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Multidimensional nature of core-collapse supernova leads to asymmetric matter ejection and neutrino
emission, that potentially accounts for the origin of neutron star (NS) kick. Asymmetric neutrino radiation
fields are, in general, accompanied by large-scale inhomogeneous fluid distributions, in particular for
electron-fraction (Ye) distributions. Recently, it has also been revealed that lower Ye environments in proto-
neutron star envelope can offer preferable conditions for collective neutrino oscillations. In this paper, we
show that a dipole asymmetry of fast neutrino-flavor conversion (FFC), one of the collective neutrino
oscillation modes, can power a NS kick, and that it would generate a characteristic correlation between
asymmetric distributions of heavy elements in the ejecta and the direction of NS kick. We strengthen our
argument for the FFC-driven NS kick mechanism by performing axisymmetric neutrino transport
simulations with full Boltzmann neutrino transport. We show that this mechanism can generate linear
momentum of neutrinos to account for typical proper motions of NS. Although more detailed studies are
necessary, the present study opens a new channel to give a natal NS kick.
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I. INTRODUCTION

Main sequence stars with having masses more than ∼10
times solar masses are destined to undergo gravitational
collapse of the central core, and then form neutron stars
(NS) or stellar-mass black holes. The released gravitational
energy is mostly taken away by neutrinos, and the rest
of the energy (≲1%) powers ejection of materials with
electromagnetic emission, generating core-collapse super-
nova (CCSN). The theory of CCSN suggests that explo-
sions are, in general, asymmetric regardless of the details
of mechanism, which is consistent with polarization
observations [1], distributions of heavy elements in
CCSN ejecta [2], and high proper velocities of NS [3]
(see also references therein). Detailed insights on the inner
dynamics of CCSNe can be brought by comparing theo-
retical models and these observations.
Observations of neutron stars embedded in supernova

remnants (SNRs) exhibit that the typical proper velocity of
NS is a few hundreds of km=s but some NSs have even
more than a thousand km=s [3–13]. Popular scenarios
to explain such high NS velocities are that the linear
momentum is imparted to NS by asymmetric matter ejec-
tion [14–19] or asymmetric neutrino emission [20–25] or

both [26] during the development of CCSN explosion. It
should be mentioned that, when we sum up all the absolute
values of neutrino momentum, it reaches ∼1043 g cm=s,
while the required linear momentum for the typical NS
proper motion is ∼1041 g cm=s, implying that a percent
anisotropy of neutrino emission is high enough to generate
NS kick. This consideration also exhibits a requirement of
high precision in numerical simulations for modeling NS
kick. Considerable care must be paid for the total momen-
tum conservation in CCSN simulations; in fact, small errors
can easily lead to numerical artifacts [27]. Because of the
delicate problem, the self-consistent multidimensional
CCSN simulations would be a unique way to quantify NS
kick, and the long-term simulations may also be important,
since interaction to asymmetric fallback material onto NS
may also affect the proper motion (and spin) [28,29].
Finally it should also be mentioned that the NS proper
motions are affected by long-term asymmetric electromag-
netic emission, known as postnatal processes [30–33],
which may need to be taken into account for comparing to
observations.
In this paper, we present a new possibility that fast

neutrino-flavor conversion (FFC) plays an important role
on NS kick. FFC is associated with one of flavor insta-
bilities in collective neutrino oscillation [34], in which
flavor correlation (or coherence) grows exponentially due to
refractive effects of neutrino self-interactions (see reviews,
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e.g., [35–39]). Recent studies suggest that the flavor in-
stability occurs for wide mass range of progenitors by
various mechanisms [40,41] and the stellar rotation would
facilitate the occurrence of FFC [42]. Since the flavor
conversion can occur in a much shorter timescale than the
dynamical timescale of the system, neutrino radiation field
is instantaneously changed by flavor conversions, once
the instability switches on. In this paper, we show that
occurrences of FFC in asymmetric neutrino radiation field
can further enhance the asymmetry, which potentially
generates high velocities of NS natal kick.
This paper is organized as follows. In Sec. II, we first

describe our basic picture of how FFC can give a linear
momentum to NS. We then strengthen our arguments by
performing Boltzmann neutrino transport simulations
under CCSN fluid profiles, in which we incorporate effects
of FFCs by a phenomenological prescription. The numeri-
cal methods and models are summarized in Sec. III and the
results are summarized in Sec. IV. We conclude our work
in Sec. V.

