is then computed with

ple) =109 4 L. (17)

The crust model is then added as described in Sec. IT A.
The equations describing the continuity of the pressure
gradient, the pressure and the energy density at the
boundary ny,, for the Potekhin-Pearson scheme are,
respectively,

101 F
o
g ;
g‘ L S S BT S .'—’!'
P
2
g
a
107! " 3 0 2 SYRET:
10 10 10 10 10 10
e[g-cm™

FIG. 1. Contribution of each of the terms in Eq. (15) to the total fit (solid, black curve) for the Brussels-Montreal Skyrme 24 equation
of state, using the fit coefficients presented in [32]. The right panel is an enlargement of the lower part of the left panel. Term 1: blue, dot-
dashed; term 2: red, dot-dashed; term 3: red, dotted; term 4: red, dashed; term 5: green, dashed, term 6: green, dotted.
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TABLE II. Fit parameters for one-argument EOSs. « is ex-
pressed in the set of geometrized units supplemented with
Mg = 1.

Mim, 1 Mim,2 K
[fm~) [fm~] [geom] y
RG(SLy4) [38,46,47] 1074 1072 0.140 1.34
APR(APR) [44,43] 1074 1072 0.178 134
GPPVA(DD2) [41,49,50] 105 8 x 1072 0.0140 1.34
o1 dp(ngma)
Tgpp—1 P\Mim 2
KGPPFGPPnﬁgiPz = Tm
ng
_ p(eim2) + €iim2 Petim2) 4 (18)
Mim,2 Climy  d& '
T,
Kappnyo, + Lapp = p(€lim2) + L, (19)
Keep w14 a Lo
ﬁnlim,Z + (1 + GPP)num,z — LGPP = €lim.2
+ (1 + d)”lim,Z — L. (20)

Here, d{/d¢ is calculated from Eq. (16) using the SYMPY
library for symbolic computation, ej;,, is the total energy
density at ny;, , and p(ey, 2 ) is the pressure at this location,
again calculated with Eq. (16). The value of ¢ for a given ng
is calculated by inverting

e /
ln(n—B> :/ #, (21)
ng e P(€) +e

[see Eq. (3) of [52] ] where e, is the first data point in the
fitting interval for the total energy density, and n is the
initial baryon density which, in turn, is calculated from
the definition of the enthalpy

ng = e+ p(e()) i (22)
ho

where hj is the first data point in the fitting interval for the
enthalpy per baryon, and is calculated from the tables
provided for a given EOS using the COMPOSE software,
and p(e) is calculated from the fit. We use the values of «,
y and ny,, for the crust model presented in Sec. IT A
(cf. Table II). However, we fine-tuned the values of
Mim.2 to ensure good quality fits. We use 0.04, 0.03, and
0.04 fm™3 for the barotropic RG(SLy4) [38,46,47], APR
(APR) [44,48], and GPPVA(DD?2) [41,49,50], respectively.
For the two-argument equations of state RG(SLy4) [38,39],
SRO(APR) [42,43], and HS(DD2) [40,41] we use 0.07,
0.05, and 0.04 fm~3, respectively. The results of the fit for
the barotropic RG(SLy4) [38,46,47], APR(APR) [44,48]
and GPPVA(DD2) [41,49,50] are given in Table III.

TABLE III.  One-argument EOS fit coefficients for the Potekhin-
Pearson scheme.

RG(SLy4) APR(APR) GPPVA(DD2)
a; [38,46,47] [44,48] [41,49,50]
a; 12.28260 12.01420 11.18370
a 13.86452 13.84209 15.72280
as 1.37955 1.31315 1.02836
ay 3.50552 3.58798 3.62161
as -30.75774 —30.71754 —28.57321
ae 2.10272 2.20118 2.08129
a; 3.70203 3.45345 5.16074
ag 13.87372 14.58988 14.44345
ag 30.13271 30.15473 31.78975
ay —2.03900 —2.03509 —1.99041
apn 1.57077 1.91274 1.62725
apn 15.28327 14.77801 13.7790
ap 0.013287 0.023175 0.16426
ay 14.30128 14.46573 14.27033
ais 9.076260 9.09854 3.45961