II. FFC-DRIVEN NEUTRON STAR KICK

Assuming that muon-type (νμ) and tau-type neutrinos
(ντ), which are collectively denoted as νx, and their
antipartners (ν̄x) are identical, the onset of FFC is dictated
by the disparity of angular distributions of electron-type
neutrinos (νe) and their antipartners (ν̄e) (but see also [43]
when we take into account differences between νx and ν̄x).
More specifically, electron-type lepton number (νe-ν̄e or
ELN) angular crossings marks the onset of the flavor
instability [44]. It has been suggested that the crossing
tends to occur in regions where the number densities of νe
and ν̄e (nνe and nν̄e) are close to each other [45,46].
Following the convention in this field, we use α to measure
the asymmetry of number densities of νe (nνe) and ν̄e (nν̄e),
which is defined as

α≡ nν̄e
nνe

: ð1Þ

It should be mentioned that FFCs do not occur inside
proto-neutron star (PNS) (ρ≳ 1014 g=cm3, where ρ
denotes the baryon mass density), since nνe is much larger
than nν̄e , i.e., α ≪ 1 due to strong degeneracy of νe.

1 In the
PNS envelope (1011 g=cm3 ≲ ρ≲ 1014 g=cm3), on the
other hand, the chemical potential of νe decreases and
matter temperature increases with radius, resulting in a
rapid decrease of νe degeneracy. Spherically symmetric
CCSN models have showed, however, that the chemical
potential of νe is still high enough to suppress ELN angular

crossings, implying that the neutrino distributions are stable
to FFC [47,48]. However, the situation can be qualitatively
changed in multidimensional models. For instances, PNS
convections facilitate deleptonization of CCSN core [49],
that results in decreasing electron-fraction (Ye), and con-
sequently the degeneracy of νe is lower than spherically
symmetric models, and it could be even negative. This
implies the region with α ∼ 1 appears in the convective
layer. Since the anisotropy of ν̄e in momentum space is
relatively higher than νe, ELN angular crossings emerge in
these regions [50,51].
Another representative FFC in multidimensional CCSN

models is triggered by large-scale coherent asymmetric
neutrino emission. The asymmetric neutrino emission is
accompanied by a radiation-hydrodynamical instability,
namely lepton-emission self-sustained asymmetry (LESA
[52–54]) or coherent asymmetric Ye distributions associ-
ated with PNS kick [24]. Due to the anticorrelation of
asymmetric neutrino emission between νe and ν̄e, α
becomes close to unity in the region where Ye is low
and ν̄e (νe) is stronger (weaker), generating ELN angular
crossings [41,46]. As we show below, the NS kick can be
accompanied by this type of FFC associated with asym-
metric neutrino emission.
One may wonder why FFC can impart a linear momen-

tum to NS. In fact, no linear momentum are generated only
by FFCs, because the flavor conversion changes flavor
states but the flavor-integrated energy and momentum are
conserved. The key player is neutrino-matter interactions
such as neutrino emission, absorption, and scatterings.
Since they depend on neutrino flavors, the exchange of
momentum between neutrinos and matter is affected
by FFCs.
Our NS kick scenario was inspired by results from

previous studies. It has been shown in numerical simu-
lations that FFCs can enhance neutrino cooling if they
occur in optically thick or semitransparent regions. This
trend has been observed rather commonly regardless of
different approaches, e.g., global neutrino-radiation-
hydrodynamic simulations of CCSNe and binary neutron
star mergers (BNSMs) with phenomenological approaches
of FFC [55–59] and direct quantum kinetic simula-
tions [60,61]. The physical mechanism can be understood
as follows. In general, electron-type neutrinos are more
abundant than heavy-leptonic ones, implying that FFC
works to reduce the number of electron-type neutrinos. On
the other hand, heavy-leptonic neutrinos have lower opac-
ities than electron-type ones due to the lack of charged-
current reactions,2 implying that heavy-leptonic neutrinos
can easily escape from the region. This indicates that the

1We note that FFC may occur in the high density region in the
late postbounce (or PNS cooling) phase, since the νe degeneracy
becomes mild due to deleptonization.

2We note that on-shell muons may appear in the envelop of
PNS [62–64]. However, the muon number density is much lower
than that of electrons, indicating that the trend is qualitatively
similar in this case.
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increase of heavy-leptonic neutrinos by FFCs results in
increasing neutrino flux. Due to the large neutrino flux of
heavy-leptonic neutrinos, FFCs keep converting electron-
type neutrinos to heavy-leptonic ones, while electron-type
neutrinos are produced by charged-current reactions.
As a result, neutrinos can extract energies from matter
more efficiently by FFCs. This leads to the acceleration of
neutrino cooling. We note that neutrinos can carry not only
the energy but also momentum, indicating that momentum
loss by neutrinos are also enhanced by FFC. This results in
generating a linear momentum.
Let us summarize the FFC-driven NS kick scenario (see

also Fig. 1). In PNS envelope, large-scale asymmetric
matter distributions are created for some reason (e.g.,
LESA), and Ye in some regions can be low enough to
generate ELN angular crossings, leading to occurrences
of FFCs. Because electron-type neutrinos are more popu-
lated than other species, the flavor conversion increases
the number density of heavy-leptonic one, while heavy-
leptonic neutrinos are more transparent than electron-type
neutrinos, leading to the increase of neutrino flux. The flux
reduces the number density of heavy-leptonic neutrinos,
which sustains the flavor conversion from electron-type
to heavy-leptonic neutrinos, while electron-type neutrinos
can be efficiently produced by charged-current reactions.
This implies that neutrinos and matter in the region share
the momentum each other more efficiently than in other

regions, breaking the global momentum balance in the
system, which gives a linear momentum to NS.
This mechanism suggests that the direction of NS kick

should be in the direction with higher-Ye environment,
implying that this process generate a correlation between
ejecta composition and NS kick direction (see also [65]).
The x-ray observations for young SNRs, which have the
ability to measure spatial distributions of heavy elements
(see, e.g., [66]), would be very useful to place a constraint
of the mechanism. We also note that more detailed infor-
mation may be given near future by XRISM mission [67].
To strengthen our proposed scenario, we demonstrate in

the following sections that FFCs can induce linear momen-
tum of neutrinos by performing axisymmetric Boltzmann
neutrino transport simulations. It should be noted that these
simulations are meant as a proof-of-principle, and more
detailed studies are needed to assess whether the FFC-
driven NS kick mechanism can be responsible for observed
velocities of NS proper motions. Nevertheless, we dem-
onstrate that the FFC has the ability to change a linear
momentum of neutrinos by ∼ a few ×1040 g cm=s. This
represents a possibility that the FFC-driven mechanism is a
new channel to contribute NS natal kick.

III. NUMERICAL METHOD AND MODEL

In this section, we describe some essential information of
our numerical method and model in our neutrino transport

FIG. 1. Schematic picture of FFC-driven NS kick. Background color represents Ye; white and black regions correspond to high- and
low Ye regions, respectively. FFC occurs in low Ye region, which leads to high flavor-integrated neutrino fluxes (see the text for more
details). This generates a linear momentum of neutrinos in the low Ye direction (green arrow), and consequently the NS obtains the same
amount of linear momentum in the opposite direction to the neutrino linear momentum (red arrow).
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simulations. In Sec. III A, we first describe the background
fluid profile. In Sec. III B, we summarize our neutrino
transport code and also describe an approximate neutrino-
mixing scheme to include effects of FFCs into classical
neutrino transport.

A. Fluid distribution

In this study, we refer a fluid profile from a spherically
symmetric CCSN model, which was developed by a
numerical code for a neutrino-radiation hydrodynamics
with full Boltzmann neutrino transport [68]. In the simu-
lation, the neutrino radiation field is determined by solving
the Boltzmann equation. We adopt the fluid profile at
300 ms after the core bounce obtained by following the
time evolution from the Fe core of the 15M⊙ star by [69].
The equation of state by the variational method [70] was
adopted in the simulation and the same equation of state is
used in the current study.
As mentioned in Sec. II, spherically symmetric CCSN

models are unlikely to generate ELN angular crossings in
the post shock region, and we confirmed that there are no
ELN angular crossings in our neutrino data. This is mainly
due to the high Ye distributions compared to multidimen-
sional models (see [49]), since higher Ye leads to stronger
degeneracy of νe. Ye needs to be, hence, lower in order
to generate ELN angular crossings (or FFCs). Another
important condition for the FFC-driven NS kick scenario is
that Ye distributions need to be globally asymmetric; more
specifically, it should have a dipole asymmetry. Based on
the above considerations, we assume that Ye has a dipole
deformation, which is given as

Yeðr; θÞ ¼ Y1D
e ðrÞð1þ ϵ cos θÞ; ð2Þ

where θ is the polar angle measured from the z-axis, and
Y1D
e denotes the Ye profile in a spherically symmetric

CCSN model. In the expression ϵ represents a deformation
parameter, and we set ϵ ¼ 0.15. As we shall show in
Sec. IVA, ELN angular crossings appear in the southern
hemisphere, i.e., lower-Ye region in the classical neutrino
transport simulation (baseline model; see below for more
details). We note that the matter distributions are frozen
during the neutrino transport simulations.
Let us remark a few caveats about fluid background.

First, one has to keep in mind that the deformed Ye profile
given by Eq. (2) is not realistic but rather a toy model.
The artificial change of fluid distributions would lead to
unphysical equilibrium state between neutrino and matter.
In fact, high- (low-)Ye region has stronger νe (ν̄e) emission,
making neutrino distributions approach towards a different
chemical equilibrium state from the original one. More
self-consistent treatment of neutrino-radiation fields is
necessary for more quantitative arguments. We defer such
simulations to future work.