III. REPRESENTATION
OF TWO-ARGUMENT EOSs

For the purposes of cold EOSs that describe matter out of
the weak g equilibrium, we shall consider general purpose
tables from COMPOSE that are described with the three
arguments (ng,Y,,T) and, as an approximation, use the
first temperature entry of the table, which in general
corresponds to a temperature 7 < 100 keV. The thermal
effects at this temperature are relevant only in the outer part
of the outer crust. This part of the EOS is not captured by
the fits, therefore we consider that the first temperature
entry of the table is an excellent approximation to the zero-
temperature case.

We will adapt the procedure described in the previous
section for the two-argument form of the tables. In addition
to imposing pressure and sound speed continuity, we also
ensure the existence of f equilibrium for all densities. The
neutrinoless f-equilibrium condition is

Hi, = 0, (23)

where y; is the chemical potential of leptons. Using the
definition y; = (ﬁ)n (see Sec. 3.7 of [33]), it can be

on,
o€
=0, 24
(7). o

implying that Vng, € must have a minimum in the Y,
direction. Because the original EOS should also possess a /3
equilibrium, this condition should automatically be fulfilled
in the high-density part, provided that the fit is accurate
enough. However, as the low-density part consists of a
generic polytropic crust, special care should be brought
when constructing it for EOSs with two arguments.

rewritten as

103022-5
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(a) RG(SLy4) [38, 46, 47].
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(b) APR(APR) [44, 48].

FIG. 2. Mass-deformability diagrams of the two cold EOSs. The bottom panel is the relative difference of the fits with respect to the
original compose EOS. The relative differences have been computed at constant fraction of the maximum mass: Agog(M;) was
compared to Ay (M,), where M, is defined by M,/Mg max = M|/ MEos max-
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(a) HS(DD2) [40, 41].

FIG. 3.

(b) SRO(APR) [42, 43].

(c) RG(SLy4) [38, 39].

Mass-deformability diagrams of the f-equilibrated versions of the three general purpose EOSs. The bottom panel is the relative

difference of the fits with respect to the original COMPOSE EOS. The relative differences have been computed at constant fraction of the
maximum mass: Agog(M;) was compared to Ag (M,) where M, is defined by M,/ M max = M/ Mgos max-

The procedure is the following: according to the frozen
composition principle, the two-argument EOS is consid-
ered as a collection of Ny one-argument EOSs, Ny being
the number of tabulated values of Y, each of which is fitted
according to the procedure described in Sec. II, meaning
that we once again have three parts: a high-density part
where the fit is performed, a low-density part where a
simplified polytropic model is applied, and an intermediate
part described with a single-piece GPP to connect the two
other parts. This time, for the pseudopolytrope we choose
to perform the fit on X = {e/ng} only, to help reduce
parameter dispersion from one slice to the next. For the
Potekhin-Pearson scheme, we perform a fit of the pressure
only. Each new fit is initialized with the optimal coefficients
of the previous one.

For each fit, the outermost polytrope has y fixed and «
taken to be a polynomial in Y,:

n,

k(Y,) = ZK,-Y"E.
i=0

We determine the coefficients k; as a polynomial fit to
(Y, Mima), e, we write Vie [0,n.],x; = Ak} and
determine the {«}};c o, With the fit. Then the constant
A is chosen freely. This procedure guarantees that there is
always a f-equilibrium solution in the low-density part.
Only the intermediate part is left, where GPP expressions
are used to connect the crust to the fit. They are built
to provide pressure and sound speed continuity at the
junctions, but there is no simple theoretical argument that

(25)
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TABLE IV. Comparison with existing parametrizations of barotropic EOSs. Data from other parametrizations have been collected
from tables available within the articles. M ., is the maximum mass of the EOS in units of My, and A, 4 is the value of the tidal
deformability of a 1.4M g NS. The value provided in [24] for the maximum mass of APR is 2.057M s, but we recomputed it using their

coefficients and found the value tabulated here.

RG(SLy4) APR(APR) GPPVA(DD2)
Parametrization M ax Ay M hax Ay M o A4
Original EOS 2.050 297.0 2.188 249.1 2418 676.8
Pseudopolytrope (this work) 2.050 289.5 2.188 240.2 2418 696.4
Potekhin-Pearson fit (this work) 2.041 289.1 2.178 240.3 2417 683.9
Piecewise polytropes [22] 2.049 X 2.213 X X X
GPP [24] 2.053 310.6 2.168%* 255.0 X X
Suleiman et al. [23] 2.049 304.98 X X 2417 697.9

ensures the existence of a # equilibrium in the intermediate
part. However, we find that, at the cost of fine-tuning the
parameter A by hand, this is always the case. The result of
the fitting procedure is a collection of Ny coefficient lists.
For example with the pseudopolytrope, using seven coef-
ficients in Eq. (4) gives 16 fitting coefficients per slice:
8 + 2 for the high-density region and six that are deduced
in the mid-density region to ensure that the matching
conditions are fulfilled. In the end, the formalism is
semianalytic because to compute the thermodynamics at
anontabulated value of Y, one must interpolate between two
neighbor fit expressions. Moreover, producing initial data
requires the computation of the -equilibrated EOS, which is
entirely numerical. For example, the f-equilibrated EOS

— CompOSE EOS
201 R === Pseudopolytrope with original crust
N o Pseudopolytrope
1.5
=
w
w
3
= 1.0
0.5 -
1 1 1 1 1
10 11 12 13 14
Radius [km]
FIG. 4. Influence of the crust on the radius. The solid line is the

coMPOSE EOS. The dashed line is a pseudopolytropic fit, and the
dash-dotted line is the same fit but where the crust has been
replaced with the one of the original barotropic RG(SLy4)
[38,46,47] table.

yielded by a two-argument pseudopolytrope is not a one-
argument pseudopolytrope, but is rather a curve in the
(ng,Y,) plane. It is important to note that the procedure
makes no assumption regarding the fitting scheme, which
means that in principle it can be applied to any fit of the high
density part of a given EOS.

IV. RESULTS

In this section all tests are run with isolated, spherically
symmetric, nonrotating NSs using the code described in
[33]. The fits are tested on the EOSs described in the
introduction.

A. Static quantities

In order to check our fits’ performances we first check
the static quantities: mass M, radius R, tidal deformability
A. The definition of the tidal deformability is the following
[53,54]:

A =ZE"k,, (26)
where 2 = M/R is the compactness parameter and k, the
so-called # = 2 tidal Love number [53]. These quantities
can be obtained from an #Z =2 linear perturbation of a
spherically symmetric star equilibrium obtained from the
Tolmann-Oppenheimer-Volkoff equations [53,55]. To com-
pare the static quantities, we compute the mass-deform-
ability diagrams of the fitted EOS and we compare them
with the curves obtained with the original table. The results
are shown on Figs. 2(a) and 2(b) for the one-argument fits,
and Figs. 3(a)-3(c) for the two-argument fits. The fits
capture well the deformability: regarding the one-argument
EOSs the error on the computation of A is 3% for RG(SLy4)
[38,46,47] and 4% for APR(APR) [44,48] with the pseu-
dopolytrope, and the Potekhin-Pearson fit reproduces the
values of A with an error that never exceeds 1%. The fits
perform well for two-argument EOSs as the error is also
of the order of a few percent, except for the SRO(APR)
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(a) Pressure vs baryon number density.

FIG. 5.

EOS [42,43] for which the phase transition to a pion
condensate around ng = 0.2 fm™ is treated with a
Maxwell type construction, which is not well reproduced
by our fits, and where the error of the pseudopolytrope
exceeds 10%. The Potekhin-Pearson approach does slightly
better but the error remains close to 10% as again the phase
transition region is not well reproduced. For SRO(APR) we
point out that the minimization procedure to add the crust, as
described in Sec. IT A, fails to converge for the Potekhin-
Pearson scheme if we use ny,, = 0.2 fm™3 as applied by
the pseudopolytrope formalism. To remove the phase
transition associated with the pions, we instead replace
the tabulated values of the adiabatic index, I =
dlog p/dloge in the vicinity of the phase transition with
smoothed values using linear interpolation. The pressure is
then recomputed from these updated values of the adiabtic
index. Note that the one-argument APR(APR) EOS con-
siders a mixed phase at the transition to the pion-condensed