As the other important remark, the asymmetric degree of
Ye in the present study (ϵ ¼ 0.15) is high compared to more
realistic CCSN simulations. Again this setting is meant to
construct a model to test our hypothesis. We note that the
required asymmetry in Ye distribution for occurrences of
FFC (or ELN angular crossings) strongly depends on
the angle-averaged Ye. In the present study, we adopt a
spherically symmetric CCSN model, which has a system-
atically high Ye than that in multidimensional CCSN
models due to suppression of PNS convection [49]. In
fact, ϵ≲ 0.1 is large enough for occurrences of FFCs in
more realistic multidimensional models [41,46]. In the
present study, we need to keep in mind these caveats to
interpret our results.
We show in Fig. 2 the fluid profile employed in this

study. As in the original spherically symmetric CCSN
model, the distributions of density and temperature remain
spherical. The outer radius of PNS envelope, which is
defined at the density of 1011 g cm−3, is ∼40 km. At this
time snapshot, the shock wave is located at ∼90 km, where
a large entropy jump is remarkable. Note that the distri-
bution of entropy is not spherical due to the deformed
distribution of Ye. The Ye is higher on the north side than at
the equator and lower on the south side due to the given
deformation [see Eq. (2)]. This deformed distribution in Ye
leads to the different neutrino distributions for νe and ν̄e
accompanied by their anticorrelated asymmetric emission
as we examine in the following.

B. Classical neutrino transfer with FFC

The neutrino radiation field is determined by utilizing
the numerical code to directly solve the Boltzmann equa-
tion [71]. This neutrino transport code has been used to
model neutrino radiation field in static fluid backgrounds
(see, e.g., [72,73]). It should be mentioned that we employ
the Boltzmann transport code rather than the radiation-
hydrodynamic one which has been used to develop
multidimensional CCSN models [24,68,74–76]. As we
shall describe in Sec. III B, the Boltzmann transport
module needs to be extended so as to incorporate effects
of FFCs in the present study; for instances, the number
of neutrino species is increased from three to four, and a
new module for neutrino-mixing also needs to be incorpo-
rated. These extensions are complicated for radiation-
hydrodynamic code, because there are many other modules
intertwined to the transport one. On the other hand,
the code structure in [71] is simpler than the radiation-
hydrodynamic one; hence, we employ the latter code in the
present study. We note that the purpose of the simulations is
to provide evidence that FFC can change a linear momen-
tum in neutrino radiation field along with the scenario
described in Sec. II, indicating that transport simulations
in static fluid background satisfy the purpose of the present
study.
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Before describing the numerical setup, we make a few
remarks about differences between the two codes. In our
radiation-hydro code, we use a two-energy-grid tech-
nique [77], which was developed so as to to take into
account fluid-velocity dependence in neutrino transport.
On the other hand, such a technique is not used in [71], and
we do not distinguish laboratory- and fluid-rest frames. It
should also be mentioned that some updates of neutrino-
matter interactions have been made in neutrino-radiation-
hydro code; electron(positron)-scatterings, electron-capture
by heavy nuclei, and weak interactions of light nuclei
(see [78] for more details). For the sake of completeness,
we checked the discrepancy in the results between two
codes under spherically symmetric model, and found that
νe and ν̄e fluxes in [71] are higher and lower, respectively,
than those obtained in [74].
Although these discrepancies between the two codes

prevent us from ascertaining quantitative impacts of FFC
on NS kick, the transport code in [71] still has the ability to

capture essential features for the FFC-induced NS kick
scenario. In fact, our simulations successfully demonstrate
that FFC increases energy fluxes of heavy-leptonic neu-
trinos, which corresponds to the most important ingredient
in the mechanism.
Boltzmann equations are solved by the Sn method.

Under spatial axisymmetric condition, we determine the
time evolution of the neutrino distributions as functions of
radius (r), zenith angle (θ), two angles (θν and ϕν), and
energy (εν) in momentum space. The radial and polar angle
coordinates cover the range of 0–210 km and 0 ∼ π by 256
and 128 grids, respectively. The neutrino energy is divided
into 14 bins. The neutrino angle distributions, θν and ϕν,
are described by 10 and 6 bins, respectively.
We use the equation of state by the variational method

with the mixture of nuclei under the nuclear statistical
equilibrium [70] to obtain the thermodynamical properties
and composition of hot and dense matter. The basic set of
weak interaction (emission, absorption, pair production,

FIG. 2. Profiles of matter distributions employed in this study. Upper left, upper-right, lower-left, and lower-right panels show density
(g cm−3), temperature (MeV), Ye, and entropy per baryon (kB), respectively. We note that density and temperature profiles are assumed
to be in spherically symmetric, whereas Ye is deformed. This leads to a dipole deformation in entropy distribution. See text for more
details.
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and annihilation) is implemented in the collision term of the
Boltzmann equation with angle- and energy-dependent
expressions [71].
Given a static fluid background (Sec. III A), we follow

the time evolution of neutrino distributions until the
radiation field settles into a steady state. In this study, we
run two simulations; baseline model and FFC model. The
baseline model correspond to a purely classical transport
case. In FFC model, we incorporate effects of FFCs on
classical neutrino transport (see below).
To incorporate effects of flavor conversions, two updates

in our Boltzmann solver are required. First, νx and ν̄x should
be treated independently, since flavor conversions differ-
entiate their distributions. Since our original Boltzmann
solver has treated νx and ν̄x collectively (i.e., 3 species
neutrino transfer), we updated the Boltzmann code to handle
four species, (νe, ν̄e, νx, ν̄x).
The other necessary update is neutrino-mixing scheme.