Thermodynamical profiles of two barotropic EOSs:

1E —gos
[ --- Pseudopolytrope
[ ---- Potekhin-Pearson

e
a
103k Pseudopolytrope
-=- Potekhin-Pearson
107! 1
np [fm™]
1+ —EOS

[ --- Pseudopolytrope
[ ---- Potekhin-Pearson

1077 ‘ s
4 :
03k Pseudopolytrope " u
- Potekhin-Pearson ;
iO’l ‘ ‘ R |
np [fmfg]

(b) Sound speed vs baryon number density.

RG(SLy4) [38,46,47] (top), APR(APR) [44,48] (bottom).

phase which smooths the EOS and that it can thus be much
better reproduced by our fits.

These figures also show that the maximum masses for
each of the EOSs considered are well reproduced (see
Table IV). On the other hand, we know that the predicted
radius strongly depends on how the crust-core transition is
made, as well as the actual crust model [56,57]; the error
can reach one kilometer for a 1M, neutron star. We
emphasize that changing the matching between the crust
and the core may induce this error even without changing
the physics. The drastic effect of the crust on the radius is
shown in Fig. 4, where the mass radius diagrams of the
barotropic RG(SLy4) EOS [38,46,47] is compared with the
pseudopolytropic fit, as well as the fit where the EOS crust
was replaced with the one of the original EOS. For a
canonical 1.40M 5 neutron star, we compare the radii and
deformabilities with stars constructed with the RG(SLy4)
EOS and its fits: (i) the original table, (ii) the pseudopoly-
tropic fit, and (iii) the pseudopolytropic fit where the crust
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FIG. 6. Two-argument fits: comparison between the f-equilibrated versions of the original tables and the f-equilibrated versions of
the fits.

103022-9



SERVIGNAT, DAVIS, NOVAK, OERTEL, and PONS

PHYS. REV. D 109, 103022 (2024)

has been replaced with the one of the original table. We
give the values for RG(SLy4):
(1) R=11.7 km and A =297

(i)) R =11.5 km and A =290

(iii) R =11.9 km and A = 290
and APR(APR):

(1) R=113 km and A =249

(i) R =11.2 km and A = 240

(iii) R = 11.2 km and A = 231.
Replacing the crust has changed the value of the radius and
the deformability by a few percents while Fig. 9 shows that
the frequencies remain unchanged when varying the crust
model. The pressure and sound speed profiles are repre-
sented in Fig. 5 for the one-argument EOSs and Fig. 6 for
the f-equilibrated version of the two-argument EOSs. All
in all the fits show a good agreement compared to the
original EOS, especially when no phase transition is
present, as the relative difference in the thermodynamic
quantities between the fit and the original EOS remains
below 10%, except close to ny,, where the low-density
matching procedure tends to mildly degrade the quality of
the fit. The phase transition of SRO(APR) [42,43] can be
seen in Fig. 6: the sudden drop of the sound speed is due to
a discontinuity in the pressure derivative.

B. Dynamic quantities

We also compare the frequencies yielded by using the
fits in our code that was presented and benchmarked in [33]
with those tabulated in the literature. The frequency
extraction procedure is a maximum search in the spectrum
coupled with a quadratic interpolation of the closest
neighbors. As shown on Fig. 7, our frequencies are in
good agreement with the ones tabulated in [4,58], where a
perturbative approach is used. Although Barta [58] has
developed a dissipative formalism in the perturbative
framework, his approach was benchmarked on the EOSs

-e- Kokkotas & Ruoff
— Potekhin-Pearson

--- Pseudopolytrope
0.5 Barta

Fundamental mode frequency [kHz)

15 2.
Mass [M)]
FIG. 7. f(M) diagram for barotropic APR(APR) [44,48] EOS

compared with values taken from Table A.17 of [4] and
Table 2 of [58].

of [4] and the EOSs that are used in those two papers are the
same versions of APR and SLy4 chosen here. The error of
the fits on the sound speed profile is comparable with the
error between the approaches of [4,58], we therefore
consider the values of frequencies to be compatible with
one another. Figure 8 shows the mass-frequency diagram
for the RG(SLy4) EOS [38,46,47]. Even though in
Ref. [58] frequency values for the fundamental mode of
oscillating spherically symmetric NS are presented for this
particular EOS, those frequencies do not vanish as the mass
approaches the maximum mass of the EOS. This suggests
that there was an issue in the computation of
the frequencies and we therefore do not include them in
the figure. For both f(M) diagrams the frequency of the
fundamental mode approaches zero towards the maximum
mass as expected. It is also notable that the Potekhin-
Pearson approach and the pseudopolytrope give very close
frequencies one to another. Considering that the Potekhin-
Pearson approach uses 15 fit coefficients per slice while the
pseudopolytropic approach uses only 3 to 7 fit coefficients
per slice, the latter shows its efficiency in reproducing
dynamical NS oscillation modes compared to the former.

The influence of the crust on the frequencies is shown in
Fig. 9: a pseudopolytropic fit is performed for three
different values of the polytropic index in the crust and
the f(M) diagram computed for the three fits. The x axis of
the plot is the mass rescaled to the maximum mass yielded
by the fit to aid comparison. The frequencies are almost
unchanged between the three fits, which is in contrast with
the influence the choice of the crust has on the radius. It
shows the limited influence of the crust dynamics on the
oscillation modes of a NS. A possible explanation for this is
that we do not actually take the detailed physics of the crust
into account in the hydrodynamic simulations as the whole
star is modeled by a perfect fluid, and an accurate description
of the crust would correspond to use models of the crystalline
structure. Also at this stage the hydrodynamical code does

— Potekhin-Pearson

Fundamental mode frequency [kHz|

15k --- Pseudopolytrope
B IR GPP
Piecewise Polytrope
1.t
0.5r b
L5 2
Mass [Mg)

FIG. 8. f(M) diagram for barotropic RG(SLy4) [38,46,47]
EOS. The data for the GPPs and piecewise polytropes have been
digitized from [24] with ENGAUGE-DIGITIZER [59].
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FIG.9. f(M) diagram for three pseudopolytropic fits with three
different choices of polytropic index in the crust.

not support the nonmonotonic behavior of the sound speed in
the crust of [60].

The f(M) curves for the two-argument fits of the three
chosen general purpose EOSs are plotted on Fig. 10. The
frequencies agree quite well between the two fitting
procedures, and it is also notable that going from the
p-equilibrated version of the EOS to the two-argument
version gives very similar frequencies. We note that, at low
neutron star masses, the Potekhin-Pearson scheme predicts
higher fundamental frequencies than the pseudopolytrope
formalism. This could be a consequence of the impact that
the different values of ny;;,, » used by the two fitting schemes
has on the properties of the intermediate region that
connects the polytropic crust with the fitted core.
Therefore, for SRO(APR), the intermediate region may
have a non-negligible impact on the fundamental frequen-
cies. Unlike the EOSs considered in Fig. 11, the f(M)
curves for the p-equilibrated and two-argument versions of
SRO(APR) do not match. This could be a consequence of
the crude smoothing used to remove the pion condensate.
The fundamental difference between the two simulations is