At each time step, we check if neutrino distributions have
ELN-XLN (XLN denotes heavy-leptonic neutrino number)
angular crossings at each spatial mesh. If they are detected,
we shuffle neutrinos instantaneously as the following
manner. The neutrino mixing is treated by introducing
survival probability of νe (p) and ν̄e (p̄) as

fνe ¼ pf0νe þ ð1 − pÞf0νx ; ð3Þ

fν̄e ¼ p̄f0ν̄e þ ð1 − p̄Þf0ν̄x ; ð4Þ

for electron-type (anti)neutrinos and

fνx ¼
1

2
ð1 − pÞf0νe þ

1

2
ð1þ pÞf0νx ; ð5Þ

fν̄x ¼
1

2
ð1 − p̄Þf0ν̄e þ

1

2
ð1þ p̄Þf0ν̄x ; ð6Þ

for μ and τ-types (anti)neutrinos [79]. In the expression,
f0 denotes the distribution function of neutrinos before
the mixing. Just for simplicity, we set p ¼ p̄ ¼ 1

3
for all

energies and angles, corresponding to flavor equipartition,
in this study.
Let us make a few remarks about our neutrino mixing

scheme. First, as pointed out by [80], the instantaneous
mixing prescription suffers from a self-consistency issue.
This issue can be resolved by more appropriate prescrip-
tions such as miscidynamics [81] and the Bhatnagar-Gross-
Krook (BGK) subgrid model [82]. It should be noted,
however, that a recent study in [83] showed that classical
neutrino transport with an instantaneous mixing scheme
agreed reasonably well with results of quantum kinetic one.
This would be attributed to the fact that FFCs occur in
optically thick or semitransparent regions where neutrino
self-interactions dominate over neutrino-matter inter-
actions. Since we have in mind a scenario that FFC occurs

in these regions, the instantaneous mixing prescription
would be a reasonable approximation.
One may also speculate that shallow ELN angular

crossings, which have been observed in multidimensional
CCSN models [41,46], do not have abilities to lead flavor
equipartition. According to detailed studies of asymptotic
states of FFC [84,85], however, the shallow and narrow
ELN angular crossings can lead to large flavor conversions
and even flavor equipartition if νe and ν̄e number densities
are nearly equal to each other [86]. In fact, we observed
flavor equipartitions in CCSNmodels with quantum kinetic
neutrino transport [60,61,87]. It should be noted, however,
that the flavor equipartition corresponds to an extreme case
and the actual flavor conversion may be less vigorous,
indicating that the present study may overestimate the
impact of FFC on NS kick. This exhibits that a higher
fidelity scheme in the determination of asymptotic states
of FFC (see, e.g., [85,88,89]) is necessary for a more
quantitative discussion, but such an improvement is beyond
the scope of this paper.

IV. NUMERICAL RESULTS

A. Baseline model (no flavor conversions)

Let us first highlight some important features of neutrino
radiation field in baseline model, that is helpful to under-
stand the result of FFC model. In Fig. 3, we display
neutrino number densities for νe, ν̄e, and νx. The distribu-
tion of νe is almost spherical but shifted to the north side
due to the higher Ye. Contrary to νe, the distribution of ν̄e is
shifted to the south side due to the lower Ye. Hence, there
is north-south antisymmetry between νe and ν̄e radiation
fields. The distribution of νx is spherical at the center,
reflecting the spherical distribution of density and temper-
ature. This is because νx is thermally produced by pair-
processes, and these processes are less sensitive to Ye.
It would also be interesting to quantify the asymmetry of

neutrino energy fluxes for different neutrino species at the
outer boundary of computational domain (r ¼ 210 km),
which is shown in Fig. 4. The fluxes along the radial
coordinate clearly exhibit that there are north-south asym-
metries for νe and ν̄e, in which the fluxes are larger in the
north direction for the former and in the south direction for
the latter, respectively. On the other hand, the energy flux of
νx is much less angular dependent than νe and ν̄e. These
trends are consistent with the spatial distributions of
neutrino number densities as shown in Fig. 3.
There are two important remarks here. First, the νe

energy flux is remarkably higher than ν̄e in baseline model.
This is partially due to the discrepancy between the
two Boltzmann codes (see Sec. III A). It should also be
mentioned that we adopt the angular averaged Ye [or Y1D

e
in Eq. (2)] from a result of spherically symmetric CCSN
model. As mentioned already, Ye tends to be higher around
PNS envelope in spherically symmetric model due to lack
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of PNS convection [49]. The disparity between νe and ν̄e
should be, hence, relaxed in more self-consistent multidi-
mensional models. Second, the energy flux of νx is the
lowest, but it does not mean that νx is subdominant to carry
energies. Importantly, the νx represents a single species of
heavy-leptonic neutrinos, indicating that their total fluxes is
four times higher than the value displayed in Fig. 4. This
also exhibits that the small asymmetry of νx can contribute
the NS kick (see also [24]).
Figure 5 displays a 2D color map of α [ratio of the

densities of ν̄e and νe; see Eq. (1)] for baseline model. We
find that a region with α ∼ 1 appears in the southern
hemisphere. This offers a preferable condition for occur-
rences of FFC, which is portrayed in Fig. 6. In the figure,
we highlight regions having ELN angular crossings
by a green color, where the ELN angular distribution is
defined as
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FIG. 4. Radial component of energy fluxes for each species of
neutrinos at the outer boundary (210 km) for baseline model.
Sold, dashed, and dot-dashed lines denote the energy flux of νe,
ν̄e, and νμ, respectively.

FIG. 3. Neutrino number densities obtained in baseline model are shown on the meridian slice by color contour map. The number
densities in units of fm−3 for νe, ν̄e, and νμ are shown in upper-left, upper-right, and lower-left panels, respectively.
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Gvνe
¼

ffiffiffi
2

p GF

ℏc

Z
∞

0

ε2νdεν
ðhcÞ3

�
fνeðpνÞ − fν̄eðpνÞ

�
: ð7Þ

In the expression, GF, ℏ, and c denote Fermi constant,
reduced Planck constant, and the speed of light, respectively.

We note that XLN is always zero in the baseline model,
implying that the occurrences of FFC can be assessed only
by ELN angular distributions. The occurrence of ELN
angular crossing corresponds to the case that the sign of
Gvνe

changes in the angular distribution. We find that ELN
angular crossings occur in the region with α ∼ 1 (southern
hemisphere), which corresponds to lower Ye region where ν̄e
(νe) emission is also stronger (weaker). This implies that
FFC must occur in the region, which leads to a different
steady radiation field in FFCmodel; the detail is discussed in
the next subsection.

B. FFC model

We show in Fig. 7 the neutrino number densities for νe,
ν̄e, νx, and ν̄x. Let us remind the reader that νx and ν̄x are no
longer identical in FFC model. We find that distributions of
all species of neutrinos are very different from those in
baseline model (see also Fig. 3). The νe distribution is
shifted to the north side and has a rapid decline on the south
side. This deficit arises from the conversion of νe to νx due
to FFCs. The ν̄e distribution has a similar deformation in
the opposite direction. It should be noted, however, that ν̄e
in the southern region is somewhat diminished due to the
conversion from ν̄e to ν̄x, indicating that the asymmetry of
ν̄e becomes mild compared to the baseline model. For νx
and ν̄x, they are enhanced in the southern region, which is
due to flavor conversions from νe and ν̄e, respectively.
In Fig. 8, we display the energy fluxes for all species of

neutrinos, measured at the outer boundary (r ¼ 220 km).
This corresponds to the counterpart of Fig. 4 that displays
the result of baseline model. It is worthy of note that νe and
νx have nearly the same flux to each other at cos θ ¼ −1
(or the south pole), while ν̄e and ν̄x also reach nearly flavor
equipartition there. We note that the same trend has also
been observed in quantum kinetic neutrino transport
simulations [60,61], in which neutrinos and antineutrinos
have different flavor equipartition states. This exhibits that
the qualitative trend of nonlinear evolutions of FFCs is
captured by our mixing scheme [see Eqs. (3)–(6)] with a
condition of flavor equipartition.
As displayed in Figs. 7 and 8, it is noteworthy that the

asymmetry of νx is higher than ν̄x. This trend can be
understood from the result of baseline model. As shown in
Fig. 5, νe number density in the southern region is still
higher than ν̄e except for the inner region of PNS envelop
(20 km≲ r≲ 25 km). Relevant to this trend, νe flux at
the outer boundary is also higher than ν̄e in the southern
region (see the region of cos θ < 0 in Fig. 4). In such an
environment, neutrinos undergo more flavor conversions
than antineutrinos [60,61]. It should be mentioned that this
is not only due to FFC but also neutrino-matter interactions.
In general, FFC is a pairwise conversion, indicating that
the number of neutrinos and antineutrinos that experience
flavor conversions should be the same. However, the colli-
sion term, in particular emission and absorption processes,

FIG. 5. Ratio of the number density of ν̄e to the number density
of νe for baseline model is shown on the meridian slice by
color map.