the production of neutrinos, which is here taken into
account through the evolution equation for Y,. This is a
simple advection equation with a source term, see
Appendix B. The source terms ¢ are computed from the
expressions in [37], and depend strongly on the temper-
ature, namely being proportional to (7//10° K)> for direct
Urca processes and (7//10° K)7 for modified Urca proc-
esses. Because we choose the first entries of the tables that
typically correspond to a temperature of 100 keV, the actual
computation of source terms gives values so small that they
are below the machine accuracy and therefore are virtually
zero. Therefore the simulations happen exactly as if no
neutrinos were emitted. The initial data used to perform the
evolution are computed with the f-equilibrated version of
the fits and then the star numerically exits the $-equilibrium
state thanks to the fact that y; # O numerically.
Comparing the results of the one- and two-argument fits
for RG(SLy4) [38,46,47] shows that the frequencies con-
verge for higher masses, cf. Figs. 11 and 12. The small
discrepancy for higher mass is due to the slightly different
value of maximum mass between the f-equilibrated version
of the two-argument fit of HS(DD2) [40,41] and the one-
argument fit of GPPVA(DD?2) [41,49,50]. This is consistent
with the previous paragraph. We recall that the tables are
slightly different: the one-argument versions on COMPOSE
exactly correspond to zero temperature, whereas the gen-
eral purpose tables we used for two-argument fits start at a
low but nonzero temperature. The latter also rely on more
general calculations that do not consider a crystalline
structure in the low-density inhomogeneous phase.
However, as the study of the influence of the crust on
the frequencies of the fundamental mode suggests, these
differences that mainly concern the crust should have very
little effect on the values of the frequencies. Also, the direct
comparison cannot be made for APR, because even though
[42] uses the same nuclear interaction as [44], the final
EOS is different: the one-argument version was computed
with a mixed phase whereas the general purpose one was
computed with two distinct phases, yielding a first order

Fundamental mode frequency [kHz]

| — B-equilibrated pseudopolytrope — [-equilibrated pseudopolytrope — B-equilibrated pseudopolytrope
| === 2-parameter pseudopolytrope 1.1 === 2-parameter pseudopolytrope | == 2-parameter pseudopolytrope
0.5r — B-equilibrated Potekhin-Pearson | — B-equilibrated Potekhin-Pearson 0.5 — B-equilibrated Potekhin-Pearson
- 2-parameter Potekhin-Pearson - 2-parameter Potekhin-Pearson == 2-parameter Potekhin-Pearson
03 25 09 15 2. 0 15 2.

2.
Mass [Mo)]
(a) HS(DD2) [40, 41].

Mass [Me)]
(b) SRO(APR) [42, 43].

Mass [Me)]
(c)RG(SLy4) [38, 39].

FIG. 10. f(M) diagram for the three general purpose EOSs.
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FIG. 11. Comparison of fundamental mode frequency between
the one-argument pseudopolytropic fit of barotropic RG(SLy4)
[38,46,47] and the f-equilibrated version of the two-argument
pseudopolytropic fit of RG(SLy4) [38,39].

Fundamental mode frequency [kHz|
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FIG. 12. Comparison of fundamental mode frequency between
the one-argument pseudopolytropic fit of barotropic GPPVA
(DD2) [41,49,50] and the p-equilibrated version of the two-
argument pseudopolytropic fit of HS(DD2) [40,41].

transition. Overall, the differences are most certainly due
to the increased number of fit coefficients for the two-
argument functional.

V. CONCLUSIONS

We presented two systematic ways to represent any
given EOS by an analytic fit function. The low-density
(crust) part of the EOSs is not represented by the fits and we
consider simplified expressions for this part. In principle,
we could match a widely used crust, for instance the one
from [60], or attach a consistent crust obtained e.g., from
the CUTER tool [61]. This tool, based on the work of [62],
allows us to attach a physically accurate crust to any EOS.
The hydrodynamical code that we use, however, does not
support the nonmonotonic behavior of the sound speed that

happens around the transition from the inner to the outer
crust at ng ~ 2 x 107 fm~3. This is also the reason why we
drop the crust terms in the Potekhin-Pearson model. These
issues might be related to the nonconvex hydrodynamics
triggered by such behaviors, in connection with the so-
called fundamental derivative [63,64]. Our simplfied
approach can be justified by the fact that the detailed crust
physics is not the most important when looking at NS
oscillations.