FIG. 6. 2D color map highlighting the region of the ELN
angular crossing in baseline model.
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can change the number of neutrinos and antineutrinos,
which is responsible for the difference between νx and ν̄x
in FFC model.3 The dominance of νe indicates that the
charged-current reaction of νe is stronger than ν̄e. As a
result, both the number density and flux of νx tend to be
larger than those in ν̄x.
However, there is a caveat to keep in mind that this trend

(nνx > nν̄x) may disappear in more realistic CCSN models.
As already pointed out in Sec. IVA, the angular-averaged
Ye profile in PNS envelop is higher in our model (because
we adopt the Ye profile from a spherically symmetric
CCSN simulation), that results in stronger νe emission in
the entire direction. This would be an artifact and the trend
is at least reduced in more realistic situations. Nevertheless,

FIG. 7. Same as Fig. 3 but for FFC model. Since νx and ν̄x are no longer identical, they are displayed in different panels: νe (upper-
left), νx (lower-left), ν̄e (upper-right), and ν̄x (lower-right).
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3It should be noted that our approximate mixing scheme does
not guarantee the pairwise conversion.
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our numerical simulations lend confidence our claim that
both number densities and fluxes for νx and ν̄x become
higher in the southern region, enhancing a linear momen-
tum in neutrino radiation field. Below, we quantify the
linear momentum of neutrinos for both baseline and FFC
models, and we show that the result is in line with our FFC-
driven NS kick scenario as described in Sec. II.

C. Linear momentum carried by neutrinos

We estimate linear momentum of neutrinos by follow-
ing [27]. Assuming steady state of neutrino radiation field,
the total momentum balance of neutrinos in the z-direction
can be written as

X

i

1

r2 sin θ
∂α

�
r2 sin θTαz

νi

� ¼
X

i

Gz
νi ; ð8Þ

where Tαz
νi and Gz

νi are the z-projection of the energy-
momentum tensor of neutrinos and the momentum gain/
loss by neutrino-matter interactions, respectively. In the
expression, the index i specifies the neutrino species:
νi ¼ νe, ν̄e, νμ, ν̄μ, ντ, ν̄τ. The energy-momentum tensor
of neutrinos can be computed as

Tαβ
νi ¼

Z
dε ε2

ð2πÞ3
Z

dΩ ε nα nβ fνiðε;ΩÞ; ð9Þ

where fνi is the distribution function of neutrino, and nα is
the unit vector specifying neutrino flight directions in four-
dimensional spacetime. Note that the energy-momentum
tensor depends on space, although we omit to show them in
Eq. (9) just for simplicity.
The linear momentum carried by neutrinos per unit time

at the surface of r (Pz
νi which has a dimension of gcm=s2)

can be computed as

Pz
νiðrÞ ¼ 2πr2

Z
π

0

Trz
νi ðr; θÞ sin θdθ; ð10Þ

where the z-projection of the radial component of the
energy-momentum tensor, Trz

νi , is given by

Trz
νi ¼ Trr

νi cos θ − Trθ
νi sin θ: ð11Þ

We note that the flavor-integrated Pz
νi can also be evaluated

from the volume integral of Gz
νi as [see Eq. (8)]

X

i

Pz
νiðrÞ ¼

X

i

2π

Z
r

0

Z
π

0

r2 sin θGz
νiðr0;θÞdθdr0; ð12Þ

which represents the linear momentum transfer from matter
to neutrinos. Because of the conservation of law of total
energy and momentum in the system, the fluid needs to
gain the linear momentum of the opposite sign of Eq. (12),

representing the recoil by asymmetric neutrino emission.
This leads to a NS natal kick.
In Fig. 9, we compare the species dependent Pz

νi as a
function of radius for both baseline (upper-panel) and FFC
(lower-panel) models. In baseline model (upper panel), νx
is nearly spherical, and hence their linear momentum is
negligible. On the other hand, νe has higher emission than
ν̄e, while the asymmetric degree is roughly the same to
each other. As a result, the total linear momentum is in the
direction of νe, i.e., the northern direction (or high Ye
hemisphere) in the baseline model. As shown in the lower
panel, however, FFCs substantially change the linear
momentum of neutrinos. Interestingly, the linear momen-
tum carried by the sum of νe and ν̄e is in the northern
direction, and the magnitude is even larger than the baseline
model. This is attributed to the fact that the global
asymmetries in νe (ν̄e) emission are enhanced (reduced)
by FFCs (see Sec. IV B). Nevertheless, the total flavor-
integrated linear momentum is flipped and pointed in the
southern direction (or low Ye hemisphere), indicating that
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the linear momentum carried by νx and ν̄x overwhelm νe
and ν̄e. This is exactly what we expected in our FFC-driven
NS kick scenario (see Sec. II). The total neutrino emission
is enhanced in the region where FFC occurs. We also find
that the increase of νx asymmetry is remarkable, represent-
ing many νes in the southern direction undergo flavor
conversions to νx.
As shown in Fig. 9, the total linear momentum carried by