A first asset of the approach lies in its economical nature:
instead of storing a large table, any EOS can be represented
in the form of a few coefficients and a formula, as an be
expected from a parametrization. For example, the general
purpose tables used in the paper have a total of 826 708
[RG(SLy4) [38,39]], 1 239 300 [HS(DD2) [40,41]] and
3 151 302 [SRO(APR) [42,43]] thermodynamic entries
(the files’ sizes are respectively 70, 167, and 496 MB. The
number of data entries reduce to 6 667, 15 300, and 23 694,
respectively, when considering only the lowest temperature
entry). On the other hand fitting with the Potekhin-Pearson
model gives 15 coefficients per slice which corresponds to
around 900 coefficients, and the pseudopolytrope gives 3 to
7 coefficients per slice, depending on the choice of the
degree of the polynomial g, which amounts to 200 to 500
coefficients. A second asset is the low-density stitching
procedure: considering an analytic low-density model, it
gives continuous sound speed profiles even down to zero
densities, which is important for dynamical simulations of
neutron stars, and the procedure is in principle applicable to
any EOS parametrization. Finally, we have demonstrated
that the approach made the fitting of two-argument EOSs
possible thanks to the simplified crust model, from which
we were then able to compute macroscopic static quantities
as well as to perform dynamical simulations from which
frequencies could be extracted. The Potekhin-Pearson
model allowed us to compare our novel approach with
an already existing fitting scheme that is known for its
precision in the thermodynamical profiles. The pseudopo-
lytrope does almost as well as the Potekhin-Pearson
approach in reproducing the macroscopic static quantities
of the original EOS, except in the presence of a phase
transition where the thermodynamics is harder to capture,
but where both approaches fail to reproduce it faithfully.
However the fundamental radial frequencies of one-argu-
ment EOSs are well reproduced by both approaches, and
compatible when independently applied to two-argument
EOSs. In that regard, the pseudopolytrope might be
preferable as the number of fitting coefficients is reduced
compared to the Potekhin-Pearson approach. We provided,
whenever possible, a comparison between the published
values of macroscopic static quantities and radial oscil-
lation frequencies obtained with previous EOS parametri-
zations. We also have shown that changing the crust has a
very limited effect on the values of the oscillation frequen-
cies of neutron stars, especially for stars with a high mass
where the crust is thinner. We recall here that we do not use
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a detailed description of the crust in the hydrodynamical
simulations and further work in that direction would be
needed to assess the extent of this result. Extensions of the
work would be improving the two-argument fitting scheme
by making it fully analytical, and extending it to three-
argument EOS tables with temperature as an additional
argument. We give a few words on EOSs that include
hyperons: we tried to apply the fits on one of those EOSs.
Both fitting procedures were unable to successfully capture
the phase transition at high densities which induces a
discontinuity in the sound speed. Since the discontinuity is
physical, one way to address this would be to consider
several zones with different fitting functionals. This would
be worth exploring for future versions of the fits. We plan to
make the pseudopolytrope fitting code publicly available as
a tool of COMPOSE in the future.

The codes used in this study are still in development and
have not been published yet. The data that support the
findings of this study are available upon reasonable request
from the authors.
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APPENDIX A: ANALYTICAL FORMULAS OF
PSEUDOPOLYTROPIC THERMODYNAMICS

The internal energy ¢ serves as a potential from which all
other thermodynamic quantities can be derived, and we
here compile the expressions of the most common ones,
expressed as a function of ¢ and its derivatives or as the
fitting coefficients of the expression (1) and x =
In(ng [fm=3]):
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— (x) = ™| Zakx +2a2kakx
dx =0 =1
+ ) k(k—1)ax* 2] —e™'L, (A3)
=2
de
S A4
e (A4)
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e“lafa+1) 330 g apx* + 2o+ 1) 300 kagx ™" + 370 ) k(k = 1)agx* ]

e adt g apxk + 570 kagxk + e~ L

(A13)

APPENDIX B: EVOLUTION EQUATION FOR THE ELECTRON FRACTION

Under the 3 + 1 decomposition of general relativity, if y;; denotes the induced three-metric on spacelike hypersurfaces to
which we associate D; its corresponding covariant derivative, N the lapse function, ' the shift vector, U’ the Eulerian
velocity, I' = (1 — U;U’)~'/? the Lorentz factor, and we denote by v’ = NU' — ' the coordinate velocity, then the

evolution equation of Y, the electron fraction is

oY, +v'D,Y, = —

N
. (B1)
FnB

The details on the derivation of this equation can be found in [33].
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