neutrinos per unit time is ∼5 × 1040 g cm=s2 and ∼ − 5 ×
1040 g cm=s2 at the outer boundary for baseline and FFC
models, respectively, which exhibits that FFCs change the
linear momentum of neutrinos by ∼1041 g cm=s2. One
thing we do emphasize here is that this is a rough estimation
and detailed inspections are necessary for more quantative
arguments. In fact, the total linear momentum does not
reach the asymptotic value at the outer boundary. The
change of total momentum at the outer radii is mainly due
to the coherent scattering by heavy nuclei, which corre-
sponds to the dominant opacity source for neutrinos in
preshock region. In the hemisphere of higher luminosity,
neutrinos undergo those scattering more frequent than in
the other hemisphere, leading to the decrease of total linear
momentum. This potentially reduces the impact of FFCs on
NS kick, suggesting that the feedback should be taken into
account for more accurate estimation.
The lifetime of asymmetric neutrino emission depends

on CCSN dynamics, but it would be typically a few
hundred of milliseconds [24,46,52–54], suggesting that
the impact of FFC in total linear momentum could be ∼ a
few ×1040 g cm=s. This indicates FFC potentially has the
ability to change the linear momentum of neutrinos by this
order, i.e., generating ∼ a few ×0.1% asymmetry with
respect to the total neutrino emission. It should be empha-
sized, however, that the present study is meant as a proof-
of-principle, and our model is too simple to draw robust
conclusion whether the mechanism can account for the
observed velocity distributions of NS proper motions.
Nevertheless, this demonstration offers a possibility that
globally asymmetric FFCs can induce NS natal kick.

V. SUMMARY

In this paper, we propose a new channel to generate a
neutron star (NS) natal kick during developments of CCSN
explosions, upon which fast neutrino-flavor conversion
(FFC), one of the quantum kinetic features of neutrinos,
plays an important role. FFC tends to occur in the low-Ye
environments, in which the νe degeneracy becomes mild
and consequently ELN angular crossings can occur. The
large-scale asymmetric Ye distributions have been observed
in recent multidimensional CCSN models such as LESA
[52–54] and a feedback mechanism between asymmetric
neutrino emission and NS kick [24]. As shown in [41,46],
FFC can occur in such asymmetric neutrino radiation
fields, and we make a statement in this paper that the

linear momentum of neutrinos are enhanced by FFCs in the
hemisphere of low-Ye environment.
One thing we do notice here is that this scenario is

inspired by previous studies, and it has been reached a
consensus that the enhancement of neutrino cooling is one
of the characteristic features of FFC. This is attributed to
the fact that FFC can increase the number of heavy-leptonic
neutrinos, while they are more optically thin than electron-
type neutrinos due to the lack of charged-current reactions.
This indicates that the opacity for flavor-integrated neu-
trinos are reduced by FFCs, leading to the enhancement of
neutrino cooling. Since the neutrinos carry not only energy
but also momentum, a linear momentum can also be
generated (see Sec. II for more details of the FFC-driven
NS kick mechanism).
We also perform axisymmetric neutrino transport sim-

ulations, which validates our proposed scenario. In our
models, we deform the fluid background, in particular Ye
distribution, as a dipole shape, which can generate linear
momentum of neutrinos in z-direction. In the present study,
we perform two simulations, one of which corresponds
to a purely classical model (baseline model) and the other
incorporates effects of FFC in a phenomenological way
(FFC model). We show that FFC enhances a neutrino
momentum in the direction of low-Ye environment and also
provide physical processes how to generate the linear
momentum. We also note that FFC-driven NS kick mecha-
nism makes the NS to accelerate in the high-Ye direction,
indicating that the asymmetric distributions of synthesized
heavy elements in the ejecta would be correlated to the NS
kick direction. This will be checked by future observations
of SNR.
To compare these observations, we need more detailed

study for FFC-driven NS kick scenario based on three-
dimensional CCSN simulations by systematically changing
progenitor models. It should also be mentioned that more
accurate prescriptions for FFC are also necessary for
quantitative arguments. In fact, we assume that flavor
equipartition achieves for all places where ELN-XLN
angular crossings appear. However, this treatment is obvi-
ously a crude treatment, and it should be improved in future
studies. A new subgrid model, namely the BGK-model
in [82], will help us to carry out global CCSN simulations
with better FFC prescriptions; the results will be reported in
our forthcoming papers.
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